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Abstract

It is well known that Keller—Segel models serve as a paradigm to describe the self aggregation
phenomenon, which exists in a variety of biological processes such as wound healing, tumor growth,
etc. In this paper, we study the existence of monotone decreasing spiky steady states and its lin-
ear stability property in Keller—Segel models with logistic growth over one-dimensional bounded
domain subject to homogeneous Neumann boundary conditions. Under the assumption that chemo-
attractive coefficient is asymptotically large, we construct the single boundary spike and next show
this non-constant steady state is locally linear stable via Lyapunov-Schmidt reduction method. As
a consequence, the multi-symmetric spikes are obtained by reflection and periodic extension. In
particular, we present the formal analysis to illustrate our rigorous theoretical results.
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1 Introduction and Main results

Chemotaxis is a process in which the uni-cellular and multi-cellular organisms are stimulated by chem-
ical signal, then direct their movements along the gradient of stimulus. One of the most important
findings in biological processes involving chemotactic movement is the self-organized aggregation,
which refers to a situation, for instance initially evenly distributed bacteria together move towards high
concentrations of the chemical stimulus and finally form several groups of spatial aggregates. Since
this interesting phenomenon widely exists in physiological and pathological activities of organisms,
numerous researchers would like to investigate it from the viewpoint of mathematics. Before achieving
this goal, some appropriate mathematical models need to be initiated so as to describe the phenomenon.

1.1 Keller-Segel Models

To study the traveling bands of E. coli, Keller and Segel [20,21] in 1971 proposed one type of reaction-
diffusion systems which consist of two coupled partial differential equations (PDEs), and the forms
read as follows:

random (flux)  chemotactic (flux) source
—_ —_—~— —
u=V-( d&iVu - xpu,v)\Vv )+ f(u), xeQ,t>0,
chemical diffusion  chemical creation/consumption (K_S)
— = —
Vv = drAv + g(u,v) , xeQt>0,
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where spatial region Q is usually taken to be the whole space RV, N > 1, or a bounded domain in
RN. Here u and v represent the cellular density and chemical concentration at location x and time
t, respectively. In addition, p is the so-called sensitivity function, which measures the chemotactic
fluctuation, while constants d; > 0 and d, > 0 denote the self-diffusion effect of u and v, respectively;
x describes the strength of chemotactic movement. In particular, the environment is assumed to be
enclosed, and hence one imposes the no-flux boundary conditions on cellular density # and chemical
concentration v.

System (K-S) have been well studied over the past few decades and we refer the readers to survey

papers [12, 14—16]. It is worthy mentioning that the seminal work of Nanjudiah [30] and Childress and
Percus [5] stimulate scholars to qualitatively analyze the rich properties of global solutions, blow-up
solutions, stationary solutions and traveling waves within (K-S) [11,17,27,28,33,36]. In the absence of

the source term f(u), there are a variety of results focusing on the global well-posedness and dynamics.
The classical form of (K-S) in this situation is the so-called minimal chemotaxis model, which reads

Uy = Au—xV - (uVv), xeQ,t>0,
vi=Av—v+u, xeQ,t>0,
u v (11)
ant) = 5:(x,1) =0, x€eo,t>0,

u(x,0) = u’(x), v(x,0)=12x), xeQ,

where d; = d, = 1, (u®(x),v(x)) are non-negative initial data and n is the unit outer normal vector.
The famous phenomenon in the 2D case of (1.1) is commonly referred to as “chemotactic collapse”,
which has been fairly understood. In fact, there exists some critical mass M, := ‘L—” for the bounded

domain or ¥ for the whole space RV such that if fQ u(x, 0)dx < My, the solution to (1.1) will globally
exist [29]; otherwise (1.1) will admit finite time blow-up solutions [5,11,30,37,40]. Moreover, focusing
on the stationary counterpart of (1.1) in 2D, Wei and Delpino employed the “localized energy method”
to construct the multi-spiky solutions [0]. It is necessary to point out that the groundbreaking work
for the construction of large amplitude steady states in Keller—Segel models was completed by Lin, Ni
and Takagi [24,31,32]. Based on these results, researchers comprehensively studied the non-constant
stationary solutions with a single boundary or interior spike or multiple spikes, which refer to [1-3,

,9,25]. In contrast with 2D case, it was shown that the solution to (1.1) in 1D globally exists for
all time [27,34]. Furthermore, the results involving the formal and rigorous construction of the spiky
steady states can be found in [4, 13, 19]. In particular, Wang and Xu [4 1] adopted an innovative method
to directly tackle the stationary problem of (1.1) without converting it into a single equation.

In the presence of the source term f(u), the results for the global existence and large time behavior
of solutions in (1.1) are distinct. The common form of f(u) is the logistic growth satisfying f(u) =
u(it — ku), which are usually used to model population dynamics. Hhere & > 0 measures the carrying
capacity of the habitat for cells and « > O represents the strength of cellular degradation. It is well-
known that the logistic growth can inhibit the occurrence of blow-up phenomenon in any dimension
when « is large [26,45-49]. For the stationary counterpart of (1.1) with the logistic source, there are
also a few results related to the construction of non-constant stationary solutions [18,35,38]. Recently,
we have rigorously constructed multi-spikes in 2D [23]. Our successful analysis applied in 2D gives
us motivation to perform the similar argument for one-dimensional minimal models with the logistic
growth. Actually, Kolokolnikov et al. in 2014 [38] did the formal computation to show the existence
of spiky steady states in 1D. Our goal in this paper is also to give the rigorous proof for these existence
results.



1.2 Motivations and Main Results

In this paper, we focus on the 1D version of (1.1) with the logistic source in (0, L), which is

U = Uy — X(Uvy)y + pu(ii — u), x€(0,L),t>0,

Vi =V —V+U, xe(0,L),r>0, (12)
uy(0,8) = up(L, 1) = v(0,8) = v (L, 1) =0, >0,

u(x,0) = u®(x), v(x,0) =12x), x € (0,L).

According to the results of Osaki and Yagi [34], the solution globally exists and is uniformly bounded
for all the time. However, it might admit the bounded non-constant steady states which possess the
striking structures such as spikes, transition layers, etc. To confirm our conjecture, it is necessary to
study the stationary system of (1.2), which is

Uxx _X(va)x + /'”’t(ﬁ - l/l) = O, X € (07 L),
Ve —Vv+u=0, x€(0,L), (1.3)
ux(0) = u, (L) = vx(0) = vi(L) = 0.

It is well-known that when u = 0, there exists the boundary layer to (1.3) under the asymptotically limit
of L > 1 [19]. The natural generalization is to construct the boundary spikes with the similar profile
for arbitrary u > 0. Under the assumption that the chemotactic coefficient y is sufficiently large, we
show the existence of single boundary spikes to (1.3) via the standard Lyapunov-schmidt reduction and
the results are stated in the following Theorem:

Theorem 1.1. Let y := elz Then there exists €y > 0 such that for any € € (0, &), (1.3) admits the

non-constant solution (u™,v~) which has the following asymptotical form:

u”=Uy(2)+o(l), xe(0,L), (1.4)
v =vo(x; L) +0(1), xe(0,L), ’
where Uy(y) := %sechz(\/?ay) and vo(x; L) is given by
1 Va x \a
. ) _ 2( NZ 2 —
vo(x; L) = € log(4sech ( 5 6))+Esinthosh(x L) + Vaex. (1.5)

In particular, a = 3 + O(e).

Theorem 1.1 illustrates that (1.2) admits non-constant steady states for y large enough in which
cellular density # = O(1) and chemical concentration v = 0(%) The natural question is whether there

exist other nontrivial stationary solutions to (1.3). Indeed, it follows from the reflection and periodic
extension that there are symmetric multi-spikes for y > 1, which is summarized as

Corollary 1.1. Suppose m > 1 be any fixed integer, then we can find constant € such that for € € (0, &),
there exist the following two types of m-symmetric spikes to (1.3):

(%]

U, Vo) = ;(Um, Vm)(% - x) + U, V’")(x - ZJWL) xe L), (1.6)
and
[5]+1 X .
(U*, V) = ; wm, V’")(% - x) + U, vm)(x - %) xe.0). (17



where U™ and V'™ are defined as

vo(x; %) +0(e), xe(0,L

> m/’?

. { Up(¥) + 0(e), x€(0,L),
U™ = € m
03 0, X ¢ (O, Z .

xe(0.L), and V' ={
The other important finding is the stability property of (1.4). We state the relevant results in the
following Theorem:

Theorem 1.2. When € < 1, (u™,v") defined by (1.4) is locally linear stable.

From the perspective of energy, Theorem 1.2 implies the energy of (u~, v™) is the smallest among a
class of solutions given in Corollary 1.1. Next, we exhibit the profile of these single and multiple spikes
in Figure 1. Moreover, as is shown in Figure 2, the solution (u, v)(:, t) of (1.2) converges to (1™, v™) after
we impose some small perturbation on the initial data.
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Figure 1: Given L = 2, u = 1 and y = 20. Top: Profiles of increasing and decreasing single spikes.
Bottom: Profiles of double boundary and single interior spikes. We find cellular density « is localized
and chemical concentration v globally varies over (0, L).

The remaining parts of this paper are organized as follows: In Section 2, we shall firstly convert (1.3)
into the single nonlocal equation, then show our idea for the choice of the ansatz to this single equation.
Section 3 is devoted to the existence of spiky stationary solutions via Lyapunov-schmidt reduction. In
this section, we mainly focus on the investigation of linear and nonlinear projected problems. In Section
4, we will linearize (1.2) around the single boundary spike then study the linearized eigenvalue problem
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Figure 2: Given L = 2, i = 1 and y = 50. The dynamics of single boundary spikes defined in Theorem
1.1. We can regard time-dependent solution (u, v)(:,t) at t ~ 20000s as the stationary solution and
obtain (u, v)(-, f) finally converges to (#~, v™).

to prove this steady state is locally asymptotical stable. Finally, we exhibit the formal computation
which complements our rigorous analysis in Appendix A and Appendix B.

2 The Approximate Solution of # and v

In section 2, we shall introduce the selection of the ansatz. First of all, we set u = 0 in the first equation
of (1.3) to obtain

u=_Ce", (2.1)

where C > 0 is some constant need to be determined. Next, we define ¥ := yv and substitute it into the
second equation to arrive at
Vo —V+Cxe" =0, xe(0,L). 2.2)

.= L — X . .
Define € := Vo andy = 2 then we have (2.2) can be simplified as

by —EV+e =0, ye(0,L/&). (2.3)

When € <« 1, we note that (2.3) can be approximated by the following Liouville equation with the
Neumann boundary condition in the half space:

wyy + e =0, y€(0,00), wy(0)=0. 2.4)

It is well-known that (2.4) has a family of solutions satisfying

w(y; a) = log [gsechz(gy)], foo e”dy < +oo, (2.5)
0

where a > 0 is a free parameter. Hence, we regard w(y, a) as the basic ansatz of ¥, then obtain from
u=Ce and € := ﬁ that ug, the ansatz of u, can be defined as

aC (\/%y)_c‘lC hz(\/;'I_C)ec) a (gf)

Ug = TSech2 > = Tsec = Esech2 <) (2.6)



where a > 0 is a free parameter and € := \/; . It is necessary to determine the constant a so as to

establish the explicit form of uy. To this end, we integrate the u-equation in (1.3), then find from the
Neumann boundary condition that

L
f u(@ — uydx = 0. Q2.7)
0

Since u is defined as the approximate solution of u, one further substitutes (2.6) into (2.7) to get a ~ 3ii.
Now, we have established the following rough ansatz of u and :

Uy = gsech2 ﬁj—c and ¥y = log [gsechz(ﬁ f)] —logC. 2.8)
2 2 € 2 2 €

Step 1: Construction of (i, vy)
It is necessary to point out that ¥ is not the uniform expansion of ¥ since it does not satisfy the

Neumann boundary condition at x = L. To solve this issue and obtain the uniform expansion of v, we
define vy as the following form in terms of the Neumann Green’s function:

L
vo(x) = f G(z: N)up(2)dz, 2.9)
0
where u is given in (2.8) and G(z; x) satisfies
cosh(x—L)
o= ] Tz coshz,  ze€(0,x),
Gz » { S cosh(z — L),z € (x,L). (2.10)

According to the potential theory, we have vy is the solution to

Voxx —Vo+uy =0, x€(0,L),
vx(0) = vo (L) = 0,

which can be regarded as the uniform approximation of v.
To analyze the error generated by (1, vg) comprehensively, we shall decompose vy given by (2.9)
into v + vo1 + vz To begin with, we define vy, as the solution to

vix —v =0, xe€(0,L),
{ vi(L) = 0, (2.11)
which satisfies
vo1(x) = € ,\/E cosh(x — L). 2.12)
sinh L

Noting that vo; does not satisfy the homogeneous Neumann boundary condition at x = 0, we define the
correction term w as €2w(y) = v — vy, and substitute it into (2.2) to find the equation of w is

5 L
Wyy — Ew+Cet =0, ye (O, ;), (2.13)

where Vo1 (y) = yvo1(x). We further define w, as the approximate solution of w, then expand Vo as the
polynomial form and use C ~ e~ V4 <othL (o get

Woyy + €2V =0, y € (0,0). (2.14)



In light of the Neumann boundary condition at x = 0, L, we have wg(e0) = 0 and wgy, = +/a. By solving
the equation of wy, one finds

1 a
wo = Vay + 1og(Zsech2(§y)). 2.15)
Combining (2.12) and (2.15), we simplify (2.9) as
1
vy = € log(—sechz(ﬁy)) +€ ’\/E cosh(x — L) + \/Eezy = Voo + Vo1 + Vo2, (2.16)
4 2 sinh L

where a ~ 3u. Now, we have established the basic ansatz (i, vo) of (u, v), which are given by (2.8) and
(2.16).

It is natural to study the error generated by 1y and vy. Before this, we rewrite v as v = —(A, — D7 'u
and convert (1.3) into the following single nonlocal equation:

S () = [u, + éu((Ax - 1)_1u)x]x + pu(ii — u) = 0, (2.17)

where € < 1, u > 0 and & > 0 are constants. We define ¢ and ¢ as ¢ = u — ug and ¥ = v — vy, then
substitute them into (2.17) to obtain

1
§ () =(uo + @)x = 7 [(uo + )0 + )]s + plug + )@ — o = ¢). (2.18)

Then we rearrange (2.18) and find

In

1 1
S () =ugxx — g(”OVOO.x)x —g(uo(vm + V02)x)x

1 1
+ ¢xx - g(”Od/x)x - ?(¢V00x)x

I

1 1 1
_z((pVle)x - Z(¢V02x)x - Z(‘pwx)x
I3

+ paug (it — uo) — puod + up(ic — uo — ¢). (2.19)

It can be seen that /;; makes the main contribution on the error generated by ug and vy. We further use
(2.16) to calculate /;; and find

Ly =- lZquVOIx - iZMOVOIXX - lZMOxVozx - lzuOVOZXX
€ 3 € € €
=— éz siClrlitheChz(%z) cosh(x — L) — éu()x(vm + Vo) x
=— é2 s?n;h Lsech%? E) cosh(x — L)
+ ;—i[ﬁ sinh(x — L) + \/E]sechz(gz)tanh (%g) (2.20)

Define ®(y) := ¢(x), ¥(y) := ¢¥(x) and L[D] = Dy, — E%(UQ‘I’),)V - E%((Dvooy)y with Uy(y) := up(x) and



Voo(y) := voo(x), then we utilize (2.20) to simplify (2.19) as

1 1 a: L/ Va
S(u) = L[<1>]—-2 ——sech (Ty)cosh(ey—L)

at 1 2 Va Va

5 Ez[smthmh(ey L) + Va|sech (—y)tanh( > )
+112+[13
1 1 a

= SLI®) - — 5 az - sec hz(iy)[coshL—esmhLy+ 0]

€

3

a2 1 ) , Va Va
5 Vacoth Ly + O(¢)y ]sech (Ty)tanh(Ty)
+ Iz + 3. (2.21)

It is shown in (2.21) that the leading term is O(%e‘ Vay )

Step 2: Construction of (u;,v;)

To balance this leading term and reduce the error, we shall add the O(e) term in the ansatz of u and
v. To be more precisely, we set the refined ansatz as u = ug + eu; +¢ and v = v + €v; + ¢, where u; and
vi will be determined later on. It is convenient to calculate them in y-variable. Define U;(y) := u;(x),
Vi) := vi(x), Voo := % Voo and Vg := £ Vyo, then we have Uy and Vg satisfies

Uiy = (Ui Vooy), = (UoVioy),

3h 7 sechz(i y) - %2 coth Lsechz(i y) tanh (i y)y

=cosh L (2.22)

where —\710”, = U;. Since Uy, = Uy Vooy, one has (2.22) can be transformed into the following quadratic
form:

a% COthLSCChz( \/E )

(Uogty), = 2 >
a’*coth L »/ Va Va
- TySCCh (Ty) tanh(Ty), (223)
where
U _
g1 = 71 - Vio, —Vigy = UL (2.24)
0

By integrating (2.23), we find
Uog1y =acoth L tanh (gy)

- g coth L[sinh( Vay) — \/Zy]sechz(gy) +ci, (2.25)
where ¢ is any arbitrary constant. We further solve (2.25) to get

coth L \/_ ay sinh( v/ay)
T Va Va

where ¢, and c3 are arbitrary constants. Thus, one obtains the following equation of V1¢:

cosh( Vay) + coth L + cz[ + y] +c3, (2.26)

Vioy + UoVio = —Uog1,



where —Uyg; is chosen to satisfy
3

_a ovVa 2
-Upg) =— Zsech (Ty) coth Ly”.
By applying the variation of parameters formula, we choose Vg as

y y
Vi) =2(») fo Uo(rgi(nz(r)dr = Z(y) fo Uo(rg1(nz(rdr + c4z(y) + ¢s2(y), (2.27)

where ¢4 and c¢s need to be determined later on. In particular, z and 7 are defined as the linearly
independent kernels of the equation

\/_

Py, + gsech2<7ay)‘1’ =0.

To guarantee z and Z satisfies zZ, — Zz, = 1, we set the form of kernel z and Z as

eV 1 Vay(eV — 1) -4
= Z = . 2.2
z2(y) ol 2 Vi T D) (2.28)

Noting that there are linear growth terms in (2.27), we would like to eliminate them by choosing ap-
propriate constants ¢4 and cs. Define ¢s as

cs= [ tnger
0
and ¢4 = —q%, then we obtain Vg is uniformly bounded and satisfies the Neumann boundary con-
dition aty = 0. Moreover, U; is defined by

U, = U()g] + U()V[(). (2.29)

We next rewrite U;(y) in the x-variable as u;(x) then employ the representation formula in terms of the
Neumann Green’s function G(z; x) to conclude that

L
V1(x)=f G(z; X)u (2)dz, (2.30)
0

where G(z; x) is given by (2.10). In summary, we have established the form of u; and v, which are
defined as (2.29) and (2.30), respectively. It can be seen that there exists constant C > 0 such that
‘710 <Cand U, < Cyze_ Vay,

Step 3: Construction of (u;,v,)

Similarly, our next goal is to balance the error generated by the logistic term. By defining u =
1o + €uy + €4y + ¢ and v = vo + evy + €2v; + ¢, we have Us(y) := u(x) and Vpo(y) := % Vao(y) satisfy

Uayy — (U Vaoy)y — (U2 Vooy)y + pUo(ii — Ug) = 0,

where Vzoyy = —U,. Denote g; as g := % — V30, then one similarly gets
__,9 yVa o a 2 Va
(U()gzy)y = —/JESCCh (Ty)[u - ESCCh (Ty)] (231)

We solve (2.31) to arrive at

g =— gu cosh(Vay) + %l(cosh( Vay) +2log [COSh(@)] + 1)

oo sinhf/_ ;/Ey) o

(2.32)
) + 7,



where cg and c¢7 are arbitrary constants. Letting c¢s = ¢; = 0, we utilize a ~ 3u to simplify (2.32) as

2 V3i
2 :?,u log[cosh(Tuy)] + g + O(e). (2.33)
Noting that Vg satisfies
_ a a \- a a
~ Vaoyy = EseChz(gy)Vzo - Esech2(§y)gz = Ugn, (234)

we employ the variation of parameters formula to choose Vaq as

y

5
Vao :Zf Uo(r)g(r)z(rydr — Zf Uo(r)g(r)z(r)dr + c3z + caZ
0 0

_y 00 00
=2(y) fo Uo(Mg(r)z(ndr — 2(y)| fo Uo(ng(r)z(rdr — f Uo(ng(r)z(rdr]
y
+ cgz + ng, (235)

where Uyg is given in (2.34). To establish the uniformly boundedness of V5, we similarly choose cg
such that

Cc9 = f Uo(r)g(r)z(r)dr. (2.36)
0
Meanwhile, cg is defined as cg = —@% to satisfy the Neumann boundary condition at y = 0. Thus,
U, can be expressed as ‘
U2 = U0g2 + Uo‘_/z(). (2.37)

We transform U, (y) into u,(x) in the x-variable and define v, as

L
va(x) = f G(z; X)ux(2)dz (2.38)
0

in terms of the Neumann Green’s function G(z; x). Now, we obtain there exist some constant C > 0
such that U, < Cye~™ Vay and Va0 < C. By collecting (2.29), (2.30), (2.37) and (2.38), one finds u and v
can be decomposed as

U= ug+ €u + 62u2 +¢, v=vg+ev + ezvz + . (2.39)

It is similar to (2.16) that v; and v, can be decomposed as v = vig + v + vi2 and vy = vy + Vo1 + Va2,
respectively. By substituting (2.39) into S (#) and defining O©(y) := ¢(x), P(y) = ¥(x), we obtain

N, : a? 2( Va
S (u) —zL[(D] + sinh Ly2 sinthe(:h (Ty)
Va

+ 0(1)a%ysech2(7ay) tanh (Tay)

— € (o1 + vi2)w)x = (o(var + v22)x)x — € “(uoWr)x

— € (w1 (o1 +v02)w)x = (1v1x)x — €ivae)c — € ()
— (u2(vor +vo2)x)x — €(U2vix)x — (Uathr)x

- 6_1(¢v1x)x - (¢V2x)x - 6_2(¢'px)x

— puo(eu; + 62u2 + @) + u(eu; + ezuz + )t — ug — €uy — 62u2 - @), (2.40)

10



where L[®] := D, - eiz(Uo‘Py)y - EiZ(CDVOy)y. Next, we establish the equation of @ by analyzing (2.40).
By defining

Li[®] = L[®] + 2 uad, (2.41)
one has from (2.40) and S (1) = O that
Li[®] + F(®,¥;¢€) =0, (2.42)

where W is uniquely determined by ¥,, — €2¥ + €® = 0 and F is defined as

3

a2 Va
F(®,¥;€) :=€"sinh L h(—
(D, ¥;€) :=€"sin yzsinthec (2 y)

+ 0(1)éa? ysechz(ﬁy) tanh (%y)

= € '(Uo(Vi1 + Via)y)y = (Uoar + va2)y)y — € 2(Ug¥y)y

= € {(U1(Vo1 + Vaa)y)y = (U1 Viy)y — €(U1 Vay)y — € 1 (ULPy),

= (U2(Vo1 + Vip)y)y — e(UsViy)y — (U2,

- e (@Vy)), — (DV2), — € (DY),

- ezqu(eUl + U, + D)

+ EwWel, + €Uy + O) i — Uy — €Uy — €U, — D) — e2uind. (2.43)

Now, we have found it is equivalent to prove the existence of solution ® to (2.42) so as to obtain the
construction results stated in Theorem 1.1. Before proving this via the Lyapunov-schmidt reduction
method, we need to study the property of operator L.

3 Lyapunov-schmidt Reduction Method

In Section 3, we proceed to prove the existence of spikes to (1.3) with the ansatz given by (2.39).
The approach what we shall employ is the well-known Lyapunov-schmidt reduction method [7,42,43].
This method is well-used to study the boundary layer and interior spikes arising from reaction-diffusion
systems [9, 10,44].

3.1 Linearized Projected Problem

Subsection 3.1 is devoted to the linear theory of L;. To begin with, we consider the following space:

H = {u e Hy((o. %)) : foz udy = o}, 3.1

where H]ZV((O, L )) is defined as

Hy((o, é)) = {u € Hz((O, %)) S uy(0) = u‘(é) = 0}.

Now, we turn our attention to the following linearized problem:

¥,y — €V = €20 in (0, %), (3.2)

Dy, — L (Voy @)y — Z(Ug¥y)y + €uit® = h+mWy  in (0,%),
Oy(0) = Dy(£) =0, DeH,

11



where Uy, V| are given by (2.8) and (2.16). In addition, compactly supported function Wy is chosen

. L . L .
to satisfy fo( Wody = 1 and constant m;, is defined as m; = /e hdy. Moreover, the norm || - || is

)
defined as

Al = sup |A(y)le”™ (3.3)

ye(0,)

for some constant o= > 0. We consider the space H equipped with norm (3.3), then analyze (3.2) to
obtain the following proposition:

Proposition 3.1. Assume ||h|l, < +oo for some constant o > 0, then we have there exist constants
€ > 0 and C > 0 such that (3.2) admits the unique solution (O, my) with ® € H. In particular, m; is

defined by m; = — f(f hdy and @ satisfies the following estimate:
[®llr, < CliAlles (3.4)
where oy is a constant and 0 < o < 0.
Proof. We shall give an indirect proof and divide it into two steps.
Step 1: A Priori Estimates

We argue by contradiction and assume there exist sequences €, Ry, h,, m| and @, such that €, — 0,
R, — oo, |Ihlle — O but ||®,|l;, = 1 as n — oo. First of all, we focus on the case of any bounded

domain Bz(0) N (0, %), where R > 0 is any constant. We have @, and ¥, satisfy
l_fl (D] = h, — mrllWOa 3.5)

where ¥,,,, — 2V, = —€*®,. It is similar to rewrite (3.5) as the following divergence form:

{ (UOgny)y = hn + Elz((DnVOIy)y + ELz((DnVO2y)y - (52/117{(1)" + mrllWO in BRn (0) N (0, %)s (3 6)

2 _ 2 _ 9 1
¥+, =€0,, g,:= i =¥,

We claim that m] — 0 as n — oco. To prove this, we integrate the first equation in (3.6) over (0, R,) to
get

R R R
R, n 1 R, _ n i n
Uogny|0 = f hydy + z[d)n(Vm + Voz)y]|0 - 62,uuf D, dy + m] Wody. 3.7
0 0 0

We further simplify (3.7) as

Ien

R 1
UO(Rn)gny(Rn) - UO(O)gny(O) =£ hndy + ?(Dn(Rn)(VOI + VOZ)y(Rn)

In

1 R,
@O Vor + Vo), ()~ fo ®,dy

Ry
+m! f Wody. (3.8)
0

It is necessary to estimate Iy and Ip. In light of (Vo; + V(2),(0) = 0, one has I, = 0. On the other
hand, since Vy; + Vi, < e3y2, we find there exists constant C > 0 such that

1| < Ce(|@,(Ry)le™ e R, < Cel|®ly, e — 0, (3.9

12



where 0 < 0, < 07 is a constant. Moreover, it follows from ||4,||, < +c0 and &, — 0 as n — oo that
fOR” hydy — 0. Furthermore, g,,(0) = 0 due to the Neumann boundary condition of g, at y = 0 and

€ it fOR” @, dy — 0 thanks to ||®,||,, < +co. Thus, we conclude from (3.8) that

lim Uo(R,)gny(R,) = lim .
n—oo n—oo

By using the orthogonality condition of 4, which is fOR" (h, + m’l' Wo)dy — 0, one can further obtain
Uo&nyly=r, = 0 as n — oo.

This finishes the proof of our claim.
Noting that the right hand side of the first equation in (3.6) has perturbation terms, we need to
establish the good estimate for them. By straightforward computation, we have

1 1
D3 ::z(q)nVOIy)y + E_2(q)nV02y)y

1 1 1 1
== ZcbnyVOIy - zq)n VOlyy - Zq)nyVOZy - zq)nVOZyy
Va 1
= - ESinhL COSh(Ey - L)q)n - Z(Dny(VQ[ + V()z)y
Va Va_ .
=—esT cosh(ey — L)®,, — SihL sinh(ey — L) + Va|®,,
— \/a 2\.,2
=-e T cosh(ey — L)®, — [€ Va(coth L)y + O(€*)y*|®,,,. (3.10)
S B

It follows from (3.10) that there exists some constant C > 0 such that
1123l < Cél| Dyl (3.11)
In addition, we estimate €>uii®, to obtain
I€2ua®, [l < CE Dyl

Our next aim is to establish the limiting problem of ®,,. To this end, we apply the standard elliptic
estimate into (3.6) over any compact set in (0, %) In fact, ®, € H implies ®, € L* and ¥, € L*™.
According to the definition of g,, one has g, € L™. It immediately follows from the interior L” estimate
that g, € WP for p € [1, +00). Moreover, the embedding Theorem tells us that g, € C%?, which yields
W, € C>“ thanks to the second equation in (3.6). Then, we again obtain from the g,-equation that
&ny € L. By solving the g,-equation in (3.6), we get

e 0
2n() =%£ cosh? (%@L [ha(r) + m{Wyldrdp

+ % fo ’ coshz(gp) fo p[hn(r) + m'Woldrdp. (3.12)

With the help of the orthogonality condition, one can estimate g, to find
184l < Cllhallo (¢ V3 + 1) + Cel| [l e V3= (3.13)
for some constant C > 0. Noting |I;| — 0 shown in (3.9), we have for n large,

18ul = 0(¢ V=) + OO, e V. (3.14)
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According to the regularity of g, and ¥,, we utilize the Arzela-Ascoli’s theorem to prove that for n
large, WV, satisfies

Py + UgP, = o(e2)e™, P,,(0) = 0. (3.15)

Recall the following representation formula of ¥,:

"y 00 00
¥, =z [ W, - wlir =€) [ vongedr= [ vig o]
!

y
- €% f P,(Nz(r)dr + € ¢z + €z, (3.16)
0
where ¢/ and ¢} are chosen as
2 (0 -
o2 ® [ vtz (3.17)
7,(0) 0

then we have from (3.14) that g, = o(e™””), which yields ¢} = o(1) and ¢} = o(1). By considering
P, = é‘l’n and using (3.16), it is easy to find

¥l = o(1) + O(€)y* 1P| + O(E)l|Dy -, (3.18)
which implies [¥,,| = o(1) + O(1)el|®,||,. Noting @, = Upg,, + Uo¥,, we combine (3.14) and (3.18) to
obtain ||D,||-o.z,) = o(1) for R, large.

We next develop the outer estimate of @, and focus on the region (0, %)\BR(O) for R sufficiently

large but fixed. It is convenient to rewrite the Neumann Green’s function G(z; x) in the y-variable.
Recall that G(z; y) satisfies

Gy - €G=-6(y-yo), y€(0,%),
Gy(0) = Gy(£) =0,
then we solve it to get the following explicit form of G:

G_{ MO cosh(ey), v € (0,30),

h(eyo) L
St cosh(ey = L),y € (vo. £).

(3.19)

Thus, we employ the representation formula to estimate ¥,, and obtain

L

¥,(y) =€ f * G2z
0

L

ecosh(ey—L) (¥ _ ecosh(ey) (<
S————— h 4Ol + ———

sinh L o cosh(ez)e APallr, sinh L

cosh(ey — L)

SE———
sinh L

=0(1)(€ + €Dyl -

cosh(ez — L)ei(r]ZdZ“(Dn”(rl

y

1Psllr, + O(E)|Pnllor,

It is similar to estimate ‘¥, and ‘¥,,,;, which are

2 y
€ sinh(ey - L) (> o ecosh(ey — L) oy
¥,y SW | cosh(ez)e™dz|| D, ||, + —snhl cosh(ey)e™ (|, ||,
2 - L
€” sinh(ey) (< oy e cosh(ey) oy
W : COSh(EZ - L)E ZdZ”q)”O-l - m COSh(fy - L)€ “‘”(DHU-I
=0(HE Dl
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and ¥, = 0(1)52||(D||(,1. Thanks to these inequalities, we establish the estimate for the nonlocal term
UyY¥,y, which is shown as follows:

1 1
Z|(U0Tny)y| =Z|(U0ylyny + UO\Pnyy)l
- V3it — ViR ,—oy L
< 0, ly, < e, v e (R )

Then, we simplify the first equation in (3.6) as

[ -t e ham-o y<e 520

The inner estimate tells us [|D,l,, o,z — O for any R > 0. Hence, we have for R sufficiently large but
fixed,
|©,(R)| = o(1)e™ "',

where 0| < o is some constant. We next integrate the ®-equation in (3.20) over (R, %) and use the
Neumman boundary condition to obtain

1 ,

Dy — = Voy @, + €0(De™ |0yl = O(1hy, (3.21)
20
hence we solve (3.21) to get
0,00 =0,@e T L o) [ e,

R

2 Y Volen)-Voles) .
+ O(e )f e 2 e %%ds|| Dl (3.22)

R

To estimate @, in (3.22), we first recall V, satisfies

\a
sinh L

Vox(€y) = esinh(ey — L) + 0(62)

and
Vo(ey) — Vo(eR) _ Vo(€6)
2 - (y - YO)
€ €
where € € (R, y), then we find when L — ey > Co for some constant C > 0,
Vo.(€€) _ sinh(e£ — L)
€  sinhL

+0(e) < 20 fore < 1,

and thereby one has the first term in (3.22) satisfies

Vo (e9)-V((eR)

O,(R)e” 2 | =o0(l)e 7R 200-R),

Concerning the second term in (3.22), we similarly obtain when L — €y > Co,

) 7\/0(6"‘)72‘/0(8) —os ) —20(y—-s) ,—0Ts —oy
e & e Pdsllle < | e e dsllhylle < e |halle-
R

Yo

For the third term, one can show

Y Vplen-Voles) Y
Ezf e @ e 7ds||Dyllr < Ezf e 20T ds|Dy |y < €€ |Dy -
R Yo
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By summarizing the above estimates, we have for L — ey > Co,
@l = 0(1)e™ " Re™e 2707R) 4 o(1) + €|D, |, (3.23)
where we use the fact that ||4,||, — 0 and |®,(R)| = o(1). It follows that
1Dl = o(1)e ™7 ReT e 270-B 1 (1) - 0. (3.24)
We next discuss the region for y € (%, %). In this case, we have from (3.24) and continuity that

L-Co

L-Co L-Co
)| = o(1)e" TR 2TEER) L (1) 5

C[)n(

L-Co
€

Then we rewrite the ®-equation (3.20) in ( , %) as

1 -0
((Dny - ZVOy(Dn)y + Ezﬂﬁq)n + O0(e™Nhlle

1 1 Lco

=D,y — = Voy®uy — — Vo @n + E4it®, + 0(e™ < ) = 0. (3.25)
€ €
Noting that V} satisfies
1
ZVOW = Vy = O(e) cosh(x — L),
L-Co L

we apply the Maximum Principle into (3.25) to obtain for ===* <y <

E’
o . | .
|, ()] = o(1)e TR 2T EER L (1) 75 4 0(_)6_”%.
€

which yields
-Co

L L
”(Dnllo’l =o(1) for <y< Z

In summary, we have ”q)n”(rl((O,L/e)\BR(O)) — 0asn — oo.
Therefore, by combining the arguments for the inner and outer estimates, we can find ||®,|-0,2/¢) —
0, which is contradicted to ||®,ll-./¢) = 1. This gives the desired estimate (3.4).

Step 2: Existence of ©
Assume @ € H, then the equation of @ stated in (3.6) can be rewritten as

®+K(®) =h in H,

where & is the duality and K : { — 7H is a linear compact operator. Thanks to the Fredholm alternative
theorem, we have there exists a unique solution for each / is equivalent to show the homogeneous
equation has a unique solution with 2 = 0. A priori estimates shown as above yield the homogeneous
problem admits the unique solution @ = 0. This indicates the existence of ® to 3.6, then finishes the
proof of this Proposition. O

Remark 3.1. Proposition 3.1 demonstrates that for any © € H being the unique solution to (3.6), we
can write ® as © = A(h), which satisfies

A, < Clihlle (3.26)
for some constant C > 0.

In the following subsection, we shall develop the nonlinear theory for operator L; shown in (3.6).
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3.2 Nonlinear Projected Problem

We are concerned with the following nonlinear problem:

{ Li[®] := @y = Z(UpPy)y = 5(@Voy)y = mWo = F, (327)

OeH,

. . e L .
where W, is a compact supported function satisfying fo e Wody = 1, constant m; is chosen such that

L
my = fO‘ Fdy and

3
F :=¢ az sinhLysech%%y)

2sinh L
+ O(ez)a% ysech%% y) tanh (g y)
— € ' (Uo(Vi1 + Via)y)y = (Uo(Var + V)y)y — € 2(Ug%®y),
— & ' (U\(Vor + Va)y)y — (U1 Viy)y — €U Vay), — € (UL 'Py),
= (U2(Vo1 + Vi)y)y — (U Vi), — (UL'Yy),
- € 1(@V)), — (DVay), — € 2(DY,),

— EuUy(eU; + €U, + @) + 2 u(eU, + €Uy + O)it — Uy — €U, — €U — ¢) — > uid.

Before establishing the good estimate for F, we decompose F as F = E + N(®), where E and N(D) are
defined as

2 a? : 2 Va 2y,,3 2(Va Va
E =€ TinhL sinh Lysech (Ty) + O(€”)azysech (Ty) tanh(Ty)
- e (Up(Vyy + Vi2)y)y = (Uo(Va1 + Va2)y)y
— €' (U1(Vor + Voa)y)y = (Ui Vi), — €(U1 Vay),

- ezuUO(eUl + €2U2) + ez,u(eUl + 62U2)(12 -Upy—€U; — €2U2), (3.28)

and

N(@) = — € 2(Up¥,), — € "(U1'Py), — (Uh'P,),
- e @V, — (DV,), — € H(DY,)),
— Euly® — Eu(el, + €U, + O)D + Eud(-Uy — €U, — €2U, — D). (3.29)

With the help of Proposition 3.1, we rewrite the solution @ to (3.27) as
O = -AF(D)) = —A(E + N(D)), (3.30)

where A is defined as (3.26). Now, we transform our problem to find a fixed point for the operator T,
which is given by

T(®) := —A(E + N(D)). (3.31)

Our next goal is to show that the operator 7 is a contraction mapping on

B= {(I) € H3((0,L/e)) : ||®l,, < Cé?, f; Ody = 0} (3.32)
0

for some large C > 0. Before proving it, we need to show the following Lemma:
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Lemma 3.1. There exist constants €y > 0, C > 0 such that for all € € (0, ), the following estimates
hold:

IEll» < Cée, (3.33)
and
[IN(D@)|l = o(D||Dl,-, - (3.34)

Proof. We analyze (3.28) and find the worse term is Uo(Vi1 + Vi2)y)y. Since [Vi; + Vio| < €7, we
estimate this term to obtain
€ N Uo(Vin + Vi)l s €™

for some constant C > (. Thus, we have there exists constant C > 0 such that
IEIl, < Cé€,

which proves estimate (3.33).

We next investigate the nonlinear error N(®). It can be observed that the terms involving Uy, U,
and U, have good estimates since Uy, U; and U, have fast decay properties. Focusing on the error
shown in the divergence form, we find the one involving ® need to be estimated in a delicate way.
Taking € ' (®V},), as an example, we find from V; + V, < €y? that when y € (0, R) with R being large
but fixed,

€ 1(DV))), =0(1)EX(Dy), = O(1)e*(D,y + D). (3.35)

By choosing o and o such that Co + €|ln€| < (0 — o)L < 2¢€|In€| and €|ln€| < o < Ve|In €], we
then have from (3.35) that

e @V lle = oDy, for y € (0,R). (3.36)

It is similar to tackle the other terms only involving @ and ¥ in the error. Finally, we are concentrated
at the nonlinear growth and find the only worse term is e?u®?. By choosing o and o such that
0 < 20| < 0, we obtain

Eull®ll = oD@l

In summary, we have proved (3.34) and finished the proof of this Lemma. O
Now, we are well prepared to study operator 7 and the results are summarized as follows:

Proposition 3.2. There exist positive numbers €y and C such that for all € € (0, &), there is a unique
solution (®,my) to (3.27). Moreover, ® satisfies

Dl < CE. (3.37)

Proof. We firstly show that T is a mapping from B to B. Indeed, for any B, we have from Lemma 3.1
that

IT(®@)lly, < ClIFlly < CIIE + N@)ll» < C(€* + oD ®ll,,) < CE, (3.38)

which indicates 7 maps on 8 into itself. Next, we will prove operator T is a contraction. By taking @,
and @, in B, thanks to Lemma 3.1, one finds there exists constant C > 0 such that

I7(@1) = T(D)lle, <CIN(D@1) = NP2l
=o(D||® — Da|r,, (3.39)

which implies T is a contraction mapping from 8 to itself. Therefore, we obtain the existence result
according to the contraction mapping theorem. O
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Proposition 3.2 demonstrates that if the right hand side £ satisfy the orthogonality condition, (3.6)
admits the unique solution ® with the good estimate. It is necessary to verify this orthogonality condi-
tion, which are discussed in the following subsection.

3.3 Reduced Problem

Now, we look for the next order of a given in (2.8) to guarantee the orthogonality condition. Noting
that L;[®] = F given by (2.42), we integrate F over (0, %) and find the leading term in the divergence
form is from eiz(Uo(Vm + Vo2)y)y. Since Vo + Vo = € vVacoth L + O(€3)y* + O(e*)y?, we rewrite it as

1
ZWo(Vor + Voa)y)y = 0 (Uo(y* + €/°))y- (3.40)

Since the term (Uo(yz)y)y in (3.40) was balanced by U;, we find the next order term is (Uo(y3)y)y and
the corresponding integral satisfies

0 [ oty = 0 ) seeli(5) = ot (3.41)
0 € €

Similarly, we use the divergence theorem, then obtain from the exponential decay property of U, and
Neumann boundary condition that all the terms in the divergence form are both o(€*). On the other
hand, focusing on the logistic growth, we find

e f ‘ F(U)dy =€ f ‘ Uy (it — Up)dy + O(€?)
0 0

:a—j L? sech%%y)(ﬁ - 6Elsechz(gy))dy +0(e)

VaL

2e
— \ae f sechzz(ﬁ - %sech%)dz +0(E). (3.42)
0
Define a as a = ay + a; with ay = 3, then we obtain
L \Birar L
g = N
& f f(U)dy = EBa+a, f sech’z(ii - %sechzz)dz. (3.43)
0 0

Since fom sechzz(ﬁ - @sechzz)dz = 0, we combine (3.41) and (3.43) to get

a; = O(e), (3.44)
which implies a = 3i + O(e).
In summary, we have finished the rigorous proof of Theorem 1.1 via Lyapunov-schmidt reduction

method. A natural question is whether the non-constant steady state constructed in Theorem 1.1 is
linear stable.

4 Stability Analysis
In this section, we study the linearized stability of the single boundary spike (1.4). Define

u(x, 1) = uw (x) + eV(x), v(x, 1) = v (x) +eMy(x), Igl, [yl < 1,
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then we substitute them into (1.2) to collect the following linearized eigenvalue problem:

A0 = b =X+ GV + - 200, x € (0. L),

{ W =y~ + 9, x€(0,L), 4.1

800) = 1(0) = (L) = ) =

where (¢, ) € H2((0, L)) x H2((0, L)) and H((0, L)) is defined as
HRY(0. 1)) = {w € H((0, L)wx(0) = wy(L) = O}
We define
y= TRl U0 =, V0) = v, 00) =900, ¥0) =y, F0) = S ¥0)

and rescale (4.1) to obtain the following system:

™V = ‘I’yy —2¥ + 0, y€(0,L/e), 4.2)

@ = O, — (UY, + OV, + €p@@ - 20)®, y e (0,L/e),
{ ®(0) = O(L/e) = P(0) = P(L/e).

First of all, we give a priori estimates for |7|, which is

Proposition 4.1. Assume Re(t) > 0, then we have |t| < C, where C is a large constant independent of
€.

Proof. First of all, we multiply the first equation of (4.2) by ®@* and integrate it over (0, L/¢€) to obtain

L L L L
T f |OPdy = — f @, 2 dy + f O (U, + ®V,)dy + € f (it - 2U)|®*dy. (4.3)
0 0 0 0

We rearrange (4.3) to get from Young’s inequality that

L L 1 (s L _ L
'T f |2 dy + f ICD_VIZdy' <5 f |®,[dy + C f |D|*dy + C f P, 2dy + C f D’ dy, (4.4)
0 0 0 0 0

where C > 0 is a constant. Similarly, we test the second equation of (4.2) against ¥*, then integrate by
parts over (0, L/€) to arrive at

L L 1 [t 1 (e .
@+0 f [P1Pdy + f 1%, Pdy| < 3 f [Ofdy+ 5 f [PPdy. 3)
0 0 0 0

Since Re(t) > 0, we claim that
L L
[T pe<c [ iopa.
0 0

where C > 0 is a constant independent of e. To prove this, we analyze the left hand side of (4.5) then
obtain from Young’s inequality that

[z + € f " [Py + f 1Py + iy f PPy
0 0 0
d 2 ¢ 2 c 272
Z[(TR+€2)2( f [PPdy)” + ( f 1, Pdy)” + 7 f |‘{f|2dy)]
0 0 0

7l (< - 1 [
2 P2 dy + 3 P, 2 dy. (4.6)
0 0

20



Suppose |7] > 1, we have from (4.6) that

L L
1 € 1 €
: f ¥,y < 3 f Dy, @.7)
0 0

which finishes the proof of our claim. Otherwise if |[r| < 1, we have proved the uniformly boundedness
of |1].
Now, we focus on (4.4) and similarly find the left hand side satisfies

L L L L L 1
o [roravs [Ciopa] (e [ 0Py [Tiofa) ([ o)
0 0 0 0 0
o[ [ orar) ([ 1o Par)]

L L
|T| € 1 €
) |D>dy + 3 @, *dy. (4.8)
0 0
Combining (4.4), (4.7) and (4.8), we show that for C > 0 independent of ¢,
L L
I f ®Pdy < C f ®Pdy, (4.9)
0 0
which proves |7| < C. O

We next rule out the large eigenvalue case for (4.2). In other words, we shall prove the instability
of (1.4) only probably occurs when 7 — 0 as € — 0. In fact, Proposition 4.1 indicates |7| is uniformly
bounded in €, then one can choose the subsequence U,, V, := xV,,, ®,, ¥, := v, and 7, such that as
€ — 0,U, = Uy, V, » Vy, ®, = @y, P, - ¥y and 7, — 7 over any compact set. Moreover, they

satisfy the following limiting problem:

ToUo(go + Po) = (Uogoy)y» y € (0, 00),
79%o = Poyy + Uo(go + Vo), ~ y€(0,00), (4.10)
@g,(0) = P0,(0) = gy (e0) = Fpy(c0) = 0, go = 72 — Fo.

Since the structure of (4.10) is the same as the minimal Keller—Segel models, we follow the same
approach in [22, 50] to analyze it. As a consequence, we have the following Proposition:

Proposition 4.2. Assume that (1o, < go, Vo >) is the solution to (4.10) and T # 0, then we have Ty is
real.

Proof. First of all, we multiply the first equation in (4.10) by g; and integrate it over (0, o0) to obtain

—f U0|g0y|2dy=‘fof U0|80|2d)’+7'0f UogoPody. (4.11)
0 0 0

Then, we test the conjugate of the second equation in (4.10) against 79, and integrate by parts to get

7ol f [Poldy = —79 f [P0, P dy + 79 f UogyPody + 7o f Uo¥ol*dy. (4.12)
0 0 0 0

We further subtract (4.12) from (4.11) to find

frol? f \BoPdy + f Uolgo, Py
0 0

=7o| - f PoylPdy + f UolWoldy] - 7o f Uolgol*dy. 4.13)
0 0 0
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To simplify (4.13), we define £, such that

o o o | [ o Uodyl?
< LP, ¥ >:= f UolPol*dy — f |%y|2dy—f°m—, (4.14)
0 0 fo Updy
then we rewrite (4.13) as
wf- [ oPae [ vl n [ vilsoPay
0 0 0
o - 2
o |f0 lIJoUody| o0 5
=19 < LY, ¥y > +10——— —Tof Uoplgol~dy. (4.15)
fo Uody 0

On the other hand, according to the first equation shown in (4.10), we have fooo DOydy = 0 since 79 # 0.
Hence, we find

f q)ody = f Uoli’o + U()gody = 0, (416)
0 0
which implies
f U()‘Pody = —f U()gody. (417)
0 0
It follows that
o - 2
o0 o0 “ Upgody 2 fo Uyp'Wdy
f Uolgolzdy=f Uo|go — Lm— dy + 'oo—' (4.18)
0 0 j(; U()dy J(; Uody
We next substitute (4.18) into (4.15) to get
70| - f [P0, Pdy + f UolWol*dy| - 79 f Uolgol*dy
0 0 0
o 0o fow Uogody?
=79l < L“PQ,‘PO > — U() 80~ —oo———— dy . (419)
0 J(; Uy dy
Combining (4.13) and (4.19), we obtain the following key identity:
Irol? f [Pol*dy + f Uolgoy*dy
0 0
o o0 " Uogodyp?
:To[ < LV, ¥, > —f Up|go — hn— dy]. (4.20)
0 j(; U()dy
In light of (4.14), one has from (4.20) that 7 is real. |

Proposition (4.2) implies 7 is real and satisfies the important identity (4.20). We can see from
(4.20) that if (LP,¥) < 0, 79 < 0. Thus, the critical step is to determine the sign of (L, ¥). In other
words, we need to analyze the following nonlocal eigenvalue problem (NLEP):

(Uo.1)

‘?oyy + Uo®o — Up Tt = ¥y, y € (0, ), @21
¥o € Hy,,.((0, 00)).

In fact, the eigenvalue problem (4.21) was well-studied in [39]. For completeness, we present the proof
of the following Lemma:
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Lemma 4.1 (Cf. Lemma 5). Assume (u, Vo) is the solution to (4.21), then the largest eigenvalue of
(4.21)is 0, i. e. for Py € Hz%/ (0, ), we have (LY, ¥y) < 0. Moreover,

Jloc

00 = 2
0 - o YoUody
f Uol¥,Pdy — f Py Py — M <0. (4.22)
0 0 Iy Uody

Proof. First of all, we consider the following eigenvalue problem of local operator L:

{ goq’o := W,y + UgWo, y € (0,00),
Wy, (0) = 0,

where U, = %sechz(ﬁy) with a = 3ii + O(e). It is convenient to let \/ay = z, then we find Ly[Wy(z)]
can be rewritten as

Lo[¥o(2)] = a(FPo. + Ug'Py), z € (0, ), (4.23)

1
2

f:o is self-adjoint, we have the discrete spectrum of ﬁo is countable, which satisfies /fl = }1, /fz <0,---
with respect to even eigenfunctions. Since (U, 1) = +/a, we rewrite (4.21) as

where Uy = 1sech®(%). The results for the spectrum of LWy = Wo.. + Uy¥, are well-known. Since
_ 1 o _ _
Lo¥o - —=Up YoUody = u'o, (4.24)
Va ~Jo
where ‘i’oy(O) = 0. Similarly, we have in the z-variable, (4.24) becomes
alo¥y - aly f ¥oUodz = u'¥y. (4.25)
0
Now, we investigate the following nonlocal operator:
.Zq’() = .[:()\P() - 00f \P()U()dZ,
0

which satisfies L%, = 1%, with u = aji. Then we transform this eigenvalue problem into the following
form:

(Lo - 0¥ = Uy, f PoUodz = 1.
0
To study the sign of fi, we only need to investigate the algebraic equation ¢(f1) = 1, where
() = f Oo(Lo - )~ Uodz. (4.26)
0

Since £ is self-adjoint, we have i is real. Thus, it suffices to show A(iz) # 1 for all 1 > 0 so as to obtain
the desired conclusion.

Firstly, we have the fact that & = 0 is an eigenvalue of (4.21), and the corresponding eigenfunction
is Py = 1. Hence, (0) = 1. In addition, we differentiate ¢ to find

o (@) = fo Oo(Zo - iy Udz = fo [(Zo— ' 0oz > 0, @.27)
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which implies ¢ is an increasing function. According to our above analysis, we find L only admits a
single positive eigenvalue 4y = %, and others are negative. Thus, we obtain ¢(f1) only has a single pole
atji = % for 1 > 0. In addition, when f is large, one has

1 ™ .
(@) ~ —rf U(z)dy — 0" as i — oo. (4.28)
H Jo

Now, we summarize our results to obtain ¢(f) has a vertical asymptote at g = i, ) =1,¢ — 0
as it — oo and ¢ is increasing for i # i. Therefore, we have i # 1 for all & > 0, which proves this
Lemma. O

Now, we apply Lemma 4.1 into identity (4.20), then find 79 < 0. Noting that 7 is assumed to
satisfy 7y # 0, one can further obtain 7y < 0. By summarizing our argument, we establish the following
Proposition:

Proposition 4.3. Assume there exists a subsequence €, — 0 asn — oo, {(1,, < g,,'¥, >)},2 | are the
solutions to (4.2) and T, — 79 as n — oo, then we have 1y < 0.

Proposition (4.3) demonstrates that when there exist large eigenvalues 7 in (4.2), the real part of T
must be negative for € small enough, which indicates (1.4) is stable with respect to these modes. In the
following, we shall focus on the small eigenvalue case. Since we plan to employ the Lyapunov-schmidt
reduction method to compute the asymptotics of (7, ) for € small enough then determine the sign of
eigenvalues by using these asymptotics, we need to develop the exact order estimate of 7.

4.1 A Priori Estimates of Small Eigenvalues

In this subsection, we suppose 79 = 0, which implies 7 = o(1) for € sufficiently small. However, it is not
enough for us to finish the subsequent analysis. Thus, we shall show || = O(€?) with the assumption
that Re(t) > 0 or Re(t) > —cye? for some ¢y > 0. The approach what I shall employ is similar as that
in [22,50] with few necessary modifications. We define g = % — ¥, then transform the first equation of
(4.2) as

(Ug + U¥) = (Ug)), + (InU - V),(Ug + UP)), + € u(@ — 2U)(Ug + U'P), (4.29)

where ® = Ug + U'. Recall the steady state U satisfies

Uy — (UVy), + €pl(—-U) =0, y € (0,L/e), (4.30)
then we have
_ ezﬂ Y
(InU-V), = T f (@U — U?)dx. 4.31)
0

Thanks to (1.4), we conclude
y 3
U f @U - U)dx = O(l)tanh(gy) + 0(e)e™". (4.32)
0
Upon substituting (4.31) into (4.29), we rewrite (4.2) as the following system of (, g, 'P):

{ (Ug + UP) = (Ugy)y — €[(u ) U - U)dx)(g + \'P)]y + u(i - 2U)(Ug + UY), 433)

TP = ‘i’yy - ¥+ (Ug+UY).
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We multiply the first equation of (4.33) by g* and integrate it over (0, L/€) to get
T f Ulgldy + Tfé UPg'dy = — f Ulg,Pdy + € f (i — 2U)UlgPdy + € f (i — 20)U%g"dy
0 0 0 0 0
_ f “(InU - V)y(Ug + UP)gdy. (4.34)
0
Similarly, we multiply the conjugate of the second equation of (4.33) by ¥ and integrate it to obtain
L L L L L
|7 f PPy = —7 f fp,2dy — €27 f PPy + 7 f UPg'dy + 1 f UP|*dy. (4.35)
0 0 ’ 0 0 0
We sum (4.34) and (4.35) to find
L L L L L
T f Ulgldy + |7? f P2 dy = — f Ulg,|*dy + € f w(ii = 20)U|gl*dy + € f u(in —2U0)U¥g*dy
0 0 0 0 0
L
- f (InU - V), (Ug + U¥)g;dy
0
L L L
-7 f P, dy - €7 f PI2dy + 7 f U¥|dy. (4.36)
0 0 0
Upon substituting (4.31) into (4.36), we obtain
L L L L L
o [T uibay et [Cipay = [Py [Tua-20)0kPdy+ € [ ua-20)0%gay
0 0 0 0 0
e
+ f ( f @y - Uz)dx)(g +¥)g;dy
0 0
L L L
-7 f P, 2dy - €7 f PI2dy + T f UP|*dy. (4.37)
0 0 0
We rearrange (4.37) and rewrite it as
T f “Ulgldy + 7 f P, Rdy + €7 f C[PRdy - 7 f " UMNRdy + [P f " [Pl2dy
0 0 ’ 0 0 0
- f UlgyPdy + € f (@i — 2U)UlgPdy + €2 f (i - 2U)U%Pg"dy
0 0 0

+u fo ‘ ( fo "aU - Uz)dx)(g + P)g'dy. (4.38)

To further simplify (4.38), we integrate the first equation of (4.2) and find from the fact ® = Ug + UV
that

L L L
T f " ddy = Eu f ‘@ -20)0dy = 7 f “(Ug + UP)dy. (4.39)
0 0 0
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It follows that

L L 2
£ H < Ugdyp2 < Ugdy
Tf Ulglzdyzrf Ug——fOL ikl d +T—'f0L '
0 0 f(‘)? Udy fo? Udy
Lo s AL 2
L [ Ugdyp | [ UPdy - €4 [ - 20)@dy
:Tf Ulg - dy+t -
L
L < Ugdyp
[ Ug_w o
0 f? Udy
‘ f U‘I’dy| 2 fo (@ 20)0dy)( fo U dy)| + fo (i - 20)Ddy|
+7 .

f(f Udy
(4.40)

We substitute (4.40) into (4.38) then find the left hand side of (4.38) becomes

L L L L L
T f Ulgldy + 7 f P, 2dy + €7 f P12y — T f UNIdy + |1 f P2 dy
0 0 0

—Re 2f’*( fo (@ - 2U)®dy)( fo UPdy)| + mz ( fo = 2U)<Ddy
.

L

L
L ?Ugdyz
ZTf U'g——fo dy +
0

mn

f(f Udy f? Udy
L L ‘ ez
T f [P, [2dy + €7 f P2dy — 7 f U|‘I’|2dy+‘r—
0 0 0 f Udy
+ I f " [P1dy. (4.41)
0
Define £ such that
|y WoUdyP

< L¥, ¥ >:= f U¥oldy — f [Po,[2dy — —2— , (4.42)
00 0 0 0 o fo Udy

then we use (4.41) to rewrite (4.38) as

L
. L
L eUgdy2
‘rf U'g——fo‘ dy+71
0

foé Udy

(fF@-20)0d)]

“Re[2S( i@ - 2000ay)( [ UTdy)|+ S

f(f Udy

mn

L L
~(LF, D) + [t f 1 PPdy + E7 f R
0 0
L L L
=- f Ulgylzdy + ezyf (- 2U)U|gl*dy + ezyf (@ —20)U¥Pg*dy
0 0 0

+Eu fo ’ ( fo CaU - Uz)dx)(g + V)gidy. (4.43)
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We rearrange (4.43) to get

H Ugdy
[ U\g__f g
0 J Udy

L L L
=- f Ulg,|*dy + €*u f (i — 2U0)U|gl*dy + €2u f (1 — 2U)U¥g*dy
0 0 0

dy - ( LV, P) + |7 f )P + €t f P> dy

+ f ‘ ( f C@U - Uz)dx)(g + P)gidy
0 0

—Re[224( ¥ @ - 20)0dy)( i U dy)] + |( fF @ - 2U)<1>oly|2
- . (4.44)

L
fo Udy
Assume Re(t) > 0, then it follows from (4.44) and ® = Ug + U that if 1 > |1| > €,

L L L L
i f U’g - f PPdy + €7 f PPdy + f Ule, Pdy|
0 0 0 0

L

L L
<Cé f Ulgl*dy + C€? f Ul¥PPdy + Cé? f Ulg,|*dy
0 0 0

L L L
rce( fo " Ulg + Wiy fo " U iy)| + cé fo " Ulg + Widy)’

L
€

<Cé f Ulgldy + Cé f CUNPdy + CE f " Ulg,Pdy. (4.45)
0 0 0

Otherwise if |r| < €2, we obtain the desired conclusion. It is necessary to mention that the only dif-
ference between £ and £ is Uy is replaced by U. However, we have the fact that U = Uy + o(1)e™""
for some o; > 0. Noting that Lemma 4.1 implies (LP,¥) < 0 and (LP,P) < —v f [P for some
v > 0 independent of € when ¥ # C, where C is any nonzero constant, we have £ possesses the same
property as £. Thus, if ¥ = C, we obtain from the second equation of (4.2) that ® = (7 + €2)C, which
is a constant. Then we integrate the first equation of (4.2) over (0, L/€) and use the Neumann boundary

condition to arrive at
L
oL oL €
T— = — - Zezd)f Udy.
€ € 0

This implies || = O(e?), which gives the desired conclusion.
Next, we consider the case that ¥ # C. Assume Re(7) > 0, then we find from (4.45) that

Ugd
r f e - [P f WPy
‘ Udy
L
<Cé f Ulgldy + Cé? f U dy
0 0
L L
B 2 H Ugdy|?
SC€2|f Ugdy| +C62f U‘g— f
0 0 fUdy
L L L
< < ¢ Ugdy|?
SCezf Ulglzdy+C62f U(g—f()L—
0 0

f(f Udy

L
€ f U2 dy
0

L
y + Ce? f U dy, (4.46)
0
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where v > 0 is a constant independent of €. We claim when Re(1) > 0, there exists some constant C > 0

such that
f “UlgPdy < C f " P1dy. (4.47)
0 0
To prove this, one finds from (4.38) that
. f Ulgidy + I f 1,y + f Ulg, Pdy
0 0 0
<é&C f " UlgPdy + €C f CUIPPdy + €C f " Ulg,Pdy + [7IC f " UMNPdy
0 0 0 0
L L L
<e*C f Ulgl’dy + €C f Ulg,|*dy + I7IC f U dy, (4.48)
0 0 0
which proves (4.47). We next apply (4.47) into (4.46) and obtain
d
o -1
‘ Udy
L L
< ¢ Ugdy|? <
<Cé? f U'g—f()L— 2 f U2dy. (4.49)
0 fOE Udy 0
= O(€?) but

This implies || = O(e?) with Re(t) > 0.
Next, we would like to prove Im(t) = O(e?) when Re(7) is assumed to satisfy Re(t)
Re(7) is negative. Define Re(t) = T and Im(71) = 7/, then we take the real part of (4.44) to obtain

: Ugdy? L L
dy - (LT, B + [P f \BiRdy + g f Bldy
0 0

L
TRf U’g—fol_—
0 fof Udy
L L
_ f Ulg,Pdy + € f (i - 2U)Ugldy
0

B 0
+ e f (il - 2U)URe(¥g")dy + €p f ‘ ( f @ - Uz)dx)Re[(g +P)g)1dy
0 0

n

0
c -1 262 :
_TR(J; Udy) [—&[%([C (u—zU)chy)(fo U dy | ; |f(u—2U)<Ddy|}
(4.50)
which implies that
L

L [Fusyp o ;
- foL oy - 2w, f UlgPdy + f UI‘Plzdy). 451)

0 0

fs U|g)|2dy < 6261(1‘f U'g -
0 0 fo < Udy
On the other hand, by taking the imaginary part of (4.44), we have

_f Ugdy |2 f; I‘?Izdy)
0 (4.52)

T,( f; U‘g e E—

0 f Udy

=e*u f ?(a —20)UIm(¥Pg*)dy + €’u f ‘ ( f y(uU - Uz)dx)lm[(g +P)g;1dy,
0 0 0
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which concludes that

2

L
H < Ugdy o .
|n|( f U‘g—f‘i— dy —(LP, Py + € f I‘I’Izdy)
0 b Udy 0 (4.53)

L L L
<Cé f Ulgl’dy + C€* f UlPPdy + Ce? f Ulg,l*dy.
0 0 0

Assume || > €, then we combine (4.51) and (4.53) to obtain

H : Ugdy
o f e - b Usdy
0 foe Udy

L

L L
<cé( f UlgPdy + f UIPPdy).
0 0

L L
f Ulgldy < C f U¥|*dy
0 0

for some constant C > 0 independent of €. Then we have for ¥ £ C,

2 L
dy —(LP, ) + € f I‘Plzdy)
0

We claim that

L L L L
Vil f PPy < c f “UlgPdy + f CUIPPdy) < C€ f " [PlPdy (4.54)
0 0 0 0

for constant v > 0 independent of €. Thus, |7;| = O(€?).
To show our claim, we recall

L
L L < Ugdyp
f UlgPdy = f U‘g— f"— dy
0 0 fof Udy
|7 U] - R4 [ - 20000)( U ay)]+ ] @ - 20000

+

fo% Udy

Then if |7;] > €%, one has

L L L L
€ € _ 2 € € _
f Ulgidy < | f U¥dy| +0(1)( f Ulgldy + f U|‘I’|2dy), (4.55)
0 0 0 0

which implies our claim. Otherwise if there exists C > 0 such that |r;] < Ce?, we obtain |7;| < €2,
which is our desired conclusion. we summarize our discussion shown as above to obtain the following
Proposition:

Proposition 4.4. Assume (1,< ®,F >) is the solution to (4.2), then we have |t| = O(e*) when Re(t) >
—cy€? for some ¢y > 0 independent of e.

Proposition 4.4 indicates that when Re(7) is positive or sufficiently small, |7| can be regarded as the
perturbation. Now, we have the sufficient context to construct the asymptotics of small eigen-pairs.
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4.2 Eigenvalue Asymptotics

This subsection is devoted to the case of |7] = o(1) for € < 1. According to Proposition 4.4, we further
have || = O(€?). Since we linearize (1.2) around (=, v™), we need to recall the property of this steady
state. It is convenient to consider u and v in the y-variable. Moreover, thanks to Theorem 1.1, one can
find

u(x) = U, U@E) :=Usy) + Ui(y;e),
and }

v(x) = V), V) :=Voly) + Vilyse),
where (Uy, Vo) and (U, V) have the following properties:

Uo(y) = gsechz(gy), 101 (y; €)l < Mee™", a = 3@+ O(e), (4.56)
and .
Vo=¢€ f Gy DUz := T(Wp), [Vi(y; )l < ME.
0

Here G(y; z) is given by (3.19) and constants M > 0, oy > 0 are independent of € and y. Recall we
define the stretched variable y = f eigenfunctions O(y) = ¢(x), ¥(y) = ¥(y), eigenvalues 7 = €21, then
transform (4.1) into the following rescaled problem:

V=Y, -V + 0, ye(0,%), (4.57)

{ @ = Oy, — LUy + OVy), + Eu(ii — 2U0)D, y € (0, L),
,(0) = ¥,(0) = () = ¥,(£) = 0.

We relabel L; given by (2.41) as L.. Noting that ¥ := T(®) in terms of the Neumann Green’s function,
we rewrite L, as

- 1 1
Le(D; Up) = Dyy — Z(UO[T((D)]}'))) - Z((D[T(UO)]y)y (4.58)

and find L, is defined by:
Le: K- — Ct,

where K- and C/ are introduced as

K= {u € H%((0,L/e)) : f ‘ udy = 0} c H3((0,L/e)), (4.59)
0

and

Ct = {u € Hy((0,L/e)) : f ‘ udy = o} c L*((0, L/e)). (4.60)
0

Proposition 3.1 implies L, is uniformly invertible for € small enough, which can be summarized as

Proposition 4.5. There exist positive numbers €), C such that for all € € (0, &), we have

LDl > CllDly, forall ® € K, (4.61)

where || - ||, is given by (3.3). Furthermore, operator L. is surjective.

Similarly, Proposition 3.2 can be restated as
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Proposition 4.6. There exist constants €y > 0, C > 0 such that for all € € (0, &), we have the unique
solution ®, € K> ® le\,((O, L/€)) such that S ((Uy + €U, + €2U, + ®,) = 0. Moreover, O, satisfies

|Dcll,, < Cé€, (4.62)

for some constant oy > 0.

Now, we have rewritten the results in Section 3 obtained via the Lyapunov-schimdt reduction
method as Proposition 4.5 and Proposition 4.6. Next, we will establish the asymptotics of eigen-pairs
(1,< ®,¥ >) and our results are summarized as follows:

Proposition 4.7. Let (1,< ®,Y >) be the solutions to (4.57) and suppose T = o(1) for € < 1, then we
have there exists €y > 0 such that for all € € (0, ),

Te = —2uiie* + O(e%), (4.63)

and
D, = [eg + o(1)]Dg + o(1),

where e is any nonzero constant and D is defined as

@y = (1 - %y tanh(%y))sechz(gy), a =3u+ O(e). (4.64)
As a consequence, A. satisfies
Ae = —2uii + O(e). (4.65)

Proof. Before using Proposition 4.5 and Proposition 4.6, it is necessary to set the ansatz of (®,, V) to
system (4.57). To this end, we similarly take subsequences €,, 7,, U,, V,,, ®, and ¥, such that €, — 0,
U, — Uy, V, > Vo, ®, » Oy and ¥,, —» ¥y over any compact subset. Then we consider 79 = 0 and
obtain the following limiting problem satisfied by (®g, ¥o):

0 = Wooyy + o, y € (0,), (4.66)

{ 0 = @y, - (Uo¥ooy + o Vooy)y y € (0, 00),
@, (0) = Yoo, (0) = 0, Dp(c0) = 0.

We have (4.66) can be rewritten as the following divergence form:

{ (UOgOy)y =0,

- - 4.67
80 = % = ¥o0, Yooy, + P = 0. (4.67)

In light of the first equation in (4.67), we choose gy = C for some constant C, then we substitute go = C
into the second equation to obtain

{ ‘?00”, + %sechz(‘/Tay)‘Poo + Clsechz(‘/Tay) =0, ye(0,00), (4.68)

Wooy(0) = 0,

where C is a different constant. By noting the scaling invariance and nondegeneracy properties, we
have from Woq,, + UgWoo = O that the solution to (4.68) is

i 1 Va
Py = $ytanh(7y). (4.69)
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It follows that @ satisfies

Oy =CUjp + lP()()U()

=(1 _ gytanh(gy))sechz(gy). (4.70)

Now, we regard @ as the basic ansatz of ®. Similarly, define ¥ as the basic approximation of ¥, then
we have

Y =€ f; G(z;y)Do(2)dz := T(Dy), 4.71)
0

where G(z;y) is given by (3.19). Define ® = ¢y®( + ®*+ and ¥ = ¢y¥( + P*. It is natural to analyze
the error generated by @y and ¥y, which is

e ey ~ 1 . e - 1 -
S@*) = = S (Us(¥or +¥o),), = 5 (O1¥o))y = 5 (O1¥)), = 5 (@), = (@ Ty,
1 1
+ O = S(Uo¥)y = (@ Vo),
- T(eo(Do + (Dl) + 62/1[17{ - 2(U0 + 01)](6‘0@0 + (DL) (472)

Noting that L, is given by (4.58), we have

e ey ~ 1 - e - 1 -
S@*) == S(Us(¥or +¥02),), = 5 @1yl = S (O1¥)), = Z@Viy)y = (@ Ty),
+ L[®Y] = 1(eg®y + D) + €2ulit — 2(Up + U))l(eg®@o + D) — 2 und*. 4.73)
It is similar to find that Vo, + Vo < €)%, Wo1 + Po2 < €5y? and Vg < €y, hence the leading order
error in (4.73) is from the combination of (Uy(Wo; + \I’Oz)y)y, (Up(Wo1 + ‘Poz)y)y and (Po(Vor + Voo)y)y,
where the order is O(e). To eliminate this error, we add the correction term @, then similarly solve

the quadratic form to obtain @; < ye~ Vay_ Then, we also express V) as ¥ = T(®y) in terms of the
Neumann Green’s function. In summary, we decompose @ and ¥ as

D =ey®y + €D + OF, ¥ =eg¥y + ¥ +PL, 4.74)

where e is any nonzero constant, ®F € K, where K is given by (4.59) and ¥} = T(®}). We
substitute (4.74) into S (#) = 0, then obtain

11,

S(®}) = —€ *eo(Uo(Wor + Yo2),), + 2e0e(Upy),

11
—€2eg(@o(Vor + Vin)y)y + 2€€0(Poy)y
_ [4 ~ ~
— e ' (Up(P11 +P12)y)y — E—g(‘Do(Vll + Vi2)y)y

| 1 -
— z(U](e‘(]lP() + 6‘1"1 + lPi')y)) - Z((Dé_Vh)y

— € 1(@1(Vor + Vo)), — € (@1 V1),
+ L[®L] - 7(eg®g + D) + DY)
+ éXulit — 2(Uy + U))](eg®@ + €@y + DF) — e2uad?, (4.75)
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where |I1;| and |I1,| are the leading terms with the order being O(€?) since we add the correction term
@, to eliminate the O(e) error.
Since S (@) = 0, we collect from (4.75) that @ satisfies

L|®t] = ©f, — S(U0WE)y — 2@V, + Fi(PL, W e) =0, ye(0,5),
{ L(0) = 0= (L) = 0, (4.76)
where F (O}, ¥1; €) is defined as
FU®L, e €) = — € 2eo(Uo(Wor + Wo),y), + 2e0e(Uoy),

— € 2eg(Do(Vor + Voo)y)y + 2eeq(@oy),
- € Uo(P1 + ¥i2)y)y = F@o(Pi + V12)y),
- é(fh(eo‘yo + eV + %))y - 61—2((1)? Viy)y
— € (D1 (Vor + Vo)y)y — € (@ V),
- 1(eg®@p + €Dy + DY)
+ Xl —2(Ug + U)))(eo®@p + €D + D) — Eundr. 4.77)

L _
If F (D}, WE;e) satisfies the orthogonality condition fof Fidy = 0, Proposition 4.5 tells us L is uni-
formly invertible for € small enough. Moreover, @ satisfies

DLy, < ClIF ]l (4.78)

for constant C > 0 independent of €. Thus, we rewrite ®F as @+ = —A(F)). It is similar to decompose
F as the linear and nonlinear error, which is F; = E| + N(®}), where

Ey == e eg(Ug(Yor + Y),), + 2e0€(Upy),
— € 2eg(Do(Vor + Voo)y)y + 2eeq(@oy),
— [4 ~ ~
=€ W11 +¥12))y = 5 (@o(Vi1 + Vi)

1 - _ _ ~
- 5 ileoo + €¥))), - € H®1(Vor + Voa)y)y — € 1@ V1),

— T(eg®o + D)) + *ulit — 2(Uy + U1)](eo®@o + D), (4.79)
and
Ny(DY) = 10% lcb*f/ ot
l( )__z( 1 ey)y_z( € ly)y_T €
—26*u(Uy + U,)D?. (4.80)

Next, we estimate E; and N;(®+). Focusing on the linear error E, we find the worse term in (4.79)
is O(€?) since we set @; to eliminate the O(e) error. Hence,

IE1lle = O(eD).

For the nonlinear error Ni(®}), by noting that Uy and U; have the fast decay property, we have the
worse term is 7®*. It is necessary to mention that (O} Vlo),)y is also the leading term in (4.80). However,
we can add it into the operator L. and the new operator have the same property with the old one. The
reason is V) is O(e*) in the outer region, then we can still use the Maximum Principle to give the
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good estimate for ®*. Now, we invoke Proposition 4.4 to get |r| = O(€?). Hence, we can regard it
as the perturbation. Recall o and o; are chosen such that Co? + ellne| < (0 — o)L < 2€|In €] and
€llnel S o < Ve|lnel, then we have |[t®*]|, = o(1)||®*]|,. In summary, the nonlinear error Ny (D,)
satisfies

NIl = o(DIIDL |lr, - (4.81)
Proposition 4.6 implies there exists @+ satisfying [|®L]|,, = O(€>|eo|). Moreover,
D, = eg®y + Oy + OL. (4.82)

Furthermore, we can normalize @, such that ||®||;2 = 1, which implies |eg| = O(1).

Now, we have obtained the asymptotics of the eigenfunction @, given by (4.82). We shall use it
to derive the asymptotical form of 7.. In fact, 7. can be established by considering the orthogonality
condition.

We integrate the ®-equation in (4.57) over (0, %) and use the Neumann boundary condition to get

L L
Te f ®dy = €*u f (it — 2U)Ddy. (4.83)
0 0

We have from (4.82) that

L L L L
Tf ddy =Tee()f Dydy + Tff ®dy + ‘rf Otdy = Is; + Isy + Iss. (4.84)
0 0 0 0

Define z := #y, then by straightforward computation, one can show that

L 00
Iy, = 7eq f ydy =req f ydy + Olllleole)
0 0

2 00
=== f (ztanhz — Dsech’zdz + O(lrlleole)
va Jo
)
=— — + O(7llegl€). 4.85
2+ Ol 5
It is similar to obtain that |[Is] = O(lrcle) and |Is3] = O(rele?) since |@1] < e V39 for some &

sufficiently small. On the other hand, we similarly find from (4.56) that
ff (Uo + U))(eo®p + €d; + dH)dy
0

L L
=f Uy(eg®q + €D + (I)J')dy + f 01(80@0 + ed; + (I)J')dy
0 0

L

= f " Ugeo®o + €®; + OL)dy + O(legle), (4.86)
0

where

L

eof Uy®ody =€0f Uo@ody + O(eleol)
0 0
= Vaeo f (ztanh z — 1)sech*zdz + O(eleg))
0

=— % Vaey + O(eleg)). (4.87)
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The other terms such as Uy®; in (4.86) are both O(¢e). Hence, we combine (4.86) and (4.87) to get

L
€ - 1
f Uy + Uy)(eg®g + €Dy + (Dl)dy = —E \/560 + 0(|€0|E). (488)
0

Since we normalize ®., we have |eg| = O(1). Moreover, with the help of Proposition 4.4, we can
see || = O(€?) if we assume Re(r.) > —coe’ for some constant ¢, independent of €. Therefore, by
collecting (4.83), (4.85) and (4.88), one has from a = 3 + O(e) that

Te = — €2 pa + €*uii + O(€)
= — 2uiie’ + O(e%), (4.89)

which proves (4.65), then this Proposition.
]

Combining Proposition 4.3, Proposition 4.4 and Proposition 4.7, we have the steady state (1.4) is
locally linear stable for € < 1, which proves Theorem 1.2.

5 Conclusion and Open Problems

In this paper, we have investigated the Keller—Segel models with logistic growth and large advection.
Our main contributions are the existence and stability analysis of spiky steady states to (1.2). Motivated
by the formal computation in [38], we have established the rigorous proof of the construction and sta-
bility results via Lyapunov-schmidt reduction. In particular, we perform a priori estimates of linearized
eigenvalues to rigorously rule out the large eigenvalue case.

The behavior of system (1.2) differs significantly from the minimal Keller—Segel models (1.1). It is
well-known that one-dimensional minimal models admit monotone decreasing spiky steady states with
the height of cellular density u being O(1/x) [4, 19]. Whereas, the logistic source prevents the height of
u from being O(1/y), and thereby it becomes O(1). The stability property of monotone spiky solution
is similar as its counterpart in minimal models. To be more precisely, it is locally linear stable with
respect to even perturbations.

There are also some intriguing questions arising from the pattern formation within system (1.2)
that deserve future explorations. Our numerical experiment indicates that the double boundary spike is
linearly stable with respect to translation modes, which is a distinct phenomenon we have not met in
the minimal models. Thus, it is worthy utilizing either formal or rigorous method to verify this phe-
nomenon. The other interesting direction for future explorations is to study the existence and stability
properties of non-constant steady states in the regime d, < 1. Noting the numerical results shown
in [23], we conjecture that system in 1D admits the stable interior spike when d, < 1. But it is open to
study or prove it via matched asymptotic analysis or Lyapunov-schmidt reduction.
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Appendix A Formal Expansion of Single Boundary Spikes

In Appendix A, we shall employ the matched asymptotic analysis to reconstruct the non-constant steady
state (1.4), which can support our rigorous argument.
We firstly multiply the both hand side of the u-equation by )l( in (1.3) to obtain

(1.1)

0= /lvuxx - (uvx)x + )L:u(’/_t - M), X € (O’ L),
O=vy—v+u, x e (0,L).

Our aim is to look for a localized pattern with the centre being 0. Recall € := /1/y, then in the inner
region, we introduce

U) :=ulx), V() :=v(x)withy:= )_ec (1.2)

Upon substituting (1.2) into (1.1), one has

{ 0= Uy - €UV, +epU@-U), ye(0,%), (1.3)
0=€?V,,-V+U, y€(0,9). :
We expand

Uy)=Uy+ Ui+, V) =Vo+€V--- (1.4)
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and substitute it into (1.3). To the leading order, we see that Vj,, = 0. Since we would like to find
the uniformly bounded solution in (0, c0), one takes Vy = V{, where V is an undetermined constant.
Moreover, we collect the following hierarchy from (1.3) and (1.4):

Uoyy = (UoViy)y =0,y €(0,00), (15)
Vlyy — Voo +Up =0, ye (0, ), :
and
Ulyy - Uy Vly)y - (U()VZy)y = —uUp(ii — Up), y € (0, 00), (1.6)
V2yy =V, -U, ye€ (0’ 00) ’

Noting U < 1 in the outer region, one has Uy — 0 as [y| — 0. Thus, we infer from the first equation
of (1.5) that Uy(y) = Uge"'?), where Uy is an unknown constant. Now in the outer region, we can
replace U in sense of distribution by

U — €Uy f e"1dpdy(x). (1.7)
0
As such we find the outer problem for v is

{ vy = v = —€UpCo(x), x € (0, L), 19

7,(0) = v(L) = 0,

where C := fooo e"1dp and we impose that C is a finite integral. To express v in the outer region, we
introduce the following one-dimensional Neumann Green’s function G(x; &):

{ Gy — G =-6(x=9&), x€(0,L),
G(0;6) =G (L;é) =0,

where G has the following explicit form:

cosh(L—-¢)
Guie)={ LT S *E0O
sz Cosh(L —x), xe€ (L)

Hence, we find v satisfies v ~ eUyCG(x; 0). It follows that as x — 0 and € — 0%, v — 0. Recall in the
inner expansion, V = Vi + €2V + - - - , then we conclude from the matching that Vo = 0.

We next solve (1.5) to find the inner solution. Upon substituting Uy = Ugpe"! and Vi = 0 into the
second equation, we establish the following core problem:

Viyy + Ugoe”' = 0, y € (0, ), (1.9)

Vi,(0) = 0.
Solving equation (1.9) gives rise to

Vi(y) = log (—)
2Uqo coshz(gy)
where a is a free parameter. Since Vy, = — atanh (%Ey), one has from the relationship between V;
and U that
_4a 2 Va
Uy = sech (Ty) (1.10)
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. . . L _
To determine the constants, we next apply the integral constraint fo u(it — u)dx = 0 thanks to the
Neumann boundary condition. Noting U ~ Uy, we can arrive at

f Uo(ﬁ - U())dy =0.
0

By using Uy(y) = Ugoe"", one has fooo(evl — Ugoe?¥1)dy = 0, which then yields that

f aisech? ﬁy - L—Zsech“ ﬁy dy = 0. (1.11)
0 2 2 2
Letz = gy, then we solve (1.11) to get a ~ 3u. Therefore, we have from (1.10) that for y € (0, o),
_4a 2 Va
U() = ESCCh (Ty)

with a ~ 3ui. Now, we have obtained the inner solution.
Focusing on the outer region, one has u ~ 0 and v, — v ~ 0 with vo,(L) = 0. By solving it, we get

v~ C,cosh(x—L), x€(0,L),

where C, is an unknown constant to be determined. We next use the matching condition to determine
constant C,. From the inner solution, one finds

av
Z__¢ \/Etanh(ﬁy), (1.12)
dy 2
which yields
dv
— > —€*+a as y — +oo. (1.13)
dy
On the other hand, from the outer solution, we conclude for 0 < x < L,
d d
d—; = d—:e ~ €C, sinh(x — L).
It follows that
dv .
- — —C,esinh L as x — 0. (1.14)
Yy

After matching (1.13) and (1.14), one can get C, = € y/a/ sinh L.
In summary, the single boundary spike (#~, v™) can be asymptotically written as

u ~ gsechZ(ﬂ X , for x € (0, L),
2 2 €
and
Vo~ € .\/E cosh(x — L), for x € (0, L),
sinh L

where a ~ 3ii. Next, we use the Van Dyke’s matching principle Vunif = Vinner + Vouter — Voverlap t0 find the
composite expansion of v, which is
Va x Va
———)) + e——cosh(x — L) + Vaex.
2 6>) sinh L ( )+ Va

These results agree with those stated in Theorem 1.1.

v~ € log(%sechz(
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Appendix B Formal Analysis of the Eigenvalue Problem

This section is devoted to the study of linearized eigenvalue problem (4.1) via the matched asymptotic
analysis. Similarly, in the inner Region, we introduce the following rescaled functions:

D) 1= ¢, PO) = Yx) with y = =

By using it together with (1.2), one can rewrite (4.1) as

AY =¥, - ¥+ O, y€(0,9), 2.1

{ €10 = Oy, — e 2(UY, + DVy), + 2 u(i — 2U)D, y e (0,L),
Dy(0) = ¥,(0) = (L) = Py (L) = 0.

Similarly as above, we expand

A=dg+-, D) = Dy(y) + €D (y) +--- and ¥ = Po(y) + ¥, () + - - - (2.2)

and substitute them together with (1.4) into (2.1). Then one can find ¥o, = 0, and thereby ¥o(y) := Yoo
with Wy, being a constant. Moreover, with the help of matching condition between the inner and the
outer solution, we obtain Wy = 0.

We further collect the following leading order system:

0= (DOyy - (UO\Ply + (DOVIy)y’ Y€ (0, 00),
0 =P, + Dy, y € (0, 00), (2.3)
@0y (0) = ¥1,(0) =0, Dp(c0) = 0.

The first equation in (2.3) implies that (%g) = ¥y, hence ®y = Ug'¥| + CUj thanks to the boundary
y
conditions, where C is some constant to be determined later on. Therefore, (2.3) yields that

{ “Plyy + Uy¥Y, +CUj =0, y € (0, 00),

¥,,(0) = 0. 2.4

Since Uy = %sechz(%aﬂ and a ~ 31, we further solve (2.4) to get the eigenfunctions are unique up to

a constant multiplier of the following

1
¥ (y) = %ytanh<gy), Do(y) = (1 - %ytanh(%y))secﬁ(%y), a ~ 3. (2.5)

Next, we proceed to show the corresponding leading eigenvalue 1y < 0, which tells us that steady
state (1.4) is linearly stable.

Proof. We integrate the ¢-equation in (4.1) over (0, L) to get

L L
/lf P(x)dx = uf (it — 2u)p(x)dx. (2.6)
0 0
Upon substituting (2.5) into (2.6), one has the left hand side and right hand side satisfy
L 0o
/lf d(x)dx ~ €Ay f Oy(y)dy 2.7
0 0
and
L 0o
f p(it = 2u)p(x)dx ~ € f u(ie = 2Uo) Do (y)dy, (2.8)
0 0
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respectively. By straightforward calculation, we obtain

o 1
DOody = ——, 2.9
fo ’ Va
and
o 1
f Uy®@dy = ) Va. (2.10)
0

Combining (2.9) and (2.10), we have from (2.6), (2.7) and (2.8) that 4y ~ —2uii. This gives us (1.4) is
linearly stable with respect to the even eigenfunction (2.5), then formally verifies Theorem 1.2. O
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