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Classification and Nondegeneracy of Cubic Nonlinear
Schrodinger System in R

Yujin Guo* Yong Luo! and Juncheng Weit

Abstract
We study the following one-dimensional cubic nonlinear Schrodinger system:

N
u’i’+2<2ui)ui:—uiui in R, i=1,2,---,N,
k=1

where 7 < pg < -+ < puy < 0and N > 2. In this paper, we mainly focus on
the case N = 3 and prove the following results: (i). The solutions of the system
can be completely classified; (ii). Depending on the explicit values of p; < ps <
p3 < 0, there exist two different classes of normalized solutions v = (uq,us,usz)
satisfying [, ufdz = 1 for all i = 1,2,3, which are completely different from the
case N = 2; (iii). The linearized operator at any nontrivial solution of the system
is non-degenerate. The conjectures on the explicit classification and nondegeneracy
of solutions for the system are also given for the case N > 3. These address the
questions of [R. Frank, D. Gontier and M. Lewin, CMP, 2021}, where the complete
classification and uniqueness results for the system were already proved for the case
N =2.

Keywords: Quantum systems; Integral systems; Complete classification; Nondegeneracy

1 Introduction

In this paper, we consider the following one-dimensional cubic nonlinear Schrédinger

system
N

u;’+2(zuz>ui = —pu; n R, u;€ H'(R) i=1,2---,N, (1.1)

k=1
where p; < pg < --- < uy < 0 and N > 2. The nonlinear Schrodinger system ([1.1])
arises from various physical situations (cf. ,), such as multiple-component Bose-
Einstein condensates (cf. [11,[12]), nonlinear optics (cf. [21]), Langmuir waves (cf. [7]),
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and so on. Especially, the system can be used to model the ground states of N-
component Bose gases, see [11,/12] and the references therein. On the other hand, the
system can be also employed to discuss the ground states of N-particle fermionic
quantum systems, which were recently investigated in [5,6,8] and the references therein.
Another motivation of studying is the relation with Lieb-Thirring inequality.
We note from [5,6] and Remark |1.1{ below that the solutions u = (uj,u2,- - ,uy) of the
system are connected with the following finite-rank Lieb-Thirring inequality

N d
STl (= A-vV@)|[ <L) / V(2) 2dz, V(z)e LTERY,  (1.2)
n=1 ’ R4

in the critical case v = § and d = 1, where V(z)+ = max{V (z),0} and p,(— A —V(z))
denotes the nth min-max level of

N
~A=V(z)=-A-2) u) in L*(RY),

n=1

so that it equals to the nth negative eigenvalue (counted with multiplicity) when it exists,
and 0 otherwise. By the definition of 1) one can observe that the best constant LEYA;)

of || satisfies Lg{? < LS;;H) for all N € NT. Especially, it was proved in [10,[18] that

for the critical case v = % and d = 1, the best constant ng\y satisfies

1
=L = lim L%V =
E FE s PN
where the constant L. 4 is called the best Lieb-Thirring constant, see [5,6,8,104|18] and
the references therein.
When N =1 and p; = —1, direct integration yields that up to the translation and

the sign £, (1.1)) admits a unique solution

u(x) = 1 (1.3)

~ cosh(z)

When N = 2, the system was analyzed recently in [6], where the authors obtained
the complete classification on the general solutions of by applying Hirota’s bilin-
earisation method (cf. [9,|15,|16]). Based on the classification on the general solutions of
, the authors in [6] derived successfully the following interesting uniqueness, up to
translations and the uncorrelated signs £, of normalized solutions for in the case
N =2.

Theorem A ( [6, Theorem 8]) For py1 < pa < 0, suppose u = (u1,uz) € H'(R) x H*(R)
is a normalized solution of with N = 2, in the sense that |[u1l|p2m) = [luzll 2@y = 1.
Then it necessarily has p1 = po < 0, and up to translations, u satisfies

V2 V2
2 cosh(x)’ ug(w) =+ 2 cosh(x)

up(x) (1.4)
for two uncorrelated signs +.

The authors also conjectured in [6, Subsection 1.3] that the above mentioned results
can be probably generalized to the system (1.1 for any N > 3. On the other hand, the



existing results show that it is usually very useful to know the complete classification
and nondegeneracy of solutions for the system , which unfortunately seem very
challenging for general situations, see [1}2,|12,|13] and the references therein. Stimulated
by these facts, the main purpose of this paper is to address the complete classification,
the nondegeneracy and some other analytical properties of solutions for the system
with V > 3. It turns out that the analysis of the system with V > 3 is more
complicated, for which one requires new approaches. More precisely, in this paper we
are able to understand completely the case N = 3 of the system , and we finally
discuss some partial results, together with several conjectures, for the general case N > 3
of the system .

In this paper, we first focus on the case N = 3 of the system , which can be
rewritten explicitly as the follow form:

uf +2(u? +ud +ud)uy = —pu; in R,
uf 4+ 2(u? + ud + ud)ug = —pous in R, (1.5)
uf 4+ 2(u? + uj +ud)us = —pgus in R,

where p1 < po < ps < 0 are arbitrary. Based on Hirota’s bilinearisation method
(cf. [6,9,1516]), we shall employ the algebraic analysis to prove the following classification
on general solutions of (1.5]).

Theorem 1.1. For py < ps < pg <0, suppose u = (u1,uz,uz) is a solution of (L.5)) in
HY(R) x HY(R) x HY(R). Then there exists a unique vector (a1,as,as) € R® such that
u = (u1,ug,us) can be written exactly as:

wi(x) = f}((;”; i=1,2,3, (1.6)

where g;(z) and f(x) satisfy for n; = /|wi| >0,

3 2

( — alemw + Z GQJ (771 nj)e(gnﬁ_m)x
= Any(ni 1))

2.2 2(m. _ m. P
n Z a;aj; ak(m ) (i 77])(771 k) (m+2773+277k)$

1=1,2,3,
1<j<k<3 16m; e =+ i) 2 (i + 1) (i + 77k)

and

j=1 1<j<k<3 77]77k 1j +77k)

% 172) (771 B 773) (T’Q B 773) 62(771+772+773)x

64nin3n3 (m + m2)%(m + 13)2(n2 + 13)?

Remark 1.1. In order to prove Theorem we shall derive in Lemma [3.4] that if p; <
pe < pz < 0, then the solution (ui,us,u3) € H'(R) x HY(R) x HY(R) of (1.1)) with

N = 3 satisfies
2/ ul(x)de = 41, = 4/|pn], n=1,2,3.
R

32
ay CL (1 -
flx) = 1+2732 2z Z & m )” 2tz
]
3(m




This further implies that the solution (u1,us,u3) € HY(R) x HY(R) x H*(R) of (I.1)
with N = 3 satisfies

3

o1
S lnlt =7 [ Viahde, Vi) =237 (17)
n=1

n=1
which seems related to the finite-rank Lieb-Thirring inequality (|1.2]).

Theorem gives a similar classification of |6, Lemma 15], but the proof of Theorem
[L.T]needs the more involved algebraic analysis. Actually, applying Hirota’s bilinearisation
method (cf. |9,|15,|16]), we shall first prove that any function u = (uy, us,ug) defined by

(1.6) is a solution of . We then derive the associated integral system f
by applying the symmetry of . Following 7, if pe = p; holds for either
it =1ori=3o0ri=13, see Proposition then the proof of Theorem follows
essentially from the argument of [6, Lemma 15]. However, this unfortunately is not
applied to the challenging general case pu1 < po < ps < 0, see Subsection 2.1 for more
details. Therefore, by algebraically analyzing the integral curves of the system ,
we shall complete in Section 3 the proof of Theorem for the general case where
p1 < pro < pz < 0.

In the following we discuss several applications of Theorem Since the normalized
solutions of the system were studied widely in recent few years, see [1,2] and the
references therein, we shall first employ Theorem to establish the following refined
classification on the normalized solutions of :

Theorem 1.2. Suppose p1 < po < usz < 0. Then (L.5) admits normalized solutions
u = (u1,uz,u3) € HY(R) x H(R) x H'(R) satisfying [ uidz =1 for all i = 1,2,3, if
and only if one of the following conditions holds:

(i). g1 = po = pg = —4;
(ii). p1 = po = —1 and pg = —7%.

Moreover, if (i) holds, then up to translations, (1.5 admits a unique normalized solution,
in the sense that

B V3 V3
ul(a:):im, up(x) im, ug () im

(1.8)

hold for three uncorrelated signs +. If (ii) holds, then up to translations, (1.5) admits
infinitely many normalized solutions, which satisfy

ui(z) = }45) (1 + l?;e””),
() = i;{(i;(l + l?;zef”), (1.9)
Ly
ug(x) = %(1 - ‘”ge%),
together with
f(z) =1+ B%" + Aje?x + AZBQeM, VA #0, VB #0.
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Theorem shows that one cannot expect generally the uniqueness of normalized
solutions for the system , which depends on the exact value of u; < po < pug < 0.
This is different completely from the uniqueness of Theorem A, which was studied in [6),
Theorem 8] for the case N = 2 of the system . As other applications of Theorem
we further establish the following uniqueness of least energy normalized solutions for
, and as well the nonexistence of orthonormal solutions u = (uy, ug,u3) € H*(R) x
HY(R) x HY(R) for , in the sense that (u;, u;) = 0;; holds for all 1 <1 < j < 3.

Corollary 1.3. For p1 < po < uz < 0, we have the following conclusions:

(i). If u = (u1,u2,u3) € HY(R) x H'(R) x HY(R) is a least energy normalized solution
of (1.5)), then it necessarily has py = pg = pg = —%, and u must satisfy (1.8]).

(ii). The system (1.5) does not admit any orthonormal solution u = (ui,ug,us) €
H'(R) x HY(R) x H*(R).

One can note from Theorem and Corollary that the least energy normalized
solutions of must be unique, up to translations and the uncorrelated signs +. How-
ever, the higher energy normalized solutions of must be either infinitely multiple
or empty, which depends on the exact value of 1 < ps < ps < 0. These illustrate that
the structure of normalized solutions for is more complicated than that of the case
N =2 for the system .

For any solution u = (u1, ug,us) of the system , we next consider the following
linearized system of at the solution u:

A+ 2(u2 + ud + u)p1 + 4(urdr + uads + uzds)us = —p1¢r in R,
B+ 2(u? + u3 + ud)pa + 4(u11 + Uy + uzps)us = —page in R, (1.10)
Y 2(u? 4 ud + ud)ps + A(ur g1 + usdo + uzds)us = —psgs in R,

where the parameters p; < po < pz < 0 are as in . The existing works (cf.
[1,12L/12]) show that it is usually necessary to understand the structure of the solution
¢ = (¢1, ¢2, ¢3) for in HY(R) x HY(R) x H'(R), in order to analyze the refined
limiting behavior of nonlinear Schrodinger systems. Employing Theorem [1.1, we are
actually able to prove the following nondegeneracy of the general solution u for ([1.5)).

Theorem 1.4. For pu; < ps < pug < 0, consider the linearized system at any
solution u = (uy,ug,us) of satisfying u; Z 0 for all i =1,2,3. Then the linearized
system at u is non-degenerate, in the sense that the dimension of solutions for
the linearized system in HY(R) x HY(R) x H*(R) is three.

Remark 1.2. Applying [6], Section 5.2], the argument of proving Theorem yields that
any solution u of the system (1.1)) with N = 2 must be non-degenerate. We leave the
detailed proof for this case to the interested reader.

Theorem [1.4]is another application of Theorem As shown in Section 4, the proof
of Theorem also makes full use of the integral system (4.3)—(4.5]), which is essentially

the linearized version of (2.13))—(2.15]) associated to the system (1.5). More precisely, the
proof of Theorem [1.4]is divided into the following four different cases:

Case 1. pp < po < puz <0; Case 2. pup = ps < puz <0
Case 3. 1 < po =pu3 <0; Case 4. 1 = po = p3 < 0;



Case 1 of Theorem is proved directly by applying Theorem and (4.3)—(4.5). In
spit of this fact, the argument of addressing Case 1 does not work for the rest three cases.

To address Cases 2 and 4 of Theorem we shall actually utilize from Proposition
that for any solution u = (uy,ug,us) of (L.5)), p1 = ueo is the first eigenvalue of

2
L, = —% —2(u? +u3 +u3) in L*(R),
where we also make full use of the fact that the non-degeneracy of the system holds
essentially for both N =2 and N = 1.

Unfortunately, it is more challenging to handle with the rest Case 3 of Theorem
for which case the parameter us < 0 is not the first eigenvalue of L, in L?(R).
Since p2 = pu3 < 0 holds for Case 3, the eigenvalue ug of L, in L?(R) may be multiple,
which would lead to the degeneracy of solutions for the system . To exclude this
possibility, in Section 4 we shall employ the comparison principle to analyze the limiting
behavior of solutions v € H'(R) satisfying (L, — po)v(z) = 0 as * — —oo, from which
we finally conclude that ps < 0 must be a simple eigenvalue of L, in L*(R). The rest
proof of Case 3 is then similar to that of Case 2. As a byproduct, the proof of Theorem
[1.4]implies that for any 1 < po < pg <0, each p; (i = 1,2,3) of is always a simple
eigenvalue of L, in L?(R).

The last section of this paper is devoted to the N—component Schrodinger system
, where 1 < pug < -+ < puy < 0and N > 3. We shall mainly discuss whether all
main results of the present paper can be generalized to the N—component Schrédinger
system with any N > 3. Roughly speaking, it is proved in Section 5 that the
system still admits the integral system for any N > 3, see Lemma for more
details. This stimulates us to guess in Conjecture 5.1 that the solutions of the system
can be still classified for any N > 3, see , whose proof is however involved with
the more complicated algebraic analysis. Following Conjecture 5.1, one may further
guess from Conjecture 5.2 that does not admit any orthonormal solution u =
(ur,ug, - ,un) € (H'(R))Y, where (u;,u;) = &; holds for all 1 <i,j < N and N > 3.
Of course, motivated by Theorem it is our another guess that for any N > 3, one
cannot expect generally the uniqueness of normalized solutions for the system ,
which depends on the exact value of pu; < puo < -+ < uy < 0. Finally, suppose
u = (ug,ug, - ,uy) is a solution of , then we consider the following linearized
system of around the solution u:

ug’+2(2szl uz>¢i+4<szzluk¢k>ui — ¢y m R, i=1,2,---,N. (L11)

We finally discuss in Section 5 that if Conjecture 5.1 holds true, then we have the non-
degeneracy of , see those around Theorem for more details.

Lastly, we mention that the system belongs to a large class of N-component
Schrodinger systems

Au; + Z;\le ﬁwuiu, = —u;u; in Rd, 1=1,2,---, N, (1.12)

where B;j, i € R, d > 1 and N > 1. For the studies of (1.12)) and its normalized
solutions, we refer to [2(+4,/12,/19,20] and the references therein. However, this paper
seems to be the first kind for a complete classification on the solutions of ([1.12)) with
N > 3.



This paper is organized as follows. In Section 2, we employ Hirota’s bilinearisation
method [9] to analyze the general solutions of , after which we shall classify in
Subsection 2.1 the solutions of for the degenerate cases. In Section 3, we first
carry with the further analysis of general solutions for , based on which we shall
complete in Subsection 3.1 the proofs of Theorems & and Corollary Section
4 is devoted to the proof of Theorem on the nondegeneracy of solutions for .
Finally, we discuss in Section 5 whether all main results of the present paper can be
extended generally to the N—component Schrédinger system ([1.1)).

2 Analysis of General Solutions

In this section, we first analyze the general solutions u = (u1,ug,us) of , where
w1 < po < pug < 0. In Subsection 2.1, we then further discuss the classification on the
solutions of for the degenerate cases where us = u; holds for either i =1 or ¢ =3
ori=1,3

Stimulated by [6,/15}|16], which employ Hirota’s bilinearisation method [9], we set

i
f )
It then follows from ((1.5)) that f and g; satisfy
{ fggl+ng//_2f/g;+,u’lfg’b :07 i = 172737
(f)? = ff"+ (g% + g5 + g3) = 0.

Using Hirota’s notation, this is of the form:

i=1,2,3. (2.1)

(2.2)

1 .
D(fagz>+:ulfgz:0a D(f7f>:§(g%+g%+g§)v i =1,2,3,

where the bilinear form D(f, g) satisfies D(f,g) = fg" + f"g — 2f'g’. We consider the
following formal expansions:

gi = gin X + g3 X3 +gis X5, i=1,2,3, (2.3)
and
=1+ X+ fuX* + f6X°, (2.4)

so that 5 s
gi1 X + gi3X° + gis X

u; = ,
"1+ X2+ fuX o+ feXS
We then analyze the following cascade of equations in powers of X: for n; = /|ui| > 0,

=1,2,3. (2.5)

gh + pign =0, i=1,2,3, (A-1)
— f3 + (gt + 951 + 931) =0, (A-2)
9is + (fagih + 9 f2 — 291 f3) + pilgis + ginfo) =0, i =1,2,3, (A-3)

U+ (5% = fofd +2(911913 + 921993 + g31933) = 0, (A-4)



gis + (fagiz + 9i3fs — 29i3f2) + (fagis + 9 f1 — 2f1931)

+ pi(gis + f29i3 + gisfo + fagin) =0, i=1,2,3, (A-5)
3
— (fafd + fald = 2f500) + D (290965 + 975) = 0, (A-6)
i1

(fogir + 9 fs — 2f69i) + (fagis + 9i3fi — 2f19i3)

+ (fagis + gisf2 — 2f39i5) + wi(fogin + fagiz + fagis) =0, i=1,2,3, (A-7)
(f1)? = fi fa+ (fofs + fafd — 2f558) + 2(g13915 + 923925 + g33g35) = 0, (A-8)
(fagis + gis fi — 2gisf1) + (fogis + 9isfg — 29i3f¢)

+ wi(fagis + fegis) =0, i=1,2,3, (A-9)
— (fofi + fafg — 214" f§) + (95 + 935 + 935) = 0, (A-10)
(fogis + gisfs — 2955f5) + pigisfo = 0, i =1,2,3, (A-11)
(f&)* — fefd = 0. (A-12)

The following lemma solves the formal expansions of (2.3]) and (2.4).
Lemma 2.1. The equations (A-1)—-(A-12) are solved by

gin = a;em*, ;= \/W >0, =123, (2.6)

3 g2
Z 732 2. (2.7)
j=1 .7
. i a,-a?(m —nj ) (277]+771):c i=1.2.3 (2.8)
3 = o J = L, 4,9, :
’ 477] (T]'L + 77.7)
2 )2

2.2
1<j<k<3 16m;nz (nj + 1)

a a2a (s —
Gis = Z 1é k((n +"7k:)) ((771' +nj'))((772' +nk))e(ni+27]j+27]k)$7 i=1,2,3, (2.10)
1<j<k<3 njnk Ny~ Nk)=\Ni T 15)\N + Nk
and 2.2 2 2 2 2
oo ajazas(m — n2)*(m — n3)*(n2 — n3) (2lm-+mtm)e (2.11)

64n202n3 (m + 12)2(m + n3)2 (2 + n3)?

where a1,as and az are arbitrary.

Proof. We first derive from (A-1) that g;; satisfies (2.6)), where a1, a9 and a3 are arbi-
trary. Inserting the explicit form (2.6) into (A-2), we then obtain (2.7)). Following the

explicit forms (2.6) and (2.7]), we have

2

ng + 1igis + Z m+2n]) =0,
j=1 77]



which further yields (2.8)). Substituting the explicit forms (2.6)—(2.8]) into (A-4), it follows
that

2 20 2
Y G5 = M) st mge _ g

2.2
1<j<k<3 15,

which implies that
2 2

aai(n; —m)* 5,
fa= J e (773+77k)337
2 161377 (nj + k)2

1<j<k<3
i.e., (2.9) holds true. Similarly, we next substitute (2.6)—(2.9)) into (A-5), which gives
that

%ﬁﬁw+m+mMm—mﬂm—me—méw%ﬁmn_0

"
9i5 + Higis +
v ggé3 A (n + mk)? (i + 1) (i + 1)

This yields that

200 — 1\ (1 —
(mi 77])(771 k) 6(771‘+277j+277k)x’

-
U T Yo (0 ) (0 ) (0 + )

i.e., (2.10) holds true.
Applying (2.6)—(2.10]), we finally deduce from (A-6) that

3
= (2f5 00— Fa = RS 4D (20096 + 9)
=1
3 3 a2a2a2 2 2
:ZZZ i &0k (_ (77j+77k_7h') (nj — )
= o S (0 + i)

(2.12)

A(mi = ) (ms — i) (nf + ) et noe
( )

1+ n7) (ni + 1) (1 + 1)
3 3 3 999
=>.> > % (Ai ik + Bij k>62("i+’“+"’“)x,
‘ ‘ 647777 sJ s sJ s
i=1 j=1 k=1 v 15k
where ) )
o (e =) (g — )
A7/7J7k B 2 ’
(5 + k)
and 0 o )
4(mi = n5) (mi — ni)ni (nf + i)
Bijk =

(i 4+ n5) (i + ) (nj + )%

Note that the term )

a; ajaz
64n7 3y
is invariant under the permutations of 7, j, k.
One can check that if {i, 7, k} # {1,2,3}, then

>, (Aijk + Bijk) = 0.
all permutations of i,j,k

62(77i+77j +ng)x

9



Therefore, we derive from (2.12)) that

1 a%a%a% 2(n+mn2+n3)z
6 = G222 > (Aijk + Bijr)e
U

all permutations of 1, j, k,
where {i,j,k}={1,2,3}

_ ataza3(m +m2 +n3)*(m — n2)*(m —n3)*(n2 — 773)262(’71“’2“73”
G4ninzng (m +n2)2 (1 +n3)2(n2 +13)? ’

which further implies that

fo = afagag(m — 112)*(m = m3)* (2 = M) sy +myrmo)e
6 = GarZnZn? 2 2 2¢ :
ninans (m + 12)?(m + 13)? (2 + 13)
This proves (2.11]), and we are done. O

Applying the symmetry of the system (1.5]), we next derive the following three con-
stants of motion for ([1.5)).

Lemma 2.2. For uy < ps < pg < 0, suppose u = (ui,uz,us) is a solution of (1.5) in
H'(R) x HY(R) x H*(R). Then we have the following three constants of motion:

(u))® + (uh)® + (us)® + (uf + uj + u3)® + puf + pous + psui =0, (2.13)
(Whug — urub)?® + (whug — urufy)? + (uhug — ugub)?

+ (U} 4 ub 4 ug) [(u2 + ps)ui + (p1 + ps)us + (p1 + p2)us)

+ [ + p3)(Wh)? + (1 + p3) (uh)? + (1 + p2) (u3)?] 2
+ [ (e + pa)us + pa(pn + pa)us + ps(p + p2)uz] =0,
and
pa(ujug — uruy)® + po(ujug — uruy)® + po (ujug — ugus)”
+ (uf + ul + u3) (nopsuf + papzud + papou) o.15)

+ [paps(uh)? + p s (ub)? + g o ()]
+ Mlugug(u% + u% + u%) =0.

Proof. Since (ug,ug,u3) € HY(R)x H'(R)x HY(R) and p1 < pg < psg < 0, it is standard
to deduce from that both w; and v} vanish at infinity, where i = 1,2, 3. Therefore,
the above three identities can be derived in a similar way, i.e., by multiplying the j-th
equation in by an integrating factor, where j = 1,2, 3, summing up the resulting
identities, and finally taking the integration on R.

To derive , more precisely, we multiply the j-th equation of by u}, where
j = 1,2,3. Then we add together the resulting identities and integrate it on R, where
we use the fact that both u; and u; vanish at infinity. This thus gives .

To obtain (2.14]), we multiply the j-th equation of (1.5 by

Z [2uk(uguk — wjuy,) + 2,uku;~], j=1,2,3.
1<k<3, kj

10



We then add together the resulting identities and integrate it on R again, which thus

yields (2.14]).
Multiply the j-th equation of (1.5) by

Z [Q,uku,(u;u, — wjul) + 2uiuk(u;uk —wjuy) + 2,uiuku;], j=1,2,3,
1<i<k<3,i#], k#j
which then gives (2.15)) in the similar way as above. This therefore completes the proof
of the lemma. O
2.1 Classification of solutions for degenerate cases

In this subsection, we classify the solutions of (1.5]) for the degenerate cases where o = p;
holds for either ¢ = 1 or ¢ = 3 or ¢ = 1,3. Our main results of this subsection can be
stated as the following proposition.

Proposition 2.3. For g < pg < 3 <0, let u = (u1,u2,u3) € H'(R) x HY(R) x H'(R)
be a solution of (1.5)), and denote n; = +/|pi| > 0 for i = 1,2,3. Then we have the
following conclusions:

(i.) If p1 = p2 < pz < 0, then there exists (a1,az,a3) € R3 such that u = (u1, uz, us)

satisfies
ui(z) = a}?zl)f [1 L 4an§§((777711:z;s3)) 62773x]’
wale) = 555 |1+ e 2.16)
) = 35 1 + it ]

where f is given by

f(.%') =14 LgeQngx + (a% + a%) 2mx (a’% + a%)ag(% - 771)262(771+T]3)I.
4n3 An? 16min3 (m + n3)?

Furthermore, if u? +u3 # 0 and uz % 0, then we have fR(u% + u3)dz = 211 and
fR uidz = 2n3.

(ii.) If p1 < pg = p3 < 0, then there exists (a1, az,a3) € R such that u = (u1,uz, us)

satisfies
_ aem?® (a3+a3)(ni—n3) on:
wi(a) = 4 [L+ T e,
_ agen2® af(ne—m) 2
ua(e) = S [+ SRR, (217)

__ age'2® a%('r]2*7]1) 6277193]
;

us(x) = 4 [1+4n%<m+n2>

where f is given by

fl@)=1+ ‘ie%w + (a3 + a3) oo @303 + a3)(m — 773)262(m+n3)x.
4n3 4n3 160303 (m 4 n3)?

Furthermore, if uy # 0 and uj 4+ u3 # 0, then we have [, uidz = 2ny and [ (u3 +
u3)dxr = 2.
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(i3.) If 1 = pe = pg < 0, then there exists (a1, az,a3) € R such that u = (uy,uz, u3)

satisfies
a;eMm*

ui(z) = T T LS (2.18)

where f(x) is given by

(af + a3 +a3) ,
=1 ma
o) =1+
Furthermore, if Z?:1 u? # 0, then we have Z?:1 Jg uidz = 2m;.

Proof. (i). Suppose 1 = o < ps < 0, then we have us > g, where pg < 0 is the lowest
eigenvalue of —0,, — 2(u? +u3 +u§) in R. Thus, ug vanishes at some point, and hence we
can suppose uz(0) = 0 by a suitable translation. Also, we may assume that u4(0) # 0,
since otherwise we have uz = 0 in R, and a similar argument of |6 Lemma 15] further
gives . Similarly, we may assume that us #Z 0, since otherwise the classification
follows directly from [6, Lemma 15].

Since p1 = po < pz < 0 and ue # 0, we now claim that

u; = kug holds for some k € R. (2.19)
Indeed, because u3(0) = 0 and 3 = p2, we derive from and that
(41 (0)? + u5(0) + u5(0)? = —[(u1(0)? + u2(0)*)? + pua (ur(0)? + u2(0)*)],
[y (0)u2(0) — 1 (0)y(0)] + (1 + ) (0% + 4 0)%)
+[u1(0)? + u2(0)% + 241 Juj(0)?

= —(p1 + p3)[u1(0)? + u2(0)%% — 1 (p1 4 p3) (u1(0)% + u2(0)?).

(2.20)

Subtract (2.15) by the product between ps and (2.14), and then add the product of u3
and (2.13)). It thus yields that

[(u1(0)% + u2(0)%) — (45 — p1) ] u(0)* = 0.
Since u4(0)? # 0, the above three equations give that
wh (0)% + u5(0)% + u4(0)? = —[(u1(0)? + u2(0)2)” + prua(0)? + paus(0)?],
[ (0)u3(0) — w1 (0)uh(0)] + [11 (0) + u2(0)? + (1 — p1s)]up(0)* = 0, (2.21)
u1(0) + u2(0)? = (13 — 1),

where the second equation is derived by subtracting the second equation of (2.20]) from
the product between p + p3 and the first equation of (2.20)).
By the last two equations of (2.21)), it yields that

uy (0)uz(0) — u1(0)usy(0) = 0. (2.22)
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If u2(0) = 0, then we derive from the last equation of (2.21]) that u;(0) # 0, and thus
ub(0) = 0 by (2.22), which implies that us = 0 in R, a contradiction. Hence, it must
have u2(0) # 0. This means that there exists some k € R such that

u1(0) = kus(0). (2.23)
If u5(0) # 0, then we get from (2.22)) that
1} (0) : u5(0) = u1(0) : ug(0) = k holds for the above k € R.
Set ug = u1 — kue, so that ug satisfies

{ uo” +2Vuo + paug = 0, where V' =uf +uj + u3, (2:24)

1y (0) = up(0) = 0.

This further implies that ug = 0 in R, and hence the claim (2.19) holds. On the other
hand, if u5(0) = 0, then we derive from ([2.22)) that «}(0) = 0. This means that u}(0) =
kufy(0) still holds for the constant k of (2.23]). Thus, the same argument as above shows

that the claim (2.19) still holds.
Applying (2.19)), the system (|1.5)) is equivalent to the following form

uf 4+ 2[(1+ k*)uf + ui]ur + pur =0,
ufy 4+ 2[(1+ k*)uf + u3]ug + psuz =0, (2.25)
ug = kuy, us(0) =0,
and the system ([2.21)) becomes
(14 Kur(0) = (s — ) and 1+ k2w (0) + uh(0)2 = —pg(pss — ), (2.26)

where £ € R is as in (2.19). Let (43, u2,43) = (41, kuy,U3) be a solution of (2.25)
satisfying the form (2.16). We claim that for any solution (u1,us,us3) = (u1, kui,usg) of
(2.25)), there exist suitable constants a; and asz such that

u;(0) = @;(0) and }(0) = @(0), j=1,3. (2.27)

Once the claim (2.27) is true, the uniqueness of ODE implies from ([2.25) that u;(z) =
@j(x) holds for j = 1,3, which therefore completes the proof of (2.16) in view of (2.19).
We next prove the above claim (2.27)). Choose

_ dni(m +mn3) .
ay = \/(1 +1k’2)(771 — ) sign u (0). (2.28)

Since u2(0) is fixed by (2.26]), we deduce from (2.16)) and (2.28) that sign(a1) = sign(u1(0)),
ﬂl(O) = ul(()), and ’123(0) =0= U3(0).

On the other hand, it yields from 1| that for n; = /|| > 0,

m m 43 (m + n3) — a3(m — ) (2.29)

An3(m +n3) + a3(m —n3)’
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where the last quotient of the right side is a decreasing function of a3 from [0,00] to
[—1,1]. We then derive from and that there exists a constant a3 € (0, 00)
such that

i1(0) = u1(0),

which determines the absolute value of ag. Following this identity, the second identity

of (2.26) further gives that

3(0)% = u3(0)?,
where (2.16) is also used. The sign of a3 can be chosen so that 45(0) = u4(0) holds
true. This proves the claim (2.27). Hence, (u1,us,us) = (t1, U2, U3), which completes

the proof of ([2.16]).
Finally, one can calculate from (2.16]) that

2 /
‘123777]21 62773z + in

2 2 3
ui +uz)der = — | ———— | =2n1,
/]R( 1 2) f(.’E)
and ,
(a?+a2§)n3 62771:7: + 2773
/(ug)dx = - 20 = 273.
R f(z)

This completes the proof of (i).

(ii). Suppose p1 < pg = p3 < 0, then we have us > py > po, where pg < 0 is the
lowest eigenvalue of —0,, — 2(u% + u% + u%) in R. Thus, ug vanishes at some point. As
before, we may assume that ug(0) = 0 and u5(0) # 0, which then implies that uz(x) Z 0.

Subtract by the product of u3 and , and then add the product of ,u% and

(2.13). It thus yields that
u2(0)*u5(0)* = 0, (2.30)

which further implies that u2(0) = 0, since u4(0) # 0. We hence have uz(0) = uz(0) = 0.
Because u5(0) # 0, there exists some k € R such that u5(0) = ku4(0). Set ug = ug — kus,
so that ug satisfies

{ ug + 2Vuo + pioug = 0, where V' =uf + u3 + u3, (2.31)

up(0) = uo(0) =0,

Since p; < p2 = ps < 0 and us(x) # 0, the same argument of (2.19) then yields from

[2:31) that
up = kus holds for the above k € R. (2.32)

Following ([2.30)) and (2.32]), we derive from (2.13)) and (2.14]) that

u(0)% + (1 + £*)us(0)* + w1 (0)* + p1ui(0) = 0, (2.33)

(1 + k‘2)u1(0)2u§(0)2 + 2usuq (0)4 + 2uou} (0)2
+ (1 + p2) (1 + )b (0)% + 2p1 pouy (0)% = 0.
We then deduce from above that

(2.34)

uf(0) = (ug — ). (2.35)
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Substituting ([2.35]) into (2.33)), we also have

uy(0)* + (1 + k*)us(0)* = —pa(pz — pa). (2.36)

Similarly, let (41, 42, U3) be a solution of (1.5]) satisfying the form (2.17). We next claim
that for any solution u = (u1,ug,us) of (1.5)), there exist suitable constants a1, az and
as such that

uj(0) = 4;(0) and uj(0) = ;(0), j=1,2,3. (2.37)

As before, once the claim (2.37)) is true, the uniqueness of ODE implies that u;(z) = @;(x)
holds for j = 1,2, 3, which therefore completes the proof of (2.17).
We now address the proof of the claim (2.37)). Set

4 2
oy = O ER) G 0), (2.39)

(m = n2)
so that signa; = signu;(0). It then follows from and (2.3F) that
4;(0) = u;(0) holds for i=1,2,3,

since we have already known from those around (2.30) that u2(0) = uz(0) = 0. As for
ay and ag, we calculate from (2.17) that for n; = /|ui| > 0,

- —a1 + a2 + a3 —
i, (0) = m 772 m+n2) — ( g g)(ﬁl 7]2)’ (2.39)

An3 (m +n2) + (a3 + a3)(m — n2)

where the last quotient of the right side is a decreasing function of a3 + a3 from [0, o0
o [~1,1]. We then deduce from (2.36)) and (2.39) that there exists a constant a2 + a2 €
(0, 00) such that

@7(0) = u}(0). (2.40)
On the other hand, we derive from ([2.36]) that
uh(0)% + u5(0)? = @5 (0)* + @5(0)*.
Set
sign ag = signug(0), signas = signug(0),

and
a3 : a3 = uh(0)? : uh(0)?,

due to the fact that u5(0) # 0. By the forms of iy and 43 in ([2.17)), it then gives that

Applying (2.38)) and ([2.40]), we further deduce from (2.35) and (2.36) that there exist
suitable constants a1, az and az such that u;(0) = 4;(0) and u}(0) = 4}(0) hold for
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j = 1,2,3, and hence the claim (2.37) holds true. As mentioned before, this thus

completes the proof of (2.17)).
Following ([2.17)), direct calculations yield that

2 !
a
—217723 e2MT 4 93

2 2 1
uy +uz)de = — | —————— | = 2m2 = 213,
/R( 2 3) f(l‘)
and o .
(a5+a3)m 2n3x
/ U%d.’l} = — 277§ ‘ " 2771 = 2771
R f(z) ’

which give that
/ uldr = 2, /(u% + u2)dx = 2ns.
R R

This completes the proof of (ii).
(iii). Suppose p; = o = ps < 0. Subtracting (2.15)) by the product between 2

and , it yields that
() (0)ua(0) — w1 (0)ub(0))* + (u (0)us(0) — w1 (0)uj(0))?
Oa

+ (uh(0)u2(0) — uz(0)uh(0))* =

which further implies that

u (0)u2(0) — u1(0)ug(0) = u (0)us(0) — u1(0)uz(0)

— uy(0)u(0) — us(0)uty(0) = 0. (240

Without loss of generality, we may assume that us(z) # 0. It then follows from (2.41)
that there exist ki, ks € R such that

u1(0) = kruz(0), ui(0) = k1u5(0),
and

The same argument of ([2.24]) gives that u; = kjug and ug = kous. Thus, us satisfies the
following equation
Ug + 2(1 + k% + k‘%)ug = —u1us,

which admits the following constant of motion:
(1) + (1 + ki + k3)uz + pf = 0.

Since ug #Z 0, the above equation gives that us cannot change sign. Indeed, on the
contrary, suppose ug changes sign, after a suitable translation, then we may assume that
u3(0) = 0. Thus, we can deduce that u5(0) = 0 and hence uz = 0, a contradiction.
Therefore, ug is either positive or negative, which further yields that us is the unique
positive (or negative) solution of

u’ + (1+ k24 k3)ud + ppu® =0 in R.
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1 _ ag ki —
Hence, ) holds true, where T2 = ataital’ and TR a1+a2+ 22 holds for

i = 1,2. Direct computations further give that ZZ 1 fR u; 2dx = 21,. This completes the
proof of Proposition O

The above proof of Proposition [2.3| shows that if pus = p; holds for either i = 1 or
i =3 or¢=1,3, then the cla851ﬁcat10n of general solutions for the system ([1.5) . follows
essentially from the argument of [6, Lemma 15], which unfortunately is not applied to
the general case p; < pa < pusz < 0.

3 Classification of General Solutions

In this section we further analyze the properties of general solutions for (|1.5)), based on
which we shall complete in Subsection 3.1 the proofs of Theorems[1.1]& [T.2]and Corollary
[[.3] We start with the following lemma.

Lemma 3.1. For uy < ps < pg < 0, suppose u = (u1, ug,uz) € H'(R) x H(R) x H*(R)
is a solution of (1.5]) satisfying us(x) # 0 in R. Then we have the following conclusions:

(i). If u;(0) = u3(0) = 0 holds for either i =1 or 2, then we have u; = 0.
(ii). If u}(0) = ub(0) = uz(0) = 0, then we have either uy =0 or ug = 0.
Proof. By the assumption u3(0) = 0 of Lemma we subtract by the product
between p3 and , and then add the product of u2 and . It thus yields that
(13 — p2)u1 (0)® + (p3 — p1)u(0)? = (3 — p1) (w3 — pra)- (3.1)

We next follow (3.1]) to complete the proof.
(i). We only consider the case i = 1, so that u;(0) = u3(0) = 0, since the other case

can be proved similarly. For this case, we first obtain from (3.1]) that u2(0)? = uz — .
Moreover, we derive from ([2.13) and - ) that

{ w4 (0)? + uh(0)? + u5(0)* = —pz(ps — p2),
uh(0)% + u5(0)? = —p3(ps — p2),

which implies that u}(0) = 0. Hence u; = 0, and we are done.

(ii). Suppose u}(0) = u4(0) = ug(0) = 0, then we derive from ([2.13)), (2.14) and (3.1))

that

(3.2)

u(0)? = —[(u1(0)? + u2(0)?)? + p1u1(0)? + pouz(0)?],
[u1(0)% + u2(0)? + (p2 — p3)]u5(0)?

(3.3)
—(p2 — p1)

u1(0)% 4 u2(0)* + p11]u1 (0)?,

[ (13 — p2)ur(0)% + (u3 — p1)ua(0)* = (uz — pa)(p3 — ).
By eliminating the variable u4(0)? from the first two equations of ., we obtain that

[(11(0)% + u2(0))? + p1u1(0)? + pau2(0)?] [u1(0)? + uz(0)? + (u2 — p3)]
= (k2 — p1) [u1(0)* + u2(0)* + ] ur (0)%, (3.4)

(k3 — p2)u1(0) + (3 — p1)u2(0)* = (us — p1) (s — p2).-
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One can verify that the solution (u;(0)?,u2(0)?) of the above system has the following
three different forms:

(u1(0)%, u2(0)?) = (0, 3 — ), (ur(0)%,u2(0)*) = (3 — p1, 0),

(1 (02 ua(0y?) = (— WL (2= ps)izy

M1 — 2 H1 — M2

Here the second component of the last one is negative, which is impossible. Therefore,

we have either u;(0) = 0, which implies that u;(z) = 0, or u2(0) = 0, which implies that

ug(z) = 0. Lemma [3.1]is therefore proved. O
In the following, we consider the last case where p; < ps < pg < 0, and

u1(0) # 0, u2(0) #0, u;(0)#0 for some 1 <i <2, uz(0) =0, u5(0)#0. (3.5)

Without loss of generality, the assumption of (3.5)) is equivalent to the following form:
there exist a constant p € R and a nonzero constant ¢ € R such that

u3(0) =0, “jg =q# 0, uy(0) = puy (0), u;(0) # 0, u5(0) # 0. (3.6)
Define
O+ @) — ) (p3 — p2) 2
fe) = { (i3 — o) + Pus — ) T “2}

(3.7)

2) (1 — ) (13q? — papag® + p3 — paps)

~ O P e ) F s — (s — ) — (s — o)l

We shall prove in (3.18]) below that for any given ¢ # 0, f(p) admits exactly two different
zero points denoted by p = p(q) < p =p(q), i.e

f(p) = f(®) =0, where p <D. (3.8)
We now address the following classification for the last case (3.6)):

Proposition 3.2. For p; < ps < ps < 0, suppose the function u = (uy,ug,us) €
HY(R) x HY(R) x HY(R) satisfies (3.6) at x = 0. Then

(ul (0)7 U2 (0)7 u3 (0)7 ull (0)7 ul2 (0)7 ’LL% (0))
satisfies f at x =0, if and only if
q#0, pe(p, p), (3.9)

where the constants p = p(q) and p = p(q) are as in @) Moreover, if p satisfies (3.9),
then (2.13)—(2.15) at x = 0 admits at most the following four solutions:

(41(0), u2(0),0, w1 (0), u5(0), u5(0)),
(= u1(0), —u2(0), 0, —u3 (0), —u5(0), u3(0)),
(41(0), u2(0),0, U1(0)7 u5(0), —u3(0)),
(= u1(0), —u2(0), 0, —u3 (0), —u5(0), —u(0)).

(3.10)
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Proof. Suppose u = (uy,us,u3z) € H'(R) x HY(R) x H*(R) is a solution of (2.13))-
(2.15) satisfying (3.6) at x = 0, then the standard elliptic regularity theory gives that
u € C1(R) x C1(R) x C1(R). Applying (3.6), we derive from (2.13)) and (2.14) that
(14 2204 (0)? + ()% = — (w1 (0)° + u2(0)?)2 + s (02 + pua (0)2],

[(p = @)*u1(0)? + (p2 + p3) + p* (11 + p3)]w (0)?
[ (0)2 + un(0)% + (s + p12)] 5 (0)? (3.11)
= —[u1(0)* + u2(0)?] [(p2 + p3)u1(0)* + (p1 + p3)u2(0)?]

— (11 (p2 + p3)ur (0)% + (g1 + pa)u2(0)?].

Subtract (2.15) by the product of 3 and (2.14)), and then add the product of y2 and
(2.13). It thus yields that

[(113 = p2)u1 (0)* + (u3 — p1)u2(0)? = (3 — 1) (13 — p2)]u3(0)* = 0,

where uf5(0) # 0 in view of (3.6). Following the above three equations, we then deduce
from ({3.6]) that

(14 p?)uf(0) 4+ u5(0)? = —[(1 + ¢*)?u1(0)* + p1 + ¢*p2]ur (0)?,
(P — @)*u1(0)% = (1 — p2) w4 (0)* + [(1 + ¢*)ur (0)* + (2 — p3) ] u5(0)?

= (1+¢*) (1 — p2)ur(0)* + pa (g1 — p2)ur (0)?,

(3.12)

[ [(s — p2) + (s — p1) Jur (0)? = (3 — pa) (ps — p2),

where the constants ¢ and p are as in (3.6, and the second equation is derived by
subtracting the second equation of (3.11)) from the product between p; + p3 and the first
equation of (3.11). Note that the values of u1(0)? and uz(0)? = ¢%u1(0)? are determined

by the last equation of (3.12)).
By Cramer’s Rule, we obtain from (3.12]) that

(07 = 2,
where
(1+p?) 1
D = det )
(p— @)*u1(0)* = (u1 — p2) (1 + ¢*)u1(0)* + (2 — p3)
and
R —[(1 4 ¢*)?u1(0)* + g1 + ¢*p2]ur (0)? 1
o (14 ¢*) (1 — p2)ur(0)* + p1 (1 — p2)ur (0)? (1 + ¢*)ur(0)® + (p2 — p3) '

Direct calculations then yield from (3.12]) that

D = (pq +1)%u1(0)? — [p3 — 1 + p* (s — 12)]

= [¢*u1(0)* = (p3 — p2)]p* + 2pqui(0)* + [u1(0)* — (p3 — p1)]
1

_ B B B 2
T (s — p2) + 2(us — 1) [(/‘3 p2)p — (13 MI)Q] )
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and

ull()é)2 = (L +¢*) (1 — p2)ur (0)% + pa(p1 — p2) + (1 +¢%)*ur (0)*

+ (2 — p3) (1 4 ¢°)*u1(0)* + (p1 + p2q®) (1 + ¢*)ua (0)?
+ (1 + p2q®) (p2 — p3)

_ @ — p2)*(uiq® — papsq® + i — pops)
(13 — p2) + ¢* (s — p1))?

We then have

D
0 <uj(0)* ==
< u(0) D
_ @P(u1 — p2)*(us — p) (s — pio) (026® — ppisg® + p3 — propus)

(13 — p2) + ¢* (s — p1)2[(s — p2)p — (w3 — p1)gq)?

(3.13)

Since % is positive for any p € R and 0 # ¢ € R, there is no restriction on p and ¢ to
ensure that }(0)2 > 0.
We next analyze u4(0)? as follows. It follows from (3.12)) and (3.13) that for any

q#0,

= —[(1+¢*)*u1(0)* + 1 + ¢ 2]

(1 — p2)*(u3q® — papsq® + p3 — paps)

_ 2
O ) s = 112) + (s — )5 — ) — (s — pn)al?
N2/, _
e )
P — ) (119 — ppsg® + p3 — paps) 14 p?
(3 — p2) + ¢ (3 — p11)] (3 — p2)p — (13 — p1)q)?

= f(p).
For any q # 0, since 1 < pg < pug < 0, the second term of f(p) is strictly negative, and

1+p? 1

[(u3 = p2)p = (3 — p)a®  [(g — ”2)\/11? ~ (s — p1)g 11+p2}2 -
1
(w3 — p2)? 4 (us — p1)%q?| cos? 6,

where 0, € [0, F) U (5, 7] denotes the angle between the vectors (u3 — p2, —(u3 — 11)q)

P 1 -
and ( el m) It then implies from (3.14)) and (3.15) that for any g # 0, f(p)
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attains its maximal value, if and only if p € R satisfies 6, = 0 or m, where

max f(p) = (¢ +1)%(p2 —2M3)(M1 — 113)
peR p2 — pi3 + % (1 — p3)
(1 — p2)*(u3q® — papsq® + p3 — pops)
(3 — p2) + ¢ (s — pa)][(s — p2)? + (u3 — p11)?¢?]
2 2
_ @+ 1) (o —2u3)(u1 M) (3.16)
p2 — p3 + q*(p1 — p3)
¢* (1 — p2)? q°p3(pn — p2)?
(13 — p2) +¢*(ps — 1) (3 — p2)? + ¢*(p3 — p)?
, % (11 — p3) + (p2 — p3))?
(13 — p1)2q% + (p3 — p2)?

— M1 — M2q2

> 0.

Moreover, we deduce from (3.14) and (3.15) that for any ¢ # 0, f(p) is monotonically
decreasing in 6, € [0,7/2), and f(p) is monotonically increasing in 6, € (7/2, 7|, where

lim f(p) = —oc. (3.17)

us
bp—5

We thus conclude from (3.16)) and (3.17) that for any g # 0, f(p) admits exactly two
different zero points denoted by p = p(q) < p = p(q), i.e.,

f(p) = f(P) =0, where p <p. (3.18)

This further shows from (3.14) that 0 < u4(0)?, i.e., f(p) > 0, if and only if

p € (p, p), where p=p(q) <p=Dp(q) satisty f(p) = f(p) =0. (3.19)

Therefore, we conclude that the system (2.13)—(2.15)) at x = 0 admits a solution
(Ul(O), UQ(O)v U3(0)7 U,I(O)v U’IQ (0)7 ’U,é (0))a

if and only if ¢ and p satisfy .

Finally, since u3(0) = 0, if ¢ and p satisfy , then one can verify from and
that @ —(2.15)) admits at most four solutions of the form , due to the
symmetry of (3.11)) with respect to u1(0),u2(0),}(0), and u5(0). This completes the
proof of Proposition i O

For p1 < pe < us < 0, Proposition implies that for u3(0) = 0 and Z?Egg =q#0,
there exist at most four solutions

(u1(0), u2(0), us(0), u1 (0), u3(0), u5(0))

of (2.13)-(2.15) satisfying and (3.9). Since any solution u = (u1,us,us) of
is uniquely determined by its initial condition (u1(0),u2(0),us(0),u}(0), u4(0), u5(0)), it
follows from Propositionthat admits at most four solutions satisfying and
(13.9). For 1 < ps < ps < 0, in the following we further prove that admits exactly
four solutions, whose initial conditions satisfy and . For this purpose, since

any solution 4 = (a1, g, uz) of (1.5) can be written as u; = % satisfying Lemma
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which is determined by aq, as, as, it suffices to prove that for u3(0) = 0 and = “2 =q+#0,
there exist at least four vectors (a1, az, as), where a; # 0 holds for i = 1,2, 3 SO that

(al(o),az(o),o,a’l(o),ag(o),ag(o)) satisfies (3.6) and (3.9). (3.20)

In order to prove , suppose @ = (a1, U2, U3) is a solution of (| and satisfies
us(0) # 0, u3(0) =0 and u2§0) = q # 0. Applying Lemma u can be written as

U; = 97 in terms of aj, as and ag, and it then follows from (2.1} that a1, a9 and ag satisfy

oL (a%(ns—nl) N a%(%—nz)) 1 ata3(m —mo)*(ns —m)(ns — 1) _ (3.21)
A\ +m)  mms+m2)/)  16nin3(m +m2)%(ns +m) (s +m2)
and
1( ai(m2—m) a%(m—ns)) 1 a3a3(m—n3)? (772—771)(772—773)}
as [1 + 3 (n%(nﬁm) + 73 (n2+13) + 16 nin3 (m+n3)? (n24+m) (n2+n3) — 440 (3.22)
a [1+ 1(@%(771—772) I a%(m—n:s)) T a3a(n2—n3)? (771—772)(771—?73)} ’ ’
1 4\ n3(m-+n2) ' nE(m+na) 16 1203 (n2+n3)2 (nm-+n2) (m +13)

where and below 7; = /|p;| > 0 holds for i = 1,2,3. Tt yields from (3.22) that a; # 0
holds for all ¢ = 1,2, 3, due to the assumption @4(0) # 0. Denote

x="y=-22 7_% (3.23)
m 72 n3
and
0<A12—n1 n2<1,0<A13:771_n3<1,0<A23:772_773<1. (3.24)
m + 12 m+n3 N2 + 13

Thus, the problem (aj,as,a3) of (3.21) and (3.22)) can be simplified as the problem
(X,Y, Z) of

1 1
1-— Z(ABXQ + A23Y2) + TGA%QA13A23X2Y2 =0, (325)

and
MY [1+4 5(—A1X? + A3 7?%) — {- A33A19A93 X2 7]
mX [1 + %(A12Y2 + A13Z2> + %6A33A12A13Y2Z2]

where ¢ #0, X #0,Y # 0, and Z # 0. Denote the intersection of (3.25)) and (3.26) by

=q, (3.26)

S:={(X,Y,Z): (X,Y,Z) satisfies (3.25) and (3.26),
where X #0, Y #0, and Z#O}.

(3.27)

One can check from (3.25)) that Z—f is arbitrary. We then obtain from 1' that for any
q # 0, there always exists a solution (X = X(a1),Y =Y (a2),Z = Z(a3)) satisfying the

above system (3.25)) and (3.26]). Therefore, for any g # 0, we have S # ().
For any fixed ¢ # 0, we define

~/
pi= g?gg;, so that (3.6)) is fully satisfied. (3.28)

In order to analyze p, it is obvious from Lemma [2.1] that

p is a continuous function of (X (a1),Y (az), Z(as)).
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Figure 1: The curves (X,Y") of (3.25).

Moreover, for any fixed ¢ # 0, p(X,Y, Z) can be thought of as:
p: the curve S — R! is continuous. (3.29)

The following lemma shows that for any fixed ¢ # 0, the range of p(X,Y, Z) along at
least four connected branches of the curve S defined by (3.27) is equal to (p, p), where
p =p(q) <P =Dp(g) are as in (3.8). This implies equivalently that for @3(0) = 0 and

nggg = q # 0, there exist at least four vectors (a1, as,as), where a; # 0 holds for all

i =1,2,3, so that (a1(0),a2(0),0,@;(0),a5(0),74(0)) also satisfies (3.9). Once Lemma
below is proved, this therefore completes the proof of (3.20)) in view of (3.28]).

Lemma 3.3. For any fized q # 0, let the curve S be defined by (3.27). Then S has four
connected branches S1, So, S3 and Sy, i.e., S1USo U S3U Sy C S, along each of which

the function p defined in (3.28)) is onto (p, D), i.e., p(S;) = (p, b) holds fori =1,2,3,4.
Proof. In view of (3.23) and (3.24)), we rewrite (3.25) as

1 1 1 1 1
fAAXz——><fAAY2——):——1 0, X 40, Y£0, (330
(4 13412 A,/ \1 23A12 Ay A%Q > U, # 0, # 0, ( )

which has eight connected branches in the XY plane, see above Figure 1. On the other
hand, (3.26)) can be regarded as

7Z?:=F(X,Y)
—4 (A2 XY g + A2 XY o + 4Xm1q — 4Y 1) (3.31)
(A12A13A3, XY 21q + A12A33 423 X2V 1y + 4413 Xm1q — 4A93Y 1)

where F'(X,Y) is a rational function of X and Y, and continuous with respect to X and
Y along each connected branch of ([3.25|).
Since S # (), we consider from (3.30]) that the point (z,yo, 20) € S satisfies

1 1 1 1
“Ay3Apxd — — d =Ags Aoyl — — .32
z0 > 0, 1 13412T A12 >0 an 1 23A412Yo A12 > 0, (3 3 )
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which corresponds to a point (zg,y0) on the bold black curve in the first quadrant of
Figure 1. Set

St = {(w0,50,20)} U{(z,y,2) : (z,y,2) € S is connected with (z9,y0,20)}, (3.33)
where (x0, Y0, 20) is as in (3.32)). We now prove that
sup {332 +9?: (x,y,2) €5 C S} < 0. (3.34)

On the contrary, suppose (3.34)) is false, then there exists a sequence {(zn, yn, 2n)} C S1
such that either lim,, oo x% = 00 or lim, o yfl = oo. Without loss of generality, we

assume that lim,, . 22 = co. Since (7, yn) satisfies ([3.25), we obtain from (3.30) that
the sequence {y,} is bounded uniformly in n. Thus, we derive from (3.31) that

4
lim 22

- <0

which is impossible. Thus, (3.34) holds true.
Define the left endpoint T} = (x1,y1, 21) and the right endpoint To = (z2,y2, 22) of
S1 as follows:

zy=inf{z: (2,y,2) € S1}, y1 =sup{y: (x,y,2) € S1}, 21 =/ F(x1,y1),
zo =sup{z: (z,y,2) € S1}, yo=inf{y: (z,y,2) € S1}, 220 =/F(z2,92),

where z; = 400 is defined for i = 1,2, provided that (x;,y;) is a singular point of

F(X,Y). We next claim that the point z; of (3.35)) satisfies

(3.35)

z;i € {0,400}, where i =1,2. (3.36)

Indeed, on the contrary, suppose (3.36|) is false. Without loss of generality, then we may
assume from that 21 € (0,+00) and F(z1,y1) = 23. Taking a small enough ¢ > 0
so that 22 —e > 0. Since F(X,Y) is continuous with respect to the curve (3.25), we
obtain that

F71((21 —€,2 +¢))
:={(,y) satisfies (3.25) and D F(a,y) € (2f —e,2f +¢)}

is a one dimensional open set of the curve . Moreover, for any (x3,y3) € F~! ((z% —
£,2} +¢)), it is obvious that (z3,ys, /F(x3,y3)) € Si. Since (z1,11) € F~ (2} —¢, 2 +
g)), (x1,y1,21) is an interior point of S1, which however contradicts with the fact that
(z1,y1, 21) is the left endpoint of S;. Therefore, the claim holds true.

It yields from that if

(X7 Y7 Z) = <ﬂ7 %7 @) = (-riv Yi, Zi)) i = 17 27
nm m2 N3
where the point (z;, i, 2;) is as in (3.35)), then the expression of @4 in Lemma gives

that @,(0) = 0, which implies from (3.14) that f(p) = 222 — . This further yields from
3 ) p . p ﬂ1(0)2 . y

(3-8) that the point (z;,v;,2;) of (3.35) satisfies either p(x;, ys, ;) = D or p(xi, i, z;) = P
;3.8'

for i = 1,2, where p < p are as in
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We now claim that

{p($1,y1,21), p(ZE?va?Z?)} = {]27 Tj}? (3'37)

where the point (x;,y;, 2;) is as in for i = 1,2, and p < p are as in @ . Indeed,
suppose is false. Without loss of generality, then we may assume from @ that
p(z1,y1,21) = p(x2, Y2, 22) = p. Let M = max(y y .)es, p(S1) > p. For any po € (p, M),
we then obtain that there exist at least two points (x4,y4,24) € S1 and (x5,ys, 25) € S1
such that p(z4,y4,24) = p(x5,¥5,25) = po. Due to the symmetry of p in with
respect to z, we obtain that p(x4,y4, —24) = p(x5,95, —25) = po. On the other hand,
the expressions of 41(z) and Gg(x) in Lemma yield that p(x,y,z) = p(—z, —y, 2).
By the symmetry of and with respect to (X,Y,Z), we thus obtain that
(—x4, —Ya, t24), (=25, —Y5, £25), (T4,ys, —24), (25,95, —25) € S, and

(=24, —ya, £21) = p(—T5, —Ys5, £25) = p(v4, Y4, —24) = p(5, Y5, —25) = Po.

We hence conclude from above that p(z,y,xz) = py has at least eight solutions, which
however contradicts with Proposition Therefore, the claim holds true.
Applying , we conclude immediately that p(S1) = (p, p), due to the continuity
of p with respect to S;. By the symmetry of S and p(S;) = (p,p), we obtain from
Proposition that S has exactly four connected branches, where S; is given by ,

Sy = {(z,y,2): (z,y,—2) € S1}, S3:={(z,y,2): (—z,—y,—2) € S1},

and
54 = {(l’,y,Z) : (—l', Y, Z) € Sl}

Here the curve S of the XY Z space satisfies Z > 0, and its projection onto the XY
plane is the bold black curve in the first quadrant of Figure 1, where the left endpoint
is at (x1,y1) and the right endpoint is at (xg,y2). Sz is the reflection of S; about the
XY plane. S3 and S are the symmetric curves of S; and Sy with respect to the origin,
respectively. Moreover, we have p(S;) = p(S1) = (p,p) for i = 1,2, 3,4, which completes
the proof of Lemma [3.3 B O

3.1 Proofs of main results

In this subsection, we first establish Theorem[I.1]on the classification of general solutions
for . As the applications of Theorem (1.1, we then address the proofs of Theorem
and Corollary

Proof of Theorem Suppose u = (u1,ug,us) is a solution of . If either puy =
o < psz <0orpuy < pe=p3<0orpu = pue = p3 <0, then we derive from Proposition
that Theorem holds true. Thus, the rest is to consider p; < e < uz < 0, which
implies that us changes sign. Hence, we may assume that u3(0) = 0 and u4(0) # 0,
since otherwise we have uz = 0 and hence Theorem follows directly from [6, Lemma
15]. Therefore, if p; < po < ps < 0, then the proof of Theorem is divided into the
following four different cases:

(). u;i(0) = u3(0) =0 holds for ¢ =1 or 2.
(i). ) (0) = u4(0) = us(0) = 0.
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Nt

(iff). 2200 = ¢ # 0, u5(0) = puj (0), u}(0) #0, uz(0) =0, uj(0) # 0.
0

(iv). G =g # 0, w;(0) = pub(0), uh(0) # 0, uz(0) =0, uj(0) # 0.

In the first two cases (i) and (ii), we derive from Lemma[3.1] that either uy = 0 or up = 0.
Therefore, a similar argument of [6, Lemma 15] then yields Theorem and we are
done. Moreover, since the proof of case (iv) is very similar to that of case (iii), the rest
is to address the proof of case (iii).

Indeed, suppose that case (iii) happens. It then follows from Proposition that
for any ¢ # 0 and p € (p, D), there exist at most four solutions of . On the other
hand, we obtain from Lemma t for any ¢ # 0 and p € (p, p), there exist at least
four solutions of satisfying (|1.6). We thus conclude from above that for any ¢ # 0
and p € (p, p), there exist exact four solutions for , which must satisfy . This
completes the proof of Theorem O

To discuss the applications of Theorem we next give the following mass analysis

of solutions for (1.5)).

Lemma 3.4. For juy < ps < pg < 0, suppose (u1,uz,u3) € HY(R) x HY(R) x HY(R) is a
solution of (L) satisfying u; Z 0 for alli=1,2,3. Then it must have [, u?(z)dz = 2n;
fori=1,2,3.

Proof. Following Theorem we claim that the identity

S

- =

2
u; ()
2 2 2 2
3 ey 5% M=) o(n; )z
L2 i i et D ki ki 1<j<k<3 16202 (k)2 € e, (3:38)

=2 7@

holds true for all i = 1,2, 3, where f(x) is as in Theorem One can check that if the
identity (3.38)) holds for all i = 1,2, 3, then we have

/uf(x)dw =2, i=1,2,3,
R

which thus proves the lemma.
In the following, we only need to prove the claim (3.38). Without loss of generality,
we just prove the claim (3.38]) for i = 1. Actually, we note from Theorem that

a%(nl — 772) 2m2x a%(nl - 773) e2n3w

A3 (m + n2) An3(m + 13)

CL%CL%(TH — 772>(771 - 773)(772 - 773>2 62(n2+773)a:} = a enle(x)

160303 (. +12) (1 + 13) (12 + 15)° S
nanz(m + n2){n — 13){(N2 — 13

g1(z) = alemw{l -

Define ) ) ) )
flz) =1+ 92 onpx + A3 2ngx azaz(n2 — n3) 2(n2+n3)x
Jr) = 12 12 16n212 € J
Up; 3 n5m5 (2 + n3)
and
f(z) = f(z) - f(z)
_ (1%6277136{1 CL% (7]1 - 772)2 e2m (1%(7’]1 - 773)2 23T
An? Ang(m + n2)? AnZ(m + n3)?

aza3(m —n2)*(m — n3)*(n2 — m3)* eg(nﬁ%)z}

1603n3 (m + m2)2(m1 + 13)%(n2 + n3)?
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We also set
[F(z),G(z)] == F'(2)G(z) — F(2)G' (), (3.39)
so that

(3.40)

We then derive from above that

2n -
RHS of (3.38) = —f—;[i(w),f(x)},
and 2
__2771 A a1 omz»
LHS of (3.38) = —— [g(a:),4n%e g(fv)}-

Applying (3.40)), one can calculate that

— R a2 "
[[@), T(@)] = |3(@), e 3(x)|.
4ny
This proves the claim (3.38)), and it therefore completes the proof of Lemma O
By employing Theorem we are now ready to address the proofs of Theorem

and Corollary

Proof of Theorem Firstly, if u1 = po = g = —%, then we derive from Proposition
nd Theorem that ([1.5) admits normalized solutions u = (u1, ug, ug) satisfying
(1.6

.6), where |a1| = |as| = |ag| = 1, and m; = 12 = n3 = 3. Thus, up to the translation,
u = (u1,ug2, u3) must be unique, in the sense that
V3 V3 V3
up(r) =t ——ag, uz(2) =t ——a—, uz(2) =t ——a—
2 cosh (%) 2 cosh (%) 2 cosh (%)

hold for three uncorrelated signs =+.

Similarly, if 41 = p2 < pg < 0, then we derive from Proposition 2.3]that any solution
u = (u1,uz,us) of satisfies u1 = kug, [p(u + u3)de = 2my and [ (uf)dz = 2n3.
Further, if fR u%dx = fR u%daz = fR u%dx = 1, then we have u; = Fuo, 3 = po = —1
and p3 = —%. In this case, we thus deduce from Theorem hat admits infinitely
many normalized solutions u = (uy, ug, u3), which satisfy (1.9)) for all A # 0 and B # 0.

Additionally, if pu; < pe = ps < 0, then we obtain from Proposition that
Jgulde = 21 > [p(u3 + u3)dz = 2ms, and hence [puide = [pudde = [puide =1
cannot occur, which implies the nonexistence of normalized solutions for . Fi-
nally, if 1 < po < pz < 0, then we deduce from Theorem and Lemma that
fR udr = fR u3dr = fR u%d:p = 1 cannot occur yet, which also implies the nonexistence
of normalized solutions for . This completes the proof of Theorem 1.2 O
Proof of Corollary (i). Suppose u = (u1,us,u3z) € HY(R) x HY(R) x H'(R)
is a least energy normalized solution of , and let E(u1, pe, ps, u1,us, usz) be the
corresponding energy of the solution u, i.e.,

3

E(u1, po, p3, ur, ug, ug) = i/ﬂ{(uz)de—/R<Z(uk)2)2dx. (3.41)

k=1
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Following Theorem it suffices to show that

E(_97_27 _97
4° 47 4

Indeed, if (3.42] - ) holds true, then it implies that Theorem [1.2] - must occur. We thus
conclude from Theorem . that it necessarily has py = po = p3 = —

satisfy .
To prove (3.42)), we multiply the j-th equation in (1.5)) by u;, sum up the resulting
identities, and finally integrate it on R. We then obtain that

1
ul,’LLQ,U3) < E(—l,—l,—z,ul,uQ,u;),). (3.42)

%, and v must

3

_ kil /R(u;gyda: + 2/R (Z(uky)zdx = — (1 + p2 + pi3). (3.43)

k=1

On the other hand, we derive from (2.13) that

Z/ )2dzx Jr/ (Z %)de = —(p1 + po + p3). (3.44)

k=1

It then yields from and ( - ) that
3
Z/ :—*(H1+/~L2+/~t3 and /(Z@) =3 H1+/~L2+M3)

k=1

which further implies that

1
E(,UQ,MQ,,UB, Uy, u2, Ug) — g(,ul + U2 + M3)

Direct computations thus yield that
(999
4° 4 4

which proves (3.42)), and we are done.
(ii). Following Theorem we only need to prove the nonexistence of orthonormal

solutions for the following two cases:

9
ula”?aufi) = _Z < E(_17 _11 -

(i). 1 = pg = p3 = —%;
(ii). p1 = po = —1 and pu3 = —3

Actually, one can directly conclude from Proposition that u; and up cannot be
orthogonal in L?(R) for each of above two cases, which hence proves Corollary O

4 Nondegeneracy of the System (|1.5))

The purpose of this section is to establish Theorem [I.4]on the nondegeneracy of solutions
u = (u1,u2,us) for the system (1.5)) satisfying u; Z 0 for ¢ = 1,2,3. Towards this aim,
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suppose that u = (u1,ug,us) satisfies the system (|1.5)), where u; < po < ps < 0 are
arbitrary. We define the operator

d2
_@_

and consider the following linearized system of ([1.5)) around the solution w:

Ly, = 2(ut 4 us +u3) in L*(R), (4.1)

&+ 2(uf + u3 + ud)d1 + 4(u1d1 + uags + uzds)u; = —pu1¢1 in R,
5+ 2(ut + u3 + ud)da + 4(u1d1 + uags + uzds)us = —page in R, (4.2)
U4+ 2(u? + ud + ud)ds + 4(u1¢1 + uage + uzps)us = —usps in R.

We first address the following lemma on the constants of motion for (¢1, ¢2, @3)
satisfying (4.2)), which is essentially the linearized version of Lemma

Lemma 4.1. Suppose ¢ = (¢1, ¢2, ¢3) € H(R) x HY(R) x H'(R) is a solution of (4.2),
then we have the following three constants of motion:

Uiy + uhdh + usdh + 2(uf + uj + u3) (w1 + usgo + uzds)
+ prurdr + pousde + pzuzps =0 in R,

> (wug, — ujup)(Shuk + ok — djuf, — uidh)
1<j<k<3

(4.3)

+ (uf 4+ ub 4 u3) [(u2 + pa)urdy + (1 + ps)uads + (p1 + p2)usds)

4.4
+ (u1¢1 + u2¢2 + uzp3) [(m + M3)U% + (p1 + M3)u% + (1 + M2)U:2>>] 44
+ (2 + p3)ui @) + (p1 + p3)usdhy + (1 + p2)uzds

+ p1 (po + pz)ur g + po(pn + ps)uads + ps(pr + p)usds =0 in R,
and

Z i (Wyug — wjug,) (Qur + i — djuy, — ujdy)
1<j<k<3, i), itk

+ (uf + uj + u3) (Hapsurdr + papguods + 1 fiauzds) (4.5)
+ (w11 + u2gs + uzps) (papisui + p1psus + p1pou3)
+ pop3ul @ + ppsun @y + p pousdy 4 p1paps(u1dr + usga + uzgs) =0 in R.

Proof. Since ¢ = (¢1, g2, ¢3) € H'(R) x H'(R) x H'(R) is a solution of (4.2)), we deduce
from that ¢; and gb;- vanish at infinity, where j = 1,2,3. We then get that ¢;, u;,
¢} and v} vanish at infinity, where j = 1,2,3. Thus, the three identities (4.3)—(4.5) can
be proved similarly, for which we multiply the j-th equation of and (|1.5) by an
integrating factor, respectively, add up the resulting identities, and finally integrate it
on R for j =1,2,3.

To derive , we multiply the j-th equation of and by uz and (]5; for
7 = 1,2, 3, respectively. We then add together the resulting identities and integrate it
on R.
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To obtain (4.4]), we multiply the j-th equation of (4.2)) and (.5 by
S (e o+ ]
1<k<3, k#j

and
Z [(ur — djuy, + druy — Ppug)ur + (Wyuy — ujuy)dp + peds),
1<k<3, j#k

respectively, where 1 < 7 < 3. We then add together the resulting identities and integrate
it again on R.

To get (4.5)), similarly we multiply the j-th equation of (4.2) and (1.5 by
Z [ (Wyup — wjug, ) ug 4 g (Whus — wjug)us + p ]
1<i<k<3,i#j, k#j
and
> [pi(Pyur, — Gy, + drw — dpug)uy + pi(Wiuy, — wju) by,
1<i<k<3,i#j, k#j
+ p(Dus — djui + by — dyug)ui + e (wju; — wjug)ds + ppu),

respectively, where 1 < j < 3. We then add together the resulting identities and integrate
it on R. This proves Lemma O

Proposition 4.2. For pu; < pg < uz <0, let
D :={(¢1,¢2,¢3) € H'(R) x H'(R) x H'(R) : (¢1, 2, ¢3) is a

square integrable solution of — },

then D is a linear subspace in RS and satisfies dim(D) = 3.

(4.6)

Proof. It is obvious that D is a linear space, and the rest is to prove that the dimension
of D is equal to three. Actually, it follows from Theorem that for any solution
u = (u1,uz,us) of (L)), there exists a vector (ai,as,as) € R? such that u = (u1,ug, usz)
satisfies . Applying , we can take a sufficiently large point —xy € R such that
fori=1,2,3,

ui(zo) = [1 + o(1)]a;e™™, uj(zo) = [1 + o(1)]mia;e™™ as — g — +00, (4.7)

where 7; = /|ui| > 0.

We derive from Lemma [£.1] that
(¢1(20), P2(20), P3(0), #1 (o), B (w0), #3(w0))
satisfies the linear homogeneous system 7, where the coefficient matrix D of
(¢1(x0), P2(z0), ¢3(70))

satisfies
[1+o(1)]prare™*® [1+ o(1)]p2aze™*® [1 4 o(1)]usaze™™®
D = | +oM]pi(pu + ps)are™™  [14o0(1)]pa (1 + pa)aze™  [14 0(1)](u1 + p2)psase™ ™
(14 o(1)]p1pzpsare™ (14 o(1)]p1pzpsaze™*® (14 o(1)]p1pzpsaze™*°
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as —rg — +00, where the exponential decay (4.7) is used. Since pu; < po < ps < 0 and
u; Z 0 holds for i = 1,2, 3, we calculate from above that

det(D) = [1 + o(1)]pu1popzarazas(pr — po) (1 — p3)
(g — pg)eMTREIT L0 as — 2 — 400,

which further implies that Rank(D) = 3. Hence, the dimension of the coefficient matrix
of

(¢1(20), d2(x0), ¢3(0), ¢ (20), Po(w0), ¢3(x0))

must be equal to 3. Therefore, we conclude from above that the dimension of

{(¢1(x0), P2(0), P3(x0), ' (x0), P5(x0), P (x0)) :
(¢1(x0), Pa(x0), P3(x0), ¢} (o), Ph(x0), P3(x0)) satisties ([4.2)}

must be equal to 3. Since (¢1, ¢2, ¢3) satisfies the system 7, we deduce from

that (¢1,d2, ¢3) € H'(R) x HY(R) x H'(R), which is uniquely determined by

(¢1(w0), d2(w0), d3(20), ¢y (20), Ph(20), P4(x0)). Thus, we conclude that dim(D) = 3,

and we are done. O
Applying Proposition [2.3] we are next ready to establish Theorem [T.4]

Proof of Theorem For convenience, we define n; = \/|u;| > 0 for i = 1,2,3.
We address the proof of Theorem by studying separately the following four different
cases:

Case 1. pp < po < puz <0; Case 2. puy = po < ps < 0;
Case 8. uy < po=pus3 <0; Case 4. pup = ps = us < 0;

where u; Z 0 always holds for all i = 1,2, 3.

Case 1. Suppose p1 < pg < pz < 0. Following Theorem direct computations
yield that there exist at least three linear independent solutions, i.e., three tangent
vectors of the solutions manifold with regard to (a1, az, as), of the linearized system
in HY(R) x H'(R) x H'(R). Thus, the dimension of the solutions for the linearized system
(4.2) is at least 3. On the other hand, we derive from Lemma and Proposition
that the dimension of the solutions for the linearized system is at most 3. Therefore,
the dimension of the solutions for the linearized system (|4.2) must be exactly equal to
3, and we are done for this case.

Case 2. Suppose j1 = pg < pi3 < 0. We then deduce from Proposition [2.3] that there
exists (a1, ag,a3) € R3 such that (ug,us,u3) satisfies with a; # 0 for i =1,2,3. In
view of , we define

2

~ ug\ 2 a2
= 1 Y =1+ 22 4.8
Uy = U,/ +(u1) 1/ +a%uh (4.8)

~ as ~ a3
$1 =1+ —¢2, ¢p3= 4|1+ = ¢3. (4.9)

One can verify from (1.5)) that (@1, us) satisfies the following system
{ @ +2(@2 +ud)iy = —p@y in R,

and

(4.10)
ufj + 2(a2 + ud)us = —psug in R.
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Additionally, it follows from (4.2) that (ggl, ggg) satisfies

O +2(a2 + ud)dr + 4(iUd1 + uzds)in = —prdr in R, (411)
U 4 2(02 4 ud)ps + 4(ly ¢ + uzps)us = —puzds in R.

Since p1 < pg < 0 and (u1,us) # (0,0), the same argument as above (i) implies
that (@1, us) is a non—degenerate critical point of the system (4 , and the dimension
of solutions (qu,qES) for is two Let v] = (vu,vlg) and v2 = (1}21,’023) be the two
linearly independent solutlons of (| . Thus, ((;51, (;53) solves , if and only if

(61, 03) = G(UH,U13) + b(v21,v93) holds for some a, b € R. (4.12)

Moreover, subtractlng the second equation of (4.2] . ) from the product between £2 and the
first equation of , we obtain that

(qbg — qubl)// +2(uf +uj + ug,)(ci)z - %%) =—m (¢>2 - %¢1) in R. (4.13)

We then follow from (4.8]), (4.9) and (4.12)) that (4.2]) admits the following two linearly
independent solutions

2

a ayas ay
®1, P2, 93 :< L1, v11, 013> 4.14
( ) a%'i_a% 1+ /a%+a% ( )
and )
a a1as a1
1,02, 03) = ( LI v21,7v23). 4.15
o) G g ™ (419

To seek for other nontrivial solutions (¢1, @2, ¢3) of (4.2)), we now assume that

o 2 2
(G1.09) = (61 + 20, | D% 03) = (0.0) (4.16)

1

which also implies that ¢3 = 0. Since it follows from that w; cannot change
sign, we deduce that p1 < 0 is the first eigenvalue of L, defined in . It then yields
from and ) that ¢o — 22 ¢1 = Cu1 holds for some Cy; € R. If Ch7 = 0, i.e.,
P2 — qﬁl =0, then we derive from that (¢1, ¢2,¢3) = (0,0,0), which is however
tr1v1al Thus, ¢ — gbl Cuy holds or some Cy # 0. We then deduce from that
the third solution (qSl, ¢2, ¢3) of must satisfy

(¢1, P2, ¢3) = k( — —ul, U1, > = k(—ug,u1,0) for some k # 0. (4.17)

One can verify that those three solutions (4.14), (4.15) and (4.17) of (4.2]) are linearly

independent. Further, it follows from (4.11)), (4.12) and (4.17) that any solution of (4.2)
can be expressed as a linear combination of these three independent solutions. Hence,

the dimension of solutions (¢1, @2, ¢3) for is exactly three. This proves the non-
degeneracy of the system in this case.

Case 3. Suppose pu1 < po = ug < 0. We first prove that for any 0 < & < 1, there
exists a sufficiently large constant N > 0 such that

() (.’El) _ UuQ (1‘2)
67725’31 e"]Qx2

<e¢e forany xg < < —N, (4.18)
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where ug(z) # 0 is any solution of L, = pou in L?(R), and the operator L,, is defined in

).
To prove (4.18]), we note from Theorem that

2(u? 4 us + u3) = 2[1 + o(1)]a?e®*"* as x — —oo,
which implies that there exists a sufficiently large constant N7 > 0 such that
2(u? +u3 +uj) < 4afe®™* Vo < —Njy. (4.19)

Since ug(z) # 0 is a solution of L, = usu in L?(R), we can choose a sufficiently large value
—x9 > Njp such that ug(zg) # 0. Moreover, for simplicity we may assume ug(zg) > 0.
Taking Uj(z) := up(zg)e "2%0e™? as a comparison function, we have Uj(zg) = uo(xo)

and
2

d
(Lu = p2)Ur = =5 U1 — U1 — 2(uf + u3 + u3)Us
= 20w +ud+udU; <0 in R.
By the comparison principle, we then obtain from above that
ug(x) > Ur(z) = ug(mo)e P*0e™*, x < o, (4.20)

where —zo > N is sufficiently large.
On the other hand, we define for any 0 < e < 1,

Us(x) = [uo(mo)efmxo + %} "% — Belmt2m)z.

where B = a%nlﬁ(Hu0||Loo(R)e_’72x°+1) > 0, and the sufficiently large constant —xg > N
is as in (4.20]). We then have for any 0 < € < 1,

Us(z0) = up(xo) + %6772360 _ a%nl—2 {HUOHLOO(R)e_nQIO + g} e(m2+2m)zo

€ — —
> (o) + 50 — ang ol e rye 20 + 1] el mIeo
= uo(zo) + e"m{g — 3072l oo rye®n 0 4 2o | |,
Since 2m; — 12 > 0 and 77 > 0, there exists a sufficiently large constant No > 0 such that

% —ain? |:||U0||LOO(R)€(27]1_772)I0 + 62771350} > 0 for all g < —Na,

which implies that Us(xg) > ug(z) holds for all 9y < —Ny. Moreover, we obtain from

(4.19) that
(Lu - MZ)UQ
> — 4a? [uo(mo)e_”m + g]e("ﬁ?m)l‘ + B[(W +2m)? — 77%]6(7724‘2771):0
ALBE = (e + 1)1 Z0 in R

By the comparison principle, we then deduce from above that for all 0 < & < 1,

ug(r) < Us(z) = [uo(xg)e_”ﬂo + %} el .
— a%?’]l_Q(HUOHLoo(R)e_nQ$O + 1)6(772"!‘2771)177 Vo S o,
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where —zg > max { Ny, Ng} is sufficiently large. We now conclude from (4.20)) and (4.21))
that for all 0 < e < 1,
uo(x) < U0($0)6_n2$0 + € _ GIQ(HUOHLOO(R)e—ng;BO + 1)62771:0

2 (4.22)
< ug(wg)e "0 4+ 2 if o <zp< —max{Nl,NQ},

which therefore gives that hold true.

By Cauchy’s convergence criteria, we further derive from that if ug(z) # 0 is
a nonzero solution of L, = usu in L?(R), where the operator L, is defined in , then
uo(z) satisfies

im 22 _ 4 ¢ ry\f0). (4.23)

x——o0 et

Suppose now that v; # 0 and vy # 0 are two different solutions of (L, — p2)v =0 in R.
Following (4.23)), we may assume that

lim vilz)
z——o0 e

= A; #0, where i =1,2.

Set vg = v — %vz, which yields from above that lim,_, 1;9,(;;? = 0 holds for 1 > 0. This

further implies that vg = 0 in R. We therefore conclude that ps is a simple eigenvalue
of L, in R, where the operator L, is defined in .

We derive from Proposition (ii) that there exists (a1, a2,a3) € R?® such that
(u1,uz,us) satisfies (2.17)), where a; # 0 holds for ¢ = 1,2, 3. Denote

2
~ U3\ 2 aj
= 1 B R O [ - 4.24
u2 u2 +(U2) + a% uz, ( )
~ as ~ a%
G2 =2+ —d3, ¢1=4/1+ =5 1. (4.25)
az as

Since g is a simple eigenvalue of L, defined in (4.1]), the rest proof is similar to that
of Case 2. More precisely, we can conclude that (4.2) has exactly the following three
linearly independent solutions:

and

(61, P2, ¢3) = (0, —us, u2), (4.26)
2
a9 as as20as3
¢1, P2, P3) = ( w11, w12, wu), 4.27
( T g e d (4.27)
and )
a9 as a20as3
¢1, P2, P3) = ( wa1, w22, wzz), 4.28
( T g e g (4.28)

where (w11, wi2) and (w1, wee) are two linearly independent solutions of the following
linearized system

O+ 2(u3 + 43)p1 + 4(urdy + Gade)uy = —pdy in R, (4.29)
Y+ 2(u? 4 43) P + 4(urdy + Giaa)liy = —pgde in R.
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This proves the non-degeneracy of Case 3.
Case 4. Suppose pu1 = po = pug < 0. In this case, we deduce from Proposition [2.3
that there exists (a1, a2,a3) € R satisfying a; # 0 (i = 1,2,3) such that (uy,uz,us3)

satisfies
a;eMm®

fx)’
where and below 7; = /|ui| > 0 holds for i = 1,2,3, and f(z) is given by

1=1,2,3,

ui(x) =

(a% + CL% —+ a%) 62771:1:

flz)=1+
An?
Define
i 14 (22) 4 (2B 149, 9 (4.30)
u="u — —)" = — 4+ —=u .
! uq Uy a?  a} b
and a a
~ 2 3
¢ =1+ —p2 + —¢3, (4.31)
al al
so that
" + 20 = @ in R, (4.32)
and . . .
" +44%p = — ¢ in R. (4.33)

The nondegeneracy of (4.33)) yields that there exists a constant Cp € R such that
~ a a .
¢ =1+ —ds+ — 3 = Cotl.
ai ai
Moreover, similar to (4.13]), we have
a; " a; aq . .
(6= o) +20d +u+ud) (05— 2on) = —m (6~ 2or) B, j=12 (434

Since it follows from Proposition (iii) that p1 < 0 is the first eigenvalue of L,, defined
in (4.1]), we obtain that there exist constants C; € R (j = 1,2) such that

a; ]
¢; — o1 = Cjuy, j=1,2.
ay

Similar to Case 2, we can further deduce that the system (4.2)) admits the following three
linearly independent solutions:

(¢17¢27¢3) = (—’U,Q,Ul,()), (—’U@,O,’U,g) or (ullauéaug)7

and any solution of (4.2)) can be expressed as a linear combination of the above three
solutions. This further proves the non-degeneracy of Case 4, which therefore completes
the proof of Theorem m
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5 The General Case of N > 3

In this section, we discuss whether all main results of the present paper can be extended
generally to the N—component Schrodinger system ([1.1]), where p; < po < -+ < puny <0
and N > 3. We first have the following similar version of Lemma

Lemma 5.1. Suppose u = (u1,u2, -+ ,uy) € (HY(R))N is a solution of (1.1)), where
w1 <pg <o <puny <0and N > 3. Then we have the following N constants of motion:

N N , N
Do+ (You?) + Y pui =0 in R, (5.1)
i=1 i=1 i=1
N
2 2 2
Z (ugluﬂé - ujlu;é) + (Z ul) Z Hija W,
1<j1<j2<N =1 1<j1,52<N, j1#j2 (5 2)
2 2 ,
+ Z Ky (UQQ) + Z Hjy Hjp Wiy = 0 in R,
1<j1, j2<N, j1#j2 1<j1, j2<N, j1#j2
and the k-th (3 < k < N) identity satisfies
2
Z gy Bgg == oo (u;k—lujk - ujkﬂu;'k)
1<51 <2< <jp_o<N,1<jp_1<jp <N,
[T <i<cm<k(i—im)#0
N
2 2
+ (Zuz) Z Fjitgo = Fojp— Wy,
=1 1< << <Gt SN LGREN, T << (i) 70 (5.3)

1 \2
+ > gy Mo My (U5,)
1<j1 <o <1 SN 1< SN, T <y Gi—dim )70

2 o .
+ E : Fojibbga == Mgy Mg Uy = 0 in R.
1< <Go < <Jr—1 SN, 1< SN, TTh <icpr< i (G —Jm ) #0

Proof. The process of proving Lemma [5.1] is very similar to that of Lemma Espe-
cially, the k-th (3 < k < N) identity (5.3) is obtained through multiplying the j-th of
(1.5) by the following integral factor

' !
E : 2 [:U’jllu’h © Mo (ujujk—l - ujk,luj)ujkq
1<71<G2<-+<jp_9<N,1<jp_1<N,
i <i<m<k Gr—=dm) (G1—=7) (Gm—35)#0

i k—1 71

We leave the detailed proof to the interested reader. ]
In view of Lemmal 5.1} we then have the following two conjectures, which are expected
to be involved with more complicated algebraic analysis.
Conjecture 5.1. Suppose u = (u1,us, - ,uy) € (HY(R))Y is a solution of (L.1)),
where p; < po < --- < uy < 0 and N > 3. Then there exists a unique vector
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(a1,as,--- ,an) € RY such that the solution u satisfies

ui(z) = ‘f]f((;) i=1,2,--- N, (5.4)

where g;(x) and f(z) satisfy for n; = /|ui| >0,

Ji ( — alem + Z 777’ ) (77L+277])

771 + 77])
2 200 (. 4
n Z alajlajz (M = M52)° (i = m50) (i — mj5) o (mi+2n;, +2115 )@
T ¥ 03,15, (Mg 4 152)2 (0 150) (0 + 15)
_|_ ......
2
+ Z o H aid Jl 77]l) (njz — njm)Qe(eranl +21jp - +2n;, )T
1<jiciamiaiven Y00 , 771"‘77]1) 1<i<m<k (L0 + i)
+ ......
a;a ]l 772 njl)
+ > 1H T
1§j1<j2<---<jN_1§N (=1 N
(m, — njm)2e("]i+2"7j1+2"7j2+"'+277jN)$, i=1,2,---,N,
r<iemen i+ )
and
N 2 2
a; ) (77]1 77j2) DY PR,
R or I
Jj=1 477j 1<j1<j2<N 4 77j177j2(77j1 + an)
_l’_ ......
200 2
+ Z 1 H Me(2nh+2%+'"+2m)w
L 4E 5, (Mg, + Njm)?
1<j1<fa<-<jp<N =~ 1<l<m<k gt He 7 m
_|_ ......
200 2
n Z LN H ajl(n]l n]m) 6(277j1+277j2+“‘+277N)x-

2(n. . )2
j1=1, jo=2, -, in=N 1<l<m<N UH (5 + Mjn)

Conjecture 5.2. For pup < pg < --- < uy <0, where N > 3, (1.1) does not admit

any orthonormal solution u = (uy,ug,--- ,uy) € (HY(R))N satisfying (u;,uj) = &;; for
all1 <4,7 < N.
For any solution u = (uj,ug, - ,uyn) of (1.1), we next consider the following lin-

earized system of (1.1 around the solution wu:
ul + 2(22[:1 uz)qbl + 4(22\;1 ukgbk)ul =—ui¢; in R, i=1,2,--- N. (5.5)

If Conjecture 5.1 holds true, then we are able to prove the following non-degeneracy of

(6-3).

37



Theorem 5.2. Suppose u = (u1,uz,--- ,uy) € (H (R))N is a solution of satisfy-
ingu; Z0 fori=1,2,--- N, where 1 < pg < -+ < uny <0 and N > 3. If Conjecture
5.1 holds true, then u is non-degenerate, in the sense that the dimension of solutions for
the linearized system in HY(R) x H'(R) x --- x H'(R) is equal to N.

Proof. Similar to Lemma one can derive that (¢1, @2, - , @) satisfies the following
N constants of motion, which correspond to the linearized version of Lemma [5.1

N N N N
Z Py + 2(2 u?) (Z ulgi)l) + Z winip; =0 in R, (5.6)
i=1 1 i=1 =1

1=

/ / / / / /
Z (ujlujQ — Uj “jz) (¢j1uj2 + gy Gy — gy, — Ujy ¢j2)
1<j1<j2<N

> [(Z“g)ﬂjﬂjﬁh + (iumﬁi)uﬁu?z] (5.7)
=1

1<j1,j2<N,j1#j2 =1
/ / .
+ Z Hjlujzd)jg + Z leujéujzd)jz =0 in R,
1<51, j2 <N, j1#72 1<51,52 <N, j1#52
and the k-th (3 <k < N) identity satisfies
/ /
Z Mgy Kgo == B (ujk,lujk - ujk—lujk)

1<j1<jo<-<jp_9<N,1<j_1<jL <N,
[T <i<m<i(Gr—3m)#0

/ / / /
’ |:(¢jk—1ujk + ujk—1¢jk - ¢jk71ujk - ujkflquk)

N

E 2
* Ui Z Mgy Mgy vt ij_l’u,jkgf)jk

=1 1<j1<jo<-<Jrp_1<N,1<j, <N,

[T <i<m<i (Gr—dm)#0
) ) (5.8)
2

+Zui¢i Wi sl U2,

=1 1<j1<jo<-<jp_1<N,1<jp <N,

[T <i<m<k (Gi—3m)#0
; . . / /

" Hankg P (15, 05,)

1<j1<jo<-<Jp_1<N,1<jp <N,
H1g1<m§k(jl*jm)7ﬁ0

+ E : Mgy Mgy« Hpe 1 M Wiy, @5, = 0 in R.
1<j1<jo<-<jip_1<N,1<jp <N,
ITi<i<cm<k(Gi—im)#0

If Conjecture 5.1 holds true, then we can take a sufficiently large point —zo € R™ so
that

ui(xo) = [1+ o(1)]a;e”™, ul(xo) = [1 + o(1)]n;a;e™™ as — zg — +o0, (5.9)
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where i = 1,2,--- | N. Applying (5.6)—(5.8)), the same argument of Proposition then
yields that Theorem [5.2] holds true, and we are done. O

We finally comment that the proof of Theorem depends strongly on the assump-

tion p1 < po < --- < py < 0. Stimulated by Theorem [I.4] we guess that if y1; = p; holds
for some 7 # j, then the non-degeneracy of Theorem is still true for all N > 3, but
its proof is more involved with the inductive analysis, which is also left to the interested

reader.
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