STABLE AND UNSTABLE PERIODIC SPIKY SOLUTIONS FOR THE
GRAY-SCOTT SYSTEM AND THE SCHNAKENBERG SYSTEM
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ABSTRACT. The Hopf bifurcations for the classical Gray-Scott system and the Schnakenberg
system in an one-dimensional interval are considered. For each system, the existence of time-
periodic solutions near the Hopf bifurcation parameter for a boundary spike is rigorously proved
by the classical Crandall-Rabinowitz theory. The criteria for the stability of limit cycles are
determined and it is shown that the Hopf bifurcation is supercritical for the Schnakenberg
system, and hence the bifurcating periodic solutions are linearly stable. For the Gray-Scott
system, there is a critical feeding rate, when the feeding rate of the system is greater than this
critical feeding rate, the Hopf bifurcation is supercritical which implies the bifurcating periodic
solutions are linearly stable, while when the feeding rate is smaller than this critical feeding
rate, the Hopf bifurcation is subcritical, implying the bifurcating periodic solutions are linearly
unstable.

1. INTRODUCTION

The study of localised patterns in the so-called Turing’s diffusion-driven-instability reaction-
diffusion systems has been a very active field of research for the last couple of decades ([19]).
The canonical model systems such as the Gierer-Meinhardt system ([I0], [20]), the Gray-Scott
system ([II, 23]) and the Schankenberg system ([25]) have been intensively studied in many
papers. For the existence and stability of steady spiky patterns in a bounded interval or the
whole space, we refer to [8], [5], [29], [13], [22], [39] and the book [41] for the Gierer-Meihardt
system, [17),36} 38, 37, 6, 0] for the Gray-Scott system, and [14], [33] for the Schnakenberg system.
The dynamics of spiky patterns for these systems have been studied in [7], 26} 2, 1] and [40]. For
Hopf bifurcations out of spiky patterns for one-dimensional systems, we refer to [31), 32, B0] and
[28].

Spatially nonhomogeneous periodic patterns are observed to happen in these pattern for-
matting reaction-diffusion systems. For the classic activator-inhibitor system Gierer-Meinhardt
model, the time periodic patterns are believed to exist but unstable. However, in the activator-
substrate systems such as the Gray-Scott model and the Schnakenberg model, nonhomogeneous
time periodic patterns were observed to exist. In this paper, we give a rigorous mathemati-
cal proof of the existence of stable periodic spike solutions for the Gray-Scott system and the
Schnakenberg system. We would like here to mention a paper by F. Veerman [30], where a
schematic procedure to deal with the nonhomogeneous Hopf bifurcation problem by singular
perturbation and centre manifold reduction has been presented. However, to use the centre
manifold reduction method, one needs to verify very carefully the spectral properties, such as
the transversality condition, to the associated linearized eigenvalue problem around the steady
state solution. This verification task is often not easy, especially in our context that the un-
derlying solution of the linearized problem has singular patterns. And it is unclear if the same
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technique works for bounded intervals. Our proof is more PDE-oriented. By using the nonlocal
eigenvalue problem we are able to treat these difficulties nicely. We believe that the techniques
and computations presented in this paper can be used for the study of sub-criticality or sup-
criticality of Hopf bifurcations of spiky patterns in many other Turing systems.

After proper rescaling ([38] 37]), the Gray-Scott system can be written in the form

utzszum—u—l—AUUQ, O<z<l1,t>0,

1
(L.1) v = T—E{Davxx+(1—v)—5_1vu2}, 0<z<1,t>0,
uz(0,t) = ugy(1,¢) =0, t>0,

v(0,t) = v, (1,¢) =0, t>0,
where (u,v)T are the unknowns, the parameters A, e, 7., D, satisfy A > /12, 0 < ¢ < 4472

Te > 0 and D, > 0. We emphasize that A is the so called feeding rate of the system.
After proper rescaling ([16, 14} [40])the Schnakenberg system can be written in the form

U = E2Ugpy — U + VU, O<x<l1,t>0,
1 _
(12) vt:T—E{stm—i-l—a 1vu2}, O<x<l1,t>0,
u:p(ovt) = um(lat) =0, t>0,
U:p(ovt) = vm(lvt) =0, t>0,

where (u,v)” are the unknowns, the parameters ¢, 7., D, satisfy 0 < ¢ < 1, 7. > 0 and D, > 0.

Using the reduction techniques of [34] ([14, [40]), one can easily show that the stationary
system of () has solutions with a single boundary spike at x = 0, as ¢ — 0 and
D = D(e) — oo at a suitable speed. (See also early work [27] for the Gierer-Meinhardt system.)

To prove the existence, uniqueness, and stability of the Hopf bifurcation of and
we use the classical Crandall-Rabinowitz bifurcation theory ([3]). More precisely we use a more
concise formulation given in Theorem 1.8.2 of [15]. The linear stability of the bifurcating periodic
solutions is obtained using Corollary 1.12.3 in [I5]. Specifically, stability is determined by the
sign of certain Floquet multipliers relative to a transversality condition. To apply these results
we need to write and in the form of an evolution equation

(13) q)t:fe(q)) E£6<I>+R€(T€7(I))v

where <
_ ¢ _ (U U
o= (0) - ()

and L. = DgF: denote the perturbation and linearization about the stationary single-spike
solution (uZ,vS)T respectively, and R.(.,®) indicates the remaining higher order term. For

the Gray-Scott system ((1.1]),

(1.4) ro_ 52% + 2Au§vf -1 A(uf)2
. = 2 ;
c —27'5_15_1u§v§ Te_l[DEdd? — 5_1(u§)2 —1]
and
AvZ¢? + 2Aus pip + Ap*y )
1.5 R.(1.,P) = e € .
(15) o) = (i s o

For the Schankenberg system ([1.2)),

2 d> 5,8 S5\2
(1.6) L. = (6 oz t2ufv? —1 (u?) )2]) '

-1.-1,5,8 -1 d? -1(,,8
=277 e ugv? 1 [Degm — e (ug



and
_ V2P + 2 Pip + ¢
47 o) = (L S s )

To consider positive solutions of ([1.1)) and (1.2]) with a single spike at the boundary x = 0, it
is convenient to consider, by even extension, the positive solutions of the following two systems

U = £2Ugy — u + Avu?, —l<x<l, t>0,
1 _
(18) vt:T—g{Devm—l—(l—v)—s IUUQ}, —1l<x<1,t>0,
uz(—1,t) = uzy(1,t) =0, t>0,
ve(—1,t) = vy (1,t) =0, t>0,
and
ut:52um—u+vu2, —l<z<l, t>0,
1 _
(1.9) vt:T—E{ngm+l—5 lqu}, —l<z<1, t>0,
ug(—1,t) = uy(1,£) =0, t>0,
vg(—1,t) = v.(1,¢) =0, t>0,

with a single symmetrical spike at the center of the interval (—1,1), respectively.
To develop our theory, we collect some preliminaries. Let X = L?([—1,1]) be the usual Hilbert
space endowed with the inner product

1
(1.10) (b1, d2)x = /_1¢>¢dm, b1, € X,

where the over-bar denotes the complex conjugate. Let Z = X x X be endowed with the inner
product

(1.11) (@1, P2)z = (P1, P2)x + (V1,72) x, ;= (o5, 0) € Z,i=1,2.
We denote
(1.12) Hy([-1,1]) := {¢ € H*([-1,1]) : ¢(+1) = 0}.

We will use frequently the following facts, which are the basics for the treatment of spike type
solutions.

Proposition 1.1. The problem

wyy—w+w2:0, w>0 n R,
0) = ,
(1.13) w(0) = maxw(y)
w(y) — 0, as |y — oo,

has a unique solution. Moreover, the eigenvalue problem

(1.14) Lo¢ := dyy — ¢ + 2we = ud, ¢ € H*(R),
admits the set of eigenvalues

(1.15) w1 >0, po=0, pu3<0,---.

The eigenfunction ¢y corresponding to p1 can be made positive and even; the space of eigen-
functions corresponding to the eigenvalue 0 is

(1.16) Ko = span{wy} .
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For the proof of this proposition we refer to Theorem 2.1 of [18] and Lemma C of [2I]. In fact

(1.17) w(y) = gsech2 (%) .

Note that the nontrivial eigenfunctions corresponding to the eigenvalue 0 are odd functions.
Direct integration yields

(1.18) /Rwdyzﬁ.

Integrating the equation for w over R then yields

(1.19) /dey:/wdy:&
R R

By the Pohozaev identity we have

36 6
1.20 Sdy = == i
(1.20) /Rw YT /Rwy Y75

The Green’s function and its properties make some of our calculations simple. In our particular
one spatial dimensional case, the Green’s function can be written explicitly. But we don’t need
the explicit form of the Green’s function, only it properties as presented below.

Let Go(z, &) be the Green’s function satisfying

(GO)x:c(x7£) - 1 + 5($ - f) =0 in (—1, 1),
(1.21) Go)a(,8) = for z = —1,1,

/G0x§

For a complex number 5 € C such that % — B2 : H%,([-1,1]) — L*([-1,1]) is invertible, we
let Gg(x,&) be the Green’s function given by

{(Gg)m—62G5+(5(x—§) =0 in [-1,1],

(1.22)
(Gg)a(x,&) =0, for z=—1,1,

We can relate Gg and G as follows. From (1.22) we get

1
| Gola )iz =572
Set
Go(,€) = 272 + (&)

Then

(@p)a — BCp— 3 46z =) =0 i [-1,1]
(1.23) ‘a e —

/_1 g, &)dr =0,

(G(x,8)) =0 for x = —1,1.



(T21) and (T23) imply that

cans (1) (150

<d$2 > [dd )Go($§)+52Go($€)
2

= Go(, &) + B ( ,821> - Go(z, ).

Since Go(-, &) € L*([-1,1]), we have

5 ( /321>_1 Go(,€) = O(1)

in the operator norm of L?([—1,1]) — H?([-1,1]). Hence

—1
Gali,€) = 3572+ Gole. 9+ 8 (1~ 1) G
(1.24)

= 272+ Go(a,€) + O(1)

in the operator norm of L?([—1,1]) — H?([-1,1]).

The remainder of this paper is organized as follows. In Section [2] we summarize important
properties of the stationary single spike solution (u;9 ,vf of . for 0 < € <« 1, and derive
the associated leading order NLEP as ¢ — 0. Sections [4] and [f] are dedicated to the analys1s the
spectral properties of the perturbed problem (and ) for e sufficiently small. This is
followed by Sections 6] where we apply, set-up, and state the Hopf bifurcation theorem. Section|[7]
is devoted to the theoretical investigation of the stability of the Hopf bifurcations of the previous
section. Finally, in Section [§] we numerically compute an unknown quantity whose sign dictates
the criticality of the Hopf bifurcation, while in Section[9] we perform some numerical simulations

which illustrate the theoretical predictions.

2. THE STEADY STATES AND THE ASSOCIATED NONLOCAL EIGENVALUE PROBLEMS

In this section, we study the steady states of the two systems, as well as the linear stabilities
of these steady states.

2.1. The Gray-Scott system. For this system, u = 0,v = 1 is the only constant stationary
solution in the parameter regime ¢ € (0,4472). A simple analysis finds this constant solution is
linearly stable.

In this paper, we consider the Gray-Scott system in the weak coupling (shadow limiting) case.
This means we assume D, — oo as € — 0. While the speed of this limiting is not required for
the results in this paper to hold, we assume for convenience that there exists o € (0, 00) such
that

(2.1) D. =0 ((—1loge)?) as € —0.

Using the reduction techniques of [34], one can easily prove that there exist two spiky sta-
tionary solutions (ui F) of (1.§ ., for each A > /12 and 0 < ¢ < 4472, with the properties

1 T
(2.2) uE () ~ A" (g) , |zl < O(e),

0, |z| > O(e),
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(2.3) ok~ U(:)t . 1++1 2— 12A—2.
To study the linear stability of these solutions, we consider the following eigenvalue problem
(2.4) L:(7:)®: = AP,
where
(2.5) Lo(r) = (825[; +,12Aff§1§; b dzA(ug,)Q ) ,
=277 e tuZu; T [Daﬁ —€ 1(u§)2 — 1]
and

0. = (0) € (-1, < H3 (1.1,

Here
(w?,0f) = (uf, o), or  (wl,0f) = (uz, D).

Or equivalently, the eigenvalue problem

(d’a)yy - ¢a + 2AU§”5¢6 + A(UES)QQAS = )‘é‘d)&‘?
(2'6) Ds(we)yy - 52(1 + 7'5)\5)1/}5 - 5(“?)2¢s = 25ufU§¢s7

(¢)y(£1/e) = (¥e)y(£1/e) =0,
where (u2,v2) = (ut,vT), or (u,v) = (u,v7) is a (spike) stationary solution of (T.8).

Using the assumptions on D, and the techniques from [4] we have, subject to a subsequence

if necessary, that 7. — 79, A\e = Ao, ¢ — Pg, Y — Yy, as € — 0; moreover we have,

(2.7) (¢0)yy — ¢0 + 2weo + " Sw iy = Aodo,
Yo
and
AU2 00
2. — — 0 d
(28) Yo 3+ AQUg(l + ToAo) /oo wéo dy,

where vy = U(T , or vg = vy . Therefore we are led to consider the following nonlocal eigenvalue
problem (NLEP):

o0
(2.9) (¢0)yy — Po + 2weo — X(To)\o)w2/ weo dy = Ao,
—00
where
1 ream 1
3+A2y,
(2.10) X(T0No) = = 0 )
3 + A203(1 + ToAo) 1+ 3;4,242(1*2 ToAo fjooo w? dy
0
We also need the adjoint eigenvalue problem
(2.11) LI(1:)PL = \ID],
where
2 d?* S,S _ _9,.-1.-1,5,5
(212) Loy = (Tt M e e, )
A(ua) Te [DEE_‘S (ua) _1]
and

o = (%) € B (1,10 < B3 (1),



or equivalently,
(62)yy + 2AuZvZ67 — o7 — 277 e vyl = NoZ,
(213) Wy~ (1 TN — e ) = (a5,
(62)y(1/2) = () (E1/) = 0.

As e = 0, we have 7. — 19, A} = Aj, ¢ — ¢, and in particular,

ATy o
2.14 oyt — / 25 dy.
( ) € 11[)6 6+2A2’U8(1+7'0>\3) _Oow ¢0 Y

This leads us to consider the adjoint problem of ([2.9):

(2.15) (62 — 9% + 208 — (TN / W2 dy = Ny,
where

1
(2.16) (7o) =

T3+ A20(1+ TNy
We note here that
N=Tg, A=A
2.2. The Schnakenberg system. For the Schnakenberg system (1.9)), clearly
(2.17) u=e, v=et

is the unique constant stationary solution. It is not difficulty to find out, after a simple analysis,
that this constant stationary solution is linearly stable.

Other than this constant stationary solution, (1.9) has a spike stationary solution for each
0<ex 1.

Proposition 2.1. Assume there exists o € (0,00) such that
(2.18) D. =0 ((—1loge)?) as e—0.
Then for each 0 < € < 1, there exists a positive stationary solution (u2,v>) of (L.9)), satisfying
1
(2.19) ul(x) ~ 3w <£> , v () ~ 3.
€

Similar to the case for the Gray-Scott system, this proposition can be easily proved by the
reduction technique. We refer readers to [40, [14], 33] for the details.

Next we consider the linear stability of the spike solution described in Proposition There-
fore we study the eigenvalue problem

(2.20) 55(7'5)‘1)5 = XD,
where
2
(2.21) Lo(r) = et + 2ulvl — 1 (uz)? '
“orle oS 7 Dety — e (uf)

Or equivalently,

(Qbs)yy — e + 2U§U§¢s + (Uf)%bs = A\ e,
(2.22) De(e)w — TeAethe — ™ (uf) P = 26 ulvZ o,
(¢5)y(i1/5) - <¢5)m(i1) =0.
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Using the assumptions on D, and the techniques from [4] we have, subject to a subsequence if
necessary, that 7. — 79, A = Ag, ¢ — @0, Y= — g, as € — 0; moreover we have,

1
(2.23) (¢0)yy — Po + 2weo + w2”¢0 Aodo,
and
(2.24) 1/1——3/oow¢d
’ 0~ (1 + 37’0)\0) — 50 04y
Therefore we are led to consider the following NLEP:
(2.25) (¢0)yy — do + 2w — X(Tvo)UJQ/ wdo dy = Ao,
—00
where
1 2 1
(2.26) X(T0\o) =

3+ 97'0)\0 1+ 310\ f_oooo w?dy’
We also consider the adjoint eigenvalue problem

(2.27) LH(r)®F = \'D*

where
2 d2 S -1.-1,5,.S5
== + 2u —1 —27’ u2v
(2.28) ﬁ*(T ) = dz? Ueg B e Ve ’
=F (u 5)2 T Defls — e M (uf)?

sdx2
or equivalently,
(@2)yy + 2uZv2 0k — ¢f — 27 e huZuP Yl = AL,
(2.29) De(Y2)ww — TeAZYZ — 571(“5)21@ = _T€(uf)2¢:v
(9)y(£1/e) = (¥2)a(£1) = 0.

Then as € — 0, subject to a subsequence, we have 7. — 79, \Y = A}, ¢ — ¢, and in particular,

_ % 70 o 2 %
2.30 R dy.
(2.30) R 1870\ /_Oow %o dy

This leads us to consider the adjoint problem of (2.25)):

(2.31) (68)yy — 65+ 2065 — x(A)w / Wt dy = N,
where

1 2 1
(2.32) (To)\o) =

3+910N;  1+310A [T wdy

We note that

AS=Do, A=A

Remark 2.2. The more detailed proofs of the limiting processes in this section will be represented
in Section [{]



3. THE TRANSVERSALITY CONDITION FOR THE LIMITING EQUATION

The NLEPs (2.9) and (2.25) play essential role in this paper. Since they have a similar
structure, in this section we treat them together. Let p > 0 be a fixed constant and 7 be a
nonnegative parameter. We consider the following nonlocal eigenvalue problem

=, wao
1 Loy == ¢ oy — P
(3 ) ¢0 0 + ¢0 + w¢0 1+ 72)\0 ffooo ’U)2

U)2 == A0¢07 ¢0 S HZ(R)a

and its adjoint problem

00 9
(3.2) L*¢5 := (65)" + ¢ + 2w — ST ffooo " w = Ao, ¢ € H*(R).

Lemma 3.1. Let p > 0,7 > 0 and let L be defined as in (3.1)).

(i) Suppose that p < 1. Then L admits a positive eigenvalue Ao > 0.

(ii) Suppose that p > 1. Then there exists a unique T = 75 > 0, such that for 7 < T,
(3.1) admits a positive eigenvalue, and for 7 > Ty, all nonzero eigenvalues of problem
(3.1) satisfies Re(Xg) < 0. At 7 = 7p, has a pair of pure imaginary eigenvalues
Xo(Tn) = Liar with ay € (0,00) uniquely determined by 7y,. Moreover, the following
transversality condition holds.

(3.3) Re(Xy(#)) # 0.

Proof. For the proof of part (i), we refer to Lemma 2.3 of [34]. The existence and uniqueness
result of part (ii) is essentially part of Theorem 2.2 and Lemma 2.4 of [34], which treats interior
spike solutions in a two-dimensional space. The proof found there can be applied here almost
without modification but for the sake of completeness we reproduce it here. The transversality
condition and its proof, which plays a vital role in this paper, is new.

Note we here only consider even functions. By Theorem 1.4 of [35], for 7 = 0 and by
perturbation for 7 small, all eigenvalues lie on the left half-plane. By [4], for 7 large, there exist
unstable eigenvalues. Therefore, for an intermediate value of 7 = 73 an eigenvalue Ao must cross
the imaginary axis into the positive real-part half-plane. We first show that this eigenvalue may
not cross through the origin, and then we show the value of 73, must be unique.

Suppose that there is a zero-eigenvalue crossing, A\g = 0, when 7 = 75,. Let

Logo = (¢o)yy — ¢o + 2weo,
so that at the zero-eigenvalue crossing the NLEP (3.1)) becomes

fR woo
L0¢0 —p wag w- = 07
and hence f
wo
L — piR =0.
’ <¢0 ’ Jpw? w>
Thus f
wo
oo — p R 5w E Ko(= span{wy}),
fR w
and since ¢ is even one must have
Jr woo
3.4 — =0
( ) (Z)O P fR w2 w

It follows from ¢y # 0 that
/ wey # 0.
R
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But on the other hand, multiplying (3.4) by w and integrating over R, we arrive at

Awwzpéw%.

It follows that p = 1, which contradicts to the assumption p > 1.
From the preceding argument we conclude that there must exist some 7, € (0,00) at which
L has a pair of pure imaginary eigenvalues

Ao(7n) = £ari,
where i = v/—1 and ay > 0. Next we show that 73 is unique. From

P fR weo

Lo — Xo)do =
(Lo — Ao)go W waQw,

we obtain for A\g = «yi that

_ P fR weo
L+7X [pw?

and hence aj? is a simple eigenvalue in the sense that
Ker(L — ayi) = span{(Lg — azi) ‘w?}.
Thus we may assume that ¢g = (Lo — o)~ w? whence (3.1)) becomes

Lt ra
(3.5) /quo = +TO‘”/w?.
R p R

Let ¢o = @& + ¢pi. Then from (3.5) we obtain

1
/wquR:/wQ?
R P JRr

%0 (Lo — Xo) 'w?,

and .

/uxbé _ T w?.

R P JR
But from
¢ = (LO — aji)71w2 = (Lo + Oqi)(L% + a%)*le,
we have
o = Lo(Lj + of) "', ¢h = ar(Lg + o) " w?.
It follows that
1
(3.6) / wLo(L2 + a2)~lw?] = 1 / w?,
R P JR
(3.7) / (L2 + o) lw? = T / w?.
R P JRrR

Let h(ay) = [p[wLo(L + F) " *w?]. Then

b (ar) = —ZQI/R[wLo(L% + a%)72w2].

By integration by parts, the last equation yields
W (o) = —20; / w2 (L2 + a2)2w?] < 0,
R
Since

n0) = [wltghu?) = [wh ad ban >0 as o,
R R
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there exists a unique ay € (0,00) such that (3.6) holds. The unique value of 7 = 75, € (0, 00)
then comes from (3.7)).
It is left to show that (3.3) holds. Setting Ao(7) = Ar(7) + iA7(7) we have the system of

equations
1+ T)\R / / L() — /\R 2
w Y
(Lo — AR)% + A2

T 2 _ 2
P/Rw /Rw(Lo—)\R)QJrAZw ’

Suppose that ( )(Th) = 0 and differentiate the second equation of (|3.8] . ) with respect to 7 and
evaluate it at ’7' = 7. We obtain

(3.8)

1 O . . v
(3.9 > [t =20 2 ) [ wlzh+ g2
where we have used Ag(7,) = 0. This implies that
(A1)
0.
2 () #
If we now differentiate the first equation of (3.8) with respect to 7 we will obtain
o(\2) . A v
(3.10) 0=— (a;)(Th)/RwLO[L% + AF(7n)] 2w,

2
859);1 ) (75,) # 0 and integrating by parts we see also that

/ wLo[L2 + A2(7)] 2w? = / W2(I2 + a2)~2w?] > 0,
R R

0L (34) # 0.

which yields a contradiction. Therefore

O
In the Gray-Scott system,
6 , L 1+/I-124°2
P= 53 with vg = vy = .
3+ A2vf 2
_ 111242

We can easily verify that vy = v0+ = viZ12A7s ”_QIW implies p < 1, and v9 = v, =

implies p > 1. Hence we have the following corollary.

2

Corollary 3.2. There exists an €1 > 0 such that for all € € (0,e1], the stationary solution
(uf,v) of the Gray-Scott system is linearly stable for all 7. € (0, 00).
Therefore for the Hopf bifurcation we focus on the solution (uZ,v>) and write it as (u2,v?)

throughout the rest of the paper. Note in this case vy = v, .

We have more information on the transversality condition at 7.

Lemma 3.3. Let A\o(7y) = Lagi be the unique imaginary eigenvalue pair described in Lemma

(2.1 Then
(3.11) Re(X\y(71)) > 0.
Proof. Consider the eigenvalue problem

p Jrgwdo ,

12 L — = .
(3.12) 090 7 h wazw Moo
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As in the proof of the transversality condition Lemma we have

so that multiplying by w and integrating gives

1+7A
(3.13) t+ 70 / w? = / w(Lg — Xo) tw?.
P R R
Differentiating (3.13]) with respect to 7 we obtain
Ao + T
(3.14) 0—i_To/wQ = )\/0/ w(Lg — Xo) 2w?,
p R R

or equivalently

(3.15) h= o prw2 ( /]R w(Lo — Mo) 2u? ; /R w2>_1.

Letting 7 = 7, and using Re(\o(7,)) = 0 we obtain

2 —1
(3.16)  Re(Ny(7)) = —Im(/\o(%h))MIm [(/ w(Lo — Ao(n))~2w? — Th/uﬁ) ] .
p R P JR
Denote
/ w(Lo — Ao(71)) 2w? = a + ib, c=1 w?, with a,b,c € R.
R P JR
Then we have
. 1
Im [ w(Lo — Mo(73)) 2w? — T w2> ]
R P JRr

(3.17) =1Im[(a+bi— c)_l}

B —b

(@ —c)?+ b2
On the other hand

L — Xi(7n)? + 2iA1(7n) Lo

3.18 Lo — Mo(7 —22:/ 0 2
( ) /Rw( 0 0o(7h)) " "w Rw (L(Q) + A1(71)2)2 w

and consequently by integration by parts we obtain

A LO 2
b=2X(7 / - w
1) f T G2

= 2)\[(72}1) /R(Low)(L(Q) + )\[(f'h)Q)_Qw2

“1

= 2X;(7n) / w? (L2 + \1(7)?) 2w
R
Hence

)2 w?
(3.19) Re(Xo(7h)) = im

A~

/ W2(L2 4 Ar(7)2) 2w? > 0.
R
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We give an alternative representation of Aj(73). In (3.1)) we write fip = 7\ and differentiate
the equation with respect to 7

wae! " wag 7 i 1
PA Jr (zow2+ Pl Jr ‘zw2: _lf(23+@ qbo—i-'uiocbf).
1+ fwo fR w 1+ fuo) f w T T T
Multiplying by the conjugate of the adjoint eigenfunction qbis and integrating over R, we obtain

/R[Q%LO%] P fR d’o/ 2% ﬂﬂo wa¢0/ 2(;78

L+ o [pw? )2 Jpw?

_(_fo o o Mo [ o
- ( %2+f>/ﬂ%¢o¢o+%/ﬂg¢o¢o.

Taking conjugate of (3.2) and recalling that A} = Ao we obtain

Lodgy —

(3.20)

2¢ ~
% 0—7%
Lot — 2 Jpw'®y B

1+ fo fR w2 N ?¢0
Multiplying by ¢f, and integrating over R, we obtain
275 .
— P Jrwidp ;o [
3.21 /(b’Logb* — ~ /wqﬁ = = /qﬁ*qb.
( ) R[O ol T+ [pu? Jg 0= % J, P00

Note that by integration by parts,
[ @Loch) = [ 16510751
We obtain from (3.20]) and (| - ) that
iy Jpwoo / 27 fio | iy / -
3.22 = - — .
(3.22) (14 f10)? [pw? R % - R¢O¢O

Therefore we have the formula

Mo () [ G0dh

Je 0% — Tmma(an e Jr W0 Jr w* 60

A22

Remark 3.4. In the case of Gray-Scott system, T = 3+A2 Tz 70, P = In the case of

6
3+A202"
Schnakenberg system, T = 319, p = 2.

Finally we have the following bound estimates for the spectrum of (3.1)) which will play a key
role in showing the unperturbed linear operator is sectorial.

Lemma 3.5. Let Ao be an eigenvalue of (3.1). Then one of the following alternative cases
happens:

(i) Im(Xo) =0 and Ao < p1, where puy > 0 is the first eigenvalue of Lo, or
(ii) Im(Xo) # 0 and |TRe(Xo) + 1| < 2p, |[7Im(Xo)| < p.

Proof. Multiplying (3.1) by w and integrating over R, we obtain

2, _ P wa3
(3.24) /Rw oo = </\0+ 1T h waQ) /Ruxbo.

It follows that

2., 6p
(3.25) /Rw oo = <)\0 + 5(1+7A_/\0)> /Rw(ﬁo.
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Taking the conjugate gives

[ 6p _
3.26 w ey = )\+>/w :
(3.26) /R ®o ( 0 50t o0 ) Je ®o
Multiplying (3.1)) by ¢ and integrating over R, we obtain that
3.27 2 1 |02 — 2wldol?) = —A / 2__ P wa%/ 250,
20 [0l ool ~ 20l = 2o [ loult - BB | iy

Combining (3.26) and (3.27) we obtain

2 2 2y _ 2 pAo 6p* | J wéol?
(3.28) /R(\(%)yy + ol — 2wleo] >——A0/R\¢or - (1+m0+5|1+ﬂo|2) Jpw?

Writing
Ao = AR + A1, $o = ¢r + 191,
and considering the imaginary part of (3.28) we obtain
M [loof? = C A2 g wéol”
RO T (A4 AR+ 2T [uw?
We first consider the case that A\; # 0. In this case we have

/ ‘¢0|2 _ p(1+2%AR> ‘f]Rw(bOF
o L+ FAR2+ 7202 fpu?

|/Rw¢02 < /RwQ/Rwor?,

p(1+ 27AR) .
(L4 7Ag)2 4+ 7277 =

(3.29)

Using the Schwartz inequality

we get

It follows that

(3.30) 1+ 7AR| < 2p,
and
(3.31) 7202 < 2p(1+2Xg) — (1 +2Xg)% < p%

Hence case (ii) happens.
Now assume that \; = 0. If 7TAg + 1 =0, then

1
AO:)\R:—;<O<M.

If 7Agr + 1 # 0, we then use the Rayleigh’s formula

J1@onf+ [ 1o =2 [ wloof = = [ lonl?

and (3.28)) to get that
A 6> weo|?
[l + (28 2 Y BUBE e
R R

1+7Ar 5|14+ 7Ag|? waQ
The case A < 0 is trivial. If Az > 0, we then have

>\R/R!¢c)|2 Sﬂl/R\¢0|2-

Hence case (i) happens.
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4. SPECTRAL ANALYSIS OF THE PERTURBED PROBLEMS

4.1. The Gray-Scott system. We want to show that the operator L. is an infinitesimal
generator of a strongly continuous and analytical semigroup. Since it suffices to show that
L. is a sectorial operator this naturally leads us to study the following eigenvalue problem

(¢a)yy — ¢ + 2Au§”§¢a + A(Ugs)%/}a = Ao,
(4.1) 1 3 B

?(lpa)m —Pe—¢ 1(“53)21/18 — 2 1U§U§¢a = TeAete,
where y = ez, D, = 72, ). is some complex number, and

(4'2) ¢8 € H%V([_gilvgil]% ”% € H]QV([_L 1])

The second equation in (4.1]) is equivalent to

(4.3) (Ve)aw — Brbe — B (u2) e + 200l o] = 0.
where
(4.4) B3 = A1+ ).

We may assume that H¢6”H2([—5*175*1}) - 1.

Let y be a smooth cut-off function which is equal to 1 in [—3, 1] and equal to 0 in R\ [-1, 1].
Let

(4.5) xe(y) =x(ey), yel-e e

Define the cut-off of ¢.:

(4.6) PE(y) = ¢=(y)xe(y),

where z = ey. Then if Re(1+ \;) > ¢, or [Im(A;)| > ¢, for a small constant ¢ > 0, we have
(4.7) ¢ = ¢ +est. in HY([—e e 1)).

Then by the standard procedure, we extend ¢¢ to a function defined on R such that

9cllL2®) < Coll@ellp2((—e—1,6-17)5
(4.8) [(#9)yllL2®) < Coll(De)yll L2((—e—1,e-1))5
() yyll 2y < Coll(Pe)yyllL2((—e—1,6-17)

for a constant Cp > 1. Since [|¢c || g2(—c—1,c-1)) = 1, we have ||¢¢|| g2r) < Co.

It is very easy to prove that (i.); — 0 as ¢ — 0. Using the Green’s function introduced in
Section [l we write

1
(4.9) Ye(z) = — /_ G (2,£)B% (ud (€)*¥=(€) + 2uZ (§)v2 ()¢ (£ /)] .
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As e — 0, we calculate at x = 0:

2
be(0) = Y0 / G (0, € (£/2) de

A2U26

2w / Gy, (0,6 w (€/2)) 9(E/2)dE + (1)
m)g( ) 1 ((Br)
_ /1 (AQ + Go(0,€) + 0(1)> w? (¢/e) d¢

2.2
A2vge

(4.10)

2B /_ ((%)—2 + Go(0,€) + 0(1)> w(£/e)) d(£/2)dE + o(1)

Ae 2
- 2A2v§¢(81(+) A /Z w?(y)dy + O(8)¢-=(0)
14+0(B?) [

Using [*°_w?(y)dy = 6, we obtain

- w(y)gs(y)dy + o(1).

—00

AU2 o)
4.11 0) =— . Sdy + h.o.t.
(1.11) 0e0) = =5ttty o

Substituting (4.11]) into the first equation of (4.1) we arrive at
2
[ wetdy =l + oo,
R

w
3+ A2 (1 + 7))
As in the proof of Theorem 1 in [4] one obtains

(4.13) e = T0, Ae = Ao, b= (y) = do(y) in Hj,.(R), as € = 0,

where (Ao, ¢) is an eigenpair of the NLEP ([2.9).
We can now prove the following spectral result for the eigenvalue problem (|4.1)).

(4.12) ((be)yy — Qe + 2wo. —

Lemma 4.1. If € > 0 is sufficiently small then there exists a unique value 1. = TEh for which
has a pair of purely imaginary eigenvalues \3 = +iaj with a7 > 0. Moreover this pair is
unique in the sense that if i3} is an eigenvalue of , then B7 = af or 7 = —a5. Furthermore
at this value of 7. = Tsh all other eigenvalues have negative real parts.

Proof. For € > 0 sufficiently small, as in the proof of Lemma all eigenvalues of have
negative real parts when 7 > 0 is small, whereas there exist eigenvalues with positive real part
when 7 > 0 is sufficiently large. Furthermore, we can show that there are no zero eigenvalues
for any 7 > 0. Thus, there exist a 77 € (0,00) such that has a pair of pure imaginary
eigenvalues.

The uniqueness comes from the fact that for Re(\.) > —c we define he(\}) := [p wRe(¢)
for the unperturbed problem so that subject to a subsequence, a5 —> a I and P — @o as
e — 0 we have

(4.14) hL(A\]) = K'(A\1) <0 as € = 0,

according to the calculation in the proof of Lemma and the uniform continuity of A'(A;) in
Al
O

The following two lemmas establish the semigroup framework.

Lemma 4.2. Let \. € C be an eigenvalue of problem (4.1). Then for sufficiently small e > 0,
one of the following cases happens:
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(i) Im(Xe) =0 and N\ < 2uy, or
(ii) Im(Ae) # 0 and |T-Re(X:) + 1] < 4p, |[7Im(X:)| < 2p.

Proof. We may assume that the constant Cp > 1 in (4.8) is arbitrarily close to 1. Multiplying
(4.12) by ¢¢ and integrating over R we get

_ oy 12 c|2 ez PL+o(1 )] Jg woe 27 _ c|2
(115) — [ 10— [ locr2 [ wiocp - LA [ < wqroq) [ Ject

Multiplying (4.12]) by w and integrating over R we get

(4.16) /w¢0 /wyy w ~+ 2w ]¢z—: 1+7_€)\ wag/ ¢z—:
Using (1.19)) and we obtain
6p
4.1 20¢ =1+ o) [ Ne + ——— ‘.
(4.17) /we 14000 (At e ) fwos
From ) and - we obtain
(4.18)

2 wc2
[1+o<1>]4<|<¢:>y|2+|¢g|2 2ul62l?) —)\/|¢>€|2 < A __6p >H‘R oL

1+ 7 5|1+ 7|2 Jg w?
Consider the imaginary part of we get

A7 (1 + 27.0%) |f wqﬁc|2
41 14+ oA | |og2 = —P21 B R Pel
( 9) [ +0( )] I/R‘QSE’ (1+7_€)\5R)2+7_€2()\§)2 waQ
If A5 # 0, we have
p(l—i-QTa/\%) 1 .
> — f i tl 11
i TEAER)Z n 7'52()\ 2 5 or sufficiently small ¢ > 0,

Therefore for 0 < ¢ < 1,
1+ 705 1
> —.
(T X + 207~ 1o
From here we obtain the coarse bounds

(4.20) |TeA% + 1] < 4p.

Moreover, we have

(4.21) (1A < dp(1 4+ 70%) — (1 4+ 70%)2 = 4p? — (1 — 2p + 1:0%)%,
and hence

(4.22) 73] < 2.

If A7 =0, then A\ = A%, and (4.18) becomes

c 2 c|2 c € c|2 p)‘i{ 6p2 ‘ f]R w¢g’2
[1+0(1)}/H£(’(¢a)y| +‘¢a‘ 2w‘¢) _)‘ /|¢‘ <1+7—6/\%+ 5‘1+7_5A%’2> wa2 .

Using the inequality
L@+ josP = 2uigs) =~ [ 1028,

we obtain that for ¢ > 0 sufficiently small

A 6 2 c|2
(4.23) —2M/ 162 < _A%/ |¢§‘2_< Pp s ) | Jg woel®
R R

1+ 725 5147252 waZ
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Then A% <0, or AL > 0. In the case A > 0, we obtain from (4.23) that
i [l <2 [ locP,
R R
and hence

(4.24) AR < 2pu1.

This finishes the proof of the lemma. U
In view of Lemma there exist constants eg > 0, a > 0 and 6 € (5, ) such that the sector

(4.25) Sa0 :={A € C: |arg(A —a)| < 0} U {a}

is contained in the resolvent set of L. for all € € (0, o).

Lemma 4.3. The operator L. is a sectorial operator and hence generate a strongly continuous
and analytic semigroup on the space Z. Moreover, for X\ € Sq9 with a > 1, the operator
R(N, a) = (A= L)~ is compact as an operator mapping Z into itself and there exists a constant
M > 0 such that

(4.26) e p——

A —al’

Proof. For any A € S, 9 we consider the resolvent equation

(4.27) - (0)=(4).

namely,

for A€ Sgp.

2(¢8) — ¢ + QAUESUf(z)e + A(UES)Qwe = A\o: + f1,
ﬂg (1/15) —Ye — Eil(uss)Qwe - 2571u‘gvf¢5 = TeAYe + Te fo.

Put 8% = 8%(1 + 7:A). Then from the second equation of ([4.28) we obtain

(4.28)

1
Ye(z) = _/1 Gﬁx(xvé)ﬁz [671(u§)2¢8—|—25 u (ba'i‘TafZ] d§

1
= /_1 (2(1-:75/\) + B2Go(x,6) + O(ﬁ2)> [e7 (ud) e + 26 ulvd e + 7o fo] dE

¥:(0) > 1 o .
T ) ey [ e

1
Te
-— d h.o.t.
Sy ) feeke +ho

Using [*°_w? = 6, we obtain

(4.29)

(4.30)
Av? & A2,
~ 0) = — 0 c 0'e /
o) ~l0) =~ et [ wl)ewy - A%O el BT
We assume a > 1 and 6 be fixed. Then from the first equation in we get
d2 !
(4.31) be = [gdﬂ —(1+X)+ 2Au§v§} (f1 — Aud)*y.)

Since for & small,

max AuSv? < 2w(0) = 2 maxw,
~1,1] R
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there exists, by the resolvent estimate, a constant M > 0, such that

w?(0)

M 0
TP ( lellzarap + 1fillan, )
ellzqe1) = o =gy awg el (-1.1))

While

4Av8(fi’° 2dl/)1/2 4141)(2)715

= Bt a3+ ) @ el
1A max{v/G, .}
T3+ A2 (1 + 7))

el L2 (1,1
(4.32)

(Ipell2=1,17) + I f2llz2(=1,17))-

Let a > 0 be sufficiently large, then if A € S, 9, we have

4Mw?(0) max{+/6, 7.} - 1
13+ A2 (1 + 7 A)||A+ 1 —4w(0)] ~ 27
and hence
CcM
(4.33) |Pell2((-1.1)) ’)\ al (LAl z2qery) + I f2ll2qer,p)) -
From (4.33)) we then have
CM
(4.34) 1%ell L2 ((=1,1)) |/\ p (Lall o) + el 2qe1p) »
and therefore
CM
(4.35) IR\ a)|| < ———, for A€ Sqc.
A —al 7
The compactness of (A — £.)~! is obvious. This finishes the proof of the lemma. O

4.2. The Schnakenberg system. We only present here the derivation of the nonlocal eigen-

value problem, the existence and uniqueness of the critical 7. and the pair of pure imaginary

eigenvalues, as well as the proof of the sectorial operator part is similar to the Gray-Scott system.
Let us consider the eigenvalue problem

(Qbs)yy — ¢+ 2u; Usd)s ( §)2¢5 = Ae@e,
(4.36) De(Ve)ae — Tt — e (uf) 21 = 2 Muf v,
(¢e)y(£1/e) = (Ye)z(£1) = 0.

Set D, = 872. The assumption on D, implies 8 — 0. Set ﬁi = %7 \.. It is very easy to prove
that (¢<), — 0 as € — 0. Using the Green’s function introduced in Section (1| we write

1
(4.37) Ye(z) = — /_ G (2,£)B% (ug (€))%= (&) + 2uZ (§)v2 ()¢ (£/2)]dE
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As e — 0, we calculate at x =0

2
Pe(0) = — W% /Gmog ?(&/e) d¢

2
25 / G (0, €0 (£/2)) 65(€/2)de + of1)

2
_ _WSZ() /_1 <(3A2) + Go(0,6) + 0(1)> w? (&/e) d¢

(4.38) 1 )
_ % /1 ((5&2)2 + Go(0,¢) + O(l)) w (€/€)) ¢°(€/e)dE + o(1)

9

e [ iy + 0E0.00)

2 00
-0 [ wsctdy + o),

Using [ w?*(y)dy = 6, we obtain

3 0 c
(4.39) U0 =~ / wly)otdy+ ot

Substituting (4.39)) into the first equation of (4.36) we arrive at
w? .
(440) ((bg)yy — (Z)g —+ 2w¢5 — m /Ruxbady = Ag[l =+ 0(1)](1)5

As in the proof of Theorem 1 in [4] one obtains
(4.41) . — 70, Ae = Ao, b<(y) — do(y) in Hp,.(R), as € — 0,

where (Ao, ¢g) is an eigenpair of the NLEP ([2.25)).
Lemmas [4.1] and [4.2] also works for the Schankenberg system. Therefore there exist constants
g0 >0, a >0 and 6 € (3, ) such that the sector

(4.42) Sa0 :={A € C: |arg(A —a)| < 0} U {a}
is contained in the resolvent set of L. for all € € (0, .

Lemma 4.4. The operator L. is a sectorial operator and hence generate a strongly continuous
and analytic semigroup on the space Z. Moreover, for A\ € S,¢ with a > 1, the operator

R(\, a) = (A= L)~ is compact as an operator mapping Z into itself and there exists a constant
M > 0 such that

(4.43) IR\, a)| < for A€ Sqp.

M
A —al’

Proof. For any A € S, ¢ we consider the resolvent equation

(4.44) (Le—A) (fz) = <£> :

namely,
%@)‘@+m&%ﬁw®%fﬂ@+ﬂ

(4.45) (wa)axc — (u§)2¢g - 2671U€Sv§¢6 = TeAe + T fo.

52



Put 8% = 827.\. Then from the second equation of (4.45]) we obtain

1
be(z) = — /_ G (2,682 [ ()2 + 26 S5 b + 7o fo] dE

1
=T / . (27:_[/\ + B2Go(x,€) + 0(52)> [e7 () 4pe + 26 ufvd e + 7o fo] dE
(4.46) - e
(0) [ L e c
N _iizé))\/ w*(y)dy — TEA/ w(y)ge(y)dy

—0o0 —0o0

1 1
~ 5 /_1 fa(z)dz + h.o.t.

Using [*_w? = 6, we obtain

3 > 3. [*

4.47 ~Y(0) = ————— S(y)dy — ——— dx.
@A) )~ 0 = [ e — e [ e
We assume a > 1 and 6 be fixed. Then from the first equation in (4.28]) we get

d2 !

(1.48) o= |z~ N 28] (- )

Since for & small,

[11118:}1{] uZv? < 2w(0) = 2 max w,

there exists, by the resolvent estimate, a constant M > 0, such that

M w?(0)
<
[@ellL2(-1,1)) < A+ 1 — 4w(0)| < 3

el L2 (1,1 + ||f1HL2([—1,1])> :

While

3([°0, widy)t/? 37.
T+ 37N H%HL?(R)+m”f2\\m([_1,u)

< 3max{/6, 7.}
T 1437

Let a > 0 be sufficiently large, then if A € S, g, we have
4Mw?(0) max{+/6, 7.}

[%ell L2 (j=1,1))

(4.49)
(I¢ellz2(=1,17) + 12l L2 (=1.17)-

1
113NN+ 1—4w(0)] 2
and hence
CM
(4.50) Pell2(—1,17) < h—d| (”f1HL2([—1,1])) + Hf2HL2([—1,1])) .
From (4.50) we then have
CcM
(4.51) el L2 (=11 < r—dq| (Hf1”L2([—1,1])) + Hf2HL2([—1,1])) )
and therefore
M
(4.52) IR\ @) < MC_a' for A€ Sur.

The compactness of (A — £.)~! is obvious. This finishes the proof of the lemma.
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In both the Gray-Scott system and the Schnakenberg system, the semigroup generated by L.
is defined by the formula
2w

1
(4.53) T(t) = et = — / eMR(N, a)d),
T

where I is a smooth curve in S, ¢ that connects ooe % and ooe?.

5. THE TRANSVERSALITY CONDITION FOR THE PERTURBED SYSTEMS

5.1. The Gray-Scott system. We begin from the eigenvalue problem

(be)yy — D= + 2AuSvI B + A(u ). = Ao,

(5.1) 1 3 B

@(we)xz — e —¢ 1(“5)2ws —2e lufvf¢e = TeAeWe,
where y = e 'a, D, = 872, \. is some complex number, and
(5.2) ¢e € Hy ([~ e71)), W € HY([-1,1]).

We let pe = 7:Ae. Then (j5.1)) is equivalent to the following eigenvalue problem
Te{(e)yy — ¢ + QAUEUsSQbe + A(Uss)zwe} = pe e,

o /612(¢8)xx — e — Eil(uss)zwa - 2571“531}5?1)5 = Hete.

ie.,

(5.4) 2 (j‘;) - e (f;) 7

with £, = 7.L.. We note that £ = 7. L.
Let 7. be the parameter value from Lemma so that Re(A.(7?)) = 0. Then, via the
relationship

(5.5) N;(Ta) = 7'8)‘;(7'6) + Ae(72),

we obtain that Re(u.(71)) = 7P Re(A\L(7!)). We now show that u’(7) > 0 for ¢ > 0 sufficiently
small.

Let ®. = (¢, )T be a nontrivial eigenfunction of .%. corresponding to u. and ®F = (¢*, )T
be a nontrivial eigenfunction of . corresponding to pZ. We have by definition

(5.6) <¢673:> = <3€7 (I):> =0.
Since Ag is a simple eigenvalue, u. is simple. Moreover we also have
(5.7) (P, @F) = (Pe, PF) # 0.

Using the Green’s function introduced in Section [I| we obtain

_ Avg > ¢
(58) 00 = 5t | M+ hot

Similarly, from
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ie.,
<¢€>yy+2Au Su8gt — ot —ar e Sy = Logy,

(5.10) = W) — (1 T — e L)t = —Ar(uS)247,
(62)y(£1/e) = (¥7)a(&1) =0,

‘We have

(5.11) i / Gy (2, )1 (uZ (€)1 (€) — Are(ud (€))% (6/2))de

As e — 0, we calculate at x = 0,

2671 * 1
e 1 (0) = e HO) / Gy, (0,€)w? (¢/e) dé

A22e

7'5 2
B / Gp,. (0,6)w? (€/¢)) (¢2)°(€/€)dE + o(1)
2 _1 -
= w/_l ((ﬁ)‘s) + Go(0,¢) +0(1)> w? (€/2) dé

A%gs 2

T 2 1 2
" Ai L, <(6A3) TG00+ 0<1>) w?(€/2)(62)°(€/2)dE + o(1)

E_lwf(o) 2 2\ _—1
A e | Wy O )

Te 2 o0
+ m /OO w2(y)(¢*)§(?/)dy +o(1).

(5.12)

Using [*_w?(y)dy = 6, we obtain

(513 0 = g L @+ o

Substituting ((5.13]) into the first equation of (5.10) we arrive at

* gk * w 20 %\cC _ H; *
G0) (6D~ 0%+ 20l — s [ )y = 1+ o(1) o

Differentiating ([5.4) with respect to 7 = 7. we find that

5.,%5 aq>5 _ 8,Ufs aq)E
(5.15) or et “or  or e+ pie or
Taking the inner product with ®} gives
awgs * a¢€ * a/"& aCbE *
(5.16) <W(I>E’q)e> + <e€ﬂa¥7@s> <8 P, 7) + <:u’8877_7q)5>7
Using
0P, 0P,
£ q_ Q* = Me\—7 > (I)* 3
(2 a0 = el 5 22)

we then obtain at 7/ that

* 1 =
(5.17) oty = Otz oy 52 B) _ pe |y 962
. € € 87— € <(I)€,¢z> 7'&17' <q)6’¢:;> .
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We compute

1 e~ 1
/ Gt dr = / b ()Pt (y) dy
(5.18) -1 —et
=l —l—o(l)]/Rgbogésdy,
and
! g AQU(%Tah 27%
519 [ v dr= ol s [ W [ won

so that in view of (3.23)) and Remark we obtain
1 +0(1)]>\0 1) Jg P05
A2v2T,
fR ¢0¢0 [B+A202 (1+2.h}i\0 (T )2 fR weo f[R w d)()

As a consequence of Lemma we therefore have

(5.21) Re(\.(r1) = 5 Re(p (7)) > 0,

€

(5.20) pe(rl) = = [L+ o(1)] (7).

for sufficiently small £ > 0.

5.2. The Schnakenberg system. We begin from the eigenvalue problem

(gbf)yy — ¢ + 2u§v§¢€ + (uf)2'¢}€ = Ae@e,

,82 (we)xa} TeAetpe — 5_1(U§)21/15 = 2e”~ u vz gbg,

(62)y (£1/2) = () (£1) = 0.

We let pe = 7:Ac. Then ([5.22) is equivalent to the following eigenvalue problem
TE{(¢£)yy — ¢e + 2ulvZ b + (u2) e} = pede,

(5.22)

5.23

( ) BQ (1/18)1:96 - (UES)2¢£ 2 U Ve ¢a Pethe.
i.e.,

(5.24) Z. @Z) = [te (ii) 7

with £, = 7.L.. We note that £ = 7. L.
Let 7. be the parameter value from Lemma so that Re(A:(7!)) = 0. Then, via the
relationship

(5.25) ,U«IE(Ta) = Ta)\/ (Te) + Ae (Te)

we obtain that Re(u. (7)) = 7P Re(A\.(71)). We now show that p’(7) > 0 for £ > 0 sufficiently
small.

Let ®. = (¢, )T be a nontrivial eigenfunction of .%. corresponding to . and ®F = (¢*, )T
be a nontrivial eigenfunction of £ corresponding to pf. We have by definition

(5.26) (0., B) = (B2, 97) = 0.
Since A; is a simple eigenvalue, p. is simple. Moreover we also have
(5.27) (@, D7) = (0., 0z) # 0.
Using the Green’s function introduced in Section [I] we obtain
3 o0
5.28 r)=—77 w(y)pidy + h.o.t.
(5.23) velo) =~y [ wl)otdy
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Similarly, from

(5.20) 2 () =u (1),

i.e.,
(@) — 62 + 2uSuSor —2r e uSuyr = Ko,
(5.30)
62(¢a) ( ) wa +T€( ) ¢<€ - EwE'
We have
(5.31) vz (z / G, (2,687 (W2 (€)1 () — Te(uf (€))* 9L (&/2)]dE
As e — 0, we calculate at x = 0,
2_—1
oz0) = - PO [ 6, 0 egonac
2
+ / G, (0,90 (€/2) (62)°(¢/2)dE + o)
2.—1,/%
= PO [ (B Got0.6) + 00 ) w? e/e) de
(5.32) B [;3)_2
2 (P 0.9+ o)t e/ (e e + o)
-1
—1 00
=S [™ iy + 00
1 O 2 00
o [ e s+ o)
Using f (y)dy = 6, we obtain
_1 Te * 2 *\C
(53 V0 = e | w60 dy+ o,
Substituting into the first equation of - we arrive at
(534 (@ = 02+ 200t = 5t [ ey = 1+ o(1) g
Differentiating with respect to 7 = 7. we find that
agg a@g o a,ua aq)é‘
(5.35) or et “or  or et he or

Taking the inner product with ®} gives

3.,% a¢5 aCbE

* * a/"»’f *
(5'36) <W(I>E’(I)e> + <%W7®E> <a (1)87@ > < 87‘ 7q)z—:>7
Using
0, 0,
87’Q)* = He 73(I>*7
(L2 82 = o5, )
we then obtain at 7 that
0.2, * 1o o
Le . D -
(5.37) ety = Qe oy = LoD _ e Jor 9007
T (Pe, @) 7L (D, DY)
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We compute

1 - g1 o
[ o= [ owiEway
(5.38) -1 —e!
= e[l +o(1)] /R gbogZ)T*;dy,
and
! e [1+ o 2
(5.39) /_1 ek dx = s 37.h)\ Th / qbo/ waoo,

so that in view of ([3.23)) and Remark [3.4] we obtain
[+ o(1)]Ao(7h) Jg P05
Th el
Je #9095 — s Jr W Jp w?eh

As a consequence of Lemma [3.3] we therefore have

(5.40) pe(rl) = = [L+ o(1)]ig(7n)-

(5.41) Re(\.(r1) = 5 Re(u (7)) > 0,

for sufficiently small £ > 0.

6. HOPF BIFURCATION: EXISTENCE, UNIQUENESS AND SYMMETRY

We have now established all the assumptions of the Hopf bifurcation theorem of [I5]. Indeed,
the relevant spectral and semigroup assumptions on the linearization DgeF. = L. at 7 = 7'8}‘
were established in Sections {| and Furthermore, with X = H%([0,1]) x HZ([0,1]) and
Z = L?([0,1]) x L*([0, 1], the map F. : X — Z satisfies the required regularity assumptions. We
introduce the spaces

) (R, )z{@:RﬁX’@(H—ZWp):(I)(t) t R,

2mwp
(6.1)
||®(2) — 2(s)l|x
0] = P
[1®llx,y == max [|2(2)]|x M STy £
and
1
CQ:pW(R Z) {(I) R—Z ‘ P e 27‘(’p(R Z)7 dt C;Wp( )
(6.2)

191 24 = 18], + 1|22 Hmm}

where v € (0,1] is the Holder exponent. The relevant space for solutions to (1.3 is ¥ =

Corp(R, X) N C’%::(]R Z) with the norm
(6.3) 1]y =11®llxy + [|% 125

The Hopf bifurcation theorem thus applies and yields the following result.

Theorem 6.1. There exists an g > 0 such that for every 0 < ¢ < gq there are numbers
de,me > 0 and continuously differentiable functions pe(s), 12(s), and (us(s),ve(s)) € Y defined
in —ne < s < ne such that (us(s),ve(s)) is a 2mp-(s)-periodic solution to (1.3) and

7(0) =7/, pe(0) =1/a7, u(0)=uZ, wv(0)=vZ.
In addition the solutions are nontrivial in that (us(s),ve(s)) # (ug,vd) for 0 < |s| < n.. Fur-

thermore we have uniqueness in the sense that if (Tz,,ue1,v:1) 1S a 27pe 1-periodic solution of
([T3) with |pe1 —1/a5| < de, |7eq — | < 0c, and ||(ue1,v-1) — (e, ve)||ly < e, then there ewist
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numbers s € [0,n:) and 0 € [0,27p. 1) so that -1 = T-(s) and the solution (ug1,ve1) is obtained
from a O-phase shift of (us(s),ve(s)), i.e.

(te,1,ve,1)(t) = [So(uc(s),ve(9))](t) = (ue(s),ve(s))(t +0) forall teR.
Finally, the bifurcating solutions have the following symmetry property

(ue(—s),v:(—s)) = STFpg(S)(UE(S)?UE(S))7 Te(=8) =7(s),  pe(—3) = p=(s),
for all —ne < s < M.

7. LINEAR STABILITY OF THE HOPF BIFURCATIONS

In this section we investigate the linear stability of the periodic solutions obtained in The-
orem from the previous section. This stability analysis is carried out in the context of a
generalization of Floquet Theory from ODEs to semilinear parabolic PDEs and we refer here to
Section 1.12 of [I5]. We briefly summarize the main aspects of this theory so that our stability
result may be accurately stated.

Suppose A(t) is a time-dependent linear operator which is p-periodic in ¢ and consider the
problem

dw

(7.1) i A(t)w = 0.
The Floquet multipliers of are the eigenvalues of ®(p), where w(t) = ®(t)x is the solution
of satisfying w(0) = x. We say that  is a Floquet exponent of if and only if e P* is
a Floquet multiplier, or equivalently if x is an eigenvalue of % — A(t) in the space of p-periodic
functions.

The concepts of Floquet Theory arise in the study of periodic solutions as follows. If u is a
p-periodic solution of the nonlinear problem

du
7.2 =
(72) U (),
then the linearization about this periodic solution results in the variational equation
(7.3) 9 gu(u(t))v =0,

from which the Floquet multipliers and exponents are defined as for with A(t) = gy (u(t)).
Ifa= % # 0, formally differentiating shows that
= gu(w(t))i

so that 0 is always a Floquet exponent and 1 is a Floquet multiplier for u. It has been shown
that the stability properties of a periodic solution to are determined by the moduli of its
Floquet multipliers (see Section 8.2 of [12]). Specifically, if the Floquet exponent £ = 0 is simple
and all remaining Floquet exponents have positive real parts, then the p-periodic solution wu is
linearly stable.

The Floquet exponent for the 27 p. (s)-periodic solutions ®.(s) = (u-(s) —u?,v:(s) — v2) from
Theorem are therefore numbers x such that the problem

1 dw

10 S (o Ra(r) S oI =, w(0) = w(zn)

has a nontrivial solution. At s =0, becomes

(7.5) oﬁ% — L.w = Kw, w(0) = w(2m).

The set of values of s for which has a nontrivial solution is {ajni—o (L) : n = £1,£2,,...},

2no(Le)/ g

so the corresponding multipliers are e Thus, 1 is clearly a Floquet multiplier with
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multiplicity two corresponding to the double eigenvalue x = 0 inherited from +ia; € o(L:). On
the other hand, Lemma implies that the remaining eigenvalues of L. at s = 0 have negative
real part and therefore the remaining Floquet exponents have positive real parts.

Since a zero Floquet exponent persists for all values of —n. < s < 1, it is a second, nontrivial,
Floquet exponent, r(s), with x-(0) = 0 which determines the linear stability of the periodic
solution. Specifically, if Re(r:(s)) > 0 then the periodic solution is linearly stable in the sense of
[12], and is otherwise unstable. With - denoting a derivative with respect to s, Theorem 1.12.2 of
[15] implies that £.(0) = 0 and 7.(0) = 0. Moreover, formula (1.12.34) of [I5] relates the second
derivatives according to

e (0) = 27 (0) Re(AL(1L")).-
From Section |5 we know Re(\L(7")) > 0 and therefore the first part of Corollary 1.12.3, or the
Principle of Exchange of Stability, of [15] applies.

Theorem 7.1. Let the hypotheses of Theorem[6.1] be satisfied. Then

sgn(t=(s) — TEh) = sgn(ke(s)) for —mn. <s<ne.
Hence, the bifurcating periodic solutions of Theorem are linearly stable (resp. unstable) if
the bifurcation is supercritical (resp. subcritical).
To conclude the stability question it remains therefore to determine the sign of 7.(0). For this
we use the formula (see equation (1.9.11) of [15])

1
Re(\.(72))
7.1. The Gray-Scott system. Recall that for the stability of the Hopf bifurcation, we need
to compute the sign of

(7.6) i-(0) = Re(K(¢)).

1

(7.7) ie(0) = Re(\.(m))

Re(K(2)).

Here Re(\.(7:)) ~ Re(N (7)) > 0.

K(e) = —(0paa Re (12, 0)[Dc, Be, .|, D7)
+ (Opp Re (7, 0)[Dc, (Lo (1) — 2051) ' Opa R (72, 0)[®:, D], BF)
+2(0p0 Re (72, 0)[Dc, (Lo(72)) ™' 0aa Re (72, 0)[Dc, D], @)
= Ki(e) + Ka(e) + Ks(e),

where ®. = (¢¢,1.) is a nontrivial eigefunction of £.(7.) corresponding to the eigenvalue aji,
and ®F = (¢, ¢}) is a nontrivial eigenfunction of £3(7.) corresponding to the eigenvalue —aji,
moreover,

(7.9) <(I)€7 (I):> =
We have

(7.8)

<@@95£@@M+/UWMw

- AQUOTh
= 5[1 + 05 |:/ ¢O¢O 3 + A2 _|_ ThOé]Z / wd)o/ Y ¢0:|

Therefore, we choose constants c;(g), ca(), so that When
(7.11) ¢o = c1(e)(Lo — ari) 'w?, g = ca(e)(Lo + ari) w,

we have

(7.10)

AQUOTh

(7.12) /Rqsoqsg— W (E——T /wqﬁo/w oh = 1/e.
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With ¢g and ¢ so chosen, we put

_ (Bac(re, @)\ _ (0 AvEY + 24uf oy + APy
e = () = (A )

(k1 (I [k
o= () n=() =) ez

For functions

we have
8<1><1>R15(T5, 0) [k, h] = 2Av§k1h1 + 2Au‘§(k1h2 + kzhl),
Oop Roc (12, 0)[k, h] = =277 e 1ol kihy + e Ml (k1hg + kahy)],
8<1><1><1>R15(7‘5, 0) [k‘, h, l] = 2A(l€1h1l2 + kiholy + k‘zhlll),
(9q>q>q>R25(T5, 0)[k, h, l] = —27’8_16_1(k'1h1l2 + kiholy + kghlll).
Therefore,

871K1 (E) = —571<a<1><1><I>R5(7—£) O)[(I)av @873‘5]7 CI):>

1 B o 1 L _
=21 e / (620x + 20 e |*he) i d — 2467 / G L
-1
(7.14) B 1
© 3+ A20(1 + magi

24 / (627 + 2l 260) 85 dy + 0:(1),

)/_ w%dy/ (6250 + 2|0 [*0) dy

where

" Av% /°° b0 d
= — w .
O TS A22(1 + o) SO

Next we evaluate Ko(g). Define

<Zi> = (»Ca(Ta)_QOé?i)*lacIMbRa(TEO, 0) [‘I)g, (I)E] = (,CE(Ta)_Qa?i)fl (_2 QA[UE(Z)? + 2u§¢€¢€] > ,

z5 Tgle_l[qubg + 2u§¢gw€]
namely,
52(2{)5” (2Au —1—2a%i)zf + A(u ) 25 = 2Avs¢§ + 4Au§¢51/15
(7.15) D.(25) 32 — (e_ (us) + 14 27.a%1)25 — 26~ lusvszf = _l(quﬁg + 2uf¢>€1/15),

(Zf)x(il) = (Zg)m(il) =0.

By the discussions in precious sections, we can derive a limit equation
(7.16)

(21)yy — (1 +2ari) 21 + 2wz + e 2w 29 = 2Av0¢0 + —qbowo,

1 o0 o0
= A? 3/ 2dy +2A / dy — A 2/ dy]| .
2 3+A2v§(1+27h0qi){ Yo ,OO% y + 24v0t0 ,oow% Y= A% ,oowzl y
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‘We have
5_1K2(5) = 5_1<a<I><I>Re(7'5, 0)[367 (‘CE(TE) - 204?1')_18@@]%5(7'5, O) [(I)E’ (I)E-?Hv (I):>
1
= 247! / [vf@zf + uf(@zg + Ez‘f)] oF dx

1

1

_ople? / (05625 + S (Be25 + $25)] V7 da
(7.17) -1

=2A /00 [vodoz1 + (Ave) tw(doze + Yo21)]¢5 dy

Affooo wng)T*;dy 0o
35 A2v8(1 + Thayt) /_Oo
+ 0:(1).

[vodoz1 + (Ave) "Mw(dozz + oz1)] dy

To evaluate K3(¢) we define
(1) = Cetr dua R 0100 ) = (eatray (L, 2N e O L00e] ),
namely,
e%(hD)ax + (24uZv? — 1)AT + A(u2)*h5 = 24[0F|¢e[* +uf (90 + eve)],
(718)  q De(hf)az — (71 (u2)® + 1)h5 — 26~ 'ufolhi = —2¢7 o2 |6c|* + ul (¢=the + detie)],
(h1)z(£1) = (h3)2(£1) = 0.

As before we derive the limit equation
(7.19)

1 2w, , — _
(ha)yy = B+ 2why + 5w hy = 2400|é0 ] + = (G070 + 1odo),
Y0 vo
1 o0 ___ [°° o 9
e = g A% [ oo dy -+ (%o [~ wondy o [ widndy) - 4 [ uma].
0 —00 —00 —00 — 00

Then we have

e K3(e) = 26" N 0pa R (12, 0)[®2, (Lo (7)) 'O Re (2, 0)[®:, D], D7)

1
—4Ac / (05 6oh5 + uS (gohs +ohs)] G da
-1
1
gl / [0S 6ok + uS (gehs + ehS)] VF da
(7.20) o
— 4A/ [vodoh 4+ (Ave) " w(poha + boh1)] g dy

—00

2Aff°oo w2 dy oo
3+ A%}%(l + Thai) /_oo
+ 0:(1).

[vodoh1 + (Avo) ™ w(dohe + Yoh1)] dy

7.2. The Schnakenberg system. For the stability of the Hopf bifurcation, we need to compute
the sign of

(7.21) 2 (0)
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Here Re(\.(71)) ~ Re(N (1)) > 0.

K(e) = —(0ppa Re (72, 0)[®:, D, D], DF)
+ (Opp Re (7, 0)[Dc, (Lo(7e) — 2a51) ' Opa R (72, 0)[®-, D)), BF)
+2(p0 Re (72, 0)[Dc, (Lo(72)) ' 0aa Re (72, 0)[Dc, D], @)
= Ki(e) + Ka(e) + Ks(e),

where ®. = (¢¢,1.) is a nontrivial eigefunction of L.(7.) corresponding to the eigenvalue aji,
and @ = (¢%,¢}) is a nontrivial eigenfunction of £3(7.) corresponding to the eigenvalue —aji,

B v2” + 2uf P + %
(7.23) Re(7:,®) = <_7—£151[vf¢2 + 2u pop + ¢2¢]> ,

(7.22)

moreover,
(7.24) (®,, %) = 1.
We have
1 o 1 L
(B, 87) = / 6.5 di + / e da
(7.25) -1 -1

el | f 085 - g [ o7

Therefore, we choose constants c; (), c2(€), so that when

(7.26) b0 = c1(e)(Lo — ari) 'w?, ¢ = ca(e)(Lo + ari) w,
we have
pell Th 275 _
(7.27) [ 605~ e Lo [ wd =1/
With ¢g and ¢ so chosen, we put
Ric (72,0
(7.28) Re(1.,0) = < R;EE;,OD .

For functions
(k1 (I [k
(o) =) =) ez
acpchla(Tg, 0)[k, h] = 2?)5k‘1h1 + QUES(kth + kghl),
dop Roc (12,0)[k, h] = =277 te w2 k1hy + ul (k1hg + kahy)],

OpapaR1:(7:,0)[k, h,l] = 2(k1hila + kihaly + kahaly),
dpad Roc (12, 0)[k, h, 1] = =277 e Y(kihyly + kihaly + kohily).

we have

Therefore,

e K1 (e) = —e H0paa Re(72,0)[®., ., D], BT)
1
1

7.29 e B
(7.29) 1/ w2¢3dy/ (950 + 2|do[ebo) dy

- 34+ 9mhart J_ oo

1
— ol / (620 + 2ou P )E do - 267! / (620 + 206:[4.) 8% da

9 / (6270 + 200 200)Fh dy + 0:(1),

—0o0
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o = —?)./ngtody.

1+ 3magt

where

Next we evaluate Ks(g). Define

€ S 12 S
() = (€etr)-20) Moun e )0 0] = (Letr)-205i) (, 2AEE TR0

52(7:{)” (2ufv —1—2a%i)zf + (u5)2z§ = 2vs¢>2 + 4ufq§a¢g
(7.30) D (25) 4z — (5_1(%) + 27.a%1)25 — 2~ usvszf = -2 _l(vfgbg + 2uf¢51/}€),
(21)z(£1) = (25)(£1) = 0.

By the discussions in precious sections, we can derive a limit equation

. 1 4w
(21)yy — (1 +2ari) 21 + 2wz + §w222 = 602 + ?gi)owo,

(7.31) - .
Z9 = 1‘|‘67'h0412[ / ¢ody+ wo/oow@)dy—/_oowzldy]_

We have
e Ky (e) = e HOpap R (72, 0)[®c, (Lo(72) — 2a54) ' 0pp Re (12, 0)[®., B, BF)

1
=21 /1 [02 925 + w2 (925 + ezf)] OF d
1
—arte® [ [ Sk + U] B da
(7.32) - !
= 2/ [3%21 + - (</>02’2 + 1/102’1)} o5 dy

—00

o wiegdy [
- W /OO [3%21 + = (¢022 + 1/102’1)}

+ o0-(1).

To evaluate K3(¢) we define

T — v? u? (pe)e b
<h1) = (‘CE(TE))_labtb(TaO?O) [(I)g, ‘1)5} = (EE(TE))_I ( 2[ € ’¢6’2 + (¢€w€ + ¢6¢5)] )

hs _27—;1571[U¢§|¢s|2 + u Ug (gbewe + ¢s¢e)]
namely,
?(h)ww + (2US F-1) i + (u2)?hs = 200 |ge|* + ul (detbe + Ve de)
(7.33) Do(h5)aw — e (uf)2hs — 26 ud0oh5 = =267 05| pe|? + uZ (¢t + e 2)],

(h1)z(£1) = ()( )=0-

As before we derive the limit equation

1 2w — J—
(h1)yy — h1 + 2why + §w2h2 = 6|¢o|* + ?(Cf)owo + Poo),

(7.34) 00 [ o o0
h2=9/ |¢o|2dy+<¢o/ w¢ody+wo/ w¢0dy>3/ why dy.
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Then we have

e K3(e) = 26 N 0pa Re (12, 0)[®c, (Lo(72)) o R (72, 0)[®e, D], BF)
1
et [ [0S 0uh + uS(uh + k)] G do
-1
1
-45%4/[@@i+@m@+%ﬁﬂ@m
(7.35) . o
= 4/ [3¢0h1 + §(¢0h2 + wom)} &5 dy

—oc0

2 [% wiepdy [
B 3+ 9mpart /
+0:(1).

[3¢0h1 + %(%hQ + ¢0h1)} dy

—0o0

8. NUMERICAL COMPUTATION OF Re(K)

It remains only to calculate the sign of Re K for the Gray-Scott and Schnakenberg systems.
Since the calculations are nearly identical we will state results for both systems, but only give
details of the calculation for the Gray-Scott system.

8.1. Gray-Scott Model. First we have to compute the Hopf bifurcation threshold 7, and
corresponding purely imaginary eigenvalue Ay = ia along with the corresponding eigenfunction
$o. We can reduce the NLEP (2.9) to an algebraic equation by writing ¢g = (Lo — ias) twp
thus obtaining
1 > L N1, 2

—_ - w(Lo —iay)  wdy = 0.

x(iTpaer) oo
Using the specific form of (7)) we can equate real and imaginary parts to obtain

(8.10) 3 4= e | [ wl) (o~ tan) w0
(8.1b) A?vtm,ar — Im [/_OO w(y) (Lo — ia;)_l[w(y)de] =0.

The integral term is computed by numerically solving the boundary-value-problem (Lo —iag)€ =
w?, with ¢/(0) = 0 and £(y) — 0 as y — 400 on a truncated domain with appropriate boundary
conditions. Specifically we used the solve_bvp routine from the scipy library on the interval
[0,500]. For each given value of A we can then solve for ay using the brentq routine from
the scipy library and use this value in to calculate the corresponding threshold 7,. The
values of ay = «aj(A) and 73, = 7,(A) are plotted in Figures and The corresponding
eigenfunction ¢ and its adjoint ¢ are calculated by setting

do = (Lo — i) tw?, o5 = B(Lo + i) tw,

and choosing the multiplier 8 to satisfy the normalization constraint (7.9)). It is then straight-
forward to calculate g and 1§ by numerical integration.
To calculate the remaining axillary functions z; and h; we observe that the solution to the

non-local problem
(o.9]

<m—mww=ﬂw+mq/fmx@w

—00

can be found by first solving the boundary value problems

(Lo —ik)61 = f, and (Lg—ik)é2 =gy,
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a,(A) Th(A) Re K(A)

0.4 T
1
1.0 1 30 - 0.2 41
1
41
2. 0.0 i
0.5 ~02 41
10 —0.411
1

0-0 T T T T 0 T T T T _0.6 I T T T T

4 6 8 10 12 4 6 8 10 12 4 6 8 10 12
A A A
(a) (B) (c)

FIGURE 1. Plots of the numerically computed values of (A) the Hopf bifurcation
eigenvalue a(A), (B) the Hopf bifurcation threshold 7,(A), and (C) of Re K(A)
for the Gray-Scott system.

and then setting

B Joo Ms)én(s)ds
Ely) =&y + 17 = h(s)&(s)ds&:‘fz(y)

With the appropriate choices of functions f, g, and h as dictated by and we can
numerically compute the functions z; and h; for every value of A. It is then straightforward to
use numerical integration to obtain the corresponding values of zo and he.

Finally we use the asymptotic expressions for K;, Ks, and K3 given by , , and
to obtain the leading order behaviour of K = K(A). The real part of K(A) is shown in
Figure From this Figure we observe that a distinctive feature of the Gray-Scott system is
that the theory predicts a change from a subcritical to a supercritical Hopf bifurcation as the
parameter A extends beyond a value of A =~ 3.85. We will illustrate this theoretical prediction
with full numerical simulations in a subsequent section. We further remark that the numerics
indicate that Re K (A) tends to —oo as A approaches /12 and otherwise tends towards zero as
A tends to +oo0.

8.2. The Schnakenberg Model. We summarize here some of the key quantities calculated for
the Schnakenberg system. First we find that the Hopf bifurcation threshold 7, and corresponding
eigenvalue \g = iag are given by

(8.2) T = 0.25702, ar = 1.2376.

We then proceed in a similar fashion to the Gray-Scott system to calculate
Ki(e) = 17.357 — 6.8642i 4 o(1)
Ks(e) = 10.928 + 16.520i 4 o(1)
K3(e) = —21.566 — 2.0317i 4 o(1),

and hence

(8.3) K(g) = 6.7201 + 7.6246i + o(1).

Therefore the Hopf bifurcation is supercritical for the Schnakenberg system.

9. NUMERICAL SIMULATIONS

To illustrate the theoretical predictions of the preceding sections we here perform full numer-
ical simulations of both the Gray-Scott and the Schnakenberg systems. In both systems we will
fix the parameter values ¢ = 0.002 and D = 100,000. Additionally we discretize the interval
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A=3.8,t= 2.573 A=3.8,T= 2.625 A =38, Tt= 2.625
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3.0 1 3.0 1
1.6 1 2.5 2.5 1
1.5 WWWAWWMWMWMAMMAAMAAAAAAA 2.0 1 2.0 1
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1.4 4
1.0 1 1.0 1
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FIGURE 2. Numerical simulations for Gray-Scott system with D = 10° and
e = 0.002. Each row of plots corresponds to a distinct value of A. The leftmost
column uses a value of 7 = 0.997;(A) while the remaining two columns use
7 = 1.0173,. In the last two columns we have shown the behaviour of the solution
for the first 400 seconds and then jumped ahead to a time range where the
resulting subcritical or supercritical characteristic of the Hopf bifurcation is best
represented.

[0,1] into 5,000 equally spaced mesh points and use a finite-difference approximation for the
second order spatial derivatives. Furthermore we use a second-oder semi-implicit backwards dif-
ference (2-SBDF) implicit-explicit (IMEX) time-stepping scheme with a time-step size of 0.001
to solve the resulting large system of nonlinear ODEs (see [24] for details).

We focus first on the Gray-Scott system. To illustrate the change in criticality of the Hopf
bifurcation we choose parameter values of A shown, along with the corresponding values of 7
and Re K(A), in Table|l] Starting with an initial condition given by a 1% perturbation away
from the asymptotically calculated equilibrium and we then numerically compute the
solution for values of 7 = 0.997,(A4) and 7 = 1.017,(A). The resulting spike heights, u(0,1),
are plotted in Figure In each plot we observe that the equilibrium solution is stable when
7 = 0.997,(A) but is unstable otherwise. Furthermore we observe that for A = 3.8 the Hopf
bifurcation appears to be subcritical, whereas for A = 4.0 and A = 10.0 the Hopf bifurcation
is seen to be supercritical, leading to the emergence of a stable limit cycle. These numerical
simulations thus support, and illustrate, the theoretical predictions from the preceding sections.

For the Schnaknberg system we only need to vary the time-constant 7. Thus we choose values
of 7 = 0.97, and 7 = 1.17; and numerically calculate the solution of the full Schnakenberg
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T=0.254 T=0.26 T=0.26

0.550 0.7 0.7

0.525 + 0.6 0.6
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FIGURE 3. Plots of the spike height, u(0,t), for numerically computed solutions
of the Schnakenberg system with values of 7 below and above the Hopf bifurcation
threshold of 7, = 0.257. The remaining system parameters are given by D = 10°
and ¢ = 0.002. For 7 = 0.26 the middle plot shows the onset of the Hopf
instability while the rightmost plot shows the resulting stable limit cycle.

system starting with an initial condition that is a 5% perturbation away from the single-spike
equilibrium calculated in . The resulting spike heights, u(0,t) are plotted in Figure
where we observe that the solution is stable for 7 = 0.97;, but is unstable and leads to a stable
limit cycle for 7 = 1.17,.

A Th Re K(A)
3.8 | 2.5987 | -0.11664
4.0 | 3.0665 | 0.1675

10 | 24.895 | 0.068284

TABLE 1. Parameter values for numerical calculations Gray Scott
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