CLASSIFICATION OF BLOW-UPS AND MONOTONICITY
FORMULA FOR HALF LAPLACIAN NONLINEAR HEAT
EQUATION
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ABSTRACT. We consider the nonlinear half Laplacian heat equation
wt + (—A)2u — [ulP~lu =0, R"x (=T,0).

We prove that all blows-up are type I, provided that n < 4 and 1 < p < p«(n)
where p«(n) is an explicit exponent which is below Z—ﬂ, the critical Sobolev
exponent. Central to our proof is a Giga-Kohn type monotonicity formula
for half Laplacian and a Liouville type theorem for self-similar nonlinear heat
equation. This is the first instance of a monotonicity formula at the level of

the nonlocal equation, without invoking the extension to the half-space.
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1. INTRODUCTION

In a series of seminal papers, Giga and Kohn [13-15] studied the asymptotic
behavior of blow-up solutions to nonlinear heat equations with subcritical power
nonlinearity:

u(z,0) = up(x) (1.1)
where 1 < p < Z—i‘% forn >3 and 1 < p < 400 when n = 1,2. We recall that the
finite time blow up is said to be of type I if

{ up — Au = |ulP~tu, (z,t) € R™ x (0,T)

lim sup(T" — t)ﬁ llu(-y t)||oo < +00,
t—T

and of type II if
lim sup(T — )77 ||u(- £)]|os = +00,
t—T

where T is the maximal existence time of the L solution wu.
1
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In [13], Giga-Kohn considered the equation
1 1
W —Aw+§y~Vw+mw— lw|P~ w = 0, (1.2)

obtained from (1.1) by setting

w(y, s) = (—t) 7 Tu(z,t), = (-t)*y.

They proved that all bounded global stationary solutions to (1.2) are constants.
Then in [14], Giga and Kohn proved that all blow-ups of (1.1) are Type L. In [15],
Giga and Kohn showed that one can tell whether or not a point is a blow up
point by examining the asymptotic behavior of a solution in a backward spacetime
parabola. Moreover, they can give a local lower bound on the blow up rate. In [20]
and [22], Merle and Zaag classified all the bounded global nonnegative solutions to
(1.2) defined on R™ x R.

Two central ingredients in Giga-Kohn’s proof are: (1) a monotonicity formula
with Gaussian weight for solutions of (1.2); (2) a weighted Pohozaev identity applied
to steady states of (1.2). After these celebrated works, there have been many refined
estimates, simplifications and applications. We refer to the papers [11,20-24] and
the book by Quittner and Souplet [26] for an up-to-date state of the art.

In this paper we initiate the attempt to generalize the Giga-Kohn program in
the nonlocal setting. More precisely we consider the following nonlinear half heat
equation

w4 (—A)Tu— [uPlu =0, R™ x (=T,0), (1.3)

where u is real-valued, p > 1, 0 < T < oo and (—A)*% is the half Laplacian.
In general, the fractional Laplacian (—A)%, o € (0, 1), is defined in the following
way,

o u(z) — u(z’)
(—A) U(x) = Cn7aP.V. /7L de/ (14)
The normalizing constant is
92a(nt2a
Cn.a = n(72) (15)
T w2 I(-a)
where I'(x) is the Gamma function. In our situation, oo = %, we denote
T(ntl
Cn i=Cp 1 = (nirl) (1.6)
T2

Fractional Laplacian can also be defined as a pseudo-differential operator
F((=A)2u)(&) = [€[F (u)(E)

where F is defined by
F(u)(€) = /e*i"’”'gu(m)d:c

with ¢ the imaginary unit.
The kernel of the half heat equation

Ut —+ (*A)

Nl=

uw=0 (1.7)
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has an explicit expression (see e.g. [1])

Pla,t) = F ey =
(2 + [x]?) =
where
. F(”;l)(/ dx )—1
o M appE
We denote
1 1
plz) = EP(% 1) = W7
then

(—A)%p =np+ax-Vp.
Moreover, we have the following pointwise equality:
1 1 1
(=A)2(z-Vp) = (=A8)2p+z-V(=A)2p.
By (1.11) and (1.12), we can get that

(=A)2(x-Vp) = np+(l+n)z-Vp+a-V(z-Vp).

Furthermore, it is easy to see that

|lz|?p

x-Vp(x) = —(n+1)1+ wE S

For more results about fractional heat kernel, we refer to [1] and |
In order to introduce our results, we define the quantity

 aup (L () —py)* 1
Mn = sup ) /Q VTR e

Fap L [ R
R™\Qy,

yern P(y)? ly —y|n+t

where
Qy =By (0) = {y" e R" : [y <[y[}-
We also define the exponent
n+1— «i
«(n) = ————
p ( ) n — 1+ Cniwn

where ¢, is defined by (1.6).

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

Remark 1.1. Some comments on the exponent p,(n) are in order. First a necessary
condition for p,(n) > 1 is that ¢, M,, < 4. Some numerical computations show that

02M2 ~ 2.1498, 03M3 ~ 2.84067
caMy =~ 3.5561, c5Ms ~ 4.2839.

As a consequence, our results hold only for n < 4. Furthermore, it is easy to see

that p.(n) < Z—ﬂ for n > 2.
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Main results. We first give a classification of backward self-similar solutions. A
self-similar solution of (1.3) is of the form

T 1

u(wt) = (=0 Pu(E), B,

where w satisfies
(=A)2w+y - Vw + fw — [w[P" w =0, in R". (1.17)

It is easy to see that the only trivial solutions of (1.17) are w = 0 and w = +3°.
Our first result is a classification of self-similar solution for the semilinear equa-
tion (1.3), which generalizes Theorem 1’ in [13].

Theorem 1.2. Let n < 4,1 < p < p.(n) and let u be a self-similar solution of
(1.3) satisfying the estimate

sup  (=t)P|u(z,t)| < oo, (1.18)
R7 X (—T,0)

then u =0 oru=+p°%(—t)=F.

Our next goal is to characterize the asymptotic behavior of finite time blow up
solutions near a point, assuming suitable conditions.
If u is a solution of the half heat equation (1.3), then so do the rescaled functions

1

uy(z,t) = )\ﬂu()\%)\t), 8=—7,

p—1

for each A > 0. In order to analyze the asymptotic behavior, we introduce the
following backward self-similar transformation

(1.19)

U}(y, 8) = (—t)'BU,(JI, t)v (120)
x=(—t)y, t=—e" (1.21)
Then w(y, s) satisfies the equation
ws 4 (—A) 2w+ - Vw + fw — [w|P~'w = 0. (1.22)
The following theorem, which generalizes results of [13], classifies the backward

self-similar heat equation (1.22).

Theorem 1.3. Letn < 4,1 < p < p«(n) and let u be a solution of (1.3) satisfying
the estimate

sup  (=t)P|u(z,t)] < oo, (1.23)
R" % (~T,0)

We also assume the gradient of u satisfies the decay condition: fix § > 0, for any
T <t <t <0, there exists a constant C(t',t") < oo such that

C(t/7 t//) "4l
< —= R™ . 1.24
Vute 0] < L), (@) e R <[ (129
Then
lim (—t)Puy(z,t) = 0 or £ S°. (1.25)

A—0

For each ¢ > 0, the limit (1.25) exists uniformly for any |z| < c(—t).
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Next, we could also obtain a Liouville-type theorem for ancient solutions of the
equation (1.3). Usually, a solution of (1.3) is called an ancient solution if it exists
for all time ¢ € (—o0,0).

Theorem 1.4. Let n < 4,1 < p < pi«(n) and let u be an ancient solution of (1.3)
satisfying

sup  (—t)?|u(z,t)| < oco. (1.26)
R™ X (—00,0)

We also assume the gradient of u satisfies the decay condition: fix § > 0, for any
—oo <t <t <0, there exists a constant C(t',t") < 0o such that

C(t/? t” n " /
If
lim sup(—t)?|u(0,t)| > 0, (1.28)
t—0
then
u(z,t) = £8°(—t)7~. (1.29)

Our next goal is the growth rate estimate for the equation (1.3).

Theorem 1.5. Letn < 4,T < co and u be a solution of (1.3) satisfying: fix 6 > 0,
for any =T <t/ <0, there exists a constant C(t') < oo such that

lu(z,t)] + |Vu(z, t)|(1 + |z|°) < C{t), (x,t) € R" x [-T,t]. (1.30)
If
1<p<ps(n), u>0, (1.31)
or
. 2
1 <p<m1n{1+ﬁ,p*(n)}, (1.32)
then
sup  (=t)P|u(z,t)] < cc. (1.33)
R" x (=T,0)
Furthermore,
lim (—t)Puy(z,t) = 0 or + G°. (1.34)
A—0

For each ¢ > 0, the limit (1.34) exists uniformly for any |z| < c(—t).

We point out that the assumption made on the gradient is only used to justify our
computations. But this assumption can be verified if we consider suitable Cauchy
problems. More precisely, we consider the equation:

we+ (<A = ol (@,0) ER" x (0,7) (1.35)
u(z,0) = up(x), x € R” '
where T is the finite blow up time in the sense of

T:=sup{t>0: sup lu(z,t)] < oo} (1.36)
(z,t)eR™ % (0,t)
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Remark 1.6. Let 1 < p < 1 +% and let ug be a nontrivial, nonnegative and
continuous function, then the nonegative solution of the equation (1.35) blows up
at some finite time (see [25]). For more local well-posedness of the Cauchy problem,
we refer to [8], [12] and [16].

Theorem 1.7. Let ug be a nontrivial(# 0), nonnegative and bounded continuous
function satisfying

Vuo|(z) < v——5 (1.37)

for some 6 > 0. Letn < 4,1 < p < p(n) and let u be a finite time blow up solution
of the Cauchy problem (1.35), then

tler%(T—t) u(z +y(T —t),t) =0 or +3° (1.38)

uniformly for y bounded, where T is the maximal existence time of the L solution
U.

Main difficulties and ideas: as mentioned before, Giga-Kohn’s proof relies on
two ingredients: first there is the generalized Pohozaev identity for self-similar so-
lutions of (1.1)

1.1
2(2

n

(7—#7 /|Vw| pdy +

1 2 2
= 1.
— ) [WPIVurpay =0 (139)

where p = e~ 119 is the Gaussian. Second the following Giga-Kohn energy func-
tional

1 1 1
Blul(s) = 5 [ 1Vulpdy+ 56 [ ooy - — [ 1ol pdy

is monotonically decreasing for backward self-similar nonlinear parabolic equation.
The proof of both facts depend on some cancellations which seem only to work
for the Laplace operator. Furthermore, the Gaussian weight p ensures that all the
computations are well-defined.

In our case, even with the explicit form (1.10), we are unable to obtain neither a
monotonicity formula nor Pohozaev identity for full range p < ”*1 Furthermore,
the weight (1.10) being polynomially decaying only, does not prevent our compu-
tations to be well-defined unless one assumes some a priori decay on the solutions.
This latter seems artificial but, even for the linear half heat equation, weak/strong
solutions have always at most polynomial decay and this is optimal as proven in [2].

Instead we make use of some special integral decay in the dimension n and we
are able to prove a modified Pohozaev identity and monotonicity formula for partial
range 1 < p < p.(n). See Propositions 3.1 and 4.1 below. As far as we know this
seems to be the first kind of monotonicity formula for nonlinear fractional heat
equation at the level of the nonlocal operator.

In this paper we concentrate on half heat equations. The advantage is that the
kernel is explicit and hence all the computations can be made explicitly. It may
be possible to generalize to general a—Laplacian heat equations if one knows the
explicit formula for the kernel. Indeed, let p,(z) = ]-'_1(6_|5|2a), the profile of the
fractional heat kernel, and let w be a solution of

[e3 ].
(—A)5w+2—y~Vw+Bwf |w[P~tw =0, in R™, (1.40)
o
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similar to (3.2), we can obtain an inequality

)

8a — ¢y o M, p—ln c
0> ( Z“ me _ ) S Ty = gpra P dy
o )) (1.41)
== // e O Vo) d
where
M, . = sup{ / (Palt) = pa(®)® 1,0
T yern pa(y) JB, W —yIMTPe pa(y)
(aly')  paly))? (4
+ sup / - < dy'}.
o R s, W =gl

If ¢ o My, o < 8a, one can prove the corresponding results to general a-Laplacian
heat equation. Since we don’t know the explicit formula of p,, it is very hard to
compute the value of M, ,.

2. PRELIMINARIES: SOME REGULARITY ESTIMATES

In this section we collect some preliminary regularity estimates for half heat
equation which will be useful in subsequent sections.

Proposition 2.1. Let 0 < T < oo and let u(zx,t) be a solution of (1.3) satisfying

(—=t)°u(z, )] < M, (z,t) € R" x (=T, 0), (2.1)
then
sup  (—t)PTm| VT u(x,t)| < O, m=1,2,3, (2.2)
R™ X (—1,0)

for any 0 < r < T, with C depending only on n,p,r,T and M. If T = oo and
if (2.1) holds on R™ X (—o00,0), then (2.2) is valid on all of R” x (—o0,0) and the
constant C only depends on n,p and M.

Proof. This follows from scaling arguments. First, we may assume T = 1 and
g <r<r = 12i < 1. For any ¢ € R", we consider

a(x,t) = u(x + o, 1), (2.3)
which still satisfies the half heat equation (1.3). The assumption (2.1) assures that
sup |z, t)|P < 2°P MP. (2.4)

]R"X(7177%)

The interior Holder continuity for the half heat equation (see Theorem 1.3 in [10]
or references [9,17]) yields,

lall +lall <C, (2.5)

C"’Bx( r,— CQ(B x(—=r',—%))

for some constant C' depending only on n,p,r and M. Here we follow the notations
in [10], the Hblder seminorms are
u(z,t) —u(z’,t
[u] 1 = sup (. t) (1 ) (2.6)
C2(QxI)  (z,t)eQxI |z — |2
(z',t)eQxTI
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and
t) — t’
[u] 1 = sup ut, t) u(lx, ) (2.7)
C2(QxI) (z,t)eQXT |t—t/|§
(z,t')eQxI

for any Q@ x I C R™'. By the arbitrariness of xy, we can obtain the Holder
regularities on the whole space for u and @, say
il 1 a|| 1 <cC. 2.8
HUHC&% R X (=1",—3)) * Hu”Cfl’ R x(=r,=3)) (2:8)
Therefore, the interior Schauder estimates for the half heat equation (see Theorem
1.2 in [10] or [11]) give,

<C, (2.9)

Hu"Ci*%(le(—r,—%) - Hu”ci*%wlx(—r,—%)) -

for some constant C' depending only on n,p,r and M. By an iteration argument,
change r if necessary, we obtain

<C. (2.10)

Hu”cf+%(31><(7r,7%)) + HU||C‘3+%(31X(7T77%))
By arbitrariness of g, and tg < —1, we conclude
|Vu| + |V2u| + |V?u| < C, (2.11)
for all (z,t) € R™ x (—r,—32).
Now we are going to prove (2.2) when —2 < ¢ < 0. Fixing such (z,t) € R™ x
[—2,0), let A = —It and consider
v(z,7) = Mu(x + Az, 7). (2.12)
It is easy to verifies that v is well defined in R™ x (—1,0), and again (2.1) assures
that

sup (—T)B|v(z,7')| <M, (2.13)
R™ X (—1,0)
Applying (2.11) with u replaced by v, and taking z = 0,7 = =& € (-r,—32), we
conclude that

NG| + N2 V20 + NP3 V3 < O,  at (x,t). (2.14)

It is (2.2) since A = —Zt.
For general T > 0, consider the rescaled function wuy(x,t) = ANu(\z, \t) with
A =T. Then uy satisfies the half heat equation (1.3) on R x (—1,0). Then it is the
case considered above. The only difference is that we get a constant C' depending
on T. If the bound (2.1) holds for R™ x (—c0, 0), then the same argument yields the
global version. Once again (2.1) assures (2.4), so (2.11) yields (2.14) as above. O

Translating results of Proposition 2.1 to w we have:
Proposition 2.2. Let 0 < T < oo and let w be a bounded solution of (1.22) in
R™ x (—=InT, 00). If |w| < M for some positive constant M, then
|Vw| + |V2w| + [V3w| < C, (2.15)
lws +y - Vw| + |V(ws +y - Vw)| < C, (2.16)

for (y,s) € R" x (= Inr,00), here 0 < r < T and C'is a constant depending only on
n,p,r, T and M. If T = oo and |w| < M globally, then (2.15) and (2.16) are valid
on all of R"*!, with C only depending on n,p and M.
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Proof. The estimates of Vw, V2w, and V3w are merely restatements of (2.2).
Since

|(—A)%w(y)| — Cj‘/ (w(y+vy') JF;’(TZLJH y') — 2w(y) dy/|

_dy’
NONCA . (2.17)

dy’
+4Cn|u)|Loo R”\ B (0 / _—
(R™\B1(0)) R™\B1(0) [y [T
<C,

< 4Cn|V2W|L°°<Bl<y)>/B

it is not hard to get the estimate of ws + y - Vw by means of the equation (1.22).
Differentiating (1.22) with respect to y;, j = 1,--- ,n, we can get that

s v ﬁf plwlp‘Qwa—w =0. (2.18)

: —A)?

0
By
Yj
Using (2.17) with w replaced by o , it is easy to get the estimate of 5-- (ws+y Vw)
by the estimates (2.15) and the equation (2.18). O
For the equation (1.17), we can obtain the following result.
Proposition 2.3. Let w be a bounded solution of (1.17) in R™, with |w| < M. Then
V| + | Vw| + [V3w| < C,
(2.19)
ly- Vw|+[V(y - Vw)| < C,
for all y € R™, and constant C depending only on n,p and M.

Proof. The estimates of Vw, V2w, V3w, y - Vw and V(y - Vw) are merely restate-
ments of (2.15) and (2.16), since ws = 0 now. O

3. PROOF OF THEOREM 1.2: CLASSIFICATION OF SELF-SIMILAR SOLUTIONS

In this section we prove a modified Pohozaev identity and prove Theorem 1.2.
Following the line of ideas in [13], we first obtain a modified Pohozaev-type identity
(inequality). It is here where we first introduce the number M,, at (1.15). Observe
that we do not use the Caffarelli-Silvestre extension [5].

Proposition 3.1. If w(y) is a bounded solution of (1.17) in R™, for any n > 1 and
p > 1, then

" (1 B p+ 1 cn // n+1))2 p(y')dy' dy
- 5 // ' — y|n+1))2( " Vp)dy'dy -
// woly) o) ;. iy |

+ /(y -Vw)?pdy.
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As a consequence, we have

4 —c, M, cn )2 "o
> —

(p—1)cn
- p+1 // |n+1) (v - Vp)dy'dy

with M,, defined by (1.15).

Proof. Let w € C*(R™) be a function such that ||w[|c2@rn) < co and let p(z) be a

function such that |p(z)] < #, we have the following identity
14

+2/|w|( A)% pdy.

=

Indeed, (2.17) yields that (=A)2w is bounded. Using the dominated convergence
theorem and symmetrizing in y and y’, Bs = Bs(y), we have

[eut-2)

=cplim | p(y)w(y)( / Mdy')dy
R™ R"\Bé

N|=

wdy

-0 ly' =yt
Cn —w(y))(ey)w(y) — ey )wy)) ,,
2 }50 // (R"\Bs)? ly" —y[" Tt W ay

<G [ o) [ S ayay

"\B5 |y _y|’l’l+1

It is easy to see that

w w(y)—w(y) /
| . e(y)w(y) /RW\BS dy'dy|

ly —y|n+t
< C(Jlw|lpe + Hvz'l,UHLoo M =0

as 0 — 0. By the assumptions on w and ¢, we have

y)? // le(y')]
dy'dy < C dydy’
// y|"+1 e (w)ldy/dy < By 1Y — Z/|" D

@)l ,
+ C// — = dydy
"\ B, (y') Iy —y|”+1
<C [lowlay <.
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Therefore, using Fubini’s theorem we obtain

/ sow(—m%wdy

o - w(:t/))2 )
_ / N / /
n i // w(y))(sf(y)wgl) ey )w(y))dy/dy
2 620 ) J(rn\Bs)? ly" —yl
(w(y) —w(y'))? )
=&y dy'd
2 51_13%// ®\Bs)2 Y *yl“1 Ply)dy dy
)2 —w(y')?)(ely) — o)) , ,
& dy'd
T ai“// n\w [y — "+ v

)2

which is (3.3).
Multiplying (1.17) by pw and using (3.3) with ¢ replaced by p and using inte-
gration by parts, we have

_ G [ () —w®)? g, L / 2 A
0= [ I iy ay g [Pty
n 1
*§/|WI20dy*§/|w\2(y~Vp)dy+6/|w|2pdyf/\wlp“pdy

Using equation (1.11), we have the first identity

2
// I _y|n+1) (y,)dy/dy+5/|w|20dy—/|w|p+1pdy. (3.4)

Since w is bounded, the estimate (2.19) implies that ||w||c2@®n) < co. In view of
this fact and the observation that

R C
— lw|?pdy < = — 0 as R — oo,
2 Jonn R

the procedure of using integration by parts can be justified. Similarly, multiplying

the equation (1.17) by (y-Vp)w and using (3.3) with ¢ replaced by y-Vp and using
integration by parts, we have

// |,L+1) (y' - Vp)dy'dy + - /le A)z (y - Vp)dy
*g/lwl (y~Vp)dy*§/Iw| y-V(y-Vp)dy
+ﬂ/\wlz(y-Vp)dy—/lep“(y-Vp)dy
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Using the equation (1.13), we obtain the second identity

= // = nﬂ)(y Vp)dy'dy + - /lepdy

(3.5)
+G+8) [P Voldy— [ ol (- Vo,
Since
Bl il vpdy< € 5 0as R oo, (3.6)
2 Jopn R

the procedure of using integration by parts can also be justified. To get the third
identity, we define a quantity

Cn 2 N B 2

(3.7)
P 1
p+1 /| | ’
Let wy(y) = w(Ay), then
dE[wA] _ )( -Vw — Y- Vw) / ’
o == // ‘y T p(y')dy'dy
+,6’/pw(y-Vw)dy—/plwlp’lw(wa)dy
_ D)PW) =) (e
-G [ (v Vw)dy dy
+ [ oty Vu)-a)kudy + 5 [ puty- Tu)dy (3.8)
- / p\ww-lw(y-w)dy
_ // )y(ﬁ(fl’) —p(y))(y_vw)dy,dy
—/(y~Vw) pdy.

By (2.19), we have

/
yl” By [¥ —yl"

p(y') ,
e / / Yy
By [V — Yl

<C/ "Ndy' < >

and

/(y -Vw)?pdy < oo.
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Therefore, the procedure of differentiating E[w,] with respect to A can be justified.
On the other hand,

AT
o // ly/ —y"+y1) Y )dy'd@HB /|w|2pxdy

pxdy

p+1

with px(y) = p(¥). Therefore,

dEfwy], _1-n (w(y) —w®)® o
d\ |)\:1 = 4 Cn // Wp(y )dy dy
e [[ (W) —w@)? /
// = g (y-Vp)dy'dy 59)

5 [ wkody = 5 [ - Vo

ﬁ/lw\”“pdyﬂLi/lwl”“ y - Vp)dy.

By (3.8) and (3.9), we can obtain the third identity

0 1;n0n// (w|(;//’)_—y|1:(+yl)) o)y dy
c w(y') —w(y))?
T [ o

n/B 2 ’ B 2
- 7/|w| pdy —5/\w| (y - Vp)dy 6510
7/\111|1"“/)dy+7/le‘”+1 y - Vp)dy
// )(|Z(+3/1) —r(y)) (y - Vo)dy'dy

+/(y~Vw) pdy.

Combining the identities (3.4), (3.5) and (3.10) in the following way:

n 1
- (3.4 — - (3.5) +1-(3.10),
S B+ o (35) +1- (310

we have derived (3.1).
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Now we estimate the third term in the above Pohozaev’s type identity (3.1) using
Cauchy—Schwarz inequality and Holder inequality,

fm ) [ ([ L) ) G
= 2/(/(p(yl)_Ip;y))(yulﬁl)_w(y))dy/)gp(ly)dy
+ %/p(y-Vw)zdy
ST )_|pn(+l W), |n+1))2 P 5

—w(y)? 1
d d
/ /n\g Y’ —yl’”rl /n\g |y’ —yl’”r1 y)p(y) Y

+;/p(y-Vw) dy,
€

here € > 0 is a constant which will be determined later. Let

hly) = L /Q (@) —pw)” 1,

p(y) Jo, ¥ —yl"tt p(y)

(3.11)
R S IR
fQ(y) = p(y)2 /RTL\Q |y, — y|"+1 dy’,
and let
Qy = By (0) = {y' e R™ = |y/| <[yl}- (3.12)
We have
- 2 N7 1
/f1 /Qy Wﬂ(y )dy')dy + % /p(y -Vw)3dy
€ n_ 2
+*/ O, (f””w
(3.13)
2
= % ;euﬂg hly // y|”+1 v) p(y')dy'dy + i /p(y . Vw)Zdy
(v)* ,
+ 5l faly // 0 sy aay

Let
M, = sup fi(y)+ sup fa(y).

yeR” yeR”
Then, by symmetry of y and y’ we get

M, e W2 .., 1 )

dy'dy + o~ : dy. (3.14

// ' _y|n+1 p(y")dy'dy + 9¢ /p(y Vw)?dy. (3.14)

Selecting € = %+ in (3.14) and plugging it into (3.1) yields (3.2). 0

If ¢, M, < 4 and 1 < p < p.(n), the coefficients in the right hand side of (3.2)
will become positive. Therefore, we can obtain the following result.

Theorem 3.2. Let n < 4,1 < p < p«(n) and let w be a bounded solution of the
equation (1.17) in R™. Then w =0 or w = £3°.



CLASSIFICATION OF BLOW-UPS FOR HALF LAPLACIAN 15

Proof of Theorem 1.2. Tt follows from (1.17) and Theorem 3.2. O

4. MONOTONICITY FORMULA AND PROOF OF THEOREMS 1.3 AND 1.4

In this section we derive a modified Giga-Kohn monotonicity formula and prove
Theorems 1.3 and 1.4. Let 0 < T < co. We consider solutions u of (1.3) which
satisfy

lu(z,t)| < C(=t)7P,  (x,t) € R" x (=T,0) (4.1)

and the decay condition: fix § > 0, for any —T < ¢ < t’ < 0, there exists a
constant C(t',t") < oo such that

O(tl, t/l)

\Y ) < ——=
Ve, )] < T

(z,t) e R™ x [t" 1] (4.2)
Let uy(z,t) = Mu(A\x, \t), then uy(z,t) remain bounded independently of A
away from t = 0 since

INuAz, M)| < ONP (=) =P = C(—t)7". (4.3)
By Proposition 2.1, we can take weak limits

lim wuy; = uo, /1im Uy, = Uoo, (4.4)

Aj—0 )\jﬁoo

for suitable sequences A\; — 0, )\; — 00.

Heuristically, the rescaled function w(y,s) = (—t)%u(x,t), with = (—t)y and
t = —e®, is a bounded solution of (1.22). By (4.2), w also satisfies the decay
condition: fix § > 0, for any —InT < s” < & < oo, there exists a constant
C(s",s") < oo such that

,8") 1 (y,s) € R" x [§",§]. (4.5)

. <
v Vuly, ) < 6 )

Then it is easy to get the estimate for w, by means of the equation (1.22) | i.e.,

(9] < €O ) (8) SR 15,51 (4.6)

In the following, we use w(y) instead of w(y, s) in all double integral for simplicity.
At the beginning, we define a quantity which plays the role of ‘energy’ in our
situation,

Blul(s) e & / / y _y|n+1>>2 W)ay'dy+ 5 [ fulody
+1 /\w| yf7/| P+ o

Then we have the following monotonicity formula.
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Proposition 4.1. Let n < 4,—InT < a < b < oo and let w be a bounded solution
of (1.22) on R™ x (—InT, o) satisfying (4.5), then

~Eluw)l; = E[w](a)—E[ 1(6)

//ws—i-y Vw)?pdyds
—wy)? , ., (4.8)
+dn,p,6/ // y’——y\"“p(y )dy'dyds
,p/ // y|n+1) (y" - Vp)dy'dyds,

n (pt1)—(p=1)n
G, b e

—Mne 1)n 1 -n
=L — =lmye >0 and d,,, = B=L¢

where € € [£ 1 4+ a(p+1) -

Proof. Similar to the proof in section 3, we first derive two identities.
Multiplying the equation (1.22) with pw and using integration by parts, we have

0= /wswpdy+ // y|n+1 W) Py dy (4.9)

48 [ lwPody— [ 1w pdy

Multiplying the equation (1.22) with (y - Vp)w and using integration by parts, we
have

2
O:/ww(y Vpderf// yl”“) (y - Vp)dy'dy
45 [luPody+ G+ 5) [ 0Py Voydy (110)
—/Iw\p“(pr)dy

Thanks to (2.15), (4.5) and (4.6), the procedures of using integration by parts are
easy to justify for any —InT < s < co. We point out that (4.5) and (4.6) are only
used to ensure that [wswpdy and [(y - Vw)wpdy are well-defined.

In order to continue the proof, we define

e [[ @O ) B
§) = 4 // ly — y[n p(y)dydy+2/\ |”pdy W)

T pt1 /|w|p+1

If wa(y, s) = w(Ay, s+1n A), then dw* Ir=1 = ws +y - Vw. Similar to (3.8), we have

dE[’LU)\]
d\

r=1= — /(ws +y - Vw)?pdy
Cn // (w(y) —w®)(ply') — p(y))

2 ly" =yt

(4.12)
(ws +y - Vw)dy'dy
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On the other hand, similar to (3.9),

dE[w)\]

Therefore,

here

dEw]

dE[w 1—n wy) —wy)? . .,
X |/\:1=%+ 1 cn//Wp(y)dydy

Cn (w(y/)*w(y))z / !
S [ ) ZWI)) 0r p)dy'd
T vy

- [tuody =5 [ 0Pty Vot
n

ul / |w\p+1pdy+— / ol (y - Vp)dy.

ds

L—n f[ @) —w@)
o =
e [ W)= v o
¥ e AL
—%/le%dy’—g/Iw\2(y-Vp)dy
[t tpdy+ 5 [el - Ty

+/(ws+y-Vw)2pdy+H,

/ / IW) =rW) (o &y vu)dydy.

Iy —y[tt

Combining the identities (4.9), (4.10) and (4.14) in the following way,

we have

dE[w)
ds

n 1
C(4.9) 4 —— - (4.10) + 1 - (4.14),
p+1 (4.9) p+1 (4.10) (4.14)
o dy + — (y - Vp)d
= —— [ wsw — [ wow(y -
p+1 P T 1 y-veey

+ (i — (pp_j)ln)cn // Wﬂ(y')dy’dy
y’) )%, ,

+/(ws+y-Vw) pdy + I1.

17

(4.13)

(4.14)

(4.15)

(4.16)
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Estimating IT in the same way as to estimate I in (3.14), and using (1.11), we have

dEw] 1 d 1
— > — — 2
ds = 2(p+1) ds/'wl (=A)%pdy

+0= 2 [ty VuPpdy

4e
4.17)
w(y') —w(y))? (

+dnpe /Wp(y')dy’dy

—dnp / / W(y“vf))dy’dy,

here d,, o = (24 — (412;311)1)0” and d, , = %. By the definition of E[w] and

(4.17), we can get the following monotonicity formula

—d]fiiw] > (1- %)/(ws +y - Vu)lpdy
+dnpe // Wp(y’)dy’dy (4.18)

w(y') —w 2 / /
—dnp //W(y - Vp)dy'dy.

Integrating (4.18) over [a,b], for any —InT < a < b < oo, yields (4.8). Since

1 <p < p«(n), we have%<%#. O
Since
(—=t)PNPu(\z, M) = w(hy, s — In \), (4.19)

we will work with weak limits

Woo(y,8) = lim w(y, s+ s;),
Sj—)()o

4.20
W_oo(y,s) = lim w(y,s+ s}), (4:20)
Sj—>—00
with s; = —1In Ay, 5;» =—1In )\;-. Asserting that ug and u. are self-similar is the same

as saying that ws, and w_., are independent of s, and this is the main conclusion
of the following proposition.

Proposition 4.2. Let w be a bounded solution of (1.22) on R"*! satisfying (4.5)
and let {s;} be a sequence such that

8; — xoo, sjy1 —8; — *oo asj— oo.

Assume that w;(y,s) = w(y,s + s;) converges to a limit w4 (y,s) uniformly on
compact subsets of R"™1. If 1 < p < p.(n) and n < 4, then the limit w4, is inde-
pendent of s, and equal to 0, 3% or —3?. Also, the energy E[wiw] is independent
of the choice of the sequence {s;}.

Proof. We shall discuss only the case s; — 4-00; the proof for s; — —oo would be
derived in the same way.
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Selecting w = w;,b = a + 541 — s; in Proposition 4.1 for any real number a, we
obtain

§;E[w](a) := Efw;](a) — Elw;11](a)
= Blw;)(@) - Bluws)(a + 551 — ;)

- c*) /b/(sz +y - Vw,)®pdyds o)
n.pye / / / w;v |n+1y ))QP(y’)dy’dyds

Wi ()
d’p/ // J|y_y\"j+1 (' - Vp)dy'dyds

with dyp. = (1_{4\4”6 - Efé;i)l?)cn and d,, = (f(;i)lc)". Now we choose € =

%, then dy, p =0 and 1 — = > 0 when 1 < p < p.(n).
Thanks to the bounds of w and Vw, we know that w; and Vw; are bounded

independently of j. Therefore,

// w”|y |n+1 ))Qp(y’)dy’dy

. woo 00( ))2 ’ /
=1 dy'dy.
i [ =P R iy

Arguing similarly for the other terms we see that E[w;](a) — Elws](a) as j — .
In particular, we know that &; E[w](a) — 0. Since sj1 — s; — 00, it follows that

(4.22)

0> lim {( 1—@ / /wjé—&—y Vw,)?pdyds

np / // wily s m,ﬁ’”( - Vp)dy dyds},

for any real number a < a’. (4.22) and (4.23) imply that

/ // wooly —ylnfl(y))Q(y/ - Vp)dy'dyds =0, (4.24)

for any real number a < a’. Thus,

Weo(y,8) = C(s), Yy € R™. (4.25)

(4.23)

Using the dominated convergence theorem and using integration by parts, we con-
clude that we, = C(s) is a weak solution of

ws 4y - Vw4 (—A) 2w + fw — [w|P " w = 0. (4.26)
By (4.23), we have
lim / /(sz +y - Vw;)?pdyds =0 (4.27)
J—0 Jaq

for any real number a < a’. Now, we have that |w;s +y - Vw;| < C with C
independent of j from (2.16), and wjs + y - Vw; converges weakly to weos by the
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equation (4.26). Then the integral (4.27) is lower-semicontinuous and we obtain

// [ Woos|2pdsdy = 0. (4.28)

Since a and o’ are arbitrary, this means that we, is independent of s; thus we can
conclude that we, equals to 0, 3% or —3? by means of equation (4.26).

It remains to prove that E[woo] is independent of the choice of sequence. If
it is not true, then there is another sequence {s;} satisfying the hypotheses of
the proposition for which Elwso] # E[Wss], where Wa = Jlg(r)lo w; with w;(y,s) =

w(y,s+75;). Relabeling and passing to a subsequence if necessary, we may suppose
that Flws] < E[ts] and s; < 5.
Selecting a = s;,b =5; in Proposition 4.1, we obtain

Elw;)(0) — E[@;](0) = E[w](s;) — E[w](5;)
> (1- %) /J /(ws +y - Vw)?pdyds.

Since E[w;](0) — E[;](0) = Flwes] — E[iis] < 0, the left hand side of (4.29) is
negative for sufﬁciently large j. This is a contradiction, because of the right side is

non-negative. Hence E[ws] = FlWs], and the proof is complete. O

(4.29)

Proposition 4.3. Let w be a bounded solution of (1.22) in R"! satisying (4.5). If
1 < p < p«(n) and n < 4, then lirin w(y, s) exists and equals to 0, 8% or —3%.
S— 00

The convergence is uniform on every compact subset of R™.

Proof. Let {s;} be a sequence such that lim;_, s; = 0o. Since |Vw| and |w,| are
bounded on compact sets by Proposition 2.2, there is a subsequence of {w(y, s+s;)}
which converges uniformly on compact sets to some function we(y, s). By taking
another subsequence if necessary, we may assume that sj;1 —s; — oo. Therefore,
Proposition 4.2 tells us that ws, equals to 0 or £35.

Now we prove that the limit is independent of the choice of sequence. Suppose
that {s;} and {5;} both tend to infinity and satisfy the hypotheses of Proposition
4.2, with

w;(y,s) =w(y,s +s;) & We and w;(y,s) =w(y,s+5;) = Weo.

It is easy to see that

. 328 / .
B+p°] = ——— [ pdy > 0 = E[0]. 4.30
8= 505 ) P [0] (4.30)
In order to get (4.30), we have used the fact that
/(—A)%pdy =0. (4.31)

Since E[waso] = Elso] by Proposition 4.2 | we see that wee, Weo are either both 0
or both £88. If wee = B, Weo = — P or vice versa, then there must be a sequence
s — oo with w(0, s%;) = 0, by the continuity of w. Taking subsequences as before
(and denoting the result again by s;) we can see that w} = w(y, s+ s}) — wi, = 0.
This contradicts the fact that Elw.] = E[w/ ], and it follows that wee = Weo.

By a parallel way, we can also prove results for the case s — —oc. [
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Proof of Theorem 1.3 . Proposition 4.3 implies Theorem 1.3 as we only consider
the case s — . ([

Furthermore, we have

Theorem 4.4. Let w be a bounded, global solution of (1.22) in R™"1 satisfying
(4.5), with
lim sup |w(0, s)| > 0. (4.32)

S§—00
If1 < p < p.(n) and n < 4, then w = +5°.

Proof. Replacing w by —w if necessary, we may assume that

lim sup w(0, s) > 0. (4.33)
S§—00
Let € = W in (4.8). For any 7 > 0,
Ew](—-7) — E[w](7) (1--= / / (ws +y - Vw)? pdyds
- (4.34)

n,p /_T // y|”+1)) (y' - Vp)dy'dyds.

Applying Proposition 4.3 and passing to the hmlt

- Cn

Elw_o] — Elws] > 1—— / /ws—l—y Vw)?pdyds

w(y') —w(y))?
dn,P/; // W(y' - Vp)dy'dyds,

with wee = lim w(y, s) (respectively w_«), and the hypothesis on w assures that
Elmdese]

Weo = BP. If w_o = 0, then the right side of (4.35) would be negative by (4.30),
which cannot happen. Therefore, w_., = 37, and then (4.35) implies that w = C.
It follows that w = ws = B, and we complete the proof. O

(4.35)

Proof of Theorem 1.4. Theorem 1.4 is just an equivalent statement of Theorem 4.4
for u. O
5. PROOF OF THEOREM 1.5: GROWTH RATE ESTIMATE FOR 1 < p < p.(n)

Let T' < oo and let u : R” x (—=T,0) — R be a classical solution of the semi-linear
half heat equation

ut—&—(—A)%u— lu[P~u =0 (5.1)
such that, for any —T < t' < 0,

u, Vu, V2u, V3u, and u; are bounded and continuous

5.2
on R" x [-T,#]. (5:2)

We recall that a solution u blows up at t = 0 if
sup |u(z,t)] = oo, ast— 0. (5.3)

z€R™
In this section, we want to obtain the following blow up rate estimate:

sup  {JulP~t + |Vu| T + V2|51 H(—t) < . (5.4)
R™ x (—T,0)
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As before, we also need a further assumption: fix 6 > 0, for any —T < t' <0,
|Vau|(1 + |x|°) is bounded on R™ x [T, ¢']. (5.5)

Assume that estimate (5.4) fails. Since T' < oo, there is an increasing sequence
of times t; — 0 such that

1 p—1 9 2=l
sup  {|u|PT +|Vul P +|Viu|2mT}(=t)
R“x(fT t;,)

—Sup{\UI” N ) + [Vule, )| 7+ [V2ule, 1) 577 H(—t) = My

with ¢t — 0 and My — co as k — oco. We may choose a sequence x; € R" such
that

%M’C < {[ul? = (n, ) + [Vuler, )| 7 + [V2u(zy, 8)| 571} (~tr) < My (5.7)
In order to study w near (zy,t), we use the similarity variables defined by
wi(y,s) = (=) u(z,t), (5.8)
x—x, = (—t)y, t=—e"". (5.9)
It is easy to verify that the rescaled function wy, satisfies
Wis + (—A)%wk +y - Vg + Bwg — |we [P wy, = 0, (5.10)
and inherits bounds from those on u: for any —InT < s’ < oo,

W, VW, Vka, Vka, wis +y - Vwg and V(wgs + y - Vwyg) are

. ) (5.11)
bounded and continuous on R™ x [—1InT, s'].
By (5.5), we know that wy, also satisfies: for any —InT < s’ < oo,
\Vwg(y, s)|(1+ |y|°) < oo, on R"™ x [~InT,s']. (5.12)

Remark 5.1. In the following computations, the integration by parts can be justified
if we assume (5.11) and (5.12).

Proposition 5.2. For any k, the rescaled solution wy, satisfies

1d
5£/| k|2pdy = 7/Iwk| )% pdy

(5.13)
_2E r - p+1 d
il + 2 [ fon oy
and
dE[wk] Cn
2R S (=
wi(y k(Y
/ / L I oo/ dy (5.14)
wy(y y))2 ’ ’
- dn N2 // y — y|n+1 (y : vp)dy dya
Cn 1)—(p—1)n _ — M, € —1)n lcn
where € € (%, %), dppe = (FAmE — szer)l))cn > 0 and dy, , = (f(p+)1) .

E[w](s) is defined by (4.7).
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Proof. Since

d
£/|wk|2pdy: 2/wkwkspdy, (5.15)

multiplying the equation (5.10) by pw; and using integration by parts, by the
definition of Flw](s), it is easy to get (5.13).
Inequality (5.14) is merely a restatement of (4.18) with w replaced by wg. O
Proposition 5.3. If 1 < p < p.(n) and n < 4, there exists a constant C' such that
Elwg)(—InT) < C, for all k. (5.16)
We also have
M' > Elw ](—IHT) — Elw](c0)

> ) / /(w;€S +y - V)2 pdyds
InT
wi(y W) (5.17)
, p(y)dy dyds
e /lnT// |ZJ —Z/|"Jrl pW)
wk y)) ’ /
—dn / // y - Vp)dy dyds,

R Iy — y\”“ ( )

where € € (<, W), Ay pe = (FnE szpi)l))cn >0 and d,, , = (f:(pi)f;

In (5.17), the constant M’ depends only on n,p and the bound C in (5.16) which
is independent of k.

Proof. We have assumed that T' < oo and u(z, —T') and its derivatives up to order
three are bounded on R™; see (5.2). Recall that

wi(y, —InT) = TPu(zy, + Ty, -T) = T U(y),

then we have, for s = —InT,

wk )) 23 // ))2 / ’
Ydy'dy =T p(y')dy'dy
// Y’ —yl"+1 P Y’ —yl”+1 W)
/
< T2 qup  |Vuf? // e ) — dydy’
R x{—T} Biw) 1Y — I

/
+47%%  sup  |ul? // %dydy’
R x{-T} 7\ By (y') ly' — vl

< C < o0.

The other terms in E[wg|(—InT) are handled similarly. It is easy to obtain (5.16).

Inequality (5.14) in Proposition 5.2 implies that E[wy](s) is a decreasing funcition
of s when p < p.(n).

We claim that there exists a positive constant A such that Efwg](s) > —A for
all s.

Recall that

(-A)ip=np+y-Vp

(n—(n+1) . _|i}|y|2)p (5.18)

Y

—p.
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Let
ﬂ_n;l
= | pdy = , 5.19
q / pdy = F(ay (5.19)
and let
1
as) = ([ 1w o) (5.20)
By (5.13), (5.18) and Jensen’s inequality, we know that
1d,, 1, )
- > —— —2F ptl
5P 2 o a(6) — 2B ) + n ),
where
_ p— 1 _n(P;l)
Cn,p = Dt 1qn .
Now we choose
1 2 =1
A= ( ) " (5.21)
p+1N(p+1)en,
Suppose there exists a constant s; such that E[wg](s;) < —A, then
Elwg(s) < —A for all 5> s;. (5.22)

1

In (5.22), we have applied (5.14). If g(s) < (W) """, then

L (29) 2 A+ 0y (o). (523)

2

If g(s) Z (m) Pil, then

1d 1
572 (0 (9) 2 244 S g (s). (5.24)
Therefore, we conclude that
1d 1
§£(gz(s)) > A+ icn,pgp"'l(s) for all s > s;. (5.25)

(5.25) implies that g(s) blows up in finite time, contradicting the global existence
of wy. Therefore,

—A < E[wi](s) < E[wi](=InT) for all s < oo. (5.26)

(5.26) and Proposition 4.1 imply that E[w](s) have a limit Efwg](c0)> —A as
s — oo. Integrating (5.14) gives (5.17) since we may set M’ = C + A. O

Proof of Theorem 1.5. If (5.4) fails, then (5.6) and (5.7) are true. Let wy(y,s) be
the recaled solution around zj, defined by (5.8). Setting s = — In(—tg), (5.6) and
(5.7) become

lwg [P~ (y, s) + |Vwk(y7s)|%1 + \Vzwk(y,s)\ﬁ% < Mg, —InT <s<s, (5.27)
and

—1

]. _ P pP—
§Mk <wh 10, s1) 4 |[Vwi (0, s1)| 7 + |V2wk(0,5k)|T*11 < M;,. (5.28)
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We may therefore rescale {wy}, defining

1
vg(z,7) = /\gwk(/\kz,)\kr +sk), B= ]ﬁ7 (5.29)
with Ay — 0 determined by A} My = 1. Each vy is defined on R" x (—+L,0], and
(5.27) and (5.28) gives
b— p— 1
log[P~ + |Vvk|Tl + |V2vk\2‘p7711 <1 on R"x (—)\—,0] (5.30)
k
and
1 _ _
5 < lol”71(0,0) + IVue(0,0)] 7 + |V20,(0,0)[ %7 < 1. (5.31)
The equation for vy is obtained by changing variables in (5.10) for wy:
Vr + (—A)%vk — o] o, = —Ag(2z - Vg, + Bug). (5.32)
By (5.31) and the equation (5.32), we know that vy, are uniformly bounded on
R" x (=5, 0].
k
We denote
Q(r)={(z,7) eR"™ : |z] <r,—r <7 <0} (5.33)
and
Q' (r)={(z,7) eR" . |2] <r,—r <7 < 0}. (5.34)

For each r, there exists a large K, such that Q(r) CC R™ x (—%k, 0] for all k > K.
To get the limit equation of v, we need some regularities independent of k in each
Q(r). By Theorem 1.3 in [10] and (5.30), we can get

Vklod:d =C 5.35
et @iy (5.35)
where constant C' independent of &, and following the notations in [10] as
_ !/ !/
S
C22@xD)  (zryeaxt |z =22 +|T 7|2
(2, 7)eaxI

for any 2 x I ¢ R**!. By continuity and (5.30), we can obtain

< .
Pl o33 gy < ¢ (5.37)
Taking the derivative with respect to z in (5.32) yields
O, Vkr + (—A)%ﬁzvk = pvﬁflazvk — A\e0.(z - Vo + Bug). (5.38)
Similar to the discussion used to derive (5.37), we could obtain
\Y < 5.39
Vorledd ey = (5:39)
Moreover, by an iteration argument, we could also obtain
Vi,| 11 <C. 5.40
V7ol odd iy < (540)
At last, we need to prove that
A1 <C 5.41
vkl o34 gy < (541

with C independent of k. Let ¢ be a smooth function such that
0<v<1, suppyp CQ(2r), =1 on Qr).
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and let 0 (z,7) be the function defined by vk (z,7) = ¥(z, 7)vg(2z, 7). It is easy to
verify that v, satisfies the equation
Dir + (—2) 28y = fi, (5.42)
here the function f is given by
P = (=) 20k + vge ] + [(=A) 20 + 15 vy
+%/ww@%wmwxwa—ww»d (5:43)

[~y v
By (5.30) and the definition of ¥, we can get that fi, € L>(Q(2r)), 0, € L= (R" x
(—2r,0)). It follows from Theorem 1.3 in [10] that o5 € CT% (Q'(2r)). Since ¥ =0
on R™ x (—2r,0)\Q(2r). It is easy to see that v € Ci;% (R™ x (—2r,0)). We deduce
from Theorem 1.1 in [10] that 0, € CZ%,’T% (Q'(2r)). In particular, we have

|vgr] (5.44)

11 <
C2:2(Q'(r) —
with C independent of k. By the continuity, the equation (5.38) and (5.40), we
could also get (5.41).

Thanks to (5.37), (5.39), (5.40) and (5.41), we can use the Arzela-Ascoli theo-
rem and a diagonal argument to get a subsequence (still denoted vy) converging
uniformly to a limit v on each Q(r). This v is defined on R™ x (—00,0], and it
satisfies

vy + (=A)20 — [Pl =0,
1 . 2=ty ipt (5.45)
S < (P VT B 0,0 <1

by passing to the limit in (5.30), (5.31) and (5.32).
We may assume A\; < 1, then p(z) < p(y) for y = Apz. In (5.17), we fix

(Vkr + Apz - Vvk)zpdsz < )\Z/ / (wis + 1 - Vwk)zpdyds

(i)l < p < p«(n) and u > 0. By changing variables and applying (5.17) we have
2 (5.46)
Cn ) —1>\Z/M,

Ju
4e

with 0/ =28 +1—n > 0since 1 < p < p.(n) < 2L and

n—1’

1
)

< (1-

Q= {(y,s) ER™ i |y < 1,5, — 1< s < i)
It follows that

/ v, [2pdzdr =0 (5.47)
D

for any compact subset D C R™ x (—o0,0]. It means that v is independent of 7.
By the assumption and maximum principle, v is a positive bounded solution of the
limit equation,

(—A)%v =P, on R". (5.48)

The corollary 1 in [6] tell us that (5.48) has no positive bounded solution. This is
a contradiction. Thus, (5.4) is true.
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(ii)1 < p < min{l + 2,p,(n)}. By changing variables and applying (5.17) we
have

/ (v () = vk(z))2p(z)dz’dzd7

Q |Z/ _ Z|n+l
(wi(y') — wk(y))2 ’
< X’/ p(y)dy'dyds (5.49)
"o,y -yl W
M/
< \{
o kdn,p,e

with0:257n>()sincel<p<1+%,and

) 1 1 1
Qk = {(Z7ZI7T) € R2n+1 : |Z| S N 0 |Z/| S N 0 N <T S O}’
)\k )\]9 )\k
Qk = {(yay’,s) S R2n+1 . |y‘ <1, |y/| <l sp—1l<s< Sk}_
Therefore,
(v(z') — v(2))?
/D WP(Z)dZ/dZdT =0, (5.50)

for any compact subset D C R?" x (—o0, 0], which means that v = C(7). On the
other hand, (5.17) also tells us that

/ ) (’UkT + )\kz . V’Uk.)zdedT < )\Zi / (wks +vy- Vwk)zpdyds
Q(xy)

2 (5.51)
< (1-22)7"'
- 4e k
with ¢/ =28 +1—n > 0. It follows that
/ v |2 pdzdT = 0, (5.52)
D

for any compact subset D C R™ x (—o0, 0], which means that v = C for some con-
stant C. It is easy to see that C' = 0 by the limiting equation (5.45), contradicting
{lolP~* + |Vo| 7 +|V20| %1 }(0,0) > L. Thus, (5.4) is true.

Therefore, we conclude that (5.4) is true in both cases. Applying Theorem 1.3
and (5.3), we complete the proof of Theorem 1.5. |

6. PROOF OF THEOREM 1.7

In order to prove Theorem 1.7, we need the following lemma.

Lemma 6.1. Let 0 < 6 < 1 and let n(x) = (1+ |x|)~%, then there exists a positive
constant ¢ = ¢(n, d) such that

|(—A)%n|(a:) < en(z) for all x € R™. (6.1)
Proof. Let n(z) = (1 + |z|)~°, we estimate

|P.v./IR wdm.

|z =yt

If |z| is bounded, the inequality (6.1) holds by choosing a suitable constant c.
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If |x| is large enough, similar to [7], we decompose the above integral as follows:

pv [ @) —=n@)

oy =1+ L+ I3 + 1y,
yl

Rn |.T—
here
n(z) —n(y)
Il =PV. o Wd
Bl<lz—y|<2fz| 1T —Y

I — P.V./ (@) =ny) ,
1<|y—=z|< 2l

b

|z — y["
I; = PV. / @) —nty) "(f/l) dy,
ly—z|<1 |$ - y|n
I, = pv/ Mdy
ly—ax|>2|z| ‘37 - y‘n+1

For the first integral, we have

1] < elaf 40 | ) = n(w)ldy < cia]
Ll <|z—y|<2|a|

Since
n(x) = n(y) = V() - (z —y)
where £ = x + My — z) with some A € [0,1]. If 1 < |y — x| < %, then

In(z) — ()| < c(1+ =)~z —yl.

Therefore, the second one satisfies
|15 < c\x|_1_6/ |z —y| "dy < c|lz|~°.
1<fy—z|< 3t

To bound the third one, notice that

—n(z) = Vnlz) (z—y
| = | n(y) — n(x) Z(ﬂ) ( )dy‘
ly—z|<1 |$—y‘
<cphil(e) [ oyl < clal
ly—=z|<1

The last one can be bound as follows.
1] < clal | &=y~ dy < clal .
ly—z|>2|z|

Since 0 < § < 1, we can get that

PV, n(x) —n(y)

Jpt < cle| ™" < 2¢(1 + |z[) 7

Re T —

if || is large enough. In conclusion, the inequality (6.1) holds for all z € R*. [

Proof of Theorem 1.7. Let hj = %,j =1,---,n, the derivatives of the solution
of the Cauchy problem (1.35). Then each h; satisfies the Cauchy problem:

{ L[hj] == Oehj + (—=A)2hy — plufP~'h; = 0, (z,t) € R" x (0,T) 62)

hj(z,0) = g—zg(x), r € R™.
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By the decay assumption (1.37) on the gradient of the initial value ug, we can take
a suitable 5 € (0, 1), n(x) = (1 + |z|) 7% such that

|hj(z,0)] < Cn(x). (6.3)

Let g(z,t) = Ke*n(x), here K and A will be determined later. For any 0 < T’ < T,
by the definition of the finite blow up time 7T, we have

My = sup |u(z,t)| < oo. (6.4)
R™x(0,77)

Hence, by Lemma 6.1, we get

Lig) = Ke*n(A —c — plu[f™1)

>0, (6.5)
provided A = pMP?;" + ¢+ 1. By the decay condition (6.3),

g(l‘,O) Zhj(xao)v J)ER”, (66)
if we choose K = C' 4 1. Then the maximum principle (see lemma 4.1 in [18]) tells
us that

hj(z,t) < g(z,t), (z,t) € R™ x (0,T7], (6.7)

for any 0 < TV < T. Obviously, —g is a sub barrier for h;,j = 1,---,n. In
conclusion, we have the decay condition

|Vul(z,t) < o)

S m, (.’L‘,t) S R™ x (O,T/], (68)

for any 0 < T" < T. C(T') = Ke*' converges to infinite as 77 — T.

On the other hand, since 1 is nonnegative, the maximum principle also tells us
that u > 0. Since the decay condition (6.8) and the nonnegativity of u hold, we
can use Theorem 1.5 to prove Theorem 1.7. (I

Finally, we want to show that for some special initial value problems, the case
limg 7 (T — t)Pu(z 4+ y(T —t),t) = 0 in (1.38) can be excluded. More precisely, we
have the following result.

Proposition 6.2. Let ug be a nontrivial(# 0), nonnegative, radially symmetric func-
tion which is also nonincreasing in |x| and satisfies

C

\Y% < —
‘ ’LLO|(ZE) = 1+‘£L‘|6’

(6.9)
for some § > 0. Let u(x,t) be a finite time blow up solution of the equation (1.35),
then

lim (T — t)?u(0,t) > 0. (6.10)
t—T
where T is the finite blow up time in the sense of

T:=sup{t>0: sup u(z,t) < oo} (6.11)

(z,£)ER™ X (0,t)
Proof. Since ug is a nonnegative, radially symmetric function which is also nonin-
creasing in |z| and satisfies (6.9), it is easy to show that u(x,t) is also nonnegative,
radially symmetric function and nonincreasing. Indeed, for any e € S™, let [ be the
plane of e-z = 0 which through the origin. For any z € R™, denote 2’ = z—2(e-x)e,
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the mirror image of x among the plane I. Let w(x,t) = u(xz,t) — u(z’,t), for any
T' < T, we have

dyw + (—A) 2w + bz, t)w = 0, (z,t) € R™ x (0,7"]
w(z,0) =0, z € R™,

where b(x,t) is bounded on R™ x [0,7”]. Then the maximum principle (see lemma

4.1 in [18]) tells us that w = 0, which means u is symmetric among the plane .
Since the arbitrariness of I, we prove the radial symmetry of u. Next, we consider
h; = gTuj,j = 1,--- ,n. For simplicity, we only consider 5 = n. By the radial

symmetry of u, hy, (%, 2n,t) = —hp (%, —xp,t) for all (Z,2,,t) € R* 1 x R x [0,77].
By (6.8), we also have

lim h,(z,t) =0, for any t € [0,7"]. (6.12)

|z] =00

Since h,, satisfies the equation

Ot + (=A)2hy — pluP ™ hy =0, (2,1) € R" x (0,T"]

hn(x,0) <0, z € RY,
where R} = {(Z,z,) € R" ! xR : 2, > 0}. Then the maximum principle (see
lemma 2.1 in [18]) tells us that h, < 0 on R’} x (0,7"]. In general, we have h; <0
when z; >0, j =1,--- ,n, which means u is decreasing in |z|.

By a contradiction argument, we assume

Jim (7" — £)Pu(0,t) =0,
then for every e > 0, there exists a § > 0 such that
u(x,t) < e(T —t)™? onR" x (T —4,T).
Let (x,t) = 6%u(dz,d(t + T)), then a(x,t) satisfies

G+ (—A)Za—aP =0 in R™ x (—1,0) (6.13)
a(x,t) < e(—t)~" in R™ x (—1,0). '
The semigroup representation formula for @(z,t) gives
t
(x,t) = Px—y,t+1)a(y, —1)dy+/ / P(z—y,t—s)tP(y, s)dyds. (6.14)
R —1JR"

Here P(x,t) is the fractional heat kernel defined by (1.8). By (6.14), we know that

t
||11(.,t)||Loo(Rn) S €+ / Gp_18_1||'a(',t)HLOO(R”)dSy (615)
—1

By Gronwall’s inequality, we can get that
t

180, 8) | (@) < coxp / 1514

—1 (6.16)
< 2(—t)"""
We take (6.16) into (6.14), then
t
~ _ (i €p*l ~
14, )|l oo §e+/1(26)p Y—s)~®= D0, 8)|| poo (mmyds. (6.17)

Let € be a constant which is small enough. If we apply Gronwall’s inequality again,
then we can get that @ is bounded. It follows that u(z,t) is bounded near t = T
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Since we have assumed that wu(z,t) is a finite time blow up solution, this is a
contradiction. [l

7. APPENDIX: COMPUTATION OF ¢y My

For n =1, f;(y),j = 1,2 defined by (3.11) has an explicit expression. Indeed,

recall that p(y) = ﬁ, then

_ b (@) —py)* 1,
Hly) = p<y>/Bly<o> T R Tk

1 ! 2
- 2/ W Jr&g dyf
L+y Jp 0 1+

(7.1)
_ 9 /ly i + 2(y2 -1) /y dy'
1+ y2 0 1+ y2 0 1+ y/2
2lyl |, 20 -1)
= t .
11,7 T arctan |y|
Similarly,
1 p(y') = p(y))*
IYRT Ny IV
PW)? Jr\g, 0 1V — Yl
S e,
R\ B,y (0) (1+y?)? (7.2)

o0 dyl o0 dy/
5 / Lo -1 / _
| 1+ ( ) i (1+972)?

= 7 — 2arctan |y| + (y* — 1)(% — arctan |y| —

1+927

Since ¢; = %, we are going to prove that My < 4w. Since f;(y),j = 1,2 are even,
we may assume y € [0, 4+00). It is not hard to see that

2l
L+y? —
2(y? — 1 )
W= axctany| < . (73)
m — 2arctan |y| < 7.
Let
2 7T |y
fly) = (y* = 1)(5 —arctan|y| — - yQ), (7.4)
then
2(y° — 1)
/ —9 T " . |y| . ) )
f (y) y(2 arctan |y‘ 1+ yg) (1 ¥ yg)g (7 5)
Observe

fly) < 0= f(1), for all y € [0,1), (7.6)
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and, by the L'Hopital’s rule,

2
: o (4y?)2
lim f(y) = lim 5
Y—00 Y—>00 [EEE (77)
= lim — =0.
y—o0 Y

Then f achieves its maximum at some critical point y; > 1. f/(y1) = 0 implies that

2
™ Y1 yp — 1
— —arctany; — = . 7.8
2 NIRRT p(+ )2 (78)
It follows that
(i —1)* 1
fp)=—2—_ < —<1. 7.9
(w) yn(l+91)? (7.9)
Therefore, we conclude
My <l4+nm+7m+1<A4m. (7.10)

In fact, a numerical calculation shows that M; =~ 4.8271 < 4w. As a consequence,
p«(1) = 4.2072.
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