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ABSTRACT. We construct globally defined in time, unbounded positive solutions to the energy-critical
heat equation in dimension three
up =Au+u’, in R3x (0,00), u(z,0)=ug(z) inR3,
For each v > 1 we find initial data (not necessarily radially symmetric) with ‘ l‘im |z|Yup(x) > 0
&T|—0o0
such that as t — oo
-1 . .
fu(Olloo ~t72, i 1<y <2, [u(,t)lleo ~VE, if 7 >2,
and
”u(vt)HOO N\/z(lnt)717 if y=2.
Furthermore we show that this infinite time blow-up is co-dimensional one stable. The existence of
such solutions was conjectured by Fila and King [16].

1. INTRODUCTION
Let n > 3. The energy critical heat equation in R™ is the parabolic Cauchy problem

up = Au + |u\ﬁu in R™ x(0,00),
u(+,0) = ug in R™.

1 n—2 2n
B =5 [ 1= "2 [

defines a Lyapunov functional for Problem (1.1). In fact for classical solutions u(z,t) with sufficient
decay in space variable we have that

The energy

d

GE) == [l
Classical parabolic theory yields that the Cauchy problem (1.1) is well-posed in its natural finite-energy
space for short time intervals.

In this paper we are interested in positive finite-energy solutions of (1.1) which are global in
time, namely defined and smooth in the entire time interval (0,00). The presence of the Lyapunov
functional implies that limits of bounded solutions along sequences t = t,, — 400 can only be steady
states, namely solutions of the Yamabe equation

Au + \u|ﬁu:0 in R™. (1.2)

All positive solutions of (1.2) are given by the Aubin-Talenti bubbles

——

I
where p > 0, £ € R™ and
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They are precisely the extremals of Sobolev’s embedding. The criticality of Problem (1.1) refers to
the presence of this continuum of steady states which become singular as p — 0, in addition to energy
invariance. In fact we immediately see that

E(Uu¢) = E(U) forall £€R™ pu>0.

A solution u(z,t) of (1.1) which looks around one or more points of space like u(z,t) = U, )¢t ()
with u(t) — 0 is called a bubbling blow-up solution. Bubbling phenomena is present in many impor-
tant time-dependent and stationary setting, usually carrying deep meaning in the global structure of
their solutions. Notable examples include the Yamabe and harmonic map flows and the Keller-Segel
chemotaxis system. (See [4, 7, 34, 8, 19] and the references therein.) In the last decade or so it has been
extensively studied in energy-critical wave equations, Schrodinger maps and other dispersive settings.

Problem (1.1) is a simple looking model which contains much of the complexity of the bubbling blow-
up issue. Basic questions have remain unanswered until today. Existence or nonexistence of infinite
time bubbling positive solutions in Problem (1.1) is not known. This question has been explicitly
stated for instance in [30] and in [32], Remark 22.10. Detecting such solutions rigorously is not easy.
Usual behaviors in the flow (1.1) are either asymptotic vanishing or blow-up in finite time. Global
solutions with nontrivial asymptotic patterns are typically unstable objects and hence harder to be
detected.

In a very interesting paper Fila and King [16] provided insight on the question in the case of a
radially symmetric, positive initial condition with an exact power decay rate. Using formal matching
asymptotic analysis, they demonstrated that the power decay determines the blow-up rate in a precise
manner. Intriguingly enough, their analysis leads them to conjecture that infinite time blow-up should
only happen in low dimensions 3 and 4, see Conjecture 1.1 in [16].

In this paper we rigorously establish the existence of solutions with infinite time blow-up in dimen-
sion 3, confirming the conjecture in [16]. Thus we consider the Cauchy problem

u=Au+u® in R® x(0,00),
(1.3)
u(-,0) =ug  in RS,
for an initial datum uy which we assume first radially symmetric with an exact power decay of the
form
lim |z[Yug(z) =: A>0. (1.4)

|z|—o00

As in [16] we assume that v > 1 which means that ug decays faster than the bubble
1 3
_ 1.5
() -

Theorem 1.1. Given v > 1, there exists a positive, radially symmetric global solution u(z,t) to
problem (1.3) whose initial condition ug(|x|) satisfies (1.4) and as t — +0o0

NG

w(z) =3

t'T i 1<y<2,
luC, ) lee@ey ~ 3 2 if =2, (1.6)

Vi ooif oy > 2

More precisely, the blow-up takes place by bubbling near the origin. The solution of Theorem 1.1
is in the inner self-similar region, |z| < v/%, in leading order of the bubbling blow-up form

e, t) ~ N(;w (%) :
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where
i 1<y <2,
p(t) ~ Lt n?t if 4 =2, (1.7)
tt if v > 2
and w is given by (1.5). In the outer self-similar region |z| > v/, the solution dissipates in the form
of a self-similar solution of heat equation u; = Au in R? x (0, 00).

A surprising feature of the construction is the dynamics discovered for the scaling parameter p(t).
It has a highly non-local character governed by a equation involving a perturbation of the fractional
%—Caputo derivative. In fact, in order to find the precise lower order corrections needed for the scaling
parameter u(t) we will need to solve linear equations of the type

t /
B'(s) — s
1—e -9 | ds=h(t
| L (1= ) as = no,
for suitably decaying right hand sides h(t). See (6.8) and (6.13) below.

Problem (1.1) is a special case of the Fujita equation

up = Au+uP in R" x(0,00),

(1.8)
u(,0)=wuy in R”

with p > 1. Blow-up phenomena in Problem (1.8) is extremely sensitive to the values of the exponent
p. A vast literature has been devoted to this problem after Fujita’s seminal work [18]. We refer the
reader for instance to the book [32] for background and a comprehensive account of results until 2007

and to the more recent works [21, 22, 23] and references therein. The case p = “*2 is special in many

n—2
ways. Positive steady states do not exist when p < Z—fg Positive radial global solutions must be
bounded and go to zero, see [26, 28, 32]. They exist when p > Z—J_rg but they have infinite energy, see

[20]. Infinite time blow-up exists in that case but it has an entirely different nature, see [29, 30].

The study of energy critical problems has attracted much attention in the last decade. For energy-
critical wave equations, blow-up solutions have been characterized and constructed in [10, 11, 12,
13, 15]. In [36] Type-II sign changing, finite time blow-up for (1.1) is constructed, first formally
predicted in [17]. Threshold dynamics around the steady states of (1.1) has been characterized in
large dimensions n > 7 in [5]. Also in large dimensions 7 > 5 in [6] infinite time bubbling solutions of
(1.1) in a bounded domain under Dirichlet boundary conditions are constructed for n > 5. The cases
n = 3,4 are indeed considerably more delicate and not treated there. The solutions in Theorem 1.1
are specially meaningful for the full dynamics since they are threshold solutions in the sense that the
solution of (1.3) with initial condition Aug goes to zero as t — oo if A < 1 while it blows-up in finite
time if A > 1. Radial threshold solutions for various ranges of exponents in (1.3) are analyzed in [32].

We recall that from [16], it is not expected to have this blow-up in entire space in dimensions n > 5.
Our approach is entirely different from that in [36] for n = 4 in which a finite-time type II blow-up
solution of (1.1) is constructed on the basis of the modulation equation methods developed for critical
dispersive equations in [9, 25, 24, 33, 34].

Our approach has a parabolic-elliptic flavor, in line with the recent works [6, 8]. Since our proofs
only rely on elliptic and parabolic estimates, we can easily modify the proof to deal with nonradial
and general initial data, in particular establishing codimension 1 stability of the solution built. This
is concordant with a result on [14] on the corresponding wave analogue. In Section 10 we prove the
following

Theorem 1.2. Let vy = vg(x) be a positive continuous function, uniformly bounded for x € R3. Let
2E3 1. Then, there exists a positive global solution u(z,t) to problem (1.3) with

v >1 and k> max{ %L
u(z,0) = uo(|z]) + TT;(? [1 1 (le)]

mitial condition
to
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where ug is positive, radially symmetric, satisfies (1.4), to > 0 is a fized large number and n is a
smooth cut-off function with n(s) =1 for s <1 and n(s) =0 for s > 2. Ast — +o0, u(z,t) satisfies
(1.6).

Furthermore, there exists a codimension 1 manifold of functions in C*(R®) converging to 0 at infinity
with a sufficiently fast decay, that contains uo(|x|)—|—v°7(m)(1—n( kd )) such that if tg lies in that manifold

‘w‘m E

and it is sufficiently close to ug(|z])+ 222 (1—n(Z1)) in the sense that iy = uo(|z]) + 222 (1—n(2l)) +

EE o EE T
O(|z|e~?=l) for some b > 0, then the solution w(x,t) to (1.3) with (x,0) = tg(x) is global in time
and satisfies (1.6).

In the non-radial setting, the profile of the solution in the inner self-similar regime is

1 —p(t t
a)~ L (2220) 0D

u(t)2 1(t) (1)
where w is given by (1.5) and p satisfies the asymptotics (1.7). Precise description of the dynamics of
the center p = p(t) is provided.

—0, as t— o0

A surprising feature of the construction is the dynamics discovered for the scaling parameter p(t).
It has a highly non-local character governed by a equation involving a perturbation of the fractional
1_

5-Caputo derivative. In fact, in order to find the precise lower order corrections needed for the scaling

parameter u(t) we will need to solve linear equations of the type

t g
B'(s) M2
1—e 09 ) ds = h(t
| L (1= ) as = no,
for suitably decaying right hand sides h(t). See (6.8) and (6.13) below.

We believe that an approach similar to that in this paper could be used to prove the existence of
global unbounded solution when N = 4,p = 3 as conjectured in [16]. We will undertake that issue in
a future work.

The proof of Theorem 1.1 starts with the construction of an approximate solution to Problem (1.3)
with the asymptotic behavior described in (1.6). This is done in full details in Section 2. We then
show the existence of an actual solution to Problem (1.3) deforming the approximation, by means of
a inner-outer gluing procedure. This scheme is described in Section 3, and its proof is addressed in
Sections 4 to 9. In Section 10 we prove Theorem 1.2. Sections 11 to 13 gather some technical results
needed to prove the Theorems.

In the rest of the paper, we shall denote by C' a generic positive constant, whose value may change
from line to line, and within the same line. We shall use the notation ¢ to indicate a positive constant,
with ¢ < 1, whose explicit value may change from line to line. Furthermore, ¢ty will denote a large
fixed positive number and

n:R—>R, (1.9)
a smooth cut-off function with n(s) =1 for s <1 and =0 for s > 2.
Acknowledgements: We are indebted to Marek Fila for introducing this problem to us and for many
useful discussions. M. del Pino has been supported by a UK Royal Society Research Professorship

and Grant PAT AFB-170001, Chile. M. Musso has been partly supported by Fondecyt grant 1160135,
Chile. The research of J. Wei is partially supported by NSERC of Canada.

2. CONSTRUCTION OF AN APPROXIMATE SOLUTION AND ESTIMATE OF THE ASSOCIATED ERROR
After shifting the initial time to ¢y > 0, Problem (1.3) takes the form
u = Au+u’, in R®x (ty,00), (2.1)
with initial condition ug(r) = u(r,to) satisfying

lim 77ug(r) = A >0, forsome ~>1. (2.2)
rT—00
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This section is devoted to the construction of a first approximation for a solution to (2.1)-(2.2), and
to the description of the associated error.

The first approximation is build by matching an inner profile, made upon solving the elliptic problem

Au+u® =0 in R3, (2.3)
and an outer profile, made upon solving the heat equation in the whole space
ug=Au in R3, (2.4)

in the set of functions satisfying the decaying conditions (2.2). It is constructed in Subsections 2.1 (for
the inner profile), 2.2 (for the outer profile), and in Subsection 2.3 we derive a precise description of
the error of approximation. In [16], this approximate solution was already derived. We realize though
that, for our rigorous construction to work, we need a further improvement of the approximation. This
is done in Subsection 2.4, where we introduce a next correction term, and describe the associated error.
It turns out that this next correction term gives the right dynamics for the blow-up rate which turns
out to be governed by a nonlocal differential equation with a fractional time-derivative closely related
to the so-called 1/2-Caputo derivative. See (6.13).

2.1. Construction of the first inner profile. We recall that all positive radially symmetric solutions
to (2.3) constitute a one-parameter family of functions, which are given explicitly by

NG

RSP (N0 S LR WL} (2.5)
()

1412 i
for any positive number p > 0. (See [1, 2].) We denote by Z, the only bounded and radial function
belonging to the kernel of the linear operator

Lo(¢) = A¢ + 5we. (2.6)
See [35]. The function Z; is explicitly defined by

Zo(r) = — [E + w’(r)r] = g ol <. (2.7)
2 2 (1+7r2)>
Given Zy, we denote by ®;(r) the solution to
AD| + 5uwid, = Z, (2.8)
defined as )
@4(r) = Bo(r) + 70 + Br(r), where Bo(r) = 5. (2:9)

) ) 1 )
(5/ wZyr? dr) T = / (Zo — ?)—‘L)Zor2 dr — 5/ w®o Zor? dr
0 0 2r 0

and ®; being the unique solution to
1

Ap + 5wl o = (Zy — z—;) — 5w4((1>0 + 7o),

:=IIo(r)
explicitly given by

Oy (r) = Z(r)/ o (s)Zo(s)s* ds — ZO(T)/ (s)Z(s)s> ds.
0 0
In the above expression, Z denoted another solution to A¢ + 5~w4¢ = 0, linearly independent to Zj.
Z satisfies the asymptotic behavior Z(s) ~ s71, as s — 0, and Z(s) ~ 1, as s — o0.
A closer look at the expression of ®; gives that,
1277 @1 ()|l < C,

for some fixed positive constant C, and any ¢ > 0 small.
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Remark 2.1. The solution to (2.8) is not unique. (In fact one can add any multiple of Zy.) The choice
we made in (2.9) is used to match the outer solution in the next section.

We have now the elements to define the first inner profile. We introduce a smooth positive function
p(t) of the form

ult) = po(t) L+ AM)?, where pig(t) >0, Jim pot) = 0. (2.10)

The function pg will be defined below, (see (2.23), (2.32), (2.36)), as an explicit function of ¢ depending
on the decay rate 7. On the other hand, the function A = A(t) will be left as a parameter in the
construction, and it will be determined in the final argument to get an actual solution to the problem.
In the meanwhile, we shall assume that A = A(t) is a smooth function in (¢g, 00), defined by

At) : = / A(s)ds, where X satisfies
t
1Mz = sup o() ™"t [IAlo,ter1) + Moo ern] <6 (2.11)
0
for o = % + o/, with ¢/ > 0 small, and for some fixed constant £. Here we intend

f(s1) = f(s
||f||oo,[t,t+1] = Sup |f(3)|7 [f]o,a,[t,t+1] = sup —| ( 1) (02)|~
s€ft,t+1] s17£82€[t,t41] |s1 — s2]

For later purpose we introduce the space

Xy ={A € C(tg,00) : ||All is bounded}. (2.12)
With this in mind, we define the inner approximation to be
1 T
Uin (1 8) = wu(r) + poyr(rt),  Yu(rt) = p> ‘P1(;)- (2.13)
A direct computation gives that
r ow
Ay + Bwhipy = —p= 3 Zo(—) = =L (r).
1 L1 of u) o (1)

In the region {r : r > Ruo}, where R is any large but fixed positive number, the inner approximation
looks like

1 1
2

1
1p2 31 1 . Ko (o2
win (1) = 3555 — 2 b5 e g Ol ) + 5 (B2)” Ol () (2.14)
where O[u](r,t) denotes a generic function, which depends smoothly on p, and on (r,t), and which is
uniformly bounded, for parameters p satisfying (2.10), for r in the considered region, and any ¢ large.

2.2. Construction of the first outer profile and choice of u((t). The outer profile is chosen to
satisfy the heat equation u; = Aw, in the whole space R3, and to fit the requested decaying property
for the initial condition (2.2). Its properties and exact definitions change depending on the value of the
decay rate 7 of the initial condition wug, see (2.2). We consider three different situations: 1 < v < 2,
vy=2and vy > 2.

Case 1 <y < 2. In this case we define ugy,t as

2 r
Uout (r;t) =1 29(%) (2.15)
with g the positive solution to
2
g"(s) + (S + ;) q'(s)+ %g(s) =0 s€(0,00) (2.16)

that satisfies the properties

(1) lims 00 s7g(s) = A,
(2) lim,_,o+ sg(s) = d, for a certain positive constant d for which lim,_,q+ [g(s) — 4] =0.
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Such a function g indeed exists. Let
2 s
Lu(g):g/1+(;+§>g/+yg7 SG(0,00).
In Section 11, we prove the following

Lemma 2.2. If% < v < 1, there exist two positive linearly independent solutions y1 = y1(s) and
y2 = ya(s) to

L,(g)=0, s€(0,00) (2.17)
that satisfy respectively
1 o 1—2v 9 A X

yl(s)=§—|—(u—1) syi(s)ds | + 1 s+0(s%), if s—07, (2.18)

0
ya(s) =ca +o(s) if s—0F, (2.19)

52 1 1

y(s) =cre” T =3 ya(s) = S@(l + 0(;)) if s— o0, (2.20)

for some positive constants cy, co.

Thanks to the Lemma, which we apply to solve (2.16) when v = 7, we get that the function g we
are looking for in (2.15) is thus given by

2A4y»(0)
2=7) (fy syi(s)ds)
We observe that, in a region like » < R™1+/¢, for some large but fixed R, we get

g(s) = dy1(s) + Aya(s), with d= > 0. (2.21)

-l (1= 7)y2(0) P
U rt)=d——+4+t 2 A = r+t 20(—). 2.22

We next choose the function pg(t) in the definition of u(t), (2.10), in such a way that the functions
Uiy and ugyg automatically match in the whole region Rpup < r < R~/t, for some R large, but fixed
independent of ¢. This is possible if

po(t) = %tlﬂ (2.23)

Indeed, with this choice for ug(t), and given the bound (2.11), there exists a constant C so that
1 1
: < C'ﬁ Vu; \% < C’ﬁ 2.24
|[uin (r,t) — ugut ()] < o | Vs, (r,t) — Vugug (r, )] < 2 (2.24)

for any Rpuo < r < R™'/t, and t large enough.

Case v = 2. In this case, we define uqyt as
r

Uout (r; 1) =t~ (log )k Ago( \/Z) n t‘lh(%) (2.25)
where go(s) = sle™* is a solution to
76+ (245) o0+ a0 =0 (2.26)
and A solves
09+ (243 ) 006) 4 1(6) = bgn(s) (2.27)

with lim,_, s7h(s) = A, and lim, ¢+ sh(s) = d, so that lim,_,o+ [h(s) — 4] = 0. The function h can

52 Z2 . . .
be described explicitly. Let g;(s) = s te™ T fos e T dz. This function solves (2.26). Since g1 and gg are
linearly independent, the variation of parameters formula gives that, for any constants d and b

h(s) = go(s) [d — kA /05 291(2) dz] + g1(s) [b + kA /05 2g0(2) dz] (2.28)
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solves (2.27). In order to have lim,_,oc s7h(s) = A, we need 2 [b+ kA [~ zgo(2) dz] = A. Furthermore,

to have lim,_,q+ [h(s) — %] =0, we need b = 0. Thus we select

1
2 [ zgo(z)dz
Observe that, up to this moment, the constant d is arbitrary. Nevertheless, we remind that ug,+ wants

to be a solution to uy = Au = Uy + %u,.. Multiplying this equation by r, and integrating in (0, R), for
some fixed, large R, we get

b=0, k (2.29)

% (/OR ru(r,t) dr) = Ru,(R,t) + u(R,1),

where we use the fact that lim,_,o[ru,(r,t) + u(r, t)] = 0. Next, we integrate the above equation in ¢,
from 0 to oo, and using the fact that lim;_, ., fOR ru(r, t) dt = 0, we get

R oS
- / ru(r,0) dr — / [Run (R, 1) + u(R, )] dt. (2.30)
0 0
Take now u = ugy and compute the right hand side of (2.30)
o0 ° R , R R

| R+ uR ) de = Ak [t 0s o)+l e
~ R, R R R
+/0 t [\/ih(%)—i-h(%)]dt 8'_\/7?

= 4k [ gl + (o] ds ) ox
+d + (2 /OOO s [sh/(s) + h(s)] ds>

where d is the constant defined by
d=— (4Ak/ s 1 (log s)[sg)(s) + go(s)] ds) .
0

We can simplify the expression of the constant in front of log R. Indeed, multiplying (2.26) against s,
we get that (s¢’(s) +g+ %g)’ = 0. For g = go, and using the fact that gg decays very fast as s — oo,
we get that sgj(s) + go(s) = —%go(s) for any s, thus

4Ak /000 s sg0(s) + go(s)| ds = Ak (—2 /0Oo sgo(s)ds> =—A
since (2.29). On the other hand, the decaying condition lim, o, r%u(r,0) = A gives
- /OR ru(r,0)dr = —Alog R + B(R),
with limg_, o B(R) = B, being B a real constant. Plugging this information in (2.30), we get that
d+ (2 /OOO s 1sh'(s) + h(s)] ds) = B.

This last relation defines in a unique way the constant d > 0 in the definition of h, (2.28). Indeed, a
direct computation gives that

/OOO s [sh'(s) + h(s)] ds = —g (/OOO 590(s) ds> +w,

k:A oo S
W= ; sgo(s)(/o zgl(z)dz)ds—i—/o

with

S

s sg) + gl](k:A/ 2g0(2) dz) ds,
0
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from which we deduce that

d—2w—B
d = T, < 5 -
Jo_ s90(s)ds

With this choice for the function A in (2.25), we get

d
h(s) = i Z[dJr 10kA] 4+ O(s®), as s— 0T

and
=3
Uoyt(rt) = [kA(log t) + d] (2.31)
_ kA(logt) d+ 10kA] T ( rd )
+t7 |- - — + 0| (logt

in the region r < R~'v/t, for some large but fixed R, as t — oo.
In this case, namely when v = 2, we choose pg in (2.10) as

[d + kA(logt)]? -1

t) = , 2.32
and thanks to this choice, and to the bound (2.11) on A, we find a constant C' so that
1 1
: - < Cﬁ Vu; -V < Cﬁ 2.33
|u1n(rv t) Uout (7", t)‘ = r ‘ u1n(r’ t) Uout (Tv t)| =¥ 2 ( : )

for any Rug < r < R™'/t, for some fixed and large R, and for all ¢ large enough.
Case v > 2. In this case, we define u(l)ut as

fooc U (r)dr)

Ugt (r,) =7 dgo(\ﬁ)a d= (f()OOSQO(S)dS

where go(s) = s~le= solves (2.26), and wug(r) is the initial condition for (2.1)-(2.2). Observe that,
in a region like r < R™1\/t, for some large but fixed R, we get
1
t72 dr r?
1 -1 -1
t)y=d— —t7" — —+t0(—). 2.34
uout(ra ) r 4 \/1?+ (t%) ( )

For a given time ¢, the function u(lmt is decaying very fast as » — oo. For this reason, we modify u
with a function that has the right decay to match the initial condition wug(r), for r large. Define

1
out

r r . A
Uout(r,t) = n(;)uéut(r, t)+ (1 - n(;))ugut(r), with ugut(r) = (2.35)
where 7 is the cut off function defined in (1.9).
In this case, v > 2, we choose pp in (2.10) as
Z
t)y=—1t"". 2.36

With this choice for uo(t), and thanks to (2.11), given any large but fixed number R > 0, there exists

a constant C' so that
1 1

(g 14
|uin(r, t) — Uyt (7, t)| < 0707 |Vuin(r, t) — Vugyut (7, t)| < C’T—g (2.37)

for any Rpo < r < R~'+/t, and for all t large.
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2.3. Construction of the first global approximation and estimate of the error. Let ryp > 0
be a small and fixed number, define

U (r,t) = n(ﬁ)uin(ﬂ t) + (1 - n(roi/g) Uout (7 1) (2.38)

where 7 is given by (1.9). For any smooth function u = u(r,t), we define the Error Function as

Elu)(ryt) = Au+u® — uy. (2.39)
Our next purpose is to describe
E1(r,t) = E[UL](r, 1) (2.40)
with Uy given by (2.38). To this end, we introduce the function o = «a(t), t > to,
alt) = 3% g * (uoh)'. (2.41)

Since A satisfies (2.11), definition (2.41) defines a linear homeomorphism A : Xy — X,, A(\) = a,
where
X, = {a € O(tg,00) : ||af|, is bounded}, (2.42)

and .

|l := tSBtP o (t)t [Ha”oo,[t,t+1] + |a|0,a,[t,t+1]] . (2.43)

0

Here o is the number introduced in (2.11). Let us denote by hg : (0,00) — (0,00) a smooth function
with the properties that

1 for s—0
%@—{i for s — oo, (2.44)
and define the following norm for any function f : R3 x (tg,00) — R
-1 3 T
L= su 23 ot (— . Bla
/1 m6R3,11::)>t0 Ho 0 (\/Z) [Hf” B, 1) x[t,t+1]
+ [f]O,a,B(z,l)x[t,t+1] 1; r= |zl (2.45)
Here o is defined in (2.11),
[flloo, B, 1)x [t t41] = sup £y, )l (2.46)
yEB(z,1), s€[t,t+1]
" F(wns51) = (g2, 2)
) S B ;S
[flo,0.B(z,1)x[t.t4+1] = sup Y151 Y2, 52 (2.47)

Yy1#Y2€B8(x,1),  s1#s2€[t,t+1] ‘yl - y2|20 + |81 - 52|J.

We have the validity of the following estimates, whose proof is quite technical and delayed to Section
12.

Lemma 2.3. Assume X\ = A(t) satisfies (2.11). The error function defined in (2.40) can be described
as follows

a(t) r

,u+7"n(r0\/{f) + &1 [N (r, 1), (2.48)
where 1 is the smooth cut off function defined in (1.9), « is the function defined in (2.41), and ¢ is a
given fized small number. The function & «[A|(r,t) depends smoothly on A. Furthermore, there exists
C > 0 such that

51 (’f’, t) =

1]l < C. (2.49)
If the initial time to in Problem (2.1) is large enough, there exist ¢ € (0,1) so that, for any A1, Ao
satisfying (2.11), we have

€14 M] = EneDalloo, Be ) x[ri1) < €l 2ho(—7) A1 — Aalg (2.50)

Vi
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and

T
Vit
for any r = |z| and any t. The definition of the function hg and of the norm ||-||« are given respectively

in (2.44) and in (2.45). Furthermore the constant ¢ in (2.50) and (2.51) can be made as small as one
needs, provided that the initial time tog is chosen large enough.

]
[E1,[M] = EvuMallg o platyepern) S €6t 2 ho(—2) [[AdL = Az, (2.51)

2.4. Construction of the second global approximation and estimate of the new error.
Taking into account the expression of the error function given in (2.48), we introduce a correction

function ¢ to partially get rid of the term % More precisely, let
o Jalte) for t<tg
a(t) = { a(t) for t>tg’ (2.52)

and introduce the function ¢g solution to

o (t
Orpo = Ago + :é(_’_)r lgcay, in R¥x(0,00), ¢o(z,to—1)=0, in R> M?*=t;. (2.53)
Here, for a set K, we mean
1g(x)=1, if z€eK, =0, if z¢K.

Duhamel’s formula provides an explicit expression for ¢q

t 1 lz—y|? 54(8)
o.t) = . 1iiean dy ds. 2.54
bo(z,t) /to_l @ —3) /]RS |y <A 4y (2.54)

Since \ satisfies (2.11), classical parabolic estimates give that ¢q is locally C?729:1+9 where o is the
Holder exponent in (2.11). In the interval (¢, 00), the function ¢ solves

alt .
0 = Ao+ 1,y in B x (t0,00), (2.55)

and at time t = tg, the function ¢g(x,tg) is radial in = and decays fast as |z| — oo, that is
|do (@, to)| < ce™**as || = oo (2.56)

for some positive, fixed constants a and c. Indeed, let @ = fe, with |le|| = 1, and assume that
¢ > max{1,2M}. Thus |z — y|* > %, for any |y| < M, and

02

b 7 T6lte—) ,
et < Clateol | [ ° =57 </ dy)éOa(th?e—ie.
ly

to—1 (to — S)% |<M |y
Taking ¢ — oo, estimate (2.56) thus follows from (2.41).
The second approximation is given by
Uz[N|(r,t) = Ur(r,t) + ¢o(r, t) (2.57)

where U; is in (2.38). Observe that U, satisfies the decaying conditions (2.2) at the initial time ¢ as
consequence of (2.56). The new Error Function

EN|(r,t) = E[U2](r,t)
is thus

E0) = €10+ 2 () = Tpcaany ) + U1+ 00)" = UF (2.59)

:=E&21

Ea2
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The function & . is defined in (2.48). For later purpose, it is useful to estimate, in the || - ||-norm
introduced in (2.45), the function

_ x
& =En + (1 —nr(x,t)E€2 where npr(z,t) =1 (Rﬂo) : (2.59)

Here n(s) is given by (1.9), while the number R is a large number, whose definition will depend on t,
but it will not dependent on ¢.

We have the validity of the following lemma, whose proof is given in Section 13.

Lemma 2.4. Assume \ = \(t) satisfies (2.11). The error function defined in (2.58) depends smoothly
on A and it satisfies the following estimates: there exists C' > 0

€]« < C. (2.60)

If the initial time to is large enough, there exist small positive number ¢ € (0,1) such that, for any A,
Ao satisfying (2.11), we have

_ _ 1 3 T
[€2[A1] = EaAa]lloo, B(a,1) x[t,641) < ClG 2ho(ﬁ) [Ad1 = Ay, 7=z, (2.61)
and
_ _ 1 3 r
[Ea[M](r, 1) — Ea[Xo] (1, t)]o’a,[t’tﬂ] <cugt 2 ho(—=) [[A1 — Az2ls, (2.62)

Vit

for any x and t > to, provided the initial time to in Problem (2.1) is chosen large enough. The
definition of the function hg is given in (2.44), and the definition of the || - ||l«-norm is given in (2.45).

Remark 2.5. From the proof of the result, we also get that the constant ¢ in (2.61) and (2.62) can be
made as small as one needs, provided that the initial time ¢y is chosen large enough.

3. THE INNER-OUTER GLUING

We recall the reader that our ultimate purpose is to construct a global unbounded solution u to
(2.1)-(2.2) of the form

u=U[N(rt) + ¢, t>tg (3.1)

where Us is defined in (2.57), while gg(x,t) is a smaller perturbation. The rest of the paper is thus
devoted to find ¢(x,t). The construction of ¢(x,t) is done by means of a inner-outer gluing procedure.
This procedure consists in writing

S(w,t) = (x,t) + 6™ (x,t) where ¢ (x,1) = na(,t)d(x, t) (3:2)
with

Sat)i= o (S0t} amtet)=n (5 ). (3:3)

where 7(s) is given in (1.9).
In terms of ¢, Problem (2.1)-(2.2) reads as
016 = Ao +5Usp+ N(9) + & in R x [tg, 00), (3.4)
where &, is defined in (2.58) and
N(§) = (U2 +¢)° = U5 —5U5 6.
Recalling that w, = ,u*%'w(ﬁ), we let
VIN(rt) =5 (Uz —w,) nr + 505 (1= nr) (3.5)
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and write 5U3 = 5wjng + V[A](r,£). A main observation we make is that ¢ solves Problem (3.4) if the
tuple (¥, @) solves the following coupled system of nonlinear equations

A = Ap + VN9 + [2VnrV.d + (A, — 9y)nr

+ N[)\](QZ;) + 521 + 522(1 - 77R) in Rg X [t()» OO), (36)
and R R X
00 = Ag + bwyp + 5wt + E2  in Bapy,,(0) X [to, 00). (3.7)
We refer to (2.58) for the definition of 51 and E2. In terms of ¢, see (3.3), equation (3.7) becomes
;U'gat¢ :Ay¢ + 5w4¢ + M(?E'Q? (1“’03/7 t) +5 (1 _/iOA)4 U}4( (1 _ﬁ/A)Q W(Moy, t) (3'8)
+ B[¢] + B°[¢] in Byr(0) x [to, o0)
where
B¢ := po (Orpio) (3 +y- Vy¢> (3.9)
and ( A)4
0741 . 4 Yy 4 I—(1+ 4 Yy
Biol=5 o (riae) ~w0] 005 (g ) o (aiape) e @0

We call (3.6) the outer problem and (3.8) the inner problem(s) .

We next describe precisely our strategy to solve (3.6)-(3.8). For given parameter A satisfying (2.11),
and function ¢ fixed in a suitable range, we first solve for ¢ the outer Problem (3.6), in the form of a
(nonlocal) nonlinear operator ¢ = ¥(\, ¢). This is done in full details in Section 4.

We then replace this ¢ in equation (3.8). At this point we consider the change of variable,

dt
- 10}
that reduces (3.8) to

9r¢ = Dy + 5w + H[Y, N, ¢](y,1(7)), y € Bar(0), 7210 (3.11)

where 7y is such that () = to, and

H{0. 0,610 17)) = 1 Exa(pioy. 1) + 5 g wh sy o 1)

+ B[¢] + B%[¢] (3.12)

Next step is to construct a solution ¢ to Problem (3.11). We can do this for functions ¢ which
furthermore satisfy

Py, 70) = eoZ(y), y € B2r(0), (3.13)

for some constant eyg. Here Z is the positive radially symmetric bounded eigenfunction associated to
the only negative eigenvalue )y to the problem

Lo(¢) + \p =0, ¢ L=(R?). (3.14)

Here Ly is the linear operator around the standard bubble w in R3. We refer to (2.6) for the definition
of Ly. Furthermore, it is known that A is simple and Z decays like

Z(y) ~ [yl te" VML as jy] — cc.

To be more precise, we prove that Problem (3.11)-(3.13) is solvable in ¢, provided that in addition
the parameter A is chosen so that H[vy, A, ¢](y, t(7)) satisfies the orthogonality condition

H[p, N, )(y,t(1)) Zo(y)dy =0, for all ¢ > to. (3.15)
Bar



14 M. DEL PINO, M. MUSSO, AND J. WEI

We recall that Zy(y), defined in (2.7), is the only bounded radial element in the kernel of the linear
elliptic operator L.

Equation (3.15) becomes a non-linear, non-local problem in A, for any fixed ¢. We attack this
problem in Sections 5, 6, 7. In Section 5, we get the precise form of Equation (3.15) as a non local
non linear operator in A. The principal part of the operator in A defined by Equation (3.15) is a linear
non-local operator which turns out to be a perturbation of the %—Caputo derivative. We refer to [3] for
the original definition of Caputo derivatives. In Section 6 we develop an invertibility theory for such
linear operator. In Section 7 we fully solve Equation (3.15) in A, by means of a Banach fixed point
argument. The solution A = A[¢] is a non linear operator in ¢, and we also describe the Lipschitz
dependence of A\ with respect to ¢, which is a key property for our final argument.

At this point, one realizes that a central point of our complete proof is to design a linear theory
that allows us to solve in ¢ Problem (3.11)-(3.13). To this purpose, we shall construct a solution to
an initial value problem of the form

br = AP+ 5w+ h(y,7) in Bag x (19,00), é(y,70) = eoZ(y) in Bag. (3.16)
And then we solve Problem (3.11)-(3.13) by means of a contraction mapping argument.
Let a be a fixed number with a € (0,2), and let v > 0 so that, for ¢ large,
TV~ ,uét*l, if v#2, and 777~ ,uét*“”’/, if y=2,

for some v/ > 0 that can be fixed arbitrarily small. We solve (3.16) for functions h with ||h||, 24¢-norm
bounded, where

1Pllv2ra = sup  77(L+ [y[**) |[|Blloo,B(y.1)xrrr1] + (Moo By.1)xrrr1] | » (3.17)
T>70,yER3

and we construct solutions ¢ in the class of functions with ||¢||, ,-norm bounded, where

[&llva = suDrsry yers T (14 [W*) [10llco, By, 1) x 7. r+1] + [Blo,o,B(y,1)x [r.r+1]]
+SUP; sy yers TV (1 + Y'Y [ V0l co, By, 1) x[rr+1] + [VOlo,0,By.1) x [ror+1]] (3.18)

We have the validity of the following result

Proposition 3.1. Let v,a be given positive numbers with 0 < a < 2. Then, for all sufficiently large
R > 0 and function h = h(y, ), with h(y,7) = h(ly|,7) and ||h|l, 2+a < +00 that satisfies

/B hy,7) Zo(y)dy = 0 for all T € (79,00) (3.19)

there exist ¢ € C?*T20149 |oc. which is radial in y, and ey which solve Problem (3.16). Moreover,
@ = ¢[h], and eq = eg[h] define linear operators of h that satisfy the estimates

R4—a R4—a

< _Vihu as ) S _Vihv as 2
|¢(y77—)| <CrT 1+ |y|3 || H 2+ |vy¢(y T)‘ cr 1+ ‘y|4 H || 2+ (3 0)

and
leo[]| < C||R[]v2+a,

for some fixed constant C.

We postpone the proof of this Proposition to Section 9. Section 8 is devoted to solve Problem
(3.11)-(3.13) and this concludes the proof of Theorem 1.1.
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4. SOLVING THE OUTER PROBLEM

The aim of this section is to solve the outer problem (3.6) for given parameter X satisfying (2.11),
and for given small functions ¢, in the form of a nonlinear nonlocal operator

Y(z,t) = U\ ¢)(, 1).
We recall that ¢ (x,t) = nr(z,t)d(z, t) with

- _1 x x
x,t) = g, ? —.,t), and x,t) = — .
ety =y o (1) (e t) =
Here 7)(s) is defined in (1.9), and number R is a sufficiently large number, independent of t. We assume

that
|6llv,a is bounded. (4.1)

Let ¢ : (0,00) — (0,00) be a smooth and bounded given function with the property that

s for s— 07t
ols) = {513 for s — o0’ (4.2)
We introduce the following L>°-weighted norms for functions f = f(r,t)

[ £l = LFllx + 1D f]|2 (4.3)

1= swp it g () | flloe s i

2ER3 t>1q Vit Y '
+ [f]O,U,B(:c,l)x[t,t+1] ]7 r=|z|. (4.4)
Il = swp g ¥ tleh) M=) IS

9 = z€R37£)>to Ho %o \/i 00, B(z,1) X [t,t+1]

+ oo, B 1) x[t,t4+1] 1’ r=lz|. (4.5)

Refer to (2.46) and (2.47) for the definitions of || f| s, B(x,1)x[t,t+1] and [f]07a7B($71)X[t,t+1].

Proposition 4.1. Assume that )\ satisfies (2.11), and that the function ¢ satisfies the bound (4.1).
Let 19 € C*(R3), radially symmetric so that

[yl 1%0 ()] + ly] [Vibo(y)| < t5 e, (4.6)
for some positive constants a and b. There exists to large so that Problem (3.6) has a unique solution
¥ = U\ ¢] so that

P(r,to) = to(r), vl +[[DY[l2 < C. (4.7)
Proof. Let f be a given function with || f||«-norm bounded. Classical parabolic estimates give that any
solution to 0;¢p = At + f is locally C?*29:1+9  Furthermore, consequence of Lemma 11.1 is that the
function @g(r,t) = ,ugt’%goo(%) is a positive supersolution for dy1) > A + f(r,t). Observe also that
@o(ryto) > o(r). Combining these facts with the maximum principle, we see that, for a function f
with || f|l«-norm bounded, the unique solution to 9;¢) = Ay + f, with ¥ (r,tg) = 1o, has ||| «x-norm
bounded. We claim that a possibly large multiple of ¢y works as a supersolution also for Problem

Ot 2 MY+ V()9 + f(1,1). (4.8)
Indeed, recalling the definition of V' in (3.5), we write
V=Vi+Va, Vi=5(U;—wy)nr, Va=5U;5(1—nr).
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In the region where ngr # 0, namely when r < 2Rpuq, we expand in Taylor the function V; and we find
€ (0,1) so that
Va(r ) = 20 (wy + 8" (g U (. 8) + do (7. 1))’ g Ua (7 ) + o (r, 1))}
From here, we see that, in this region, |Vi(r,t)| < Rt~ ng, so that
1 3 T
Vi(r,t )| Sudt 2 ho(—). 4.9
[Vi(r, t)do(r, )| < pg o(\/i) (4.9)

Let us now conbider V5. This function is not zero only when r > Rpug, and in this region we have that
Va(r,t)] < “ (1 - ), so that

~ rd
L P (1—nr) < R 2udt~ 3 ho(—=) (4.10)
T4Mo ®o NG RrR) X Ko 0 \/{' .

Choosing R large, but independent of ¢, we thus find that a multiple of @ is a supersolution for (4.8).

[Va(r, t)ho(r, )] S

We call T, : (f,%0) — t the linear operator that to any f with || f||«-norm bounded and any initial
condition vy satisfying (4.6) associates the unique solution to

aﬂﬁ = A’L/} + V[)\](’I’7 t)w + f(T, t)7 7/}(73 tO) = wO(T)ﬂ (411)
which has bounded ||1)||s«-norm. Define 1 = T,(0, ). We observe that 1 + 1 is a solution to (3.6) if
1) is a fixed point for the operator

Ao(w) =T, ([2V77vaé + é(Aw - 8t)77R] + N[)‘](QE + 1;) + 521 + 522(1 - 773)) (4'12)

We shall show the existence and uniqueness of such fixed point as consequence of the Contraction
Mapping Theorem. We perform a fixed point argument in the set of functions % in

Bo={¢ € L™ : [[¢]lsx <71} (4.13)
for some 7 > 0.
From Lemma 2.3 we have that there exists a constant c¢; so that
[[€21 4 E22(1 — M) |« < 1. (4.14)

We now claim that there exists constant co such that, if the parameter A satisfies (2.11), and if the
function ¢ satisfies the bound (4.1), then

sznszqH d(A, — at)nRH* + HN(é +9)|.

S Co (415)
Furthermore, we claim that there exists a constant ¢ € (0, 1) so that, for any 1, ¥ € By,
[Ao(t1) = Ao(¥2) s < €llthr — Pa|ss- (4.16)

If we assume, for the moment, the validity of (4.14), (4.15) and (4.16), we get the existence of a
fixed point for problem (4.12) in the set (4.13), provided r is chosen large enough.

Proof of (4.15). We start with the estimate of the first term in (4.15). Since we assume the validity
of the bound (4.1) on ¢, we write

T T 3
" () il < ()] i
R2yig Rpg (1+ )
see (3.18) for the notation ||¢||, . Thus, we get

[68uma| 5 61l

; " ()| " ()|
[98ann| £ =gt ! o) 19l £ et o) 19l

3,-3 T ||¢||Va
St 2ho(ﬁ) Rita
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Arguing similarly, we get
)|I¢Hua )H¢Ilua
\[ Rl+a ’ \[ Rl—i—a )

which proves the L* bound in the first estimate in (4.15). To check the Hélder bound for this term,

we focus the analysis on the term g(x,t) := ®Aynr. The others terms can be treated in a similar way.
We write

‘¢aan’ S Mo 2t % hg (—= ’VqﬁVnR‘ < Ho 245 hy, (—

6(x1,t1) — P22, t2)]

|z — 22|27 + [t1 — t2]®
| |Asnr(®1,t1) — Agnr(T2,ta)|
|1 — 2227 + [t1 — 127

lg(z1,t1) — g(w2,t2)|
|21 — 22|27 + [t1 — taf°

= [Aunr(z1,t1)]

+ |€Z’(I2,f2)

In order to control the first term, we use the definition in (3.18) of ||¢||,,, and we argue as before. The
second term can be easily treated using the L*°-bound on dA) and the smoothness of the function A, ng.
This complete the analysis of the first estimate in (4.15).

We continue with the proof of the second estimate in (4.15). We recall that N(¢) = (Us + ¢)
US —5U3 6. It is convenient to estimate this function in three different regions: where r < M1y,
where M~'pg < 7 < M+/t and where r > M+/t, with M a large positive number.

From the definition of Us in (2.57), we see that, if r < M ~1pg, then

IN@)I < w5 19 S g [0 + hnmdl?]

We recall that

1 g T
915 Welee ndt ool T2, [nnd] S e innl 19l (4.17)
so that we get, for » < My,
- _ _ 1 3 r
NG+ DS i 0+ 612+ 1o1a) (it no()) (1.18)
Let us now consider the region M ~'pug < r < M+/t. Here, after a Taylor expansion, we get that
%
NG+ )| Swl [0+ 08 + nrdl] S E8 (1wl + Inadl?]
Using again (4.17), we obtain, for M ~'ug < r < Mv/1,
- _ B _ 1 3 r
NG+ DS e [0+ D1 + [0l2.] (ideEro()). (1.19)

Let us now consider r > M+/t. Observe that in this region ng = 0, |(¢) +)(r, )| < ,uét*%goo(%) and,
from (13.3), also [Ux(r,t)| < 2. Thus we have

NG+ (1) S udrt (). (4:20)
From (4.18), (4.19), (4.20), we get the L bound for the second estimate in (4.15).
Proof of (4.16). For any v1, 2 € B,, we have that
Ao(t1) = Ao(th2) = To (N (1 + ¢ +6™) = N(t2 + ¢ + ™))
thus

[ Ao (1) = Ao(¥2) [ < CIN (W1 + % + &™) = N(¥2 + 1 + &™) ..
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We write
N1 + ¢™) — N(h2 + ¢'™) = (Us + 1 + 9)° — (Ua + o + g)° — 5U5 (b1 — 12)
= (Us + 91+ 9)° — (Us + P2 + 9)° — 5(Uz + 9)* (11 — 1b2)
=Ny
5[(Uz + 9)* = Usl(1 —1a), gi=¢" + 1

Z:Nz

In the region where r» < M+/t, we have that
[N1(z, )] S w1 — o
which yields to

Ny (2, 0)] S gt [l — 2] (uot 2h0(\;)>

while N5 can be estimated as

_ . 1
N2 (2, )] < (it Il + pigt ™ 116" lv,a] 11 — Walss ( ot

~+

On the other hand, if » > M+/t, we have that ¢ = 0, so that

_ 1 3 T
Nala, 0] il el (bt Hh0( ).
Vit
On the other hand Ny can be estimates as follows

Ny, )] S [ — aff, from which  [Ny(, )] S i gt F ho(—2) [or — e

Vi

In summary, we get that

N1+ ¢™ + ) — N(Wh2 + ¢™ + ) |5 < Cid [[¥1 — ol

where C' = max{||1)1 — ¥a]sx, [|#" .} Thus we get the validity of (4.16) provided that ¢, is large
enough.
U

Remark 4.2. Proposition 4.1 defines the solution to Problem (3.6) as a function of the initial condition
1o, in the form of an operator ¢ = W[tg], from a small neighborhood of 0 in the Banach space L>(£2)
equipped with the norm

sup {[y] e o ()| + [yl " Veio(y)]] (4.21)
yER3

into the Banach space of functions ¢ € L>(2) equipped with the norm |[¢||.. , defined in (4.3). A
closer look to the proof of Proposition 4.1, and the Implicit Function Theorem give that 1y — ¥[t]
is a diffeomorphism, and that

)

yERS y€ER3

12w wmws%mﬂmﬂwwﬁwmemww%V%w

for some positive constant c.

Proposition 4.3. Assume the wvalidity of the assumptions of Proposition 4.1. Then the function
¥ = V(N @) depends smoothly on A and ¢, and we have the validity of the following estimates: for
any initial time to in Problem (2.1) sufficiently large, and any sufficiently large radius R in the cut off
function ng introduced in (3.2) and there exist ¢ such that, given A1, A2 satisfying (2.11) one has

WAL, @] = WAz, @lflex < cf|Ar — Aol (4.22)
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and for any ¢ satisfying (4.1). Moreover, given ¢1, ¢o satisfying (4.1), one has

W[, ¢1] = WX, go]|ox < cf|p1 —

(4.23)
for any X\ satisfying (2.11).
Proof. Fix ¢ and define 1) = ¥[\1, ¢] — ¥[A2, @], for A; and Ay satisfying (2.11). Then ¢ solves
Op = A + (VM) + N'N) () + F, R? x (to,00),  9(r,to) =
for A = sA1 4+ (1 — s)A2, s € (0,1), where
F=&n[M] = Ean[Aa] + (1 = nr) [E22[M1] — Ea2[A2]]

+ VM) = VR o + [N[M] = N[ (2 + ¢™)

where ¢; = ¢¥[\;, 4], 7 = 1,2. From Lemma 2.3, estimates (2.61)-(2.62), we get that
[E21[M] = Ear[Aa]l|« < ef|Ar — Aal4

and

11 = nr) [E22[M] = Ex2[A]] |« < €A1 = Az,
provided ¢q is large enough. One also checks that, for some ¢ € (0,1)

VA = VIRl 9alls < cfd = Aally, [[INTA] = N[A2]] (2 + 6™ [l < cllAr = Al

The constant ¢; can be made arbitrarily small provided ¢y is large. Arguing as in (4.9) and (4.10), one
1

can show that a certain multiple of the function ||[A; — Xa||s@o(r, ), where ¢o = ug t_%goo(%), serves

as supersolution for . This proves (4.22).

Let us now fix A, and take ¢1, ¢ satisfying (4.1). Denote by ¢§" = 77R¢A>j» and (;Aﬁj(x,t) =
ug%gﬁj(ﬁ,t), for j = 1,2, as natural. Let ¢ = ¥(\, ¢1) — ¥(\, ¢2). We have 9 (r,tg) = 0 and

Oh =AY+ VNG + (4 + $1")° — (% + 1)’
+[2VnrVa(dr — d2) + (1 — 62)(Ar — O1)n)
4 (1/}2 + (z)zn)f) (¢2 + ¢zn) o 5U2 (¢zn o zn).

Arguing as in (4.6)-(4.21), we get

VIRV (61— d2) + (61 — b2) (s — B)m)| < g tgthi)”%];fi'”’“
<cu§t-§ho<§[)n¢1 ¢
and also
5+ 617 — (o + 051 — SUHOY" = 04| < () [0 el
< engt Tho( )91 — ol

The constant ¢; in the last two formulas can be made arbitrarily small provided R is chosen large
enough. This concludes the proof. O
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5. CHOICE OF A: PART I

Let ¢ = W[\, ¢] be the solution to Problem (3.6) predicted by Proposition 4.1, and satisfying the
properties described in Proposition 4.3. We substitute ¢ in equations (3.11) and (3.12), and we want
to solve, in ¢, Problem (3.11), satisfying the initial condition (3.13). As we stated in Proposition 3.1,
Problem (3.11)-(3.13) can be solved for functions ¢ satisfying (4.1), provided that

H[, A\, ¢)(y,t(7)) Zo(y) dy =0, for all ¢ > to, (5.1)
Bar

where H[y, A, @] is defined in (3.12).
Next Lemma states that (5.1) is a non linear, non local equation in A, at any fixed ¢.

Lemma 5.1. Assume that A satisfies (2.11), and that the function ¢ satisfies the bound (4.1). Let
¥ = WA, ¢] be the solution to Problem (3.6) predicted by Proposition 4.1. Then Equation (5.1) is
equivalent to

[1+ porob(t) + q1(N)] @0 (0, £) = g(t) + G[A, 9](2). (5.2)
Here ¢ is the function defined in (2.53) and also in (2.54), thus
K 1 _ 1w a(s)
— - - i(t—s : dy ds. .
W00 | Gt et i e v )

The function b = b(t) is a smooth function in (tg,00). With ¢1(s) we denote a smooth function so that
¢1(0) =0, and ¢;(0) # 0. Moreover,

1bllec <€, lglly < C, IG[A, @]l < C. (5-4)

Furthermore, if the initial time to in Problem (2.1) is chosen large enough, there exists R in the
definition of the cut off function in (3.2) sufficiently large and there exist constant ¢ € (0,1) so that,

for any ¢,
IG[A1, 8] = G2, d]ll, < cf|Ar — Aal4 (5.5)

and, for any A,
||G[)‘a ¢1] - G[)H ¢2]||b < CH(bl - ¢2||1/,a- (56)

The constants ¢ in (5.5) and (5.6) can be made as small as one needs, provided that the initial time to
is chosen large enough. We refer to (2.43) and (3.18) for the definitions of |||, and ||-|,,o Tespectively.

Proof. Throughout the proof, we denote by ¢; = ¢;(s), for any interegr i, a smooth real function, with
the property that (d%pqi(O) =0, for j < i, and ﬁqi(()) # 0.
We decompose

| HW A9 1() Zo(y) dy = i | Exaliuoy. 1) Zoly) dy

0
N /B Bzt dy /B Bz dy
=11 + 12 + 93 + 14.

Forany j =1,...,4, i; is a function of ¢, and depends also on A and ¢. To emphasize this dependence,
we write i; = ;[\, ¢](t).
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We claim that

|

fo * [\ @)(t) = pop?

5/ ) 200) ) n(0.1) (5.7

+ (g1 (N) + popogo(N)) ¢0(0,t) + Mga(t)b(t)l ;

where b(t) is a smooth function in (¢g, 00), which is uniformly bounded as ¢ — co.

Observe that i; does not depend on ¢. From the equation (2.53) satisfied by ¢, and Lemma 11.1,
we get the existence of a positive constant ¢ so that |¢o(poy,t)| < ca(t)uo(t) for any y € Bag. Thus,
we Taylor expand & in the region y € Byp as follows

Ean(poy, t) = 5UL¢o + 4(Ur + so) g = a+ b
for some s € (0,1). Let us first analyze a. We write

a = 5u"w (y)o(0, 1) + 5[U7 (noy) — p~>w* ()60 (0, ) + 5U7 [¢o 1oy, t) — ¢o(0,1)]

=ai =asz

Observe that, by definition of U; in (2.38), and (2.13), we have
1 HoT 4
U (poy) — p~*w'(y) = {wu(ﬂoy) + uéuﬂbl(ﬂ)] — "' (y)

=2 [w(y) + (w((lfA)Q) - w(y)> + u6u¢1(lﬁr>} - p 2w (y)

= ut)s | () — w0 ) + a0

for some s € (0,1). Observe that

W)~ v W) = Vely) y+ Vuly) yel-24 - A7) (5.8)

for some z € (0,1). Taking into account also the description of ®; in (2.9), we get that

/B arZody = 1> [q1(A) + popoo(A)] ¢o (0, 1). (5.9)
2R
We next claim that, for y € Bog, we have

do(poy,t) — ¢0(0,t) = a(t)|poy|” 11(2) ©(lyl), (5.10)

for some o € (0,1). We postpone the proof of (5.10) to the Appendix. We thus get
/ a2 Zo dy = p~2uga(t)b(d). (5.11)
Bar

Collecting estimates (5.9)-(5.11) we get (5.7).

We claim that

1

1o *i2[A, ¢l(t) = g(t) + G[A, ¢](t) (5.12)
with
lgll, <e, |G\l < e
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for some constant ¢. We refer to (2.43) for the definition of || - ||,. Furthermore, we claim that G
satisfies estimates (5.5) and (5.6), for some constant ¢; € (0,1). To prove the above assertion, we write

1

to 22\, ¢J(t) = 5/3 w* (y)1[0, 0] (poy, t) Zo(y) dy

+5/ W () [N, 0] — 9 [0, 0]) (o9 £) Zo () dy

o /B2R ' (1 fA)2) —w (Y)Y, ¢l(koy, 1) Zo(y) dy
5
“Y

The first term,
w0 =5 [ )l ) 0.0120(0) dy,
Baor

is an explicit smooth function, globally defined in (g, c0), which satisfies the bound

M%Sc@é W@M%@@> (5.13)

for some constant ¢ > 0, as direct consequence of (4.7). Let us analyze the term gs. We see that
g5 = gs[\, ¢](t). Let us first assume that A and ¢ are fixed. From (4.7), we get

(01 < ) [ [t v ol Z060) | dy < it a0 [ s o

3
Using again (4.7) and the assumptions on X and on ¢, we get [g5]o.o.,e4+1] < cpudt™t, from which we
conclude that [|gs||, < ¢, for some constant ¢ > 0. Let us now fix ¢ and take A;, Ay satisfying (2.11).
We write

95[A1, 9] — g5[A2, @] = 5[(1 +1A1)4 a +1A2)4]/192R w%ﬁ)d}[}m(ﬂ(ﬂoyﬁ Zo(y) dy

Sl U, 0 ) — o e W ) Zoo)

+ 5[@ —1] /BzR w“(ﬁ)[wmm — [Aa, @)l (1oy, t) Zo(y) dy

:€1+€2+63.

Thanks to (2.11), and arguing as before, we see that

lex(t)] < c[As(t) — Aa(t)] W ()9 [A1, ¢l (oy, 1) Zo(y) | dy

Bar
<@t ([T s (o) ds) Iu -l
t

< [po(to)l ()¢ H[M = Aally < crpo(®) 371 Ar = Aol

where ¢ is a positive number, which can be chosen arbitrarily small, in particular ¢; < 1, provided tg
is chosen large enough. Similarly one can show that, thanks to (2.11),

le1]o,o,t,t41] < cpo ()2t A — A2z
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We thus can conclude that there exists a positive small number ¢; < 1 so that
lexlls < crlAr = Azlls.

A similar argument allow us to say that also ||ea|l, < c1||A1 — A2|ls. We next analyze es. From (4.22)
we get that

a0l < e ([t 2 d) wias, ol - wDra, el

3
< epgtTHA = Al
and also .
[es]o,o,t,e41] < c1pg t AL — Aolly,
for some constant ¢; € (0,1). We can conclude that
195 (A1, @] — g5[A2, @llls < callAr = Aally.

The same estimate can be obtained for g4, arguing in a similar way.
Let us now consider go. This term does not depend on ¢, namely ga[\, ¢](t) = g2[A](¢). From
Proposition 4.3, we get

3, [yl 8-
(0] < g ([t L2 ) I < end =2,

and similarly

3 -
[gQ(t)]O,a,[t,t+1] <cpgt 2”)‘”11-
Furthermore, if ¢y is large enough, there exists ¢; € (0,1) so that
|92[A1](t) — g2[A2](1)] < 5/3 w(y) [ [, 0] = ¢ [a, 0] (noy, )| Zody
R
~1. 3, 9 5,2
< Cto gt A = Aelly < capg t77[[ A — Aoy
and also .
[91[Aa] = g2[Xollo o prina) < 1l t 2l A = Aoy
thanks to the results of Proposition 4.3. Arguing in the same way, one gets similar estimates for gs.
1
Collecting all the above arguments, we conclude that i, 2iz[A, ¢](t) can be written as in (5.12), with
g and G satisfying (5.4), (5.5) and (5.6).

Next we claim that .
to 215N ¢1(t) = GIA, 9)(1), J =34, (5.14)
and G satisfies (5.4), (5.5) and (5.6). We start with j = 3. First, we see that i3 does not depend on
A, and it is linear in ¢. Since we are assuming that ¢ satisfies (4.1), we have

_1 _ 3 _ 3 _
g s )] < (o B2 11 08 10l < e (O [
and

1 3
0 i t] <cpg ()t ollva
o tis0)] < s 0 9l

for some constant ¢ > 0. Let us know take ¢1, and ¢o, and we get that, if ug(to)u(to)R?>~® is small
enough,

0 * (islon] = is62]) (0] < expd (01161 = Dl
and

{Ma% (i3[¢1] — i3[¢2]) (t)} 0,0,[t,t+1] < C1M§ (Ot 1 — 62

for some ¢; € (0,1). Estimate (5.14) for j = 4 can be proved in a very similar way. We leave the
details to the interested reader. Combining (5.7), (5.12) and (5.14), we complete the proof of (5.2).
This concludes the proof of the Lemma.

|u,a
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6. SOLVING A NON LOCAL LINEAR PROBLEM

Let ¢g be the function introduced in (2.53). Later in our argument we will need to solve in A, a non
local equation of the form
d0(0,t) = h(t), tE€ (ty,0) (6.1)
for a certain right hand side h. We see from (5.3) that ¢o(0,t), defined as

lyl?

! a(s) e Tt—=)
Pol0:t :/ / 1 dy ds,
(00 to—1 Jrs (47(t — 5))% w+ |yl {lyl<M}

defines a non-local non-linear operator in A. For convenience we recall that

o) =3 o)’ a0 ={208) LS A= [ A

We write .
$0(0,t) = T[A|(t) + T[N (2), (6.2)
where T is e
TN(t) = /t ) /]RS (47T(C;(S)S))g € ;‘;“*” Loy <y dz ds. (6.3)

We shall see that 7" is a small perturbation of 7', in some sense we will precise later. In this section,
we start with the analysis of Problem

T[N () = h(t), t>to. (6.4)
Straightforward computations give that
— t _ 5
TIN() = —ﬂ/ a(s) (1 - e_“MS)) ds. (6.5)
4 to—1 t—s

Indeed, letting z = 2\/%, one gets

e—|Z|2

‘ a(s)
TIN(t) = 1 dzd
[A(?) /to—l /RS Wi—s |7 {lz]< AL} 42 aS

— t o = J t X
w3 a(s) 2 w3/ a(s) / e
== e 1 dpds = — e ” 2pd
2 /tg—l/o Vi—s PHe< s 0P 4 )1 vVt—sJo par
— t — 2
_ _% a(s) (1 _ e—(,fv[s)) ds. (6.6)

to—1 t—s

Introduce the function 8 = () as

50) =2 [ als)as (67
If B = B(t) solves
tps) — 25 s —
V=S <1—6 ( >>d = h(t), (6.8)

then the function A(t) = [~ A(s) ds, defined as

1

o) =y 050 + 20 [ s iras, @

I
w
W

(6.9)

solves (6.4).

Next Lemma constructs a solution to (6.8). If we formally let M — oo in (6.8), we get that the
left hand side of (6.8) is nothing but the %—Caputo derivative of 8. This fact inspires the proof of the
following
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Lemma 6.1. Let 0 = 3 + 0, with o’ > 0 small, be the number fived in (2.11), and h : (ty,0) = R a
smooth function satisfying

_3
i 2t [Ihllo.ees) + [hlo.o ey ] <O, (6.10)
t>%0

for some constant C. Then there exist a constant Cy and a unique smooth function 5 : (top —1,00) — R
which solves (6.8), 3 € C* and satisfies the bounds

_3
sup 1o *¢ (118"l t.0411 + [ oo ey ] < CL M7 (6.11)
0
We recall that M? = t, was first introduced in (2.53).

Observe that a direct consequence of this Lemma, together with (6.9) and (2.41) is the invertibility
theory for Problem (6.4) that will be used in next Section to solve (5.1). This is contained in the
following

Proposition 6.2. The function T : Xy — X,,, defined in (6.3) is a linear, non-local, homeomorphism
so that
T~ (W)l < CM YAy, forany heX, (6.12)

for some fized positive constant C. We refer to (2.11) and to (2.12) for the definition of the || - ||s-norm
and of the set Xy, and to (2.43) and (2.42) for the definition of the norm | - ||, and of the space X,.

We devote the rest to the Section to the

Proof of Lemma 6.1. We start performing a change of variables, to transform Problem (6.8) into an
equivalent one with simpler form: let

s=1tyg— 14+ M?a, t=to—1+M?b, B(a)=p(s), h(b)=h(t).
After this change of variables, Problem (6.8) takes the form

/Obﬁ% (paﬁ) da = M h(b). (6.13)

&

Let K(n) = 1=¢

7 and take the Laplace transform of both sides in (6.13), thus getting

£(#) ©L ) ) = nmc (k) (©)-

Since £ (5’) =£&L (5 &) — B(O), we get

N——

£(B)©= 3(50) P (:)© (6.14)

Observe now that

We readily get that
1

L(K) (&)= 7 (2/0°C e 7’ dp) (1+0(1)), as &— oo. (6.15)

To describe the behavior of £ (K) (§), for £ — 0, we first notice that

%_57] 1—e dn — OO1—@7%61 0
/Oe (\/ﬁ>n/0 e+ O(VB)
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On the other hand,
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= n
—£&n n
e dn
0 =N
+ dn =0 .
/é o dn=00/0
Thus we conclude that

o= [

dn + O(\/§),
- (Vo)
From (6.15) and (6.16), we conclude that

S|

as £—0. (6.16)
1 _ %C+\%+O(1) 'if £E=0
§L(K) (6) Je(+o(1)) if & — o0
Let now G = G(t) be so that £(G) (§) = Eﬁ(fl(w Standard arguments on Laplace transformation
imply that
() = a+Z+0(;) i t—oo
% (1+ (1))
get

if t—0."’
for certain constants ¢;, é; and é;. From (6.14), taking the anti-Laplace transform of both sides, we
B(b)

b
B(0) + M /0 H(@)G( - a) da

0 o b
B(0) + Mé, / (a) da + Mé, / F(a) da + M/ 7ia) [G(b = a) — &] da
0 b 0
We select the solution to Problem (6.13) so that

B(0) + Mé& /OOO h(a)da =0

In the original variables, we thus obtain an explicit solution to (6.8)
1
t = —
BLH) M J,

M2
=31 (t)

" h(s)ds+ 1\14/t:_1 h(s) {G (t - S)

(6.17)
::ﬁg(t)
Let us now check (6.11). Since (6.10) holds, we easily get that

_s _
sup i > |1 ()] S M
t>to

Ba(t) =M

To control the second term in (6.17), we change variable t = M?t, s = M?3, so that
. h(M?3) [G (t — 5) — & d5
T
Since ty = M? and since (6.10) holds, we get

3
1" pg(s . 1
sl [ B o5 e as s
to
from which we get the validity of (6.11).

1
I-%
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The assumption that g, %t[h]o,g’[t}tﬂ] is bounded guarantees that the function 8 defined in (6.17)
is differentiable. Indeed, trivially one has 8] (t) = —<th(t). Let us write B, in the following way

it = 37 [0 -nn 6 (52) -a] as+ 52 [ [o (L) -] as

Thus we have

630 = 5 [166) - e (572) il s [ - nione (52 o
=0
0 [ () -o]-4 [ o55) -

<t ([ [o(5) 2] )
=g 00 (i) e 575 (] [6 () -] ).

Both the last two integrals are well defined, as consequence of the behavior of G(7), as n — 0, and the

_3
assumption that p >t[h]o,q,[1,¢+1) is bounded. Since G(n) ~ 77*%, as  — 0, direct computations give
the bounds in (6.11) for 5’(¢). This concludes the proof of the Lemma. O

7. CHOICE OF A: Part II

This Section is devoted to solve in A Equation (5.1), for fixed ¢ satisfying (4.1). We have the validity
of the following
Proposition 7.1. For any ¢ satisfying (4.1), there exists L > 0 and a unique solution X = \[@] to
Equation (5.1), with
Al < LM~ (7.1)
where M = \/ty, provided the initial time to in Problem (2.1) is chosen large enough. Furthermore,
there exists a constant ¢ € (0,1) such that, for any ¢1, ¢o satisfying (4.1), we have

[Alfa] = Alge]lls < ellgr = ¢2llv,a- (7.2)

Proof of Proposition 7.1. Lemma 5.1 states that solving Equation (5.1) is equivalent to solve (5.2).
We write (5.2) as follows

TIN(E) + TN () = (1+ pogh(t) + a1 (V) ™" [g(8) + GIA, (1)) (7.3)

where T and T are defined in (6.2) and (6.3), while b, g and G satisfy the bounds in (5.4),(5.5) and
(5.6). Here g1 = q1(s) denotes a smooth function such that ¢;(0) = 0 and ¢} (0) # 0. We observe first
that

(L+ poh(t) + (X)) [o(t) + G\, ¢l(1)] = (1) + Gr X, 9](),
for some new functions g; and G that also satisfy (5.4), (5.5), and (5.6).

Thanks to the result of Proposition 6.2, solving in A Equation (7.3) reduces to find the fixed point
problem

A1) = FON®, FO) =T (g1 +Gir 6] - TIN)) (7.4)
where T~ is the operator introduced in Proposition 6.2.

Step 1. First we show that, for any fixed ¢ satisfying (4.1), there exists a unique fixed point
A = A[¢@] of contraction type for F in the set

B={xeX;: |\l <LM ™'}
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for some L > 0 large.

In order to prove this fact, we claim that, if the initial time ¢ in Problem (2.1) is large enough,
there are positive constants ¢;, ¢z € (0,1) so that, for any A\ € B,

ITNl, < @aM|N|y, with &C <1 (7.5)

and
1T = Tl < EllA — Aolly with CM~l(c+c) < 1, (7.6)

for any A1, A2 € B. The constant C is the constant appearing in (6.12), Proposition 6.2, while c is the
constant is the one appearing in (5.5).

Assume for the moment the validity of (7.5) and (7.6). For any A € B, we have
IF < OMMlgr + G ] = T < O (flally + [N el + 17N
<CM ' (2c+eL) < LM™!

provided L > 13%?0, where C' is the constant in (6.12), ¢ are the constants in (5.4), and ¢ is the

constant in (7.5), which satisfies ¢1C < 1.

Let us take now A, Ay € B. We have
IF(A) = Fa)lls = 1T~ H(Gr M, @] — Ga[Aa, @) = T-H(T M) = T[]l
<CM™! (||G1[>‘1’¢] — Gr1[A2, Ol + 1T ] = T lls
< OM™Her +e)l|A = Aolls < el A — Aoy,

for some € < 1, thanks to the choice of & in (7.6).

A direct application of Banach fixed point gives the existence and uniqueness of a solution A to
Equation (5.1), satisfying (7.1). We complete the first part of the proof of the Proposition with the
proofs of (7.5) and (7.6).

Proof of (7.5). Let A € B. From (6.2) and (6.3), we get

R [ a(s) s w(s)
PO == |, f T o T ) < e

M

t _
[ ) [
=c —_— e dpds,
/to—l vVt—s Jo Htp
M
for some explicit constant é. Since | [;¥*~* e ﬁ dp‘ < c%, for any t large, we observe that
A M| [t als)uls)
T[A](t)‘ < A / DI g (7.7)
\/i to—1 V t—s
for some fixed constant A. We claim that
t _
SIS 4o st VI FTI), t> o, (7.8)

to—1 VE—35

for some smooth and uniformly bounded function II(¢). Indeed, we write, for B.(s) = a(s)u(s),

t t
5*(3) 6*(3) _6*(t> :
ds = —— 2 ds+28.(t) VvVt —to+ 1= 26, (t) vVt —to + 1. 7.9
to—1 VI —5 ° to—1  Vt—$ s 26.() o i+ 28,0 "t 79
Use the change of variables x = y/t — s

/\/t—to+1

VIS [Bu(t) — Bu(t — 2%)]

5.(0) dx.

1= —2

(B.() = Bt — 2%)] do = —28.(2) /0

0
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[B-()=B(t=2")] . . .
————— is uniformly bounded in = € [0,/ —to + 1],

We now observe that the function x — ERO)
(1—9”72)_%'7_1 for v #2

since
[B:(t) = Bt — ?)] { —(1-)
B.(t) 1—(1— 2731 +log(1 — £)]3  for =2
where y =1if v > 2, and ¥y =v —1if 1 <y < 2. With this in mind, we conclude that
i = B.(t)Vt —to+ 1 II(¢t) (7.10)

for some smooth and bounded function II. Inserting (7.10) into (7.9), we get (7.8)

Using (7.8) in (7.7), we conclude that
T < Apo ()M g (¢!,

for some fixed constant A, independent of ¢ and of M. Thus, for ¢ large, if we choose ¢ty sufficiently

large, there exists a constant ¢; € (0,1) such that
. 3
T < e M I [ 1))

Let now consider t; and t2 € [¢,t + 1]. We write
; ; "ol als)
TN (t1) = T[N|(t2) = E/ { —
e =T = || -
/ e’ ,up,u dpds

M
]/ nT e pupdpds

+p

m

3
Vtzf‘s 7p pu .

dpds = E i
/ [+ p —

to
—cC
/gl Vita — s
Observe that, for t1, to € [t,t + 1], for ¢ large, we have
|A(t1)—A(t2)]

|u(tr) — p(t2)|
" < Cpp(t) SUPty ta€ft,t+1]  [¢,—ta]°

sup |t1 — t2‘0

t1,ta €[t t+1]
(7.11)

< OM o (t) (g (1))

for some constant C'. With this, we can estimate i1 and i5, as follows
3 .
[’ij]o o [t,t+1] S CM_I/J,()(t) (/JS (t)t_l> 5 fOf ] = ]_, 5

Straightforward computation gives
3
isJo. e < CM o) A (i (9471), for j=1,2,3
These estimates, together with the ones we obtained before, constitute the proof of (7.5)
Proof of (7.6). Let A1, A\a € B. From (6.2) and (6.3),

) ) ﬁ _p2 [ el
TM](t) = T /to 1@/ ’ [u[/\l]er_u[/\Q]JrP

Observe that

— Az (s)]

[A2]) (s)| < Apo(s) |Ar(s)
Xo|(z) d < Apg(s)|| A

|(u[M] —
< AMO(S)/ |A1 —

— Azl
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for some constant A, whose value may change from one line to the other, and which is independent of
t and tg. A Taylor expansion gives

ats) e P 5) — s s
m/o ¢ (i + p)2 |1[A1](s) — p[A2](s)| dpd

for some i between p[A1] and p[A2]. Thus we get

IO - Tl < [

ITPI(E) — T (0)] < ARB(EM [ag (0] A1 = Aol

where A is a constant independent of ¢y and ¢. Using again (7.11), we can show that

(
~ N 3
T =T\ < Ap2(OM [p2 (Ot |A = A

M= TRel] S AROM g O A = el

where A is a constant independent of ¢y and t. Choosing ty large enough, we can find ¢; small enough
so that (7.6) holds true.

Step 2. In the second part of the proof, we show the validity of (7.2). For this purpose, we fix ¢;
and ¢ satisfying (4.1), and we let X\; = A[¢;] , j =1,2. If A = X\ — Ay, then we see that A solves

T (G1[M, d1] — G2, 62))
=T (Gi[A1, 1] = G[A1, 6a]) + T (Gilh, d2] — GlAa, 62]).

A

Thus
[Allg < CM Y ([|Gi[Ar, 1] — GIA1, @a]lls + [|Ga[A1, d2) — GlA2, ¢2]|l»)
< CM ™ (cllgr = d2llva +cllha = Aally)

where C'is the constant in (6.12), M? = t(, ¢ are the constants defined respectively in (5.5) and (5.6).
We now observe that the proof of Lemma 5.1 also gives that the constants ¢ in (5.5) and (5.6) can be
such that CM~'c < 1. Thus the proof of (7.2) readily follows.

This concludes the proof of the Proposition. O

Remark 7.2. Recall that the function 1) = W[i)g] solution to Problem (3.6) depends smoothly on the
initial condition g, provided 1y belongs to a small neighborhood of 0 in the Banach space L>(f)
equipped with the norm defined in (4.21), as observed in Remark 4.2. This fact implies that also
A = A[tho] solution to (5.1) depends on 1g. A closer look at the definitions of A = At)o] gives that

IASYT = ALl < e[S = w801 oo oy + 1€ V5 = V5| oo (g9 -

~

This fact will be useful in the final argument of finding ¢ solution to (3.13).

8. FINAL ARGUMENT: SOLVING (3.8)

We are constructing a global unbounded solution to Problem (2.1)-(2.2) of the form (3.1)
u = Us[N(r,t) + .

The function Us is defined in (2.57), while ¢ is given in (3.2). The function ¢ which enters in the
definition of q~5 solves the outer problem (3.6), and its properties are contained in Proposition 4.1 and
4.3. The parameter A = A(t) belongs to the space Xj, (2.12), and has been chosen to solve Equation
(5.1). The properties of this A = A(t) are collected in Proposition 7.1. What is left is to solve in ¢ the
inner problem (3.8). Thanks to the choice of A = A(t), the orthogonality condition (3.19) is satisfied,
so that we can use the result of Proposition 3.1 to solve in ¢ Problem (3.8).

In other words, we want to find ¢, with its ||¢||, ,-bounded, solution to Problem (3.8). The function
¥ = U[A[¢)], ¢] solves (3.6), while A = A[¢] solves Equation (5.1).
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At this point, we fix a in the definition od the || x ||,,, to be equal to 1. Proposition 3.1 defines a
linear operator ¢ = 7T (h), where ¢ is the solution to (3.16) so that

4]l < Co R* ||A|

for some fixed constant Cy. We refer to (3.17) for ||h||,,2+4 and to (3.18) for ||¢||,.q, for a = 1. Thus
we can say that ¢ solves (3.11)-(3.13) if and only if ¢ is a fixed point for the Problem

¢ =T (H[¢]), where H[g] = H(¢[¢], A[¢], 9), (8.1)
and H is defined in (3.12). Choose the number R in the cut off function ng, defined in (2.59) and

appearing in the ansatz (3.2), to be sufficiently large in terms of to, say RSu¢ (tg) = 1. We claim that
there exists a unique ¢ solution to (8.1) in the set

Br={¢ : |#llva1 < L1}

v,3

for some L; > 0, fixed.
From (2.59) and (4.7), we see that

5 1 u?t—l Mé 4 Y 26
el D] ST P ) g Hlr
Ho €220y, V)| S 16 v ’ Tt ar Y T2 S T3 M
Furthermore,
B L+ [y =T ey

In fact, one can prove that
[H[¢][lv240 < CL R
for some fixed number Cy, independent from ¢ and of ¢g. This implies that, if ¢ € By, then T(¢) € By

provided L; is chosen large. Furthermore, combining (2.61), the result of Proposition 4.3, and the
result of Proposition 7.1, we get the existence of a number ¢ € (0,1), so that

1T 1¢1] — Tlo2llv,e < clldr — d2llv.a

for any ¢, and ¢o € By. We apply Banach fixed point theorem to get the existence of a unique solution
to (8.1) with || - ||,q-bounded.

This concludes the proof of the existence of the solution to Problem (2.1)-(2.2), or equivalently
Problem (1.3)-(1.4), as predicted by Theorem 1.1. O

9. BASIC LINEAR THEORY FOR THE INNER PROBLEM

Let R > 0 be a fixed large number. This section is devoted to construct a solution to the initial
value problem

¢r = A¢+ 5w+ h(y,7) in Bag x (10,00), ¢(y,70) = €oZ(y) in Bag, (9.1)
for any given function h with ||hl|, 244 < 400, not necessarily radial in the y variable. We refer to
(3.17) for the explicit definition of the || - ||, 24+q-norm. The corresponding problem in dimension n > 5

has already been treated in [6], Section 7. We follow the same strategy in the procedure to construct
the solution to (9.1), but in dimension 3 we get a decay estimate for the solution different from the
one valid for dimensions n > 5.

We recall that the operator Lo(¢) = A¢ + bw*® has an 4 dimensional kernel generated by the
bounded functions Z; defined in (2.7) and also by
_ Ow
a dyi’

Zi(y) i=1,2,3. (9.2)
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In the class of radially symmetric functions, the only element in the kernel of Lg is Zy. To describe our
construction, we consider an orthonormal basis ¥,,, m = 0,1,..., in L?(S?) of spherical harmonics,
namely eigenfunctions of the problem

Ag2O + AP =0 in S?
sothat 0 = A\g < A1 = ... = X3 =2 < A\ < .... Let h(-,7) € L*(Bag), for any 7 € [rp,0). We
decompose it into the form
By, =S b0/, T =l by T) = /S h(r, 7)0,(0) df.
§=0
In addition, we write h = h® 4+ h! + h* where

3 oo
WO =ho(r,7), h'=>hi(r,7)9;, ht=> hi(r,7)0;.
j=1 j=4

Observe that h' = h*+ = 0 if h is radially symmetric in the y variable. Consider also the analogous
decomposition for ¢ into ¢ = ¢° + ¢! + ¢. We build the solution ¢ of Problem (9.1) by doing so
separately for the pairs (¢°, h?), (¢', h') and (¢, ht).

Our main result in this section is the following proposition.

Proposition 9.1. Let v,a be given positive numbers with 0 < a < 2. Then, for all sufficiently large
R >0 and any h = h(y, ) with ||h||y24q < 00 that satisfies for all j =0,1,...,3

/B My, 7)Zij(y)dy = 0 forall T €& (19,00) (9.3)

there exist ¢ = @[h] and ey = eg[h] which solve Problem (9.1). They define linear operators of h that
satisfy the estimates

R Rie Al
s | Olly24a + Bzt + 2202, 9.4
‘Qs(y )| ~ 1+|y|3 || | 2+ 1+|y|4 || || 2+ 1+|y|a ( )
Vo6 S 7 Bz + o [z + Azbe ] (95
R e e M A APl |
and
lt] S Allzra 0.

Proposition 3.1 is a direct consequence of Proposition 9.1. Indeed, if A is radially symmetric in the
y variable, (9.3) is authomatically satified for j = 1,...,3, and h = h°.

The result contained in Proposition 9.1 follows from next Proposition, which refers to the following
problem

br = Ap+5w(y) ¢+ h(y,7) — ¢(1)Z in Bag x (10,00), ¢(y,70) =0 in Bag. (9.7)

Proposition 9.2. Let v,a be given positive numbers with 0 < a < 2. Then, for all sufficiently large
R > 0 and any h with |||y 244 < +00 and satisfying the orthogonality conditions (3.19), there exist
¢ = ¢lh] and ¢ = c[h] which solve Problem (9.7), and define linear operators of h. The function ¢[h)
satisfies estimate (9.4), (9.5) and for someT' >0

c(T)f/ hZ hfZ/ hZ
BZR BZR

Assuming the validity of Proposition 9.2, we proceed with

+ e YA ora . (9.8)
v,2+a

< ;v |:R27a
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Proof of Proposition 9.1. Let ¢; be the solution of Problem (9.7) predicted by Proposition 9.2.
Let us write

Oy, 7) = d1(y, 7) + e(T) Z(y). (9-9)
for some e € C* ([r9,00)). We find
0-¢ = A¢ + 5w + h(y,7) + [€/(7) — Xoe(T) — c(1)] Z(y).
We choose e(7) to be the unique bounded solution of the equation
e'(t) — Xoe(r) = ¢(r), 7 € (79,00)
which is explicitly given by

e(r) = /OO exp(v/Ao(T — ) e(s) ds .

The function e depends linearly on h. Besides, we clearly have from (9.8), le(7)| < 77Y||h||v,244. and

~

thus, from the fact that ¢, satisfies estimates (9.4), (9.5), so does ¢ given by (9.9). Thus ¢ satisfies
Problem (9.1) with initial condition ¢(y,79) = e(79)Z(y). The proof is concluded. O

The rest of the Section is devoted to the

Proof of Proposition 9.2. The proof is divided in two steps. In the first step, we construct a
solution to (9.7) which has value zero on the boundary 9B, at any time 7, for a right hand side h
not necessarily satisfying the orthogonality conditions (9.3). In the second step, we make use of this
construction to solve (9.7), for a right hand side satisfying (9.3), and to obtain estimates (9.4), (9.5)
and (9.6).

Step 1. We claim that for all sufficiently large R > 0 and any H with |H||, , < +oo there exists
¢ = ¢(y,7) and ¢ = ¢(7) which solve Problem

¢r = Ap+5wé + H(y,7) — c(7)Z(y) in Bag x (10,00) (9.10)
¢ =0 ondBsp X (19,00), ¢(-,70) =0 in Bap.
The functions ¢ and c are linear operators of h and satisfy the estimates
L+ gD IVoly, 7) + lo(y, 7)| <

d—a) ||, d—a) iy Hi, .
R e R e Ve 0.11)
1+ |y 1+ |yl 1+ [yl
and for some I"' > 0
Ban Bar v,a

We construct the solution ¢ mode by mode, considering first mode 0, then modes 1,2, 3 and finally
modes greater or equal to 4. For each mode, we get the corresponding estimates.

Construction at mode 0. Consider Problem (9.10) for a right hand side H = Hy(r,7) radially
symmetric. Let 7(s) be the smooth cut-off function in (1.9), and consider ny(y) = n(|Jy| — £), for a large
but fixed number ¢ independently of R. By standard parabolic theory, there exists a unique solution
¢* [ho] to

br = Ap+ 5w(r) (1 —ng)¢ + Ho(y,7) in Bag X (70, 00) (9.13)
¢=0 on 0Bsg X (19,00), &(-,70) =0 in Bapg,
where
Hy=Hy—co(1)Z, colr) = : Ho(y,)Z(y) dy.

The function ¢.[ho] is radial and satisfies the bound
|¢*[ﬁ0” STt R*C ”HHVa
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This can be proven with the use of a special super solution, arguing as in Lemma 7.3 in [6]. Setting
¢ = ¢«[Ho] + ¢ and c(7) = co(7) + &(7), Problem (9.10) gets reduced to

br = Ap+ 5w(r)*d + Ho(r,7) — &(1)Z in Bag x (10,0) (9.14)
qg =0 on 8BZR X (T07 00)7 &(',7’0) =0 in BQR-
where Hy :75’(1)47”(,25* [Hy]. Observe that H, is radial, it is compactly supported and with size controlled
by that of Hy. In particular we have that for any m > 0,

~ TV _ TV
H < Y| [Ho) (- | S —— R "|H|a. 1
A7) (o |50 710l | S o R L (9.15)
We shall next solve Problem (9.14) under the additional orthogonality constraint
o(7)VZ = 0 forall 7€ (r9,00). (9.16)
Bar

Problem £9.14)—(9.16) is equivalent to solving just (9.14) for ¢ given by the explicit linear functional
¢ := ¢[o, Hp] determined by the relation

E(T)/BMZ -/ HO(-,T)Z+/8323 0,3(7)Z. (9.17)

If the function é = é(7) defined by (9.17) were independent of ¢, standard linear parabolic theory
would give the existence of a unique solution. On the other hand, a close look to (9.17) shows that
the dependence of ¢ = &(7) on ¢ is small in an L®°-C1e 5% setting, since Z(R) = O(e~"E) for some
I' > 0. A contraction argument applies to yield existence of a unique solution to (9.14)-(9.16) defined
at all times. To get the estimates, we assume smoothness of the data so that integrations by parts
and differentiations can be carried over, and then arguing by approximations. Testing (9.14)-(9.16)
against ¢ and integrating in space, we obtain the relation
o.[ #+Qéd=[ g g=H-cn,
Bar Bar
where @ is the quadratic form defined by

Q6,6) = / (19612 — 5u|6f?] (9.18)

Since dimension is 3, there exists 3 > 0 such that, for any ¢ with [ ¢Z = 0, the following inequality

holds
Q6.0)= 15 [

The proof of this inequality is a slight modification of the proof for the corresponding inequality in
dimensions n > 5 that can be found in Lemma 7.2 [6], considering that fBR Z2 = O(R), as R — oo,

when dimension is 3. Thus we have, for some 5’ > 0,
!/

0. #epf #sm| g (9.19)
Bar Bar Bar
We observe that from (9.17) and (9.15) for m = 0 we get that
le(n)] <77"K, K:= [sup TV||¢*[H0]('7T)|LM:| +e IR [sup V||V [Ho) (-, 7) || oo

T>To T>To

Besides, using again estimate (9.15) for a sufficiently large m, we get

/ 92 S T_2”K2.
Bar

Using that (j~>(7 70) = 0 and Gronwall’s inequality, we readily get from (9.19) the L2-estimate
eGP 2By S TV RK, (9.20)
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for all 7 > 79. Now, using standard parabolic estimates in the equation satisfied by q~5 we obtain then
that on any large fixed radius ¢ > 0,

\|(;~5(-,7')||Loo(BM) < 77VRY2K forall T > 7.
Since the right hand side has a fast decay at infinity and taking into account that we are in dimension
3, outside B, we can dominate the solution by a barrier of the order 77"|y|~!. As a conclusion, also

using local parabolic estimates for the gradient, we find that
2

- . ., R S
L+ D) [Vyoly, )+ oy, )| S 777 | sup 77[|¢s [Ho] (-, 7)l[ L= | - (9.21)
1+ |y| T>To
It clearly follows from this estimate and inequality (9.15) that the function
dolho] := & + ¢.[Ho) (9.22)
solves Problem (9.10) for H = Hy and satisfies
R4—a
]- + v ) + ) S, e H v,a
L+l IVydo(y, )l + ooy, )l S 7771 m ([ H ],
Finally, from (9.17) we see that we have that
o(t) = HZ+ / Sw'negs [Ho) Z + O(e ™ )| H|lyq-
Bar Bar

From here we find the validity of estimate

Hy—Z HoZ
Bar

+ €_FRHHO

I/,ll:| .

Hence estimates (9.11) and (9.12) hold. The construction of the solution at mode 0 is concluded.

e(r) — HOZ‘ N {Rz
Bar

v,a

Construction at modes 1 to 3. Here we consider the case H = H! where H'(y,7) = Z?:l H;(r,7)0;.
The function

PHHY) = Z ¢ (r, 7)Y, (9.23)

solves the initial-boundary value problem
br = Ap+5w¢+ H' (y,7) in Bag x (19,00) (9.24)
¢=0 ondBag X (19,00), @(,70) =0 in Bag,
if the functions ¢;(r, 7) solves

0r¢; = L1[pj] + H;(r,7) in (0,2R) x (79, 0) (9.25)
0r9;(0,7) =0=¢;(R,7) forall 7e&(rn,x), ¢jr,mn)=0 foral re(0,R),
where
L1]¢;] = Orrd; +2arr¢j —2% + 5w e;. (9.26)

a

Let us consider the solution of the stationary problem £q[¢] 4+ (1 4 r)~* = 0 given by the variation of

parameters formula

2R P
é(r):Z(r)/r m/o (1+ 8)-2(s)s2 ds

where Z(r) = w,(r). Since w,.(r) ~ r~2 for large r, we find the estimate |(r)| < R2

- 14172
that 79 was chosen sufficiently large, the function 2| H,|, .7 "¢(r) is a positive super-solution of

Problem (9.25) and thus we find [¢;(r,7)] < T"’%HHJ'HWI. Hence ¢![H'] given by (9.23) satisfies

1rgyl R 1
o [H (v, 7| S —IH |
y7T ~ 1+|y|2 v,a-

A corresponding estimate for the gradient follows.

. Then, provided
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Construction at higher modes. We consider now the case of higher modes,
br = Ad + 5w+ HE  in Bag x (710,00) (9.27)
=0 on 9OBag X (19,00), ¢(-,79) =0 in Bag,
where H = H+ = 22, H;(r)©; whose solution has the form ¢ = 377, ¢;(r,7)0;. Given the
quadratic form in (9.18), for ¢ € H}(Bag)
|¢J—|2 < 1 L
5 S Qo 97). (9.28)
Bar

r

The proof of this fact is elementary. The interested reader can find it in [6]. Let ¢.[H"] be the solution
to
br = Ap+5w(r)*(1 — )+ H(y,7) in Bag x (10,00)

¢:0 on aBgRX (To,OO), ¢(70):0 in BQR,
where H+ = H* — ¢ Z, and ¢t = fBQR H'Z. By writing ¢ = ¢.[H] + ¢, Problem (9.27) reduces to
solving

¢r = Ad+5w(y)'é+H in Bap x (19,00) (9.29)

=0 on OBsp X (70, 00), gg(~,70) =0 in Bag,
where H = 5w(y)*nip.[H"], for a sufficiently large £. Arguing as in (9.19) we now get

~ o 2 ~
o[ Faef o[ e (9.30)
Bar Bar |y| Bar
Similarly to (9.20) we get
Myl =60, lz2(Bany S 7R H v (9-31)

From elliptic estimates we then get that
16C, ) Lo (Bory S T VREUUH ||y,q. forall 7>,
so that with the aid of a barrier we obtain

6y, )| S TVRPOH b (L [y
It follows that the function ~

¢t [HY] =6+ ¢ [HY] (9.32)
satisfies

6 H )y, 1)) S 7V R [+ [y + (L )] [H v in Bog
Similar estimates for the gradient follow. Conclusion: let
¢[h] := ¢°[h°] + @' [h'] + ¢ [h]

for the functions defined in (9.22), (9.23), (9.32). By construction, ¢[h] solves Equation (9.10). It
defines a linear operator of h and satisfies (9.11). The proof of Step I is concluded.

Step 2. To complete the proof of Proposition 9.2, we decompose the right hand side h in (9.7) in
modes, h = h®+h!' +h=* as before, and define separately associated solutions of (9.7) in a decomposition

¢=¢"+¢" + ¢

Construction at mode 0. For a bounded radial & = h(|y|) defined in Bap with [ hZo =0, let h
designate the extension of / as zero outside Byr. The equation

AH +5w*(y)H +h(ly)) =0 inR® H(y) =0 as |yl — oo

has a solution H =: Ly '[h] represented by the variation of parameters formula

H(r)= Z(r) /00 ;L(S) Zo(s) s> ds + Zo(r) /OC iL(S) Z(s) s2ds (9.33)



INFINITE TIME BLOW-UP FOR THE 3D CRITICAL HEAT EQUATION 37

where Z(r) is a suitable second radial solution of Lg[Z] = 0, linearly independent with Z,. Mode 0
function hg = ho(|y|, 7) is defined in Byg, and satisfies ||ho|y,24q < +00 and fBZR hoZy = 0 for all 7.

Then Hy := Ly ' [ho(-, 7)] satisfies the estimate
T_V
|Ho(r,7)| S m 1hollv,24a-
Let ®g[ho] be the radial solution in Bsg to
., = AD + 5wt (y)® + Ho(|y|,7) — co(7)Z in Bsg x (19, 00) (9.34)
d=0 on 6331{ X (T(),OO), (I)(',’T()) =0 in BgR,

that we discussed in Step 1. ®g[hg] defines a linear operator of hy and satisfies the estimates

T—VR4—a
[Po(y:7)| & 1 Hollv,a (9.35)
(1+ [y])
where for some I' > 0
co(T) — HOZ‘ < v [RZ' HHO -7 HoZ || 4 e "B Hollval- (9.36)
Bar Bar v,a
Since Lo[Z] = Ao Z then
Ao HyZ = HoLo|Z]) = / Lo[Ho) Z +/ (Z0,Hy — Hy0,7Z),
Bar Bar Bar OB2r

and hence
HoZ = A" / ho Z + O(e~ "Ry | o
Bar Bar

v,24a-

Also, from the definition of the operator Ly ' we see that Z = X\gLy '[Z]. Thus

Lyt [ho — N7 HOZ] ho—2 | hoz
B Bar

2R
Next, we discuss estimates on the first and second derivatives of ®q. Let us fix now a vector e with
le] =1, a large number p > 0 with p < 2R and a number 71 > 79. Consider the change of variables

O, (2,1) 1= @o(pe + pz, 71+ p°t),  Hpy(2,1) := p*[Ho(pe + pz, 11 + p*t) — co(1 + p*t) Z(pe + pz)].

Ho—2 | Hyz
Bar

+e™ | hollv,2+a-
v,24a

S ‘

v,a ’ v,a

Then ®,(z,t) satisfies an equation of the form
0:®, = AP, + B,(2,t)®, + H,(z,t) in B1(0) x (0,2).
where B, = O(p~?) uniformly in B5(0) x (0,00). Standard parabolic estimates yield that for any
0<ax<l
V2@l (my ©0)x,2) S 1®Pollzoe (310 0.2)) + 1Hpll Lo (510 % 0,2
Moreover
[Hpll L)< 02) S 2°7%m1 " Hollvas  [1®pllLe(si0)x0,2)) S 71 K (p)

where

R2—a
K(p) = R*||h%|y.24a 9.37
(r) T, 127 ]2+ (9-37)
This yields in particular that
pIVy@(pe, 1 +p°)| = [Vo(0, 1) S 7 VK (p).
Hence if we choose 79 > R?, we get that for any 7 > 279 and |y| < 3R
I+ yhIVy@y, ) S 7 "K(lyl) (9.38)

We obtain that these bounds are as well valid for 7 < 27y by the use of similar parabolic estimates up
to the initial time (with condition 0).
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Now, we observe that the function Hy is of class C'! in the variable y and ||V, Ho |y, 144 < [|2°]|1.244-
It follows that we have the estimate

(L+ 1y [Dye(y, 7] < 7" K(Jy])

for all 7 > 79, |y| < 2R. where K is the function in (9.37). The proof follows simply by differentiating
the equation satisfied by &, rescaling in the same way we did to get the gradient estimate, and apply
the bound already proven for V,®. Thus we have in Bap

. R4—a
(1+ [y D*@(y, 7)| + (1 + [y IVO(y,7)| + [®(y,7)| S T ||h0||u,2+am~
This yields in particular
0 R4—a
|Lo[@](, )] S 777k |V’2+GT|y|3 in Bog
We define
0
hol := Lo|® .
9" [ho] o[®] Ban
Then ¢°[hg] solves Problem (9.7) with
e(T) == Aoco(T). (9.39)
#°[ho] satisfies the estimate
0 _ R4—a )
|9°[ho](y, )| S 7 ”hOHV’%aW in Bag. (9.40)

and from (9.36), estimate (9.8) holds too.

Construction for modes 1 to 3. We consider now h!(y,7) = 22:1 h;(r,7)9; with [|hY], 216 < +00
that satisfies for all ¢ = 1,...,3 fB2R h'Z; =0 forall 7 € (19,00). We will show that there is a
solution

3
SEDSENCTIE

to Problem (9.7) for h = h', which define a linear operator of h! and satisfies the estimate
R4
1+ [y|*

Let us fix 1 < j < 3. For a function h = h;(r)J;(%) defined in Bag, we let H = Lyt [h] = Hj(r)v;(%)
be the solution of the equation

AH +pUP"H 4+ h9; =0 inR", H(y) =0 as |yl — oo

0"y, 7)| S R7|Allv, 244 (9-41)

where }Nlj designates the extension of h; as zero outside Bag, represented by the variation of parameters
formula
2R 1 0o .
Hylr) = w:lr) / P w, (p)? /p hale)ur(a)e™ " de
If we consider a function h/ = h;(r,7)9; defined in Bag with [ ||244,, < +oo and [, h7Z; =0 for
all 7, then H; = Ly '[h/ (-, 7)] satisfies the estimate || H;l|,.o < ||kj
value problem in Bsp

|v,2+a- Let us consider the boundary

®, = AP +pU(y)P '@+ H;(r)9;(y) in Bsg x (10,00) (9.42)
®=0 on 8.833)((7’0,00)7 (I)(',To):() in BgR.



INFINITE TIME BLOW-UP FOR THE 3D CRITICAL HEAT EQUATION 39

As consequence of Step 1, we find a solution ®;[h] to this problem, which defines a linear operator of
h; and satisfies the estimates

2.7 S T R (9.43
J Y, T ~ 1+ |y|2 Jllv,2+4a> .
Arguing by scaling and parabolic estimates, we find as in the construction for mode 0,
4—a
L@, 1) < 777||hllyosa———— in Bog.
| [ ]](77—)‘ ~ T || || ,2+ 1+|y‘4 m 2R
We define ¢;[h;] := L[®;] b and ¢'[hl] := Zi’:l ¢;[h;]0;. This function solves (9.7) for h = h' and
satisfies o .
111 —v :
lo" [ ]y, Tl S 7 ||hj||2+a,uT|y‘4 in Bap. (9.44)

Construction at higher modes. In order to deal with the higher modes, for h = h*+ = Z;’;l hj(r)©;
we let ¢-[ht] be just the unique solution of the problem
¢r = Ap+pU(y)P "L+ ht  in Bag x (10,00) (9.45)
=0 on 9OBag X (19,00), ¢(-,70) =0 in Bag,
which is estimated as
o lIht

o )y, T S 7 ﬁujﬁa in Bag. (9.46)

We just let

lh] = ¢ [h%] + ¢'[n'] + &[]
be the functions constructed above. According to estimates (9.40) and (9.46) we find that this function
solves Problem (9.7) for ¢(7) given by (9.17), with bounds (9.4), (9.5), (9.8) as required. The proof is

concluded.
O

10. NON RADIALLY SYMMETRIC CASE

In this section, we discuss the existence of solutions for Problem (2.1) when the initial condition is
not radially symmetric, and we discuss the co-dimension 1 stability. Let vy be a positive, uniformly
bounded smooth function, not radially symmetric and define

v 3
vo(x) = U{;ﬁ?, with x> maX{W; Y} (10.1)

We construct a solution to the initial value Problem
up = Au+u’, in R3 x (t,00),
u(w, to) = uo(le]) + volx)

where uy is radial and satisfies the decay condition (2.2), while vg is a non radial function of the form
(10.1).

Since the strategy of the proof is similar to the one already performed in details for vo(z) = 0, we
shall indicate the changes in the argument that are required when the initial condition is not radially
symmetric.

We start with a slightly different first approximation. Let p = p(t) : [to,o0) — R3 be a smooth
function so that

(10.2)

t
p(to) =0, p(t):/ P(s)ds, where P satisfies

to
IPllo 3= sup poft) 52~ [IPSllc sy + Plooucsn] < 6 (103)
0
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with o the number fixed in (2.11), and ¢ a positive fixed number. Observe that, under these assump-

tions, and the bound on x in (10.1), we have |p(z))| — 0 as t — oo. Define

U\, P)(x,t) = Us(z,t) + Us(z,t), Us(x,t) == Us(|z — p(t)],1), (10.4)
where Us is given by (2.57) and
|
a(et) = (1-1(7) ) olo) (105)

If we call £\, P)(z,t) := AU + U® — Uy, we can write
EN, Pl(z,t) = E|(Je —pl,t) = VUa(|z = pl. 1) - p(t)

oU:- A N
LA (Us + Us)® — (U)°.

:=E&3
Define

g(w,t) =& (|lz —pl, 1) (10.6)
n (1— wl >) (Ens(lz = pl,t) = VUs(|z = pl.#) - 5(8)
Mo

where 7 is defined in (2.59). We have that

|z]

|z|
7 (10.7)

(@, )!<Cuot*§ho(ﬁ>, (2, 8)] < O+ 3 ho

A solution to (10.2) does exist and has the form
=U\P|(rt)+¢, t>t (10.8)
where U is defined in (10.4), while ¢(z,t) is given as in (3.2)
O(a,t) = v(z,1) + ¢ (x,1) where ¢ (x,t) :=nr(x, t)d(x,1)
and ¢(x,t) := ,u(;%qb (%,t) . For any v € C?(R?) so that

ly| [bo(y)| + |y] [Vebo (y)| < tg e b1, (10.9)

for some positive constants a and b, the function v is the solution to

Op = DAY + V) + [2VneVad + 6(Ay — 04)nR]
+ N[N(¢) +E+E  in R® x [tg, ), (10.10)
ﬂ)(l’,to) = 1/]05

where V is defined as in (3.5) with U instead of Uy, and N(¢) = (U 4 ¢)° — U® —5U* . This solution
1 can be described as follows

V(1) = ¥ (2, 1) + Ynr(, t), (10.11)

where v, is a radial function in |z — p(t)|, for any ¢, and

|z]

|z
%),

(@, )] < Cgt=% ol [ (2, )] < CE1E ﬁ (10.12)

We refer to (4.2) for the definition of q.
On the other hand, the function ¢ satisfies

016 = Ad + 5w d + bwit + Exa(| — p(t)], 1) — VUa(|x — p(t)],t) - p(t) in Bapy,(0) X [to,00),
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. 1
with ¢(x,t0) = p 2 (to)eoZ(ﬁ). In terms of ¢, this equation becomes

150 =0y + 5w + f(y,t) in Bag(0) x [to, o) (10.13)
#(y,t0) = eoZ(y)

where

1
Hg y
(1+A) (I14+A)
In the above expression, 1 is the solution to (10.10), while B and B are defined respectively in (3.9)
and (3.10). The solution ¢ exists in the class of functions with || - ||, o-norm bounded (see (4.1)), as
consequence of Proposition 9.1, and a contraction type argument, provided the parameter functions \
and P can be chosen so that

+5

7w ) (oy,t) + Blo] + B[g).

fly,t)Z;(y)dy =0, forall ¢>ty, j=0,1,...,n. (10.14)
Br

The system of (n + 1) non linear, non local equations in A and P is solvable for A and P satisfying
(2.11) and (10.3). Indeed, equation (10.14), for j = 0, can be treated as we did for equation (5.1) in
Sections 5, 6, 7. On the other hand, when j = 1,...,n, equations (10.14) are perturbations of

30 =
for some fixed vector @ € R3. Thus it can be solved for parameters p(t) = f; P(s) ds satistying (10.3).
This concludes the proof of existence of a positive global solution to (10.2).

Next we discuss the co-dimension 1 stability. Let us observe that the construction of ¢, and eq
solution to (10.13) is possible for any initial condition g to the outer Problem (10.10). We have the
validity of Lipschitz dependence of ¢ = ¢[1)g], and eg = eg[thg] in the C'-topology described in (10.9).
As a consequence of the Implicit Function Theorem the maps @[], and eg[t)o] depends in C'-sense
on 1y in our C*-topology (10.9), thanks to the corresponding dependence for 1, A and p.

Let us consider the following map defined in a small neighborhood of 0 in X = C*(Q).

F (1) = 10 — (eo[tbo] — eolto]) Zo
so that F[0] = 0, F is differentiable and
Dy F(0)[h] = h = (Dyyeol0], ) Zo, h e X.
We have a solution which blows-up as ¢t — +o0o provided that
u(+,to) = u"(-,t0) — eo[0]Zo + g (10.15)

where u* is the solution corresponding to ¥y = 0, and g = F[t)o] for any small ).
The vector space of the functionals in X given by Dy,eo[0] has dimension 1. We write W :=
Ker (Dy,e0[0]) is a space with codimension 1. Indeed, we can find a non zero function u such that

X=Wod<u>.

0

We consider the operator in a neighborhood of 0 in X given by
Gw+au) = au+ F(w), o;€R, weW.

Then G is of class C! near the origin, G(0) = 0 and D,,G(0)[h] = h. By the local inverse theorem,
G defines a local C! diffeormorphism onto a neighborhood of the origin. For all small g we can find
smooth functions a(g), w(g) with

a(g)u+ F(w(g)) = g.
Thus the set M of functions Flw]|, w € W can be described in a neighborhood of 0 exactly as those
g € X such that

a(g) =0.
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This says precisely that M is locally a codimension 1 C'-manifold, such that if g in (10.15) is selected
there, then the desired phenomenon takes place. The proof is concluded. O

11. APPENDIX A

Proof of Lemma 2.2. We denote by y2(s) the solution to (2.17) with lim, o s?“y2(s) = 1, and by
y1(s) another solution, linearly independent from ys, defined explicitly by

22

[ 4

y1(s) = cya(s) /OO W dz, (11.1)

for some positive constant ¢ we fix later. The function y;(s) decays fast at infinity, since y;i(s) =

32 o, . .
cre” T g3 (1 +0(s’1)), as s — oo, for some positive constant c¢;, as a direct consequence from
(11.1). The function yz(s) is definite for any s € (0,00), and it is positive. Indeed, we first observe
that the operator L, satisfies the maximum principe. This is consequence of the fact that the positive
2

function go(s) = %, which solves L;i(go) = 0, satisfies L, (go) < 0 in (0,00). With this is mind, we

z

define go(s) = f:o E;ZT dz. This is a positive function, which satisfies L,(go) = vgo > 0 in (0, c0).

Thus go is a sub solution. Moreover, it is easy to see that go(R) < y2(R) for any R large enough. A
standard application of the maximum principle thus gives that ys is positive in (0, c0).

2

We now claim that lim,_,qg+ sy1(s) exists and it is positive. Write y1(s) = gi)(%), xr = *, from
which we get that
3
x¢” + (5 +z)¢ +vp =0, xe(0,00).
Performing the further change of variables ¢(z) = e~ *p(x), we get that ¢ satisfies
3 3
x(p//+(§—x)ap’—(§—1/)<p:0, z € (0,00). (11.2)
In [17], Appendix A, it is proven that (11.2) admits polynomial solutions if and only if % —v = —k,
k=0,1,2,.... Since % < v < 1, this never happens, thus ¢ can not be bounded, as z — 0*. On the

other hand, the behavior of the solutions to (11.2), as  — 07, are determined by z¢” 4+ 3¢’ = 0, which

implies that the solutions to (11.2) are bounded around 2 = 0, or they behave like 277 as  — 0F.
Combining all the above information, we showed that, for a proper choice of the constant ¢ in (11.1),
we get that

91(5)22(14-0(1)), as s — 0.

To understand further the behavior of y; around s = 0, we write sy;(s) = f(s), so that

1
f"+§f’+(u—§)fzo, s € (0,00). (11.3)
Integrating (11.3) between 0 and oo, and using the fast decay of y; to 0 as s — 0o, we compute
> 1
F0)=(v— 1)/ f(s)ds <0, f"(0)= 5V (11.4)
0

With this information, we get the estimates (2.18) and (2.20) for y(s).

M

s

Since the Wronskian associated to Problem (2.17) is given by a multiple of e;: , we conclude that,

since y; is unbounded as s — 07, we have that y(s) is bounded, as s — 07. This concludes the proof
of the Lemma.

O

Lemma 11.1. Let h = h(s) be a smooth function defined for s > 0 so that
< or s—0
o ={3 |

= for s— o0
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Then there exists a solution to
op = A+t Ph(—2), (11.5)

Vi

{f for s—=0 . (11.6)

of the form

Bt T
¢(T,t)—t Lp(\/i)’ with 90 fO’f’ s — 00

Proof. We look for a solution to (11.5) of the form ¢(r,t) = ¢~ (ﬁfl)w(%). Thus ¢ satisfies

;) @+ (B—1)p+h(s)=0.

We look for a solution of the above equation of the form

p(s) = 2(s) ya(s)

2
<p”+<+
S

where y; solves y{ + (3 4+ £)yi + (8 — 1)yr = 0, and yi(s) ~ {6542 34(5’1)*3 . The

existence of y; is consequence of Lemma 2.2. A direct computation gives

2(s) = —/Oyle(;w (/Onh(x)yl(x) e dx) .

() 52 as s—0
2(s) ~{ 2 .
eTs 40~ a5 s> 0

One can easily see that

This fact gives (11.6), and concludes the proof of the Lemma. O

Proof of (5.10). For x € Byg, we shall prove
do(pox,t) — ¢o(0,t) = a(t)|pox|” 11(t) O(|z]), (11.7)

for some o € (0,1). Here I = II(¢) denotes a smooth and bounded function of ¢, and © a smooth and
bounded function of z.

We have
t 1 _Je—y? -1w12 | afs
¢0( 0T, t) ¢0( ) / —_— / |:e 4(t—s) — e4(ts):| ( ) 1{r<M} dyds

(4n(t —s))2 Jrs lyl

/ / (s T _'Z”w%'z e l? '2} *1{\ <5y dyds
to )2 |2

=1+1I
where 0z,
= (5 B'(s) —|a— oz 2 27 1
I = e FTavis T — el dy ds.
/to /(t—s)é [ ] 2] i< =

We start estimating II. We observe that, if ¢ — (527) < s < t, then 2’$ﬂ > m. We write
IIH=IL+1,+1I;

11 = el I : dy ds.
1 (ko) |2| Lg. I<svi=?

HoZ 1 polyl
Di={z:|z— < = ,
1= | 2\/t—s‘ 42\/t—8}

and D3 the complement of the two above regions.

where

N‘H

with

1
Dy={z:]z] <=
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We start estimating II;. We see that
_ moz 12 1 5 1 2yt —s
/ TS ﬁ}dy—/e_lz| o di=c 7
D, ‘Z| 2Vi=s 1z + 2m| polz|
for some constant ¢, as a direct application of Dominated Convergence Theorem. Thus

2 m

pox

,|Z,2 d ;\2 1 d / — 1
Vi=s yd Vit —sds = (uglz])2.
/[;1 {‘ ‘< } /,Loll‘l (;A()T ( 0‘ |)

E]

On the other hand, for any 2 in Dy, one has |z| > + %, and hence we can bound

fo e <e ]

for any o > 0. We take o > 1, so that

[J.U’I‘

2m ) 2 1 1
|/ / 7' | ]. M dyd5| < ——r
D, U<y (Holz])”

Thus we conclude that

_ (ko
t—(%m)

(t— 5)%7% ds| < ¢ polz]

1
(11| < B'(t) (polz))2.
Arguing in a similar way, one finds the same type of estimate for I15. In the third region D3, we have
that

PR 1 ,uo\13| PRUENES } M0|93\
42/t 24/t — s 42t —s
so that again one gets the estimate
[13] < B'(t)poll.

2
. . . _ polz| i
Let us now consider the interval of time ¢y < s < ¢ (Qm \/ﬁ) , region where one has S <.

We decompose

I=I1IT+1V
where
t—1
—|z 1oz |2 e 1
111 = A e Sy dyds
to t —5) 2| 3Vi—5T
We start with I V7 where we expand in Taylor
polz 2
2my/t—s é ﬁ’(s) | k0Z )2 122 1
IV = / /(t_s); |:6 2vi—s! — e ‘ ‘:| | ‘1{|Z|< JVIS dyds
t- () |z] ezl t— (7"0‘“ )2
=p(1) / - ( / dz) ds = §'(t)log | —20 | pgla
t—1 - || t

= B'(t)polz|[log(polz])] = B’ () (polx|)7,

for some positive o < 1. Finally, we consider I1]. Again, after a Taylor expansion, we have

t—1 / t—1 pr
I11 = puola| / (ffsz) ds = o] / f (&)

Collecting the previous estimates, we conclude with the validity of (11.7). O
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12. APPENDIX B

Proof of Lemma 2.3. Throughout the proof of the Lemma, we denote by ¢; = ¢;(s), for any interegr
7, a smooth real function, with the property that ﬁqi(O) =0, for j < 4, and @%)i%(o) # 0. With
© = O(r) we intend a smooth function of the space variable, which is uniformly bounded. Also,
IT = II(¢) stands for a smooth function of the time variable, which is uniformly bounded in ¢ € (0, c0).
The explicit expressions of these functions change from line to line, and also within the same line.

Let Ry = r9\/t. A simple computation gives the explicit expression of the error & in (2.40)

r r

Ei(r,t) = 511n77(1TO) + géut (1 — 17(R0)> (12.1)

_ r _ r

+ Ry? (uin - uout) An(—-)+2R;'V (uin - uout) -Vin(5-)
Ro RO
=&
R}, T
+ (“in - uout) Rf(z) n’(R*O)
=&
where
Eiln = Augy + uisn — Osuiy, and 5(1>ut = Augyt + “gut — Orugnt - (12.2)
We start analyzing giln’ getting
1 ’ 4 /awu
&0 (rt) = ph [A¢y + 5w ] — p N
oY
+ (wy + phthr)® — wiy — 5w pgr — pgy — uf)u’a—ul
_3 r
= (W —po) p2 Zo(;) + [(wy + pop1)” — w;, — 5w g |
Oy

— po1 — NBM/THo (12.3)

Now we write

5
o)
=
R
g
e}
o
o
o
]
o
=4
-+
=
&
-+
N
—
N~—
I
w
s
W |
_|_
2
w""
:_/
o
w0
w
=
=
Q
S
<
@
E.
@
j}
t+
+
o
£
=
=
@

n+r
ot =iy + (= ] | 2oy - B
o Ko o Ko J)Ho Ho| M 0 2 ntr
where « is defined in (2.41). We decompose (12.3) as
1 _alt) .
gjn(Tv t) - + & (Ta t)v (124)
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where giln is explicitly given by

1 (M% - Mé)g -1, -1 r 1" 1.0 \5 5 4
EL(rit) = — I Mo Mo M Zo(;) — poor + [(wy + poyn)® — wy, — 5wuﬂoi/}1]
1 1 1 1 r 3% I 0¢1
9 AV 2 1 /} (=) — 2= / /
+ [ (1 —pg)" + (07 — g ) 1o O(M) 2 itr 5#
5
=> e (12.5)
j=1
We observe now that (e1 + e + e3)n(z;) can be described as sum of functions of the form
1 1
pot *R3 po *t"
——— N II(t) ©(r), ——— q2(A)1I(¢) O(r), 12.6
praprap qo(A) 1L(2) ©(r) M0+7‘QZ()()() (12.6)

where ¢o is a smooth function with ¢(0) # 0, while g3 is a smooth function with ¢2(0) = ¢4(0) = 0,
and ¢4 (0) # 0. On the other hand, we see that

a(t) g
€= 3 . 1(t) ©(r), (12.7)
and eg
%t—l
P RN+ B ()] 1) O(r), (12

where ¢ is a smooth function with ¢1(0) = 0, ¢{(0) # 0. Under assumption (2.11) and combining
(12.4)-(12.6)-(12.7)-(12.8), we find that

2t 2h0( ), r= ‘JJ|

Sl

€] B(x,1) x[t,t41] ~ “0

Since (2.41), we observe that

2O (1-a)| s udrtna T 7=l

Let us fix \; and A, satisfying (2.11). We write, for some A = s\; + (1 — )\, s € (0,1),
5
_ _ r - r . P
(glln[/\l] — gilnP\QD 77(R70) = (DAEIIII[A] [/\1 — )\2]) H(FO), with l),\g1 Z D,\eJ
j=1
where the e; are defined in (12.5). Let us consider e;. We have that
(Daex)[A] = 2p10(1 + A) Dyy(ex) (Al

Direct computation give that

~

[ Dy(en)N(r,1)] S wi! qo(\) TI(t) ©(7).

1o +r
We combine the above estimates to get
1
r po 2t r
e1[ ] —e1[A —) < AL — —
lex[A] — ex] 2]|7I(R0)_uo,u0+r| 1= Refm( o)

< C (poBt) 1d (Bt ho(—=) M — Aol

o\
sc@M@gWﬁmf%<§WM Dol



INFINITE TIME BLOW-UP FOR THE 3D CRITICAL HEAT EQUATION 47

Choosing ty large if necessary, we get C (,uo(to)tg 1) < 1. Similar estimates can be obtained for the
other terms es, ..., e5. Thus we get

Vi

for some constant ¢§ which can be made arbitrarily small, if ¢ is chosen large. Also, we have

)AL = Azll4,

r

(€, ] = &L Palloo i) < C‘fugf%ho(\/i) A1 = A2Jo,o,t,t4+1]-

Let us now describe ‘%ut' A first observation is that, for any value of v, we immediately see that

géut does not depend on A. On the other hand, if 1 < v < 2 the expression for gcl)ut becomes
1 5
Eout (15) = Uyt

so that we directly get

5
< Cﬁ 1 - (12.9)
=5 {r>R;'}" :

Ly (1 —x(RiO»

Let us consider now -y > 2. In this case, the expression of ‘%ut is a bit more involved

r r vy -1) A
Eout (1) = n(g)(u(l)utf + (1 - n(;)) A {(7«%5-2) + 7«57] (12.10)
— T _ r
+ 7% (ugut — Uout) An(3) + 267V (ugyg = ugut) - Va(y)

. gout
=7

r

+ (U(l)ut - “(Q)ut) t2n (Z) .

::éi)ut
A close analysis of each one of the terms appearing in (12.10) gives that

L r t—(—1)
gout (1 - 77(]%0»‘ <C r3 1{r>t}

1
t2p2 t=3
+ r 0 1{t<r<2t} + 5 l{r(,\/i<r<t}}' (12-11)

From (12.9)-(12.10) and (12.11), we obtain that

1,3 r .

t7zho(4=) if 1<y<2
gl 1— v(— < J Mo o\ 7
Out( X(Ro)>”‘{ ho(Z) iy >2

Going back to (12.1), we are left with the description of & = & [A] and & [)]. Directly we check

E1(r )], |&a(r, t)‘ < CR;? “70 1 Ry<reano} (12.12)

for some positive constant C'. This gives right away

N

7

Let us fix \; and Ay satisfying (2.11). We write, for some A\ = s\; + (1 — )\, s € (0,1),
EuM](r,t) = Eu[A2](r,t) = DaEL[A][A — Ao (7, 1),

_ ~ 1
‘51 + 51‘ < Mé’t_%ho(

where
r
Ry

DAEIA] = Ry (Ouin W) An( ) + 2R3 'V (xes X)) - 9n(-)-
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Since in the region we are considering

1

2

Oreti 3] = 2pt0(1+ M) @i, [(Gpi)] < e

we have

_ — _ 1 3 T
E D106 = el < (ot} ) ol )l =

AL = Aally,

3

1 r
<cipgt 2ho(—

Vit
for some constant ¢; € (0,1), provided ¢g is large enough. Furthermore, we also have, for any ¢t > g,

- T

(&[] — & A2l]o,o, [t t41] < Cmgt*%ho(ﬂ) ([)\1 - >\2]0,a7[t7t+1]) )

with again ¢; € (0,1). Collecting all the previous estimates, we get the proof of the Lemma. O

Remark 12.1. From the proof of the result, we also get that the constants ¢ in (2.50) and (2.51) can
be made as small as one needs, provided that the initial time ¢¢ is chosen large enough.

13. AprPENDIX C

Proof of Lemma 2.4. Under the assumptions (2.11) on A, we get that, for any r > 0 and t > to,
T

), 13.1

7 (13.1)
where hy is given by (2.44), and also estimates similar to (2.50) and (2.51) for 0x&2,1. These estimates
follow from (2.49)-(2.50), (2.41) and from

2 (s i

$,-38
|(€2,1(7“7 t)| + [52)1(7“, t)]O,U,[t,t+1] 5 N'02t zho(

).

Vi
Here we use again Ry = r9v/t. Furthermore, in the region where 77(—0) — 1p<20y # 0, the above
function is regular enough to have

r
T

Nl

a(t) T _ r
— -1 < la(t)|t" 2 ho(— — |z|.
[/Hr <?7(RO) {r<2M})]o,a,B(z,nx[t,tm < la(t)] 0(\/12)’ r = ||

Using (2.43), we get (13.1). Let us consider now £22(1 — ng)(r,t). We claim that
[E22(1 —mr) (1, B, < co. (13.2)

for s—0

for 5 - 00" Arguing as in the proof of Lemma 11.1, we get the

1
Given d > 1, define h,(s) = { $
s

existence of 1, so that

8tw*=Aw*+M§t—%h* < 5 for s—0

o : P _
ﬁ)’ with  9.(r,t) = pgt 2@*(\&)7 @(8)—{Sld for s— o0’

Comparing the above equation and the equation satisfied by ¢q, and using the maximum principle, we
obtain that, in the region where (1 — ng) # 0,

1 1 T
z, )| < |[Al|gpegt™ 2 pu(—=)- 13.3
[P0z, )] < [[Allgpgt™ 2 (\/%) (13.3)
We proceed now with the estimate of (1 —ng)E2. A Taylor expansion gives the existence of s* € (0,1),
so that
522(7’, t) = 5(U1 + S*¢0)4 ¢0.
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Let M be a large fixed number. From (2.38) and (2.13), we see that, if » < M/,

r

Vi

_9 L. .3
(1= nr)Ex| Swyido S R2ugt™2ho(

On the other hand, thanks to (13.3) we see that, for » > M+/t, we get

r

7

(1= 1R)Es| S (¢0)° S ngt™ 2 ho

Thus we get the L> bound in estimate (13.2). The control on the Hélder norm contained in (2.61)
and (2.62) follows arguing as in the proof of (2.50)-(2.51) in the proof of Lemma 2.3, and from the
assumption on A in (2.11). We leave the details to the reader.
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