NON-DEGENERACY AND QUANTITATIVE STABILITY OF HALF-HARMONIC
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ABSTRACT. We consider half-harmonic maps from R (or S) to S. We prove that all (finite
energy) half-harmonic maps are non-degenerate. In other words, they are integrable critical
points of the energy functional. A full description of the kernel of the linearized operator
around each half-harmonic map is given. The second part of this paper devotes to studying
the quantitative stability of half-harmonic maps. When its degree is +1, we prove that the
deviation of any map u : R — S from Mdbius transformations can be controlled uniformly
by ||u||i,1 /2®) deg u. This result resembles the quantitative rigidity estimate of degree +1
harmonic maps R? — S? which is proved recently. Furthermore, we address the quantita-
tive stability for half-harmonic maps of higher degree. We prove that if u is already near
to a Blaschke product, then the deviation of w to Blaschke products can be controlled by
||u||?q1 r2@m) deg u. Additionally, a striking example is given to show that such quantitative
estimate can not be true uniformly for all u of degree 2. We conjecture similar things happen
for harmonic maps R? — S2.

1. INTRODUCTION

1.1. Motivation and main results. The analysis of critical points of conformal invariant
lagrangians has drawn much attention since 1950, due to their important applications in
physics and geometry. One of the prominent examples is harmonic maps w : 0 — S”,
which are critical points of the Dirichlet energy

E(u) = / |Vu|*dz. (1.1)
Q

When the domain € is a subset of R?, £(u) is conformally invariant and this plays a cru-
cial role in the regularity theory of such maps (see Hélein [21], Riviere [30] and references
therein). The theory has been generalized to even-dimensional domains whose critical are
called poly-harmonic maps.

In the recent years, many authors are interested in the analog of Dirichlet energy in odd-
dimensional cases, for instance, Da Lio [11, 12], Da Lio and Riviere [13, 14], Millot and Sire
[271], Schikorra [31] and the references therein. In these works, a special but quite interesting
case is the so-called half-harmonic maps from R into S which can be defined as critical
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points of the following line energy
1 1
E(u)=— [ [(—Ag)*ul"dz. (1.2)
27 R

The functional £ enjoys invariance under the Mobius group which is the trace of conformal
maps keeping invariant the half-space R%. In fact, £ (u) coincides with [|ul|%, , ) 5¢€ (2.3)
below. Computing the associated Euler-Lagrange equation for (1.2), it is easy to see that if
u : R — S is a half-harmonic map, then w satisfies

N|=

(—A)u(z) = <%P.V. /R '“<Ti:“(3)’2ds) w(z) inR. (1.3)

s|?

Fundamental regularity of half-harmonic maps has been obtained in [13, 14]. A complete
classification has been known by [27, 12] (cf. Theorem 2.3 below). Associating' u =
(u1,us) to a complex function u = uy +1 us, all half-harmonic maps consist of the following
products and their complex conjugates

d
: T —
Yoa =€’ [[—= (1.4)
r — O
k=1
where ¥ € S, d = (ay, - -+, ag) With ap = x; + 1\ lies in the upper half plane H, and d =

deg u (see (2.19) for its definition). Modulo a Cayley transformation, the above expressions
are equivalent to Blaschke products or their conjugates.

Apart from the strong analogy to harmonic maps on R?, half-harmonic maps have intricate
connections to minimal surfaces with free boundary, for instance see [17, 25, 27, 23]. On the
other hand, in recent years, several papers were devoted to the study of the fractional Sobolev
space H'/? with values into the circle, in particular in the framework of the Ginzburg-Landau
model, see the paper Mironescu and Pisante [28] and reference therein. The simplest of such
spaces is H/2 (R;S).

The main purpose of this paper is twofold: First, we prove that each (finite energy)
half-harmonic map is non-degenerate by characterising the kernel of the linearized operator
around each half-harmonic map. Second, we study the quantitative stability estimates near
each half-harmonic map. The non-degeneracy and stability are crucial to the half-harmonic
map heat flow, which is an analogy of harmonic map heat flow. There are vibrant researches
along this direction by Sire et al. [33], Schikorra et al. [32], Wettstein [36]. An interesting
conjecture in [33] states that half-harmonic map heat flow only blow-ups in infinite time,
which is quite different from what we know about harmonic map heat flow.

1Throughout this paper, bold font u denotes a vector-valued map, while u means a complex-valued map.
2According to [26], we do have some maps u : R — S satisfies (1.3) but has infinite line energy. We do not
study it here.
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Evidently, differentiating (1.4) with ¥, Re ay,, Im oy, for k = 1, - - - | d respectively, gener-
ates kernel maps for the linearized operators Ly, ;. as
— Pyals))’

Ly, o(0) = (~Ag)o(z) - (%Pv/’% )% ds) o(a)
(L (o) — Doaly)) - (0z) — 0(y) o) ut

|z —y|?

(1.5)

where v € HY/?(R;S) with 1p,, 5-v = 0. Conversely, if the kernels maps of Ly, , are all gen-
erated by differentiating nearby half-harmonic maps, then we call ¥, 5 is non-degenerate.
Such property is also known as integrability in the context of minimal surfaces [1] and har-
monic maps [20]. The non-degeneracy of harmonic maps from R? to S? has been established
in [20, 8].

The study to non-degeneracy of half-harmonic maps is initiated by Sire et al. [34] and
Lenzmann and Schikorra [26]. The authors in [34] confirm the case when degu = +1.
The authors in [26] can deal with very special case of higher degree, more precisely, when
u=(x—1)"/(x+1)™. After a stereographic projection (or Cayley transformation) such u
is equivalent to 2™, z € S. Their approach depend on the symmetry of 2™ crucially. In the
present paper, we completely solve the non-degeneracy for all half-harmonic maps.

Theorem 1.1. Suppose u is a half-harmonic map R — S, then all the HY 2(R) maps in the
kernel of L., are generated by differentiating half-harmonic maps close to u. More precisely,
dimg ker L,, = 2|degu|+ 1. In particular; if u = €'V H?ﬂ(%)dj with {a;}s_, are distinct
and d; > 1, then

1

(z — ay)*

,Im

ker L,, = 1,R
er spang { e @&y

:s:L~W@J:L~wh}w.

The second part of this paper deals with the quantitative stability of half-harmonic maps.
To describe it, we note that half-harmonic maps achieve the minimum of H'/?(R;S) norm
in its homotopy class. Namely
Theorem 1.2. Suppose that u € H'/*(R;S). Then HquW(R)
holds, then u, or its complex conjugate, must be the form of (1.4).

> |degu|. If the equality

A natural question is that whether the discrepancy ||u||? — |deg u| can control quan-

HY/2(R)
titatively the difference of u from the half-harmonic maps. Naively, one expects a linear
control as

s 0=l < O (Iullsge) — ldegul) (1.6)

where C' is independent of w.

Such type of question has been raised for many other topics. For instance, Brezis and
Lieb [5] ask a similar question of the classical Sobolev inequality on R". Later Bianchi and
Egnell [4] obtain a quantitative stability estimate in the spirit of (1.6). Fusco et al. [18] prove
a sharp quantitative stability about isoperimetric inequality. To authors’ knowledge, other
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types of quantitative stability estimates include (but not limited to) [16, 24, 2]. Reader can
see their papers and reference therein.

Recently Bernand-Mantel et al. [3] prove a quantitative stability for degree +1 harmonic
maps from R? — S? similar to (1.6), whose proof is simplified by [22, 35]. Due to the strong
analogy between harmonic maps and half-harmonic ones, their works inspire us to prove the
following theorem. Denote

D(u) = [lullF)> g, — |degul. (1.7)

Theorem 1.3. For u € HY2(R;S) with degu = 1, there exists an o € Hand 0 € S such
that

||u - wﬁ,aH?‘{l/z(R) < 36D(U) (1.8)

If deg u = —1, then the above statement holds with .

The above theorem leaves us an intriguing question for half-harmonic maps with higher
degree. The answer to this could shed some light to harmonic maps with higher degree.
We find that there are some fundamental differences between the case degree 1 and higher
degree. For instance, in degree 1, 1y ,, is equivalent to ¢y ; after some harmless rotation and
Mobius transformation of H, while both sides of (1.8) is invariant under these operations.
Essentially, the stability estimates near vy ,, is equivalent to that of 1)y;. Thus we have a
uniform constant in (1.8). However, in higher degree we do not have such equivalence. For
instance, consider ¥y (4, q,) in degree 2. One can use Mobius transformation to bring «; to
i, but there is no control of a,, which might be very near to the boundary of H. Indeed, we
prove the following dichotomy for deg = 2.

Theorem 1.4. For any M > 0, there exists u € H'/?*(R;S) with degu = 2 such that

o= ol = M (e, —2) (19)
The function u we choose is a perturbation of 1y 5 with a; = j% +1 and ap = —j% + i

with j — oo. This exactly captures the dilemma in higher degree mentioned above. This
example shows that one should not hope the stability for higher degree as simple as (1.6).
Nevertheless, we can prove a local version of quantitative stability. Namely, if w is already
sufficiently close to some half-harmonic map, then (1.6) still holds.

Theorem 1.5. For any compact set ) € H, there exists 64 . with the following significance.
Suppose u € HY/%(R;S) satisfies degu = d > 0 and

lu =y ll51 /2y < dase (1.10)

for some ¥ € S and 5 € Q% Then there exists a constant Cyq . > 0 (independent of ),
V' € Sand a € Q¢ € H? such that

[ = Yo allFao) < CaneD(w). (1.11)
Here Q. = UyecqB:(p) with B.(p) are open balls in D.
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For harmonic maps, one can expect similar things happening here. We conjecture that
there is local version of quantitative stability, while no uniform one as simple as (1.6) holds
for higher degree.

1.2. Comments on the proofs. We briefly sketch the main idea behind the proofs of The-
orem 1.1-1.5. To show the non-degeneracy, we start with the harmonic extension (denote
as U) of any half-harmonic map w to R%. It has been proven by [27, 26] that the Hopf
differential of U

® = (|0, U* - 19,U*) —2i0,U - 9,U = 0. (1.12)

This actually implies U must be a holomorphic or anti-holomorphic function on H. If v €
ker L,,, then we anticipate its harmonic extension V' is also holomorphic or anti-holomorphic
on H. This is done by considering

®d =2U.V, =9,U -9,V —09,U -9,V —i(0,U -8,V + 0,V -9,U). (1.13)

Note that ® can be thought of the derivative of @ in (1.12). One can show that P =0
which implies V' is (anti-)holomorphic on H when U is (anti-)holomorphic. A crucial step is
defining W = V/U. Since u - v = 0 on R, then W is purely imaginary on OH. By Scharwz
reflection, we can extend W to a meromorphic function on C. One can show that ¥ has no
essential pole at infinity and thus W is a rational functions. By counting the dimension of
admissible rational functions, we get dimg ker L,, = 2|degu| + 1. This exactly matches the
dimension of parameters generating nearby half-harmonic maps.

The proof of Theorem 1.3 follows closely the approach in [22]. They use harmonic poly-
nomials to do the computation there, while here we use Fourier series of functions S — S
instead. Thanks to the fact that the H'/(S) norm and degree of any map u € H'/2(S;S) can
be written explicitly using the coefficients of Fourier series, the proof here is much shorter
than that in [22]. The proof of Theorem 1.5 is a carefully refinement of the case degree +1
and induction. Non-degeneracy can be used to prove quantitative stability estimates in some
cases. The reason behind this is that the linearized operator has a spectral gap on the orthog-
onal space of its kernel. For instance, one can see [4]. For similar approaches on fractional
Sobolev inequality, one can see [9]. There might be possible to prove Theorem 1.5 using the
non-degeneracy result we have shown. Since using Fourier series is more direct, we did not
pursue this direction.

To get an example violating the uniform quantitative stability, we choose to perturb )5
with oy = j2 41 and ap = —j2 + 1. For any u near to 15, we formally decompose it to
the sum of one part in the kernel of linearized operator at vz and the other part u  in the
orthogonal space. If v, is almost orthogonal to the kernel of the linearized operator at 1),
or 1,,, then one still gets (1.6). As j — o0, ¥, and 1,, has very weak interaction. The
four elements of ker L, split to two elements of ker L;,, and two elements of ker Ly, .
However, the element 1 € ker L, which corresponds to the rotation, can not split. This
gives us some hope to find u; which is almost orthogonal to ker L, but lies in ker Ly,
and ker Ly, approximately. One typical example is that u is 1 near 7% and is —1 near —j2,
which are centers of 1, and v, respectively, as constructed in (5.21). Once realizing this,
the only job left is making sure the infimum in (1.9) can be achieved by 1)5. This is done
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by using the implicit function theorem near /5. We are inspired by the modulation analysis
near Talenti bubbles, for instance see [10].

1.3. Structure of the paper. In Section 2, we give a detailed preliminary on (—AR)%,
HY 2(R) and half-harmonic maps. The equivalence of half-harmonic maps defined on R
and S is used implicitly in the following sections. In Section 3, we prove the non-degeneracy
of the linearized operator at each half-harmonic map. We divert to consider the stability
from Section 4. There we prove the quantitative stability for degree 1 and a local result
for higher degree. Section 5 devotes to constructing an example losing uniform stability.
Finally, we put some tedious computations in the Appendix which are needed in Section 5.

2. PRELIMINARY

In this section, we lay some foundations for half-harmonic maps. There are various per-
spective to define them.

2.1. Formulations on the real line.
Definition 2.1. Forany f : R — R, we define

(—Ag)2 f(z) = %P.V./RM@. 2.1)

|z —y|?
We call f € H'/?(R) if

| ()P
ey = gz [ =T oy < 02)

Suppose u = (uy,us) is a map from R into S. Here and the following we always assume S
is embedded in R? = C. Define the energy of u : R — S by

E(u) = 5 [ we (=)

21

[N

udzx. 2.3)

Using |u| = 1, it is easy to verify that

w(z) = =PV, /R '“(5‘2 - ";‘gy)%. 2.4)

(SIS

- (~An) 27

Consequently
E(u) = [ullfp @ = lualfneg + vzl g (2.5)
The functional £ is invariant under the trace of conformal maps keeping invariant the half-
space R? : the Mdbius group.
The critical points of £ are called half-harmonic maps.

Deﬁnition 2.2. Amap u € HY 2(R,S) is called a weak half-harmonic map if for any ¢ €
HY2 (R, R?) N L™ (R, R?) there holds

d (u—l—tqb)
Rl BN el < R
dt],_, \|u+to|
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Computing the associated Euler-Lagrange equation of (2.3), we obtain thatif u : R — S
is a half-harmonic map, then w satisfies the following equation:

(—Ag)? u(z) = (u : (—AR)%u) w(z) iR (2.6)

All the half-harmonic maps (with finite energy) have been classified by Millot and Sire
[27]. In the sequel, we identify R? with the complex plane C writing 2 = 21 +1i 5. We shall
write u = u; + iug for any map u = (uy, us).

Theorem 2.3 (Millot and Sire [27]). Let u € H'/? (R;S) be a non-constant half-harmonic
map into S. Let U be the harmonic extension of u to R?.. There exist some d € N, 9 € R and

{ak}izl CH={z¢€ C:Imz > 0} such that U(z) or its complex conjugate equals

d
; Z—«
Yoa =’ [[— 2.7)
aia Z — O
Furthermore,
1
||U||%11/2(R) - %/RQ |VU’2 dz =d. (2.8)
+
The above theorem says that the Stereographic projection
20 12 —1
S)=(—————— ) :R—=S 2.9
(z) <x2+1’x2+1) (2:9)

is a half-harmonic map. Actually one can verify it directly. It follows from (2.1) and some
computations that

1 1 S(x)-Sly), 4 2(22—1)

vise) = zev [ SOt (i ) 00
L [IS@)-SwP, 2
%/R |z — y|? dy_l—i—acQ' 1D

It is easy to verify that S satisfies (2.6). Therefore it is a half-harmonic map from R — S.

2.2. Formulations on the unit circle. Using the Stereographic projection in (2.9), one can
reformulate the problem by the maps from S to S. To that end, we parametrize S = {e!? :
0 €[0,2m)}. Let S(x) = €', S(y) = €'?, then

Az —y)?
(@ + )2+ 1)
Using z = S71(0) := S~!(¢'?), we can write f(x) defined on R to f(6) defined on S. By
the above identity and (2.1), we obtain

f(x):%pv./%dy: 2 lpy Mdﬁ. (2.12)

T+227  Jg |el? —el?|?

€0 — 72 = |S(x) — S(y)P =

[ SIS

(—Ag)

This leads to the definition of (—Ag)z.
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Definition 2.4. For any f : S = R, we define the

1+ 22 f() f()

N

(—As)2f(0) =

We call f € H'/?(S) if and only if

1 f(0) = F)P
1 /o) - 47T2//§x§ 7 g 100 < oo.

Using (2.12), it is easy to see that for any f : R — S,
12y = I1f © S i) (2.14)
Therefore S is an isometric isomorphism of H'/2(R) and H'/2(S).

Now for any map u = (ug,us) : S — S, we still adopt the notation u = u; +ius is a
complex-valued function, we define (—Ag)2u = (—Ag)2u; + i (—Ag)2us and

1
HUHH1/2(§ Hul”Hm S) + HU2HH1/2 =Re /Sa(_AS)QU- (2.15)

Here we have used the multiplication of two complex numbers and Re denotes the real part.

One readily derive that |[idg||%, ) = 1.

One also define the energy as £ ( ) = ||ul| and the the critical points of £ are called

H1/2
half-harmonic maps S — S, which satisfy
1 1 |u(6) — u(@)P?
Ag)? =|—PV. | ——7F— : 2.1
(—As)2u(h) (27r V. L e a2 dv | u(f) onS (2.16)

The isometry in (2.14) infers the one-to-one correspondence of half-harmonic maps between
R — S and S — S through the stereographic projection.

One of the great advantages of working on S is that we have the Fourier expansion.
Namely for any u : S — C, we formally have

o
u= E cpet? = g cx2®, where ¢, = ][uz_kdﬁ.
—00 keZ S

Using the fact that (—Ag)2 2% = |k|2* for any k € Z (for instance, see [34]), we have the
following interpretation of (—Ag)2,

(—AS)%U = Z |k|cx 2",

kEZ

l\:)\»—‘

consequently (2.15) implies
lallF o) = D IFllexl. (2.17)
keZ
Furthermore, if © maps S to S, then |u| = 1 is equivalent to

YlgP=1, > =0, VkeZ (2.18)

JEZ JEZ
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Recall that the degree (or winding number) is well defined for HY 2(S;S) by de Monvel-
Berthier et al. [15] (see also Brezis and Nirenberg [6]). More precisely,

degu = 2— udu = —/uAu9d9 = Zk|ck|2 (2.19)

Throughout this paper, we use the notation (z; 41 22) A (wy +iwy) = z1w — zowi. From the
above equation and (2.17), one can see that the degree is continuous in A 1/2(S; S) topology.
For u € H'Y?(R;S), we shall define degu = degu o S~'. We have the following simple
fact.

Lemma 2.5. If u,v € H'/%(S;S), then deg (uv) = degu + deg v.
Proof. Since u, v take values in S, then using (2.19) to obtain

1 1
deg (uv) = oy /Suvd(uv) ey /Sﬂdu + vdv = degu + deg .

O

Define D = {{ = x + iy : [¢] < 1} and consider S = JD. Recall that f € H'2(S) if
and only if it is the trace of some function in H'(ID). The energy for u € H'/?(S;S) has a
tractable representation

1
Huy@[m(s) 1nf{2 /|VU|2 U c HY(D; D) with TrU = u} (2.20)

This infimum is achieved by the harmonic extension of u. Since dU/dv = (—Ag)2u on S,
where v is the outward unit normal of 0D, then (2.16) is equivalent to

{AU:O in D,

2.21
g—(lf/\U:O onS. ( )

All half-harmonic maps, as classified in Theorem 2.3, are Blaschke products of d M&bius
transformations of D) or their complex conjugate. This can seen from Cayley transformation.
Recall that Cayley transform is a bi-holomorphic mapping € : H — I which is defined as

LA i

£= Q() z—l—l

Here and the following, we use £ to denote the complex coordinates of D and z to denote
that of H. Note that the boundary mapping of €(z) is just the stereographic projection (2.9).

(2.22)

By the one-to-one correspondence of half-harmonic maps in H'2(R;S) and H'/2(S;S),
one can obtain all half-harmonic maps in H'/%(S;S) from (2.7). More precisely, it consists

of Blaschke products {¢g 5 : ' € S, @ = (ay,- - ,aq) € D?} and their complex conjugates,
where
ol H £ (2.23)
1—a;§
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The parameters in (2.7) and the above equation are related by

d .
=€), V=040, f="_1 2.24
a; (aj), +; i € 1+ia, (2.24)
Using some integration by parts, the degree of u (see (2.19)) can also be defined by
1
degu = —/ U, N\ Uydzdy. (2.25)
)

Notice the following identity when U = U! + i U?
VU|? = (U} = U)* + (U} + U2)* +2U, AU, > 2U, AU, (2.26)

Since ¢y 5 1s holomorphic in D, ¢y z achieves the identity for the above equation. Combining
this with (2.20) and (2.25), we just proved (2.8) since

po.all /) = deg po.a = d. (2.27)
We show the proof of Theorem 1.2 to end this section.

Proof of Theorem 1.2. The inequality is trivial by (2.26). The proof of equality is essen-
tially contained in [28]. For the reader’s convenience, we include it here. Suppose U is the
harmonic extension of u. It follows from [|u|| 71,25, = |deg u| and (2.26) that

U,=U; and U, =U; inL*D).

By Weyl’s lemma, this is equivalent to U being holomorphic from D to . Moreover,
|U(2)] — 1 uniformly as |z| — 1 (see [6]). Then the result of Burckel [7] implies all
such maps must be Blaschke products. U

3. NON-DEGENERACY OF THE LINEARIZED OPERATOR

Consider the half-harmonic map u = u; +iuy : R — S, equation (2.6) is equivalent to
(—Ar)2u Au = 0. 3.1)
The linearized operator at u is
Luv] = (=Ap)7u A v+ (—Ag)2v Aw. (3.2)
We define
ker L, = {v=wv; +ivy € H1/2(]R;(C) s Ly[v] = 0, u301 + ugug = 0}.

Suppose V' = V; + 1 V4 is the harmonic extension of v to the upper half space H by Possion
kernel, then v € ker L, is equivalent to

{szo in H, 53)

oUNv+ 0,V ANu=0 on0dH.
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The stereographic projection induces an isometry between H'/2(R) and H'/%(S). For a
half-harmonic map u : S — S, one can also define the linearized operator

Lu[v] = (=Ag)Zu Av+ (—Ag)2v A u (3.4)
and ker L, = {v € H'/(S;C) : L,[v] = 0,Re ut = 0}.
Lemma 3.1. For any half-harmonic map u : R — 'S, let it = v 0 871, we have
Ly=Js(LgoS™)
where Js = (1 —sin 0) is the Jacobian of S. Consequently dimg ker L,, = dimg ker Lg.

Proof. It is easy to show that the Jacobian of § is

=1—sind.
Recall from (2.1) that
(—A%)7u(S(0)) = (1 = sin ) (—Ag) ¥i(0).
For any v € H'/2(R;C), denote # = v o S~! € H'/?(S; C), then
Luv)(z) = (—Ar)7u Av + (—Ar)2v Au = (1 — sin6) La[d)].
O

The operator L,, (or L,) arise naturally in the linearization of the energy functional £. To
see that, let us use u* denote the vector rotating u counterclockwise by /2. Any variation
¢ can be written as hu + hu™ for some real-valued function & and h in H'/%(R).

Lemma 3.2. Suppose that u is a half-harmonic map R — S and ¢ = hu + hul is a
variation satisfying |u + ¢| = 1. Then

E(u+ @) =E(u) + / hLy[h] + O(h?) (3.5
R
where the operator L., is given by
Lu=(~Ar)" — (u- (~Ar)*u) + R (36)
with the integral operator
lu(x
27T/ M—yP f@My (3.7)

Proof. The constraint |u + ¢|*> = 1 a.e. implies that 2h + h? + h? = 0. Then h = —%hQ +
O(h3). We have

St o) = +2 [ ¢ -Antu+ [ o (-dnte
—ews /R(“' (~Aw) )k’ + /R ¢ (~Ap)2¢p + O(h°).

-

(3.8)
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It follows from (2.1) that

[

(—Ar)Z (hut)(z) = ((—Ag)

M)WH@+%PV4U(Q:;QmwMy (3.9)
Using u™(z) - (u*(z) — u*(y)) =1 — u(z) - u(y) = 3|u(z) — u(y)|% we conclude that
L@¢»(—AR§¢ '/)ML+hu ) (—Ar)? (hu + hu')
/ hut - (—Ag)z (hut) + O(h3)
I WPy s
/szhz ht [L@ m—yP h(2)h(y)dzdy + O(H).

Plugging it into (3.8), we get (3.5). 0

Forany v = vy +ivy € H1/2(]R; C) satisfying ujv; + ugve = 0, we can write v = hi u for
some real-valued function i on R. Then one can verify that

Lu[v] = (=Ap)2u A (hiu) + (—Ap)2 (hiu) Au

—[(—Ag)Fu A uM—%—A@WﬁuAu)+%PV/ﬁ@M@_dmw)AM@h@My

R |z —y|?
=(u- (~Ag)2u)h — (~Ag)2h — Rh
= — L.[h].

Lemma 3.3. Suppose u is a half-harmonic map from R to S, then dimg ker L,, > 2|deg u|+1.
More precisely, for instance, if u = eV Hf: (m_aj) i with {a; }5_, are distinct and d; > 1,
then

1

1
ker L, O I,R 1 —is=1,,d,j=1, k siu
er Spang { € (Qj — @j)s m (x — aj)s S 5y J } 11U

Proof. Assume d = degu > 0. It is known that u takes form (1.4) if and only if there exists
co, -+ ,cq—1 € Cand ¥ € S such that

d d—1
0T Cq—1T +---4+cr+c
u = 0T T G T + G (3.10)
r? + Cq 2t -+ 1 + Co

with 2% + c4_12% ' + - -+ + 17 + ¢ has zeros all in H. This fact comes from the theorem
3.3.2in [19] (page 43) and conformal equivalence between D and H.

It is clear that changing the parameters ¥, c4_1,- - - , ¢y (complex numbers) of u contin-
uously yields a family of half-harmonic maps. Therefore, it generates kernel maps for the
linearized operators L,,. Taking derivatives of u on ¥, we get {iu} C ker L,. It is easy to
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see that for [ =0,--- ,d —1,
! !

. x r'u
Dot =€ = , 3.11
’ vt Gzt ozt [ (z— )b GAD
ol ol
D= = (3.12)
%+ Cqg1T +---tcar+ao szl(gj—aj) 3
Note that z € R. Taking derivative of u on the real part of c;, we get
. a!
Oe;u+ Og;u = 2iu Im — — (3.13)
j:1($ — )b
Taking derivative of u on the imaginary part of ¢;, we get
!
i (Ocyu — Oeyu) = 2iuRe —————— (3.14)
j:l(m — ;)%
Therefore, the R-linear combination of them must belong to ker L,,.
! 7!
ker L, D spang { 1,Re — — d_,Im - — d_:l:0,~--,d—1 1u
Hj:l(x — ay)% Hj:l(‘r — )%
1 1
= spang ¢ 1,Re Im cs=1,---,d;,j=1,--- k. piu.
P R{ 9 (SL’—O_éj)s7 (LU—dj)s S ) ’ ja] ) ) } Uu

Obviously they are all R-linearly independent, therefore dimg ker L,, > 2|d| + 1.

If d = 0, then obviously {iu} C ker L, and thus dimg ker L,, > 1. If d < 0, one can
prove similarly as above by working on the conjugate of w. U

Suppose that V' = (11, V5). We abuse the notation V' = V] 41 V5 and denote it a complex-
valued function defined on upper half plane H. We also adopt the notation 0, = %(EL, —10,),

Lemma 3.4. Suppose u is half-harmonic map from R to S. If v € ker L,, with degu > 0
(degu < 0), then V' is holomorphic (anti-holomorphic) in H. Moreover, V' can be extended
to a meromorphic (anti-meromorphic) function with possible poles at poles of U. In addition,
V o &1 is smooth on D.

Proof. We just prove the case degu > 0. Define the Hopf differential
¢ =2U,V,=0,U-0,V-0,U-0,V—i(0,U -9,V +03,V-9,U). (3.15)

Here in the middle we are using complex multiplication and V, = 0, V. Since U is holomor-
phic, then

_ _ N 1. —
Therefore ® is holomorphic in H. We claim that Im ® = 0 on OH. To see that, the boundary
condition in (3.3) means

0=0,VAu+(u-0,U)urNv=(3,V—(u-0,U)v) Nu on0JH, (3.16)
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which means

oV =wu-0,U)v+ (u-0,V)u, ondH. (3.17)
Since 0,u - u = 0 and J,u - v + u - d,v = 0 on OHI, then
o,u- 0,V +0,v-0,U = (u-0,U)0u-v+ (u-0,U)0,v-u=0. (3.18)

Thus we have shown that g(z) := Im ® vanishes on OH. By odd reflection across 0H,
we can extend the harmonic function g to all of C. However, since g is harmonic and g €
L'(R%) because U,V € H'(R2), we conclude that ¢ = 0 on C. Thus & is real-valued
and holomorphic, which implies that ® is constant. Since & € L'(R?), we deduce that
d(z) =0.

Now we have ® = 2U,V, = 0. Since U, only have isolated zeros in H, then V, = 0.
Consequently, V' is holomorphic.

We shall rewrite U as

k d
U(z)=€"]] (z:gf) (3.19)
=1 !

with a; € H which are different from each other. Then d; + --- + d;, = d. Now define
W = V/U. Then the previous argument implies that W is a meromorphic function on H
with possible poles at {«, - - - , ay }. The orthogonality condition says that u;v; + ugvy = 0
on OHL. Therefore the real part of W vanishes on OH because

U1 +iv  uUp + Ul U — UgUy

W= : 2 | .2 2 | .2
Uy + 1Usg uy + uj3 uy + uj

(3.20)

By Schwarz reflection principle, we can extend W to a meromorphic function on C (we
still denote it as W) by W(z) = —W for the lower half plane. Now W has possible
poles at {av, -+ ,p, a9, -+ ,ai}. The order of W at a; (or @;) is at most d;. Since U is
a meromorphic function on C, then so does V' = WU. The poles of V' are contained in
{ay, -, ag}.

Note that &;, j = 1,--- ,k, are all away from the OH. Therefore ' is holomorphic at
any point on OH. Since € is a holomorphic on H, then V o €~! is holomorphic in D \ {i}.
Because H'/?(R;C) is isometric to H'/2(S;C) through the stereographic projection, then
vo@ 1 e HY2(S:C). Thus v o €' € ker L,o¢—1. However, we can repeat the above whole
process by using another bi-holomorphic mapping between H and D, say (z —i)/(z +1), to
show that V o ¢! is holomorphic in D \ {1}. Combining with the previous statement, we
know V o ¢~ is holomorphic in D. O

Now we can prove the Theorem 1.1.

Proof of Theorem 1.1. We shall assume degu > 0 and U takes the form (3.19). Suppose
v € ker L,, and V is the harmonic extension to R?. Define W = V/U. Lemma 3.4 implies
that 1 is meromorphic on C with possible poles at {c, - -+ , g, aq, - - - , & }. The order of
W at «; (or @y;) is at most d;.
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We claim that W is bounded at infinity. Indeed, this just follows from the fact that ' o ¢!
is holomorphic in D and consequently V" is bounded on H.

Thus W is a rational function. There exists some polynomial P(x) such that

P(z)

ST

k
. Q) =[]z —a)b(z—a)™. (3.21)

The boundedness of W implies deg P < 2d. Since W(z) = —W(2) and Q(z) = Q(2), it
holds that P(z) = —P(z2). If P(2) = ¢co + c12 + - - - + c242%?, then one must have ¢; = —¢;.
The dimension of all such polynomials is 2d+ 1. Thus dimg ker L,, < 2|deg u|+1. Applying

Lemma 3.1 and Lemma 3.3, we conclude dimg ker L, = 2|degu| + 1. Furthermore, if
u = el? Hle(%)dﬂ' with {a;}¥_, are distinct and d; > 1, then
J

1 1
,Im

ker L,, = 1,R
er spang { e T—a)

cs=1,---,dj,5=1,--- ,k.}iu.

(z — ay)®
O

Remark 3.5. Translating the above results to half-harmonic map u : S — S (see (2.23)), we
can get

& & . .
,R :7=0,---,d—1 .
Mo —a) I —a) }

ker Ly = spang {1, Im

In particular, if u = £™, then
ker Lem = 1€™ spang{1,Im& ™ Re& ™™ :j=0,--- ,m—1}. (3.22)
Using £ = cos6 + 1 sinf on S, we can rewrite it as
ker Lem = 1€™ spang{1,sin jf, cos j6 : j = 1,--- ,m}. (3.23)

This recovers the result of Lenzmann and Schikorra [26, Proposition 6.2].

4. STABILITY OF HALF-HARMONIC MAP

We only need to show the Theorem 1.3 for d = 1. The negative case follows from taking
complex conjugate in the proof. The case d = +1 has a flavor of the main theorem proved
by Hirsch and Zemas [22] about the stability of harmonic maps S* — S? with degree +1.
We will use induction to prove a local quantitative stability for higher degree.

Denote the set of all maps in H'/2(S;S) with degree d by
A = {u e HY*(S;S) : deg u = d}. 4.1)

Lemma 4.1. For any u € A2 with |d| > 1, there exists ag € D such that f,u 0 ¢gq, = 0.



16 BIN DENG, LIMING SUN, AND JUN-CHENG WEI

Proof. Assume first u € H'Y2(S;S) N C™. Since |degu| > 1, then u is surjective. We will
write ¢ , = ¢, for short. Define

Fla) = ]éuo b= %/Su o b 42)

One readily knows F' is continuous and maps ID to D and F'(0) = f, u. Forany ¢ € 9D = S,
one has

lim ¢_,c(0) =C, VO#

r—1—

and this convergence is uniform on {a € D : |a + (| > €} for any € > 0. This implies
that lim,_,;- F(r¢) = u(¢) € S uniformly in ¢. Hence F is a continuous function on D.
Moreover, the Lerary-Schauder degree of /' with respect to O is the same as the winding
number of u (see [29]). By Leray-Schauder degree theory, there exists ag € D such that
F(ao) =0.

In the general case of a map u € A}, one can approximate u by a sequence of u; €
C*(S;S) with the property that

u; — u strongly with u € H*(S;S) and degu; = degu.

Going to a subsequence if necessary, we can assume u; — u a.e. S. By the previous
paragraph, there exists a; € ID such that

][ujogbaj:O.
D

We must have |a;| < 1—¢€y. Suppose not, then there is a subsequence, which we still label
it as a;, converging to some —( € JD. Then ¢,, — ( a.e on S and u; o ¢,;, — u(¢) a.e. on
S. So we can use Dominated Convergence Theorem to infer that

u(Q) = ]gu(C) = lim f u;jo0 ¢, =0.

j—00 S

However, since |u; 0 ¢,,| = 1,

(Ol = £ (O] = Jim f fus o 00, = 1.

This is a contradiction. Now we can assume a; — ao where a € I and consequently

][uogzﬁaO:O.
S

Proof of Theorem 1.3. By the Lemma 4.1, it suffices to prove the stability (1.8) for u € A4
with the additional assumption fs w = 0. This is due to the invariance of energy and the
degree under Mobius transformation of D, namely

E(u)=Eog,), deguogp,=degu=1 4.3)

O
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holds for any a € D and the group structure of Mobius transformations

Db © o = P atb . (4.4)

14+ab

If D(u) > 1, then
D) > 1= degu = [ull},.6) — Dlw), 45)

which means ||u|| < 2D(u). Consequently (1.8) holds. Thus for the following, we

2
H1/2(S)
can assume D(u) < 1.

Suppose that u =, _, ci2". By the previous step, we can assume ¢y = 0. Since u = 1
a.e. S, then

D) =l e~ ][ w? = Sk = 1(lel + eul?)

k>1
1 1 | ~
25 Z E(lex|* + |c_i]?) = EHu — et —c_je 9”?;1/2(8)-
k>2
That is
|u — cret? — c_le_i9||§-{1/2(g) < 2D(u). (4.6)

Again |u| = 1 a.e. S and (2.18) implies
3 lenl? + lesl® = 1.
k>1
Combining with the consequence of (2.19), that is
1=degu=> k(jee|> = |c_il?),
k>1

one obtains

L= lar? <) (el + lecil?) < D(u), (4.7)
k>2
1
2 2 2
le_1]® < 5;/6(\%\ —|c_i]®) < D(u). (4.8)

Therefore plugging in (4.7) and (4.8) to (4.6), we obtain

Ju— e 2 <9 [2D(w) + fleore ™ g + 1€ 5 = )€ 2

< 9[BD(u) + (1 — |er])?) < 9[BD(u) + D(u)?).
Since we assume D(u) < 1, then the above inequality implies
lu — emidSH%ﬂM(s) < 36D (u),
for some o). Therefore (1.8) is established.
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Now we plan to prove Theorem 1.5. Before that, let us make some preparations. First, we
can expand ¢, ; to be

dop =" Ay(b)2F (4.9)
k>0

-

where A (b) is some function for b for each k. For instance, for any a € D,

bo= = (2—a) Y od=—at ) (1—laf)a" " (4.10)

1—az
k>0 E>1

Since ¢, = €@y, - - P, one knows Ag(b) = (—1)d]_[?:1 b;. For any vector b € D’

and a set Q@ € I, we abuse the notation that b € Q¢ if b = (by,- -+ ,bg) with b; € € for
i=1,-,d.

Lemma 4.2. Suppose ) € D is compact. There exists a eq > 0 and Nq such that, for any
Blaschke product ¢, ; with b € Q°, we have

-

max {|A4;(B)]} > eq. 4.11)

1<i<Ngq

Proof. Lete(N) =3,y | A, (b)[2. By the assumption, there exists €; = ¢; () such that
A(B))? <1 —e, VbeQl
By the property (2.18), we get } -, |A(b)[> = 1. Then

S AP = e - e(N).

E>N+1

Since deg ¢, ; = d and (2.19), we get 3, -, k|A,(b))2 = d. Then

> kAD)? < d—e(N).

E>N+1

Compare the above two inequalities, we get
d—e(N) > (N + 1)(e — e(N)).

Now we choose N, such that (N + 1)e; > d. One readily see that

1
€(Nq) > N_Q[(NQ +1)e —d.

This implies (4.11) holds for eq, = (e(Ng)/Na)'/2. O

Proposition 4.3. Suppose 2 € D is compact. There exists a constant Cq, such that, for any
u € AL and b € Q7 we have

|u — ¢1<,1,EH3:2(S) < Cq (Hu - ¢19,6H§yl/2(§) + D(u) + D(u)z) . (4.12)



NON-DEGENERACY AND STABILITY OF HALF-HARMONIC MAPS 19

Proof. Without loss of generality, we will assume 9 = 0 in the assumption, and write ¢, ; =
¢5 for short. Suppose that u € A% with the Fourier expansion u = ez cp2¥. By (2.17),

(2.19) and (1.7),
D(u) =Y |kllexl* =) klex* =2 [kllexl*. (4.13)

keZ kez k<—1
Now since u — ¢y = > (cx — Ap)2" + 37, cr2", then
= S5l 2 = D Klew — 4B + D [kllexf? (4.14)
k=1 k<-1
and
lu = dgl3ae =27 Y lex — Ax(B) +21 Y il (4.15)
k>0 k<—1

Combining (4.13), (4.14), we get

I = d5l3a0) < 27 (1eo = Ao(B) + l[u = 65l + D)) . (416)
It suffices to establish the following claim.

Claim 1. There exists a constant Cq independent of u and b such that

=,

In fact, Lemma 4.2 implies that there exists 1 < k < Ng such that |Ax(b)| > eq. Without

-

loss of generality, we assume k = 1 and |A;(b)| > €q. The following proof still works for
other k£ with minor modification.

Since |u| = 1 and |¢;| = 1 a.e. on S, (2.18) implies
CoC1 = — Z éjchr]_, /_10141 = — ZAjAjJrl. (418)

JE€Z\{0} j=z1

Here for the time being we write A;(b) = Ay for short. Subtract two equations and make
interpolation

Ai(eg — Ag) = — Boler — A1) = Y [0 — AAjn] — Y Giein

i1 j<1
=— (1 — A1) = > (6 — A + Aj(cjm — Ap) — D Eiej.
i1 i<

Applying Holder’s inequality to get

[ Asllco — Ao| < (Z lej — Ajl2> (Z le5* + IAj|2> + D (w)] + [e-1co| “4.19)

Jjz1 Jj=0

< 2fju = Ggll g172(s) + [ D(w)] + v/ D(w).

By our assumption |A;| > €q, the inequality (4.17) holds.
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Lemma 4.4. Suppose ) € D is compact. For any € > 0, there exists g > 0 such that if
u € A¢ and

Ju — ¢19,E||12ﬁ[1/2(§) < O,

for some ¥ € S and b € Q7 then the harmonic extension of u has at least one zero at
Q. = UpeaB:(p). Here B.(p) denotes an open ball in D.

Proof. Suppose u = Y., _, c,z*. The harmonic extension U of u are simply U(z) =
D k0 k2 + Do cxZ" where z € D. Therefore

=, m
U — %,EH%Z(D) =7’ Z o — Ak(b)|2 + Z |Ck:|2 = 5”“ - %,5”%2(5)- (4.20)
k>0 k<—1

Suppose € > 0 is small enough such that (2. € D. Otherwise, Leray-Schauder degree theory
tells us the conclusion holds obviously.

Since U — ¢, is a harmonic function in [D, then by the interior estimates

1U =0y 5llcory < CocllU = éyjll2m). (4.21)

By the property of Leray-Schauder degree, there exists n = n(2,e) such that if |U —
¢1975|C«0(395) <mn, then

deg (U, €2, 0) = deg (¢ €2, 0).
Thus, we choose o = 21*/(7C3 ). The above equation will be true for any u satisfying
|u — (/éﬁ’gH?.{l/Q(S) < 0q.. However, the zeros of ¢ are by, by, - - -, by, which all contained

in ). Therefore deg (¢, ;. €2,0) = d. The above identity means u has at least one zero in
Q.. O

Finally, we give the poof of the local version of quantitative stability.

Proof of Theorem 1.5. Here we work on the norm H'/2(S), but one can easily translate
results to norm H'/2(R) by (2.14). Without loss of generality, we will assume ¥ = 0 in the
assumption, and write ¢, ; = ¢; for short. Choose any ¢ < dist(£2,0D)/2 and fix it for the

rest of proof. Obviously 2. € D. Suppose u € A¢ and
lu = G5l /2(6) < dase (4.22)

holds for some small d,¢ ., which is to be chosen later. If D(u) > 040, then we can take
@ =band ¥ = 0. Then

lu = borallf126) < CaneD(w) (4.23)
holds for Cy . = 1. Therefore, we will assume D(u) < 640, for the rest of proof.

Claim 2. It suffices to prove the theorem for u € A with the additional assumption fs u = 0.
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Indeed, it follows from Proposition 4.3 and Lemma 4.4 that there exists Sd@,g such that if

da0.e < &QE then the harmonic extension U of u has a zero, say a, within €).. Now consider
u o @,. It satisfies fs uo ¢, = 0, because u o ¢, = > cr¢F, and

/u 0pa =Y cr(—a)+ > ep(—a)f =U(-a) =0. (4.24)
s k>0 k<—1
Since composing Mébius transformation does not alter the H'/ 2(S) norm,
H’LL o ¢a - ¢E ° ¢aH§;1/2(S) < (Sd,ﬂ,e-
Moreover ¢; o ¢, = ¢z with
bl’ +a .
i = = —abia :17"'7d'
%= Tran Ol
Note that a belongs to a compact set €2, which just depend on 2. Then Q o ¢, := ¢_,(Q) is
uniformly away from 0D, because for any z € ()
2
ztal”_ (1—laP)(d —]2[%)
1—[p_a(2)]* =1— = >dtQaD
[9-a(2) 1+az 11+ az|? 6 ist( )?.

Suppose for Q2o ¢, and w0 ¢,, we have find d4 004, & such that there exists @’ € Qo ¢, + Bz(0)
and?’ €S

||u © ¢a - ¢19’,5’ H]Qip/z(g) S Od,Qod)a,éD(u o Cba)'
Here € is chosen to satisfy
0a(Q0 ¢y + B:(0)) C S, Va € Q.. (4.25)

Take 5d7Q’5 = min{gd,g,e, iIlf{(Sd’Qo(zsmg Ta € QE}} and CCLQ’E = Sup{C’d,Qo%,g rac Qs}
Again since (2 o ¢, is uniformly away from JD, one must have d, . > 0 and Cyq . < oo.
Then for d,4 -, we can find @ such that (4.23) holds with Cy , .. Moreover, (4.25) means that
a can be chosen in (.. Therefore Claim 2 is proved.

With the above claim in hand, we will prove the statement by induction.

Suppose d = 1, we write b=b, in (4.22). Theorem 1.3 guarantee the existence of @ = a
such that (4.23) holds with C . = 36. It suffices to show |a; — by| < € if 01 o is chosen
small enough. If fact, if (4.22) and (4.23) holds, then

1606, = Sor.ar /25y < 2l = Goi (o) + 20t = rar 26y < 1000106 (4.26)

Direct computation shows that
2 , b — ay 2
1—ab| |
b1 — a1] < 20/d10..

Choose 01 o - small so that |a; — b;| < €. This proves the case d = 1. Now by induction, we
can assume the theorem holds for the case d — 1 with d4_1 o and Cy_1 .

190,60 =071 125y = 19—y, 1o — idsl[1/2(s)
¢ 0= (1 _ ‘u

Now it is easy to deduce that

2 'bl—al

1-— (_llbl
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Claim 3. There exists 5d_17915 such that if 640, < 3(1_1,975, then one can find b € Q%! such
that

H’U/Z - (bg/H?'{l/Z(S) < 6d71,Q,€- (427)

To prove the claim, we notice that ¢; is invariant under the permutation of b;. Without loss
of generality, we assume || < - - - < |by|*. Recalling |Ag(b)| = [Ti<k<q|bk| and (4.17), we
get |by| < 106;7/37%. Let b = (by,- -+ ,bg) € Q41 By the Cauchy inequality

HUZ - (bEIH?L'p/z < 2||UZ - Z¢b||H1/2 + 2H2¢b ¢b’HH1/2 (4-28)
One can compute that
luz = 205 3p1/20) = It = S5y = D IKllens = A (0)F = D [klles — Ak(B)I?
( (S)
== o — A®)* + ) lel® < D(u)
k>1 k<0
Notice that
1—02

H§¢b ¢b/"Hl/2(§ ” ¢b2 T ¢bd - ¢b2 T ¢bd’|§ql/2(g) — 0 (4-29)

1— Blz
as 040, — 0. Therefore, choosing 6, . small enough, we can get (4.27).

Therefore, by induction, we have ¥ € S and @’ € Qg/’; such that

Huz - ¢19’,6/H12L'I1/2(S) < Cdfl,QE/Q,sD(uz)- (430)
Claim 4. We claim that there exists Cyq . such that
||U — Z¢19/751||§_~11/2(S) S Od7978D(U). (431)

Indeed, since uz = >_ cpy 12",

=237 Jhlleweal =2 3 I+ Lol +2 Y Jen

E<—1 k<—1 k<-1

(4.32)
=D(u) +2) _ |ex]* < 2D(u).
k<0
Here in the last step, we have used ¢y = 0. Then (4.30) and (4.32) imply
||u2 ¢19’ a’ ||H1/2 < 2C(cl 1QE/Q,ED(UJ)- (433)

Since u — zgg @ = > (cr, — 'V Ap_1(@))z*, then
lu = 26g 312y = 2 IKllex — €V A (@) =) |/<? + 1 [exsr — €V Ay (@)
=|luz — ¢y a ||H1/2 +Z|0k+1 — A (@) - Z\CH?

k>0 k<0

3such ordering might not be unique, but it does not affect the proof
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Since (2.17), we have Y, klcgsy — € A (@)[* < [uz — gblgfﬁlﬂzw(s)

||U — ZQS@/@/H%IUQ(S) SQ”UE — gbﬁ’ﬁ’”%{lﬂ(g) + |Cl - eiﬁ’AO(C—iNZ

o (4.34)
<4Cg-1,9, e D(u) + |er — € Ag(a@) .
Since |u| = 1 and |y 77| = 1 a.e. on S, (2.18) implies
Ci1Cy = — Z chj-i-la /_loAl = — ZA]‘AJ‘_H. (435)

JEZ\{1} Jj=1

Here and the following we write Ay (a’) = Ay, for short. We subtract two equations and make
interpolations.

6“9/141(51 — 6_119,140) = — 61(02 — Biﬂ,Al) — Z[chj-i-l — A’le—lAj] — Z chj—l—l

i>2 <2
= — él(CQ — €i19,A1) — Z E]’Cj+1
j<2
> e —e A e+ e A (e — €A

j>2

Applying Holder’s inequality and (4.33), we have

|Asller — €7 Ag| < (ch—e”’Aj_lF) (Z|cj|2+|Aj|2) + D(u)

i>2 i1 (4.36)
< 2l[uz — by | gr/age) + D) < 3\/2061,1795/2,517(“).
Here we used D(u) < § < 1. Using Lemma 4.2, we have
1 — Ag| < 365! \/2Cd,1,96 e D(w). 4.37)
Plugging this back to (4.34) to get
lu = 269.all725) < CagneD(u) (4.38)

with Cya. = (4 4 18¢5)Ca_1,, ,.- The (4.31) is proved.

Having established Claim 4, we can see (4.23) holds with the choice of @ = (0, d’) € QF,
da0.e = min{dgae, da—1,0.} and Co 4. = max{(4+ 18653)0(1_1,95/2,5, 1}. The induction is
complete. U

5. A COUNTER EXAMPLE FOR HIGHER DEGREE

In this section we shall prove that there is no uniform stability. Recall that all the half-
harmonic maps from R to S with positive degree can be written in (1.4). Within this section,
we will assume «; = x; +1\; with 2; € R and \; > 0. Then

T —riHiAM T —m—iA

Yyq=e (5.1)

T—T1 1IN T — 20 FiNy
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One can equip H'/?(R, R?) with the inner product,

(@1(7) — 1(y)) - (P2(x) — P2(v))
(@1, 2) = 5 //RXR P dady. (5.2)

If ¢, is smooth enough, then RHS of the above equation can be written [, ¢, - (—AR)%QJ&Q.
We shall abuse the notation by denoting (¢, ¢y) = [ @y - (—AR)%qbz for all ¢y, ¢, €
HY 2(R,R?). It should be interpreted as the RHS of the above equation. Let us use Pt

denote the vector rotating v counterclockwise by 7 /2. If ¢, = hl’(pfi 5z and ¢, = hgipj,&
with hy, hy € HY?(R;R), then

(s o) = /R It (—Ag)* (hots )

(5.3)
1
— [ et o [ Quate.phi(e)haly)dody,
R T JJRxR
where
Yy (1) — Py 5 ()]
Qoale,y) = Loat?) = YosWI (54)
|z —y|
Remark 5.1. For instance, in the very special case 1\ = i;—:\\;, then
2\2 (2% — 42 20y — 2) (N2 — a2y
(@) = v(y) = 3 <2 7 ) oy T1 (2 2)( 2 2>-
(A2 + 22) (N2 +32) (A2 + 22) (A2 +12)
Then
[¥(x) —¥(y)® AN
= == . 5.5
A= T T e ) o
It follows from the non-degeneracy result that ker £ = span{ K, Ky, K3} where
2 — \? 2\T
Ki=1 Ky=——, K3= )
1 ) 2 l'2+)\27 3 :L‘2 + 1

Then it is easy to verify that
(K, Koph) = (K, Ksyp) = (Kop™, Kayp™) =

Getting back to degree two case, we will mainly work on the case ¥ = 0, a; = j? +1 and

as = —j* +1 in this section. For brevity, such ¢y z will be written ¢, for short. Denote
) =y (B0t Qo) = B0 56
Lemma 5.2. One can compute that
P = (mél—(ly';;]]‘;ix(? 2 G-
Oz, y) — 16(1 + zy + j4)? (5.8)

[+ (2 =22+ (e 4+ 220+ (v = 22+ (v +52)2)
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1
/R,Oj = % /VRX]R Qj =A4r. (59)

We always have

Proof. By a straightforward computation, one can get (5.7) and (5.8). Note that ||¢]-H§.{1 pE) =
|deg v;| = 2, then we have
1 2
/Rp] = % /RXR Q] = 27TH¢J'HH1/2(R) = 47?. (510)
O
Introduce the notation
2 2(x — j°)
K =1, K = — K =
1(7) =1, Kalw) (r— 2211 3(v) (z— 22+ 1
" (5.11)
Kiw) = oy Kolo) = bl
R e R N O
It is easy to know ker ij = span{ K1, K, K3, K4, K5}.
Define j = (Jkl>1§k,l§5 with
T = Kby, Kipy). (5.12)
Lemma 5.3. For any j > 0, one can show
2(2+ Y7 —2j°%7
Jin =4 Jig=—"""—=J Jiz = =—J
11 , 12 A1 14, 13 A1 15,
y | 258 + 554 +5 J —2j2 254 +6
= _— = —— = —FF7
2j%(j* +3) 3jt +1 25%(4* +3)
Jor = Jyz=1(1 = J J3y = —
25 Gt 1) T, J33 + G 1) T =Js5, J3u TESDE T,
2 — 254 252w
e Tis = J. Jie —
35 (j4+1>27ﬂ 44 22, 45 ( 4+1)2

The determinant of J = (J1)1<k <5 IS
78(351 + 22512 + 5158 4 4854 + 16)7T5

det 7 = 5.13
7 RN o
Proof. We shall use (5.3) to compute all the inner products. First, let us compute (—AR)%KZ-
for: = 1,---,5. It is easy to know (—AR)%Kl = 0. By the extension method, we can
obtain
1 0 2y + 2 2(1 — (x — 52)?
(_AR)éKQZ__ ‘2:[2/ 2 ( ( ‘5337
Oyly=o(z — 722+ (y+1)*  (1+(z—35%)?)
1 0 2(x — 52 A(x — 52
(—Ar)2 K3 = —-- ~2(2 /) 2 — : ]'2>2 2
Iyly=o(x — 722+ (y+ 1) (1+(z—j%)?)
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) 2y + 2 _ 20— (=+4%)?%)
(—=Ar)> Ky Iyly=o(x + 522+ (y+1)2  (1+ (z+5%)2)
T Y MR

) s = g o PP+ G 2 (Lt + PP

Using (5.3) and (5.8), we can compute each J,; = (K| kd)jl, Kﬂ,bj) respectively. Since the
integrals here involve only rational functions, we take advantage of a symbolic software,
Mathematica, to aid our computation. U

Proposition 5.4. Fix any j > 100, there exists d; such that for any u with ||u —1p; ||H1/2(R) <
d;, then there exists a unique ¥ = ¥(u), @ = d(u) satisfying

/u (M) (g¥55) =0, VgekerLy, . (5.14)
R
Proof. Define the following function

d: H/2(R)xS x H? — R°

(’U,, 197 O_Z) = <<u7 K119,07>7 <’Ll,, K%,Ey’>7 <’U,, K??,d’>7 <u7 K§,6>7 <’U,, K159,07>)

where K7 ; are obtained from ker Ly, . = span{K 5, K} 5, K} 5, K} 5, K} 5}. More
precisely

2\ o\ (z — 1)
K. =vi. K2.= L LK="
9,0 ¢19,a’ ¢,a (.T _ 1:1)2 )\% wﬁ,oﬂ 9,0 (QZ _ xl) + )\2¢19 a»
202 2ha(x — 12) G-15)
K= Kjo=—"
4,0 (l‘ _ IL‘Q) n /\21/"19 a 4,0 (ZE _ 1'2) + )\Q’wﬁa

Such @ is well-defined, because u and K7 ; all belong to H'/?(R;R?). Moreover, since
K i?,& depends on ¥, @ smoothly, then ® also depends on ¥, & smoothly. Since the inner
product (5.3) depends on its arguments smoothly, consequently ® depends on u smoothly.
Moreover, since [, ¥y 5 - (—Ag) 2K§a NG wﬁa K}y ; = 0 for any 9, d and
t=1,---,5, then

O(u,d,d) = ®(u — 1Py 5,9,d) = ®(vyq,V,d). (5.16)
Here we introduced the notation vy 5 = u — Y 4.

We intend to apply implicit function theorem to ® at (¢);,0, (j* + i, —j*> +1i)). The
Jacobian matrix with respect to parameters ¥, @ at (1;,0, (j> +1, —j* +1)) is

Jace(;,0, (5% +i,—j> +1)) = (059,05, P, 0\, P, 0,, D, 05, )" (5.17)

If9=0andd = (j>+i,—j>+1i), we will write v; = u — 1, ; and K, = K}, ; for short.
At (1;,0,(j* +1i,—j* +1)), one has v; = 0 and K; = Kﬂ,bj, where K; are defined in
(5.11). Therefore using (5.16), we have

Oy® = ((Dpv;, K1apy), (Oyv;, Kawpy ), (090, Ksipi ), (D9, Kaahy), (Ogv;, K51 ).
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Similar equality holds for d,, ®, 0y, ®, 0,,® and 0,,®P. Furthermore, one can compute that
Oyv; = —Ky1p; and

P A__—Qq/,l__Klbi 9 A_Mq/,l__}(q’bi
xlvﬂ_(x_j2)2+1 J 2% Alvﬂ_(x_j2)2+1 J 3%
—2 —2(z + j%) 19
Op0; = ————apt = —Kap+., Ohv; = ——— 22 aht = —Kahr.
Ivj <$+j2)2 I 11)0] 4¢]7 /\QUJ (SIZ’+]2>2 + 1¢] 5,()0]
Plugging in these computations to the Jacobian matrix and using Lemma 5.3, we have
det Jace(vp,,0, (j° +1, -5 +1)) = —det J = =37" + O(1/5*) # 0. (5.19)

The implicit function theorem gives that there exists ¢; > 0 and unique smooth functions
J(w), v1(w), 22(w), i (w), Ag(u) such that for any u with [[u — 4[| g1/2(z) < 0; one has
O(u,v,d) =0, where @ = (ay, ), ay = z1 +1A; and g = x9 + 1 Ay. That is

/ u - (—AR)%(gv,béﬂ) =0, VgekerLy,. (5.20)
R
O

We recall a function defined in [6]. For any j € N, define f; on R as

1 if [z] < j,
filw) = 2—REEL i j < 2] < 2, (5.21)
0 if |x| > 52

Lemma 5.5. There exists some uniform constant C' such that || f;||3,,,, < C/|log j| for all
JjeN

Proof. We extend f; to R% by replacing || with |(z,y)|. Since

T L . . 2 D) .9
O,f = | PrAgg 1T S VYIS (5.22)
! 0 otherwise.
One has a similar expression for J, f;. Then
1 1 C
Oufil? +10,1%) = / ——dzdy < —. (5.23)
Therefore by (2.20), we get the conclusion. 0

For any 7 > 100 we define
hiz) = fi(z = 5%) = fi(z +5°). (5.24)
Ml 12y < €/ log .

Then A is an odd function. Moreover,
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Lemma 5.6. For any j > 100, we have

/ p;ih? = 4r 4+ O(1/), (5.25)
R
and
1
o / Q;(x, y)h(x)h(y)drdy = 4m + O(1/5). (5.26)
T JJRxR
Consequently we get
/ hLy,h =O0(1/logj), (hap;, hapy) = 4w+ O(1/ log j). (5.27)
R
Lemma 5.7. For any j > 100, we have <h¢j, Kﬂbj} =0,
(hpy, Kopy) =+ O(1/4), (b}, Kagpy) = O(1/57), 528
(o, Kygpt) = =7+ O(1/4),  (hapt, Ksip) = O(1/52). '

In order not to interrupt the main thread of this section, We will defer the proof of these
two lemmas to the end of this paper.

Lemma 5.8. There exists € with the following significance. For any € < ¢;, there exists h |

such that u = ehﬂ/)jL +1 - 82hi’¢j satisfies

/u.(—AR)%(Kﬂpj) =0, i=1,2,3,4,5. (5.29)
Furthermore, ’
/R hiLy by = O(1/log ) + O(c). (530)
(hitps, hivp;) = ?w+0(1/1ogj) + O(e). (5.31)
Proof. We can take
hy =h—cK; —cKy—c3K3—calKy — c5K5 (5.32)

with ¢; to be determined. Define a map
d:R, x R® —» R®

(5.33)
(gv 5) |—>(<’U, Kl’(pj_% <’U, K2¢j_>7 <IU7 K3¢j_>> <’U, K4'¢j_>7 <’U, K5¢j_>)
where ¢ = (c1, ¢2, ¢3, ¢4, ¢5) and
eh?
v=hp; — L . (5.34)

V1—¢e2ht +1
The map ® is well defined because v and Kl-zbj all belong to H'/?(R). Ate = 0, ®(0,8) = 0
if and only if

j(017027c37 C47C5>T = (b17b27 b37b47b5>T (535)
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where O; = <h¢j, Kiwj), 1 =1,2,3,4,5. Since J is non-degenerate, by Lemma 5.3 and
5.7, we get c; = O(1/j), 2 = 1/3+ O(1/j), ez = O(1/5?), ea = —1/3 + O(1/j), and
= O(1/7?%). We denote the solution of the above equations as .

Note that the Jacobian of ® at (0, ) is
(00, ®,0,,®, 0., @, 0,,®, 0., 8)(0,8) = —T

Again the non-degeneracy of 7 implies that we can invoke the implicit function theorem.
There exists £; > 0 such that for any 0 < ¢ < ¢;, there exists ¢ = ¢(¢) = ¢, + O(e) satisfies
(e, ¢) = 0. That is,

/v (—Ap)2(Kap?) =0, i=1,2,34,5.
R
Consequently u = ev + 1, also satisfies the above orthogonality. Using the form of v, one

readily check u = ¢h g,bjl +/1—e2h3 ; takes the desired form.
Since K; € ker ﬁ,p],, then

/mﬁ%m :/hﬁw h+0(2) = O(1/log j) + O(e), (5.36)

where we used (5.27). To establish (5.31), we just need to use the results from Lemma 5.3,
Lemma 5.6 and Lemma 5.7.

5 5
(hitpy, hiapi) = (haps — Z Kbt haps — Z Kt )

= (b}, hapy) —2Zczhwj,K¢ +chcmd
k=1

2 2 1 1
—dr—Sr—inppycz 1/1og j
T g 37T—|—37T+37T+O(/ogj)+0(5)

10
=g +O(1/logj) + O(e).
U

Proposition 5.9. Fix any 5 > 100. Suppose that h, and w are obtained from Lemma 5.8.
Then there exists €; such that for € < €; the following infimum is achieved at 1) ;.
inf flu— wﬁ,d’”%ﬂﬂ([{g | — ¢ ||H1/2 = 52<hl_a hi)+ 0(53)- (5.37)

9€S,acH?

Proof. Since degree is continuous in HY 2_topology, there exists e’ such that if ¢ < &', then
lu — ;| /2wy < 1 and degu = degp; = 2. First, we claim the infimum is achieved.
Indeed, take a minimizing sequence, U5, 4y = (a1, o) such that

ot =y =, f = gl k—oo (539
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Since |1y, 4, || H2R) = 2, going to a subsequence necessary, ¥, 5 converges weakly to
... Due to the specific form of 1, 5 . 9, can takes three possible forms 1y (o 0x)s ¥, a.>

194 1604
and e'”*. If ¢, = 1,_,, ore'’, then |, ||H1/2(R) <1.
|u — 1/)*HH1/2(R) < h,fgg}f |u — ¢ﬂk,ak‘|H1/2(R) < lu- ¢j’|H1/2(R) <1 (5.39)

On the other hand, by the Young’s inequality and (2 2), we obtain

HUHHl/z(R) = 2H¢ “Hl/z(R Hu b, HH1/2(R) <2 (5.40)

However, this contradict to the fact that degu = 2 and Theorem 1.2. Therefore we must
have ¥, = 1y (41 1), then ||1,b*||§{1 m) = = 2, consequently 9,5 converges to 1), strongly

and 1), is one minimizer.

Suppose J; is defined in Proposition 5.4. Apparently, there exists €; > 0, such that for
€ < ¢;, one has ||u — ¢j||H1/2(R) < %6]-. Then any minimizer v of the infimum satisfies

19 — oy < 20 =l + 2ot = 51

(5.41)
< Afju - 'lvij?'{l/?(R) < 5]2"
Suppose u can be decomposed to
u=fp-+/1— f2. (5.42)
Since the infimum achieves at 1), then
/u (=Ap)2(gypt) =0, Vg €kerLy. (5.43)
R

It follows from Proposition 5.4 that for any u with |lu— ;|| ;1 rEm) < %é}-, there exist unique
v, a such that w satisfies (5.42) with 1) = 1, ;. This implies the minimizer is unique. Recall
that the choice of f = ¢h | with ¢ = 0 and @ = 0 make (5.42) and (5.43) happen at the same
time. Thus the infimum is achieved at 1.

Finally, we can compute explicitly
[ =132y = llehitpy + OR300 = €°(hu hi) + OE®). (5.44)
O

Finally, we can prove the main theorem of this section.

Proof of Theorem 1.4. We take u = ch g,[)j + /1 - 52hi¢j as stated in Lemma 5.8.
Proposition 5.9 implies that, if € < ¢, then

inf {lw =y all5m@ = 1w = ¥;l5e = *(he, he) + O(E%). (5:45)

9€S,acH?

Using (5.31), we obtain

10
—ne? +0(e?/logj + €°). (5.46)

inf 6=l =

JEeS,aeH?



NON-DEGENERACY AND STABILITY OF HALF-HARMONIC MAPS 31
On the other hand, Lemma 3.2 infers
S(’U,) = 5(’(,%) + 82/ h/J_;Cd;]. [hl] + 0(63). (5.47)

Note (2.3) implies £(u) = ||uHH1/2 and E(v;) = [|9; HH1/2 = degu = 2. Combing
with (5.30), it leads to

[ w12y — 2 = £20(1/ log ). (5.48)
Now compare (5.46) and (5.48) to get
st = bl ey > Cl108) (o —2) - (5.49)
Choosing j sufficiently large such that C'log j > M, our theorem is established. U
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APPENDIX A. PROOFS OF LEMMA 5.6 AND LEMMA 5.7
In this appendix, we give the proofs of Lemma 5.6 and Lemma 5.7.

Proof of Lemma 5.6. Notice that if |z — 52| > j and z > 0, then

C

1+ (LU _ j2)2' (Al)

pi(r) <

Since p; is even, then we have

2 +j4+332)h(37)2
/pfh / 1+x—y>nl+<x+j2>2]dx

B J2+j 8(1+j4+:v2) N .
—/jz_j TGt (et e T o) (A-2)

[ 8(1 + j* + x?) . N A .
_/0 [1+(x—j2)2][1—|—(m+j2)2]d +O0(1/j) = 4w + O(1/j).

Then we prove (5.25). To prove (5.26), we divide the support of h(x)h(y), i.e., {|z| <
272} N {ly| < 275%}into Q4,7 =1,--- ,9, according to their types. Let
Y ={lr -l <ii<ly=71 <0l <o =1 < 5%y - 57 < 5}
={lz =71 <ii<ly+°1 <0 <o -2l < 5%y + 57 < 5}
Q={le+7%1 <4, <ly+7 <O <o+ 57 < 5% [y + 571 < 5},
U={lz+7°1<5i<ly—F1 <Ol <le+ 57 < 5%y =57 < g}
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Using the expression (5.8), and there |1 + xy + j*| < 8j*, it is easy to see that

1 G2 - 9
(o 1+ (96-])2] 1[1+(y+9)2]1 s,
VEDEC 1 @ 2D AT 0

3

L+ @+ M+ =22

Consequently, for example, on 2; we have, by the symmetry of x and v,

dxdy
/m Qj(x’y)h(x)h(y)dxdy‘ = C//{x—j2|5j,jS|y—j2sﬁ} L+ @ =2+ (v = 5%)7)

-2

P dy
:4C'arctanj/ —— = 0(1/7).
;142

(A.3)
Similarly, the integral on €2;,7 = 2, 3, 4 is also of order O(1/5).

Onboth of sets 25 = {|z— ;2| < j}N{|y+5°| < j}and Qs = {|z+5°| < j}N{ly—s* <
j}, it holds that

11+ 2y + 5% < 45°. (A.4)

It is easy to see that

Qj(x7y) S 2

c {[1 + (@ = 0+ T s
E . .

Then we obtain
[ @tmnntas| =oas. i=s.s. *5)

Let Q7 = {|z — 72 < j} N {ly — 72| < j}and Qs = {|z + 52| < j} N {|ly + % < j}, and
Qo = {|z] <252, Jy] <252} \ UL ,Q;. On Qg, we have

dzdy 2
‘/QQQ](x,y)h(x y)dady| < 0/ / T SO (4
Together with (A.3), (A.6) and (A.5), we have

~ / [ Qh@hiddy

/ Q;(z,y)dzdy + —// Qj(x,y)dzdy + O(1/j) (A.7)
Q7
o [ Qitededy +001/) = a7+ 001/5)
RxR
This is (5.26). Once we obtain (5.25), (5.26) and Lemma 5.5, it follows that
1 1
[ neun= [nsain [ oo [ @ phient)dedy
R R R T JJRxR
= O(1/logj)

(A.8)
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and
1 1
sty = [ -0t o= [ Quwh@nidsdy
R 21 JJrxr
=41+ 0(1/logj).

(A.9)

0

Proof of Lemma 5.7. Since A is odd and Q(z,y) = Q(y,z) = Q(—x, —y), it is easy to get
(hd)j , K11; / Q;(z, y)h(x)dzdy = 0. (A.10)
RxR
By a direct computation, we have
g} Koty = [n-niat o [ Qi) Kalw)dedy
R RxR
[l P, [ 2
R r[1+

[1+ (z—j52)%P (z = 7°)?[1 + (z + 5°)?]
= ]1 + Iz.
Since
B 2(1 — 2?)h(x) 2(1 — 2?) . 2(1 — 2?)
h= /x|<j (1+22)? = a1y (1 +5”2)2d ’+/|w|>j (14 22)? (A.1D)
= 0(1/j),
and
2h(x) . 4h(z) .
I2 = /1+(ZL’-] 2)2 d +/R[l—i-(x—jQ)?][l%—(x—FjQ)?]d (A.12)
= 2arctan j + O(1/5%) = 7 + O(1/5).
Then we get (h«,[)f, Ky,bjl) =7+ 0(1/9).
We also have
1 b [ A=) Az — j*)h(z) .
o) = [ 1+ (@ - 2" v/ i+ =20+ @t o
Since
4(x — 3*)h(x) 4 .
T+ (= 2 dx _/x|2j—<1+x2> d (1/] ) (A.13)
and
Ao )
TGP0+ (et ) s

<

4z — j°) 4 - ,
Aﬂq JHL+ (z — j2)2]dx - /xj2|>j i+ (z +j2)2]d95 = O(1/57).
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Then we get <h'¢j, K3¢j> = O(1/4?%). Similarly, note that h(z) = —1 when |z + 52| < 7,
we can get

(hpy, Katpy) = —m + O(1/4),  (hapy, Kspy) = O(1/5%). (A.15)
0
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