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Abstract. We construct non-equivariant blow-up solutions to the Landau-Lifshitz-Gilbert equation
(LLG) from R2 into S2 {

ut = a(∆u+ |∇u|2u)− bu ∧∆u in R2 × (0, T ),

u(·, 0) = u0 ∈ S2 in R2,

where a2 + b2 = 1, a > 0, b ∈ R. Given any prescribed, distinct N points in R2 and small T > 0, we
prove that there exists a smooth initial data such that the gradient of the solution blows up precisely
at these points at finite time t = T , taking around each point the profile of sharply scaled degree 1
harmonic map with the blow-up speed

∥∇u(·, t)∥L∞(R2) ∼ | lnT |−1(T − t)−1| ln(T − t)|2 for t ∈ (0, T ).

While blow-ups for Harmonic Map Flow (HMF, a = 1) have been constructed by Dávila, del Pino,
and Wei [22], substantial difficulties arise in the gluing construction due to the coupling between HMF
and Schrödinger Map Flow (SMF) in LLG, and such coupling produces both dissipative (a > 0) and
dispersive (b ̸= 0) features. A direct consequence of the presence of dispersion is the lack of maximum
principle for suitable quantities, which makes the analysis more delicate even at the linearized level.
The dispersion cannot be treated perturbatively, even in the dissipation-dominating case a/|b| ≫ 1,
and one has to include this as part of the leading order. To overcome these difficulties, we utilize
two key technical ingredients. First, for the resolution of the inner problem, we employ the distorted
Fourier transform, as developed by Krieger, Miao, Schlag, and Tataru [75, 78]. Second, the linear
theory for the outer problem is achieved by means of the sub-Gaussian estimate for the fundamental
solution of the parabolic system in non-divergence form with coefficients of Dini mean oscillation in
space (DMOx), which was proved by Dong, Kim, and Lee [34].
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1. Introduction and main results

1.1. Introduction. Let M be an m-dimensional Riemannian manifold of metric g and S2 be the
2-sphere embedded in R3. The Landau-Lifshitz-Gilbert equation (LLG) on M is given by{

ut = −au ∧ (u ∧∆Mu)− bu ∧∆Mu in M× (0, T ),

u(·, 0) = u0 ∈ S2 in M,
(1.1)

where a2+ b2 = 1, a ≥ 0, b ∈ R, ∆M = |g|−1/2∂xβ
(gαβ

√
|g|∂xα) is the Laplace-Beltrami operator, and

u = [u1, u2, u3]
tr is a 3-vector with normalized length which is a mapping u(x, t) : M× (0, T ) → S2.

First formulated by Landau and Lifshitz [82] in 1935, LLG (1.1) is an important system modeling the
effects of a magnetic field on ferromagnetic materials in micromagnetics, and it describes the evolution
of spin fields in continuum ferromagnetism; Gilbert proposed the famous Gilbert damping later in [48].
LLG (1.1) can be viewed as a bridge between the harmonic map flow (HMF) when a = 1, b = 0 and
the Schrödinger map flow (SMF) when a = 0, b = −1.
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In the context of HMF, Struwe [118] proved the existence and uniqueness of weak solution with at
most finitely many singular points whenM is a Riemann surface. Freire [45] and Lin-Wang [86] proved
that Struwe’s solution is unique in the class of weak solutions with decreasing Dirichlet energy. See
also Freire [44] for further generalizations and Struwe [119], Chen-Struwe [11] for higher dimensional
cases. Chang, Ding and Ye [8] first proved the existence of finite-time blow-up solutions for HMF
from disk into S2. See also Coron-Ghidaglia [14], Chen-Ding [10], Ding-Tian [30], Qing [104], Wang
[130], Qing-Tian [105], Lin-Wang [84], Topping [126] and the references therein for profound bubbling
analysis and blow-up examples in related contexts. Recent advancements in bubbling decompositions
have been achieved by Jendrej-Lawrie [60], Jendrej-Lawrie-Schlag [62]. We refer to the monograph by
Lin and Wang [85] for comprehensive results on bubbling phenomena, regularity theory for harmonic
maps and their heat flows.

In [127], via formal analysis, van den Berg, Hulshof, and King predicted the existence of blow-up
solutions for the two-dimensional HMF into S2 with quantized rates

λk(t) ∼ (T − t)k| ln(T − t)|−
2k

2k−1 , k ∈ N+. (1.2)

There is a class of solutions taking the following special form

u(x, t) = u(reiθ, t) =
(
cos(nθ) sin v(r, t), sin(nθ) sin v(r, t), cos v(r, t)

)
, (1.3)

called n-equivariant solution with n ∈ Z. While van der Hout [129] excluded finite-time bubble trees
in the 1-equivariant class, finite-time blow-ups do exist in such case. For the case M = R2 and the
target manifold is a revolution surface, using the profile of degree 1 harmonic map Q1, Raphaël and
Schweyer [107, 108] constructed finite-time blow-up solutions with rates (1.2) for all k ≥ 1 in the
1-equivariant class, where the initial data can be taken arbitrarily close to Q1 in the energy-critical
topology. For the case that M is a general bounded domain in R2, Dávila, del Pino and Wei [22]
considered the general case without symmetry and constructed non-equivariant solutions which blow
up at finitely many points with the type II rate (1.2) for k = 1, and they further investigated the
stability of blow-ups and reverse bubbling phenomena. The construction in [22] can be generalized to
the case M = R2.

On the other hand, for SMF with M = R2, Merle, Raphaël and Rodnianski [95] constructed the
finite-time blow-up solution with the rate (1.2) for k = 1 in the 1-equivariant class. Analogous to
the results of Krieger, Schlag, and Tataru [72] for wave maps, Perelman [102] constructed finite-time
blow-up solutions with continuous rates, i.e., Krieger-Schlag-Tataru type. The global well-posedness
results in various critical spaces and space dimensions, and the dynamics of SMF near ground state
have been studied widely in the works by Bejenaru, Ionescu, Kenig, and Tataru [3, 4, 5, 7, 57] and
the references therein.

For LLG, in the case M = R3, a > 0, Alouges and Soyeur [1] proved the existence of weak solutions
for (1.1) and constructed infinitely many weak solutions. The existence of the weak solution to LLG
has been established by Guo and Hong [51] when M is a closed Riemannian manifold with m ≥ 3,
while for the case that M is a closed Riemann surface, the weak solution was shown to be unique
and regular except for at most finitely many points [51]. When M = R2 and the target manifold
is a smooth closed surface embedded in R3, approximation by discretization was used by Ko [68]
to construct a solution of LLG that is smooth away from a two-dimensional locally finite Hausdorff
measure.

In general, one cannot expect good partial regularity results for weak solutions in the higher di-
mensional case m ≥ 3 without further regularity or energy minimizing assumptions. In fact, Rivière
[109] constructed weakly harmonic maps from the ball B3 ⊂ R3 into S2 for which the singular set is

the entire closed ball B3, and this result can be generalized to higher dimensions. Note that harmonic
maps also solve LLG. In a similar spirit to Chen-Struwe [11] for higher dimensional HMF, Melcher
[92] proved that for M = Rm with m = 3 there exists a global weak solution to LLG whose singular
set has finite 3-dimensional parabolic Hausdorff measure. Later, this result was generalized to m ≤ 4
by Wang [131]. With the additional stability assumption for the weak solution, for m ≤ 4, Moser
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[99] proved a better estimate for the singular set. The partial regularity of LLG (1.1) for m ≥ 5 still
remains open.

For M = Rm, the global existence, uniqueness, and decay properties for the solution of (1.1) were
established by Melcher [93] for m ≥ 3 with initial data u0 close to a fixed point in S2 in the Lm norm.
Lin, Lai, and Wang [87] generalized the result to Morrey space and m ≥ 2. For u0 away from a fixed
point in S2 with BMO semi-norm sufficiently small, Gutiérrez and de Laire [55] proved the global
existence, uniqueness, and regularity results for LLG. We refer to a recent survey [23] by de Laire for
current developments on LLG.

The study of the dynamics for LLG with initial data close to harmonic maps is of special significance
and can provide hints on the mechanism of singularity formation. A series of works by Gustafson-Kang-
Tsai [52, 53], Guan-Gustafson-Tsai [50], Gustafson-Nakanishi-Tsai [54] are devoted to the behavior
of the solutions to LLG with M = R2 and with initial data u0 close to the harmonic map in the
n-equivariant class. They found, among other things, that there is no finite-time blow-up for LLG
and HMF with u0 close to n-equivariant harmonic maps for n ≥ 3 and n ≥ 2, respectively. In sharp
contrast to LLG and HMF, blow-ups do happen in the higher equivariant class for wave maps; see
Rodnianski-Sterbenz [110] and Raphaël-Rodnianski [106]. Recently, interesting investigations were
further extended to the near-soliton dynamics of the 2-equivariant SMF by Bejenaru-Pillai-Tataru [6],
and to a complete classification of global dynamics, of the soliton resolution type, for equivariant-HMF
with n ≥ 3 and energy-critical semilinear heat equations by Kim-Merle [63].

The singularity formation for LLG is an important and challenging topic. For the case that M is
a compact manifold with or without boundary in dimensions m = 3, 4, Ding and Wang [29] obtained
the existence of a smooth finite-time blow-up solution for LLG, and they stressed the importance
of finite time singularity when m = 2 in view of the seminal work of Chang-Ding-Ye [8] on HMF.
However, neither Bochner’s formula nor Struwe’s parabolic energy monotonicity formula is available in
LLG, while these play a crucial role in the singularity analysis for HMF. For M ⊂ R2, as an analogue
of Qing [104] for HMF, Harpes [56] gave descriptions of solutions to LLG (1.1) near the singular
points, but no example of finite-time singularity for LLG in R2 was given. For the energy critical
case that M is a disk in R2, in an interesting paper [128], van den Berg and Williams predicted the
existence of finite-time blow-up by formal asymptotic analysis supported with numerical simulations.
For M = R2, Xu and Zhao [133] rigorously constructed a finite-time blow-up solution to (1.1) in a
special 1-equivariant class as in (1.3).

1.2. Main results. In this paper, we consider the case with target manifold S2, M = R2, and positive
damping parameter a > 0. (1.1) can then be written as{

ut = a(∆u+ |∇u|2u)− bu ∧∆u in R2 × (0, T ),

u(·, 0) = u0 ∈ S2 in R2.
(1.4)

The Dirichlet energy E[u] = 1
2

´
R2 |∇u|2 is non-increasing along smooth solutions to (1.4) with suf-

ficient decay as d
dtE[u] = −a

´
R2 |u ∧ ∆u|2. In this sense, the parameter a in the case a > 0 can be

regarded as a damping that produces dissipation in the energy.
We are interested in the general non-radially symmetric setting to (1.4), where the solution blows

up in finite time taking the profile of multiple bubbles, and thus the solution is non-equivariant. We
remark that very little is known about the singularity formation beyond the equivariant class. The
construction of non-equivariant solutions produces essential difficulties and a tremendous amount of
careful analysis, as already observed by Dávila-del Pino-Wei in HMF [22] and by Krieger-Miao-Schlag
in wave maps [75]. The general case requires the control of all the modes/angular momenta, including
the equivariant mode 0, as well as the complicated interactions among bubbles.
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Our construction is based on the following degree 1 profile

W (y) :=
1

|y|2 + 1

 2y1
2y2

|y|2 − 1

 , y = (y1, y2) ∈ R2. (1.5)

Clearly, QγW
(
λ−1(x − ξ)

)
solves the stationary equation of (1.4) for any ξ ∈ R2, λ > 0, and any

γ-rotation matrix around z-axis

Qγ :=

cos γ − sin γ 0

sin γ cos γ 0

0 0 1

 . (1.6)

Denote U∞ = [0, 0, 1]tr. Obviously, W (∞) = U∞. Our main result is stated as follows.

Theorem 1. Assume a2 + b2 = 1, a > 0, b ∈ R in (1.4). Given N ∈ Z+ and arbitrary N distinct
points q[j] ∈ R2, j = 1, 2, . . . , N , for T > 0 sufficiently small, there exists a smooth initial data u0
such that the gradient of the solution u to (1.4) blows up at these N points at finite time t = T
simultaneously. More precisely, the solution u takes the sharply scaled degree 1 profile around each
point q[j]

u(x, t) = −(N − 1)U∞ +

N∑
j=1

Qγj(t)W

(
x− ξ[j](t)

λj(t)

)
+Φper(x, t)

with

λj(t) = κ∗jλ∗(t)(1 +O(| lnT |−
1
2 )), λ∗(t) =

| lnT |(T − t)

| ln(T − t)|2
,

ξ[j](t) = q[j] +O((T − t)1+ϵ0), γj(t) = γ∗j +O(| lnT |−
1
2 ),

where κ∗j > 0 is a constant independent of a, b, γ∗j ∈ [−π/2, π/2] is a constant depending on a, b, the
constant ϵ0 > 0 is sufficiently small, and the perturbation term Φper satisfies

∥Φper∥L∞(R2×(0,T )) ≪ 1, ∥∇Φper(·, t)∥L∞(R2) ≲ λϵ0−1
∗ (t).

The solution constructed in Theorem 1 exhibits rather precise asymptotic behavior. Based on the
analysis, a strong convergence and a weak-∗ convergence of the Radon measure are shown.

Corollary 1.1. The solution in Theorem 1 satisfies

u(x, t)− u∗(x)−
N∑
j=1

Qγj(t)

[
W

(
x− ξ[j](t)

λj(t)

)
− U∞

]
→ 0 as t→ T

in H1
loc(R2) ∩ L∞(R2) for some u∗(x) ∈ H1

loc(R2) ∩ L∞(R2). Moreover,

|∇u(·, t)|2 dx w∗
→ |∇u∗|2 dx+ 8π

N∑
j=1

δ
q[j]

as t→ T

as weak-∗ convergence of the Radon measure.

Remark 1.1.

(1) The damping term a > 0 plays a crucial role in the construction, both in the near-singularity
and remote regions. In the current framework, it seems to be difficult to obtain uniform
estimates in the limit a ↓ 0.
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(2) For j = 1, 2, . . . , N ,

|∇u(q[j], t)| ∼ | ln(T − t)|2

κ∗j | lnT |(T − t)
≫ (T − t)−1/2,

exhibiting a type II blow-up pattern at each blow-up point.

(3) The stability of the non-equivariant blow-up remains an important open question. We conjec-
ture that the blow-up solution in Theorem 1 persists for initial data staying within a manifold
with higher codimension. The number of unstable directions might depend on rotation param-
eters γj(t) (j = 1, 2, . . . , N) and the freedom needed when adjusting the vanishing property
of the outer solution. In this regard, deriving various Lipschitz-dependences is a challenging
problem as the outer problem is a quasilinear parabolic system.

(4) Due to the parabolic gluing method employed, the construction works as well for the case of
smooth, bounded domain Ω ⊂ R2 with Dirichlet or Neumann boundary conditions, and the
main difference in the construction reflects in the fundamental solution in the sense of Dong-
Kim-Lee [34] with corresponding boundary conditions.

1.3. Strategy and novelties in the construction. The proof of Theorem 1 is a gluing construc-
tion extending the parabolic gluing method to quasilinear system with dispersion. The parabolic gluing
method was first established by Cortázar-del Pino-Musso [15] and Dávila-del Pino-Wei [22] to inves-
tigate the singularity formation for parabolic PDEs. The elliptic version, called inner-outer gluing
method, was developed earlier by del Pino-Kowalczyk-Wei [24, 25] for the higher dimensional concen-
tration of nonlinear Schrödinger equations and the counterexample to the De Giorgi’s conjecture in
large dimensions. The gluing method turns out to be rather versatile and has been generalized to
various evolution equations later. For recent developments in gluing method, we refer to Dávila-del
Pino-Musso-Wei [19, 20, 21], del Pino-Musso-Wei [26, 27, 28], Sire-Wei-Zheng [116, 117], Dávila-del
Pino-Dolbeault-Musso-Wei [18] on fluid equations, geometric flows and those stemming from mathe-
matical biology and physics.

Our study of the singularity formation for LLG is motivated by the endpoint case (a = 1) for
HMF [22]. However, substantial difficulties arise due to the coupling between HMF and SMF in LLG
(1.4), and such coupling produces both dissipative (a > 0) and dispersive (b ̸= 0) features. A direct
consequence of the presence of dispersion is the lack of maximum principle for suitable quantities,
which makes the analysis more delicate even at the linearized level. The dispersion cannot be treated
perturbatively even in the dissipation-dominating case a/|b| ≫ 1, and one has to include this as part
of the leading order. In our inner-outer gluing construction, new linear theories for both inner and
outer problems need to be developed, taking into account the dissipation and dispersion concurrently.
Based on these linear theories, weighted spaces that capture the precise asymptotics of solution in
near-singularity zones and remote regions are devised carefully.

1.3.1. Distorted Fourier transform and re-gluing process in the inner problems. The new linear theory
for the inner problems is developed by analyzing each Fourier mode, which is the Fourier expansion of
the complex form on each tangent plane of the bubble on S2. Due to the absence of maximum principle,
several steps combining energy methods, solving the elliptic equations, and Duhamel formulas, are
employed to get rough upper bounds for each mode. More refined bounds at different Fourier modes
are obtained by different methods.

• Mode k, |k| ≥ 2. One of the main challenges is the convergence in k when summing over all modes,
while maintaining a sufficiently fast decay. By employing the rotation form of the right-hand side and
applying a careful scaling argument, in conjunction with the regularity theory in the DMOx space, we
manage to extract the negative power of |k|. Combining these with the re-gluing process, we derive an
upper bound that depends explicitly on k. This bound is sufficient to ensure the convergence of the
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summation over all modes. See Subsection 8.3 for further details. In order to refine the bounds and
get better pointwise decay estimates, we perform another gluing procedure, called re-gluing process,
at all the modes except mode −1. The re-gluing process was first used in the analysis of linearization
of HMF at mode 0 in [22], and here we generalize this technique to all modes except mode −1. The
re-gluing process aims to improve the time decay rate in the apriori estimates and provides more
flexibility in choosing parameters to devise the topologies to solve the gluing system.

• Mode 0 and mode 1. In contrast to the mode k, |k| ≥ 2, the elliptic operators for mode 0 and
mode 1 admit bounded kernels function with decay (cf. (8.17)), for which orthogonality conditions are
required to recover the decay information of the right-hand side. These orthogonality conditions and
the use of the re-gluing lead to perturbation terms c∗0(τ), c∗1(τ), which make the reduced equations,
especially for mode 1, and non-orthogonal inner problems (4.42) more complicated. See Proposition
8.3, Proposition 8.5, and (5.3).

• Mode −1. The use of the above method does give a solution, but this solution deteriorates in the
innermost region and is not sufficient for the gluing to be implemented. The reason is that by (8.102)
and (8.13), mode −1 can be roughly viewed as a heat equation in R2 near spatial infinity, and the
estimates obtained are worse than any other mode as one cannot gain spatial decay by the Duhamel’s
formula. Instead, motivated by the groundbreaking work of Krieger, Miao, and Schlag [75] on the
stability of blow-up for wave maps beyond the equivariant class, we utilize the powerful and versatile
techniques of the distorted Fourier transform for the dealing of mode −1.

The distorted Fourier transform has been successfully developed and applied in various problems.
The general framework and theories on the spectral analysis of the half-line Schrödinger operator with
strongly singular potentials have been developed by Gesztesy and Zinchenko [47]. Schlag [112] es-
tablished the Littlewood-Paley theory for resonant Schrödinger operators. Of significant importance
are its applications in the singularity formation, dispersive estimates and asymptotic stability; see
fundamental works by Krieger-Schlag [70, 71] for constructing stable and stable blow-up manifolds for
Schrödinger equations, and Krieger-Schlag-Tataru [72, 73, 78], Krieger-Schlag [77], Donninger-Huang-
Krieger-Schlag [35] for the blow-ups in critical wave equations, wave maps and hyperbolic Yang-Mills
equation. Schlag-Soffer-Staubach [113, 114] proved dispersive estimates for Schrödinger and wave evo-
lutions on Riemannian manifolds with conical ends; we refer to a good survey [111] by Schlag in this
regard. Donninger-Schlag-Soffer [38, 39] investigated the stability and decay estimates in general rel-
ativity. Krieger-Nakanishi-Schlag [69] classified the global dynamics of Klein-Gordon equations with
energy above that of the ground state slightly. For the application in the dispersive decay and scat-
tering theory of Schrödinger equations, wave equations, and wave maps, we refer to Goldberg-Schlag
[49], Costin-Schlag-Staubach-Tanveer [17], Donninger-Schlag [37], Costin-Donninger-Schlag-Tanveer
[16], Lawrie-Schlag [83] and the references therein. Recently, there are growing interests in asymp-
totic stability of solitons/kinks and blow-ups in many PDEs via distorted Fourier transform. See, for
instance, Krieger-Miao [74] and Krieger-Miao-Schlag [75] for wave maps in 2+1 dimensions, Germain-
Pusateri [46], Lührmann-Schlag [89, 90], and Lindblad-Lührmann-Schlag-Soffer [88] for Klein-Gordon
equations, Bejenaru-Pillai-Tataru [6] for SMF, Palacios-Pusateri [101] for Ginzburg-Landau evolutions,
and Chen-Lührmann [9] for the sine-Gordon equation.

Using the distorted Fourier transform, we develop linear theory at mode −1 with or without orthog-
onality conditions. The version with orthogonality removes the logarithmic loss compared to the one
without orthogonality. See Section 8.6 for more details. In this paper, for mode −1, we only use the
one without orthogonality since the introduction of two new modulation parameters corresponding
to rotations will further complicate the interactions, and we control the logarithmic loss by Hölder
continuity and the well-designed vanishing property of the outer solution. We note that the linear
theory developed is in the general range including the purely dissipative case a = 1, b = 0, and this
seems to be the first application of the distorted Fourier transform in the parabolic setting.
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1.3.2. Regularity estimates in the DMOx-class for the outer problem. The outer problem (4.16) turns
out to be a quasilinear parabolic system in non-divergence form. Different from the outer problem in
HMF, the one in LLG is a coupled system and thus cannot be solved componentwisely. The leading
coefficients (4.22) of the outer problem (4.16) include the blow-up profile. So one cannot expect good
Hölder continuity for (4.22) and has to work in a weaker class. On the other hand, estimates for higher-
order derivatives are needed to control error terms. These suggest that the regularity class must be
chosen rather carefully and precisely, roughly weaker than Cα but stronger than C0. The linear theory
for the outer problem is achieved by means of the sub-Gaussian estimate for the fundamental solution
of the parabolic system in non-divergence form with coefficients of Dini mean oscillation in space
(DMOx), which was proved by Dong, Kim, and Lee [34]. We introduce Dini mean absolute oscillation
in space (|DMO|x), which is a subspace of DMOx. Under some weak assumptions, the functions in
|DMO|x are closed under arithmetic (see Lemma 6.1). This property makes it more convenient to
verify that the leading coefficients (4.22) of the outer problem belong to |DMO|x, and we note that the

type II speed as in Theorem 1 (λj(t) ≲ (T − t)
1
2
+ϵ with a constant 0 < ϵ≪ 1) plays a rather important

role here.

The estimates of second-order derivatives are necessary to control the dispersive part, i.e., error
terms produced by bu ∧ ∆u in the equation, and we need rather precise weighted estimates for the
gluing. In fact, the weights are eventually chosen very carefully, reflecting in finding a solution in the
system for constants measuring the weights. See the end of Subsection 7.1. To get the quantitative
estimates of second-order derivatives of the inner solutions, we first analyze the representation form
of the outer solution via sub-Gaussian and then adopt the regularity theory with DMOx coefficients
developed by Dong, Escauriaza, and Kim in [31].

1.3.3. Improvement of slow decay and tricks used in the interacting error terms. Another aspect of the
construction is the dealing with slow decaying errors, usually present in lower dimensional problems.
The improvement of these slow decaying errors involves finding good global corrections (non-local in
the corresponding modulation parameters), which in turn make the dynamics for the parameters in
the corresponding mode non-local. In the context of LLG, the mode with slow decaying error that
we shall deal with is mode 0, which corresponds to the invariance of scaling and rotation around the
z-axis. To capture the precise blow-up dynamics, the global correction at mode 0 should be rather
explicit. However, due to the aforementioned structure of the outer problem, one cannot improve the
error by solving the linearized system directly and has to extract part of the parabolic system instead,
i.e., the approximate parabolic system. It turns out that the combination of the new errors produced
by the global corrections and the remainder in the parabolic system together make the non-local
equations for the scaling parameter λj and rotational parameter γj a well-structured complex system.
See Section 5.

The construction of multiple bubbles involves carefully analyzing complicated and lengthy inter-
actions. The unit-length property of the map |u| = 1 with multiple bubbles also produces delicate
interactions. See (4.1) and (4.4). Fortunately, we find a subtle cancellation in the estimate of an error
term ∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗, which is essential for finding well-designed topologies to complete
the construction. See Remark E.1.

On the other hand, we adopt a trick that we call U∗-operation (see (4.6)), which can adjust errors
in the U∗-direction for the multi-bubble case and can thus simplify analysis. This idea first appeared
in Dávila-del Pino-Wei [22] in the case of a single bubble for HMF, and we modify this in the context
of LLG. See also Krieger-Miao-Schlag [75] for a similar argument for the wave map of a single bubble.

1.4. Comments on other related problems and techniques. Well-posedness and singularity
formation are also central topics in dispersive and hyperbolic PDEs. We refer to the books [115] by
Shatah and Struwe and [123] by Tao in the hyperbolic and dispersive set-ups. There are numerous
profound studies in wave equations and general hyperbolic equations. For the regularity theory of
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wave maps, Klainerman-Machedon investigated in [64, 65] low-regularity solutions and proved in
[66] well-posedness for initial data with optimal regularity; see also Klainerman-Selberg [67]. Tataru
proved the global existence and scattering in Besov spaces for wave maps in n + 1 dimensions with
n ≥ 4 in [124] and with n = 2, 3 in [125]. In [121, 122], Tao achieved the global regularity for wave
maps in the critical Sobolev space. Finite-time blow-up results of wave maps were established by
Rodnianski-Sterbenz [110], Raphaël-Rodnianski [106]. For Krieger-Schlag-Tataru type blow-ups, we
refer to Perelman [102], Krieger-Schmid [79, 80], Bahouri-Marachli-Perelman [2]; see also Donninger-
Krieger [36] for infinite-time versions of Krieger-Schlag-Tataru type, and Pillai [103] for more general
global solutions.

Concerning the classification results of wave maps and energy-critical wave equations, Duyckaerts-
Jia-Kenig-Merle [41] studied the small blow-up solutions via the channel of energy-type inequalities
developed earlier in [40] for critical wave equations. Jendrej-Lawrie [58] classified the two-bubble
dynamics by the Kenig-Merle type concentration-compactness techniques together with modulation
method. For the soliton resolution, we refer to Duyckaerts-Kenig-Martel-Merle [42], Duyckaerts-Kenig-
Merle [43], Jendrej-Lawrie [59, 61], Collot-Duyckaerts-Kenig-Merle [12] and their references; see also
Krieger-Nakanishi-Schlag [76], Krieger-Wong [81] for threshold dynamics.

On the other hand, powerful modulation techniques have been widely developed by Collot, Merle,
Raphaël, Rodnianski, Szeftel and collaborators in [13, 91, 94, 96, 97, 98, 106] and their references to
study singularity formations for various dispersive, hyperbolic, parabolic equations and fluid dynamics.

1.5. Main steps of the construction. Due to the complexities and technicalities in the construction,
in this subsection we sketch a roadmap of the major steps and present detailed illustrations of the
ideas mentioned above.

• Multi-bubble ansatz. The construction begins with a careful choice of first approximation. Since
the target is S2, one has to choose some profile for multiple bubbles, which is relatively reasonable to
analyze. In Subsection 3.1, we take the first approximation as

U∗ = −(N − 1)U∞ +
N∑
j=1

U [j](x, t), where U [j](x, t) := QγjW

(
x− ξ[j]

λj

)
.

Notice that |U∗| = 1 + o(1) at any space-times as those bubbles are essentially separated, assuming
(3.4). Denote the error function as

S[f ] := −∂tf + a(∆xf + |∇xf |2f)− bf ∧∆xf for f = [f1, f2, f3]
tr ∈ R3.

The error S[U∗] contains slowly decaying terms
∑N

j=1 E
[j]
0 (see (3.7)), which correspond to the errors

corresponding to the invariance of scaling and rotation around z-axis (both belong to Fourier mode 0
in complex notation). Here, the slow decay is in the sense that the spatial decay is not fast enough to
apply the inner linear theory developed later on.

• Global corrections by approximate parabolic systems. In Subsection 3.2, to improve the
spatial decay of the errors at the remote region, we add well-designed global corrections around each
bubble. Since the operator

−∂t + (a− bU [j]∧)∆x

depends on the blow-up profile U [j] as well as the parameters λj , γj , and ξ
[j], one cannot expect an

explicit representation formula. However, the explicit representation of global corrections is crucial
for capturing the blow-up dynamics. Instead, we consider an approximate parabolic operator

−∂t + (a− bU∞∧)∆x

and add the global corrections Φ
∗[j]
0 around the blow-up point q[j] with

−∂tΦ∗[j]
0 + (a− bU∞∧)∆xΦ

∗[j]
0 + E [j]

0 ≈ 0.
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As mentioned earlier, the difference, involving U [j] −U∞, also serves as one of the leading parts in the
reduced problems through orthogonality conditions.

We regularize the global corrections with an extra factor r3j (r
3
j +λ

3
j )

−1 to avoid the non-smoothness

in spatial variables of errors caused by sin(θj) and cos(θj) in mode 0 (see (7.27)). Here λjy
[j] = x−ξ[j] =

rje
iθj . More specifically, since the terms like ⟨y[j]⟩c sin(θj) with c ∈ R are not in DMOx(B0(1)) in terms

of the spatial variable y[j], we need to multiply the power of |y[j]| to avoid low regularity in y[j]. This is
important for deriving the second-order derivative estimate for the inner problems, and the remainder
of the terms produced by this discrepancy need to be analyzed as well.

Subsection 3.3 contains the upper bound of global corrections. In Subsection 3.4, we compute the

new errors with corrections given by those created by Φ
∗[j]
0 and the remainder b(U∞ −U [j])∧∆xΦ

∗[j]
0 .

The accurate form of errors is rather important in analyzing the reduced equations of mode 0 and
mode 1.

• Formulation of the inner-outer gluing system. In Subsection 4.1, we then perturb around U∗
and look for solution to LLG in the form

u = (1 +A)U∗ +Φ− (Φ · U∗)U∗

with some perturbation terms Φ and A, where Φ is taken as

Φ(x, t) :=
N∑
j=1

(
η
[j]

R (x, t)QγjΦ
[j]

in (y
[j], t) + η

[j]

dq
(x, t)Φ

∗[j]
0 (|x− ξ[j]|, t)

)
+Φout(x, t).

Here Φ
[j]

in ·W [j] ≡ 0; η
[j]

R and η
[j]

dq
, defined in (4.2), are suitable cut-off functions near q[j]; Φ

[j]

in and Φout

will be solved in the inner-outer gluing system; A is a real-valued function depending on Φ to ensure
|u| ≡ 1 (see (4.4)). Note that part of the interactions between bubbles get encoded in the scalar
function A.

By elaborated calculations for S[u] in Subsections 4.1 and 4.2 with the application of U∗-operation,
for S[u] = 0, it suffices to solve the inner-outer gluing system (4.16)-(4.17) in Subsection 4.3. Pertur-

bation terms
∑N

m=1

∑3
n=1 cmnϑmn(x) are added in the initial data to achieve the vanishing property

for the outer problem (4.16) at the blow-up points. This is important in several estimates needed in
the gluing procedure, and might be viewed as extra modulation parameters related to codimensional
stability; see also the role of the rotational parameters in Krieger-Miao-Schlag [75].

For the full system above, finding blow-up of LLG at multiple points now gets reduced to finding
well-behaved inner and outer solutions such that the gluing procedure can be implemented. In other
words, we need to devise appropriate weighted topologies in which the gluing system becomes weakly
coupled and thus can be solved by the fixed-point argument.

Subsection 4.4 includes the weighted topologies for the inner and outer problems. In Subsection 4.5,
we decompose the inner problem (4.17) into orthogonal and non-orthogonal parts (4.41) and (4.42).
The principle of the allocation of the right-hand side of (4.17) is to make the reduced equations (5.1)
more convenient to handle, while those terms in the non-orthogonal part (4.42) carry faster time decay
with suitably chosen parameters.

• Reduced equations. In Section 5, we reformulate the reduced equations (5.1) into (5.2) and
(5.3), and then present the linear theorem for non-local reduced equations. These reduced equations
determine the blow-up dynamics. The non-local feature of reduced equations in mode 0 (see (5.2))

gets inherited from the global corrections Φ
∗[j]
0 as the global corrections are essentially for mode 0.

Here, the complex system involving both λj and γj might be a rather sophisticated form due to

the dissipation-dispersion interaction. However, it turns out that the contribution of both Φ
∗[j]
0 and
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the remainder b(U∞ − U [j]) ∧ ∆xΦ
∗[j]
0 in the reduced equations at mode 0 results in the following

well-structured non-local problemˆ t−λ2
j (t)

−T

ṗj(s)

t− s
ds ∼ a− ib with pj(t) := λj(t)e

iγj(t).

This system was first found and handled by Dávila, del Pino, and Wei in [22, Propositions 6.5 and 6.6]
for HMF (b ≡ 0). Surprisingly, this comes with a similar form in LLG with the presence of dispersion
(b ̸= 0).

• DMOx and the role of type II blow-up in the outer problem. In Section 6, we develop the
linear theory for the outer problem. The outer problem (4.16) is a quasilinear parabolic system. In
Subsection 6.1, we give basic concepts of DMOx and |DMO|x spaces, and regularity results with DMOx

coefficients. Subsection 6.2 gives the estimates of the fundamental solution for a parabolic system
with DMOx coefficients.

In Subsection 6.3, we show that the outer system satisfies the Legendre-Hadamard ellipticity using
the assumption a > 0 and prove that the leading coefficients of the outer problem (4.16) belong to
(|DMO|x ∩ L∞)(R2 × (0, T )) under suitable choice of topologies and parameters. Here, the fact that
the scaling parameter is of type II, or in other words

λj(t) ≲ (T − t)
1
2
+ϵ

with a constant 0 < ϵ≪ 1, is crucial to ensure U∗ ∈ |DMO|x(R2 × (0, T )).

To obtain the estimates of the outer problem, in Appendix C, we give general convolution estimates
in finite time. Then, the topology of the outer problem is derived in Appendix D. Due to the com-
plicated interaction of different bubbles, lots of efforts are devoted to the estimates of the right-hand
side of the outer problem in Appendix E, where a delicate cancellation for

∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗

is essential to find suitable parameters to close the fixed-point argument. See Remark E.1.

• Linear theory for the inner problems. In Section 8, we develop the linear theory for the
inner problems. We project the linear problem of the inner problem to the tangent plane of W (y)
to transform the parabolic system into a complex-valued parabolic equation. Then, we expand the
equation into Fourier modes and analyze each mode k (∈ Z). The linearized operator at mode k has
the form (8.14). For all modes k ∈ Z\{−1}, good inner solutions are found by the following strategy.

Step 1: We first use energy methods to get a rough pointwise upper bound for the inner solutions;

Step 2: Next, we solve the corresponding elliptic equations and use Duhamel’s formula and orthogo-
nality conditions especially for mode 0 and mode 1, to refine the pointwise bounds and gain
decay estimates;

Step 3: Finally, we further perform a re-gluing procedure to obtain better estimates in the innermost
region.

For mode k, |k| ≥ 2, techniques are developed to specify the dependence on k rather explicitly in
the estimates for the convergence of summation of all the modes. See Subsection 8.3.

The approach that we use for mode 0 and mode 1 is different from mode k, |k| ≥ 2. The motivation
is behind the decay of the corresponding bounded kernel functions (see (8.17)). Some information
on the spatial decay gets lost when constructing properly behaved inner solutions of modes 0 and 1.
However, with the adjustment of modulation parameters λj , γj (mode 0), ξ[j] (mode 1), leading to the
reduced equations (5.1), the spatial decay (in the intermediate gluing region) of solutions is recovered
and is sufficient for the gluing construction after the re-gluing procedure. The re-gluing however

produces tails c
[j]
∗0(τj(t)) in the non-orthogonal part (4.42) and c

[j]
∗1(τj(t)) in the reduced equations
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(5.3) for mode 1. For more flexibility in the choice of parameters to handle c
[j]
∗0(τj(t)) and c

[j]
∗1(τj(t)),

we clarify clearly the requirements on parameters in Proposition 8.3 and Proposition 8.5.

For mode −1, we use distorted Fourier transform to develop two versions of linear theory, with or
without orthogonality conditions imposed on the right-hand side. We first derive the representation
formula via distorted Fourier transform and then take advantage of the spectral properties to obtain
precise weighted pointwise estimates for the inner solution. These rely on the estimates for the
associated generalized eigenfunction and density of the spectral measure. See Section 8.6.

• Completing the proof of Theorem 1 and Corollary 1.1. Finally, we solve the gluing system
and the reduced equations in Subsection 7.1 by the Schauder fixed-point argument. Here, the leading
term of pj is given by Proposition 5.1, which depends on a given function Z∗(x) (see (7.1)). The
summation of all the modes yields the pointwise estimate of inner problems. Then, we go back to the
original parabolic system of inner problems to deduce second-order estimates in a precise manner, and
this is done by the regularity theory with DMOx coefficients and a scaling argument. Convergence
results in Corollary 1.1 are derived in Subsection 7.2.

The rest of this paper is devoted to the proofs of Theorem 1 and Corollary 1.1.

2. Notations and preliminaries

In this section, we list some notations and preliminaries that we shall use repeatedly throughout
this paper. For convenience, the index for terminologies and symbols is given in Appendix F.

• Denote Rd+1 = Rd×R, where Rd and R are domains of spatial and time variables respectively.
• We assume c1 ≲ c2 if there exists a constant C > 0 such that c1 ≤ Cc2. Denote c1 ∼ c2 if
c1 ≲ c2 ≲ c1. Denote f = O(g) if |f | ≲ g. All constants stated in the paper are independent

of T . For x ∈ Rd, denote ⟨x⟩ :=
√
|x|2 + 1. For c > 0, c ≪ 1 (c ≫ 1) denotes c sufficiently

small (large).
• For any c ∈ R, we use the notation c− to denote a constant less than c that can be chosen
arbitrarily close to c. We denote c+ = max {c, 0}.

• Write the indicator function 1Ω(x) of a set Ω as 1Ω(x) = 1 if x ∈ Ω and 1Ω(x) = 0 if x /∈ Ω.
We will use 1Ω to denote 1Ω(x) if there is no ambiguity.

• Set η(x) as a smooth cut-off function satisfying 0 ≤ η(x) ≤ 1, η(x) = 1 if |x| ≤ 1 and η(x) = 0
if |x| ≥ 2.

• Given a > 0, b ∈ R satisfying a2 + b2 = 1, denote Γ♮
d as the fundamental solution of ∂tu =

(a− ib)∆u in Rd, and Γ♮
d is given by

Γ♮
d(x, t) = (a− ib)−

d
2 (4πt)−

d
2 e

− |x|2
4(a−ib)t . (2.1)

Obviously, |Γ♮
d(x, t)| ≤ (4πt)−

d
2 e−

a|x|2
4t .

• Given a fundamental solution Γ(x, y, t, s) for a parabolic system in Rd and some admissible
functions f(x), h(x, t), denote

(Γ ∗ f)(x, t, t0) :=
ˆ
Rd

Γ(x, y, t, t0)f(y)dy, (Γ ∗ ∗h)(x, t, t0) :=
ˆ t

t0

ˆ
Rd

Γ(x, y, t, s)h(y, s)dyds.

We usually omit the initial time t0 if there is no ambiguity from the context.
• For any vector a⃗ = [a1, a2, a3]

tr ∈ R3, where “[· · · ]tr” means the transpose of a matrix, and

we identify [a1, a2, a3]
tr := [a1 + ia2, a3]

tr. For b⃗ = [b1, b2, b3]
tr ∈ R3, it is easy to see that

a⃗ · b⃗ = Re [(a1 + ia2)(b1 − ib2)] + a3b3.

• For any matrix A = (aij)n×m, denote |A| =
( n∑
i=1

m∑
j=1

|aij |2
)1/2

.
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• Given functions f(x, t) and x = x(t), denote ∂tf(x(t), t) = (∂tf)(x(t), t) and ∂t(f(x(t), t)) =
(∂tf)(x(t), t) + ẋ(t) · (∇xf)(x(t), t).

• Denote

w⃗ · ∇v⃗ :=
[
w⃗ · ∇v1, w⃗ · ∇v2, w⃗ · ∇v3

]tr
for v⃗ = [v1, v2, v3]

tr ∈ C1(R2,R3), w⃗ ∈ R2;a1a2
a3

 ·

b11 b12
b21 b22
b31 b32

 :=

[
3∑

k=1

akbk1,
3∑

k=1

akbk2

]
; v⃗∧ :=

 0 −v3 v2
v3 0 −v1
−v2 v1 0

 . (2.2)

We consider the Landau-Lifshitz-Gilbert equation given in (1.4). The steady-state equation of (1.4)
is the harmonic map equation. W (y) given in (1.5) is the least energy harmonic map, which solves
the harmonic map equation. Since we shall consider the case of multiple bubbles, subscript “j” or
superscript “[j]” will be used to distinguish different bubbles and their associated tangent planes. In

the (rescaled) polar coordinates around ξ[j] = (ξ
[j]
1 , ξ

[j]
2 ) ∈ R2, denote

y[j] =
x− ξ[j]

λj
= ρje

iθj , x = ξ[j]+λjρje
iθj , ρj = |y[j]|, rj = |x−ξ[j]| = λjρj , θj = arctan

(
x2 − ξ

[j]
2

x1 − ξ
[j]
1

)
,

(2.3)

where we used the natural complex form y
[j]
1 + iy

[j]
2 for y[j] and the similar form for others. Denote

W [j] :=W (y[j]) =

cos θj sinw(ρj)sin θj sinw(ρj)
cosw(ρj)

 :=

[
eiθj sinw(ρj)
cosw(ρj)

]
with w(ρj) := π − 2 arctan(ρj), (2.4)

for j = 1, 2, . . . , N , and we have

wρj =
−2

ρ2j + 1
, sinw(ρj) = −ρjwρj =

2ρj
ρ2j + 1

, cosw(ρj) =
ρ2j − 1

ρ2j + 1
, |∇

y[j]
W (y[j])|2 = 2w2

ρj =
8

(ρ2j + 1)2
.

(2.5)
We denote the Frenet basis associated to W [j] as

E
[j]
1 =

cos θj cosw(ρj)sin θj cosw(ρj)
− sinw(ρj)

 :=

[
eiθj cosw(ρj)
− sinw(ρj)

]
, E

[j]
2 =

− sin θj
cos θj
0

 :=

[
ieiθj

0

]
. (2.6)

So
W [j] ∧ E[j]

1 = E
[j]
2 , W [j] ∧ E[j]

2 = −E[j]
1 , E

[j]
1 ∧ E[j]

2 =W [j]. (2.7)

It is direct to check that in the polar coordinates (2.3)

∂ρjW
[j] = wρjE

[j]
1 , ∂ρjρjW

[j] = wρjρjE
[j]
1 − w2

ρjW
[j], ∂θjW

[j] = sinw(ρj)E
[j]
2 ,

∂θjθjW
[j] = − sinw(ρj)

(
sinw(ρj)W

[j] + cosw(ρj)E
[j]
1

)
,

∂ρjE
[j]
1 = −wρjW

[j], ∂ρjρjE
[j]
1 = −wρjρjW

[j] − w2
ρjE

[j]
1 , ∂θjE

[j]
1 = cosw(ρj)E

[j]
2 ,

∂θjθjE
[j]
1 = − cosw(ρj)

(
sinw(ρj)W

[j] + cosw(ρj)E
[j]
1

)
,

∂ρjE
[j]
2 = ∂ρjρjE

[j]
2 = 0, ∂θjE

[j]
2 = − sinw(ρj)W

[j] − cosw(ρj)E
[j]
1 , ∂θjθjE

[j]
2 = −E[j]

2 .

(2.8)

The linearization of the harmonic map equation around W [j] is the elliptic operator

L
W [j] [ϕ] := ∆

y[j]
ϕ+ |∇

y[j]
W [j]|2ϕ+ 2

(
∇

y[j]
W [j] · ∇

y[j]
ϕ
)
W [j].

Denote the s-rotation matrices around z-axis, x-axis, y-axis respectively as

Qs =

cos s − sin s 0
sin s cos s 0
0 0 1

 , Qx
s :=

1 0 0
0 cos s − sin s
0 sin s cos s

 , Qy
s :=

 cos s 0 sin s
0 1 0

− sin s 0 cos s

 .
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Due to the invariance of group action for the harmonic map equation, the corresponding kernels of
L
W [j] [·] = 0 are given by

Z
[j]
0,1(y

[j]) = −∂s
(
W (s−1y[j])

) ∣∣
s=1

= ρjwρj (ρj)E
[j]
1 (y[j]),

Z
[j]
0,2(y

[j]) = −∂s
(
QsW (y[j])

) ∣∣
s=0

= ρjwρj (ρj)E
[j]
2 (y[j]),

Z
[j]
1,1(y

[j]) = ∂
y
[j]
1

W (y[j]) = wρj (ρj)[cos θjE
[j]
1 (y[j]) + sin θjE

[j]
2 (y[j])],

Z
[j]
1,2(y

[j]) = ∂
y
[j]
2

W (y[j]) = wρj (ρj)[sin θjE
[j]
1 (y[j])− cos θjE

[j]
2 (y[j])],

Z
[j]
−1,1(y

[j]) = −Z [j]
1,1(y

[j])− 2∂s
(
Qy

sW (y[j])
) ∣∣

s=0
= ρ2jwρj (ρj)[cos θjE

[j]
1 (y[j])− sin θjE

[j]
2 (y[j])],

Z
[j]
−1,2(y

[j]) = −Z [j]
1,2(y

[j]) + 2∂s
(
Qx

sW (y[j])
) ∣∣

s=0
= ρ2jwρj (ρj)[sin θjE

[j]
1 (y[j]) + cos θjE

[j]
2 (y[j])]. (2.9)

Set

U [j](x, t) := QγjW

(
x− ξ[j]

λj

)
. (2.10)

For f = [f1, f2, f3]
tr ∈ R3,

Qγj f =
[
Re

(
eiγj (f1 + if2)

)
, Im

(
eiγj (f1 + if2)

)
, f3

]tr
:=

[
eiγj (f1 + if2)

f3

]
. (2.11)

For f ,g ∈ R3, we have (Qγj f) ∧ (Qγjg) = Qγj (f ∧ g). Combining (2.7), we have

U [j] ∧ (QγjE
[j]
1 ) = QγjE

[j]
2 , U [j] ∧ (QγjE

[j]
2 ) = −QγjE

[j]
1 , (QγjE

[j]
1 ) ∧ (QγjE

[j]
2 ) = U [j]. (2.12)

To deal with linearization near concentration zones, it will be convenient to use complex notations
as all the analysis will be done on the associated tangent plane.

For any f ∈ R3 satisfying f · U [j] = 0, we define the equivalent complex form of f as

fCj := f · (QγjE
[j]
1 ) + if · (QγjE

[j]
2 ). (2.13)

For any complex-valued function f , we define

fC−1
j

:= (Ref)QγjE
[j]
1 + (Imf)QγjE

[j]
2 . (2.14)

By (2.12),

U [j] ∧ fC−1
j

= (Ref)QγjE
[j]
2 − (Imf)QγjE

[j]
1 = (if)C−1

j
. (2.15)

Similarly, for any g ∈ R3 satisfying g ·W [j] = 0, the equivalent complex form of g is defined as

gCj := g · E[j]
1 + ig · E[j]

2 . (2.16)

For any complex-valued function g, we define

gC−1
j

:= (Reg)E
[j]
1 + (Img)E

[j]
2 . (2.17)

For any g(y[j], τ) ∈ R3 satisfying g ·W [j] = 0, we denote the mode k component for g as

gCj ,k(ρj , τ) := (2π)−1

ˆ 2π

0
gCj (ρje

is, τ)e−iksds. (2.18)

For any f ,g ∈ R3, we define
Πg⊥f := f − (f · g)g. (2.19)

In particular, when |g| = 1, Πg⊥ is the usual orthogonal projection on g⊥.
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Notice for any f = [f1, f2, f3]
tr ∈ R3, by (2.11), we have(

Π
U [j]⊥f

)
Cj

=

(
1− 2

ρ2j + 1
Re

)[
(f1 + if2) e

−i(θj+γj)
]
− 2ρj
ρ2j + 1

f3,

f · U [j] =
2ρj
ρ2j + 1

Re
[
(f1 + if2) e

−i(θj+γj)
]
+
ρ2j − 1

ρ2j + 1
f3.

(2.20)

The linearization of the harmonic map equation around U [j] is given by

L
U [j] [ϕ] := ∆xϕ+ |∇xU

[j]|2ϕ+ 2(∇xU
[j] · ∇xϕ)U

[j].

It is clear that

L
U [j] [Qγj f(y

[j])] = λ−2
j QγjLW [j] [f(y

[j])], where y[j] =
x− ξ[j]

λj
.

We now give several useful formulas with proofs similar to those of [22, Section 3]. For any function
f : R2 → R3, we set

L̃
U [j] [f ] := |∇xU

[j]|2Π
U [j]⊥f−2∇x(f ·U [j])·∇xU

[j], where ∇x(f ·U [j])·∇xU
[j] =

2∑
k=1

∂xk
(f ·U [j])∂xk

U [j].

Obviously, U [j] · L̃
U [j] [f ] = 0. Similarly, we set

L̃
W [j] [f ] := |∇

y[j]
W [j]|2Π

W [j]⊥f − 2∇
y[j]

(f ·W [j]) · ∇
y[j]
W [j],

and then W [j] · L̃
W [j] [f ] = 0. It is straightforward to get

L̃
U [j] [Qγj f(y

[j])] = λ−2
j Qγj L̃W [j] [f(y

[j])], L
U [j] [ΠU [j]⊥f ] = Π

U [j]⊥∆xf + L̃
U [j] [f ].

For f = [f1, f2, f3]
tr, to analyze in different modes hereafter, we deduce that

L̃
U [j] [Qγj f ] = λ−1

j

{
ρjw

2
ρj (ρj)(∂x1f1 + ∂x2f2)− eiθjwρj (ρj) cosw(ρj)(∂x1f3 − i∂x2f3)

− e−iθjwρj (ρj) cosw(ρj)(∂x1f3 + i∂x2f3) + e2iθj
1

2
ρjw

2
ρj (ρj) [(∂x1f1 − ∂x2f2)− i(∂x2f1 + ∂x1f2)]

+ e−2iθj
1

2
ρjw

2
ρj (ρj) [(∂x1f1 − ∂x2f2) + i(∂x2f1 + ∂x1f2)]

}
QγjE

[j]
1

+ λ−1
j

{
− ρjw

2
ρj (ρj)(∂x2f1 − ∂x1f2) + eiθjwρj (ρj) cosw(ρj)(∂x2f3 + i∂x1f3)

+ e−iθjwρj (ρj) cosw(ρj)(∂x2f3 − i∂x1f3)− e2iθj
1

2
ρjw

2
ρj (ρj) [(∂x2f1 + ∂x1f2) + i(∂x1f1 − ∂x2f2)]

+ e−2iθj
1

2
ρjw

2
ρj (ρj) [−(∂x2f1 + ∂x1f2) + i(∂x1f1 − ∂x2f2)]

}
QγjE

[j]
2 .

The corresponding complex form is given by

(L̃
U [j] [Qγj f ])Cj = λ−1

j

{
ρjw

2
ρj (ρj) [(∂x1f1 + ∂x2f2)− i(∂x2f1 − ∂x1f2)]

+ eiθj2wρj (ρj) cosw(ρj)(−∂x1f3 + i∂x2f3) + e2iθjρjw
2
ρj (ρj) [(∂x1f1 − ∂x2f2)− i(∂x2f1 + ∂x1f2)]

}
.

In particular,
(L̃

U [j] [f ])Cj = (L̃
U [j] [f ])Cj0 + eiθj (L̃

U [j] [f ])Cj1 + e2iθj (L̃
U [j] [f ])Cj2 , (2.21)

where we denote

(L̃
U [j] [f ])Cj0 := λ−1

j ρjw
2
ρj (ρj)

[
∂x1(Q−γj f)1 + ∂x2(Q−γj f)2 − i

(
∂x2(Q−γj f)1 − ∂x1(Q−γj f)2

)]
= λ−1

j ρjw
2
ρj (ρj)e

−iγj [∂x1f1 + ∂x2f2 + i (∂x1f2 − ∂x2f1)] ,

(L̃
U [j] [f ])Cj1 := 2λ−1

j wρj (ρj) cosw(ρj)
(
−∂x1(Q−γj f)3 + i∂x2(Q−γj f)3

)
= 2λ−1

j wρj (ρj) cosw(ρj) (−∂x1f3 + i∂x2f3) ,
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(L̃
U [j] [f ])Cj2 := λ−1

j ρjw
2
ρj (ρj)

[
∂x1(Q−γj f)1 − ∂x2(Q−γj f)2 − i

(
∂x2(Q−γj f)1 + ∂x1(Q−γj f)2

)]
= λ−1

j ρjw
2
ρj (ρj)e

iγj [∂x1f1 − ∂x2f2 − i (∂x1f2 + ∂x2f1)] , (2.22)

since by (2.11), we have

∂x1(Q−γj f)1 + ∂x2(Q−γj f)2 − i
(
∂x2(Q−γj f)1 − ∂x1(Q−γj f)2

)
= ∂x1Re

[
e−iγj (f1 + if2)

]
+ ∂x2Im

[
e−iγj (f1 + if2)

]
− i∂x2Re

[
e−iγj (f1 + if2)

]
+ i∂x1Im

[
e−iγj (f1 + if2)

]
= e−iγj [∂x1 (f1 + if2)− i∂x2 (f1 + if2)] = e−iγj [∂x1f1 + ∂x2f2 + i (∂x1f2 − ∂x2f1)] ,

∂x1(Q−γj f)1 − ∂x2(Q−γj f)2 − i
(
∂x2(Q−γj f)1 + ∂x1(Q−γj f)2

)
= ∂x1Re

[
e−iγj (f1 + if2)

]
− ∂x2Im

[
e−iγj (f1 + if2)

]
− i∂x2Re

[
e−iγj (f1 + if2)

]
− i∂x1Im

[
e−iγj (f1 + if2)

]
= eiγj [∂x1f1 − ∂x2f2 − i (∂x1f2 + ∂x2f1)] .

By (2.12), one has

Q−γj

[(
a− bU [j] ∧

)
L̃
U [j] [f ]

]
= Q−γj

[(
a− bU [j] ∧

){
Re

[(
L̃
U [j] [f ]

)
Cj

]
QγjE

[j]
1 + Im

[(
L̃
U [j] [f ]

)
Cj

]
QγjE

[j]
2

}]
= Re

[(
L̃
U [j] [f ]

)
Cj

](
aE

[j]
1 − bE

[j]
2

)
+ Im

[(
L̃
U [j] [f ]

)
Cj

](
aE

[j]
2 + bE

[j]
1

)
,

and thus {
Q−γj

[
(a− bU [j]∧)L̃

U [j] [f ]
]}

Cj
= (a− ib)

(
L̃
U [j] [f ]

)
Cj
. (2.23)

3. Approximation and improvement

3.1. First approximation. Given an integer N ≥ 1 and arbitrary N different points q[j] ∈ R2,
j = 1, 2, . . . , N , denote

dq := min
k ̸=m

|q[k] − q[m]|/9, pj(t) := λj(t)e
iγj(t). (3.1)

Throughout this paper, we make the following ansatzes that for j = 1, 2, . . . , N ,

C−1
λ λ∗(t) ≤ |pj(t)| = λj(t) ≤ Cλλ∗(t), λ∗(t) :=

| lnT |(T − t)

ln2(T − t)
, |γ̇j(t)| ≤ Cγ(T − t)−1,

C−1
λ

| lnT |
ln2(T − t)

≤ |ṗj(t)| ≤ Cλ
| lnT |

ln2(T − t)
, |ξ̇[j](t)| ≤ Cξλ

ϵξ
∗ (t), ξ[j](T ) = q[j]

(3.2)

with some constants Cλ ≥ 1, Cξ > 0, Cγ > 0, and a small ϵξ > 0 to be determined later.
We will construct blow-up solutions which blow up simultaneously at these prescribed points q[j].

We take the first approximation as

U∗(x, t) := −(N − 1)U∞ +
N∑
j=1

U [j](x, t), (3.3)

where U [j] are given in (2.10) and U∞ = [0, 0, 1]tr. For t ∈ [0, T ) with T ≪ 1, we have

min
k ̸=m

|ξ[k](t)− ξ[m](t)| > 8dq > 0; |U∗| = 1 +O
( N∑

j=1

λj

)
; |U∗ − U [k]| ≲

N∑
j=1,j ̸=k

⟨y[j]⟩−1. (3.4)

Given a function f = [f1, f2, f3]
tr ∈ R3, denote the error function as

S[f ] := −∂tf + a(∆xf + |∇xf |2f)− bf ∧∆xf . (3.5)

The error of the first approximate solution is

S[U∗] = −
N∑
j=1

∂tU
[j] + a(∆xU∗ + |∇xU∗|2U∗)− bU∗ ∧∆xU∗.
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Notice

−∂tU [j] = E [j]
0 + E [j]

1 , E [j]
0 := −λ̇j∂λj

U [j] − γ̇j∂γjU
[j], E [j]

1 := −ξ̇[j]1 ∂ξ[j]1

U [j] − ξ̇
[j]
2 ∂ξ[j]2

U [j], (3.6)

where ∂λj
U [j](x) = −λ−1

j QγjZ
[j]
0,1(y

[j]), ∂γjU
[j](x) = −QγjZ

[j]
0,2(y

[j]),

∂
ξ
[j]
1

U [j](x) = −λ−1
j QγjZ

[j]
1,1(y

[j]), ∂
ξ
[j]
2

U [j](x) = −λ−1
j QγjZ

[j]
1,2(y

[j])

with Z
[j]
m,n given in (2.9). It is straightforward to compute

E [j]
0 = Qγj

(
λ−1
j λ̇jZ

[j]
0,1(y

[j]) + γ̇jZ
[j]
0,2(y

[j])
)
= ρjwρjQγj

(
λ−1
j λ̇jE

[j]
1 + γ̇jE

[j]
2

)
=

−2ρj
ρ2j + 1

[(
λ−1
j λ̇j cosw(ρj) + iγ̇j

)
ei(θj+γj)

−λ−1
j λ̇j sinw(ρj)

]
,

(3.7)

(E [j]
0 )Cj = −2ρj(ρ

2
j + 1)−1(λ−1

j λ̇j + iγ̇j),

E [j]
1 =

−2λ−1
j

ρ2j + 1
Re

[(
ξ̇
[j]
1 − iξ̇

[j]
2

)
eiθj

]
QγjE

[j]
1 −

2λ−1
j

ρ2j + 1
Im

[(
ξ̇
[j]
1 − iξ̇

[j]
2

)
eiθj

]
QγjE

[j]
2 , (3.8)

(E [j]
1 )Cj = −2λ−1

j (ξ̇
[j]
1 − iξ̇

[j]
2 )(ρ2j + 1)−1eiθj .

Combining (3.7) and (3.8), we have

|∂tU [j]| ≲ (λ−1
j |λ̇j |+ |γ̇j |)⟨ρj⟩−1 + λ−1

j |ξ̇[j]|⟨ρj⟩−2. (3.9)

Notice that S[U∗] contains errors E [j]
0 with slow decay in space, which will break down the gluing

process without improvement. We shall introduce global corrections to improve the spatial decay of
the errors.

3.2. Global corrections by parabolic systems. In this Section, we will transfer slow decay terms
by parabolic systems. Around each bubble, the slow decaying term in (3.7) is given by

E [j]
0 ≈ − 2

zj

[
ṗj(t)e

iθj

0

]
,

where

zj := (λ2j (t) + r2j )
1/2 = (λ2j (t) + |x− ξ[j](t)|2)1/2, rj = |x[j]|, x[j] := x− ξ[j](t). (3.10)

We aim to find global corrections Φ
∗[j]
0 (rj , t) to make

−∂t(Φ∗[j]
0 ) + (a− bU∞∧)∆xΦ

∗[j]
0 − 2

zj

[
ṗj(t)e

iθj

0

]
≈ 0

with the form

Φ
∗[j]
0 (rj , t) :=

rµj
rµj + λµj

[
Φ

[j]
0 (

√
r2j + λ2j , t)e

iθj

0

]
=

[
ρµj

ρµj +1
Φ

[j]
0 (zj , t)e

iθj

0

]
, (3.11)

where µ ≥ 2 is a constant to be determined later. The term
rµj

rµj +λµ
j
is used to avoid terms that are

singular at the origin when calculating new errors.
We now present calculations that improve approximately the slow decaying error.

∆x

[
Φ

[j]
0 e

iθj

0

]
≈

[(
∂zjzjΦ

[j]
0 + z−1

j ∂zjΦ
[j]
0 − z−2

j Φ
[j]
0

)
eiθj

0

]
.
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Since for any v1, v2 ∈ R,

(a− bU∞∧)

v1v2
0

 =

Re [(a− ib)(v1 + iv2)]
Im [(a− ib)(v1 + iv2)]

0

 :=

[
(a− ib)(v1 + iv2)

0

]
, (3.12)

then

− ∂t(Φ
∗[j]
0 ) + (a− bU∞∧)∆xΦ

∗[j]
0 − 2

zj

[
ṗj(t)e

iθj

0

]
≈

[
−∂tΦ[j]

0 e
iθj + (a− ib)

(
∂zjzjΦ

[j]
0 + z−1

j ∂zjΦ
[j]
0 − z−2

j Φ
[j]
0

)
eiθj

0

]
− 2

zj

[
ṗj(t)e

iθj

0

]
.

For this reason, we choose Φ
[j]
0 (zj , t) to solve

(a+ ib)∂tΦ
[j]
0 = ∂zjzjΦ

[j]
0 +

1

zj
∂zjΦ

[j]
0 − 1

z2j
Φ

[j]
0 − 2(a+ ib)ṗj(t)

zj
. (3.13)

The analysis of (3.13) is the same as [22, (4.7)]. We consider a more general equation

(a+ ib)∂tf = ∂zzf +
1

z
∂zf − 1

z2
f +

g(t)

z
. (3.14)

First, we look for the self-similar profile to

(a+ ib)∂tf1 = ∂zzf1 +
1

z
∂zf1 −

1

z2
f1 +

1

z
with f1(z, t) = t1/2f2(

z

t1/2
).

Then f2 satisfies

f ′′2 (ξ) +

(
1

ξ
+
a+ ib

2
ξ

)
f ′2(ξ)−

(
1

ξ2
+
a+ ib

2

)
f2(ξ) +

1

ξ
= 0, ξ =

z

t1/2
.

Observing that ξ is a homogeneous solution yields a solution

f2(ξ) = ξ

ˆ ∞

ξ

e−
a+ib
4

η2

η3
dη

ˆ η

0
se

a+ib
4

s2ds =
2ξ

a+ ib

ˆ ∞

ξ

1− e−
a+ib
4

η2

η3
dη,

and |f2(ξ)| ≲ ξ⟨ln ξ⟩1{0≤ξ≤1} + ξ−11{ξ>1}. It follows that limt↓0 f1(z, t) = 0 uniformly for all z > 0.

Then for g(t) ∈ C1([−T, T ]), by Duhamel’s formula, one has a solution to (3.14) for t ∈ (−T, T ),

f(z, t) =

ˆ t

−T
ġ(s)f1(z, t−s)ds+g(−T )f1(z, t+T ) =

ˆ t

−T
g(s)∂tf1(z, t−s)ds =

ˆ t

−T
g(s)

1− e−
a+ib
4

z2

t−s

(a+ ib)z
ds.

(3.15)
If g ∈ L∞([−T, T ]), then (3.15) solves (3.14) in weak sense. Thus for (3.13), we have a solution

Φ
[j]
0 (zj , t) = −zj

ˆ t

−T

ṗj(s)

t− s
K0(

z2j
t− s

)ds, K0(ζj) := 2
1− e−

a+ib
4

ζj

ζj
, (3.16)

where

ζj :=
z2j
t− s

= ιj(ρ
2
j + 1), ιj :=

λ2j (t)

t− s
. (3.17)

Since a > 0, it is straightforward to verify

K0(ζj) =
(a+ ib

2
+O (ζj)

)
1{ζj≤1} +O(ζ−1

j )1{ζj>1}, ζjK0ζj (ζj) = O (ζj)1{ζj≤1} +O(ζ−1
j )1{ζj>1},

ζ2jK0ζjζj (ζj) = O
(
ζ2j
)
1{ζj≤1} +O(ζ−1

j )1{ζj>1}. (3.18)

It is easy to get

∂zjΦ
[j]
0 = −

ˆ t

−T

ṗj(s)

t− s

(
K0(ζj)+2ζjK0ζj (ζj)

)
ds, ∂zjzjΦ

[j]
0 = −z−1

j

ˆ t

−T

ṗj(s)

t− s

(
6ζjK0ζj (ζj)+4ζ2jK0ζjζj (ζj)

)
ds.

(3.19)
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3.3. The upper bounds of global correction terms. By (3.18) and |ṗj | ≲ |λ̇∗| in (3.2), then

|Φ[j]
0 |+ zj |∂zjΦ

[j]
0 |+ z2j |∂zjzjΦ

[j]
0 | ≲ zj

ˆ t

−T

|λ̇∗(s)|
t− s

(
1{ζj≤1} + ζ−1

j 1{ζj>1}
)∣∣∣

ζj=z2j (t−s)−1
ds. (3.20)

Claim: for 0 ≤ t < T ,ˆ t

−T

|λ̇∗(s)|
t− s

(
1{ζj≤1} + ζ−1

j 1{ζj>1}
)∣∣∣

ζj=z2j (t−s)−1
ds

≲



T | lnT |−1z−2
j , z2j ≥ t+ T

| lnT |−1⟨ln( T
z2j
)⟩, t ≤ T

2 ,

| lnT |
| ln(2T )| −

| lnT |
| ln(2(T−t))| + |λ̇∗(t)|⟨ln(T−t

z2j
)⟩, t > T

2 , z
2
j < T − t,

| lnT |
| ln(2T )| −

| lnT |
| ln(T−t+z2j )|

+ | lnT |(ln zj)−2, t > T
2 , z

2
j ≥ T − t,

z2j < t+ T

≲ 1{z2j<t+T} + T | lnT |−1z−2
j 1{z2j≥t+T}. (3.21)

By (3.20) and (3.21), we have

|Φ[j]
0 |+ zj |∂zjΦ

[j]
0 |+ z2j |∂zjzjΦ

[j]
0 | ≲ zj1{z2j<t+T} + T | lnT |−1z−1

j 1{z2j≥t+T}. (3.22)

Using (3.11), (3.26), (3.29), and (3.22), we have

|Φ∗[j]
0 |+ zj |∇xΦ

∗[j]
0 |+ z2j |∆xΦ

∗[j]
0 | ≲ zj1{z2j<t+T} + T | lnT |−1z−1

j 1{z2j≥t+T}. (3.23)

Proof of Claim (3.21). For 0 ≤ t < T , denote g(zj , t) :=
´ t
−T

|λ̇∗(s)|
t−s

(
1{ζj≤1}+ζ

−1
j 1{ζj>1}

)∣∣
ζj=z2j (t−s)−1ds.

• For z2j ≥ t+ T , g(zj , t) = z−2
j

´ t
−T |λ̇∗(s)|ds ∼ z−2

j | lnT |
´ 2T
T−t | ln s1|

−2ds1 ∼ T | lnT |−1z−2
j .

• For z2j < t+ T , g(zj , t) =
´ t−z2j
−T

|λ̇∗(s)|
t−s ds+ z−2

j

´ t
t−z2j

|λ̇∗(s)|ds. If 0 ≤ t ≤ T
2 ,

g(zj , t) ∼ | lnT |−1⟨ln( t+ T

z2j
)⟩ ∼ | lnT |−1⟨ln( T

z2j
)⟩.

If t > T
2 and z2j < T − t,

g(zj , t) ∼
| lnT |

| ln(2T )|
− | lnT |

| ln(2(T − t))|
+ |λ̇∗(t)|⟨ln(

T − t

z2j
)⟩

sinceˆ t−z2j

−T

|λ̇∗(s)|
t− s

ds =

( ˆ t−(T−t)

−T
+

ˆ t−z2j

t−(T−t)

)
|λ̇∗(s)|
t− s

ds ∼
ˆ t−(T−t)

−T

|λ̇∗(s)|
T − s

ds+ |λ̇∗(t)|
ˆ t−z2j

t−(T−t)

1

t− s
ds

∼
ˆ t−(T−t)

−T

| lnT |
(T − s)| ln(T − s)|2

ds+ |λ̇∗(t)| ln(
T − t

z2j
) =

| lnT |
| ln(2T )|

− | lnT |
| ln(2(T − t))|

+ |λ̇∗(t)| ln(
T − t

z2j
),

z−2
j

ˆ t

t−z2j

|λ̇∗(s)|ds ∼ |λ̇∗(t)|.

If t > T
2 and T − t ≤ z2j < t+ T , then we have

g(zj , t) ≲
| lnT |

| ln(2T )|
− | lnT |

| ln(T − t+ z2j )|
+ | lnT |(ln zj)−2

sinceˆ t−z2j

−T

|λ̇∗(s)|
t− s

ds ∼
ˆ t−z2j

−T

|λ̇∗(s)|
T − s

ds ∼
ˆ t−z2j

−T

| lnT |
(T − s)| ln(T − s)|2

ds =
| lnT |

| ln(2T )|
− | lnT |

| ln(T − t+ z2j )|
,
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z−2
j

ˆ t

t−z2j

|λ̇∗(s)|ds ∼ z−2
j | lnT |

ˆ t

t−z2j

(ln(T − s))−2ds = z−2
j | lnT |

ˆ T−t+z2j

T−t
(ln v)−2dv

≲ z−2
j | lnT |(T − t+ z2j )(ln(T − t+ z2j ))

−2 ∼ | lnT |(ln zj)−2.

In sum, we get the first part of (3.21). In particular, for z2j < t+T, t ≤ T
2 , we have z

2
j ≳

[
| lnT |(T−t)
| ln(T−t)|2

]2
∼

T 2| lnT |−2. Thus | lnT |−1⟨ln( T
z2j
)⟩ ≲ 1. For z2j < t+ T, t > T

2 , z
2
j < T − t, we have |λ̇∗(t)|⟨ln(T−t

z2j
)⟩ ≲

| lnT |
| ln(T−t)|2 ⟨ln(

T−t
λ2
∗(t)

)⟩ ≲ 1. Thus, we have the second part of (3.21). □

3.4. New errors produced by the global corrections. In this subsection, we will calculate the

new errors produced by the introduction of Φ
∗[j]
0 defined in (3.11), that is,

S [j] := − ∂t(Φ
∗[j]
0 ) + (a− bU [j]∧)

[
∆xΦ

∗[j]
0 + |∇xU

[j]|2Φ∗[j]
0 − 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]
− ∂tU

[j]

= − ∂t(Φ
∗[j]
0 ) + (a− bU∞∧)∆xΦ

∗[j]
0 − ∂tU

[j] − b
(
U [j] − U∞

)
∧∆xΦ

∗[j]
0

+ a|∇xU
[j]|2Φ∗[j]

0 + b|∇xU
[j]|2Φ∗[j]

0 ∧ U [j] + (a− bU [j]∧)
[
− 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]
. (3.24)

Both precise versions in different modes and rough upper bounds will be deduced, which will be used
for solving reduced equations and the estimates for the forthcoming gluing system. By (3.10),

∂t

(rµj Φ[j]
0 (zj , t)

rµj + λµj

)
=

rµj
rµj + λµj

[
∂tΦ

[j]
0 +

λ̇jλj − ξ̇[j] · (x− ξ[j])√
r2j + λ2j

∂zjΦ
[j]
0

]
−
µλµj r

µ−2
j ξ̇[j] · (x− ξ[j]) + µλ̇jλ

µ−1
j rµj

(rµj + λµj )
2

Φ
[j]
0 ,

∂rj

(rµj Φ[j]
0 (zj , t)

rµj + λµj

)
=

rµ+1
j

(rµj + λµj )(r
2
j + λ2j )

1
2

∂zjΦ
[j]
0 +

µλµj r
µ−1
j

(rµj + λµj )
2
Φ

[j]
0 ,

∂rjrj

(rµj Φ[j]
0 (zj , t)

rµj + λµj

)
=

rµ+2
j

(rµj + λµj )(r
2
j + λ2j )

∂zjzjΦ
[j]
0 +

[ 2µλµj r
µ
j

(rµj + λµj )
2(r2j + λ2j )

1
2

+
λ2jr

µ
j

(rµj + λµj )(r
2
j + λ2j )

3
2

]
∂zjΦ

[j]
0

+
(µ− 1)µλ2µj r

µ−2
j − (µ+ 1)µλµj r

2µ−2
j

(rµj + λµj )
3

Φ
[j]
0 .

Then by (3.11), we have

∂rjΦ
∗[j]
0 =

[[ ρµ+1
j

(ρµj + 1)(ρ2j + 1)
1
2

∂zjΦ
[j]
0 +

µλ−1
j ρµ−1

j

(ρµj + 1)2
Φ

[j]
0

]
eiθj , 0

]tr
,

∂θjΦ
∗[j]
0 =

[ rµj
rµj + λµj

Φ
[j]
0 ie

iθj , 0
]tr

=
[ ρµj
ρµj + 1

Φ
[j]
0 ie

iθj , 0
]tr
. (3.25)

It follows that

|∇xΦ
∗[j]
0 |2 = |∇

x[j]
Φ
∗[j]
0 |2 = |∂rjΦ

∗[j]
0 |2 + r−2

j |∂θjΦ
∗[j]
0 |2

=

∣∣∣∣ ρµ+1
j

(ρµj + 1)(ρ2j + 1)
1
2

∂zjΦ
[j]
0 +

µλ−1
j ρµ−1

j

(ρµj + 1)2
Φ

[j]
0

∣∣∣∣2 + λ−2
j ρ−2

j

∣∣∣∣ ρµj
ρµj + 1

Φ
[j]
0

∣∣∣∣2.
Since µ ≥ 2, it follows that

|∇xΦ
∗[j]
0 | ≲ |∂zjΦ

[j]
0 |+ z−1

j |Φ[j]
0 |. (3.26)

• By (2.3),

−∂t(Φ∗[j]
0 ) =

[{ −ρµj
ρµj + 1

∂tΦ
[j]
0 +

ρµj (ξ̇
[j] · y[j] − λ̇j)

(ρµj + 1)(ρ2j + 1)
1
2

∂zjΦ
[j]
0 +

[µλ−1
j ρµ−2

j ξ̇[j] · y[j] + µλ̇jλ
−1
j ρµj

(ρµj + 1)2
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+
iλ−1

j ρµ−2
j (ξ̇

[j]
2 y

[j]
1 − ξ̇

[j]
1 y

[j]
2 )

ρµj + 1

]
Φ

[j]
0

}
eiθj , 0

]tr
. (3.27)

•

∆xΦ
∗[j]
0 =

[(
∂rjrj +

1

rj
∂rj +

1

r2j
∂θjθj

)( rµj
rµj + λµj

Φ
[j]
0 e

iθj
)
, 0
]tr

=
[{ ρµ+2

j

(ρµj + 1)(ρ2j + 1)
∂zjzjΦ

[j]
0 +

[ 2µλ−1
j ρµj

(ρµj + 1)2(ρ2j + 1)
1
2

+
λ−1
j ρµj

(ρµj + 1)(ρ2j + 1)
3
2

+
λ−1
j ρµj

(ρµj + 1)(ρ2j + 1)
1
2

]
∂zjΦ

[j]
0

+
[
µ2λ−2

j

ρµ−2
j − ρ2µ−2

j

(ρµj + 1)3
−
λ−2
j ρµ−2

j

ρµj + 1

]
Φ

[j]
0

}
eiθj , 0

]tr
. (3.28)

Since µ ≥ 2, we have

|∆xΦ
∗[j]
0 | ≲ |∂zjzjΦ

[j]
0 |+ z−1

j |∂zjΦ
[j]
0 |+ z−2

j |Φ[j]
0 |. (3.29)

• By (3.6), (3.27), (3.28), and (3.12), we have

− ∂t(Φ
∗[j]
0 ) + (a− bU∞∧)∆xΦ

∗[j]
0 − ∂tU

[j]

=
[{ ξ̇[j] · y[j]ρµj

(ρµj + 1)(ρ2j + 1)
1
2

∂zjΦ
[j]
0 +

[µλ−1
j ξ̇[j] · y[j]ρµ−2

j

(ρµj + 1)2
+
iλ−1

j (ξ̇
[j]
2 y

[j]
1 − ξ̇

[j]
1 y

[j]
2 )ρµ−2

j

ρµj + 1

]
Φ

[j]
0

}
eiθj , 0

]tr
+
[[ −λ̇jρµj

(ρµj + 1)(ρ2j + 1)
1
2

∂zjΦ
[j]
0 +

µλ−1
j λ̇jρ

µ
j

(ρµj + 1)2
Φ

[j]
0

]
eiθj , 0

]tr
+
[
(a− ib)

{ −ρµj
(ρµj + 1)(ρ2j + 1)

∂zjzjΦ
[j]
0 +

[ 2µλ−1
j ρµj

(ρµj + 1)2(ρ2j + 1)
1
2

+
λ−1
j ρµj

(ρµj + 1)(ρ2j + 1)
3
2

]
∂zjΦ

[j]
0

+ λ−2
j ρµ−2

j

[
µ2

1− ρµj
(ρµj + 1)3

− 1

(ρµj + 1)(ρ2j + 1)

]
Φ

[j]
0

}
eiθj , 0

]tr
+ E [j]

0 +
[ 2λ−1

j ṗjρ
µ
j

(ρµj + 1)(ρ2j + 1)
1
2

eiθj , 0
]tr

+ E [j]
1 ,

(3.30)

where we have used (3.13), and

ξ̇[j] · y[j] = 2−1ρj
[
(ξ̇

[j]
1 − iξ̇

[j]
2 )eiθj + (ξ̇

[j]
1 + iξ̇

[j]
2 )e−iθj

]
,

ξ̇
[j]
2 y

[j]
1 − ξ̇

[j]
1 y

[j]
2 = 2−1ρj

[
(ξ̇

[j]
2 + iξ̇

[j]
1 )eiθj + (ξ̇

[j]
2 − iξ̇

[j]
1 )e−iθj

]
.

(3.31)

By (3.7),

E [j]
0 +

[ 2λ−1
j ṗjρ

µ
j

(ρµj + 1)(ρ2j + 1)
1
2

eiθj , 0
]tr

=
−2ρj
ρ2j + 1

[[
λ−1
j λ̇j

(
1− 2

ρ2j + 1

)
+ iγ̇j

]
ei(θj+γj),−λ−1

j λ̇j
2ρj
ρ2j + 1

]tr
+
[ 2(λ−1

j λ̇j + iγ̇j)ρ
µ
j

(ρµj + 1)(ρ2j + 1)
1
2

ei(θj+γj), 0
]tr

=
[{

(λ−1
j λ̇j + iγ̇j)

2ρj [ρ
µ−1
j − ρj − (ρ2j + 1)

1
2 ]

[ρj + (ρ2j + 1)
1
2 ](ρµj + 1)(ρ2j + 1)

+
4λ−1

j λ̇jρj

(ρ2j + 1)2

}
ei(θj+γj),

4λ−1
j λ̇jρ

2
j

(ρ2j + 1)2

]tr
.

Then by (2.20),(
Π

U [j]⊥

(
E [j]
0 +

[ 2λ−1
j ṗjρ

µ
j

(ρµj + 1)(ρ2j + 1)
1
2

eiθj , 0
]tr))

Cj

=

(
1− 2

ρ2j + 1
Re

)[
(λ−1

j λ̇j + iγ̇j)
2ρj [ρ

µ−1
j − ρj − (ρ2j + 1)

1
2 ]

[ρj + (ρ2j + 1)
1
2 ](ρµj + 1)(ρ2j + 1)

+
4λ−1

j λ̇jρj

(ρ2j + 1)2

]
−

8λ−1
j λ̇jρ

3
j

(ρ2j + 1)3

= (λ−1
j λ̇j + iγ̇j)

2ρj [ρ
µ−1
j − ρj − (ρ2j + 1)

1
2 ]

[ρj + (ρ2j + 1)
1
2 ](ρµj + 1)(ρ2j + 1)

− λ−1
j λ̇j

4ρµj [ρ
2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2j + 1)
1
2 ](ρµj + 1)(ρ2j + 1)2

, (3.32)
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E [j]
0 +

[ 2λ−1
j ṗjρ

µ
j

(ρµj + 1)(ρ2j + 1)
1
2

eiθj , 0
]tr)

· U [j] =
4λ−1

j λ̇jρ
µ+1
j [ρ2j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2j + 1)
1
2 ](ρµj + 1)(ρ2j + 1)2

. (3.33)

•

− b(U [j] − U∞) ∧∆xΦ
∗[j]
0 =

−2b

|y[j]|2 + 1

[
y
[j]
1 cos γj − y

[j]
2 sin γj , y

[j]
1 sin γj + y

[j]
2 cos γj ,−1

]tr
∧∆xΦ

∗[j]
0

=
−2b

ρ2j + 1

[
(∆xΦ

∗[j]
0 )2,−(∆xΦ

∗[j]
0 )1, (y

[j]
1 cos γj − y

[j]
2 sin γj)(∆xΦ

∗[j]
0 )2 − (y

[j]
1 sin γj + y

[j]
2 cos γj)(∆xΦ

∗[j]
0 )1

]tr
=

−2b

ρ2j + 1

[
(∆xΦ

∗[j]
0 )2,−(∆xΦ

∗[j]
0 )1, ρjRe

[(
(∆xΦ

∗[j]
0 )2 − i(∆xΦ

∗[j]
0 )1

)
e−i(θj+γj)

] ]tr
,

where for the last equality, we use the following formula. For any a1, a2 ∈ R,(
y
[j]
1 cos γj − y

[j]
2 sin γj

)
a1 −

(
y
[j]
1 sin γj + y

[j]
2 cos γj

)
a2 = ρj (a1 cos(θj + γj)− a2 sin(θj + γj))

= ρjRe
[
(a1 − ia2)e

−i(θj+γj)
]
= ρjIm

[
(a2 + ia1)e

−i(θj+γj)
]
.

Then by (2.20), we have(
Π

U [j]⊥

[
−b(U [j] − U∞) ∧∆xΦ

∗[j]
0

])
Cj

=
−2b

ρ2j + 1

{(
1− 2

ρ2j + 1
Re

)[(
(∆xΦ

∗[j]
0 )2 − i(∆xΦ

∗[j]
0 )1

)
e−i(θj+γj)

]
− 2ρj
ρ2j + 1

ρjRe
[(

(∆xΦ
∗[j]
0 )2 − i(∆xΦ

∗[j]
0 )1

)
e−i(θj+γj)

]}
=

2ib

ρ2j + 1

(
(∆xΦ

∗[j]
0 )1 + i(∆xΦ

∗[j]
0 )2

)
e−i(θj+γj)

=

{
2ibρµ+2

j

(ρµj + 1)(ρ2j + 1)2
∂zjzjΦ

[j]
0 +

2ibλ−1
j ρµj

ρ2j + 1

[ 2µ

(ρµj + 1)2(ρ2j + 1)
1
2

+
ρ2j + 2

(ρµj + 1)(ρ2j + 1)
3
2

]
∂zjΦ

[j]
0

−
2ibλ−2

j ρµ−2
j

ρ2j + 1

[
µ2

ρµj − 1

(ρµj + 1)3
+

1

ρµj + 1

]
Φ

[j]
0

}
eiγj , (3.34)

where we used (3.28) for the last equality.[
−b(U [j] − U∞) ∧∆xΦ

∗[j]
0

]
· U [j] =

−2b

ρ2j + 1

{
2ρj
ρ2j + 1

Re
[(

(∆xΦ
∗[j]
0 )2 − i(∆xΦ

∗[j]
0 )1

)
e−i(θj+γj)

]
+
ρ2j − 1

ρ2j + 1
ρjRe

[(
(∆xΦ

∗[j]
0 )2 − i(∆xΦ

∗[j]
0 )1

)
e−i(θj+γj)

]}
=

−2bρj
ρ2j + 1

Im
[(

(∆xΦ
∗[j]
0 )1 + i(∆xΦ

∗[j]
0 )2

)
e−i(θj+γj)

]
.

(3.35)

• By (2.5) and (3.11),

a|∇xU
[j]|2Φ∗[j]

0 = aλ−2
j |∇

y[j]
U [j]|2Φ∗[j]

0 =
[ 8aλ−2

j ρµj
(ρ2j + 1)2(ρµj + 1)

Φ
[j]
0 e

iθj , 0
]tr
.

Then by (2.20),(
Π

U [j]⊥

(
a|∇xU

[j]|2Φ∗[j]
0

))
Cj

=
8aλ−2

j ρµj
(ρ2j + 1)2(ρµj + 1)

(
1− 2

ρ2j + 1
Re

)(
Φ

[j]
0 e

−iγj
)
,

(
a|∇xU

[j]|2Φ∗[j]
0

)
· U [j] =

16aλ−2
j ρ1+µ

j

(ρ2j + 1)3(ρµj + 1)
Re

(
Φ

[j]
0 e

−iγj
)
.

(3.36)

• Notice (
b|∇xU

[j]|2Φ∗[j]
0 ∧ U [j]

)
· U [j] = 0. (3.37)

By (2.15) and (3.36), we have(
b|∇xU

[j]|2Φ∗[j]
0 ∧ U [j]

)
Cj

= b
([

Π
U [j]⊥

(
|∇xU

[j]|2Φ∗[j]
0

)]
∧ U [j]

)
Cj

=
−8ibλ−2

j ρµj
(ρ2j + 1)2(ρµj + 1)

(
1− 2

ρ2j + 1
Re

)(
Φ

[j]
0 e

−iγj
)
.

(3.38)
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• Notice ∂rjU
[j] = λ−1

j wρjQγjE
[j]
1 , ∂θjU

[j] = sinw(ρj)QγjE
[j]
2 . By (3.11) and (3.25), we have

− 2∇x(Φ
∗[j]
0 · U [j]) · ∇xU

[j] = −2∂rj (Φ
∗[j]
0 · U [j])∂rjU

[j] − 2r−2
j ∂θj (Φ

∗[j]
0 · U [j])∂θjU

[j]

= − 2

{[[ ρµ+1
j

(ρµj + 1)(ρ2j + 1)
1
2

∂zjΦ
[j]
0 +

µλ−1
j ρµ−1

j

(ρµj + 1)2
Φ

[j]
0

]
eiθj , 0

]tr
· U [j]

+
[ ρµj
ρµj + 1

Φ
[j]
0 e

iθj , 0
]tr

· λ−1
j

−2

ρ2j + 1
QγjE

[j]
1

}
λ−1
j

−2

ρ2j + 1
QγjE

[j]
1

− 2r−2
j

{[ ρµj
ρµj + 1

Φ
[j]
0 ie

iθj , 0
]tr

· U [j] +
[ ρµj
ρµj + 1

Φ
[j]
0 e

iθj , 0
]tr

· 2ρj
ρ2j + 1

QγjE
[j]
2

}
2ρj
ρ2j + 1

QγjE
[j]
2

=

[
Re

{[
ρµ+1
j

(ρµj + 1)(ρ2j + 1)
1
2

∂zjΦ
[j]
0 +

µλ−1
j ρµ−1

j

(ρµj + 1)2
Φ

[j]
0

]
sinw(ρj)e

−iγj

}

+
−2λ−1

j ρµj
(ρµj + 1)(ρ2j + 1)

cosw(ρj)Re
(
Φ

[j]
0 e

−iγj
)]

4λ−1
j

ρ2j + 1
QγjE

[j]
1

− 2r−2
j

{
ρµj

ρµj + 1
sinw(ρj)Re

(
Φ

[j]
0 ie

−iγj
)
−

2ρµ+1
j

(ρµj + 1)(ρ2j + 1)
Re

(
Φ

[j]
0 ie

−iγj
)}

2ρj
ρ2j + 1

QγjE
[j]
2

=

{
8λ−1

j ρµ+2
j

(ρµj + 1)(ρ2j + 1)
5
2

Re
(
∂zjΦ

[j]
0 e

−iγj
)
+

[
8µλ−2

j ρµj
(ρµj + 1)2(ρ2j + 1)2

−
8λ−2

j ρµj (ρ
2
j − 1)

(ρµj + 1)(ρ2j + 1)3

]
Re

(
Φ

[j]
0 e

−iγj
)}

QγjE
[j]
1 .

Then, it is easy to see {
(a− bU [j]∧)

[
− 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]}

· U [j] = 0. (3.39)

By (2.12),(
a− bU [j]∧

) [
−2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]
=

{
8λ−1

j ρµ+2
j

(ρµj + 1)(ρ2j + 1)
5
2

Re
(
∂zjΦ

[j]
0 e

−iγj
)

+

[
8µλ−2

j ρµj
(ρµj + 1)2(ρ2j + 1)2

−
8λ−2

j ρµj (ρ
2
j − 1)

(ρµj + 1)(ρ2j + 1)3

]
Re

(
Φ

[j]
0 e

−iγj
)}(

aQγjE
[j]
1 − bQγjE

[j]
2

)
.

(3.40)

In sum, by (2.20), (3.30), (3.33), (3.8), (3.35), (3.36), (3.37), (3.39), one has

S [j] · U [j] =
2ρj
ρ2j + 1

Re
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By µ ≥ 2, (3.2), (3.22), and (3.23), we have

|S [j] · U [j]| ≲ |ξ̇[j]|⟨ρj⟩−1 + |λj |−1⟨ρj⟩−2. (3.41)
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By (2.20), (3.31) and (3.30), (3.32), (3.8), (3.34), (3.36), (3.38), (3.40), we have(
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Using (3.16) and (3.19), we have(
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ṗj(s)e
−iγj(t)

t− s
K0(ζj)ds

)]

− (ξ̇
[j]
2 − iξ̇

[j]
1 )

ρµ−1
j (ρ2j + 1)

1
2

2(ρµj + 1)

(
i+

2

ρ2j + 1
Im

)(ˆ t

−T
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where M
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K0(ζj)ds

)
.

(3.45)

To avoid non-smoothness due to terms like eiθj , we need to take µ not so small to reserve some
vanishing of ρj as ρj → 0 in the new error. From now on, we take µ = 3. Then

M
[j]
0 = λ−1

j

(
1− 2

ρ2j + 1
Re

)[
(a− ib)

{ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

[
ρj(3ρ

7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

(ρ2j + 1)
3
2 (ρ3j + 1)3

K0(ζj)
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+
4ρ3j (ρ

3
j − 3ρ2j − 2)

(ρ2j + 1)
3
2 (ρ3j + 1)2

ζjK0ζj (ζj) +
4ρ3j

(ρ3j + 1)(ρ2j + 1)
3
2

ζ2jK0ζjζj (ζj)

]
ds

}]
− ibλ−1

j

ˆ t

−T

ṗj(s)e
iγj(t)

t− s

[
−

2ρj(3ρ
7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

(ρ2j + 1)
5
2 (ρ3j + 1)3

K0(ζj)

+
8ρ3j (2ρ

5
j + ρ3j + 5ρ2j + 4)

(ρ2j + 1)
5
2 (ρ3j + 1)2

ζjK0ζj (ζj) +
8ρ5j

(ρ3j + 1)(ρ2j + 1)
5
2

ζ2jK0ζjζj (ζj)

]
ds

− (a− ib)λ−1
j

(
1− 2

ρ2j + 1
Re

)(ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

8ρ3j

(ρ2j + 1)
3
2 (ρ3j + 1)

K0(ζj)ds

)
− (a− ib)λ−1

j Re

{ ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

[
8ρ3j (ρ

3
j + 3ρ2j + 4)

(ρ2j + 1)
5
2 (ρ3j + 1)2

K0(ζj) +
16ρ5j

(ρ3j + 1)(ρ2j + 1)
5
2

ζjK0ζj (ζj)

]
ds

}

+ p−1
j ṗj

2ρj [ρ
2
j − ρj − (ρ2j + 1)

1
2 ]

[ρj + (ρ2j + 1)
1
2 ](ρ3j + 1)(ρ2j + 1)

− λ−1
j λ̇j

4ρ3j [ρ
2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2j + 1)
1
2 ](ρ3j + 1)(ρ2j + 1)2

. (3.46)

By (3.18), we have

M
[j]
0 = λ−1

j

(
1− 2

ρ2j + 1
Re

){
(a− ib)

[ ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

{
ρj(3ρ

7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

(ρ2j + 1)
3
2 (ρ3j + 1)3

×
[(

a+ ib

2
+O (ζj)

)
1{ζj≤1} +O(ζ−1

j )1{ζj>1}

]
+

4ρ3j (ρ
3
j − 3ρ2j − 2)

(ρ2j + 1)
3
2 (ρ3j + 1)2

(
O (ζj)1{ζj≤1} +O(ζ−1

j )1{ζj>1}
)

+
4ρ3j

(ρ3j + 1)(ρ2j + 1)
3
2

(
O
(
ζ2j
)
1{ζj≤1} +O(ζ−1

j )1{ζj>1}
)}

ds

]}
− ibλ−1

j

ˆ t

−T

ṗj(s)e
iγj(t)

t− s

{
−

2ρj(3ρ
7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

(ρ2j + 1)
5
2 (ρ3j + 1)3

×
[(

a− ib

2
+O (ζj)

)
1{ζj≤1} +O(ζ−1

j )1{ζj>1}

]
+

8ρ3j (2ρ
5
j + ρ3j + 5ρ2j + 4)

(ρ2j + 1)
5
2 (ρ3j + 1)2

(
O (ζj)1{ζj≤1} +O(ζ−1

j )1{ζj>1}
)

+
8ρ5j

(ρ3j + 1)(ρ2j + 1)
5
2

(
O
(
ζ2j
)
1{ζj≤1} +O(ζ−1

j )1{ζj>1}
)}

ds

− (a− ib)λ−1
j

(
1− 2

ρ2j + 1
Re

){ ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

8ρ3j

(ρ2j + 1)
3
2 (ρ3j + 1)

×
[(

a+ ib

2
+O (ζj)

)
1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1}

]
ds

}
− (a− ib)λ−1

j Re

[ ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

{
8ρ3j (ρ

3
j + 3ρ2j + 4)

(ρ2j + 1)
5
2 (ρ3j + 1)2

[(
a+ ib

2
+O (ζj)

)
1{ζj≤1} +O(ζ−1

j )1{ζj>1}

]
+

16ρ5j

(ρ3j + 1)(ρ2j + 1)
5
2

(
O (ζj)1{ζj≤1} +O

(
ζ−1
j

)
1{ζj>1}

)}
ds

]

+ p−1
j ṗj

2ρj [ρ
2
j − ρj − (ρ2j + 1)

1
2 ]

[ρj + (ρ2j + 1)
1
2 ](ρ3j + 1)(ρ2j + 1)

− λ−1
j λ̇j

4ρ3j [ρ
2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2j + 1)
1
2 ](ρ3j + 1)(ρ2j + 1)2

= λ−1
j

(
1− 2

ρ2j + 1
Re

)[ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

{[
ρj(3ρ

7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

2(ρ2j + 1)
3
2 (ρ3j + 1)3

+O
(
ζj⟨ρj⟩−3

) ]
1{ζj≤1}

+O
(
ζ−1
j ⟨ρj⟩−3

)
1{ζj>1}

}
ds

]
+ b(ia+ b)λ−1

j

ˆ t

−T

ṗj(s)e
iγj(t)

t− s

{
[
ρj(3ρ

7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

(ρ2j + 1)
5
2 (ρ3j + 1)3

+O
(
ζj⟨ρj⟩−3

) ]
1{ζj≤1} +O

(
ζ−1
j ⟨ρj⟩−3

)
1{ζj>1}

}
ds
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− (a− ib)λ−1
j

(
1− 2

ρ2j + 1
Re

)[ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

×
{[

4(a+ ib)ρ3j

(ρ2j + 1)
3
2 (ρ3j + 1)

+O
(
ζj⟨ρj⟩−3

) ]
1{ζj≤1} +O

(
ζ−1
j ⟨ρj⟩−3

)
1{ζj>1}

}
ds

]
− (a− ib)λ−1

j Re

[ ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

{[
(a+ ib)

4ρ3j (ρ
3
j + 3ρ2j + 4)

(ρ2j + 1)
5
2 (ρ3j + 1)2

+O
(
ζj⟨ρj⟩−3

) ]
1{ζj≤1} +O(ζ−1

j ⟨ρj⟩−3)1{ζj>1}

}
ds

]

+ p−1
j ṗj

2ρj [ρ
2
j − ρj − (ρ2j + 1)

1
2 ]

[ρj + (ρ2j + 1)
1
2 ](ρ3j + 1)(ρ2j + 1)

− λ−1
j λ̇j

4ρ3j [ρ
2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2j + 1)
1
2 ](ρ3j + 1)(ρ2j + 1)2

. (3.47)

Then by (3.2), (3.18), and (3.21), we obtain

|M [j]
0 | ≲ λ−1

∗ ⟨ρj⟩−3

ˆ t

−T

|λ̇∗(s)|
t− s

(
1{ζj≤1} + ζ−1

j 1{ζj>1}

)
ds+ λ−1

∗ |λ̇∗|⟨ρj⟩−3 ≲ λ−1
∗ ⟨ρj⟩−3,

|M̃ [j]
0 | ≲ |λ̇∗|⟨ρj⟩−1

ˆ t

−T

|λ̇∗(s)|
t− s

(
1{ζj≤1} + ζ−1

j 1{ζj>1}

)
ds ≲ |λ̇∗|⟨ρj⟩−1, |M [j]

1 | ≲ λ−1
∗ |ξ̇[j]|⟨ρj⟩−2,

|M̃ [j]
1 | ≲ |ξ̇[j]|

ˆ t

−T

|λ̇∗(s)|
t− s

(
1{ζj≤1} + ζ−1

j 1{ζj>1}

)
ds ≲ |ξ̇[j]|, |M [j]

−1| ≲ |ξ̇[j]|. (3.48)

By (3.48), we have∣∣(Π
U [j]⊥S [j]

)
Cj

∣∣ ≲ λ−1
∗ ⟨ρj⟩−3 + |λ̇∗|⟨ρj⟩−1 + |ξ̇[j]|

(
λ−1
∗ ⟨ρj⟩−2 + 1

)
. (3.49)

Integrating (3.41) and (3.49), we have

|S [j]| ≲ λ−1
∗ ⟨ρj⟩−2 + |λ̇∗|⟨ρj⟩−1 + |ξ̇[j]|. (3.50)

4. Gluing system

In this section, we will derive the inner-outer gluing system and present the corresponding topologies
with carefully designed weights such that solutions with desired asymptotics can be found.

4.1. Error analysis. We look for the solution u of the form

u = (1 +A)U∗ +Φ− (Φ · U∗)U∗,

Φ(x, t) :=
N∑
j=1

(
η
[j]

R (x, t)QγjΦ
[j]

in (y
[j], t) + η

[j]

dq
(x, t)Φ

∗[j]
0 (|x− ξ[j](t)|, t)

)
+Φout(x, t),

Φ
[j]

in (y
[j], t) ·W [j] = 0 for all t ∈ (0, T ), j = 1, 2, . . . , N,

(4.1)

where

η
[j]

R (x, t) = η
(x− ξ[j](t)

λ∗(t)R(t)

)
, η

[j]

dq
(x, t) = η

(x− ξ[j](t)

dq

)
, (4.2)

η is a smooth cut-off function satisfying 0 ≤ η(x) ≤ 1, η(x) = 1 if |x| ≤ 1 and η(x) = 0 if |x| ≥ 2;

A is a real-valued function to to make |u| = 1; Φ
[j]

in and Φout will be solved in the inner-outer gluing

system, where Φ
[j]

in solves the inner problem near each bubble U [j], while Φout handles the region away

from the concentration zones; Φ
∗[j]
0 is defined in (3.11). Throughout this paper, we make the ansatz

R(t) = λ−β
∗ (t), |Φ| ≪ 1, (4.3)

where 0 < β < 1 will be chosen later. Notice that

η
[j]

dq
≡ 1 in |x− ξ[j](t)| ≤ 2λ∗(t)R(t).

The scalar function A will be chosen in (4.1) to make |u| = 1. Indeed,

|u|2 = 1 ⇔ (1 +A)2|U∗|2 + 2(1 +A)(Φ · U∗)(1− |U∗|2) + |Φ− (Φ · U∗)U∗|2 = 1
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⇔
[
1 +A+

(Φ · U∗)(1− |U∗|2)
|U∗|2

]2
=

1− |Φ− (Φ · U∗)U∗|2

|U∗|2
+

[
(Φ · U∗)(1− |U∗|2)

|U∗|2

]2
.

We take

A =

{
1+

1− |U∗|2 − |Φ− (Φ · U∗)U∗|2

|U∗|2
+

[
(Φ · U∗)(1− |U∗|2)

|U∗|2

]2}1/2

− 1− (Φ · U∗)(1− |U∗|2)
|U∗|2

. (4.4)

By (3.4), (3.2), and (4.3), we have

A =
(
1 +O(λ∗ + |Φ|2) +O(λ2∗|Φ|2)

)1/2 − 1 +O(λ∗|Φ|) = O(λ∗ + λ∗|Φ|+ |Φ|2) = O(λ∗ + |Φ|2). (4.5)
One important insight is that we only need to solve

S [u] = Ξ(x, t)U∗ (4.6)

for some scalar function Ξ. Indeed, since |u| = 1 is kept for all t ∈ (0, T ), and as the perturbation,
u− U∗ is uniformly small, then

(U∗ · u)Ξ = S[u] · u = −1

2
∂t(|u|2) +

a

2
∆|u|2 = 0.

If U∗ ·u ≥ δ0 > 0, then Ξ ≡ 0. (4.6) provides us the flexibility to adjust the error terms in U∗ direction
and we call this U∗-operation mentioned earlier. We compute

−∂tΦ = −∂tΦout +

N∑
j=1

{
− ∂t

(
η
[j]
dq
Φ

∗[j]
0

)
+ η

[j]
R Qγj

[
− ∂tΦ

[j]
in +

(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇

y[j]
Φ

[j]
in − γ̇jJΦ

[j]
in

]
−Qγj

Φ
[j]
in ∂tη

[j]
R

}
,

∆xΦ = ∆xΦout +

N∑
j=1

∆x

(
η
[j]
dq
Φ

∗[j]
0

)
+

N∑
j=1

η
[j]
R Qγj

∆xΦ
[j]
in +

N∑
j=1

Qγj

(
Φ

[j]
in∆xη

[j]
R + 2∇xη

[j]
R · ∇xΦ

[j]
in

)
, (4.7)

where we used ∂t(Qγj ) = γ̇jJQγj = γ̇jQγjJ with J :=

0 −1 0
1 0 0
0 0 0

. Notice that

U∗∆xA+ (1 +A)∆xU∗ + 2∇xA · ∇xU∗ +∆x [Φ− (Φ · U∗)U∗]

+ |∇x [(1 +A)U∗ +Φ− (Φ · U∗)U∗]|2 [(1 +A)U∗ +Φ− (Φ · U∗)U∗]

= ∆x [Φ− (Φ · U∗)U∗] + |∇xU∗|2 [Φ− (Φ · U∗)U∗]

+ |∇x [(1 +A)U∗]|2 [Φ− (Φ · U∗)U∗]− |∇xU∗|2 [Φ− (Φ · U∗)U∗]

+
{
2∇x [(1 +A)U∗] · ∇x [Φ− (Φ · U∗)U∗] + |∇x [Φ− (Φ · U∗)U∗]|2

}
[Φ− (Φ · U∗)U∗]

+ 2∇xA · ∇xU∗ + (1 +A)∆xU∗

+ U∗

[
∆xA+ |∇x [(1 +A)U∗ +Φ− (Φ · U∗)U∗]|2 (1 +A)

]
= ∆xΦ− 2∇x(Φ · U∗) · ∇xU∗ + |∇xU∗|2Φ

+ |∇x [(1 +A)U∗]|2 [Φ− (Φ · U∗)U∗]− |∇xU∗|2 [Φ− (Φ · U∗)U∗]

+
{
2∇x [(1 +A)U∗] · ∇x [Φ− (Φ · U∗)U∗] + |∇x [Φ− (Φ · U∗)U∗]|2

}
[Φ− (Φ · U∗)U∗]

+ 2∇xA · ∇xU∗ + [1 +A− (Φ · U∗)]∆xU∗

+ U∗

{
∆xA+ |∇x [(1 +A)U∗ +Φ− (Φ · U∗)U∗]|2 (1 +A)− |∇xU∗|2 (Φ · U∗)−∆x(Φ · U∗)

}
,

and

[(1 +A)U∗ +Φ− (Φ · U∗)U∗] ∧∆x [(1 +A)U∗ +Φ− (Φ · U∗)U∗]

= [Φ− (Φ · U∗)U∗] ∧∆x [(1 +A)U∗] + [(1 +A)U∗] ∧∆x [Φ− (Φ · U∗)U∗]

+ [Φ− (Φ · U∗)U∗] ∧∆x [Φ− (Φ · U∗)U∗] + (1 +A)U∗ ∧∆x [(1 +A)U∗]
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= [Φ− (Φ · U∗)U∗] ∧∆xU∗ + U∗ ∧∆x [Φ− (Φ · U∗)U∗]

+ [Φ− (Φ · U∗)U∗] ∧∆x (AU∗) +AU∗ ∧∆x [Φ− (Φ · U∗)U∗]

+ [Φ− (Φ · U∗)U∗] ∧∆x [Φ− (Φ · U∗)U∗] + (1 +A)U∗ ∧∆x [(1 +A)U∗]

= Φ ∧∆xU∗ + U∗ ∧ [∆xΦ− 2∇x(Φ · U∗) · ∇xU∗]

+ [Φ− (Φ · U∗)U∗] ∧∆x (AU∗) +AU∗ ∧∆x [Φ− (Φ · U∗)U∗]

+ [Φ− (Φ · U∗)U∗] ∧∆x [Φ− (Φ · U∗)U∗]

+ (1 +A)U∗ ∧∆x [(1 +A)U∗]− 2(Φ · U∗)U∗ ∧∆xU∗.

By the above identities, we arrange terms in the error as

S[u] = −U∗∂tA− (1 +A)∂tU∗ − ∂tΦ+ (Φ · U∗)∂tU∗ + U∗∂t(Φ · U∗)

+ a
{
U∗∆xA+ (1 +A)∆xU∗ + 2∇xA · ∇xU∗ +∆x[Φ− (Φ · U∗)U∗]

+ |∇x [(1 +A)U∗ +Φ− (Φ · U∗)U∗]|2 [(1 +A)U∗ +Φ− (Φ · U∗)U∗]
}

− b [(1 +A)U∗ +Φ− (Φ · U∗)U∗] ∧∆x [(1 +A)U∗ +Φ− (Φ · U∗)U∗]

= − (1 +A)∂tU∗ − ∂tΦ+ (Φ · U∗)∂tU∗ + U∗ [∂t(Φ · U∗)− ∂tA]

+ a

[
∆xΦ− 2∇x(Φ · U∗) · ∇xU∗ + |∇xU∗|2Φ

+ |∇x [(1 +A)U∗]|2 [Φ− (Φ · U∗)U∗]− |∇xU∗|2 [Φ− (Φ · U∗)U∗]

+
{
2∇x [(1 +A)U∗] · ∇x [Φ− (Φ · U∗)U∗] + |∇x [Φ− (Φ · U∗)U∗]|2

}
[Φ− (Φ · U∗)U∗]

+ 2∇xA · ∇xU∗ + [1 +A− (Φ · U∗)]∆xU∗

+ U∗

{
∆xA+ |∇x [(1 +A)U∗ +Φ− (Φ · U∗)U∗]|2 (1 +A)− |∇xU∗|2 (Φ · U∗)−∆x(Φ · U∗)

}]
− b

{
Φ ∧∆xU∗ + U∗ ∧ [∆xΦ− 2∇x(Φ · U∗) · ∇xU∗]

+ [Φ− (Φ · U∗)U∗] ∧∆x (AU∗) +AU∗ ∧∆x [Φ− (Φ · U∗)U∗]

+ [Φ− (Φ · U∗)U∗] ∧∆x [Φ− (Φ · U∗)U∗]

+ (1 +A)U∗ ∧∆x [(1 +A)U∗]− 2(Φ · U∗)U∗ ∧∆xU∗

}
= − ∂tΦ+ a

[
∆xΦ− 2∇x(Φ · U∗) · ∇xU∗ + |∇xU∗|2Φ

]
− b {Φ ∧∆xU∗ + U∗ ∧ [∆xΦ− 2∇x(Φ · U∗) · ∇xU∗]}

− ∂tU∗ + [(Φ · U∗)−A] ∂tU∗ +N [Φ] + Ξ[Φ]U∗,

where

N [Φ] := a
[{

|∇x [(1 +A)U∗]|2 − |∇xU∗|2 + 2∇x [(1 +A)U∗] · ∇xΠU⊥
∗
Φ+

∣∣∇xΠU⊥
∗
Φ
∣∣2}ΠU⊥

∗
Φ

+ 2∇xA · ∇xU∗ + [1 +A− (Φ · U∗)]∆xU∗

]
− b

{
ΠU⊥

∗
Φ ∧∆x (AU∗) +AU∗ ∧∆xΠU⊥

∗
Φ+ΠU⊥

∗
Φ ∧∆xΠU⊥

∗
Φ

+ (1 +A)U∗ ∧∆x [(1 +A)U∗]− 2(Φ · U∗)U∗ ∧∆xU∗

}
, (4.8)

Ξ[Φ] := ∂t [(Φ · U∗)−A]+a
{
∆xA+ |∇x [(1 +A)U∗ +Φ− (Φ · U∗)U∗]|2 (1 +A)− |∇xU∗|2 (Φ · U∗)−∆x(Φ · U∗)

}
.

Then

S[u] =− ∂tΦ+ (a− bU∗∧) [∆xΦ− 2∇x(Φ · U∗) · ∇xU∗] + aΦ

N∑
j=1

|∇xU
[j]|2 + bΦ ∧

N∑
j=1

|∇xU
[j]|2U [j]
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− ∂tU∗ + aΦ
N∑

j,k=1,j ̸=k

∇xU
[j] · ∇xU

[k] + [(Φ · U∗)−A] ∂tU∗ +N [Φ] + Ξ[Φ]U∗

= − ∂tΦ+ (a− bU∗∧)
[
∆xΦ− 2

N∑
j=1

∇x

(
Φ · U [j]

)
· ∇xU

[j]

]
+

N∑
j=1

|∇xU
[j]|2

(
a− bU [j]∧

)
Φ

− ∂tU∗ + (a− bU∗∧)
{
− 2

N∑
j=1

∇x

[
Φ ·

(
U∗ − U [j]

)]
· ∇xU

[j]

}

+ aΦ
N∑

j,k=1,j ̸=k

∇xU
[j] · ∇xU

[k] + [(Φ · U∗)−A] ∂tU∗ +N [Φ] + Ξ[Φ]U∗.

Using (4.1) and (4.7), we have

S[u] =− ∂tΦout −
N∑
j=1

∂t(η
[j]
dq
Φ

∗[j]
0 ) +

N∑
j=1

η
[j]
R Qγj

[
−∂tΦ[j]

in +
(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇

y[j]
Φ

[j]
in − γ̇jJΦ

[j]
in

]
−

N∑
j=1

QγjΦ
[j]
in ∂tη

[j]
R

+ (a− bU∗∧)
{
∆xΦout +

N∑
j=1

∆x(η
[j]
dq
Φ

∗[j]
0 ) +

N∑
j=1

η
[j]
R Qγj∆xΦ

[j]
in +

N∑
j=1

Qγj

(
Φ

[j]
in∆xη

[j]
R + 2∇xη

[j]
R · ∇xΦ

[j]
in

)

− 2

N∑
j=1

∇x

(
U [j] · Φout

)
· ∇xU

[j] − 2

N∑
j=1

∇x

[
U [j] ·

(
η
[j]
R Qγj

Φ
[j]
in + η

[j]
dq
Φ

∗[j]
0

)]
· ∇xU

[j]

− 2

N∑
j=1

∇x

[
U [j] ·

N∑
k=1,k ̸=j

(
η
[k]
R Qγk

Φ
[k]
in + η

[k]
dq
Φ

∗[k]
0

)]
· ∇xU

[j]

}

+

N∑
j=1

|∇xU
[j]|2

(
a− bU [j]∧

)
Φout +

N∑
j=1

|∇xU
[j]|2

(
a− bU [j]∧

)(
η
[j]
R Qγj

Φ
[j]
in + η

[j]
dq
Φ

∗[j]
0

)

+

N∑
j=1

|∇xU
[j]|2

(
a− bU [j]∧

) N∑
k=1,k ̸=j

(
η
[k]
R Qγk

Φ
[k]
in + η

[k]
dq
Φ

∗[k]
0

)

− ∂tU∗ + (a− bU∗∧)
{
− 2

N∑
j=1

∇x

[
Φ ·

(
U∗ − U [j]

)]
· ∇xU

[j]

}

+ aΦ

N∑
j,k=1,j ̸=k

∇xU
[j] · ∇xU

[k] + [(Φ · U∗)−A] ∂tU∗ +N [Φ] + Ξ[Φ]U∗

= − ∂tΦout + (a− bU∗∧)∆xΦout +

N∑
j=1

(
1− η

[j]
R

)(
a− bU [j]∧

) [
|∇xU

[j]|2Φout − 2∇x

(
U [j] · Φout

)
· ∇xU

[j]
]

+

N∑
j=1

(
1− η

[j]
R

){
− ∂t(η

[j]
dq
Φ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆x(η

[j]
dq
Φ

∗[j]
0 ) + |∇xU

[j]|2η[j]dq
Φ

∗[j]
0

− 2∇x

(
U [j] · η[j]dq

Φ
∗[j]
0

)
· ∇xU

[j]
]
− ∂tU

[j]
}

+

N∑
j=1

η
[j]
R Qγj

{
− ∂tΦ

[j]
in + λ−2

j

(
a− bW [j]∧

) [
∆

y[j]
Φ

[j]
in + |∇

y[j]
W [j]|2Φ[j]

in − 2∇
y[j]

(
W [j] · Φ[j]

in

)
· ∇

y[j]
W [j]

+ 2
(
∇

y[j]
W [j] · ∇

y[j]
Φ

[j]
in

)
W [j]

]
+Q−γj

{(
a− bU [j]∧

) [
|∇xU

[j]|2Π
U [j]⊥Φout − 2∇x

(
U [j] · Φout

)
· ∇xU

[j]
]}
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+Q−γj
Π

U [j]⊥

{
− ∂t(Φ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆xΦ

∗[j]
0 + |∇xU

[j]|2Φ∗[j]
0 − 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]
− ∂tU

[j]
}}

+

N∑
j=1

η
[j]
R Qγj

[(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇

y[j]
Φ

[j]
in − γ̇jJΦ

[j]
in

]

+

N∑
j=1

Qγj

{
−Φ

[j]
in ∂tη

[j]
R +

(
a− bW [j]∧

) [
Φ

[j]
in∆xη

[j]
R + 2∇xη

[j]
R · ∇xΦ

[j]
in −

(
W [j] · Φ[j]

in

)(
2∇xη

[j]
R · ∇xW

[j]
)]}

−
N∑
j=1

b
(
U∗ − U [j]

)
∧
{
∆x(η

[j]
dq
Φ

∗[j]
0 ) + η

[j]
R Qγj

∆xΦ
[j]
in +Qγj

(
Φ

[j]
in∆xη

[j]
R + 2∇xη

[j]
R · ∇xΦ

[j]
in

)
− 2∇x

(
U [j] · Φout

)
· ∇xU

[j] − 2∇x

[
U [j] ·

(
η
[j]
R QγjΦ

[j]
in + η

[j]
dq
Φ

∗[j]
0

)]
· ∇xU

[j]

}
+ (a− bU∗∧)

{
− 2

N∑
j=1

∇x

[
Φ ·

(
U∗ − U [j]

)]
· ∇xU

[j]

}

+ (a− bU∗∧)
{
− 2

N∑
j=1

∇x

[
U [j] ·

N∑
k=1,k ̸=j

(
η
[k]
R Qγk

Φ
[k]
in + η

[k]
dq
Φ

∗[k]
0

)]
· ∇xU

[j]

}

+

N∑
j=1

|∇xU
[j]|2

(
a− bU [j]∧

) N∑
k=1,k ̸=j

(
η
[k]
R Qγk

Φ
[k]
in + η

[k]
dq
Φ

∗[k]
0

)

+ aΦ

N∑
j,k=1,j ̸=k

∇xU
[j] · ∇xU

[k] + [(Φ · U∗)−A] ∂tU∗ +N [Φ] + Ξ[Φ]U∗

+

N∑
j=1

η
[j]
R

(
U [j] − U∗ + U∗

){
− 2a

(
∇xW

[j] · ∇xΦ
[j]
in

)
+ a|∇xU

[j]|2
(
U [j] · Φout

)
+
{
− ∂t(Φ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆xΦ

∗[j]
0 + |∇xU

[j]|2Φ∗[j]
0 − 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]
− ∂tU

[j]
}
· U [j]

}
.

4.2. Simplification of the nonlinear terms N [Φ]. In this subsection, we will single out the second-
order derivatives of Φ in N [Φ] in (4.8) and extract terms involving Φ and its derivatives in N [Φ]. The
purpose of this step is to obtain a convenient form for the inner-outer gluing system and estimates in
the construction.

ΠU⊥
∗
Φ ∧∆x (AU∗) +AU∗ ∧∆xΠU⊥

∗
Φ+ΠU⊥

∗
Φ ∧∆xΠU⊥

∗
Φ

= (Φ ∧ U∗)∆xA+ΠU⊥
∗
Φ ∧ [A∆xU∗ + 2∇xA · ∇xU∗]

+AU∗ ∧∆xΦ−AU∗ ∧ [(Φ · U∗)∆xU∗ + 2∇x(Φ · U∗) · ∇xU∗]

+ ΠU⊥
∗
Φ ∧∆xΦ− (Φ ∧ U∗)∆x(Φ · U∗)−ΠU⊥

∗
Φ ∧ [(Φ · U∗)∆xU∗ + 2∇x(Φ · U∗) · ∇xU∗]

= (Φ ∧ U∗)∆xA+AU∗ ∧∆xΦ+ΠU⊥
∗
Φ ∧∆xΦ− (Φ ∧ U∗)∆x(Φ · U∗)

− (ΠU⊥
∗
Φ+AU∗) ∧ [2∇x(Φ · U∗) · ∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ΠU⊥
∗
Φ ∧ (2∇xA · ∇xU∗) + [(Φ · U∗)

2 − 2A(Φ · U∗)]U∗ ∧∆xU∗.

(4.9)

Next, we give explicit formulas for ∇xA and ∆xA. Due to the choice of (4.1), |u| = 1 is equivalent
to

(1 +A)2|U∗|2 + 2(1 +A)
(
U∗ ·ΠU⊥

∗
Φ
)
+ |ΠU⊥

∗
Φ|2 = 1. (4.10)

Acting ∇x on both sides of (4.10), we get

2(1+A)|U∗|2∇xA+(1+A)2∇x(|U∗|2)+∇x(|ΠU⊥
∗
Φ|2)+2(1+A)∇x(U∗ ·ΠU⊥

∗
Φ)+2(U∗ ·ΠU⊥

∗
Φ)∇xA = 0.
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So

∇xA = −
(1 +A)2∇x(|U∗|2) +∇x(|ΠU⊥

∗
Φ|2) + 2(1 +A)∇x(U∗ ·ΠU⊥

∗
Φ)

2(1 +A)|U∗|2 + 2(U∗ ·ΠU⊥
∗
Φ)

. (4.11)

Acting ∆x on both sides of (4.10), we have

(1 +A)2∆x(|U∗|2) + |U∗|2
[
2(1 +A)∆xA+ 2|∇xA|2

]
+ 4(1 +A)∇x(|U∗|2) · ∇xA

+ 2(1 +A)∆x

(
U∗ ·ΠU⊥

∗
Φ
)
+ 2

(
U∗ ·ΠU⊥

∗
Φ
)
∆xA+ 4∇x

(
U∗ ·ΠU⊥

∗
Φ
)
· ∇xA+∆x

(
|ΠU⊥

∗
Φ|2

)
= 0.

Thus, we have

∆xA = −2−1
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

[
∆x

(
|ΠU⊥

∗
Φ|2

)
+ 2(1 +A)∆x

(
U∗ ·ΠU⊥

∗
Φ
)

+ 4∇x

(
U∗ ·ΠU⊥

∗
Φ
)
· ∇xA+ 2|U∗|2|∇xA|2 + 4(1 +A)∇x(|U∗|2) · ∇xA+ (1 +A)2∆x(|U∗|2)

]
.
(4.12)

Notice that

∆x(|ΠU⊥
∗
Φ|2) = 2Φ ·∆xΦ+ 2(|U∗|2 − 2)

[
(Φ · U∗)∆x(Φ · U∗) + |∇x(Φ · U∗)|2

]
+ 2∇x(|U∗|2) · ∇x[(Φ · U∗)

2] + 2|∇xΦ|2 + (Φ · U∗)
2∆x(|U∗|2)

and

∆x(U∗ ·ΠU⊥
∗
Φ) = (1− |U∗|2)∆x(Φ · U∗)− (Φ · U∗)∆x(|U∗|2)− 2∇x(|U∗|2) · ∇x(Φ · U∗).

Then (4.12) can be rephrased into

∆xA = − 2−1
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

[
2Φ ·∆xΦ+

[
2(|U∗|2 − 2)(Φ · U∗) + 2(1 +A)(1− |U∗|2)

]
∆x(Φ · U∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗) + 2|U∗|2|∇xA|2

+ 4∇x(U∗ ·ΠU⊥
∗
Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)

]
. (4.13)

By (4.13), part of the terms in (4.9) can be rewritten as

(Φ ∧ U∗)∆xA+AU∗ ∧∆xΦ+ΠU⊥
∗
Φ ∧∆xΦ− (Φ ∧ U∗)∆x(Φ · U∗)

= − 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

×
{
2Φ ·∆xΦ+

[
2(|U∗|2 − 2)(Φ · U∗) + 2(1 +A)(1− |U∗|2)

]
(U∗ ·∆xΦ)

}
+AU∗ ∧∆xΦ+ΠU⊥

∗
Φ ∧∆xΦ− (Φ ∧ U∗) (U∗ ·∆xΦ)

− 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

×
{ [

2(|U∗|2 − 2)(Φ · U∗) + 2(1 +A)(1− |U∗|2)
]
(2∇xΦ · ∇xU∗ +Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗)

+ 2|U∗|2|∇xA|2 + 4∇x(U∗ ·ΠU⊥
∗
Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)

}
− (Φ ∧ U∗) (2∇xΦ · ∇xU∗ +Φ ·∆xU∗)

= − 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

[2Φ ·∆xΦ+ 2 (1 +A− Φ · U∗) (U∗ ·∆xΦ)]

+AU∗ ∧∆xΦ+ΠU⊥
∗
Φ ∧∆xΦ

− 2−1(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1 {

2 (1 +A− Φ · U∗) (2∇xΦ · ∇xU∗ +Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗) + 2|U∗|2|∇xA|2

+ 4∇x(U∗ ·ΠU⊥
∗
Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)

}
. (4.14)
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Combining (4.8), (4.9), and (4.14), we get

N [Φ] = b
{
(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

[Φ ·∆xΦ+ (1 +A− Φ · U∗) (U∗ ·∆xΦ)]

−AU∗ ∧∆xΦ−
(
ΠU⊥

∗
Φ
)
∧∆xΦ

}
+ a

[{
|∇x [(1 +A)U∗]|2 − |∇xU∗|2 + 2∇x [(1 +A)U∗] · ∇x

(
ΠU⊥

∗
Φ
)
+
∣∣∣∇x

(
ΠU⊥

∗
Φ
)∣∣∣2}ΠU⊥

∗
Φ

+ 2∇xA · ∇xU∗ + (1 +A− Φ · U∗)∆xU∗

]
− b

[
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1 {

2 (1 +A− Φ · U∗) (2∇xΦ · ∇xU∗ +Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x(Φ · U∗)|2 + 2|∇xΦ|2 + 4[(Φ · U∗)− (1 +A)]∇x(|U∗|2) · ∇x(Φ · U∗)

+ 2|U∗|2|∇xA|2 + 4∇x(U∗ ·ΠU⊥
∗
Φ) · ∇xA+ 4(1 +A)∇x(|U∗|2) · ∇xA+ [(Φ · U∗)− (1 +A)]2∆x(|U∗|2)

}
− (ΠU⊥

∗
Φ+AU∗) ∧ [2∇x(Φ · U∗) · ∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ΠU⊥
∗
Φ ∧ (2∇xA · ∇xU∗) + [(Φ · U∗)

2 − 2A(Φ · U∗)]U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [(1 +A)∆xU∗ + 2∇xA · ∇xU∗]− 2(Φ · U∗)U∗ ∧∆xU∗

]
.

Since

2∇x [(1 +A)U∗] · ∇x

(
ΠU⊥

∗
Φ
)
= 2

2∑
k=1

{
[(∂xk

A)U∗ · ∂xk
Φ+ (1 +A)∂xk

U∗ · ∂xk
Φ]

− ∂xk
(U∗ · Φ)

[
|U∗|2∂xk

A+ (1 +A)U∗ · ∂xk
U∗

]
− (U∗ · Φ)

[
(∂xk

A)U∗ · ∂xk
U∗ + (1 +A) |∂xk

U∗|2
]}

,

then N [Φ] can be expanded as

N [Φ] = b
{
(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1 [

Φ ·∆xΦ+ (1 +A− Φ · U∗) (U∗ ·∆xΦ)
]

−AU∗ ∧∆xΦ−
(
ΠU⊥

∗
Φ
)
∧∆xΦ

}
+ a

{[
|∇xA|2|U∗|2 + 2(1 +A)∇xA · (U∗ · ∇xU∗) +A(2 +A) |∇xU∗|2

+ 2

2∑
k=1

{
[(∂xk

A)U∗ · ∂xk
Φ+A∂xk

U∗ · ∂xk
Φ]− ∂xk

(U∗ · Φ)
[
|U∗|2∂xk

A+ (1 +A)U∗ · ∂xk
U∗

]
− (U∗ · Φ)

[
(∂xk

A)U∗ · ∂xk
U∗ + (1 +A) |∂xk

U∗|2
]}

+

2∑
k=1

|∂xk
Φ− U∗∂xk

(Φ · U∗)− (Φ · U∗)∂xk
U∗|2

]
ΠU⊥

∗
Φ

+ 2 (∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗ +∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗ + (A− Φ · U∗)∆xU∗

}
+ 2a [(∇xU∗ · ∇xΦ)Φ− (Φ · ∇xΦ) · ∇xU∗]− 2a (∇xU∗ · ∇xΦ) (U∗ · Φ)U∗

− 2bU∗ ∧ [(∇xU∗ · ∇xΦ)Φ− (Φ · ∇xΦ) · ∇xU∗]

+ b(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

(1 +A− Φ · U∗) (2∇xΦ · ∇xU∗)− b(Φ ∧ U∗) (2∇xΦ · ∇xU∗)

− b

[
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

{
2 (1 +A− Φ · U∗) (Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x (Φ · U∗) |2 + 2|∇xΦ|2 + 8[(Φ · U∗)− (1 +A)](U∗ · ∇xU∗) · ∇x (Φ · U∗)

+ 2|U∗|2|∇xA|2 + 4
[
−2(Φ · U∗)U∗ · ∇xU∗ + (1− |U∗|2)∇x (Φ · U∗)

]
· ∇xA

+ 8(1 +A) (U∗ · ∇xU∗) · ∇xA+ 2 [(Φ · U∗)− (1 +A)]
2 (|∇xU∗|2 + U∗ ·∆xU∗

)}
− (ΠU⊥

∗
Φ+AU∗) ∧ [2∇x (Φ · U∗) · ∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗
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+ΠU⊥
∗
Φ ∧ (2∇xA · ∇xU∗) +

[
(Φ · U∗)

2 − 2A(Φ · U∗)− 2(Φ · U∗)
]
U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [A∆xU∗ + 2 (∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗ +∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗]

]
+ 2bAU∗ ∧ [(Φ · ∇xΦ) · ∇xU∗] , (4.15)

where U∗ · ∇xU∗, Φ · ∇xΦ are defined in (2.2).

4.3. Inner-outer gluing system. By U∗-operation (4.6), we can adjust the terms in the U∗ direction
flexibly. By the expansion form of S[u] at the end of Subsection 4.1 and (4.15), a sufficient condition

for S[u] = 0 is that (Φ
[j]

in ,Φout) solve the following inner-outer gluing system
∂tΦout = BΦ,U∗∆xΦout + G in R2 × (0, T ),

Φout(x, 0) = Z∗(x) +
N∑

m=1

3∑
n=1

cmnϑmn(x) in R2;
(4.16)

λ2j∂tΦ
[j]

in =
(
a− bW [j]∧

) [
∆

y[j]
Φ

[j]

in + |∇
y[j]
W [j]|2Φ[j]

in − 2∇
y[j]

(
W [j] · Φ[j]

in

)
· ∇

y[j]
W [j]

+ 2
(
∇

y[j]
W [j] · ∇

y[j]
Φ

[j]

in

)
W [j]

]
+H[j] in D2CλR,

(4.17)

where Cλ is given in (3.2),

D2CλR := {(y, t) | |y| < 2CλR(t), t ∈ (0, T )} ; H[j] := H[j]
1 +H[j]

in , (4.18)

H[j]
1 := λ2jQ−γj

[ (
a− bU [j]∧

)
L̃
U [j] [Φout] +

(
M

[j]
0 + eiθjM

[j]
1

)
C−1
j

]
=

(
a− bW [j]∧

)
L̃
W [j] [Q−γjΦout] + λ2j

(
M

[j]
0 + eiθjM

[j]
1

)
C−1
j

,
(4.19)

H[j]
in := λ2jQ−γj

[
2
(
a− bU [j]∧

){ [
∇xU

[j] · ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)](
Qγj

Φ
[j]
in

)
−

[(
Qγj

Φ
[j]
in

)
· ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)]
· ∇xU

[j]
}]

= 2
(
a− bW [j]∧

){[
∇

y[j]
W [j] · ∇

y[j]

(
η
[j]
R Φ

[j]
in

)]
Φ

[j]
in −

[
Φ

[j]
in · ∇

y[j]

(
η
[j]
R Φ

[j]
in

)]
· ∇

y[j]
W [j]

}
; (4.20)

G :=

N∑
j=1

(
1− η

[j]
R

)(
a− bU [j]∧

) [
|∇xU

[j]|2Φout − 2∇x

(
U [j] · Φout

)
· ∇xU

[j]
]

+

N∑
j=1

(
1− η

[j]
R

){
− ∂t(η

[j]
dq
Φ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆x(η

[j]
dq
Φ

∗[j]
0 ) + |∇xU

[j]|2η[j]dq
Φ

∗[j]
0 − 2∇x

(
U [j] · η[j]dq

Φ
∗[j]
0

)
· ∇xU

[j]
]

− ∂tU
[j]
}
+

N∑
j=1

η
[j]
R

(
M̃

[j]
0 + eiθjM̃

[j]
1 + e−iθjM

[j]
−1

)
C−1
j

+

N∑
j=1

η
[j]
R Qγj

[(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇

y[j]
Φ

[j]
in − γ̇jJΦ

[j]
in

]

+

N∑
j=1

Qγj

{
−Φ

[j]
in ∂tη

[j]
R +

(
a− bW [j]∧

) [
Φ

[j]
in∆xη

[j]
R + 2∇xη

[j]
R · ∇xΦ

[j]
in −

(
W [j] · Φ[j]

in

)(
2∇xη

[j]
R · ∇xW

[j]
)]}

−
N∑
j=1

b
(
U∗ − U [j]

)
∧
{
∆x(η

[j]
dq
Φ

∗[j]
0 ) + η

[j]
R Qγj

∆xΦ
[j]
in +Qγj

(
Φ

[j]
in∆xη

[j]
R + 2∇xη

[j]
R · ∇xΦ

[j]
in

)
− 2∇x

(
U [j] · Φout

)
· ∇xU

[j] − 2∇x

[
U [j] ·

(
η
[j]
R QγjΦ

[j]
in + η

[j]
dq
Φ

∗[j]
0

)]
· ∇xU

[j]

}
+ (a− bU∗∧)

{
− 2

N∑
j=1

∇x

[
Φ ·

(
U∗ − U [j]

)]
· ∇xU

[j]

}

+ (a− bU∗∧)
{
− 2

N∑
j=1

∇x

[
U [j] ·

N∑
k=1,k ̸=j

(
η
[k]
R Qγk

Φ
[k]
in + η

[k]
dq
Φ

∗[k]
0

)]
· ∇xU

[j]

}



36 J. WEI, Q. ZHANG, AND Y. ZHOU

+

N∑
j=1

|∇xU
[j]|2

(
a− bU [j]∧

) N∑
k=1,k ̸=j

(
η
[k]
R Qγk

Φ
[k]
in + η

[k]
dq
Φ

∗[k]
0

)
+ aΦ

N∑
j,k=1,j ̸=k

∇xU
[j] · ∇xU

[k] + [(Φ · U∗)−A] ∂tU∗

+

N∑
j=1

η
[j]
R

(
U [j] − U∗

) [
− 2a

(
∇xW

[j] · ∇xΦ
[j]
in

)
+ a|∇xU

[j]|2
(
U [j] · Φout

)
+
{
−∂t(Φ∗[j]

0 ) +
(
a− bU [j]∧

) [
∆xΦ

∗[j]
0 + |∇xU

[j]|2Φ∗[j]
0 − 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]
− ∂tU

[j]
}
· U [j]

]
+ b

{
(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

−
(
AU∗ +ΠU⊥

∗
Φ
)
∧∆x (Φ− Φout)

}
+ a

{[
|∇xA|2|U∗|2 + 2(1 +A)∇xA · (U∗ · ∇xU∗) +A(2 +A) |∇xU∗|2

+ 2

2∑
k=1

{
[(∂xk

A)U∗ · ∂xk
Φ+A∂xk

U∗ · ∂xk
Φ]− ∂xk

(U∗ · Φ)
[
|U∗|2∂xk

A+ (1 +A)U∗ · ∂xk
U∗

]
− (U∗ · Φ)

[
(∂xk

A)U∗ · ∂xk
U∗ + (1 +A) |∂xk

U∗|2
]}

+

2∑
k=1

|∂xk
Φ− U∗∂xk

(Φ · U∗)− (Φ · U∗)∂xk
U∗|2

]
ΠU⊥

∗
Φ

+ 2 (∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗ +∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗ + (A− Φ · U∗)∆xU∗

}
+ 2 (a− bU∗∧) [(∇xU∗ · ∇xΦ)Φ− (Φ · ∇xΦ) · ∇xU∗]− 2a (∇xU∗ · ∇xΦ) (U∗ · Φ)U∗

−
N∑
j=1

2
(
a− bU [j]∧

){[
∇xU

[j] · ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)](
η
[j]
R Qγj

Φ
[j]
in

)
−
[(
η
[j]
R Qγj

Φ
[j]
in

)
· ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)]
· ∇xU

[j]
}

+ b(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

(1 +A− Φ · U∗) (2∇xΦ · ∇xU∗)− b(Φ ∧ U∗) (2∇xΦ · ∇xU∗)

− b

[
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

{
2 (1 +A− Φ · U∗) (Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x (Φ · U∗) |2 + 2|∇xΦ|2 + 8[(Φ · U∗)− (1 +A)](U∗ · ∇xU∗) · ∇x (Φ · U∗)

+ 2|U∗|2|∇xA|2 + 4
[
−2(Φ · U∗)U∗ · ∇xU∗ + (1− |U∗|2)∇x (Φ · U∗)

]
· ∇xA

+ 8(1 +A) (U∗ · ∇xU∗) · ∇xA+ 2 [(Φ · U∗)− (1 +A)]
2 (|∇xU∗|2 + U∗ ·∆xU∗

)}
− (ΠU⊥

∗
Φ+AU∗) ∧ [2∇x (Φ · U∗) · ∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ΠU⊥
∗
Φ ∧ (2∇xA · ∇xU∗) +

[
(Φ · U∗)

2 − 2A(Φ · U∗)− 2(Φ · U∗)
]
U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [A∆xU∗ + 2 (∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗ +∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗]

]
+ 2bAU∗ ∧ [(Φ · ∇xΦ) · ∇xU∗] + ΞG(x, t)U∗, (4.21)

where ΞG(x, t) is some scalar function from the aforementioned U∗-operation;M
[j]
0 , M̃

[j]
0 ,M

[j]
1 , M̃

[j]
1 ,M

[j]
−1

are given in (3.46), (3.42), (3.43), (3.44), (3.45), respectively, with µ = 3;

BΦ,U∗ := aI3 − bU∗ ∧+B̃Φ,U∗ , (4.22)

I3 is the 3× 3 identity matrix,

B̃Φ,U∗ := b
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

(Φ ∧ U∗)1 [Φ + (1 +A− Φ · U∗)U∗]
tr

(Φ ∧ U∗)2 [Φ + (1 +A− Φ · U∗)U∗]
tr

(Φ ∧ U∗)3 [Φ + (1 +A− Φ · U∗)U∗]
tr

−b(AU∗ +ΠU⊥
∗
Φ
)
∧,

(4.23)
Z∗(x) ∈ C∞

0 (R2), suppZ∗ ⊂ BCq , ∥Z∗∥C3(R2) ≪ 1, [∂x1Z∗1 + ∂x2Z∗2 + i (∂x1Z∗2 − ∂x2Z∗1)] (q
[j]) ̸= 0,

(4.24)
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j = 1, 2, . . . , N , where Cq = 9 max
j=1,2,...,N

|q[j]|;

ϑmn ∈ C∞
0 (R2), suppϑmn ⊂ BCq , ∥ϑmn∥C3(R2) ≤ 2,

ϑmn(q
[k]) = δmken, ∇ϑmn(q

[k]) = 0 for m, k = 1, 2, . . . , N, n = 1, 2, 3,
(4.25)

e1 = [1, 0, 0]tr, e2 = [0, 1, 0]tr, e3 = [0, 0, 1]tr.

cmn will be chosen to make Φout(q
[k], T ) = 0 for k = 1, 2, . . . , N .

4.4. Weighted topologies for the inner and outer problems. The topologies for the inner and
outer problems are listed in this part. Recall (3.2) and the form of (4.17). It is natural to introduce
new time variables

τj = τj(t) :=

ˆ t

0
λ−2
j (s)ds+ CτTλ

−2
∗ (0), τj(0) = τ0 := CτTλ

−2
∗ (0) (4.26)

with a constant Cτ > 0 sufficiently large. It follows that λ2j∂tΦ
[j]

in = ∂τΦ
[j]

in ,

τj(t) ∼ | lnT |−2(T − t)−1| ln(T − t)|4, ln(τj(t)) ∼ | ln(T − t)|,
λ∗(t(τj)) ∼ | lnT |−1τ−1

j (ln τj)
2, T − t(τj) ∼ | lnT |−2τ−1

j (ln τj)
4, ∂τj t(τj) = λ2j (t(τj)),

∂τjλ∗(t(τj)) = (∂tλ∗)(t(τj))∂τj t(τj) ∼ −| lnT |−1τ−2
j (ln τj)

2.

(4.27)

• We endow solutions of the inner problems with the following norms.

∥Φ[j]

in ∥in,ν−δ0,l := sup
(y,τj)∈D2CλR

[(
λν−δ0
∗ (t(τj))⟨y⟩−l

)−1
(∣∣Φ[j]

in (y, τj)
∣∣+ ⟨y⟩

∣∣DΦ
[j]

in (y, τj)
∣∣+ ⟨y⟩2

∣∣D2Φ
[j]

in (y, τj)
∣∣)],

[Φ
[j]

in ]in,ν−δ0,l,ςin := sup
(y,τj)∈D2CλR,max{τ0,τj−R2(t(τj))}≤s1<s2≤τj

{[(
λν−δ0
∗ R2−ςin

)
(t(τj))

]−1 |Φ[j]

in (y, s1)− Φ
[j]

in (y, s2)|
|s1 − s2|ςin/2

+
[(
λν−δ0
∗ R1−ςin

)
(t(τj))

]−1 |DΦ
[j]

in (y, s1)−DΦ
[j]

in (y, s2)|
|s1 − s2|ςin/2

}
,

∥Φ[j]

in ∥in,ν−δ0,l,ςin := ∥Φ[j]

in ∥in,ν−δ0,l +
[
Φ

[j]

in

]
in,ν−δ0,l,ςin

, (4.28)

where D2R := {(y, τj) | τj > τ0, |y| < 2CλR(t(τj))},
l > 0, 0 < ςin < 1, 0 < δ0 < ν < 1. (4.29)

Set R0(t) = λ
−δ0/6
∗ (t), which will be used in the inner problems and reduced equations.

The inner problems will be solved in the following space

B
[j]

in :=
{
f | ∥f∥in,ν−δ0,l,ςin ≤ Λin, f ·W [j] = 0

}
, j = 1, 2, . . . , N (4.30)

for a constant Λin ≥ 1 to be determined later.

• For the outer problem, we use the following weights to control the right-hand side of the outer
problem

ϱ
[j]
1 := λΘ∗ (λ∗R)

−11{|x−q[j]|≤3λ∗R}, ϱ
[j]
2 := T−σ0

λ1−σ0
∗

|x− q[j]|2
1{λ∗R/2≤|x−q[j]|≤dq}, ϱ3 := T−σ0 , (4.31)

where dq is given in (3.1),

Θ + β − 1 < 0, 0 < Θ < 1, 0 < σ0 < 1. (4.32)

For a function f(x, t), we define the L∞-weighted norm

∥f∥∗∗ := sup
R2×(0,T )

[ N∑
j=1

(
ϱ
[j]
1 + ϱ

[j]
2

)
+ ϱ3

]−1

|f(x, t)|. (4.33)
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Also, we define the L∞-weighted norm for Φout:

∥Φout∥♯,Θ,α :=
(
| lnT |λΘ+1

∗ (0)R(0) + ∥Z∗∥C3(R2)

)−1 ∥Φout∥L∞(R2×(0,T ))

+
(
λΘ∗ (0) + ∥Z∗∥C3(R2)

)−1 ∥∇xΦout∥L∞(R2×(0,T ))

+ sup
R2×(0,T )

[
| ln(T − t)|λΘ+1

∗ (t)R(t) + (T − t)∥Z∗∥C3(R2)

]−1 |Φout(x, t)− Φout(x, T )|

+ sup
R2×(0,T )

[
λΘ∗ (t) + (T − t)

α
2 ∥Z∗∥C3(R2)

]−1 |∇xΦout(x, t)−∇xΦout(x, T )|

+ sup
x,x∗∈R2,0<t<t∗<T, t∗−t<(T−t)/4

[
λΘ∗ (t)(λ∗(t)R(t))

−α + ∥Z∗∥C3(R2)

]−1 |∇xΦout(x, t)−∇xΦout(x∗, t∗)|(
|x− x∗|+

√
|t− t∗|

)α
+ sup

x∈R2,0<t<t∗<T, t∗−t<(T−t)/4

[
TAo,h(1 + ∥Z∗∥C3(R2))

]−1 |Φout(x, t)− Φout(x, t∗)|
(t∗ − t)α/2

(4.34)

under assumptions (D.1) for the parameters. The outer problem will be solved in

Bout :=
{
f | ∥f∥♯,Θ,α ≤ Λo, f(q

[j], T ) = 0 for j = 1, 2, . . . , N
}
, (4.35)

where Λo ≥ 1 will be determined later.
We take T , ∥Z∗∥C3(R2) ≪ 1 depending on Λo such that ∥|Φout| + |∇Φout|∥L∞(R2×(0,T )) ≪ 1. Since

Φ
[j]

in ∈ B
[j]

in with (4.29) and Φ
∗[j]
0 satisfies (3.23), for Φ given in (4.1), |Φ| ≪ a holds.

4.5. Strategy for solving the inner problems. In order to find inner solutions with sufficient
space-time decay, we need to impose orthogonality conditions for H[j] given in (4.18). Due to the
non-local feature at mode 0, we will only solve the non-local problem at the leading order and leave
the remainder to another piece of an inner problem without the orthogonality condition at mode 0.

By (2.23) and (2.22), we reformulate(
Q−γj

[(
a− bU [j]∧

)
L̃
U [j] [Φout]

])
Cj

(x, t) = L̃#
j [Φout](y

[j], t) + l̃#j [Φout](x, t), (4.36)

where the leading term L̃#
j [Φout] is given by

L̃#
j [Φout](y

[j], t) := L̃#
j,0[Φout](ρj , t) + eiθj L̃#

j,1[Φout](ρj , t) + e2iθj L̃#
j,2[Φout](ρj , t),

L̃#
j,0[Φout](ρj , t) := (a− ib)λ−1

j ρjw
2
ρj
(ρj)e

−iγj [∂x1
(Φout)1 + ∂x2

(Φout)2 + i (∂x1
(Φout)2 − ∂x2

(Φout)1)] (q
[j], t),

L̃#
j,1[Φout](ρj , t) := (a− ib)2λ−1

j wρj (ρj) cosw(ρj) [−∂x1 (Φout)3 + i∂x2 (Φout)3] (q
[j], t),

L̃#
j,2[Φout](ρj , t) := (a− ib)λ−1

j ρjw
2
ρj
(ρj)e

iγj [∂x1
(Φout)1 − ∂x2

(Φout)2 − i (∂x1
(Φout)2 + ∂x2

(Φout)1)] (q
[j], t),

(4.37)

and the smaller term l̃#j [Φout] is given by

l̃#j [Φout](x, t) := (a− ib)
[
λ−1
j ρjw

2
ρj
(ρj)e

−iγj

{
[∂x1

(Φout)1 + ∂x2
(Φout)2 + i (∂x1

(Φout)2 − ∂x2
(Φout)1)] (x, t)

− [∂x1
(Φout)1 + ∂x2

(Φout)2 + i (∂x1
(Φout)2 − ∂x2

(Φout)1)] (q
[j], t)

}
+ eiθj2λ−1

j wρj
(ρj) cosw(ρj)

{
[−∂x1

(Φout)3 + i∂x2
(Φout)3] (x, t)− [−∂x1

(Φout)3 + i∂x2
(Φout)3] (q

[j], t)
}

+ e2iθjλ−1
j ρjw

2
ρj
(ρj)e

iγj

{
[∂x1

(Φout)1 − ∂x2
(Φout)2 − i (∂x1

(Φout)2 + ∂x2
(Φout)1)] (x, t)

− [∂x1
(Φout)1 − ∂x2

(Φout)2 − i (∂x1
(Φout)2 + ∂x2

(Φout)1)] (q
[j], t)

}]
. (4.38)

By (4.34), |ξ̇[j]| ≤ Cξλ
ϵξ
∗ in (3.2), we have

|l̃#j [Φout](x, t)| ≲ λ−1
j ⟨ρj⟩−2∥Φout∥♯,Θ,α

(
λΘ∗ (λ∗R)

−α + ∥Z∗∥C3(R2)

) ∣∣x− ξ[j] + ξ[j] − q[j]
∣∣α

≲ λα−1
∗

(
λΘ∗ (λ∗R)

−α + ∥Z∗∥C3(R2)

)
⟨ρj⟩α−2∥Φout∥♯,Θ,α.

(4.39)
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Similar to (2.18), using the polar coordinates (2.3), we define the mode k component of l̃#j [Φout] by

l̃#j,k[Φout](ρj , t) := (2π)−1

ˆ 2π

0
l̃#j [Φout](λjρje

is + ξ[j], t)e−iksds. (4.40)

In view of Proposition 5.1, we will put l̃#j,0[Φout](ρj , t) and the mode 0 component (H[j]

in )Cj ,0 into non-

orthogonal inner problems instead of orthogonal inner problems. Here, the orthogonal (resp. non-
orthogonal) inner problem denotes the inner problem with (resp. without) orthogonality conditions
at corresponding modes imposed. More precisely, for j = 1, 2, . . . , N , we consider the following two
parts.
Orthogonal inner problems:

λ2j∂tΦ
[j1]

in = (a− bW [j]∧)
[
∆

y[j]
Φ

[j1]

in + |∇
y[j]
W [j]|2Φ[j1]

in − 2∇
y[j]

(
W [j] · Φ[j1]

in

)
· ∇

y[j]
W [j]

+ 2
(
∇

y[j]
W [j] · ∇

y[j]
Φ

[j1]

in

)
W [j]

]
+H[j]

1 − λ2j

(
l̃#j,0[Φout]

)
C−1
j

+H[j]

in −
(
(H[j]

in )Cj ,0

)
C−1
j

+
( 1∑

k=0

eikθjc
[j]

k (τj(t))η(|y[j]|)Zk,1(|y[j]|)
)
C−1
j

in D2CλR, (4.41)

Non-orthogonal inner problems:

λ2j∂tΦ
[j2]

in = (a− bW [j]∧)
[
∆

y[j]
Φ

[j2]

in + |∇
y[j]
W [j]|2Φ[j2]

in − 2∇
y[j]

(
W [j] · Φ[j2]

in

)
· ∇

y[j]
W [j]

+ 2
(
∇

y[j]
W [j] · ∇

y[j]
Φ

[j2]

in

)
W [j]

]
+ λ2j

(
l̃#j,0[Φout]

)
C−1
j

+
(
(H[j]

in )Cj ,0

)
C−1
j

+R0 [Φout, λj , γj ]

+
(ˆ 2

0
η(r)Z2

0,1(r)rdr
)−1(

c
[j]
∗0(τj(t))η(|y

[j]|)Z0,1(|y[j]|)
)
C−1
j

in D2CλR, (4.42)

where

R0[Φout, λj , γj ](y, t) := −
( ˆ 2

0
η(r)Z2

0,1(r)rdr
)−1

λjη(|y[j]|)Z0,1(|y[j]|)
(
e−iγj(t)R0[DCj [Φout]](t)

)
C−1
j
,

DCj [f ] = DCj [f ](t) := (a− ib) [∂x1f1 + ∂x2f2 + i (∂x1f2 − ∂x2f1)] (q
[j], t) (4.43)

for f = (f1, f2, f3) ∈ L∞(
(0, T );C1(R2)

)
; the operator R0 will be given in Proposition 5.1, and the

reason for the choice of R0 will be shown in (5.2); under suitable assumptions on parameters, using
Propositions 8.3 and 8.5 with R∗ = R1 = ∞, we will take

c
[j]
0 (τj(t)) = c0

[
[(H[j]

1 )Cj ,0 − λ2j l̃
#
j,0]C−1

j

]
(τj(t))

= −
( ˆ 2

0
η(r)Z2

0,1(r)rdr
)−1{ˆ ∞

0

[
(H[j]

1 )Cj ,0 − λ2j l̃
#
j,0

]
(ρj , t)Z0,1(ρj)ρjdρj + c

[j]
∗0(τj(t))

}
,

c
[j]
∗0(τj(t)) = c∗0

[
[(H[j]

1 )Cj ,0 − λ2j l̃
#
j,0]C−1

j

]
(τj(t)),

c
[j]
1 (τj(t)) = c1

[
[(H[j]

1 +H[j]

in )Cj ,1e
iθj ]C−1

j

]
(τj(t))

= −
(ˆ 2

0
η(r)Z2

1,1(r)rdr
)−1{ˆ ∞

0

(
H[j]

1 +H[j]

in

)
Cj ,1

(ρj , t)Z1,1(ρj)ρjdρj + c
[j]
∗1(τj(t))

}
,

c
[j]
∗1(τj(t)) = c∗1

[
[(H[j]

1 +H[j]

in )Cj ,1e
iθj ]C−1

j

]
(τj(t)). (4.44)

5. Reduced equations

5.1. Reformulation of reduced equations. We will consider the reduced equations

c
[j]
0 (τj(t)) +

( ˆ 2

0
η(r)Z2

0,1(r)rdr
)−1

c
[j]
∗0(τj(t))−

(ˆ 2

0
η(r)Z2

0,1(r)rdr
)−1

λje
−iγj(t)R0[DCj [Φout]](t) = 0,
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c
[j]
1 (τj(t)) = 0 for t ∈ (0, T ). (5.1)

If (5.1) is true, then (4.41) and (4.42) will give a solution Φ
[j]

in = Φ
[j1]

in +Φ
[j2]

in for (4.17). In the following
lemma, we write (5.1) in a form that is more convenient to handle.

Lemma 5.1. The reduced problem (5.1) is equivalent to

B0[pj ](t) = DCj [Φout](t) +R0[DCj [Φout]](t), (5.2)

ξ̇
[j]
1 − iξ̇

[j]
2 = λj

ˆ ∞

0

(
Q−γj

[(
a− bU [j]∧

)
L̃
U [j] [Φout]

])
Cj ,1

(ρj , t)Z1,1(ρj)ρjdρj

+ λ−1
j

ˆ ∞

0
(H[j]

in )Cj ,1(ρj , t)Z1,1(ρj)ρjdρj + λ−1
j c

[j]
∗1(τj(t)),

(5.3)

where

B0[pj ](t) := −
{ˆ t

−T

ṗj(s)

t− s

[
(−1 +O (ιj⟨ln ιj⟩))1{ιj≤1} +O(ι−1

j )1{ιj>1}

]
ds

+ (a− ib)eiγj(t)Re

[ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

(
O(ιj⟨ln ιj⟩)1{ιj≤1} +O(ι−1

j )1{ιj>1}

)
ds

]
+ Cp1ṗj + Cp2e

iγj(t)λ̇j

}
.

(5.4)

Proof. Terms in c
[j]
0 (τj(t)). There exists the correspondence between kernels (2.9) and (8.17) through

(8.18) and (8.19). See (8.17), Z0,1(ρj)ρj = ρ2j (ρ
2
j + 1)−1. By (4.19) and (4.36), we haveˆ ∞

0

[
(H[j]

1 )Cj ,0 − λ2j l̃
#
j,0

]
(ρj , t)Z0,1(ρj)ρjdρj = λ2j

ˆ ∞

0

(
L̃#
j,0 +M

[j]
0

)
(ρj , t)Z0,1(ρj)ρjdρj .

Using (4.44), the first equation in (5.1) can be written as

R0[DCj [Φout]](t) + λje
iγj(t)

ˆ ∞

0

(
L̃#
j,0 +M

[j]
0

)
(ρj , t)Z0,1(ρj)ρjdρj = 0. (5.5)

Here, ˆ ∞

0
L̃#
j,0(ρj , t)Z0,1(ρj)ρjdρj = λ−1

j e−iγj(t)DCj [Φout], (5.6)

where we used
´∞
0 ρjw

2
ρj (ρj)Z0,1(ρj)ρjdρj =

´∞
0

4ρ3j
(ρ2j+1)3

dρj = 1.

Recall (3.17), ζj = ιj(ρ
2
j + 1), ιj = λ2j (t)(t− s)−1. By (3.47) and Z0,1(ρj)ρj = ρ2j (ρ

2
j + 1)−1, then

ˆ ∞

0

M0(ρj , t)Z0,1(ρj)ρjdρj = λ−1
j

ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0{[
ρ3j (3ρ

7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

2(ρ2j + 1)
5
2 (ρ3j + 1)3

+O
(
ιj⟨ρj⟩−1

) ]
1{ιj(ρ2

j+1)≤1} +O
(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2

j+1)>1}

}
dρjds

− λ−1
j Re

[ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0

{[
ρ3j (3ρ

7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

(ρ2j + 1)
7
2 (ρ3j + 1)3

+O
(
ιj⟨ρj⟩−3

) ]
1{ιj(ρ2

j+1)≤1}

+O
(
ι−1
j ⟨ρj⟩−7

)
1{ιj(ρ2

j+1)>1}

}
dρjds

]
+ b(ia+ b)λ−1

j Re

[
ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0

{[
ρ3j (3ρ

7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

(ρ2j + 1)
7
2 (ρ3j + 1)3

+O
(
ιj⟨ρj⟩−1

) ]
1{ιj(ρ2

j+1)≤1}

+O
(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2

j+1)>1}

}
dρjds

]
+ b(ib− a)λ−1

j Re

[
ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0

{[
iρ3j (3ρ

7
j + ρ6j + 12ρ5j − 15ρ4j + 11ρ3j − 24ρ2j − 8)

(ρ2j + 1)
7
2 (ρ3j + 1)3

+O
(
ιj⟨ρj⟩−1

) ]
1{ιj(ρ2

j+1)≤1}
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+O
(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2

j+1)>1}

}
dρjds

]
− (a− ib)λ−1

j

ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0

{
[

4(a+ ib)ρ5j

(ρ2j + 1)
5
2 (ρ3j + 1)

+O
(
ιj⟨ρj⟩−1

) ]
1{ιj(ρ2

j+1)≤1} +O
(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2

j+1)>1}

}
dρjds

+ (a− ib)λ−1
j Re

[ ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0

{
[

8(a+ ib)ρ5j

(ρ2j + 1)
7
2 (ρ3j + 1)

+O
(
ιj⟨ρj⟩−3

) ]
1{ιj(ρ2

j+1)≤1} +O
(
ι−1
j ⟨ρj⟩−7

)
1{ιj(ρ2

j+1)>1}

}
dρjds

]
− (a− ib)λ−1

j Re

[ ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0

{[
(a+ ib)

4ρ5j (ρ
3
j + 3ρ2j + 4)

(ρ2j + 1)
7
2 (ρ3j + 1)2

+O
(
ιj⟨ρj⟩−1

) ]
1{ιj(ρ2

j+1)≤1}

+O
(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2

j+1)>1}

}
dρjds

]
+ Cp1p

−1
j ṗj + Cp2λ

−1
j λ̇j

= λ−1
j

ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0

{[
f1(ρj) +O

(
ιj⟨ρj⟩−1

)]
1{ιj(ρ2

j+1)≤1} +O
(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2

j+1)>1}

}
dρjds

+ (a− ib)λ−1
j Re

[ ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

ˆ ∞

0

{[
(a+ ib)f2(ρj) +O

(
ιj⟨ρj⟩−1

)]
1{ιj(ρ2

j+1)≤1}

+O
(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2

j+1)>1}

}
dρjds

]
+ Cp1p

−1
j ṗj + Cp2λ

−1
j λ̇j ,

where, for brevity, we denote

Cp1 :=

ˆ ∞

0

2ρ3j [ρ
2
j − ρj − (ρ2j + 1)

1
2 ]

[ρj + (ρ2j + 1)
1
2 ](ρ3j + 1)(ρ2j + 1)2

dρj = −0.123584,

Cp2 := −
ˆ ∞

0

4ρ5j [ρ
2
j + ρj(ρ

2
j + 1)

1
2 + 1]

[ρj + (ρ2j + 1)
1
2 ](ρ3j + 1)(ρ2j + 1)3

dρj = −0.823455,

f1(ρj) :=
−8ρ11j + 3ρ10j + ρ9j − 4ρ8j − 15ρ7j + 11ρ6j − 32ρ5j − 8ρ3j

2(ρ2j + 1)
5
2 (ρ3j + 1)3

,

f2(ρj) :=
4ρ11j − 15ρ10j − ρ9j − 16ρ8j + 3ρ7j − 11ρ6j + 16ρ5j + 8ρ3j

(ρ2j + 1)
7
2 (ρ3j + 1)3

.

Notice
´∞
0 f1(ρj)dρj = −1,

´∞
0 f2(ρj)dρj = 0. Thenˆ ∞

0

{[
f1(ρj) +O

(
ιj⟨ρj⟩−1

)]
1{ιj(ρ2j+1)≤1} +O

(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2j+1)>1}

}
dρj

= (−1 +O(ιj⟨ln ιj⟩))1{ιj≤1} +O(ι−1
j )1{ιj>1},ˆ ∞

0

{[
(a+ ib)f2(ρj) +O

(
ιj⟨ρj⟩−1

)]
1{ιj(ρ2j+1)≤1} +O

(
ι−1
j ⟨ρj⟩−5

)
1{ιj(ρ2j+1)>1}

}
dρj

= O(ιj⟨ln ιj⟩)1{ιj≤1} +O(ι−1
j )1{ιj>1}

since for ιj > 1,
´∞
0 O

(
ι−1
j ⟨ρj⟩−5

)
dρj = O

(
ι−1
j

)
, and for 0 < ιj ≤ 1,

ˆ (ι−1
j −1)

1
2

0

[
f1(ρj) +O

(
ιj⟨ρj⟩−1

)]
dρj +

ˆ ∞

(ι−1
j −1)

1
2

O
(
ι−1
j ⟨ρj⟩−5

)
dρj = −1 +O(ιj⟨ln ιj⟩),

ˆ (ι−1
j −1)

1
2

0

[
(a+ ib)f2(ρj) +O

(
ιj⟨ρj⟩−1

)]
dρj +

ˆ ∞

(ι−1
j −1)

1
2

O
(
ι−1
j ⟨ρj⟩−5

)
dρj = O(ιj⟨ln ιj⟩).
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Thus, we arrive atˆ ∞

0
M0(ρj , t)Z0,1(ρj)ρjdρj = λ−1

j

ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

[
(−1 +O (ιj⟨ln ιj⟩))1{ιj≤1} +O(ι−1

j )1{ιj>1}

]
ds

+ (a− ib)λ−1
j Re

[ˆ t

−T

ṗj(s)e
−iγj(t)

t− s

(
O(ιj⟨ln ιj⟩)1{ιj≤1} +O(ι−1

j )1{ιj>1}

)
ds

]
+ Cp1p

−1
j ṗj + Cp2λ

−1
j λ̇j .

(5.7)
By plugging (5.6) and (5.7) into (5.5), we can re-write the first equation in (5.1) as (5.2).

Terms in c
[j]
1 (τj(t)). See (8.17), Z1,1(ρj) =

1
ρ2j+1

. By (4.19), one has

ˆ ∞

0

(
H[j]

1 +H[j]

in

)
Cj ,1

(ρj , t)Z1,1(ρj)ρjdρj

=

ˆ ∞

0

{
λ2j

(
Q−γj

[
(a− bU [j]∧)L̃

U [j] [Φout]
])

Cj ,1
+ λ2jM

[j]
1 + (H[j]

in )Cj ,1

}
(ρj , t)Z1,1(ρj)ρjdρj ,

(5.8)

where we recall M
[j]
1 given in (3.43) and getˆ ∞

0
M

[j]
1 (ρj , t)Z1,1(ρj)ρjdρj = −(ξ̇

[j]
1 − iξ̇

[j]
2 )λ−1

j

ˆ ∞

0

2ρj
(ρ2j + 1)2

dρj = −(ξ̇
[j]
1 − iξ̇

[j]
2 )λ−1

j . (5.9)

By (5.8) and (5.9), the second equation of (5.1) can be rewritten as (5.3). □

5.2. Linear theory for the non-local reduced equations. To introduce the space for the pa-
rameter function pj(t), we recall that the non-local operator B0 given in (5.4) for mode 0 is of the
approximate form

B0[p] =

ˆ t−λ2
∗

−T

ṗ(s)

t− s
ds +O(|ṗ(t)|).

For Θ ∈ (0, 1), ϖ ∈ R and a continuous function g : [−T, T ] → C, we define the norm

∥g∥Θ,ϖ = sup
t∈[−T,T ]

(T − t)−Θ| ln(T − t)|ϖ|g(t)|,

and for α ∈ (0, 1), m̃, ϖ ∈ R, we define the semi-norm

[g]α
2
,m̃,ϖ = sup

−T≤s<t≤T, t−s≤(T−t)/4
(T − t)−m̃| ln(T − t)|ϖ |g(t)− g(s)|

(t− s)α/2
.

The following proposition proved in [22, Proposition 6.5, Proposition 6.6] gives an approximate
inverse of the non-local operator B0 with a small remainder R0.

Proposition 5.1. Let α0,
α
2 ∈ (0, 12), ϖ ∈ R, C1 > 1. There exists ♭ > 0 such that if Θ ∈ (0, ♭) and

m̃ ≤ Θ− α
2 , then for h(t) : [0, T ] → C satisfying

C−1
1 ≤ |h(T )| ≤ C1, TΘ| lnT |1+σ−ϖ∥h(·)− h(T )∥Θ,ϖ−1 + [h]α

2
,m̃,ϖ−1 ≤ C1 (5.10)

for some σ ∈ (0, 1) and T > 0 small enough, there exist two linear operators P and R0 so that
p = P[h] : [−T, T ] → C satisfies

B0[p](t) = h(t) +R0[h](t), t ∈ [0, T ]

with

|R0[h](t)| ≤ C
(
T σ1 + TΘ ln | lnT |

| lnT |
∥h(·)− h(T )∥Θ,ϖ−1 + [h]α

2
,m̃,ϖ−1

)(T − t)m̃+
(1+α0)α

2

| ln(T − t)|ϖ

for some σ1 > 0. Moreover,
P[h] = p0,κ[h] + P1[h] + P2[h],
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where p0,κ[h] is the leading term of P[h] with

p0,κ[h](t) = κ| lnT |
ˆ T

t
| ln(T − s)|−2ds = κ

(
1 +O(| lnT |−1)

)
| lnT |(T − t)| ln(T − t)|−2,

κ = κ[h] = h(T )
(
1 +O(| lnT |−1)

)
, |∂tP1[h](t)| ≤ C

| lnT |1−σ (ln(| lnT |))2

| ln(T − t)|3−σ
,

|∂2t P1[h](t)| ≤ C
| lnT |

| ln(T − t)|3(T − t)
, ∥∂tP2[h]∥Θ,ϖ ≤ C

(
T

1
2
+σ−Θ + ∥h(·)− h(T )∥Θ,ϖ−1

)
,

[∂tP2[h]]α
2
,m̃,ϖ ≤ C

(
| lnT |ϖ−3T ♭−m̃−α

2 + TΘ| lnT |−1 ln | lnT |∥h(·)− h(T )∥Θ,ϖ−1 + [h]α
2
,m̃,ϖ−1

)
.

(5.11)

We now impose constraints on the parameters such that we can apply Proposition 5.1 to provide a
linear mapping to pj for (5.2) with h = DCj [Φout](t). The vanishing and Hölder properties in (5.10)
are exactly the ones inherited from the weighted topology (4.34) for the outer problem, namely

|DCj [Φout](t)−DCj [Φout](T )| ≲ λΘ∗ (t) + (T − t)
α
2 ∥Z∗∥C3(R2),

|DCj [Φout](t)−DCj [Φout](s)|
|t− s|α/2

≲ λ∗(t)
Θ−α(1−β) + ∥Z∗∥C3(R2) for |t− s| < T − t

4
.

In order for both ∥DCj [Φout](·)−DCj [Φout](T )∥Θ,ϖ−1, [DCj [Φout]]α
2
,m̃,ϖ−1 to be finite, we need

ϖ − 1− 2Θ < 0, Θ < α/2, m̃ < min {Θ− α(1− β), 0} . (5.12)

We put the remainder R0[DCj [Φout]] in the non-orthogonal inner problem (4.42). For the gluing to
work, suitable parameters will be chosen such that R0[DCj [Φout]] has fast time decay.

6. Linear theory for the outer problem

6.1. DMOx, |DMO|x spaces, and regularity results. Given a vector-valued function f defined in
Q := Ω× (t0, t1) ⊂ Rd+1, for X = (x, t) ∈ Q, (Br(x) ∩ Ω)× (t− r2, t) ⊂ Q, we define

ωx
f ,Q(r,X) :=

 
(Br(x)∩Ω)×(t−r2,t)

∣∣∣f(y, s)−  
Br(x)∩Ω

f(z, s)dz
∣∣∣dyds,

ωx
f (r,Q) := sup

{
ωx
f ,Q(r,X) | X ∈ Q

}
and ωx

f (r) := ωx
f (r,Rd+1).

We say that f is of Dini mean oscillation in x over Q and write f ∈ DMOx(Q) if ωx
f (r,Q) satisfies

the Dini condition
´ 1
0 r

−1ωx
f (r,Q)dr < +∞. Denote the DMOx(Q) semi-norm as [f ]DMOx(Q) :=´ 1

0 r
−1ωx

f (r,Q)dr. Similarly, for X = (x, t) ∈ Q, (Br(x) ∩ Ω)× (t− r2, t) ⊂ Q, we define

|ω|xf ,Q(r,X) :=

 
(Br(x)∩Ω)×(t−r2,t)

 
Br(x)∩Ω

|f(y, s)− f(z, s)| dzdyds,

|ω|xf (r,Q) := sup
{
|ω|xf ,Q(r,X) | X ∈ Q

}
and |ω|xf (r) := |ω|xf (r,Rd+1).

We say that f is of Dini mean absolute oscillation in x over Q and write f ∈ |DMO|x(Q) if

|ω|xf (r,Q) satisfies the Dini condition
´ 1
0 r

−1|ω|xf (r,Q)dr < +∞. Denote the |DMO|x(Q) semi-norm

as [f ]|DMO|x(Q) :=
´ 1
0 r

−1|ω|xf (r,Q)dr, and

∥f∥(|DMO|x∩L∞)(Q) := [f ]|DMO|x(Q) + ∥f∥L∞(Q).

If |Br(x) ∩ Ω| ≥ C|Br(x)| with a constant C ∈ (0, 1) for all x ∈ Ω, it follows that |ω|xf ,Q(r,X) ≲

|ω|x
f ,Rd+1(r,X) and thus |DMO|x(Rd+1) ⊂ |DMO|x(Q).

We present some basic properties about DMOx(Q) and |DMO|x(Q) in the following lemma.

Lemma 6.1. (1) For f ∈ |DMO|x(Q), then [f ]DMOx(Q) ≤ [f ]|DMO|x(Q), [|f |]|DMO|x(Q) ≤ [f ]|DMO|x(Q).
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(2) If |f(x, t) − f(y, t)| ≤ C|x − y|αf with constants C > 0, 0 < αf ≤ 1 for all (x, t), (y, t) ∈ Q,

then [f ]|DMO|x(Q) ≤ α−1
f C.

(3) For f, g ∈ DMOx(Q)(|DMO|x(Q)), c ∈ R, then [f + g]DMOx(Q) ≤ [f ]DMOx(Q) + [g]DMOx(Q),
[cf ]DMOx(Q) = |c|[f ]DMOx(Q) ([f + g]|DMO|x(Q) ≤ [f ]|DMO|x(Q) + [g]|DMO|x(Q), [cf ]|DMO|x(Q) =
|c|[f ]|DMO|x(Q)).

(4) For f ∈ |DMO|x(Q) satisfying |f | ≥ C1 > 0 uniformly in Q, then [ 1f ]|DMO|x(Q) ≤ C−2
1 [f ]|DMO|x(Q),

[|f |θ]|DMO|x(Q) ≤ θCθ−1
1 [f ]|DMO|x(Q) with 0 < θ < 1.

(5) For f, g ∈ |DMO|x(Q)∩L∞(Q), then [fg]|DMO|x(Q) ≤ [f ]|DMO|x(Q)∥g∥L∞(Q)+[g]|DMO|x(Q)∥f∥L∞(Q),

[|f |θ]|DMO|x(Q) ≤ θ∥f∥θ−1
L∞(Q)[f ]|DMO|x(Q) with θ > 1.

Proof. The proof is straightforward by the definition. □

Compared with DMOx(Q), |DMO|x(Q) has the advantage that the functions in |DMO|x(Q) are
closed under arithmetic under some weak assumptions.

Denote Q−
r (X) = Q−

r (x, t) := Br(x)× (t− r2, t) ⊂ Rd+1.

Proposition 6.1. Consider the second-order parabolic system

ut −
d∑

α,β=1

AαβDαβu+

d∑
α=1

BαDαu+Cu = g in Q−
2 (0),

where u = (u1, u2, . . . , um), Aαβ = (Aαβ
ij (x, t))mi,j=1, B

α = (Bα
ij(x, t))

m
i,j=1, C = (Cij(x, t))

m
i,j=1, g =

(g1, g2, . . . , gm), Aαβ,Bα,C ∈ DMOx(Q
−
2 (0))∩L∞(Q−

2 (0)), and Aαβ satisfies the Legendre-Hadamard
ellipticity

Aαβ
ij (x, t)ξαξβϑ

iϑj ≥ c1|ξ|2|ϑ|2 (6.1)

with a constant c1 > 0 for all (x, t) ∈ Q−
2 (0), ξ ∈ Rd, ϑ ∈ Rm. Let u ∈ W 1,2

2 (Q−
2 (0)) be the strong

solution and u ∈ L∞(Q−
2 (0)), g ∈ DMOx(Q

−
2 (0)) ∩ L∞(Q−

2 (0)). Then

∥D2u∥L∞(Q−
1 (0)) + ∥∂tu∥L∞(Q−

1 (0)) ≲ ∥u∥L∞(Q−
2 (0)) + ∥g∥L∞(Q−

2 (0)) + [g]DMOx(Q
−
2 (0)).

Proof. It is a direct application of [31, Lemma 4.13] and the Lp estimates. □

Proposition 6.2. Consider the second-order parabolic system

ut −
d∑

α,β=1

AαβDαβu+
d∑

α=1

BαDαu+Cu = g in Rd+1.

Given (x∗, t∗) ∈ Rd+1, ρ∗ > 0, denote ũ(z, s) := u(x∗+ρ∗z, t∗+ρ
2
∗s), g̃(z, s) := ρ2∗g(x∗+ρ∗z, t∗+ρ

2
∗s),

Ãαβ(z, s) := Aαβ(x∗+ρ∗z, t∗+ρ
2
∗s), B̃

α(z, s) := ρ∗B
α(x∗+ρ∗z, t∗+ρ

2
∗s), C̃(z, s) := ρ2∗C(x∗+ρ∗z, t∗+

ρ2∗s). Suppose that ũ, g̃, Ãαβ, B̃α, C̃ satisfy the assumption in Proposition 6.1, and

[f ]DMOx(Q
−
2 (0)) + ∥f∥L∞(Q−

2 (0)) ≤ C, f = Ãαβ, B̃α, C̃

with a constant C independent of x∗, t∗ and ρ∗, then

∥(D2
xu)(x∗ + ρ∗z, t∗ + ρ2∗s)∥L∞(Q−

1 (0)) + ∥(∂tu)(x∗ + ρ∗z, t∗ + ρ2∗s)∥L∞(Q−
1 (0))

≲ ρ−2
∗ ∥u(x∗ + ρ∗z, t∗ + ρ2∗s)∥L∞(Q−

2 (0)) + ∥g(x∗ + ρ∗z, t∗ + ρ2∗s)∥L∞(Q−
2 (0)) + [g(x∗ + ρ∗z, t∗ + ρ2∗s)]DMOx(Q

−
2 (0))

with “≲” independent of x∗, t∗ and ρ∗.

Proof. Since ∂sũ−
∑d

α,β=1 Ã
αβ∂zαzβ ũ+

∑d
α=1 B̃

α∂zαũ+C̃ũ = g̃, the conclusion is a direct application
of Proposition 6.1. □
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6.2. Fundamental solution for the outer problem.

Proposition 6.3. Consider the second-order parabolic system

ut =
d∑

α,β=1

AαβDαβu in Rd+1, (6.2)

where u = (u1, u2, . . . , um), Aαβ = (Aαβ
ij (x, t))mi,j=1, [Aαβ]DMOx(Rd+1) + ∥Aαβ∥L∞(Rd+1) ≤ Λ for a

constant Λ > 0 and Legendre-Hadamard ellipticity (6.1) for all (x, t) ∈ Rd+1. Then the parabolic
system (6.2) has a fundamental solution Γ(x, t, y, s) satisfying(

∂t −
d∑

α,β=1

AαβDαβ

)
Γ(·, ·, y, s) = 0 in Rd × (s,∞), lim

t→s+
Γ(·, t, y, s) = δy(·) on Rd.

Moreover, for any δ ∈ (0, 1), there exists a universal constant c > 0 such that for 0 < t− s ≤ 1,

(t− s)
(
|∂tΓ(x, t, y, s)|+ |D2

xΓ(x, t, y, s)|
)
+ (t− s)

1
2 |DxΓ(x, t, y, s)|+ |Γ(x, t, y, s)|

≤ C(d, c1,Λ, ω
x
A, δ)(t− s)−

d
2 e

−c
(

|x−y|√
t−s

)2−δ

;

(6.3)

for s < t1 < t2 ≤ s+ 1, x1, x2 ∈ Rd, α ∈ (0, 1),

|Γ(x1, t1, y, s)− Γ(x2, t2, y, s)|(
|x1 − x2|+

√
|t1 − t2|

)α ≤ C(α, d, c1,Λ, ω
x
A, δ)(t2−s)−

α
2

[
(t1−s)−

d
2 e

−c
(

|x1−y|√
t1−s

)2−δ

+(t2−s)−
d
2 e

−c
(

|x2−y|√
t2−s

)2−δ]
,

(6.4)
|(DxΓ)(x1, t1, y, s)− (DxΓ)(x2, t2, y, s)|(

|x1 − x2|+
√

|t1 − t2|
)α

≤ C(α, d, c1,Λ, ω
x
A, δ)(t2 − s)−

α
2

[
(t1 − s)−

d+1
2 e

−c
(

|x1−y|√
t1−s

)2−δ

+ (t2 − s)−
d+1
2 e

−c
(

|x2−y|√
t2−s

)2−δ]
.

(6.5)

Furthermore, for f ∈ C3
0 (Rd) satisfying suppf ⊂ BC1 with a constant C1 > 0, denote (Γ ∗ f) (x, t) :=´

Rd Γ(x, t, y, s)f(y)dy. Then for 0 < t− s ≤ 1, s < t1 < t2 ≤ s+ 1, x1, x2 ∈ Rd,

|Γ ∗ f |+ |Dx (Γ ∗ f)|+
∣∣D2

x (Γ ∗ f)
∣∣+ |∂t (Γ ∗ f)| ≲ C(C1, d, c1,Λ, ω

x
A, δ)∥f∥C3(Rd),

|Dx (Γ ∗ f) (x1, t1)−Dx (Γ ∗ f) (x2, t2)|(
|x1 − x2|+

√
|t1 − t2|

)α ≲ C(α,C1, d, c1,Λ, ω
x
A, δ)∥f∥C3(Rd).

(6.6)

Proof. The existence of the fundamental solution is a generalization of [34, Theorems 1.1, 1.3] to the

parabolic system (6.2). Indeed, W 2,1
p estimates for parabolic systems are given in [32], which can

be used to generalize [34, Lemma 2.2] to parabolic systems. The results [34, Lemma 2.3] and [31,
Theorem 3.3] can also be generalized to parabolic systems.

Given (x∗, t∗) ∈ Rd+1, ρ∗ ≤ 1, [Aαβ(x∗ + ρ∗z, t∗ + ρ2∗τ)]DMOx(Rd+1) ≤ Λ. By a generalized version

of [34, Theorem 1.3], [31, Theorem 3.2] for parabolic systems, and the scaling argument similar to
Proposition 6.2, the validity of (6.3) follows, where C(d, c1,Λ, ω

x
A, δ), c > 0 will vary from line to line.

The constant “C” in the proof depends on d, c1,Λ, ω
x
A, δ, and for simplicity, we will not stress this

dependence by writing these explicitly.

For any (x∗, t∗), (y, s) ∈ Rd+1, s < t∗ ≤ s+1, set ρ∗ = (t∗ − s)
1
2 . Consider Γ(x∗ + ρ∗z, t∗ + ρ2∗τ, y, s)

as a function of z, τ . For p > d+ 2, set α1 = 1− d+2
p . Then

ρ−1−α1
∗ ∥Γ(x∗ + ρ∗z, t∗ + ρ2∗τ, y, s)∥Lp(B(0, 1

2
)×(− 1

4
,0))

≲ (t∗ − s)−
1+α1

2 ∥(t∗ + ρ2∗τ − s)−
d
2 e

−c
(

|x∗+ρ∗z−y|√
t∗+ρ2∗τ−s

)2−δ

∥Lp(B(0, 1
2
)×(− 1

4
,0))
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≲

(t∗ − s)−
d+1+α1

2 if |x∗ − y| ≤ (t∗ − s)
1
2

(t∗ − s)−
d+1+α1

2 e
−c(

|x∗−y|√
t∗−s

)2−δ

if |x∗ − y| > (t∗ − s)
1
2

∼ (t∗ − s)−
d+1+α1

2 e
−c(

|x∗−y|√
t∗−s

)2−δ

,

where we used

3

4
(t∗ − s) ≤ t∗ + ρ2∗τ − s ≤ t∗ − s,

|x∗ + ρ∗z − y|√
t∗ + ρ2∗τ − s

{
≲ 1 if |x∗ − y| ≤ (t∗ − s)

1
2

∼ |x∗−y|√
t∗−s

if |x∗ − y| > (t∗ − s)
1
2 .

Similarly,

ρ−α1
∗ ∥(DxΓ)(x∗ + ρ∗z, t∗ + ρ2∗τ, y, s)∥Lp(B(0, 1

2
)×(− 1

4
,0)) + ρ1−α1

∗ ∥(D2
xΓ)(x∗ + ρ∗z, t∗ + ρ2∗τ, y, s)∥Lp(B(0, 1

2
)×(− 1

4
,0))

+ ρ1−α1
∗ ∥(∂tΓ)(x∗ + ρ∗z, t∗ + ρ2∗τ, y, s)∥Lp(B(0, 1

2
)×(− 1

4
,0)) ≲ (t∗ − s)−

d+1+α1
2 e

−c(
|x∗−y|√

t∗−s
)2−δ

.

By the Sobolev embedding theorem (see [31, Lemma 2.1] for instance),

sup

x1,x2∈B(x∗,
(t∗−s)

1
2

2
),t1,t2∈(t∗− t∗−s

4
,t∗)

|(DxΓ)(x1, t1, y, s)− (DxΓ)(x2, t2, y, s)|
(|x1 − x2|+

√
|t1 − t2|)α1

≲ C(α1)(t∗−s)−
d+1+α1

2 e
−c(

|x∗−y|√
t∗−s

)2−δ

.

For (x1, t1) /∈ B(x∗,
(t∗−s)

1
2

2 )× (t∗ − t∗−s
4 , t∗), by (6.3), we have

|(DxΓ)(x1, t1, y, s)− (DxΓ)(x∗, t∗, y, s)|
(|x1 − x∗|+

√
|t1 − t∗|)α1

≲ (t∗−s)−
α1
2

{
(t1−s)−

d+1
2 e

−c(
|x1−y|√

t1−s
)2−δ

+(t∗−s)−
d+1
2 e

−c(
|x∗−y|√

t∗−s
)2−δ

}
.

Similarly, we have

|Γ(x1, t1, y, s)− Γ(x∗, t∗, y, s)|
(|x1 − x∗|+

√
|t1 − t∗|)α2

≲ C(α2)(t∗ − s)−
d+α2

2 e
−c(

|x∗−y|√
t∗−s

)2−δ

for (x1, t1) ∈ B(x∗,
(t∗−s)

1
2

2 )× (t∗ − t∗−s
4 , t∗), where α2 =

{
2− d+2

p if p < d+ 2

1− ϵ for any ϵ ∈ (0, 1), if p ≥ d+ 2.

For (x1, t1) /∈ B(x∗,
(t∗−s)

1
2

2 )× (t∗ − t∗−s
4 , t∗), by (6.3), we get

|Γ(x1, t1, y, s)− Γ(x∗, t∗, y, s)|
(|x1 − x∗|+

√
|t1 − t∗|)α2

≲ (t∗ − s)−
α2
2

{
(t1 − s)−

d
2 e

−c(
|x1−y|√

t1−s
)2−δ

+ (t∗ − s)−
d
2 e

−c(
|x∗−y|√

t∗−s
)2−δ

}
.

By (6.3), (C.2), one has |Γ ∗ f | ≲ ∥f∥L∞ . By [31, Theorem 3.2], and W 1,2
p estimates [32, Theorem

2] (where we used suppf ⊂ BC1), we conclude the validity of (6.6). □

6.3. Properties of the leading coefficients for the outer problem.

Proposition 6.4. Suppose that T ≪ 1, λj given in (3.2), |Φ| ≪ a, ∥|Φout|+ |∇Φout|∥L∞(R2×(0,T )) ≤ 1,

∥Φ[j]

in ∥in,ν−δ0,l ≲ 1, parameter assumption (4.29) and

ν − δ0 > 1/2 (6.7)

holds, then BΦ,U∗ defined in (4.22) satisfies the Legendre-Hadamard ellipticity (6.1) with a constant
c1 and ∥BΦ,U∗∥(|DMO|x∩L∞)(R2×(0,T )) ≤ C, where c1, C are positive constants independent of T .

Proof. In this proof, we assume R2
T = R2× (0, T ) and all “≲” are independent of T . Set A11 = A22 =

aI3 − bU∗∧, and Aαβ = 0 for all (α, β) ̸= (1, 1), (2, 2). For f = (f1, f2) ∈ R2, g ∈ R3,

2∑
α,β=1

gtrAαβfαfβg = gtr[|f |2(aI3 − bU∗∧)g] = |f |2
(
a|g|2 − bgtr[U∗ ∧ g]

)
= a|f |2|g|2.
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By (4.23), (4.5), then |B̃Φ,U∗ | = O(λ∗ + |Φ|). Taking T ≪ 1 and |Φ| ≪ a, one has that BΦ,U∗ satisfies
(6.1) with a constant c1 > 0 independent of T . Next we will prove ∥BΦ,U∗∥(|DMO|x∩L∞)(R2

T ) ≲ 1. Recall

U [j] given in (2.10). Obviously, |U [j]| ≡ 1. Since

2y[j]

|y[j]|2 + 1
=

2λj(t)(x− ξ[j](t))

|x− ξ[j](t)|2 + λ2j (t)
,

|y[j]|2 − 1

|y[j]|2 + 1
= 1−

2λ2j (t)

|x− ξ[j](t)|2 + λ2j (t)
,

in order to get [U [j]]|DMO|x(R2
T ) ≲ 1, it suffices to prove

[f ]|DMO|x(R2
T ) ≲ 1 for f =

λ2j (t)

|x− ξ[j](t)|2 + λ2j (t)
,

λj(t)(x− ξ[j](t))

|x− ξ[j](t)|2 + λ2j (t)
. (6.8)

Proof of (6.8).∣∣∣∣ λ2j (s)

|w − ξ[j](s)|2 + λ2j (s)
−

λ2j (s)

|z − ξ[j](s)|2 + λ2j (s)

∣∣∣∣ = λ2j (s)
∣∣|z − ξ[j](s)|2 − |w − ξ[j](s)|2

∣∣(
|w − ξ[j](s)|2 + λ2j (s)

)(
|z − ξ[j](s)|2 + λ2j (s)

)
≤ |w − z|λ2j (s)

∣∣z − ξ[j](s)
∣∣+ ∣∣w − ξ[j](s)

∣∣(
|w − ξ[j](s)|2 + λ2j (s)

)(
|z − ξ[j](s)|2 + λ2j (s)

)
≲ |w − z|λj(s)

[( ∣∣w − ξ[j](s)
∣∣2 + λ2j (s)

)−1
+
( ∣∣z − ξ[j](s)

∣∣2 + λ2j (s)
)−1]

.

Then for any Q−
r (X) ⊂ R2

T , 
Q−

r (X)

 
Br(x)

∣∣∣∣ λ2j (s)

|w − ξ[j](s)|2 + λ2j (s)
−

λ2j (s)

|z − ξ[j](s)|2 + λ2j (s)

∣∣∣∣dzdwds
≲ r

 
Q−

r (X)

 
Br(x)

λj(s)
[( ∣∣w − ξ[j](s)

∣∣2 + λ2j (s)
)−1

+
( ∣∣z − ξ[j](s)

∣∣2 + λ2j (s)
)−1

]
dzdwds

∼ r

 t

t−r2

 
Br(x)

λj(s)
( ∣∣z − ξ[j](s)

∣∣2 + λ2j (s)
)−1

dzds ≤ r

 t

t−r2

 
Br(0)

λj(s)
(
|z|2 + λ2j (s)

)−1
dzds

∼ r−3

ˆ t

t−r2
λj(s)

ˆ r

0

(
v2 + λ2j (s)

)−1
vdvds ∼ r−3

ˆ t

t−r2
λj(s) ln

(
1 + λ−2

j (s)r2
)
ds. (6.9)

It suffices to prove that the following integral is bounded.ˆ 1

0
r−4

ˆ t

t−r2
λj(s) ln

(
1 + λ−2

j (s)r2
)
dsdr =

ˆ t

0

ˆ 1

0
r−4λj(s) ln

(
1 + λ−2

j (s)r2
)
1
{r≥(t−s)

1
2 }
drds

=
( ˆ t

[t−(T−t)]+

+

ˆ [t−(T−t)]+

0

)
λ−2
j (s)

ˆ 1
λj(s)

(t−s)
1
2

λj(s)

z−4 ln(1 + z2)dzds.

Recall λj in (3.2). For the first part, since T − t ≤ T − s ≤ 2(T − t), there exist constants c1, c2 > 0
such thatˆ t

[t−(T−t)]+

λ−2
j (s)

ˆ 1
λj(s)

(t−s)
1
2

λj(s)

z−4 ln(1 + z2)dzds ≲
( ˆ [t−λ2

j (t)]+

[t−(T−t)]+

+

ˆ t

[t−λ2
j (t)]+

)
λ−2
j (t)

ˆ c1
λj(t)

c2
(t−s)

1
2

λj(t)

z−4 ln(1 + z2)dzds

≲
ˆ [t−λ2

j (t)]+

[t−(T−t)]+

λ−2
j (t)

[ (t− s)
1
2

λj(t)

]−3

ln
(
1 +

[ (t− s)
1
2

λj(t)

]2)
ds+ 1 ≲

ˆ (T−t)
1
2

λj(t)

1

y−2 ln(1 + y2)dy + 1 ≲ 1.

For the second part, since (T − s)/2 ≤ t− s ≤ T − s,
ˆ [t−(T−t)]+

0
λ−2
j (s)

ˆ 1
λj(s)

(t−s)
1
2

λj(s)

z−4 ln(1 + z2)dzds ≤
ˆ [t−(T−t)]+

0
λ−2
j (s)

ˆ 1
λj(s)

(T−s)
1
2√

2λj(s)

z−4 ln(1 + z2)dzds
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≲
ˆ [t−(T−t)]+

0
λj(s)(T − s)−

3
2 ln

(
1 +

[(T − s)
1
2

√
2λj(s)

]2)
ds ≲ 1,

where the type II speed λj(t) ≲ (T − t)
1
2
+ϵ with a constant 0 < ϵ ≪ 1 is essential for the last step.

Next for i = 1, 2,∣∣∣∣ λj(s)
(
wi − ξ

[j]

i (s)
)

|w − ξ[j](s)|2 + λ2j (s)
−

λj(s)
(
zi − ξ

[j]

i (s)
)

|z − ξ[j](s)|2 + λ2j (s)

∣∣∣∣
= λj(s)

∣∣∣∣
(
wi − ξ

[j]

i (s)
)( ∣∣z − ξ[j](s)

∣∣2 + λ2j (s)
)
−
(
zi − ξ

[j]

i (s)
)( ∣∣w − ξ[j](s)

∣∣2 + λ2j (s)
)(

|w − ξ[j](s)|2 + λ2j (s)
)(

|z − ξ[j](s)|2 + λ2j (s)
) ∣∣∣∣

≤ |w − z|λj(s)
∣∣z − ξ[j](s)

∣∣2 + λ2j (s) +
∣∣z − ξ[j](s)

∣∣ (∣∣w − ξ[j](s)
∣∣+ ∣∣z − ξ[j](s)

∣∣)(
|w − ξ[j](s)|2 + λ2j (s)

)(
|z − ξ[j](s)|2 + λ2j (s)

)
≲ |w − z|λj(s)

[( ∣∣w − ξ[j](s)
∣∣2 + λ2j (s)

)−1
+
( ∣∣z − ξ[j](s)

∣∣2 + λ2j (s)
)−1]

.

We conclude that [
λj(t)(x−ξ[j](t))

|x−ξ[j](t)|2+λ2
j (t)

]|DMO|x(R2
T ) ≲ 1 by the same reasoning as (6.9). Thus, we deduce

(6.8). It follows that ∥U∗∥(|DMO|x∩L∞)(R2
T ) ≲ 1.

By Lemma 6.1 (5), the ∥ · ∥(|DMO|x∩L∞)(R2
T )-norm of the multiplicity of finitely many terms of the

components of U∗ is finite. By Lemma 6.1 (2) and (3.23), then ∥
N∑
j=1

Φ
∗[j]
0 ∥(|DMO|x∩L∞)(R2

T ) ≲ 1; similarly,

we have ∥g∥(|DMO|x∩L∞)(R2
T ) ≲ 1 for g = Φout, η

[j]

dq
since ∥|Φout|+ |∇Φout|∥L∞(R2

T ) ≤ 1.

By ∥Φ[j]

in ∥in,ν−δ0,l ≲ 1 and parameter assumption (4.29), we have 
Q−

r (X)

 
Br(x)

∣∣∣η(x− ξ[j](s)

λ∗(s)R(s)

)
Qγj(s)Φ

[j]
in

(x− ξ[j](s)

λj(s)
, s
)
− η

(z − ξ[j](s)

λ∗(s)R(s)

)
Qγj(s)Φ

[j]
in

(z − ξ[j](s)

λj(s)
, s
)∣∣∣dxdzds

≲ r−2

ˆ t

t−r2
rλν−δ0−1

∗ (s)ds ∼ r−1| lnT |ν−δ0−1

ˆ T−t+r2

T−t

zν−δ0−1

| ln z|2ν−2δ0−2
dz ≲ | lnT |ν−δ0−1 r2ν−2δ0−1

| ln r|2ν−2δ0−2
,

which is a Dini function under the assumption (6.7). And the corresponding [·]|DMO|x(R2
T ) ≲ 1 since

ν − δ0 < 1 by (4.29).
In sum, for Φ given in (4.1), by Lemma 6.1, under the assumptions (4.29) and (6.7), we have

∥Φ∥(|DMO|x∩L∞)(R2
T ) ≲ 1. (6.10)

For A given in (4.4), by (3.4), (6.10), |Φ| ≪ 1 and Lemma 6.1, we have ∥A∥(|DMO|x∩L∞)(R2
T ) ≲ 1. By

(4.5), λ∗ in (3.2) and |Φ| ≪ 1, then |A| ≪ 1. By the similar argument, ∥BΦ,U∗∥(|DMO|x∩L∞)(R2
T ) ≲ 1. □

7. Completion of the construction

7.1. Proof of Theorem 1. Step 1. Z∗(x) is the leading part of the initial value of the outer
problem (4.16). For Z∗(x) given in (4.24), DCj [Z∗] in (4.43) is independent of t and satisfies (5.10).
By Proposition 5.1, as the leading term of pj , pj0 = P[DCj [Z∗]] satisfies

B0[pj0](t) = DCj [Z∗] +R0 [DCj [Z∗]] , t ∈ [0, T ],

pj0 = DCj [Z∗]
(
1 +O(| lnT |−1)

)
λ∗, ṗj0 = −DCj [Z∗]

(
1 +O(| lnT |−1)

)
(T − t)−1λ∗.

(7.1)

Set pj = pj0 + pj1, where pj1 is the next order term of pj . Denote

p·0 := (p10, p20, . . . , pN0), p·1 := (p11, p21, . . . , pN1), ξ̇[·] := (ξ̇[1], ξ̇[2], . . . , ξ̇[N ]),

Φ
[·]
in =

(
Φ
[1]
in ,Φ

[2]
in , . . . ,Φ

[N ]
in

)
, B[·]

in =
(
B

[1]
in , B

[2]
in , . . . , B

[N ]
in

)
.
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Recall the ansatz (3.2). We will solve p·1, ξ̇
[·] in the following spaces respectively,

Bp·1 :=
{
(p11, p21, . . . , pN1)

∣∣ |pj1(t)|+ (T − t)|ṗj1(t)| ≤ | lnT |−
1
2λ∗(t), t ∈ [0, T ), j = 1, 2, . . . , N

}
,

Bξ̇[·] :=
{
(ξ̇[1], ξ̇[2], . . . , ξ̇[N ])

∣∣ |ξ̇[j](t)| ≤ Cξλ
ϵξ
∗ (t), t ∈ [0, T ), j = 1, 2, . . . , N

}
.

Set ξ[j](t) = q[j] +
´ T
t ξ̇[j](s)ds. Given p·1 ∈ Bp·1 , ξ̇

[·] ∈ Bξ̇[·] , we have

pj = DCj [Z∗]λ∗
(
1 +O(| lnT |−

1
2 )
)
, |pj | ∼ λ∗, |ṗj | ∼ (T − t)−1λ∗.

Recalling pj = λje
iγj , λj = |pj |, γj = arctan(Im(pj)/Re(pj)), it follows that

|∂t(pc3j |pj |c4)| ≲ λc3+c4
∗ (T−t)−1 for c3, c4 ∈ R, |γ̇j | = |pj |−2|Im(ṗj)Re(pj)−Im(pj)Re(ṗj)| ≲ (T−t)−1.

Hence, the ansatz (3.2) holds. Direct calculation concludes the properties of λj , ξ
[j], γj in Theorem 1.

Step 2. Given
(
Φ

[·]
in,Φout,p·1, ξ̇

[·]) ∈ B[·]
in ×Bout ×Bp·1 ×Bξ̇[·] , recalling c

[j]
0 , c

[j]
1 given in (4.44), we

will give a solution (
Φ

[j1]

in , c
[j]
∗0, c

[j]
∗1
)
=

(
Φ

[j1]

in , c
[j]
∗0, c

[j]
∗1
)[
Φ

[·]
in,Φout,p·1, ξ̇

[·]] (7.2)

to (4.41). We always assume ρj ≤ 2CλR in Step 2. For H[j]

in given in (4.20), by (4.28),

|H[j]

in | ≲ ∥Φ[j]

in ∥
2
in,ν−δ0,lλ

2ν−2δ0
∗ ⟨ρj⟩−2l−3. (7.3)

For H[j]
1 given in (4.19), by (4.36), we have (H[j]

1 )Cj = λ2j
(
L̃#
j [Φout](y

[j], t) + l̃#j [Φout](x, t) +M
[j]
0 +

eiθjM
[j]
1

)
. Recalling the right-hand side of (4.41), for brevity, we denote

F [j] := H[j]
1 − λ2j

(
l̃#j,0[Φout]

)
C−1
j

+H[j]

in −
(
(H[j]

in )Cj ,0

)
C−1
j
, F

[j]

k :=
(
eikθ(F [j])Cj ,k

)
C−1
j
.

Mode 0. By (4.37), (F [j])Cj ,0 = λ2j
(
L̃#
j,0[Φout](ρj , t) +M

[j]
0

)
. Combining (2.5), (4.34) and (3.48),

we have |(F [j])Cj ,0| ≲ λ∗⟨ρj⟩−3. Obviously, F
[j]
0 =

(
(H[j]

1 )Cj ,0−λ2j l̃
#
j,0[Φout]

)
C−1
j
. By (4.27), λ∗(t(τj)) ∼

| lnT |−1τ−1
j (ln τj)

2. Applying Proposition 8.3 (with R0 = λ
−δ0/6
∗ , R1 = R∗ = ∞) gives a mapping

(T 2CλR
0 [F

[j]
0 ], c

[j]
0 [F

[j]
0 ]), where c

[j]
0 [F

[j]
0 ] is given in (4.44),

T 2CλR
0 [F

[j]
0 ]·W [j] = 0, |T 2CλR

0 [F
[j]
0 ]| ≲ R5−ℓ0

0 lnR0λ∗⟨ρj⟩2−ℓ0 ≲ λν−δ0+ϵ
∗ ⟨ρj⟩−l, |c[j]∗0[F

[j]
0 ]| ≲ R1−ℓ0

0 lnR0λ∗

provided 0 < δ0
6 < β < 1

2 , ℓ0 ∈ (1, 3), − δ0
6 (5− ℓ0)+1 > ν−δ0, 2− ℓ0 ≤ −l, where ϵ > 0 is a sufficiently

small constant varying from line to line.
Mode 1. By (2.21) and (2.22), one has∣∣λ2jQ−γj (a− bU [j]∧)L̃

U [j] [Φout]
∣∣ ≲ λ∗⟨ρj⟩−2. (7.4)

Combining (3.48), |(H[j]
1 )Cj ,1| ≲ λ∗⟨ρj⟩−2. Integrating (7.3), we have |F [j]

1 | ≲ λ∗⟨ρj⟩−2 provided

ν − δ0 ≥ 1/2. Suppose 0 < δ0
6 < β < 1

2 , δ0 < 3/2, applying Proposition 8.5 (with R0 = λ
−δ0/6
∗ ,

R1 = R∗ = ∞) gives a mapping (T 2CλR
1 [F

[j]
1 ], c

[j]
1 [F

[j]
1 ]), where c

[j]
1 [F

[j]
1 ] is given in (4.44),

T 2CλR
1 [F

[j]
1 ] ·W [j] = 0, |T 2CλR

1 [F
[j]
1 ]| ≲ R5

0λ∗ ≲ λν−δ0+ϵ
∗ ⟨ρj⟩−l, |c[j]∗1[F

[j]
1 ]| ≲ R−1

0 λ∗

provided ν + βl − 1 < δ0/6 since ρj ≤ 2CλR.

Mode −1. By (4.19) and (4.36), we have (H[j]
1 )Cj ,−1 = λ2j l̃

#
j,−1[Φout]. By (4.39), ρj ≤ 2CλR,

β < 1/2, then |(H[j]
1 )Cj ,−1| ≲ λ∗⟨ρj⟩−2

(
λΘ∗ + λ

α/2
∗

)
. Using (7.3) with ν − δ0 > 1/2, we have |F [j]

−1| ≲
λ1+ϵ1
∗ ⟨ρj⟩−2−ϵ1 with a sufficiently small constant ϵ1 > 0. Proposition 8.7 gives a mapping T−1[F

[j]
−1]

satisfying

T−1[F
[j]
−1] ·W

[j] = 0, |T−1[F
[j]
−1]| ≲ τ−1

j ≲ λν−δ0+ϵ
∗ ⟨ρj⟩−l

provided ν + βl − δ0 − 1 < 0.
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Mode k, |k| ≥ 2. By (4.19), (4.36), (4.37), (4.39), for |k| ≥ 2, ρj ≤ 2CλR, β < 1/2, we have

|(H[j]
1 )Cj ,k| ≲ λ∗⟨ρj⟩−3

∣∣∇xΦout(q
[j], T )

∣∣+ λ∗⟨ρj⟩−2
(
λΘ∗ + λ

α/2
∗

)
≲ λν−δ0+ϵ

∗ ⟨ρj⟩−2−l

provided ν − δ0 < 1, 0 < l < 1, ν − δ0 + βl − 1 < min{Θ, α/2}. Combining (7.3) with ν > δ0, we get

|F [j]

k | ≲ λν−δ0+ϵ
∗ ⟨ρj⟩−2−l. For β ∈ (0, 1/2), Proposition 8.1 gives a mapping T 2CλR

k [F
[j]

k ] satisfying

T 2CλR
k [F

[j]

k ] ·W [j] = 0, |T 2CλR
k [F

[j]

k ]| ≲ |k|−1−(0.05)2λν−δ0+ϵ
∗ ⟨ρj⟩−l.

As a summary of all the modes above, under the parameter restrictions

0 <
δ0
6
< β <

1

2
, ℓ0 ∈ (1, 3), −δ0

6
(5− ℓ0) + 1 > ν − δ0 > 1/2, 2− ℓ0 ≤ −l,

δ0 < 3/2, ν + βl − 1 < δ0/6, 0 < l < 1,
(7.5)

we set Φ
[j1]

in = T−1[F
[j]
−1]+

∑
k∈Z,k ̸=−1 T

2CλR
k [F

[j]

k ]. We have found (7.2) solving (4.41) with the estimates

Φ
[j1]

in ·W [j] = 0, |Φ[j1]

in | ≲ λν−δ0+ϵ
∗ ⟨ρj⟩−l, |c[j]∗0| ≲ R1−ℓ0

0 lnR0λ∗, |c[j]∗1| ≲ R−1
0 λ∗. (7.6)

Step 3. Given Φ
[·]
in ∈ B[·]

in, we will solve
(
Φout,p·1, ξ̇

[·]) = (
Φout,p·1, ξ̇

[·])[Φ[·]
in] in Bout ×Bp·1 ×Bξ̇[·] .

Recall the outer problem (4.16). Under the assumption in Proposition 6.4 and using Proposition
6.3, there exists a fundamental solution ΓΦ,U∗(x, t, y, s) for

∂tf = BΦ,U∗∆xf in R2 × (0, T ).

We will choose cmn such that Φout(q
[k], T ) = 0 for k = 1, 2, . . . , N , that is,

(ΓΦ,U∗ ∗ ∗G) (q[k], T ) + (ΓΦ,U∗ ∗ Z∗) (q
[k], T ) +

N∑
m=1

3∑
n=1

cmn (ΓΦ,U∗ ∗ ϑmn) (q
[k], T ) = 0. (7.7)

By Propositions 6.4 and 6.3, for T, ∥Z∗∥C3 ≪ 1 depending on Λo, ΓΦ,U∗ satisfies the estimates in
Proposition 6.3 , which is independent of Λo. For f = Z∗ or ϑmn (see (4.24), (4.25)), we have

|ΓΦ,U∗ ∗ f |+ |Dx (ΓΦ,U∗ ∗ f)|+
∣∣D2

x (ΓΦ,U∗ ∗ f)
∣∣+ |∂t (ΓΦ,U∗ ∗ f)| ≲ ∥f∥C3(R2) in R2 × (0, T ), (7.8)

|Dx (ΓΦ,U∗ ∗ f) (x, t)−Dx (ΓΦ,U∗ ∗ f) (x∗, t∗)|(
|x− x∗|+

√
|t− t∗|

)α ≲ ∥f∥C3(R2) for 0 < α < 1, (x, t), (x∗, t∗) ∈ R2×(0, T ),

(7.9)
where both “≲” are independent of Λo. By (7.8), for m, k = 1, 2, . . . , N , n = 1, 2, 3, we have

|(ΓΦ,U∗ ∗ ϑmn)(q
[k], T )− ϑmn(q

[k])| = |(ΓΦ,U∗ ∗ ϑmn)(q
[k], T )− δmken| ≲ T.

Thus we can find unique cmn = cmn1 + cmn2 for m = 1, 2, . . . , N , n = 1, 2, 3 solving (7.7), where
cmn1 = cmn1[Φ, U∗, Z∗] and cmn2 = cmn2[Φ, U∗,G] satisfy

(ΓΦ,U∗ ∗ Z∗)(q
[k], T ) +

N∑
m=1

3∑
n=1

cmn1(ΓΦ,U∗ ∗ ϑmn)(q
[k], T ) = 0,

(ΓΦ,U∗ ∗ ∗G)(q[k], T ) +
N∑

m=1

3∑
n=1

cmn2(ΓΦ,U∗ ∗ ϑmn)(q
[k], T ) = 0, for k = 1, 2, . . . , N,

(7.10)

and thus

|cmn1| ≲
N∑
k=1

|(ΓΦ,U∗ ∗ Z∗)(q
[k], T )| ≲ ∥Z∗∥C3(R2), |cmn2| ≲

N∑
k=1

|(ΓΦ,U∗ ∗ ∗G)(q[k], T )|, (7.11)

where the estimate of cmn1 is independent of Λo. To find a solution to the outer problem (4.16), it
suffices to solve the following fixed-point problem:

To[Φout,p·1, ξ̇
[·]] = Φ

(1)
out +Φ

(2)
out,
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where we denote

Φ
(1)
out := ΓΦ,U∗ ∗ Z∗ +

N∑
m=1

3∑
n=1

cmn1(ΓΦ,U∗ ∗ ϑmn), cmn1 = cmn1[Φ, U∗, Z∗],

Φ
(2)
out := ΓΦ,U∗ ∗ ∗G +

N∑
m=1

3∑
n=1

cmn2(ΓΦ,U∗ ∗ ϑmn), G = G[Φout,p·1, ξ̇
[·]], cmn2 = cmn2

[
Φ, U∗,G[Φout,p·1, ξ̇

[·]]
]

with Φ given in (4.1). Applying (7.8), (7.9) to ΓΦ,U∗ ∗ Z∗, ΓΦ,U∗ ∗ ϑmn, and using 1 − α
2 − Ao,h > 0

for Ao,h given in (D.1), |cmn1| ≲ ∥Z∗∥C3(R2) in (7.11), we can take the constant Λo ≥ 1 sufficiently

large such that ∥Φ(1)
out∥♯,Θ,α ≤ Λo/9. By Lemma E.1 and Proposition D.1, we have ∥ΓΦ,U∗ ∗ ∗G∥♯,Θ,α ≲

T ϵ and |cmn2| ≲ | lnT |λΘ+1
∗ (0)R(0)T ϵ, which implies ∥Φ(2)

out∥♯,Θ,α ≲ T ϵ. Taking T ≪ 1, we have

∥To[Φout,p·1, ξ̇
[·]]∥♯,Θ,α ≤ Λo. Due to the choices of cmn1, cmn2 in (7.10), To[Φout,p·1, ξ̇

[·]](q[j], T ) = 0
for j = 1, 2, . . . , N automatically. Therefore, we have

To[Φout,p·1, ξ̇
[·]] ∈ Bout. (7.12)

Also, ϑmn given in (4.25) satisfy∇ϑmn(q
[j]) = 0 for j = 1, 2, . . . , N . Then∇To[Φout,p·1, ξ̇

[·]](q[j], 0) =
∇Z∗(q

[j]). Recall DCj defined in (4.43). Combining (7.12) and ∥ · ∥♯,Θ,α-norm defined in (4.34), then

DCj

[
To[Φout,p·1, ξ̇

[·]]
]
(t) = DCj [Z∗] +O(T ϵ), (7.13)

which meets the assumption (5.10) under the parameter assumptions (5.12). Then by Proposition 5.1,

p̃j := P
[
DCj [To[Φout,p·1, ξ̇

[·]]]
]
satisfies

B0[p̃j ](t) = DCj [To[Φout,p·1, ξ̇
[·]]](t) +R0

[
DCj [To[Φout,p·1, ξ̇

[·]]]
]
(t), t ∈ [0, T ],

p̃j = DCj

[
To[Φout,p·1, ξ̇

[·]]
]
(T )

(
1 +O(| lnT |−1)

)
λ∗,

˙̃pj = −DCj

[
To[Φout,p·1, ξ̇

[·]]
]
(T )

(
1 +O(| lnT |−1)

)
(T − t)−1λ∗.

(7.14)

We define a mapping

Tpj1 [Φout,p·1, ξ̇
[·]] := p̃j − pj0, Tp·1 := (Tp11 , Tp21 , . . . , TpN1).

By (7.1), (7.13), and (7.14), we have∣∣Tpj1 [Φout,p·1, ξ̇
[·]]
∣∣+ (T − t)

∣∣∂tTpj1 [Φout,p·1, ξ̇
[·]]
∣∣ ≲ | lnT |−1λ∗. (7.15)

Orthogonality equation (5.3) gives a mapping of ξ̇[j] from the right-hand side of (5.3) to ξ̇[j], which

is denoted by T
ξ̇[j]

[Φout,p·1, ξ̇
[·]]. Write Tξ̇[·] := (Tξ̇[1] , Tξ̇[2] , . . . , Tξ̇[N ]).

By (4.36), (4.37),
´∞
0 wρj (ρj) cosw(ρj)Z1,1(ρj)ρjdρj =

´∞
0

−2ρj(ρ
2
j−1)

(ρ2j+1)3
dρj = 0, and (4.39), one has∣∣∣λj ˆ ∞

0

(
Q−γj

[
(a− bU [j]∧)L̃

U [j] [Φout]
])

Cj ,1
(ρj , t)Z1,1(ρj)ρjdρj

∣∣∣
=

∣∣∣λj ˆ ∞

0
l̃#j,1[Φout](ρj , t)Z1,1(ρj)ρjdρj

∣∣∣ ≲ λΘ+αβ
∗ + λα∗ .

By (7.3),
∣∣λ−1

j

´∞
0 (H[j]

in )Cj ,1(ρj , t)Z1,1(ρj)ρjdρj
∣∣ ≲ ∥Φ[j]

in ∥2in,ν−δ0,l
λ2ν−2δ0−1
∗ . By (7.6), |λ−1

j c
[j]
∗1(τj(t))| ≲

R−1
0 = λ

δ0/6
∗ . In order for Tξ̇[·](Bξ̇[·]) ⊂ Bξ̇[·] , we take

ν − δ0 > 1/2, 0 < 2ϵξ < min {Θ+ αβ, α, 2ν − 2δ0 − 1, δ0/6} . (7.16)

By (7.12), (7.15), (7.16), it follows that (To, Tp·1 , Tξ̇[·]) maps Bout ×Bp·1 ×Bξ̇[·] to itself.

By Proposition 6.3, since the right-hand side of the outer problem is in the weighted-L∞ space, one
can obtain more regularity for To compared with the norm ∥ · ∥♯,Θ,α defined in (4.34) if the weight in
∥ · ∥♯,Θ,α is relaxed, yielding compactness for To.

By (5.11) in Proposition 5.1, ∂tTpj1 [Φout,p·1, ξ̇
[·]] has Hölder continuity.
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Recall the terms in the right-hand side of (5.3). By (8.96), (8.97) in the proof of Proposition

8.5, c
[j]
∗1(τj(t)) has quantitative Hölder continuity from the time Hölder continuity of the re-gluing

outer problem ψo,1. Together with the time continuity in the norms of the inner and outer problems
in (4.28) and (4.34), it follows that Tξ̇[·] is Hölder continuous, and thus the Schauder fixed-point

theorem gives a fixed point for (To, Tp·1 , Tξ̇[·]) in Bout × Bp·1 × Bξ̇[·] . Namely, we find a solution(
Φout[Φ

[·]
in],p·0 + p·1[Φ

[·]
in], ξ̇

[·][Φ
[·]
in]
)
of (4.16) and (5.1).

Step 4. Denote the right-hand side of the non-orthogonal inner problem (4.42) as

Fno := λ2j

(
l̃#j,0[Φout]

)
C−1

j

+
(
(H[j]

in )Cj ,0

)
C−1

j

+R0[Φout, λj , γj ]+
(ˆ 2

0

η(r)Z2
0,1(r)rdr

)−1(
c
[j]
∗0(τj(t))η(|y[j]|)Z0,1(|y[j]|)

)
C−1

j

.

By (4.39),
∣∣λ2j(l̃#j,0[Φout]

)
C−1
j

∣∣ ≲ (
λ1+Θ+αβ
∗ +λ1+α

∗
)
⟨ρj⟩α−2. By (7.3),

∣∣((H[j]

in )Cj ,0

)
C−1
j

∣∣ ≲ λ2ν−2δ0
∗ ⟨ρj⟩−2l−3.

Under the parameter assumption (5.12), by Proposition 5.1, R0[Φout, λj , γj ] given in (4.43) satisfies∣∣R0[Φout, λj , γj ]
∣∣ ≲ λ∗(T−t)m̃+

(1+α0)α
2 | ln(T−t)|−ϖη(|y[j]|). By (7.6),

∣∣(c[j]∗0(τj(t))η(|y[j]|)Z0,1(|y[j]|)
)
C−1
j

∣∣ ≲
R1−ℓ0

0 lnR0λ∗η(|y[j]|). Since Fno is in mode 0, under the restrictions of parameters

Θ + αβ < 1, 1 + Θ + αβ − 2β > ν − δ0, 1 + α− 2β > ν − δ0,

2β < ν − δ0 < 1, m̃+ (1 + α0)α/2 < 1, 1 + m̃+ (1 + α0)α/2− 2β > ν − δ0,

δ0(ℓ0 − 1) < 6, δ0(ℓ0 − 1)/6 + 1− 2β > ν − δ0,

(7.17)

Proposition 8.2 gives a mapping Φ
[j2]

in = T 2CλR
00 [Fno] for (4.42) satisfying

|Φ[j2]

in | ≲ λν−δ0+ϵ
∗ ⟨ρj⟩−1, Φ

[j2]

in ·W [j] = 0. (7.18)

We sum up (4.41) and (4.42) together and set

T [j]

in [Φ
[·]
in] := Φ

[j1]

in +Φ
[j2]

in , T
[·]
in[Φ

[·]
in] := (T [1]

in [Φ
[·]
in], T

[2]
in [Φ

[·]
in], . . . , T

[N ]
in [Φ

[·]
in]).

T [j]

in [Φ
[·]
in] is the inverse mapping of (4.17) since (5.1) holds. By (7.6) and (7.18), it holds that

|T [j]

in [Φ
[·]
in]| ≲ λν−δ0+ϵ

∗ ⟨ρj⟩−l, T [j]

in [Φ
[·]
in] ·W

[j] = 0. (7.19)

Step 5. Recall H[j] given in (4.18). By (3.48), (7.4), and the estimate of H[j]

in in (7.3), we have

|H[j]| ≲ λ∗⟨ρj⟩−2 + λ2ν−2δ0
∗ ⟨ρj⟩−2l−3 ≲ λν−δ0+ϵ

∗ ⟨ρj⟩−2−l for |y[j]| ≤ 2CλR, (7.20)

where for the last step, we require

ν + βl − δ0 − 1 < 0, δ0 < ν. (7.21)

Claim: Given y∗, τ∗ satisfying |y∗| ≤ 2CλR(t(τ∗)) ≪ τ
1/2
∗ and ρ̃ = |y∗|/9, it holds that[

H[j](y[j], τj)
∣∣
(y[j],τj)=(y∗+ρ̃z,τ∗+ρ̃2s)

]
|DMO|x(Q−

2 (0))
≲ λν−δ0+ϵ

∗ (t(τj))|τj=τ∗⟨y∗⟩−2−l (7.22)

provided
δ0 < ν, 0 < l < 1, ν − δ0 < min{Θ+ 1− β, 1− βl}, 0 < β < 1/2. (7.23)

Proof of (7.22). In this proof, for brevity, we denote (z̃, s̃) = (y∗+ ρ̃z, τ∗+ ρ̃2s) with variables (z, s) ∈
Q−

2 (0) and abuse λ∗(τ∗) to denote λ∗(t(τj))|τj=τ∗ . Obviously, |z̃| ∼ |y∗|, s̃ ∼ τ∗.

In y[j] variable, η
[j]

R = η
(
y[j]λj/(λ∗R)

)
. By Lemma 6.1 (2) and (4.28) for Φ

[j]

in , one has

⟨y∗⟩
(
[∇

y[j]
η
[j]

R |
(y[j],τj)=(z̃,s̃)

]|DMO|x(Q−
2 (0)) + ∥∇

y[j]
η
[j]

R |
(y[j],τj)=(z̃,s̃)

∥L∞(Q−
2 (0))

)
+ [η

[j]

R |
(y[j],τj)=(z̃,s̃)

]|DMO|x(Q−
2 (0)) ≲ 1,

⟨y∗⟩
(
[∇

y[j]
Φ

[j]

in |(y[j],τj)=(z̃,s̃)
]|DMO|x(Q−

2 (0)) + ∥∇
y[j]

Φ
[j]

in |(y[j],τj)=(z̃,s̃)
∥L∞(Q−

2 (0))

)
+ [Φ

[j]

in |(y[j],τj)=(z̃,s̃)
]|DMO|x(Q−

2 (0)) + ∥Φ[j]

in |(y[j],τj)=(z̃,s̃)
∥L∞(Q−

2 (0)) ≲ λν−δ0
∗ (τ∗)⟨y∗⟩−l∥Φ[j]

in ∥in,ν−δ0,l.
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Similar to (7.3), by Lemma 6.1, provided δ0 < ν, we have

[H[j]

in |(y[j],τj)=(z̃,s̃)
]|DMO|x(Q−

2 (0)) ≲ λ2ν−2δ0
∗ (τ∗)⟨y∗⟩−3−2l∥Φ[j]

in ∥
2
in,ν−δ0,l ≲ λν−δ0+ϵ

∗ (τ∗)⟨y∗⟩−2−l.

• |DMO|x estimates about the coupling terms from the outer problem in H[j]
1

(a−bW [j]∧)L̃
W [j] [Q−γj

Φout] = (a−bW [j]∧)
(
|∇

y[j]
W [j]|2Π

W [j]⊥(Q−γj
Φout)−2∇

y[j]
((Q−γj

Φout)·W [j])·∇
y[j]

W [j]
)
.

(7.24)

By (E.7) and (4.27), for λj = λj(t(τj)), ξj = ξj(t(τj)), we have

∥Φout(λjy
[j] + ξ[j], t(τj))

∣∣
(y[j],τj)=(z̃,s̃)

∥L∞(Q−
2 (0)) ≲ ln τ∗λ

Θ+1−β
∗ (τ∗) + | lnT |−2τ−1

∗ (ln τ∗)
4 + λ∗(τ∗)|y∗|.

(7.25)
By (4.34) and Lemma 6.1 (2), we get

[Φout(λjy
[j] + ξ[j], t(τj))

∣∣
(y[j],τj)=(z̃,s̃)

]|DMO|x(Q−
2 (0)) ≲ λ∗(τ∗)ρ̃ ∼ λ∗(τ∗)|y∗|,

[(∇xΦout)(λjy
[j] + ξ[j], t(τj))

∣∣
(y[j],τj)=(z̃,s̃)

]|DMO|x(Q−
2 (0)) ≲ (λΘ+αβ

∗ (τ∗) + λα∗ (τ∗))|y∗|α.
(7.26)

We will give |DMO|x estimates of two typical terms in (7.24), and the remaining two terms can be
handled similarly. By (7.25) and (7.26), we estimate[

(a− bW [j]∧)|∇
y[j]
W [j]|2

(
W [j] ·

(
Q−γjΦout(λjy

[j] + ξ[j], t(τj))
))
W [j]

∣∣∣
(y[j],τj)=(z̃,s̃)

]
|DMO|x(Q−

2 (0))

≲ ⟨y∗⟩−4
(
∥Φout(λjy

[j] + ξ[j], t(τj))
∣∣
(y[j],τj)=(z̃,s̃)

∥L∞(Q−
2 (0)) + [Φout(λjy

[j] + ξ[j], t(τj))
∣∣
(y[j],τj)=(z̃,s̃)

]|DMO|x(Q−
2 (0))

)
≲ ⟨y∗⟩−4

(
ln τ∗λ

Θ+1−β
∗ (τ∗) + | lnT |−2τ−1

∗ (ln τ∗)
4 + λ∗(τ∗)|y∗|

)
≲ λν−δ0+ϵ

∗ (τ∗)⟨y∗⟩−2−l

provided 0 < l < 1, ν − δ0 < min{Θ+ 1− β, 1}. By (4.34) and (7.26), one has[
(a− bW [j]∧)

{[
W [j] ·

(
Q−γj∇y[j]

(
Φout(λjy

[j] + ξ[j], t(τj))
))]

· ∇
y[j]
W [j]

}∣∣∣
(y[j],τj)=(z̃,s̃)

]
|DMO|x(Q−

2 (0))

≲ λ∗(τ∗)⟨y∗⟩−2
(
1 + [(∇xΦout)(λjy

[j] + ξ[j], t(τj))
∣∣
(y[j],τj)=(z̃,s̃)

]|DMO|x(Q−
2 (0))

)
≲ λ∗(τ∗)⟨y∗⟩−2

(
1 + λΘ+αβ

∗ (τ∗)|y∗|α
)
≲ λν−δ0+ϵ

∗ (τ∗)⟨y∗⟩−2−l

provided 0 < β < 1/2, ν − δ0 < 1− βl.

• |DMO|x estimates about λ2j
(
M

[j]
0 +eiθjM

[j]
1

)
C−1
j
, where M

[j]
0 , M

[j]
1 are defined in (3.46) and (3.43),

respectively. Back to the vector form, for k = 0, 1, by (2.6) and (2.5), we have(
eikθjM

[j]

k

)
C−1
j

=
[
cos(kθj)ReM

[j]

k − sin(kθj)ImM
[j]

k )
]
E

[j]
1 +

[
cos(kθj)ImM

[j]

k + sin(kθj)ReM
[j]

k )
]
E

[j]
2

= ReM
[j]

k

[
cos(kθj)E

[j]
1 + sin(kθj)E

[j]
2

]
+ ImM

[j]

k

[
cos(kθj)E

[j]
2 − sin(kθj)E

[j]
1

]

= ReM
[j]

k


− cos((k − 1)θj) +

2ρ2j
ρ2j+1

cos(kθj) cos θj

sin((k − 1)θj) +
2ρ2j
ρ2j+1

cos(kθj) sin θj

− cos(kθj)
2ρj
ρ2j+1

+ ImM
[j]

k


sin((k − 1)θj)−

2ρ2j
ρ2j+1

sin(kθj) cos θj

cos((k − 1)θj)−
2ρ2j
ρ2j+1

sin(kθj) sin θj

sin(kθj)
2ρj
ρ2j+1

 .
For mode 1,

λ2j
(
eiθjM

[j]
1

)
C−1
j

=
2λj
ρ2j + 1

(
− ξ̇

[j]
1


−1 +

2ρ2j
ρ2j+1

cos2 θj
2ρ2j
ρ2j+1

cos θj sin θj

− cos θj
2ρj
ρ2j+1

+ ξ̇
[j]
2


− 2ρ2j

ρ2j+1
sin θj cos θj

1− 2ρ2j
ρ2j+1

sin2 θj

sin θj
2ρj
ρ2j+1

)
.

Then [(
λ2j

(
eiθjM

[j]
1

)
C−1
j

)
(z̃, s̃)

]
|DMO|x(Q−

2 (0))
≲ λ

1+ϵξ
∗ ⟨y∗⟩−2 ≲ λν−δ0+ϵ

∗ ⟨y∗⟩−2−l,
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where for the last “≲”, we require ν − δ0 < 1 + ϵξ − βl.
For mode 0,

λ2j (M
[j]
0 )C−1

j
= λ2j

(
ReM

[j]
0


− cos θj +

2ρ2j
ρ2j+1

cos θj

− sin θj +
2ρ2j
ρ2j+1

sin θj

− 2ρj
ρ2j+1

+ ImM
[j]
0

− sin θj
cos θj
0

)
. (7.27)

The vanishing in M
[j]
0 given in (3.46) as ρj → 0+ makes the error (7.27) involving cos θj , sin θj smooth

at the origin. By (3.46) and Lemma 6.1,[(
λ2j (M

[j]
0 )C−1

j

)
(z̃, s̃)

]
|DMO|x(Q−

2 (0))
≲ λ∗⟨y∗⟩−3

(
m

[j]
01 +m

[j]
02

)
+ |λ̇∗|λ∗⟨y∗⟩−3,

where m
[j]
01(y∗, τ∗), m

[j]
02(y∗, τ∗) are defined as

m
[j]
01 = m

[j]
01(y∗, τ∗) :=

∥∥∥ ˆ t(τj)

−T

ṗj(s)K0(ζj)

t(τj)− s
ds
∣∣∣
(y[j],τj)=(z̃,s̃)

∥∥∥
L∞(Q−

2 (0))

+
∥∥∥ ˆ t(τj)

−T

ṗj(s)ζjK0ζj (ζj)

t(τj)− s
ds
∣∣∣
(y[j],τj)=(z̃,s̃)

∥∥∥
L∞(Q−

2 (0))
+

∥∥∥ˆ t(τj)

−T

ṗj(s)ζ
2
jK0ζjζj (ζj)

t(τj)− s
ds
∣∣∣
(y[j],τj)=(z̃,s̃)

∥∥∥
L∞(Q−

2 (0))
,

m
[j]
02 = m

[j]
02(y∗, τ∗) :=

[ ˆ t(τj)

−T

ṗj(s)K0(ζj)

t(τj)− s
ds
∣∣∣
(y[j],τj)=(z̃,s̃)

]
|DMO|x(Q−

2 (0))

+
[ ˆ t(τj)

−T

ṗj(s)ζjK0ζj (ζj)

t(τj)− s
ds
∣∣∣
(y[j],τj)=(z̃,s̃)

]
|DMO|x(Q−

2 (0))
+

[ ˆ t(τj)

−T

ṗj(s)ζ
2
jK0ζjζj (ζj)

t(τj)− s
ds
∣∣∣
(y[j],τj)=(z̃,s̃)

]
|DMO|x(Q−

2 (0))
,

with ζj = ζj(y
[j], τj , s) =

λ2
j (t(τj))(1+|y[j]|2)

t(τj)−s . By (3.18) and (3.21), we have m
[j]
01 ≲ 1. To estimate m

[j]
02,

we consider the following more general form, which recovers all the terms in m
[j]
02. Set

g0(y
[j], τj) :=

ˆ t(τj)

−T

ṗj(s)K(ζj)

t(τj)− s
ds, K(ζj) := c0ζ

−1
j (1− e−d0ζj ) +

n∑
k=1

ciζ
k−1
j e−dkζj ,

where ck, dk are complex constants and Re(dk) > 0 for k = 0, 1, . . . , n. It is easy to see that

|K(ζj)|+
∣∣ζj∂ζjK(ζj)

∣∣+ ∣∣ζ2j ∂ζjζjK(ζj)
∣∣ ≲ 1{ζj≤1} + ζ−1

j 1{ζj>1}. (7.28)

Since

∇
y[j]
g0 =

ˆ t(τj)

−T

ṗj(s)

t(τj)− s
∂ζjK(ζj)

2λ2j (t(τj))y
[j]

t(τj)− s
ds =

ˆ t(τj)

−T

ṗj(s)

t(τj)− s
ζj∂ζjK(ζj)

2y[j]

1 + |y[j]|2
ds,

by (7.28) and (3.21), we have |∇
y[j]
g0| ≲ 1. By Lemma 6.1 (2), then [g0(z̃, s̃)]|DMO|x(Q−

2 (0)) ≲ 1 and

m
[j]
02 ≲ 1. Thus, [(

λ2j (M
[j]
0 )C−1

j

)
(z̃, s̃)

]
|DMO|x(Q−

2 (0))
≲ λ∗⟨y∗⟩−3.

We complete the proof of (7.22). □

By (7.19), (7.20), (7.22), Proposition 6.2, and the scaling argument, due to the small quantity λϵ∗,

we have T
[·]
in[Φ

[·]
in] ∈ B[·]

in. Since pj , ξ
[j] satisfy (3.2), ξ̇[j] is Hölder continuous, and ∥Φ[j]

in ∥in,ν−δ0,l,ςin ,
∥Φout∥♯,Θ,α ≲ 1, then H[j] is Hölder continuous. Applying the Schauder estimate to (4.17) and by

changing time variable from t to τj , we have T
[·]
in[Φ

[·]
in] ∈ C2+c,(2+c)/2(D2CλR) with a small constant

c ∈ (0, 1). By the Schauder fixed-point theorem, we can find a fixed point of T
[·]
in[Φ

[·]
in] in B[·]

in.
Step 6. Combining restrictions (4.32), (6.7), (E.37), (D.1) for the outer problem, parameter

assumptions in Proposition 5.1, (5.12), (7.16) for reduced equations, and (4.29), (7.5), (7.17), (7.21),
(7.23) for the inner problems, we need to solve the following system of inequalities of parameters:

ν − δ0 > 1/2, 0 < Θ < β, Θ+ β + δ0 − ν < 0, 3β < 1 + Θ, β(l + 1)− 1 + ν − δ0 −Θ > 0,
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Θ+ 2β − 1 < 0, 0 < δ0 < ν < 1, 2β + δ0 − ν < 0, 0 < α < 1, Θ < α/2,

0 < σ0 < β, β − σ0 −
α

2
< 0, 1− σ0 − (1 + α)(1− β) < 0, Θ+ 2σ0 − β < 0,

0 < Ao,h < min{Θ+ (1− β)(1− α), 1− 2σ0 − α(1− β), 1− σ0 −
α

2
},

α0 ∈ (0, 1/2), Θ ∈ (0, ♭), ϖ − 1− 2Θ < 0, m̃ < Θ− α(1− β),

0 < 2ϵξ < min{Θ+ αβ, α, 2ν − 2δ0 − 1, δ0/6}, 0 < ςin < 1,

δ0 < 6β, ℓ0 ∈ (1, 3), 2− ℓ0 ≤ −l, ν + βl − 1 < δ0/6, 0 < l < 1,

1 + Θ + αβ − 2β > ν − δ0, 1 + α− 2β > ν − δ0,

2β < ν − δ0, m̃+ (1 + α0)α/2 < 1, 1 + m̃+ (1 + α0)α/2− 2β > ν − δ0,

δ0(ℓ0 − 1)/6 + 1− 2β > ν − δ0,

where the constant ♭ > 0 is given in Proposition 5.1. With the assistance of Mathematica, sound
choices satisfying all the restrictions are given below, and the proof of Theorem 1 is completed.

0 < Θ < min
{ 15

2479
, ♭
}
, β =

15 + Θ

60
, σ0 =

1

50
, α =

9

10
, ℓ0 = l + 2,

3Θ < δ0 <
1

40
(−27 + 108β + 120Θ), 1− 2β + δ0 +Θ < ν <

1

3
(3− 6β + 4δ0),

10

9

(
− 11

10
+

11β

5
− 2δ0 + 2ν − 2Θ

)
< α0 <

1

2
,

1

2

(
− 29

10
− 9α0

10
+ 4β − 2δ0 + 2ν

)
< m̃ < − 9

10
+

9β

10
+ Θ,

max
{
0,−1 +

1− ν + δ0 +Θ

β
,−1 +

6

δ0
(ν − δ0 + 2β − 1)

}
< l < min

{
1,

1

β

(δ0
6

+ 1− ν
)}
,

0 < Ao,h < min{Θ+ (1− β)(1− α), 1− 2σ0 − α(1− β), 1− σ0 −
α

2
}, ϖ < 1 + 2Θ,

0 < 2ϵξ < min{Θ+ αβ, α, 2ν − 2δ0 − 1, δ0/6}, 0 < ςin < 1.

7.2. Proof of Corollary 1.1. In this subsection, based on the weighted spaces for the solution
constructed, we shall show the convergence results in Corollary 1.1. Throughout this subsection, we
adopt the usual Sobolev norm for the mapping between Euclidean spaces. M > 0 is an arbitrary
constant. Given a function f(x, t), we use f(t) to denote f(x, t) for simplicity. A function f(t) → 0
means that f(t) converges to 0 under some norms as t→ T .

Recall (4.1). The solution in Theorem 1 has the form

u(x, t) = U∗ +Φper, Φper := AU∗ +Φ− (Φ · U∗)U∗, (7.29)

where U∗ is the multi-bubble profile defined in (3.3), and A is given in (4.4). Since

|Φ| ≪ 1, ∥|U∗(·, t)| − 1∥L∞(R2) ≲ λ∗, |A| ≲ λ∗ + |Φ|2

by (3.4), (4.5), we obtain
∥Φper∥L∞(R2×(0,T )) ≪ 1.

It is straightforward to get

∇xΦper = U∗∇xA+A∇xU∗ +∇xΦ− (Φ · U∗)∇xU∗ − U∗∇x(Φ · U∗),

where we denote U∗∇xf = (U∗∂x1f, U∗∂x2f) for a scalar function f . Applying (E.26) to U∗∇xA; (4.5),
(E.1), (E.28) to A∇xU∗ − (Φ · U∗)∇xU∗; (E.16), (E.23) to ∇xΦ− U∗∇x(Φ · U∗), we have

|∇xΦper| ≲
N∑
j=1

{
1{|x−q[j]|≤3λ∗R}

[
1 +

(
λν−δ0−1
∗ + | ln(T − t)|λΘ∗ R

)
⟨ρj⟩−l−1

]
+ 1{3λ∗R<|x−q[j]|<3dq}

}
+ 1{∩N

j=1{|x−q[j]|≥3dq}}.
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Here,
(
λν−δ0−1
∗ + | ln(T − t)|λΘ∗ R

)
∥1{|x−q[j]|≤3λ∗R}⟨ρj⟩

−l−1∥L2(R2) ≲ λν−δ0
∗ + | ln(T − t)|λΘ+1

∗ R. Thus,

Φper ∈ L∞(
(0, T );H1

loc(R2)
)
, λ∗(t)∥∇xΦper(t)∥L∞(R2) ≲ λϵ∗(t) (7.30)

with a small constant ϵ > 0. We define

u∗(x) := Φper(x, T ) +W (∞). (7.31)

By definition, we have

u(x, t)− u∗(x)−
N∑
j=1

Qγj

[
W

(x− ξ[j]

λj

)
−W (∞)

]
= Φper(x, t)− Φper(x, T ).

Claim: For Φ given in (4.1),

Φ(x, T ) =
N∑
j=1

η
[j]

dq
(x, T )Φ

∗[j]
0 (|x− q[j]|, T ) + Φout(x, T ), (7.32)

∥Φ(t)− Φ(T )∥L∞(R2) → 0, ∥∇xΦ(t)−∇x(Φ(T ))∥L2(BM ) → 0. (7.33)

Combining (E.7), (E.9), and (3.23), we have

∥Φ(T )∥L∞(R2) ≲ T ϵ + ∥Z∗∥C3(R2), ∥∇x (Φ(T )) ∥L∞(R2) ≲ 1. (7.34)

Proof of (7.32) and (7.33). For Φout solved in Bout defined in (4.35), we have

∥Φout(t)− Φout(T )∥L∞(R2) ≲ | ln(T − t)|λΘ+1
∗ R+ (T − t),

∥∇xΦout(t)−∇xΦout(T )∥L∞(R2) ≲ λΘ∗ + (T − t)α/2.
(7.35)

For Φ
[j]

in solved in B
[j]

in defined in (4.30), since 0 < l < 1, we have

∥Φ[j]

in (t)∥L∞(R2) ≲ λν−δ0
∗ ,ˆ

BM

|Φ[j]

in (y
[j], t)|2dx ≲ λ2ν−2δ0

∗

ˆ
BM

⟨y[j]⟩−2ldx ≲ λ2ν−2δ0+2
∗

ˆ
|y[j]|≤C(M)λ−1

∗

⟨y[j]⟩−2ldy[j] ≲ λ2ν−2δ0+2l
∗ ,

ˆ
BM

∣∣∣∇x

(
η
[j]

R (x, t)Φ
[j]

in (y
[j], t)

)∣∣∣2dx ≲ λ2ν−2δ0−2
∗

ˆ
BM

⟨y[j]⟩−2l−2dx ≲ λ2ν−2δ0
∗ . (7.36)

In particular, Φ
[j]

in (T ) = 0, which implies (7.32). It is easy to get

∥η[j]dq
(t)− η

[j]

dq
(T )∥L∞(R2) → 0, ∥∇xη

[j]

dq
(t)−∇xη

[j]

dq
(T )∥L∞(R2) → 0. (7.37)

Next, we consider Φ
∗[j]
0 defined in (3.11) with µ = 3. Recalling (3.17), we denote

A :=
a+ ib

4
, ζj(t) :=

|x− ξ[j](t)|2 + λj(t)
2

t− s
, ζj(T ) =

|x− q[j]|2

T − s
.

By (3.2), we have |ξ[j] − q[j]| ≪ λ∗. Recall (3.11), (3.16), (2.3) and µ = 3,

Φ
∗[j]
0 (|x− ξ[j]|, t) =

−2|x− ξ[j]|2
[
x1 − ξ

[j]
1 + i

(
x2 − ξ

[j]
2

)](
|x− ξ[j]|3 + λ3j

)(
|x− ξ[j]|2 + λ2j

)1/2 [ ˆ t

−T
ṗj(s)

(
1− e−Aζj(t)

)
ds, 0

]tr
, (7.38)

∣∣Φ∗[j]
0 (|x− ξ[j]|, t)− Φ

∗[j]
0 (|x− q[j]|, T )

∣∣
≲ (|x− ξ[j]|+ λj)

−1
∣∣∣ ˆ t

−T
ṗj(s)

(
1− e−Aζj(t)

)
ds−

ˆ T

−T
ṗj(s)

(
1− e−Aζj(T )

)
ds
∣∣∣

+

∣∣∣∣ |x− ξ[j]|2
[
x1 − ξ

[j]
1 + i

(
x2 − ξ

[j]
2

)](
|x− ξ[j]|3 + λ3j

)(
|x− ξ[j]|2 + λ2j

)1/2 −
|x− q[j]|2

[
x1 − q

[j]
1 + i

(
x2 − q

[j]
2

)]
|x− q[j]|3|x− q[j]|

∣∣∣∣∣∣∣ ˆ T

−T
ṗj(s)

(
1− e−Aζj(T )

)
ds
∣∣∣.

(7.39)
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We will estimate the above term by term. Denote r̃j := |x− q[j]|. Then |x− ξ[j]|+ λj ∼ r̃j + λ∗, and∣∣∣∣ |x− ξ[j]|2
[
x1 − ξ

[j]
1 + i

(
x2 − ξ

[j]
2

)](
|x− ξ[j]|3 + λ3j

)(
|x− ξ[j]|2 + λ2j

)1/2 −
|x− q[j]|2

[
x1 − q

[j]
1 + i

(
x2 − q

[j]
2

)]
|x− q[j]|3|x− q[j]|

∣∣∣∣
≲

ˆ 1

0

|x− θξ[j] − (1− θ)q[j]|2(|ξ[j] − q[j]|+ λj)

[|x− θξ[j] − (1− θ)q[j]|+ θλj ]4
dθ ≲ (|ξ[j] − q[j]|+ λ∗)

ˆ 1

0
(r̃j + θλ∗)

−2dθ.

(7.40)

By (3.21), we have∣∣∣ˆ T

−T
ṗj(s)

(
1− e−Aζj(T )

)
ds
∣∣∣ = r̃2j

∣∣∣ ˆ T

−T

ṗj(s)

T − s

(
1− e−Aζj(T )

)
ζj(T )

−1ds
∣∣∣ ≲ r̃2j .

ˆ t

−T
ṗj(s)

(
1− e−Aζj(t)

)
ds−

ˆ T

−T
ṗj(s)

(
1− e−Aζj(T )

)
ds

=
[ ˆ (t−λ2

∗−r̃2j )+

−T
+

ˆ (t−r̃2j )+

(t−λ2
∗−r̃2j )+

+

ˆ t

(t−r̃2j )+

]
ṗj(s)

(
e−Aζj(T ) − e−Aζj(t)

)
ds−

ˆ T

t
ṗj(s)

(
1− e−Aζj(T )

)
ds,

where for the first part,∣∣∣ˆ (t−λ2
∗−r̃2j )+

−T
ṗj(s)

(
e−Aζj(T ) − e−Aζj(t)

)
ds
∣∣∣ ≲ ˆ (t−λ2

∗−r̃2j )+

−T
|λ̇∗(s)||ζj(T )− ζj(t)|ds

≲
ˆ (t−λ2

∗−r̃2j )+

−T
|λ̇∗(s)|

[
r̃2j

( 1

t− s
− 1

T − s

)
+
r̃j |ξ[j](t)− q[j]|+ λ∗(t)

2

t− s

]
ds

≲ r̃2j ln
((t+ T )

[
T −

(
t− λ2∗ − r̃2j

)
+

]
2T

[
t−

(
t− λ2∗ − r̃2j

)
+

] )
+ (r̃j |ξ[j] − q[j]|+ λ2∗) ln

( t+ T

t−
(
t− λ2∗ − r̃2j

)
+

)
.

For the second part, ∣∣∣ˆ (t−r̃2j )+

(t−λ2
∗−r̃2j )+

ṗj(s)
(
e−Aζj(T ) − e−Aζj(t)

)
ds
∣∣∣ ≲ λ2∗.

For the third part, if r̃j ≤
√
T − t, we have∣∣∣ˆ t

(t−r̃2j )+

ṗj(s)
(
e−Aζj(T ) − e−Aζj(t)

)
ds
∣∣∣ ≲ r̃2j ;

if r̃j >
√
T − t, t > T/2, by similar calculations as in the first part, we have∣∣∣(ˆ t−(T−t)

(t−r̃2j )+

+

ˆ t

t−(T−t)

)
ṗj(s)

(
e−Aζj(T ) − e−Aζj(t)

)
ds
∣∣∣

≲
ˆ t−(T−t)

(t−r̃2j )+

|λ̇∗(s)|
[
r̃2j

( 1

t− s
− 1

T − s

)
+
r̃j |ξ[j](t)− q[j]|+ λ∗(t)

2

t− s

]
ds+

ˆ t

t−(T−t)
|λ̇∗(s)|ds

≲ r̃2j
| lnT |

ln2(T − t)
+ (r̃j |ξ[j] − q[j]|+ λ2∗) ln

( t− (t− r̃2j )+

T − t

)
+ λ∗,

where we used 1
t−s −

1
T−s ∼ (T − t)(T − s)−2 for s ≤ t− (T − t).

For the last part, by (3.2),∣∣∣ˆ T

t
ṗ(s)

(
1− e−Aζj(T )

)
ds
∣∣∣ ≲ [(

r̃2j

ˆ T−r̃2j

t

|λ̇∗(s)|
T − s

ds+

ˆ T

T−r̃2j

|λ̇∗(s)|ds
)
1{r̃j≤

√
T−t} + λ∗1{r̃j>

√
T−t}

]
≲ r̃2j1{r̃j≤

√
T−t} + λ∗1{r̃j>

√
T−t}.
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In sum, collecting the above estimates, we conclude that for t > T/2,∣∣Φ∗[j]
0 (|x− ξ[j]|, t)− Φ

∗[j]
0 (|x− q[j]|, T )

∣∣
≲ r̃j ln

(
2T (t+ T )−1

)
+ r̃j ln

(T − (t− λ2∗ − r̃2j )+

t− (t− λ2∗ − r̃2j )+

)
+ λ∗ ln

( t+ T

t− (t− λ2∗ − r̃2j )+

)
+ λ∗ + 1{r̃j≤

√
T−t}r̃j + 1{r̃j>

√
T−t}

[
r̃j

| lnT |
ln2(T − t)

+ λ∗ ln
( t− (t− r̃2j )+

T − t

)
+ λ∗(T − t)−1/2

]
.

Here, if t− λ2∗ − r̃2j ≥ 0,

r̃j ln
(T − (t− λ2∗ − r̃2j )+

t− (t− λ2∗ − r̃2j )+

)
= r̃j ln

(
1 +

T − t

λ2∗ + r̃2j

)
≲ r̃j | ln(T − t)|1{r̃j<

√
T−t} + r̃−1

j (T − t)1{r̃j≥
√
T−t} ≲

√
T − t| ln(T − t)|,

since T−t
2(
√
T−t)2

≤ T−t
λ2
∗+r̃2j

≤ T−t
λ2
∗

if r̃j <
√
T − t. Thus,

r̃j ln
(T − (t− λ2∗ − r̃2j )+

t− (t− λ2∗ − r̃2j )+

)
≲ 1{r̃2j≤t−λ2

∗}
√
T − t| ln(T − t)|+ 1{r̃2j>t−λ2

∗}r̃j ln(T/t). (7.41)

Similarly,

λ∗ ln
( t+ T

t− (t− λ2∗ − r̃2j )+

)
≲ 1{r̃2j≤t−λ2

∗}λ∗| ln(T − t)|+ 1{r̃2j>t−λ2
∗}λ∗ ln

( t+ T

t

)
,

1{r̃j>
√
T−t}λ∗ ln

( t− (t− r̃2j )+

T − t

)
= 1{

√
T−t<r̃j≤

√
t}λ∗ ln

( r̃2j
T − t

)
+ 1{r̃j>max{

√
T−t,

√
t}}λ∗ ln

( t

T − t

)
.

(7.42)
It follows that for all r̃2j ≤M , we have∣∣Φ∗[j]

0 (|x− ξ[j]|, t)− Φ
∗[j]
0 (|x− q[j]|, T )

∣∣ → 0 uniformly as t→ T, (7.43)

From (7.35), (7.36), (7.37), and (7.43), we obtain the first part of (7.33).
Using (7.38), we have

∂x1Φ
∗[j]
0 (|x− ξ[j]|, t) = −2f1(t)

[ ˆ t

−T
ṗj(s)

(
1− e−Aζj(t)

)
ds, 0

]tr
+ f2(t)

[ ˆ t

−T
ṗj(s)ζj(t)e

−Aζj(t)ds, 0
]tr
,

where

f1(t) :=
2(x1 − ξ

[j]
1 )

[
x1 − ξ

[j]
1 + i

(
x2 − ξ

[j]
2

)](
|x− ξ[j]|3 + λ3j

)(
|x− ξ[j]|2 + λ2j

)1/2 +
|x− ξ[j]|2(

|x− ξ[j]|3 + λ3j
)(
|x− ξ[j]|2 + λ2j

)1/2
+

|x− ξ[j]|2
[
x1 − ξ

[j]
1 + i

(
x2 − ξ

[j]
2

)](
|x− ξ[j]|2 + λ2j

)1/2 (−1)
(
|x− ξ[j]|3 + λ3j

)−2
3|x− ξ[j]|(x1 − ξ

[j]
1 )

+
|x− ξ[j]|2

[
x1 − ξ

[j]
1 + i

(
x2 − ξ

[j]
2

)]
|x− ξ[j]|3 + λ3j

(−1)
(
|x− ξ[j]|2 + λ2j

)−3/2
(x1 − ξ

[j]
1 ),

f2(t) :=
−2|x− ξ[j]|2

[
x1 − ξ

[j]
1 + i

(
x2 − ξ

[j]
2

)](
|x− ξ[j]|3 + λ3j

)(
|x− ξ[j]|2 + λ2j

)1/2 2A x1 − ξ
[j]
1

|x− ξ[j]|2 + λ2j
.

It is easy to get |f1(t)|+ |f2(t)| ≲ (r̃j + λ∗)
−2. Similar to (7.40), we have

|f1(t)− f1(T )|+ |f2(t)− f2(T )| ≲ λ∗

ˆ 1

0
(r̃j + θλ∗)

−3dθ.



FINITE-TIME BLOW-UP FOR LLG 59

´ t
−T ṗj(s)(1 − e−Aζj(t))ds has been dealt with in the estimate of (7.39).

´ t
−T ṗj(s)ζj(t)e

−Aζj(t)ds can

be handled similarly. In sum, for t > T/2,

|∂x1Φ
∗[j]
0 (|x− ξ[j]|, t)− ∂x1Φ

∗[j]
0 (|x− q[j]|, T )| ≲ ln(1 + r̃−1

j λ∗)

+ (r̃j + λ∗)
−1

{
r̃j ln

(
2T (t+ T )−1

)
+ r̃j ln

(T − (t− λ2∗ − r̃2j )+

t− (t− λ2∗ − r̃2j )+

)
+ λ∗ ln

( t+ T

t− (t− λ2∗ − r̃2j )+

)
+ λ∗ + 1{r̃j≤

√
T−t}r̃j + 1{r̃j>

√
T−t}

[
r̃j

| lnT |
ln2(T − t)

+ λ∗ ln
( t− (t− r̃2j )+

T − t

)
+ λ∗(T − t)−1/2

]}
.

And ∂x2Φ
∗[j]
0 (|x− ξ[j]|, t) can be dealt with similarly. Using (7.41), (7.42), and

´
r̃j≤M (r̃j + λ∗)

−2dx ≲

ln(M + 2) + | lnλ∗|, (r̃j + λ∗)
−1r̃j ≤ 1, we getˆ

BM

∣∣∣∇xΦ
∗[j]
0 (|x− ξ[j]|, t)−∇xΦ

∗[j]
0 (|x− q[j]|, T )

∣∣∣2dx→ 0. (7.44)

Applying (7.35) to Φout, (7.36) to η
[j]

R QγjΦ
[j]

in , and (7.37), (3.23), (7.43), (7.44) to η
[j]

dq
Φ
∗[j]
0 , we

conclude the second part of (7.33). □

Recall U∗ given in (3.3). The pointwise limit as t goes to T is given by

U∗(T ) =

{
[0, 0, 1]tr = U∞, if x ̸∈ {q[j] | j = 1, 2, . . . , N}
[0, 0,−1]tr, if x ∈ {q[j] | j = 1, 2, . . . , N}.

U∗(t) does not converge in L∞
loc since U∗(T ) is not continuous. Instead,

∥U∗(·, t)− U∞∥
L∞(∩N

j=1{|x−q[j]|≥3λ∗(t)R(t)}) → 0. (7.45)

By (E.15), one has

Φ(q[j], T ) = 0, j = 1, . . . , N, and then ((Φ · U∗)U∗)(T ) = (Φ(T ) · U∞)U∞,

∥(Φ · U∗)U∗ − ((Φ · U∗)U∗)(T )∥L∞(R2) ≤ ∥(Φ · (U∗ − U∞))U∗∥L∞(R2)

+ ∥(Φ · U∞)(U∗ − U∞)∥L∞(R2) + ∥[(Φ− Φ(T )) · U∞]U∞∥L∞(R2) → 0,

(7.46)

where we used (E.15), (7.45), (7.33) in the last step.

∥∂xi [(Φ · U∗)U∗]− ∂xi [((Φ · U∗)U∗)(T )]∥L2(BM )

≤ ∥(Φ · U∗)∂xiU∗∥L2(BM ) + ∥(Φ · ∂xiU∗)U∗∥L2(BM ) + ∥[∂xiΦ · (U∗ − U∞)]U∗∥L2(BM )

+ ∥(∂xiΦ · U∞)(U∗ − U∞)∥L2(BM ) + ∥[(∂xiΦ− ∂xiΦ(T )) · U∞]U∞∥L2(BM ) → 0, (7.47)

where for the last step, we used ∥⟨ρj⟩−1∥L2(BM ) ≤ C(M)λ∗| lnλ∗|1/2 and applied (E.1), (E.15) to
∥(Φ · U∗)∂xiU∗∥L2(BM ) + ∥(Φ · ∂xiU∗)U∗∥L2(BM ); (E.16), (7.45) to ∥[∂xiΦ · (U∗ − U∞)]U∗∥L2(BM ) +
∥(∂xiΦ · U∞)(U∗ − U∞)∥L2(BM ); (7.33) to ∥[(∂xiΦ− ∂xiΦ(T )) · U∞]U∞∥L2(BM ).

Recall A defined in (4.4) and Φ(q[j], T ) = 0. It is straightforward to get

A(T ) = [1− |Φ(T )|2 + (Φ(T ) · U∞)2]1/2 − 1, A(q[j], T ) = 0, j = 1, 2, . . . , N, (AU∗)(T ) = A(T )U∞,

∇x(A(T )) = −
∇x

[∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2]
2(1 +A(T ))

,
∣∣(ΠU⊥

∗
Φ
)
(T )

∣∣2 = |Φ(T )|2 − (Φ(T ) · U∞)2. (7.48)

Note that

|ΠU⊥
∗
Φ|2 = |Φ− (Φ · U∗)U∗|2 = |Φ|2 − (Φ · U∗)

2 + (Φ · U∗)
2(|U∗|2 − 1).

By (E.15), (7.33), and (7.45), we have

∥(Φ · U∗)(t)− (Φ · U∗)(T )∥L∞(R2) ≤ ∥Φ(t) · (U∗(t)− U∗(T )) ∥L∞(∩N
j=1{|x−q[j]|>3λ∗(t)R(t)})

+ ∥Φ(t) · (U∗(t)− U∗(T )) ∥L∞(∪N
j=1{|x−q[j]|≤3λ∗(t)R(t)}) + ∥ (Φ(t)− Φ(T )) · U∗(T )∥L∞(R2) → 0.
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We can handle the convergence of the other terms involved in A directly. Then

∥A(t)−A(T )∥L∞(R2) → 0. (7.49)

Similarly, using (4.5), (E.15), (7.45), and (7.49), we have

∥(AU∗)(t)− (AU∗)(T )∥L∞(R2) ≤ ∥A(t)(U∗(t)− U∗(T ))∥L∞(∩N
j=1{|x−q[j]|>3λ∗(t)R(t)})

+ ∥A(t)(U∗(t)− U∗(T ))∥L∞(∪N
j=1{|x−q[j]|≤3λ∗(t)R(t)}) + ∥(A(t)−A(T ))U∗(T )∥L∞(R2) → 0.

(7.50)

Using (AU∗)(T ) = A(T )U∞, we write

∂xi((AU∗)(t)− (AU∗)(T )) = (U∗(t)− U∞)∂xiA(t) +A(t)∂xiU∗(t) + U∞∂xi(A(t)−A(T )), i = 1, 2

and consider the following three terms

I1 :=

ˆ
BM

|∇xA(x, t)|2|U∗(x, t)− U∞|2dx, I2 :=

ˆ
BM

|A(x, t)|2|∇xU∗(x, t)|2dx,

I3 :=

ˆ
BM

|∇x(A(x, t)−A(x, T ))|2dx.

Using (E.26), (7.45), and ∥⟨ρj⟩−1∥L2(BM ) ≤ C(M)λ∗| lnλ∗|1/2, we have I1 → 0. By (4.5), (E.15),

(E.1), and ∥⟨ρj⟩−1∥L2(BM ) ≤ C(M)λ∗| lnλ∗|1/2, we have I2 → 0. For I3, using ∇x(A(T )) in (7.48) and
∇xA given in (4.11), we have

|∇xA−∇x(A(T ))| ≲
∣∣∣[(1 +A)2∇x(|U∗|2) +∇x

(∣∣ΠU⊥
∗
Φ
∣∣2)+ 2(1 +A)∇x(U∗ ·ΠU⊥

∗
Φ)

]
(1 +A(T ))

−∇x

[∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2][(1 +A)|U∗|2 + U∗ ·ΠU⊥
∗
Φ
]∣∣∣

=
∣∣∣(1 +A)2∇x(|U∗|2)(1 +A(T )) + 2(1 +A)∇x(U∗ ·ΠU⊥

∗
Φ)(1 +A(T ))

+
[
∇x

(∣∣ΠU⊥
∗
Φ
∣∣2)−∇x

(∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2)](1 +A(T )) +∇x

(∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2)(A(T )−A)

+∇x

(∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2)(1 +A)(1− |U∗|2)−∇x

(∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2)(1− |U∗|2)(Φ · U∗)
∣∣∣.

• By (E.3), we have ∇x(|U∗|2) → 0 in L2
loc.

• By (3.4), (E.23), (E.19), and (E.3),

|∇x(U∗ ·ΠU⊥
∗
Φ)| = |(1− |U∗|2)∇x(Φ · U∗)− 2(Φ · U∗)U∗ · ∇xU∗| ≲ λ

1/2
∗ .

• Note that

∇x(|ΠU⊥
∗
Φ|2) = 2Φ · ∇xΦ+ (Φ · U∗)

2∇x(|U∗|2) + 2(|U∗|2 − 2)(Φ · U∗)∇x(Φ · U∗).

From (7.48), we have∣∣∂xi

(∣∣ΠU⊥
∗
Φ
∣∣2)− ∂xi

(∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2)∣∣ ≤ 2|Φ · ∂xiΦ− Φ(T ) · ∂xi(Φ(T ))|+
∣∣(Φ · U∗)

2∂xi

(
|U∗|2

)∣∣
+ 2

∣∣(|U∗|2 − 1
)
(Φ · U∗)∂xi(Φ · U∗)

∣∣+ 2
∣∣− (Φ · U∗)∂xi(Φ · U∗) + (Φ(T ) · U∞)[∂xi(Φ(T )) · U∞]

∣∣.
By (7.33) and (7.34),

∥Φ · ∂xiΦ− Φ(T ) · ∂xi(Φ(T ))∥L2(BM ) → 0.

By (E.15) and (E.3),

∥(Φ · U∗)
2∂xi(|U∗|2)∥L2(BM ) ≲ ∥|Φ|2|∂xi(|U∗|2)|∥L2(BM ) → 0.

By (3.4), (E.19), and (E.23),

∥(|U∗|2 − 1)(Φ · U∗)∂xi(Φ · U∗)∥L∞(R2) ≲ λ∗∥(Φ · U∗)∂xi(Φ · U∗)∥L∞(R2) → 0.

Finally,

∥ − (Φ · U∗)∂xi(Φ · U∗) + (Φ(T ) · U∞)[∂xi(Φ(T )) · U∞]∥L2(BM )
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≤ ∥[(Φ(T )− Φ) · U∗]∂xi(Φ · U∗)∥L2(BM ) + ∥[Φ(T ) · (U∞ − U∗)]∂xi(Φ · U∗)∥L2(BM )

+ ∥(Φ(T ) · U∞)(Φ · ∂xiU∗)∥L2(BM ) + ∥(Φ(T ) · U∞)[∂xiΦ · (U∞ − U∗)]∥L2(BM )

+ ∥(Φ(T ) · U∞)[(∂xi(Φ(T ))− ∂xiΦ) · U∞]∥L2(BM ) → 0,

where we used (7.33), (E.23); (7.34), (7.45); (E.15), (E.1); (E.16), (7.45); (7.33) in order for the last
step. In sum,

∥∂xi(|ΠU⊥
∗
Φ|2)− ∂xi(|(ΠU⊥

∗
Φ)(T )|2)∥L2(BM ) → 0.

• By (7.48) and (7.34),
∥∇x(|(ΠU⊥

∗
Φ)(T )|2)∥L∞(R2) ≲ 1. (7.51)

Combining (7.49) and (3.4), we have

∥∇x

(∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2)(A(T )−A)∥L∞(R2)+∥∇x

(∣∣(ΠU⊥
∗
Φ
)
(T )

∣∣2)(1+A−Φ ·U∗)
(
1− |U∗|2

)
∥L∞(R2) → 0.

As a result, we conclude I3 → 0. In sum,

∥∇x((AU∗)(t)− (AU∗)(T ))∥L2(BM ) → 0. (7.52)

Consequently, applying (7.31), (7.48), (7.46), (7.34), (7.51) to u∗, and (7.33), (7.46), (7.47), (7.50),
(7.52) to Φper(t)− Φper(T ), we attain

u∗(x) = A(x, T )U∞ +Φ(x, T )− (Φ(x, T ) · U∞)U∞ + U∞ ∈ H1
loc(R2) ∩ L∞(R2),

Φper(t)− Φper(T ) → 0 in H1
loc(R2)∩L∞(R2).

(7.53)

Next, we will prove weak-∗ convergence. Obviously, |∇xu|2 = |∇xU∗|2+2∇xU∗ ·∇xΦper+ |∇xΦper|2,
|∇xu∗|2 = |∇xΦper(x, T )|2, |∇xU

[j]|2 = 8λ−2
j

(
λ−2
j |x − ξ[j]|2 + 1

)−2
. Given a function f ∈ L∞(R2)

continuous at q[j], by dominated convergence theorem and 8
´
R2(|z|2 + 1)−2dz = 8π, thenˆ

R2

|∇xU
[j](x, t)|2f(x)dx = 8

ˆ
R2

(|z|2 + 1)−2f(λjz + ξ[j])dz → 8πf(q[j]).

Given a constant C1 > 0, by (7.30),ˆ
R2

λ−1
j

(
λ−2
j |x− ξ[j]|2 + 1

)−1|∇xΦper(x, t)|1{|x|≤C1}dx ≲ λϵ∗| lnλ∗|.

For j ̸= k, by splitting R2 into three parts {x | |x − q[j]| ≤ dq}, {x | |x − q[k]| ≤ dq}, and
{x | min{|x− q[j]|, |x− q[k]|} > dq} when estimating, we haveˆ

R2

λ−1
j

(
λ−2
j |x− ξ[j]|2 + 1

)−1
λ−1
k

(
λ−2
k |x− ξ[k]|2 + 1

)−1
dx ≲ λ2∗| lnλ∗|.

Together with (7.53), given a function f ∈ L∞(R2) with compact support and continuous at q[j],
j = 1, 2, . . . , N , we have

lim
t→T

ˆ
R2

f(x)|∇u(x, t)|2dx =

ˆ
R2

f(x)|∇u∗(x)|2dx+
N∑
j=1

8πf(q[j]), (7.54)

which is the weak-∗ convergence of the Radon measure. We complete the proof of Corollary 1.1.

8. Linear theory for the inner problems

In this section, we will establish the linear theory for the inner problem (4.17) in different modes.
Since this section is rather independent of the other parts, we abuse the notation a bit and use R
for more general cases. Recall (4.26), in the time variable τj , (4.17) is the usual parabolic system.
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Since the inner problems for j = 1, 2, . . . , N all have the same structure, we omit the subscripts or
superscripts “j”, “[j]” in this section for brevity, and all spatial derivatives are about y. Consider{

∂τΨ = (a− bW∧) (LinΨ) +H in DR,

Ψ(y, τ) ·W (y) = H(y, τ) ·W (y) = 0 in DR,
(8.1)

where
Linf := ∆f + |∇W |2f − 2∇ (W · f) · ∇W + 2 (∇W · ∇f)W, (8.2)

DR := {(y, τ) | τ ∈ (τ0,∞), y ∈ BR} , BR :=
{
y ∈ R2 | |y| < R(τ)

}
, τ0 ≥ 2.

We call a function f(τ) defined in (τ0,∞) of algebraic power type if C−1f∗(τ) ≤ f(τ) ≤ Cf∗(τ),
where C ≥ 1 is a constant, and f∗(τ) = c0τ

c1⟨ln τ⟩c2⟨ln⟨ln τ⟩⟩c3 · · · with finite multiplicity, c0 > 0
possibly depends on τ0, ci ∈ R, i = 1, 2, . . . , and then we define

P1[f ] := c1. (8.3)

Denote AP as the set of algebraic power type functions. Obviously, for any f1, f2 ∈ AP, c ∈ R, we
have f1f2, f1/f2, f

c
1 ∈ AP, P1[f1f2] = P1[f1]+P1[f2], P1[1/f1] = −P1[f1], and P1[f

c
1 ] = cP1[f1]. For

τ ≥ τ0 ≥ 9 and f ∈ AP, C−1
f f(τ) ≤ f(s) ≤ Cff(τ) for all τ ≤ s ≤ 2τ with a constant Cf > 1. If we

assume, in addition, ln f ∈ AP, then P1[ln f ] = 0.
Throughout this section, unless otherwise stated, we always assume that constants, O(·), ≲, ∼ are

independent of τ0, k ∈ Z for |k| ≥ 2 (used for mode k, |k| ≥ 2), and

τ0 ≥ 9, v(τ), R(τ), R0(τ) ∈ AP, 0 ≤ P1[R0] ≤ P1[R] < 1/2, 2R0(τ) ≤ R(τ),

inf
s≥τ0

R0(s) ≫ 1, R2
(
lnR+ (ln τ)m

)
≤ C1τ, R0 ∈ C1(τ0,∞), |R′

0| = O(R−1
0 )

(8.4)

for any m ≥ 0 with a constant C1 > 0 depending on m. Obviously, if R′
0 = O(τ−1R0), then

|R′
0| = O(R−1

0 ).
Suppose that ΨC(y, τ), HC(y, τ) defined by (2.16) have the following Fourier expansion respectively,

ΨC(y, τ) =
∑
k∈Z

ψk(ρ, τ)e
ikθ, ψk(ρ, τ) := ΨC,k(ρ, τ) = (2π)−1

ˆ 2π

0
ΨC(ρe

is, τ)e−iksds,

HC(y, τ) =
∑
k∈Z

hk(ρ, τ)e
ikθ, hk(ρ, τ) := HC,k(ρ, τ) = (2π)−1

ˆ 2π

0
HC(ρe

is, τ)e−iksds,

(8.5)

where ΨC,k and HC,k are defined in (2.18) and

y = ρeiθ, ρ = |y|, θ = arctan(y2/y1).

Using (2.17), we denote

Ψk(y, τ) :=
(
ψk(ρ, τ)e

ikθ
)
C−1 , Hk(y, τ) :=

(
hk(ρ, τ)e

ikθ
)
C−1 for k ∈ Z.

It is easy to see that
|Ψk| = |ψk|, |Hk| = |hk|. (8.6)

For ℓ ∈ R and v(τ) > 0 and vectorial complex-valued function f , we introduce the weighted topology

∥f∥Rv,ℓ := sup
(y,τ)∈DR

(v(τ)⟨y⟩−ℓ)−1|f(y, τ)| (8.7)

with a scalar function R = R(τ). By (8.6) and (8.5), we have

∥ψk∥Rv,ℓ = ∥Ψk∥Rv,ℓ, ∥hk∥Rv,ℓ = ∥Hk∥Rv,ℓ ≲ ∥H∥Rv,ℓ, |Ψ(y, τ)| ≲
∑
k∈Z

|Ψk(y, τ)|. (8.8)

For the convergence in (8.8) when summing up, we have to make the dependence on k very clear in
the estimates of mode k, |k| ≥ 2.
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8.1. Complex-valued form of the inner linear equation. The following lemma bridges the inner
problem in the parabolic system form and the complex-scalar form.

Lemma 8.1. For Lin defined in (8.2) and Ψ ·W = 0, we have

[(a− bW∧) (LinΨ)] ·W = 0, (8.9)

[(a− bW∧) (LinΨ)]C = (a− ib)LinΨC, (8.10)

where

LinΨC :=
[
∂ρρ +

1

ρ
∂ρ +

1

ρ2
∂θθ −

1

ρ2
+ i

2 cosw(ρ)

ρ2
∂θ +

8

(ρ2 + 1)2

]
ΨC.

Then (8.1) is equivalent to the complex-valued equation

∂τΨC = (a− ib)LinΨC +HC in DR. (8.11)

Under the Fourier expansion (8.5), then

Lin

[
eikθψk

]
= eikθLkψk, (8.12)

where

Lkf := ∂ρρf +
∂ρf

ρ
+ Vk(ρ)f, Vk(ρ) := −(k + 1)2ρ4 + (2k2 − 6)ρ2 + (k − 1)2

(ρ2 + 1)2
1

ρ2
. (8.13)

It follows that
∂τΨk = (a− bW∧) (LinΨk) +Hk

is equivalent to
∂τψk = (a− ib)Lkψk + hk. (8.14)

Proof. Set
Ψ(y, τ) = φ1(y, τ)E1(y) + φ2(y, τ)E2(y), that is, ΨC = φ1 + iφ2.

By (2.8), one has

∆(φ1E1) = (∆φ1)E1 + 2
(
∂ρφ1∂ρE1 +

1

ρ2
∂θφ1∂θE1

)
+ φ1

(
∂ρρ +

∂ρ
ρ

+
∂θθ
ρ2

)
E1

= (∆φ1)E1 − 2∂ρφ1wρW +
2

ρ2
∂θφ1 coswE2

+ φ1

[
− wρρW − w2

ρE1 −
1

ρ
wρW − 1

ρ2
cosw(sinwW + coswE1)

]
=

[
∆φ1 − φ1

(
w2
ρ +

cos2w

ρ2

)]
E1 +

2 cosw

ρ2
∂θφ1E2 +

[
− 2wρ∂ρφ1 − φ1

(
wρρ +

wρ

ρ
+

sinw cosw

ρ2

)]
W

=
(
∂ρρφ1 +

1

ρ
∂ρφ1 +

1

ρ2
∂θθφ1 −

1

ρ2
φ1

)
E1 +

2 cosw

ρ2
∂θφ1E2 +

(
− 2wρ∂ρφ1 −

2 sinw cosw

ρ2
φ1

)
W,

where we used wρρ +
wρ

ρ − sinw cosw
ρ2

= 0 for the last equality. Similarly,

∆(φ2E2) = ∆(φ2)E2 − 2
1

ρ2
∂θφ2(sinwW + coswE1)− φ2

1

ρ2
E2

= − 2 cosw

ρ2
∂θφ2E1 +

(
∂ρρφ2 +

1

ρ
∂ρφ2 +

1

ρ2
∂θθφ2 −

1

ρ2
φ2

)
E2 −

2 sinw

ρ2
∂θφ2W.

Thus

∆Ψ =
(
∂ρρφ1 +

1

ρ
∂ρφ1 +

1

ρ2
∂θθφ1 −

1

ρ2
φ1 −

2 cosw

ρ2
∂θφ2

)
E1

+
(
∂ρρφ2 +

1

ρ
∂ρφ2 +

1

ρ2
∂θθφ2 −

1

ρ2
φ2 +

2 cosw

ρ2
∂θφ1

)
E2

+
(
− 2wρ∂ρφ1 −

2 sinw

ρ2
∂θφ2 −

2 sinw cosw

ρ2
φ1

)
W.

(8.15)
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By (2.8),
∂ρW = wρE1, ∂θW = sinwE2, ∂ρΨ = (∂ρφ1)E1 + (∂ρφ2)E2 − φ1wρW,

∂θΨ = (∂θφ1)E1 + (∂θφ2)E2 + φ1 coswE2 − φ2(sinwW + coswE1),

then we have

2(∇W · ∇Ψ)W = 2
(
∂ρW · ∂ρΨ+

1

ρ2
∂θW · ∂θΨ

)
W =

(2 sinw cosw

ρ2
φ1 + 2wρ∂ρφ1 +

2 sinw

ρ2
∂θφ2

)
W.

(8.16)
Then plugging (2.5), (8.15), (8.16) into (8.2) and using (2.7), we have

(a− bW∧) (LinΨ) =
{
∂ρρφ1 +

1

ρ
∂ρφ1 +

1

ρ2
∂θθφ1 +

[ 8

(ρ2 + 1)2
− 1

ρ2

]
φ1 −

2 cosw

ρ2
∂θφ2

}
(aE1 − bE2)

+
{
∂ρρφ2 +

1

ρ
∂ρφ2 +

1

ρ2
∂θθφ2 +

[ 8

(ρ2 + 1)2
− 1

ρ2

]
φ2 +

2 cosw

ρ2
∂θφ1

}
(aE2 + bE1) ,

which implies (8.9), (8.10) and the equivalence between (8.1) and (8.11). Finally, (8.12) and (8.14)
are derived directly. □

The linearly independent kernels Zk,1,Zk,2 of Lk in (8.13) satisfying the Wronskian W [Zk,1,Zk,2] =
ρ−1 are given as follows:

Z−1,1(ρ) =
ρ2

ρ2+1
, Z−1,2(ρ) =

4ρ2(ρ2 ln(ρ)−1)−1
4ρ2(ρ2+1)

, k = −1,

Z0,1(ρ) =
ρ

ρ2+1
, Z0,2(ρ) =

ρ4+4ρ2 ln(ρ)−1
2ρ(ρ2+1)

, k = 0,

Z1,1(ρ) =
1

ρ2+1
, Z1,2(ρ) =

ρ4+4ρ2+4 ln(ρ)
4(ρ2+1)

, k = 1,

Zk,1(ρ) =
ρ1−k

ρ2+1
, Zk,2(ρ) =

ρk−1

ρ2+1
( ρ4

2k+2 + ρ2

k + 1
2k−2), k ̸= −1, 0, 1.

(8.17)

It is straightforward to get

Zk,1(ρ) ∼ ρ1−k1{0<ρ≤1}+ρ
−1−k1{ρ>1}, Zk,2(ρ) ∼ k−1

(
ρk−11{0<ρ≤1}+ρ

k+11{ρ>1}
)

for k ̸= −1, 0, 1.

Recall (2.9) and (8.5) and notice Z0,1(ρ) = −1
2ρwρ. Then for mode 0,

(h0(ρ, τ))C−1 · Z0,1 + i (h0(ρ, τ))C−1 · Z0,2 = ρwρh0(ρ, τ) = −2Z0,1(ρ)h0(ρ, τ). (8.18)

Notice Z1,1(ρ) = −1
2wρ. For mode 1,

(h1(ρ, τ)e
iθ)C−1 · Z1,1 = Re(h1(ρ, τ)e

iθ)wρ cos θ + Im(h1(ρ, τ)e
iθ)wρ sin θ,

(h1(ρ, τ)e
iθ)C−1 · Z1,2 = Re(h1(ρ, τ)e

iθ)wρ sin θ − Im(h1(ρ, τ)e
iθ)wρ cos θ,

whose equivalent complex form is given by

(h1(ρ, τ)e
iθ)C−1 · Z1,1 − i(h1(ρ, τ)e

iθ)C−1 · Z1,2 = wρh1(ρ, τ) = −2Z1,1(ρ)h1(ρ, τ). (8.19)

For a radial complex-valued function f(ρ), the quadratic form of Lk in BR is defined as

QR,k(f, f) = 2π

ˆ R

0

[
|∂ρf |2 +

(k + 1)2ρ4 + (2k2 − 6)ρ2 + (k − 1)2

(ρ2 + 1)2
|f |2

ρ2

]
ρdρ. (8.20)

By [120, Lemma 4.2], QR,k(f, f) ≥ 0 for all f ∈ C2(BR)∩C(B̄R) with f = 0 on ∂BR, and QR,k(f, f) =
0 implies f ≡ 0. Define the norms

∥f∥X(BR) =
[
2π

ˆ R

0

(
|∂ρf |2 +

|f |2

ρ2

)
ρdρ

]1/2
,

∥f∥H1
0 (BR) =

(
2π

ˆ R

0
|∂ρf |2ρdρ

)1/2
, ∥f∥L2(BR) =

(
2π

ˆ R

0
|f |2ρdρ

)1/2
.

Set X0(BR) = {f(ρ)
∣∣ f(R) = 0, ∥f∥X(BR) <∞}.
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8.2. Energy estimates. We use the method in [15, Lemma 7.2] to analyze the first eigenvalue of
QR,k.

Lemma 8.2. Let

λR,k = inf
f∈X0(BR)\{0}

QR,k(f, f)

∥f∥2
L2(BR)

for k ̸= 1, λR,1 = inf
f∈H1

0 (BR)\{0}

QR,1(f, f)

∥f∥2
L2(BR)

for k = 1.

λR,k is attained by a real-valued function in X0(BR) for k ̸= 1 and H1
0 (BR) for k = 1. For R large,

λR,0 ∼ (R2 lnR)−1, λR,1 ∼ R−4, λR,−1 ≳ (R2 lnR)−1, λR,k ≳ |k|2R−2 for |k| ≥ 2.

Proof. For any complex-valued function f = f1 + if2 with f1 = Ref , f2 = Imf ,

QR,k(f, f)

∥f∥2
L2(BR)

=
QR,k(f1, f1) +QR,k(f2, f2)

∥f1∥2L2(BR)
+ ∥f2∥2L2(BR)

≥ min

{
QR,k(f1, f1)

∥f1∥2L2(BR)

,
QR,k(f2, f2)

∥f2∥2L2(BR)

}
.

Thus for k ̸= 1,

λR,k = inf

{
QR,k(f, f)

∥f∥2
L2(BR)

| f ∈ X0(BR)\{0}, f is real-valued

}
.

The same argument can be applied to λR,1.
Hereafter, we focus on real-valued functions. We choose a sequence fn ∈ X0(BR) if k ̸= 1 (fn ∈

H1
0 (BR) if k = 1) with ∥fn∥L2(BR) = 1 and λR,k + 1 ≥ QR,k(fn, fn) → λR,k. By the form of QR,k

given in (8.20), we have
´ R
0 (∂ρfn)

2ρdρ ≲ λR,k + 1. The Sobolev compact embedding theorem implies

fn → f∞ in L2(BR) up to a subsequence.
For k ̸= 1,

QR,k(fn, fn) = 2π

ˆ R

0

[
(∂ρfn)

2 +
(k − 1)2

(ρ2 + 1)2
f2n
ρ2

+
(k + 1)2ρ2 + (2k2 − 6)

(ρ2 + 1)2
f2n

]
ρdρ.

Up to a subsequence, we haveˆ R

0

[
(∂ρf∞)2 +

(k − 1)2

(ρ2 + 1)2
f2∞
ρ2

]
ρdρ ≤ lim inf

n→∞

ˆ R

0

[
(∂ρfn)

2 +
(k − 1)2

(ρ2 + 1)2
f2n
ρ2

]
ρdρ,

ˆ R

0

(k + 1)2ρ2 + (2k2 − 6)

(ρ2 + 1)2
f2∞ρdρ = lim

n→∞

ˆ R

0

(k + 1)2ρ2 + (2k2 − 6)

(ρ2 + 1)2
f2nρdρ.

Moreover, ˆ R

0

[
(∂ρf∞)2 +

(k − 1)2

(ρ2 + 1)2
f2∞
ρ2

]
ρdρ ∼ C(R, k)

ˆ R

0

[
(∂ρf∞)2 +

f2∞
ρ2

]
ρdρ.

Thus
QR,k(f∞, f∞) ≤ λR,k, ∥f∞∥L2(BR) = 1, f∞ ∈ X0(BR),

which implies that the minimum λR,k is attained by f∞.
For k = 1, similarly, we choose a subsequence such that fn ⇀ f∞ in H1

0 (BR), fn → f∞ in L2(BR).ˆ R

0
(∂ρf∞)2ρdρ ≤ lim inf

n→∞

ˆ R

0
(∂ρfn)

2ρdρ,

ˆ R

0

4(ρ2 − 1)

(ρ2 + 1)2
f2∞ρdρ = lim

n→∞

ˆ R

0

4(ρ2 − 1)

(ρ2 + 1)2
f2nρdρ.

Then
QR,1(f∞, f∞) ≤ λR,1, ∥f∞∥L2(BR) = 1, f∞ ∈ H1

0 (BR),

and thus λR,1 is attained by f∞.
Next, we will use the Lagrange multiplier for the real-valued minimum function f∞ to estimate λR,k,

k = −1, 0, 1. To avoid confusion, we denote wk as the eigenfunction corresponding to the eigenvalue
λR,k for every mode k with the normalization ∥wk∥L2(BR) = 1.

For k = 0,
L0w0 = −λR,0w0 in BR, w0 = 0 on ∂BR.
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w0 is given by

w0(ρ) = Z0,2(ρ)

ˆ ρ

0
(−λR,0w0(s))Z0,1(s)sds+ Z0,1(ρ)

ˆ R

ρ
(−λR,0w0(s))Z0,2(s)sds−AR,0Z0,1(ρ),

where AR,0 = (Z0,1(R))
−1Z0,2(R)

´ R
0 (−λR,0w0(s))Z0,1(s)sds. For 0 ≤ ρ ≤ 1,

|Z0,2(ρ)

ˆ ρ

0
w0(s)Z0,1(s)sds| ≲ ρ−1∥w0∥L2(Bρ)∥Z0,1∥L2(Bρ) ≲ 1,

|Z0,1(ρ)

ˆ R

ρ
w0(s)Z0,2(s)sds| ≤ |Z0,1(ρ)

ˆ R

1
w0(s)Z0,2(s)sds|+ |Z0,1(ρ)

ˆ 1

ρ
w0(s)Z0,2(s)sds| ≲ R2,

|AR,0Z0,1(ρ)| ≲ |AR,0| ≲ λR,0R
2(lnR)

1
2 .

Thus ∥w0∥L2(B1) ≲ λR,0R
2(lnR)

1
2 . For ρ ≥ 1,

∥Z0,2(ρ)

ˆ ρ

0
w0(s)Z0,1(s)sds∥L2(BR\B1) ≤ ∥Z0,2∥L2(BR\B1)∥w0∥L2(BR)∥Z0,1∥L2(BR) ≲ R2(lnR)

1
2 ,

∥Z0,1(ρ)

ˆ R

ρ
w0(s)Z0,2(s)sds∥L2(BR\B1) ≲ ∥Z0,1∥L2(BR\B1)∥w0∥L2(BR\B1)∥Z0,2∥L2(BR\B1) ≲ R2(lnR)

1
2 ,

∥AR,0Z0,1(ρ)∥L2(BR\B1) ≲ λR,0R
2 lnR.

In sum, when R is large, we have 1 = ∥w0∥L2(BR) ≲ λR,0R
2 lnR.

On the other hand, when R is large, ∥ηR
2
Z0,1∥2L2(BR) ∼ lnR,

QR,0(ηR
2
Z0,1, ηR

2
Z0,1) ∼

(ˆ R
2

0
+

ˆ R

R
2

)[
(∂ρ(ηR

2
Z0,1))

2 +
ρ4 − 6ρ2 + 1

(ρ2 + 1)2

(ηR
2
Z0,1)

2

ρ2

]
ρdρ

= −
ˆ ∞

R
2

[
(∂ρZ0,1)

2 +
ρ4 − 6ρ2 + 1

(ρ2 + 1)2
(Z0,1)

2

ρ2

]
ρdρ+

ˆ R

R
2

[
(∂ρ(ηR

2
Z0,1))

2 +
ρ4 − 6ρ2 + 1

(ρ2 + 1)2

(ηR
2
Z0,1)

2

ρ2

]
ρdρ ∼ R−2,

where we used L0Z0,1 = 0. Then we have λR,0 ≲ (R2 lnR)−1.
For k = 1, similarly,

L1w1 = −λR,1w1 in BR, w1 = 0 on ∂BR,

w1(ρ) = Z1,2(ρ)

ˆ ρ

0
(−λR,1w1(s))Z1,1(s)sds+ Z1,1(ρ)

ˆ R

ρ
(−λR,1w1(s))Z1,2(s)sds−AR,1Z1,1(ρ),

where AR,1 = (Z1,1(R))
−1Z1,2(R)

´ R
0 (−λR,1w1(s))Z1,1(s)sds. For R large, we have 1 = ∥w1∥L2(BR) ≲

λR,1R
4, ∥ηR

2
Z1,1∥2L2(BR) ∼ 1, QR,1(ηR

2
Z1,1, ηR

2
Z1,1) ∼ R−4 by L1Z1,1 = 0, and then λR,1 ≲ R−4.

For k = −1, similarly,

L−1w−1 = −λR,−1w−1 in BR, w−1 = 0 on ∂BR,

w−1(ρ) = Z−1,2(ρ)

ˆ ρ

0
(−λR,−1w−1(s))Z−1,1(s)sds+Z−1,1(ρ)

ˆ R

ρ
(−λR,−1w−1(s))Z−1,2(s)sds−AR,−1Z−1,1(ρ),

where AR,−1 = (Z−1,1(R))
−1Z−1,2(R)

´ R
0 (−λR,−1w−1(s))Z−1,1(s)sds. For R large, we have 1 =

∥w−1∥L2(BR) ≲ λR,−1R
2 lnR.

For |k| ≥ 2, QR,k(f, f) ≳ 2π|k|2
´ R
0

|f |2
ρ2
ρdρ ≥ |k|2R−2∥f∥2L2(BR). □
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Lemma 8.3. Consider {
∂τϕk = (a− ib)Lkϕk + h(ρ, τ) in DR,

ϕk = 0 on ∂DR, ϕk(·, τ0) = 0 in BR(τ0)

(8.21)

with R given in (8.4). Denote Φk(y, τ) = (ϕk(ρ, τ)e
ikθ)C−1. Then (8.21) is equivalent to{

∂τΦk = (a− bW∧)(LinΦk) + (h(ρ, τ)eikθ)C−1 in DR,

Φk = 0 on ∂DR, Φk(·, τ0) = 0 in BR(τ0).
(8.22)

Suppose that ∥h(·, τ)∥2L2(BR) ≲ g(τ),ˆ τ

τ0

ec
´ s λ̃R,k(z)dz(λ̃R,k(s))

−1g(s)ds ≲ C(c)ec
´ τ λ̃R,k(z)dz min

{
τ, (λ̃R,k)

−1
}
(λ̃R,k)

−1g(τ) (8.23)

for any fixed constant c > 0, a constant C(c) > 0 depending on c and

λ̃R,0 = (R2 lnR)−1, λ̃R,1 = R−4, λ̃R,−1 = (R2 lnR)−1, λ̃R,k = R−2 for |k| ≥ 2,

then, we have the estimates

∥ϕk(·, τ)∥L2(BR) ≲
[
min

{
τ, (λ̃R,k)

−1
}
(λ̃R,k)

−1g(τ)
]1/2

. (8.24)

In particular, when ∥h∥Rv,ℓ <∞, then ∥h(·, τ)∥2L2(BR) ≲
(
θR,ℓv(τ)∥h∥Rv,ℓ

)2
, and

∥ϕ0(·, τ)∥L∞(BR) ≲ R2 lnRθR,ℓv(τ)∥h∥Rv,ℓ, ∥ϕ1(·, τ)∥L∞(BR) ≲ min{τ
1
2 , R2}R2θR,ℓv(τ)∥h∥Rv,ℓ,

∥ϕ−1(·, τ)∥L∞(BR) ≲ R2 lnRθR,ℓv(τ)∥h∥Rv,ℓ, ∥ϕk(·, τ)∥L∞(BR) ≲ R2θR,ℓv(τ)∥h∥Rv,ℓ for |k| ≥ 2,
(8.25)

where

θR,ℓ :=


1 if ℓ > 1

(lnR)
1
2 if ℓ = 1

R1−ℓ if ℓ < 1.

(8.26)

For k ∈ Z, if λ̃R,k, g(τ) ∈ AP, and either Case 1: P1[λ̃R,k] > −1, or Case 2: P1[λ̃R,k] < −1,

P1[(λ̃R,k(s))
−1g(s)] > −1 holds, then (8.23) is true.

Proof. Lemma 8.1 connects (8.21) and (8.22). The theory of parabolic systems guarantees the existence
and uniqueness of the solution. By continuity argument, it suffices to assume that h is smooth.
Multiplying ϕ̄k to (8.21) and integrating by parts, we haveˆ

BR

∂τϕkϕ̄k + (a− ib)QR,k(ϕk, ϕk) =

ˆ
BR

hϕ̄k.

We take the real part for both parts and use ϕk = 0 on ∂DR, then

1

2
∂τ

ˆ
BR

|ϕk|2 + aQR,k(ϕk, ϕk) =

ˆ
BR

Re
(
hϕ̄k

)
.

By Lemma 8.2, we have

∂τ

ˆ
BR

|ϕk|2 + cλ̃R,k

ˆ
BR

|ϕk|2 ≤ 2

ˆ
BR

|h||ϕk|

for a fixed constant c > 0. By Young’s inequality, we have

∂τ

ˆ
BR

|ϕk|2 + cλ̃R,k

ˆ
BR

|ϕk|2 ≲ (λ̃R,k)
−1

ˆ
BR

|h|2 ≲ (λ̃R,k)
−1g(τ).

Since ϕk(·, τ0) = 0 in BR(τ0), by (8.23), we have (8.24).
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When ∥h∥Rv,ℓ <∞, then ∥h(·, τ)∥2L2(BR) ≲
(
θR,ℓv(τ)∥h∥Rv,ℓ

)2
. By (8.24), ∥h∥Rv,ℓ <∞, the application

of W 2,1
p estimate given in [32] twice to (8.22), and the Sobolev embedding theorem, we have

∥ϕk(·, τ)∥L∞(BR) ≲
{[

min
{
τ, (λ̃R,k)

−1
}
(λ̃R,k)

−1
]1/2

θR,ℓ + 1
}
v(τ)∥h∥Rv,ℓ.

Using R2 lnR ≤ C1τ in (8.4), we have (8.25). □

Lemma 8.4. Given an integer k ≥ 0, consider

∂τϕ = (a− ib)
(
∂ρρϕ+

1

ρ
∂ρϕ− k2

ρ2
ϕ
)
+ h(ρ, τ), ϕ(ρ, τ0) = g(ρ),

where h(ρ, τ), g(ρ) are some functions with sufficient space-time decay. Then using Γ♮
d defined in (2.1)

gives a solution ϕ of the form

ϕ(ρ, τ) = ρkΓ♮
2k+2 ∗ ∗

(
|y|−kh(|y|, s)

)
(ρ, τ, τ0) + ρkΓ♮

2k+2 ∗
(
|y|−kg(|y|)

)
(ρ, τ, τ0). (8.27)

Proof. Set ϕ(ρ, τ) = ρkψ(ρ, τ). Then

∂τψ = (a− ib)
(
∂ρρψ +

2k + 1

ρ
∂ρψ

)
+ ρ−kh(ρ, τ), ψ(ρ, τ0) = ρ−kg(ρ), (8.28)

which can be regarded as the heat equation in R2k+2. Then ψ is given by

ψ(ρ, τ) = Γ♮
2k+2 ∗ ∗

(
|y|−kh(|y|, s)

)
(ρ, τ, τ0) + Γ♮

2k+2 ∗
(
|y|−kg(|y|)

)
(ρ, τ, τ0),

which satisfies (8.28) in weak sense and pointwise sense except at ρ = 0. (8.27) follows. □

8.3. Mode k, |k| ≥ 2. In order to analyze the case that the right-hand side of the equation has
singularity at y = 0, given R = R(τ), we introduce the norm

∥h∥Rv,ℓ1,ℓ := sup
(y,τ)∈DR

v(τ)−1
(
1{|y|≤1}|y|ℓ1 + 1{|y|>1}|y|ℓ

)
|h(y, τ)|. (8.29)

We use the notation ∥h∥∞v,ℓ1,ℓ if R(τ) = ∞. Obviously,

∥h∥Rv,0,ℓ ∼ ∥h∥Rv,ℓ; ∥h∥Rv,ℓ1,ℓ ≲ ∥h∥Rv,ℓ if ℓ1 > 0; ∥h∥Rv,ℓ1,ℓ ≳ ∥h∥Rv,ℓ if ℓ1 < 0. (8.30)

Lemma 8.5. Consider

∂τΨk = (a− bW∧) (LinΨk) +Hk in DR, Ψk(·, τ0) = 0 in BR(τ0),

where Hk =
(
hk(ρ, τ)e

ikθ
)
C−1, ∥Hk∥Rv,ℓ1,ℓ <∞. Suppose (8.4), ℓ1 ∈ [0, 1.9], ℓ ∈ (1, 3), 3

2+P1[v(τ)R
4−ℓ] >

0, then there exists a solution Ψk = T R
kr [Hk] as a mapping linear in Hk with the estimate

|Ψk| ≲ |k|−1−(0.05)2v(τ)R5−ℓ⟨y⟩−3 ln(|y|+ 2)∥Hk∥Rv,ℓ1,ℓ in DR, (8.31)

where “≲” is independent of k. Moreover, Ψk ·W = 0 and e−ikθ (Ψk)C is radial in space.

Proof. For brevity, denote ∥hk∥ = ∥hk∥Rv,ℓ1,ℓ in this proof. Assume hk(ρ, τ) = 0 in Dc
R. Consider

(a− bW∧) (LinGk) = Hk, where Gk =
(
gk(ρ, τ)e

ikθ
)
C−1 .

By Lemma 8.1, it is equivalent to considering

(a− ib)Lkgk = hk,

where gk is given by

gk(ρ, τ) = (a+ ib)

{
Zk,2(ρ)

´ ρ
0 Zk,1(r)hk(r, τ)rdr + Zk,1(ρ)

´∞
ρ Zk,2(r)hk(r, τ)rdr if k ≤ −2

−Zk,2(ρ)
´∞
ρ Zk,1(r)hk(r, τ)rdr −Zk,1(ρ)

´ ρ
0 Zk,2(r)hk(r, τ)rdr if k ≥ 2.

(8.32)
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We will estimate the upper bound of gk. For k ≤ −2, ρ ≤ 1,∣∣∣Zk,2(ρ)

ˆ ρ

0
Zk,1(r)hk(r, τ)rdr

∣∣∣ ≲ |k|−1∥hk∥v(τ)ρk−1

ˆ ρ

0
r2−k−ℓ1dr ∼ |k|−2∥hk∥v(τ)ρ2−ℓ1 (8.33)

for 0 ≤ ℓ1 ≤ 4.∣∣∣Zk,1(ρ)

ˆ ∞

ρ
Zk,2(r)hk(r, τ)rdr

∣∣∣ ≲ ρ1−k∥hk∥v(τ)|k|−1
( ˆ 1

ρ
rk−ℓ1dr +

ˆ ∞

1
rk+2−ℓdr

)
≲ |k|−1ρ1−k∥hk∥v(τ)

[ ρk−ℓ1+1

ℓ1 − (k + 1)
+

1

ℓ− (k + 3)

]
≲ C1(ℓ)|k|−2∥hk∥v(τ)ρ2−ℓ1

for 0 ≤ ℓ1 ≤ 4 and 1 < ℓ ≤ 5, where C1(ℓ) → ∞ as ℓ→ 1 due to k = −2.
For k ≤ −2, ρ ≥ 1,∣∣∣Zk,2(ρ)

ˆ ρ

0
Zk,1(r)hk(r, τ)rdr

∣∣∣ ≲ |k|−1∥hk∥v(τ)ρk+1
(ˆ 1

0
r2−k−ℓ1dr +

ˆ ρ

1
r−ℓ−kdr

)
≲ |k|−1∥hk∥v(τ)ρk+1

( 1

3− k − ℓ1
+

ρ1−k−ℓ

1− k − ℓ

)
≲ C2(ℓ)|k|−2∥hk∥v(τ)ρ2−ℓ

(8.34)

for 0 ≤ ℓ1 ≤ 4 and 0 ≤ ℓ < 3, where C2(ℓ) → ∞ as ℓ→ 3 due to k = −2.∣∣∣Zk,1(ρ)

ˆ ∞

ρ
Zk,2(r)hk(r, τ)rdr

∣∣∣ ≲ ρ−1−k∥hk∥v(τ)
ˆ ∞

ρ
|k|−1rk+2−ℓdr ≲ C3(ℓ)|k|−2∥hk∥v(τ)ρ2−ℓ

for 1 < ℓ ≤ 4, where C3(ℓ) → ∞ as ℓ→ 1 due to k = −2.
In sum, for 0 ≤ ℓ1 ≤ 4, 1 < l < 3, k ≤ −2,

∥gk∥∞v,ℓ1−2,ℓ−2 ≲ C4(ℓ)|k|−2∥hk∥, (8.35)

where C4(ℓ) → ∞ as ℓ→ 1 or 3.
For k ≥ 2, ρ ≤ 1, 0 ≤ ℓ1 ≤ 3, 0 ≤ ℓ ≤ 4,∣∣∣Zk,2(ρ)

ˆ ∞

ρ
Zk,1(r)hk(r, τ)rdr

∣∣∣ ≲ k−1∥hk∥v(τ)ρk−1
(ˆ ∞

1
r−k−ℓdr +

ˆ 1

ρ
r2−k−ℓ1dr

)
= k−1∥hk∥v(τ)ρk−1

( 1

k + ℓ− 1
+

1− ρ3−k−ℓ1

3− k − ℓ1
1{ℓ1 ̸=3−k} + (− ln ρ)1{ℓ1=3−k}

)

≲ ∥hk∥v(τ)



k−1ρk−1
(
k−1 + ρ3−k−ℓ1

k+ℓ1−3

)
∼ k−2ρ2−ℓ1 , k ≥ 4

ρ2⟨ln ρ⟩, k = 3, ℓ1 = 0

ρ2
(
1 + ρ−ℓ1−1

ℓ1

)
≲ ρ2−ℓ1⟨ln ρ⟩, k = 3, 0 < ℓ1 ≤ 3

ρ
(
1 + 1−ρ1−ℓ1

1−ℓ1

)
≲ ρ⟨ln ρ⟩, k = 2, 0 ≤ ℓ1 < 1

ρ⟨ln ρ⟩, k = 2, ℓ1 = 1

ρ
(
1 + ρ1−ℓ1−1

ℓ1−1

)
≲ ρ2−ℓ1⟨ln ρ⟩, k = 2, 1 < ℓ1 ≤ 3,

where we used ρt − 1 = tρct ln ρ for some c ∈ [0, 1].
For the other part,∣∣∣Zk,1(ρ)

ˆ ρ

0
Zk,2(r)hk(r, τ)rdr

∣∣∣ ≲ ∥hk∥v(τ)ρ1−k

ˆ ρ

0
k−1rk−ℓ1dr ∼ k−2∥hk∥v(τ)ρ2−ℓ1

for 0 ≤ ℓ1 ≤ 2.9. For k ≥ 2, ρ ≥ 1,∣∣∣Zk,2(ρ)

ˆ ∞

ρ
Zk,1(r)hk(r, τ)rdr

∣∣∣ ≲ k−1∥hk∥v(τ)ρk+1

ˆ ∞

ρ
r−k−ℓdr ∼ k−2∥hk∥v(τ)ρ2−ℓ,

when 0 ≤ ℓ ≤ 4.∣∣∣Zk,1(ρ)

ˆ ρ

0
Zk,2(r)hk(r, τ)rdr

∣∣∣ ≲ k−1∥hk∥v(τ)ρ−1−k
(ˆ 1

0
rk−ℓ1dr+

ˆ ρ

1
rk+2−ℓdr

)
≲ k−2∥hk∥v(τ)ρ2−ℓ,
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when 0 ≤ ℓ1 ≤ 2.9, 0 ≤ ℓ ≤ 4.
In sum, for 0 ≤ ℓ1 ≤ 2.9, 0 ≤ ℓ ≤ 4,

∥gk∥∞v,ℓ1−2,ℓ−2 ≲ k−2∥hk∥, k ≥ 4

∥g3∥∞v,ϵ+ℓ1−2,ℓ−2 ≲ C(ϵ)∥hk∥, k = 3

∥g2∥∞v,ϵ+(ℓ1−1)+−1,ℓ−2 ≲ C(ϵ)∥hk∥, k = 2,

(8.36)

where ϵ > 0 could be an arbitrarily small constant, and C(ϵ) is a constant depending on ϵ.
Combining (8.35), (8.36), (8.30), for 0 ≤ ℓ1 ≤ 1.9, 1 < ℓ < 3, we have

∥Gk∥∞v,ℓ−2 = ∥gk∥∞v,ℓ−2 ≲ C(ℓ)|k|−2∥hk∥ for |k| ≥ 2, (8.37)

where C(ℓ) → ∞ as ℓ→ 1 or 3 and C(ℓ) will vary from line to line. Consider{
∂τΦk = (a− bW∧) (LinΦk) +Gk in D2R,

Φk = 0 on ∂D2R, Φk(·, τ0) = 0 in B2R(τ0).
(8.38)

To find a solution Φk with the form Φk =
(
ϕk(ρ, τ)e

ikθ
)
C−1 , by Lemma 8.1, it suffices to consider{

∂τϕk = (a− ib)Lkϕk + gk in D2R,

ϕk = 0 on ∂D2R, ϕk(·, τ0) = 0 in B2R(τ0).
(8.39)

The existence and uniqueness follow by the theory of parabolic systems.
Using P1[R] < 1/2 in (8.4), we have P1[λ̃R,k] > −1 with λ̃R,k = R−2, |k| ≥ 2. Then (8.23) is true.

Thus, applying Lemma 8.3 to (8.39), we have

∥ϕk(·, τ)∥L∞(B2R(τ)) ≲ v(τ)R5−ℓ∥gk∥∞v,ℓ−2. (8.40)

To improve the spatial decay of ϕk, we reformulate the equation (8.39) into the following form{
∂τϕk = (a− ib)

[
∂ρρϕk +

∂ρϕk

ρ − (k+1)2

ρ2
ϕk

]
+ g̃k in D2R,

ϕk = 0 on ∂D2R, ϕk(·, τ0) = 0 in B2R(τ0),
(8.41)

where g̃k(ρ, τ) := (a − ib) (4k+8)ρ2+4k
(ρ2+1)2

1
ρ2
ϕk + gk. Set ϕ∗k(y, τ) = ei(k+1)θϕk(ρ, τ). Then (8.41) is

equivalent to {
∂τϕ∗k = (a− ib)∆R2ϕ∗k + ei(k+1)θg̃k in D2R,

ϕ∗k = 0 on ∂D2R, ϕ∗k(·, τ0) = 0 in B2R(τ0).
(8.42)

Complex-valued equation (8.42) can be regarded as a real-valued parabolic system in a varying-time
domain in R2+1. Combining [33, Theorem 3.2] and [100, Lemma 2.26 and Remark 2.27], there exists
a fundamental solution Γ2(x, y, τ, s) for the homogeneous part of (8.42) with the estimate

|Γ2(x, y, τ, s)| ≤ C (τ − s)−1 e−
κ|x−y|2

τ−s

for some constants C, κ > 0. Then, by scaling argument, we have

|∇yΓ2(x, y, τ, s)| ≲ (τ − s)−
3
2 e−

κ1|x−y|2
τ−s (8.43)

for a constant κ1 > 0. Then ϕ∗k can be written as

ϕ∗k(y, τ) =

ˆ τ

τ0

ˆ
B2R(s)

Γ2(y, z, τ, s)e
i(k+1)θ(z)g̃k(|z|, s)dzds, (8.44)

where θ(z) = arctan(z2/z1).

For utilizing the special form of ei(k+1)θg̃k, we set g̃k = 0 in Dc
2R and want to find P̃k(y, τ) satisfying

∆R2P̃k(y, τ) = ei(k+1)θg̃k in R2. (8.45)



FINITE-TIME BLOW-UP FOR LLG 71

Set P̃k(y, τ) = ei(k+1)θp̃k(ρ, τ). Then

∂ρρp̃k + ρ−1∂ρp̃k − (k + 1)2ρ−2p̃k = g̃k.

Set p̃k = ρ|k+1|p̃k,1(ρ, τ). It is equivalent to

∂ρρp̃k,1 + (2|k + 1|+ 1) ρ−1∂ρp̃k,1 = ρ−|k+1|g̃k.

We take p̃k,1 as

p̃k,1(ρ, τ) = −ρ−2|k+1|
ˆ ρ

0
u2|k+1|−1

ˆ ∞

u
rr−|k+1|g̃k(r, τ)drdu.

Notice
|g̃k| ≲ 1{r≤2R(τ)}

[
|k|

(
ρ−21{ρ≤1} + ρ−41{ρ>1}

)
|ϕk|+ v(τ)⟨ρ⟩2−ℓ∥gk∥∞v,ℓ−2

]
.

Then

|p̃k,1| ≲ ρ−2|k+1|
ˆ ρ

0
u2|k+1|−1

ˆ ∞

u
r1{r≤2R(τ)}

×
[
|k|

(
r−2−|k+1|1{r≤1} + r−4−|k+1|1{r>1}

)
|ϕk|+ v(τ)

(
r−|k+1|1{r≤1} + r2−ℓ−|k+1|1{r>1}

)
∥gk∥∞v,ℓ−2

]
drdu.

Here, by Lemma A.3, one has

ρ−2|k+1|
ˆ ρ

0
u2|k+1|−1

ˆ ∞

u
1{r≤2R(τ)}rv(τ)

(
r−|k+1|1{r≤1} + r2−ℓ−|k+1|1{r>1}

)
∥gk∥∞v,ℓ−2drdu

≲ C(ℓ)v(τ)∥gk∥∞v,ℓ−2


|k|−2

(
ρ2−|k+1|1{ρ≤1} + ρ4−ℓ−|k+1|1{ρ>1}

)
for k ≤ −4 or k ≥ 2

R(τ)
(
⟨ln ρ⟩1{ρ≤1} + ρ1−ℓ1{ρ>1}

)
for k = −3

R2(τ)
(
1{ρ≤1} + ρ1−ℓ1{ρ>1}

)
for k = −2,

where we used 1{r≤2R(τ)}r
2−ℓ−|k+1|1{r>1} ≲

{
R(τ)r−1−ℓ for k = −3

R2(τ)r−1−ℓ for k = −2
. By (8.40) and Lemma A.3,

ρ−2|k+1|
ˆ ρ

0
u2|k+1|−1

ˆ ∞

u
r1{r≤2R(τ)}|k|

(
r−2−|k+1|1{r≤1} + r−4−|k+1|1{r>1}

)
|ϕk|drdu

≲ C(ℓ)v(τ)R5−ℓ(τ)∥gk∥∞v,ℓ−2


|k|−1

(
ρ−|k+1|1{ρ≤1} + ρ−2−|k+1|1{ρ>1}

)
for k ≤ −4 or k ≥ 2

ρ−21{ρ≤1} + ρ−4⟨ln ρ⟩1{ρ>1} for k = −3

ρ−11{ρ≤1} + ρ−21{ρ>1} for k = −2.

|∂ρp̃k,1| can be bounded by (A.3) in Lemma A.3 similarly. As a result, for ρ ≤ 2R(τ),

|k|−1ρ|∂ρp̃k,1|+ |p̃k,1|

≲ C(ℓ)v(τ)R5−ℓ(τ)∥gk∥∞v,ℓ−2


|k|−1

(
ρ−|k+1|1{ρ≤1} + ρ−1−|k+1|1{ρ>1}

)
, k ≤ −4 or k ≥ 2

ρ−21{ρ≤1} + ρ−31{ρ>1}, k = −3

ρ−11{ρ≤1} + ρ−21{ρ>1}, k = −2.

Notice P̃k(y, τ) = ei(k+1)θρ|k+1|p̃k,1(ρ, τ). Then∣∣∇P̃k

∣∣ = (∣∣∂ρP̃k

∣∣2 + ρ−2
∣∣∂θP̃k

∣∣2)1/2
=

(∣∣|k + 1|ρ|k+1|−1p̃k,1 + ρ|k+1|∂ρp̃k,1
∣∣2 + ρ−2|k + 1|2

∣∣ρ|k+1|p̃k,1
∣∣2)1/2

≲ |k + 1|ρ|k+1|−1
(
|p̃k,1|+ |k + 1|−1ρ|∂ρp̃k,1|

)
≲ C(ℓ)v(τ)R5−ℓ(τ)

(
ρ−11{ρ≤1} + ρ−21{ρ>1}

)
∥gk∥∞v,ℓ−2.

(8.46)

By ϕ∗k(y, τ) = ei(k+1)θϕk(ρ, τ), (8.44) and (8.45), we have

ϕk(y, τ) = −e−i(k+1)θ

ˆ τ

τ0

ˆ
B2R(s)

∇zΓ2(y, z, τ, s) · ∇P̃k(z, s)dzds.
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By (8.43) and (8.46), then

|ϕk| ≲ C(ℓ)∥gk∥∞v,ℓ−2

ˆ τ

τ0

ˆ
B2R(s)

(τ − s)−
3
2 e−

κ1|y−z|2
τ−s v(s)R5−ℓ(s)

(
|z|−21{|z|≤1} + |z|−31{|z|>1}

)
|z|dzds.

By similar estimates as [132, Lemma A.1] and Lemma A.1 in R3, provided 3
2 +P1[v(t)R

4−ℓ] > 0, we
have

|ϕk| ≲ C(ℓ)v(τ)R5−ℓ|y|−1 ln(|y|+ 2)∥gk∥∞v,ℓ−2 for 1 ≤ |y| < 2R. (8.47)

Combining (8.40), (8.47), and (8.37), we have

|Φk| = |ϕk| ≲ C(ℓ)|k|−2v(τ)R5−ℓ⟨y⟩−1 ln(|y|+ 2)∥hk∥ for |y| < 2R. (8.48)

To get the pointwise estimate of |D2Φk|, we need to calculate the DMOx semi-norm of Gk =(
gk(ρ, τ)e

ikθ
)
C−1 . Recall (2.6) and (8.32). We consider the following typical term in Gk.

f1(y, τ) = f11(ρ, τ)e
ikθ cos(θ), f11(ρ, τ) := Zk,2(ρ)

ˆ ρ

0
Zk,1(r)hk(r, τ)rdr

ρ2 − 1

ρ2 + 1
for k ≤ −2. (8.49)

We assume (x, t) ∈ Q−
2 (0, τ), r ∈ (0, 1), and arbitrary points (y, s), (z, s) ∈ Q−

r (x, t). Obviously,
s ∼ τ . If r ≥ |x|/2, then |y|, |z| ≤ |x|+ r ≤ 3r. By (8.33), (8.34), and 2− ℓ1 > 0, we have

|f1(y, s)− f1(z, s)| ≲ |k|−2∥hk∥v(τ)r2−ℓ1 .

It is direct to see that

∂ρ(f11(ρ, τ)) = Zk,2(ρ)

ˆ ρ

0
Zk,1(r)hk(r, τ)rdr

4ρ

(ρ2 + 1)2

+ Z ′
k,2(ρ)

ˆ ρ

0
Zk,1(r)hk(r, τ)rdr

ρ2 − 1

ρ2 + 1
+ Zk,2(ρ)Zk,1(ρ)hk(ρ, τ)ρ

ρ2 − 1

ρ2 + 1
.

By (8.33), (8.34), and (8.17), we have∣∣∂ρf11(ρ, τ)∣∣ ≲ |k|−1∥hk∥v(τ)
(
ρ1−ℓ11{0<ρ≤1} + ρ1−ℓ1{ρ>1}

)
. (8.50)

Note that

eikθ(y)f(θ(y))− eikθ(z)f(θ(z))

= eikθ(s1y+(1−s1)z)(∇θ)(s1y + (1− s1)z) · (y − z)
[
ikf

(
θ(s1y + (1− s1)z)

)
+ f ′

(
θ(s1y + (1− s1)z)

)]
for some s1 ∈ [0, 1]. When |f(θ1)| ≤ C1, |f ′(θ1)| ≤ C1 with a constant C1 for all θ1 ∈ [−π/2, π/2], then∣∣eikθ(y)f(θ(y))− eikθ(z)f(θ(z))

∣∣ ≤ C1(|k|+ 1)

|s1y + (1− s1)z|
|y − z|. (8.51)

If r < |x|/2, then |x|/2 ≤ |y|, |z| ≤ 3|x|/2. It follows that
|f1(y, s)− f1(z, s)|

=
∣∣(f11(|y|, s)− f11(|z|, s)

)
eikθ(y) cos(θ(y)) + f11(|z|, s)

(
eikθ(y) cos(θ(y))− eikθ(z) cos(θ(z))

)∣∣
≲ |k|−1∥hk∥v(τ)|x|1−ℓ1

∣∣|y| − |z|
∣∣+ |k|−2∥hk∥v(τ)|x|2−ℓ1(|k|+ 1)|x|−1r

≲ |k|−1∥hk∥v(τ)|x|1−ℓ1r = |k|−1∥hk∥v(τ)|x|1.9−ℓ1 |x|−0.9r ≲ |k|−1∥hk∥v(τ)r0.1,
where we used 1.9− ℓ1 ≥ 0, |x| ≲ 1, and r < |x|/2 for the last step.

In sum, |ω|xf1(r,Q
−
2 (0, τ)) ≲ |k|−1∥hk∥v(τ)r0.1. The other terms in Gk(y, τ) could be handled

similarly and we deduce
|ω|xGk

(r,Q−
2 (0, τ)) ≲ |k|−1∥hk∥v(τ)r0.05. (8.52)

We will not use [Gk]|DMO|x(Q−
2 (0,τ)) ≲ |k|−1∥hk∥v(τ) to deduce the pointwise estimate of |D2Φk| directly

since
∑

k∈Z |k|−1 is divergent.
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For any (z, s) ∈ Q−
r (x, t), we have (x∗ + ρ∗z, t∗ + ρ2∗s) ∈ Q−

rρ∗(x∗ + ρ∗x, t∗ + ρ2∗t). Thus, 
Q−

r (x,t)

 
Br(x)

∣∣f(x∗ + ρ∗y, t∗ + ρ2∗s)− f(x∗ + ρ∗z, t∗ + ρ2∗s)
∣∣dzdyds

=

 
Q−

rρ∗ (x∗+ρ∗x,t∗+ρ2∗t)

 
Brρ∗ (x∗+ρ∗x)

∣∣f(y1, s1)− f(z1, s1)
∣∣dz1dy1ds1.

Then, for t∗ > τ0, |x∗| ≤ 1, ρ∗ ∈ (0, 1/100], by (8.52), we have

|ω|xGk(x∗+ρ∗y,t∗+ρ2∗s)
(r,Q−

2 (0)) ≲ |k|−1∥hk∥v(t∗)ρ0.05∗ r0.05.

Applying Proposition 6.2 to (8.38) with ρ∗ = 1/(100|k|0.05), we get

|D2Φk(x∗, t∗)| ≲ C(ℓ)|k|−1−(0.05)2v(t∗)R
5−ℓ(t∗)∥hk∥ for t∗ > τ0, |x∗| ≤ 1. (8.53)

Given t∗ > τ0, 1 ≤ |x∗| ≤ 3R(t∗)/2, ρ∗ ≤ |x∗|/100, for any (x, t) ∈ Q−
2 (0), r ∈ (0, 1), and

(y, s), (z, s) ∈ Q−
r (x, t), we have |x∗ + ρ∗y| ∼ |x∗ + ρ∗z| ∼ |x∗|, t∗ + ρ2∗s ∼ t∗. By (8.48), (8.37), then

ρ−2
∗ ∥Φk(x∗ + ρ∗z, t∗ + ρ2∗s)∥L∞(Q−

2 (0)) ≲ C(ℓ)ρ−2
∗ |k|−2v(t∗)R

5−ℓ(t∗)⟨x∗⟩−1 ln(|x∗|+ 2)∥hk∥,

∥Gk(x∗ + ρ∗z, t∗ + ρ2∗s)∥L∞(Q−
2 (0)) ≲ C(ℓ)|k|−2v(t∗)⟨x∗⟩2−ℓ∥hk∥.

To estimate [Gk(x∗ + ρ∗z, t∗ + ρ2∗s)]|DMO|x(Q−
2 (0)), we still use the representative term f1 in (8.49) to

show the general process of analysis. By (8.50), and (8.34), (8.51), we have∣∣f1(x∗ + ρ∗y, t∗ + ρ2∗s)− f1(x∗ + ρ∗z, t∗ + ρ2∗s)
∣∣

=
∣∣[f11(|x∗ + ρ∗y|, t∗ + ρ2∗s)− f11(|x∗ + ρ∗z|, t∗ + ρ2∗s)

]
eikθ(x∗+ρ∗y) cos(θ(x∗ + ρ∗y))

+ f11(|x∗ + ρ∗z|, t∗ + ρ2∗s)
[
eikθ(x∗+ρ∗y) cos(θ(x∗ + ρ∗y))− eikθ(x∗+ρ∗z) cos(θ(x∗ + ρ∗z))

]∣∣
≲ |k|−1∥hk∥v(t∗)|x∗|1−ℓρ∗r.

It follows that [f1(x∗ + ρ∗z, t∗ + ρ2∗s)]|DMO|x(Q−
2 (0)) ≲ |k|−1∥hk∥v(t∗)|x∗|1−ℓρ∗. The other terms in Gk

can be handled similarly. Then

[Gk(x∗ + ρ∗z, t∗ + ρ2∗s)]|DMO|x(Q−
2 (0)) ≲ |k|−1∥hk∥v(t∗)|x∗|1−ℓρ∗.

Applying Proposition 6.2 to (8.38) with ρ∗ = |x∗|/(100|k|
1
3 ), we have

|(D2Φk)(x∗, t∗)| ≲ C(ℓ)|k|−
4
3 v(t∗)R

5−ℓ(t∗)⟨x∗⟩−3 ln(|x∗|+ 2)∥hk∥ for t∗ > τ0, 1 ≤ |x∗| ≤ 3R(t∗)/2.
(8.54)

Combining (8.48), (8.53), (8.54), and the interpolation inequality, we have

⟨y⟩2|D2Φk|+ ⟨y⟩|DΦk|+ |Φk| ≲ C(ℓ)|k|−1−(0.05)2v(τ)R5−ℓ⟨y⟩−1 ln(|y|+ 2)∥hk∥ in D3R/2. (8.55)

We take Ψk = (a− bW∧) (LinΦk), which is the exact strong solution we look for. (8.55) deduces (8.31).
Recalling Φk =

(
ϕk(ρ, τ)e

ikθ
)
C−1 and applying Lemma 8.1, we have (Ψk)C = eikθ(a−ib)Lkϕk(ρ, τ). □

Since the Ψk given in Lemma 8.5 loses some power of R when |y| is small, we will construct Ψk

with a better estimate by another gluing procedure.

Proposition 8.1. Consider

∂τΨk = (a− bW∧) (LinΨk) +Hk in DR, Ψk(·, τ0) = 0 in BR(τ0),

where Hk =
(
hk(ρ, τ)e

ikθ
)
C−1, ∥Hk∥Rv,ℓ < ∞. Suppose (8.4), ℓ ∈ (1, 3), P1[v(τ)] > −1, then there

exists a solution Ψk = T R
k [Hk] as a mapping linear in Hk with the estimate

|Ψk| ≲ |k|−1−(0.05)2v(τ)∥Hk∥Rv,ℓ

{
⟨y⟩2−ℓ if ℓ ∈ (1, 2) ∪ (2, 3)

ln(|y|+ 2) if ℓ = 2
in DR,

where “≲” is independent of k. Moreover, Ψk ·W = 0 and e−ikθ (Ψk)C is radial in space.
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Remark 8.1. The restriction P1[v(τ)] > −1 is not optimal. To improve the lower bound of P1[v(τ)],
we need to modify Lemma A.3 to catch the property of 1{|y|≤4R}.

Proof. Denote ∥hk∥ = ∥hk∥Rv,ℓ and take hk = 0 in Dc
R. In order to find a solution Ψk with the form

Ψk =
(
ψk(ρ, τ)e

ikθ
)
C−1 , by Lemma 8.1, it is equivalent to considering

∂τψk = (a− ib)Lkψk + hk in DR, ψk(·, τ0) = 0 in BR(τ0). (8.56)

Set ψk = ηR0(ρ)ψi,k(ρ, τ)+ψo,k(ρ, τ), where ηR0(ρ) = η(ρ/R0) and R0 is a large constant independent
of τ0, k. To find a solution for (8.56), it suffices to consider the following inner-outer system∂τψo,k = (a− ib)

[
∂ρρψo,k +

∂ρψo,k

ρ
− (k + 1)2

ρ2
ψo,k

]
+ J [ψo,k, ψi,k]1{ρ≤4R} in R2 × (τ0,∞),

ψo,k(·, τ0) = 0 in R2,

(8.57)
∂τψi,k = (a− ib)Lkψi,k +K[ψo,k] in D2R0 , ψi,k(·, τ0) = 0 in B2R(τ0), (8.58)

where we denote

J [ψo,k, ψi,k] = (a− ib) (1− ηR0) Ṽk(ρ)ψo,k +A0[ψi,k] + (1− ηR0)hk, Ṽk(ρ) =
(4k + 8)ρ2 + 4k

(ρ2 + 1)2ρ2
,

K[ψo,k] = (a− ib)Ṽk(ρ)ψo,k + hk, A0[ψi,k] = (a− ib)
[(
∂ρρηR0 +

1

ρ
∂ρηR0

)
ψi,k + 2∂ρηR0∂ρψi,k

]
.

Set Ψi,k(y, τ) = (ψi,ke
ikθ)C−1 , that is, ψi,k = e−ikθ(Ψi,k · E1 + iΨi,k · E2). By Lemma 8.1, (8.58) is

equivalent to

∂τΨi,k = (a− bW∧)LinΨi,k +
(
K[ψo,k]e

ikθ
)
C−1 in D2R0 , Ψi,k(·, τ0) = 0 in B2R(τ0). (8.59)

The linear theories of (8.57) and (8.59) are given by Lemma 8.4 and Lemma 8.5, respectively. We
reformulate (8.57) and (8.59) into the following form

ψo,k(ρ, τ) = ρ|k+1|
[
Γ♮
2|k+1|+2 ∗ ∗

(
|z|−|k+1|J [ψo,k, ψi,k]1{|z|≤4R(s)}

)]
(ρ, τ, τ0),

Ψi,k(y, τ) = T 2R0
kr

[(
K[ψo,k]e

ikθ
)
C−1

]
.

(8.60)

We will solve (ψo,k,Ψi,k) for (8.60) by the contraction mapping theorem. Since
∣∣(hkeikθ)C−1

∣∣ ≤
v(τ)⟨y⟩−ℓ∥hk∥, provided ℓ ∈ (1, 3), 3

2 +P1[v(τ)] > 0, by Lemma 8.5 and the scaling argument,∣∣T 2R0
kr

[(
hke

ikθ
)
C−1

]∣∣ ≤ Diwi,k,1(ρ, τ)∥hk∥,
∣∣∇T 2R0

kr

[(
hke

ikθ
)
C−1

]∣∣ ≤ Diwi,k,2(ρ, τ)∥hk∥,
where Di ≥ 1 is a large constant independent of k,

wi,k,1(ρ, τ) := |k|−1−(0.05)2v(τ)R5−ℓ
0 lnR0⟨ρ⟩−3, wi,k,2(ρ, τ) := v(τ)R5−ℓ

0 lnR0

(
ρ−11{ρ≤1}+ρ

−41{ρ>1}
)
.

Here the weight ρ−11{ρ≤1} is due to the forthcoming estimate (8.69). Denote

Bi,k :=
{
F (y, τ) ∈ C1

(
B2R0\{0},R3

) ∣∣ F (y, τ) = (
f(ρ, τ)eikθ

)
C−1 for some radial scalar function

f(ρ, τ) and |F (y, τ)| ≤ 2Diwi,k(ρ, τ)∥hk∥, |∇F (y, τ)| ≤ 2Diwi,k,2(ρ, τ)∥hk∥
}
. (8.61)

For any Ψ̃i,k ∈ Bi,k, denote ψ̃i,k = e−ikθ(Ψ̃i,k ·E1 + iΨ̃i,k ·E2). We will find a solution ψo,k = ψo,k[ψ̃i,k]

of (8.57) by the contraction mapping theorem. Let us estimate J [ψo,k, ψ̃i,k] term by term. By (2.8),

|∂ρψ̃i,k| =
∣∣e−ikθ

(
Ψ̃i,k ·∂ρE1+E1 ·∂ρΨ̃i,k + iΨ̃i,k ·∂ρE2+ iE2 ·∂ρΨ̃i,k

)∣∣ ≲ |Ψ̃i,k|⟨ρ⟩−2+ |∂ρΨ̃i,k|. (8.62)

Since Ψ̃i,k ∈ Bi,k, for ℓ̃ < ℓ, we have

|A0[ψ̃i,k]|+ |(1− ηR0)hk| ≲ Di1{R0≤ρ≤2R0}v(τ)R
−ℓ
0 lnR0∥hk∥+ 1{ρ≥R0}v(τ)ρ

−ℓ∥hk∥

≲ Di lnR0∥hk∥v(τ)ρ−ℓ1{ρ≥R0} ≲ DiR
(ℓ̃−ℓ)/2
0 ∥hk∥v(τ)ρ−ℓ̃1{ρ≥R0},
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ρ−|k+1|(∣∣A0[ψ̃i,k]
∣∣+ ∣∣(1− ηR0)hk

∣∣)1{ρ≤4R} ≲ DiR
(ℓ̃−ℓ)/2
0 ∥hk∥v(τ)ρ−|k+1|−ℓ̃1{R0≤ρ≤4R}. (8.63)

For k = −3,−2, provided 3−ℓ̃
2 + 1 +P1[v(τ)] > 0, 1 < ℓ̃ < min{ℓ, 3}, by Lemma A.2, we have

ρ|k+1|∣∣Γ♮
2|k+1|+2

∣∣ ∗ ∗{|z|−|k+1|
[∣∣A0[ψ̃i,k]

∣∣+ ∣∣(1− ηR0)hk
∣∣]1{|z|≤4R(s)}

}
≲ DiR

(ℓ̃−ℓ)/2
0 ∥hk∥v(τ)

(
ρ|k+1|R

2−|k+1|−ℓ̃
0 1{ρ≤R0} + ρ2−ℓ̃1{ρ>R0}

)
≲ DiR

(ℓ̃−ℓ)/2
0 ∥hk∥v(τ)

(
ρ1{ρ≤1} + ρ2−ℓ̃1{ρ>1}

)
. (8.64)

The spatial decay rate near ρ = 0 is restricted by the case k = −2.

For |k + 1| large, since the direct pointwise estimate of
∣∣Γ♮

2|k+1|+2

∣∣ ∗ ∗[·] will lead to an upper

bound with a multiplicity of a constant with exponential growth in |k + 1| (with the form a−|k+1|),
which is a disaster for the convergence of summation. Instead, we search for another strategy. Set
ψ∗
o,k(y, τ) = ei(k+1)θψo,k(ρ, τ). Then

∂τψ
∗
o,k = (a− ib)∆R2ψ∗

o,k + ei(k+1)θJ [ψo,k, ψi,k]1{ρ≤4R} in R2 × (τ0,∞), ψ∗
o,k(·, τ0) = 0 in R2,

and ψ∗
o,k is given by

ψ∗
o,k(y, τ) =

ˆ τ

τ0

ˆ
R2

Γ♮
2(y − z, τ − s)ei(k+1)θ(z)J [ψo,k, ψi,k](|z|, s)1{|z|≤4R(s)}dzds.

Similar to (8.45), we will find P̃k(y, τ) satisfying

∆R2P̃k(y, τ) = ei(k+1)θJ [ψo,k, ψi,k](|y|, τ)1{|y|≤4R(τ)} in R2.

Set P̃k(y, τ) = ei(k+1)θρ|k+1|p̃k,1(ρ, τ), where we take p̃k,1 as

p̃k,1(ρ, τ) = −ρ−2|k+1|
ˆ ρ

0
u2|k+1|−1

ˆ ∞

u
rr−|k+1|J [ψo,k, ψi,k](r, τ)1{r≤4R(τ)}drdu.

Then ψo,k(ρ, τ) in (8.60) can be rewritten as ψo,k(ρ, τ) = e−i(k+1)θψ∗
o,k(y, τ) with

ψ∗
o,k(y, τ) =

ˆ τ

τ0

ˆ
R2

Γ♮
2(y − z, τ − s)∆R2P̃k(z, s)dzds =

ˆ τ

τ0

ˆ
R2

∆R2,zΓ
♮
2(y − z, τ − s)P̃k(z, s)dzds

=

ˆ τ

τ0

(a− ib)−1[4π(τ − s)]−1

ˆ
R2

e
− |y−z|2

4(a−ib)(τ−s)
|y − z|2 − 4(a− ib)(τ − s)

4(a− ib)2(τ − s)2
ei(k+1)θ(z)|z||k+1|p̃k,1(|z|, s)dzds

=

ˆ τ

τ0

(a− ib)−1[4π(τ − s)]−1

ˆ
R2

[
e
− |y−z|2

4(a−ib)(τ−s)
|y − z|2 − 4(a− ib)(τ − s)

4(a− ib)2(τ − s)2

− e
− |z|2

4(a−ib)(τ−s)
|z|2 − 4(a− ib)(τ − s)

4(a− ib)2(τ − s)2

]
ei(k+1)θ(z)|z||k+1|p̃k,1(|z|, s)dzds,

where we used
´ 2π
0 ei(k+1)θdθ = 0 for the last equality. By the last two equalities above, we have

|ψo,k| ≲ min
{
F1[|p̃k,1(|y|, τ)|], F2[|p̃k,1(|y|, τ)|]

}
, (8.65)

where for any f(y, τ), we denote

F1[f ] = F1[f ](y, τ) :=

ˆ τ

τ0

(τ − s)−2

ˆ
R2

e
−a|y−z|2

8(τ−s) |z||k+1|f(z, s)dzds,

F2[f ] = F2[f ](y, τ) := |y|
ˆ 1

0

ˆ τ

τ0

(τ − s)−5/2

ˆ
R2

e
−a|uy−z|2

8(τ−s) |z||k+1|f(z, s)dzdsdu.

By (8.63), we have

|p̃k,1| ≲M1 +M2, where M1 := ρ−2|k+1|
ˆ ρ

0
u2|k+1|−1

ˆ ∞

u
rr−|k+1|1{R0≤r≤4R(τ)}|Ṽk(r)ψo,k(r, τ)|drdu,
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M2 := ρ−2|k+1|
ˆ ρ

0
u2|k+1|−1

ˆ ∞

u
r1{R0≤r≤4R(τ)}DiR

(ℓ̃−ℓ)/2
0 ∥hk∥v(τ)r−|k+1|−ℓ̃drdu.

For k ≤ −4 or k ≥ 2, by Lemma A.3 (with f(x) = |x|−|k+1|1{|x|≤1}+|x|−|k+1|−ℓ̃1{|x|>1}), and ℓ̃ ∈ (1, 3),
we have

ρ|k+1|M2 ≲ DiR
(ℓ̃−ℓ)/2
0 ∥hk∥|k|−2v(τ)

(
1{ρ≤1}ρ

2 + 1{ρ>1}ρ
2−ℓ̃

)
.

For ℓ̃ ∈ (2, 3), using 1{ρ≤1}ρ
2+1{ρ>1}ρ

2−ℓ̃ = ρ2
(
1{ρ≤1}+1{ρ>1}ρ

−ℓ̃
)
, provided 1+P1[v(τ)] > 0, by

similar convolution estimates in R4 as Lemma A.2 and [132, Lemma A.2], we have

F1[M2] ≲ DiR
(ℓ̃−ℓ)/2
0 ∥hk∥|k|−2v(τ)⟨ρ⟩2−ℓ̃. (8.66)

For ℓ̃ ∈ (1, 3), using 1{ρ≤1}ρ
2+1{ρ>1}ρ

2−ℓ̃ = ρ3
(
1{ρ≤1}ρ

−1+1{ρ>1}ρ
−1−ℓ̃

)
, provided 1+P1[v(τ)] > 0,

by similar convolution estimates in R5 as Lemma A.2 and [132, Lemmas A.1, A.2], we have

F2[M2] ≲ DiR
(ℓ̃−ℓ)/2
0 ∥hk∥|k|−2v(τ)|y|

ˆ 1

0

(
1{u|y|≤1} + |uy|1−ℓ̃1{u|y|>1}

)
du

≲ DiR
(ℓ̃−ℓ)/2
0 ∥hk∥|k|−2v(τ)

(
1{ρ≤1}ρ+ 1{ρ>1}


ρ2−ℓ̃, ℓ̃ ∈ (1, 2)

⟨ln ρ⟩, ℓ̃ = 2

1, ℓ̃ ∈ (2, 3)

)
.

(8.67)

By (8.64), (8.65), (8.66) and (8.67), we solve ψo,k for |k| ≥ 2 in the space

Bo,k :=
{
f(ρ, τ) | |f(ρ, τ)| ≤ DoDiR

(ℓ̃−ℓ)/2
0 ∥hk∥wo,k(ρ, τ)

}
,

where wo,k(ρ, τ) := |k|−2v(τ)
(
1{ρ≤1}ρ+ 1{ρ>1}

{
ρ2−ℓ̃, ℓ̃ ∈ (1, 2) ∪ (2, 3)

⟨ln ρ⟩, ℓ̃ = 2

)
and Do is a sufficiently large constant. For any ψ̃o,k ∈ Bo,k,∣∣1{R0≤ρ≤4R}Ṽk(ρ)ψ̃o,k

∣∣ ≲ |k|−1DoDiR
(ℓ̃−ℓ)/2
0 ∥hk∥v(τ)ρ−2−ℓ̃⟨ln ρ⟩1{R0≤ρ≤4R}

≲ (R−2
0 lnR0)DoDiR

(ℓ̃−ℓ)/2
0 ∥hk∥v(τ)ρ−ℓ̃1{R0≤ρ≤4R}. (8.68)

Compared with (8.63), since R−2
0 lnR0 is small, it follows that

ρ|k+1|Γ♮
2|k+1|+2 ∗ ∗

(
|z|−|k+1|J [ψ̃o,k, ψ̃i,k]1{|z|≤4R(s)}

)
∈ Bo,k.

We can deduce the contraction mapping property in the same way. Now we have found a solution
ψo,k = ψo,k[ψ̃i,k] ∈ Bo,k. Let us estimate the following term in D2R0 .∣∣Ṽk(ρ)ψo,k

∣∣ ≲ |k|−1DoDiR
(ℓ̃−ℓ)/2
0 lnR0∥hk∥v(τ)

(
1{ρ≤1}ρ

−1 + 1{ρ>1}ρ
−2−ℓ̃

)
in D2R0 . (8.69)

Provided 2 + ℓ̃ > ℓ, P1[v(τ)] > −3/2, by Lemma 8.5 and the scaling argument,∣∣∣T 2R0
kr

{[
eikθ(a− ib)Ṽk(ρ)ψo,k

]
C−1

}∣∣∣ ≲ |k|−1DoDiR
(ℓ̃−ℓ)/2
0 lnR0∥hk∥wi,k(ρ, τ),∣∣∣∇T 2R0

kr

{[
eikθ(a− ib)Ṽk(ρ)ψo,k

]
C−1

}∣∣∣ ≲ DoDiR
(ℓ̃−ℓ)/2
0 lnR0∥hk∥wi,k,2(ρ, τ).

In sum, we take 1 < ℓ̃ < min{ℓ, 3}, ℓ ∈ (1, 3). By the small quantity R
(ℓ̃−ℓ)/2
0 lnR0, we have

T 2R0
kr

[(
K[ψo,k[ψ̃i,k]]e

ikθ
)
C−1

]
∈ Bi,k.

The contraction property can be deduced in the same way, and thus, we find a solution Ψi,k =
Ψi,k[hk] ∈ Bi,k. Finally we find a solution (ψo,k,Ψi,k) for (8.57) and (8.59).

Substituting the right-hand side hk by c1h
(1)
k , c2h

(2)
k , c1h

(1)
k + c2h

(2)
k respectively, where c1, c2 are

arbitrary constants and h
(1)
k , h

(2)
k are in the same topology as hk, then making subtraction and
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repeating process above, we deduce that Ψi,k[hk] and ψo,k[hk] are linear mappings about hk. So does
ψk.

We will regard Do, Di, and R0 as general constants hereafter. Recalling (8.63), (8.68), 2 + ℓ̃ > ℓ,

we have |J [ψo,k, ψi,k]|1{ρ≤4R} ≲ ∥hk∥v(τ)ρ−ℓ1{R0≤ρ≤4R}. Similar to (8.64), (8.66), (8.67), for ρ ≤ τ
1
2 ,

the spatial decay of ψo,k can be improved to

|ψo,k| ≲ |k|−2∥hk∥v(τ)
(
1{ρ≤1}ρ+ 1{ρ>1}

{
ρ2−ℓ, ℓ ∈ (1, 2) ∪ (2, 3)

⟨ln ρ⟩, ℓ = 2

)
. (8.70)

By the upper bounds of ψo,k in (8.70) and Ψi,k in (8.61), we get the upper bound of Ψk in DR. □

8.4. Mode 0.

Proposition 8.2. Consider{
∂τΨ0 = (a− bW∧) (LinΨ0) +H0 in DR,

Ψ0 = 0 on ∂DR, Ψ0(·, τ0) = 0 in BR(τ0),

where H0 = (h0(ρ, τ))C−1, ∥H0∥Rv,ℓ < ∞. Suppose lnR ∈ AP, (8.4), P1[τ
2θR,ℓv(τ)] > 0 with θR,ℓ

given in (8.26), then there exists a linear mapping Ψ0 = T R
00 [H0] with the estimate

|Ψ0| ≲ ∥H0∥Rv,ℓv(τ)
(
1{|y|≤1}|y|+ 1{|y|>1}|y|−1

)
R2 lnR if ℓ > 1

R2(lnR)
3
2 if ℓ = 1

R3−ℓ lnR if ℓ < 1.

Moreover, Ψ0 ·W = 0 and (Ψ0)C is radial in space.

Proof. Denote ∥h0∥ = ∥h0∥Rv,ℓ. In order to find a solution with the form Ψ0 = (ψ0(ρ, τ))C−1 , by Lemma
8.1, it is equivalent to considering{

∂τψ0 = (a− ib)L0ψ0 + h0 in DR,

ψ0 = 0 on ∂DR, ψ0(·, τ0) = 0 in BR(τ0).
(8.71)

By (8.4), (8.23) is true. Then Lemma 8.3 gives ∥ψ0(·, τ)∥L∞(BR) ≲ R2 lnRθR,ℓv(τ)∥h0∥. To improve
the spatial decay, we reformulate (8.71) into the following form{

∂τψ0 = (a− ib)
(
∂ρρψ0 +

1
ρ∂ρψ0 − 1

ρ2
ψ0

)
+ h̃0 in DR,

ψ0 = 0 on ∂DR, ψ0(·, τ0) = 0 in BR(τ0),
(8.72)

where h̃0 := (a− ib) 8
(ρ2+1)2

ψ0 + h0. Set ψ0 = ρψ∗0. Then (8.72) is equivalent to{
∂τψ∗0 = (a− ib)∆R4ψ∗0 + |y|−1h̃0 in DR,

ψ∗0 = 0 on ∂DR, ψ∗0(·, τ0) = 0 in BR(τ0),
(8.73)

where we abuse the symbol DR =
{
(y, τ) | y ∈ R4, |y| ≤ R(τ)

}
as the corresponding time-varying

domain in R4 and similarly ∂DR, BR(τ0). By the same argument for deducing (8.44), the fundamental
solution for (8.73) is given by Γ4(x, y, t, s) with the bound

|Γ4(x, y, τ, s)| ≲ (τ − s)−2e−
κ|x−y|2

τ−s for a constant κ > 0.

Provided P1[τ
2 lnRθR,ℓv(τ)] > 0, for ρ ≤ R(τ), we have

|ψ0| = ρ|ψ∗0| ≲ ρ
∣∣Γ4 ∗ ∗

(
|z|−1|h̃0|1{|z|≤R(s)}

)∣∣ ≲ ∥h0∥ρ
ˆ τ

τ0

ˆ
R4

(τ − s)−2e−
κ|y−z|2

τ−s

×
[
(R2 lnRθR,ℓv)(s)

(
1{|z|≤1}|z|−1 + 1{1<|z|≤R(s)}|z|−5

)
+ v(s)1{1<|z|≤R(s)}|z|−1−ℓ

]
dzds

≲ R2 lnRθR,ℓv(τ)
(
1{ρ≤1}ρ+ 1{ρ>1}ρ

−1
)
∥h0∥, (8.74)
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where for the last “≲”, we used the following calculation. By Lemma A.1,ˆ τ

τ0

ˆ
R4

(τ − s)−2e−
κ|y−z|2

τ−s (R2 lnRθR,ℓv)(s)1{1<|z|≤R(s)}|z|−5dzds

≲ R2 lnRθR,ℓv(τ)
(
1{|y|≤1} + 1{1<|y|≤R}|y|−2

) (8.75)

provided P1[τ
2 lnRθR,ℓv(τ)] > 0. By [132, Lemma A.1],ˆ τ

τ0

ˆ
R4

(τ − s)−2e−
κ|y−z|2

τ−s (R2 lnRθR,ℓv)(s)1{|z|≤1}|z|−1dzds

≲ τ−2e−
|y|2
16τ

ˆ τ

τ0

(R2 lnRθR,ℓv)(s)ds+R2 lnRθR,ℓv(τ)
(
1{|y|≤1} + 1{1<|y|≤R}|y|−2e−

|y|2
16τ

)
.

To get the upper bound in (8.75), we require
´ τ
τ0
(R2 lnRθR,ℓv)(s)ds ≲ τ2 lnRθR,ℓv(τ).

If P1[R
2 lnRθR,ℓv(τ)] > −1, it holds since τR2 lnRθR,ℓv(τ) ≲ τ2 lnRθR,ℓv(τ) ⇔ R2 ≲ τ , which

is true. If P1[R
2 lnRθR,ℓv(τ)] = −1, it suffices to make τ(ln τ)mR2 lnRθR,ℓv(τ) ≲ τ2 lnRθR,ℓv(τ) ⇔

R2(ln τ)m ≲ τ for some large constantm ≥ 0, which is true by (8.4). If P1[R
2 lnRθR,ℓv(τ)] < −1, since

P1[τ
2 lnRθR,ℓv(τ)] > 0, we only need to ensure τ0(R

2 lnRθR,ℓv)(τ0) ≲ τ20 (lnRθR,ℓv)(τ0) ⇔ R2(τ0) ≲
τ0, which is true.

The estimate including 1{1<|z|≤R(s)}|z|−1−ℓ is deduced by [132, Lemma A.1], due to the property of
θR,ℓ, we only need to consider ℓ < 3. We omit the details. □

In contrast to (8.17)4 for mode k, |k| ≥ 2, the elliptic operator in mode 0 admits a bounded kernel
function with decay, and as a consequence, the decay information of the right-hand side might get lost
when deriving estimates. In fact, decay of the solution can be recovered if an orthogonality condition
is imposed. The linear theory of mode 0 with the orthogonality condition is given below.

Lemma 8.6. Consider

∂τΨ0 = (a− bW∧) (LinΨ0) +H0 in DR, Ψ0(·, τ0) = 0 in BR(τ0),

where H0 is defined in DR∗ with R ≤ R∗ ≤ ∞, H0 = (h0(ρ, τ))C−1, ∥H0∥R∗
v,ℓ < ∞ with ℓ ∈ (1, 3) and

the orthogonality condition ˆ R∗(τ)

0
h0(r, τ)Z0,1(r)rdr = 0 for τ ∈ (τ0,∞) (8.76)

holds. Suppose lnR ∈ AP, (8.4), P1[τ
2R3−ℓv(τ)] > 0, then there exists a solution Ψ0 = T R

0r [H0] as a
linear mapping in H0 with the estimate

⟨y⟩|∇Ψ0|+ |Ψ0| ≲ v(τ)R5−ℓ lnR⟨y⟩−3∥H0∥R∗
v,ℓ in DR. (8.77)

Moreover, Ψ0 ·W = 0 and (Ψ0)C is radial in space.

Proof. Denote ∥h0∥ = ∥h0∥R∗
v,ℓ and assume h0 = 0 in Dc

R∗
. We consider

(a− bW∧) (LinG0) = H0 where G0 = (g0(ρ, τ))C−1 .

By Lemma 8.1, it is equivalent to (a− ib)L0g0 = h0, where g0 is given by

g0(ρ, τ) = (a+ ib)
(
Z0,2(ρ)

ˆ ρ

0
h0(r, τ)Z0,1(r)rdr −Z0,1(ρ)

ˆ ρ

0
h0(r, τ)Z0,2(r)rdr

)
.

It follows that

∂ρg0(ρ, τ) = (a+ ib)
(
Z ′
0,2(ρ)

ˆ ρ

0
h0(r, τ)Z0,1(r)rdr −Z ′

0,1(ρ)

ˆ ρ

0
h0(r, τ)Z0,2(r)rdr

)
.

By (8.17), the orthogonality condition (8.76), if 1 < ℓ < 3, for all ρ ∈ (0,∞), we have

ρ|∂ρg0|+ |g0| ≲ ∥h0∥v(τ)
(
1{ρ≤1}ρ

2 + 1{ρ>1}ρ
2−ℓ

)
, ∥G0∥∞v,ℓ−2 = ∥g0∥∞v,ℓ−2 ≲ ∥h0∥. (8.78)
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Similar to the computations on the DMOx semi-norm of Gk in Lemma 8.5 (but simpler since we do
not need its dependence on k now), we have

[G0]|DMO|x(Q−
2 (0,τ)) ≲ ∥h0∥v(τ), [G0(x∗ + ρ∗z, t∗ + ρ2∗s)]|DMO|x(Q−

2 (0)) ≲ ∥h0∥v(t∗)|x∗|1−ℓρ∗

for t∗ > τ0, 1 ≤ |x∗| ≤ 3R(t∗)/2, ρ∗ = |x∗|/100. Next, let us consider{
∂τΦ0 = (a− bW∧) (LinΦ0) +G0 in D2R,

Φ0 = 0 on ∂D2R, Φ0(·, τ0) = 0 in B2R(τ0).

Provided lnR ∈ AP, P1[τ
2R3−ℓv(τ)] > 0, by (8.78) and Proposition 8.2, there exists a solution

Φ0 = Φ0[G0] with the form Φ0 = (ϕ0(ρ, τ))C−1 for some scalar function ϕ0 and the estimate

|Φ0(y, τ)| ≲ v(τ)R5−ℓ lnR⟨y⟩−1∥G0∥∞v,ℓ−2.

By Proposition 6.1 (for |y| ≤ 1), Proposition 6.2 (for |y| > 1), and the interpolation inequality, then

⟨y⟩2|D2Φ0|+ ⟨y⟩|DΦ0|+ |Φ0| ≲ v(τ)R5−ℓ lnR⟨y⟩−1∥h0∥ in D3R/2. (8.79)

We take the desired strong solution as Ψ0 = (a− bW∧) (LinΦ0). Combining (8.79) and the scaling
argument, we conclude (8.77). Applying Φ0 = (ϕ0(ρ, τ))C−1 and Lemma 8.1, we have (Ψ0)C =
(a− ib)L0ϕ0. □

Proposition 8.3. Consider

∂τΨ0 = (a− bW∧) (LinΨ0) +H0 + (c0(τ)η(ρ)Z0,1(ρ))C−1 in DR, Ψ0(·, τ0) = 0 in BR(τ0),

where H0 is defined in DR∗ with R ≤ R∗ ≤ ∞, H0 = (h0(ρ, τ))C−1, ∥H0∥R∗
v,ℓ < ∞. Suppose (8.4),

lnR0 ∈ AP, ℓ ∈ (1, 3), P1[v(τ)] > (ℓ − 5)/2, then there exists a solution (Ψ0, c0) = (T R
0 [H0], c0[H0])

as a linear mapping in H0 with the estimates

⟨y⟩|∇Ψ0|+ |Ψ0| ≲ lnR0v(τ)
(
R5−ℓ

0 ⟨y⟩−31{|y|≤2R0} + ⟨y⟩2−ℓ1{|y|>2R0}

)
∥H0∥R∗

v,ℓ ,

c0(τ) = −
(ˆ 2

0
η(r)Z2

0,1(r)rdr
)−1( ˆ R1

0
h0(r, τ)Z0,1(r)rdr + c∗0[H0](τ)

)
,

where 2R0 ≤ R1 ≤ R∗, c∗0[H0] is a scalar function linearly depending on H0 and satisfies |c∗0[H0](τ)| ≲
R1−ℓ

0 lnR0v(τ)∥H0∥R∗
v,ℓ. Moreover, Ψ0 ·W = 0 and (Ψ0)C is radial in space.

Proof. Denote ∥h0∥ = ∥h0∥R∗
v,ℓ and set h0 = 0 in Dc

R∗
. By Lemma 8.1, to find a solution Ψ0 with the

form Ψ0 = (ψ0(ρ, τ))C−1 , it is equivalent to

∂τψ0 = (a− ib)L0ψ0 + h0 + c0(τ)η(ρ)Z0,1(ρ) in DR, ψ0(·, τ0) = 0 in BR(τ0).

Set ψ0 = ηR0(ρ)ψi,0(ρ, τ) + ψo,0(ρ, τ), where ηR0(ρ) = η(ρ/R0). In order to find a solution ψ0, it
suffices to consider the following inner-outer system∂τψo,0 = (a− ib)

(
∂ρρψo,0 +

1

ρ
∂ρψo,0 −

1

ρ2
ψo,0

)
+ J [ψo,0, ψi,0]1{ρ≤4R} in R2 × (τ0,∞),

ψo,0(·, τ0) = 0 in R2,

(8.80)

∂τψi,0 = (a− ib)L0ψi,0 +K[ψo,0] + c0(τ)η(ρ)Z0,1(ρ) in D2R0 , ψi,0(·, τ0) = 0 in B2R0(τ0), (8.81)

where

J [ψo,0, ψi,0] = (a− ib)(1− ηR0)Ṽ0(ρ)ψo,0 +A0[ψi,0] + (1− ηR0)h0, Ṽ0(ρ) =
8

(ρ2 + 1)2
,

K[ψo,0] = (a− ib)Ṽ0(ρ)ψo,0 + h0, A0[ψi,0] = (a− ib)
[(
∂ρρηR0 +

∂ρηR0

ρ

)
ψi,0 + 2∂ρηR0∂ρψi,0

]
− ψi,0∂τηR0 .
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Set Ψi,0(y, τ) = (ψi,0)C−1 , that is, ψi,0 = Ψi,0 · E1 + iΨi,0 · E2. By Lemma 8.1, (8.81) is equivalent to

∂τΨi,0 = (a− bW∧)LinΨi,0+(K[ψo,0] + c0(τ)η(ρ)Z0,1(ρ))C−1 in D2R0 , Ψi,0(·, τ0) = 0 in B2R0(τ0).
(8.82)

For 2R0 ≤ R1 ≤ R∗, in order for the orthogonality condition (8.76) to hold in (8.82), we take

c0(τ) = c0[ψo,0](τ) := C0,1

ˆ R1

0

[
(a−ib)Ṽ0(r)ψo,0(r, τ)+h0(r, τ)

]
Z0,1(r)rdr, C0,1 := −

( ˆ 2

0
η(r)Z2

0,1(r)rdr
)−1

.

By Lemma 8.4 and Lemma 8.6, we reformulate (8.80) and (8.82) into the following form formally

ψo,0(ρ, τ) = ρ
[
Γ♮
4 ∗ ∗

(
|z|−1J [ψo,0, ψi,0]1{|z|≤4R(s)}

)]
(ρ, τ, τ0),

Ψi,0(y, τ) = T 2R0
0r

[
(K[ψo,0] + c0[ψo,0](τ)η(ρ)Z0,1(ρ))C−1

]
.

We will solve this system using the contraction mapping theorem.

Denote HI :=
[
h0+C0,1

( ´ R1

0 h0(r, τ)Z0,1(r)rdr
)
η(ρ)Z0,1(ρ)

]
C−1 . It is easy to have ∥HI∥R1

v,ℓ ≲ ∥h0∥.
In view of Lemma 8.6, if (HI)C satisfies the orthogonality condition (8.76) (with R∗ = R1) and
lnR0 ∈ AP, 2 +P1[v(τ)] + (3− ℓ)P1[R0] > 0, we have the estimate

⟨y⟩|∇T 2R0
0r [HI ](y, τ)|+ |T 2R0

0r [HI ](y, τ)| ≤ Diwi,0(ρ, τ)∥h0∥, (8.83)

where Di ≥ 1 is a constant and wi,0(ρ, τ) := v(τ)R5−ℓ
0 lnR0⟨ρ⟩−3. Denote

Bi,0 :=
{
F (y, τ) ∈ C1

(
B2R0 ,R3

)
| F (y, τ) = (f(ρ, τ))C−1 for some radial scalar function

f(ρ, τ) and ⟨y⟩|∇F (y, τ)|+ |F (y, τ)| ≤ 2Diwi,0(ρ, τ)∥h0∥
}
.

For any Ψ̃i,0 ∈ Bi,0, denote ψ̃i,0 = Ψ̃i,0 · E1 + iΨ̃i,0 · E2. We will find a solution ψo,0 = ψo,0[ψ̃i,0] of

(8.80) by the contraction mapping theorem. Let us estimate J [ψo,0, ψ̃i,0] term by term. By (2.8),∣∣∂ρψ̃i,0

∣∣ = ∣∣Ψ̃i,0 · ∂ρE1 + E1 · ∂ρΨ̃i,0 + iΨ̃i,0 · ∂ρE2 + iE2 · ∂ρΨ̃i,0

∣∣
≲ |Ψ̃i,0|⟨ρ⟩−2 + |∇Ψ̃i,0| ≲ Div(τ)R

5−ℓ
0 lnR0⟨ρ⟩−4∥h0∥.

Since |R′
0| = O(R−1

0 ) in (8.4), we have

|A0[ψ̃i,0]|+ |(1− ηR0)h0| ≲ Di1{R0≤ρ≤2R0}v(τ)R
−ℓ
0 lnR0∥h0∥+ 1{ρ≥R0}v(τ)ρ

−ℓ∥h0∥

≲ Di1{ρ≥R0}v(τ) lnR0ρ
−ℓ∥h0∥.

(8.84)

Provided (8.4), lnR0 ∈ AP, 1 < ℓ < 3, and P1[v(τ)] > (ℓ− 5)/2, by Lemma A.2, we have∣∣∣ρΓ♮
4 ∗ ∗

{
|z|−1

[
A0[ψ̃i,0] + (1− ηR0)h0

]
1{|z|≤4R(s)}

}∣∣∣ ≤ DoDiwo,0(ρ, τ)∥h0∥,

where Do ≥ 1 is a large constant, wo,0(ρ, τ) := v(τ) lnR0

(
ρR1−ℓ

0 1{ρ≤R0} + ρ2−ℓ1{ρ>R0}
)
. Denote

Bo,0 := {f(ρ, τ) | |f(ρ, τ)| ≤ 2DoDiwo,0(ρ, τ)∥h0∥ for ρ ≥ 0, τ ≥ τ0}. (8.85)

For any ψ̃o,0 ∈ Bo,0, we estimate

|(1− ηR0)Ṽ0(ρ)ψ̃o,01{ρ≤4R}| ≲ DoDiv(τ) lnR0ρ
−2−ℓ1{R0<ρ≤4R}∥h0∥

≲ DoDiv(τ) lnR0ρ
−ℓ1{R0<ρ≤4R}∥h0∥

(
inf
s≥τ0

R0(s)
)−2

.

Compared with (8.84), due to the small quantity
(
infs≥τ0 R0(s)

)−2
by infs≥τ0 R0(s) ≫ 1 in (8.4), we

have
ρΓ♮

4 ∗ ∗
(
|z|−1J [ψ̃o,0, ψ̃i,0]1{|z|≤4R(s)}

)
∈ Bo,0.

We can deduce the contraction mapping property in the same way.
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Now we have found a solution ψo,0 = ψo,0[ψ̃i,0] ∈ Bo,0. It follows that for ℓ ∈ (1, 3),∥∥∥∣∣Ṽ0(ρ)ψo,0[ψ̃i,0]
∣∣+C0,1

∣∣∣ ˆ R1

0
Ṽ0(r)ψo,0[ψ̃i,0](r, τ)Z0,1(r)dr

∣∣∣η(ρ)Z0,1(ρ)
∥∥∥2R0

v,ℓ
≲ DoDi sup

s≥τ0

(
R1−ℓ

0 lnR0

)
(s)∥h∥.

Due to the choice of c0(τ), hII := K[ψo,0[ψ̃i,0]] + c0[ψo,0[ψ̃i,0]](τ)η(ρ)Z0,1(ρ) satisfies the orthogonality

condition (8.76) with R∗ = R1. Since sups≥τ0

(
R1−ℓ

0 lnR0

)
(s) provides small quantity by (8.4), similar

to (8.83), we have

T 2R0
0r [(hII)C−1 ] ∈ Bi,0.

The contraction property can be deduced in the same way. Therefore, we find a solution Ψi,0 =
Ψi,0[h0] ∈ Bi,0. Finally we find a solution (ψo,0,Ψi,0) for (8.80) and (8.82). From the construction
process, ψi,0[h0], ψo,0[h0] and c0[h0] are linear mappings in h0. So does ψ0.

We will regard Do, Di as general constants hereafter. Since ψo,0[h0] ∈ Bo,0, then

c0[h0](τ) = C0,1

(ˆ R1

0
h0(r, τ)Z0,1(r)rdr + c∗0[h0](τ)

)
,

where c∗0[h0](τ) is a linear mapping in h0, and |c∗0[h0](τ)| ≲ R1−ℓ
0 lnR0v(τ)∥h0∥.

Combining the upper bound of ψo,0 and Ψi,0, we have

|Ψ0(y, τ)| ≲ lnR0v(τ)
(
R5−ℓ

0 ⟨y⟩−31{|y|≤2R0} + ⟨y⟩2−ℓ1{|y|>2R0}
)
∥h0∥ in DR.

By the scaling argument, we conclude the validity of the proposition. □

Remark 8.2. The reason that we solve ψo,0 in (8.85) with elaborated pointwise bound in ρ > 4R is
to give a uniform estimate of c∗0[H0] when R1 = R∗ = ∞. It will be more convenient when solving
the reduced equations. The reasoning is the same for the refined estimates of ψo,1 in Proposition 8.5
below.

8.5. Mode 1.

Proposition 8.4. Consider{
∂τΨ1 = (a− bW∧) (LinΨ1) +H1 in DR,

Ψ1 = 0 on ∂DR, Ψ1(·, τ0) = 0 in BR(τ0),

where H1 =
(
h1(ρ, τ)e

iθ
)
C−1, ∥H1∥Rv,ℓ <∞. Suppose lnR ∈ AP when ℓ = 1, (8.4),

either Case 1: P1[R] < 1/4 or Case 2: P1[R] > 1/4, 4P1[R] + 2P1[θR,ℓ] + 2P1[v(τ)] > −1 holds,
(8.86)

and 3 + min{1/2,P1[R
2]} +P1[R

−2θR,ℓv(τ)] > 0 with θR,ℓ given in (8.26), then there exists a linear

mapping Ψ1 = T R
10 [H1] with the estimate

|Ψ1(y, τ)| ≲ min{τ
1
2 , R2}R2θR,ℓv(τ)⟨y⟩−2∥H1∥Rv,ℓ.

Moreover, Ψ1 ·W = 0 and e−iθ (Ψ1)C is radial in space.

Proof. To find a solution Ψ1 =
(
ψ1(ρ, τ)e

iθ
)
C−1 , by Lemma 8.1, we consider{

∂τψ1 = (a− ib)L1ψ1 + h1 = (a− ib)
(
∂ρρψ1 +

1
ρ∂ρψ1 − 4

ρ2
ψ1

)
+ h̃1 in DR,

ψ1 = 0 on ∂DR, ψ1(·, τ0) = 0 in BR(τ0),

where h̃1 = (a − ib) 12ρ2+4
(ρ2+1)2

1
ρ2
ψ1 + h1. Denote ∥h1∥ = ∥h1∥Rv,ℓ. By (8.86) and Lemma 8.3, we get

∥ψ1(·, τ)∥L∞(BR) ≲ min{τ
1
2 , R2}R2θR,ℓv(τ)∥h1∥.

To get spatial decay, by similar argument for (8.74), for ρ ≤ R,

|ψ1| ≲ ρ2
∣∣∣Γ6 ∗ ∗

(
|y|−2|h̃1|1{|y|≤R}

)∣∣∣ ≲ ∥h1∥ρ2
ˆ τ

τ0

ˆ
R6

(τ − s)−3e−
κ|y−z|2

τ−s
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×
[(

min{τ
1
2 , R2}R2θR,ℓv

)
(s)

(
1{|z|≤1}|z|−4 + 1{1<|z|≤R(s)}|z|−6

)
+ v(s)1{1<|z|≤R(s)}|z|−2−ℓ

]
dzds

≲ min{τ
1
2 , R2}R2θR,ℓv(τ)∥h1∥

(
1{ρ≤1} + 1{ρ>1}ρ

−2⟨ln ρ⟩
)
, (8.87)

where |Γ6(x, y, t, s)| ≲ (t− s)−3e−
κ|x−y|2

t−s with a constant κ > 0, and we used lnR ∈ AP when ℓ = 1,
(8.4), 3 + min{1/2,P1[R

2]} + P1[R
−2θR,ℓv(τ)] > 0, Lemma A.1 for the term 1{1<|z|≤R(s)}|z|−6 and

[132, Lemma A.1] for the other two terms. Since min{τ
1
2 , R2} may not stay in AP, we have used τ

1
2

and R2 in the calculations separately instead. In the last step, 1{ρ>1}ρ
−2⟨ln ρ⟩ is from the convolution

related to 1{1<|z|≤R(s)}|z|−6, and the other two terms give the bound 1{ρ>1}ρ
−2.

Plugging the new upper bound of |ψ| into (8.87), the bound 1{1<|z|≤R(s)}|z|−6 can be improved to

1{1<|z|≤R(s)}|z|−7, for ρ ≤ R, we obtain |ψ1| ≲ min{τ
1
2 , R2}R2θR,ℓv(τ)⟨ρ⟩−2∥h1∥. □

Lemma 8.7. Consider

∂τΨ1 = (a− bW∧) (LinΨ1) +H1 in DR, Ψ1(·, τ0) = 0 in BR(τ0),

where H1 is defined in DR∗ with R ≤ R∗ ≤ ∞, H1 =
(
h1(ρ, τ)e

iθ
)
C−1, ∥H1∥R∗

v,ℓ < ∞ with ℓ ∈ (0, 3)

and the orthogonality conditionˆ R∗(τ)

0
h1(r, τ)Z1,1(r)rdr = 0 for τ ∈ (τ0,∞). (8.88)

Suppose (8.4) and one of the following cases:

either Case 1: P1[R] < 1/4 or Case 2: P1[R] > 1/4, (10− 2ℓ)P1[R] + 2P1[v(τ)] > −1 holds,

3 + min{1/2,P1[R
2]}+P1[R

1−ℓv(τ)] > 0, (8.89)

then there exists a solution Ψ1 = T R
1r [H1] as a linear mapping in H1 with the estimate

⟨y⟩|∇Ψ1|+ |Ψ1| ≲ min{τ
1
2 , R2}R5−ℓv(τ)⟨y⟩−4∥H1∥R∗

v,ℓ in DR. (8.90)

Moreover, Ψ1 ·W = 0 and e−iθ (Ψ1)C is radial in space.

Proof. The proof is the same as Lemma 8.6. Denote ∥h1∥ = ∥h1∥R∗
v,ℓ and set h1 = 0 in Dc

R∗
. Consider

(a− bW∧)(LinG1) = H1, where G1 = (g1(ρ, τ)e
iθ)C−1 .

By Lemma 8.1, it is equivalent to (a− ib)L1g1 = h1, where g1 is given by

g1(ρ, τ) = (a+ ib)
(
Z1,2(ρ)

ˆ ρ

0
h1(r, τ)Z1,1(r)rdr −Z1,1(ρ)

ˆ ρ

0
h1(r, τ)Z1,2(r)rdr

)
.

Similar to Lemma 8.6, we derive the following by (8.17) and the orthogonality condition (8.88), for
0 < ℓ < 4,

|g1| ≲ ∥h1∥v(τ)
(
1{ρ≤1}ρ

2⟨ln ρ⟩+ 1{ρ>1}ρ
2−ℓ

)
, |∂ρg1| ≲ ∥h1∥v(τ)

(
1{ρ≤1}ρ+ 1{ρ>1}ρ

1−ℓ
)
,

∥G1∥∞v,ℓ−2 = ∥g1∥∞v,ℓ−2 ≲ ∥h1∥,

[G1]|DMO|x(Q−
2 (0,τ)) ≲ ∥h0∥v(τ), [G1(x∗ + ρ∗z, t∗ + ρ2∗s)]|DMO|x(Q−

2 (0)) ≲ ∥h1∥v(t∗)|x∗|1−ℓρ∗

(8.91)

for t∗ > τ0, 1 ≤ |x∗| ≤ 3R(t∗)/2, ρ∗ = |x∗|/100. Next, let us consider{
∂τΦ1 = (a− bW∧) (LinΦ1) +G1 in D2R,

Φ1 = 0 on ∂D2R, Φ1(·, τ0) = 0 in B2R(τ0).

Suppose (8.4), ℓ < 3, (8.89), then Φ1 is given by Proposition 8.4 satisfying Φ1 ·W = 0 and Φ1 =
(ϕ1(ρ, τ)e

iθ)C−1 for some radial function ϕ1. Using (8.91), we have the estimate

|Φ1| ≲ min{τ
1
2 , R2}R5−ℓv(τ)⟨y⟩−2∥h1∥ in D2R.
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By Propositions 6.1, 6.2, and the interpolation inequality, we have

⟨y⟩2|D2Φ1|+ ⟨y⟩|DΦ1|+ |Φ1| ≲ min{τ
1
2 , R2}R5−ℓv(τ)⟨y⟩−2∥h1∥ in D3R/2. (8.92)

The desired strong solution is given by Ψ1 = (a− bW∧) (LinΦ1). By (8.92) and the scaling argu-
ment, we conclude (8.90). By Lemma 8.1, (Ψ1)C = (a− ib)eiθL1ϕ1. □

Proposition 8.5. Consider

∂τΨ1 = (a− bW∧) (LinΨ1) +H1 +
(
c1(τ)η(ρ)Z1,1(ρ)e

iθ
)
C−1 in DR, Ψ1(·, τ0) = 0 in BR(τ0),

where H1 is defined in DR∗ with R ≤ R∗ ≤ ∞, H1 =
(
h1(ρ, τ)e

iθ
)
C−1, ∥H1∥R∗

v,ℓ <∞. Suppose (8.4), ℓ ∈
(1, 3), P1[R0] < 1/4, P1[R0v(τ)] > (ℓ− 6)/2, then there exists a solution (Ψ1, c1) = (T R

1 [H1], c1[H1])
as a linear mapping in H1 with the estimates

⟨y⟩|∇Ψ1|+ |Ψ1| ≲ R0v(τ)
(
R6−ℓ

0 ⟨y⟩−41{|y|≤2R0} + ⟨y⟩2−ℓ1{|y|>2R0}
)
∥H1∥R∗

v,ℓ ,

c1(τ) = −
(ˆ 2

0
η(r)Z2

1,1(r)rdr
)−1(ˆ R1

0
h1(r, τ)Z1,1(r)rdr + c∗1[H1](τ)

)
,

where 2R0 ≤ R1 ≤ R∗, c∗1[H1] is a scalar function linearly depending on H1 and satisfies |c∗1[H1](τ)| ≲
R1−ℓ

0 v(τ)∥H1∥R∗
v,ℓ. Moreover, Ψ1 ·W = 0 and e−iθ (Ψ1)C is radial in space.

Proof. The proof is the verbatim repetition of Proposition 8.3. In order to find a solution Ψ1 with the
form Ψ1 =

(
ψ1(ρ, τ)e

iθ
)
C−1 , by Lemma 8.1, it is equivalent to

∂τψ1 = (a− ib)L1ψ1 + h1 + c1(τ)η(ρ)Z1,1(ρ) in DR, ψ1(·, τ0) = 0 in BR(τ0).

Denote ∥h1∥ = ∥h1∥R∗
v,ℓ and take h1 = 0 in Dc

R∗
. Set ψ1 = ηR0(ρ)ψi,1(ρ, τ)+ψo,1(ρ, τ), where ηR0(ρ) =

η(ρ/R0). In order to find a solution ψ1, it suffices to consider the following inner-outer system∂τψo,1 = (a− ib)
(
∂ρρψo,1 +

1

ρ
∂ρψo,1 −

4

ρ2
ψo,1

)
+ J [ψo,1, ψi,1]1{ρ≤4R} in R2 × (τ0,∞),

ψo,1(·, τ0) = 0 in R2,

(8.93)

∂τψi,1 = (a− ib)L1ψi,1 +K[ψo,1] + c1(τ)η(ρ)Z1,1(ρ) in D2R0 , ψi,1(·, τ0) = 0 in B2R0(τ0), (8.94)

where we denote

J [ψo,1, ψi,1] = (a− ib)(1− ηR0)Ṽ1(ρ)ψo,1 +A0[ψi,1] + (1− ηR0)h1, Ṽ1(ρ) =
12ρ2 + 4

(ρ2 + 1)2ρ2
,

K[ψo,1] = (a− ib)Ṽ1(ρ)ψo,1 + h1, A0[ψi,1] = (a− ib)
[(
∂ρρηR0

+
∂ρηR0

ρ

)
ψi,1 + 2∂ρηR0

∂ρψi,1

]
− ψi,1∂τηR0

.

Set Ψi,1(y, τ) = (ψi,1e
iθ)C−1 , that is, ψi,1 = e−iθ (Ψi,1 · E1 + iΨi,1 · E2). Then (8.94) is equivalent to

∂τΨi,1 = (a− bW∧)LinΨi,1+
[(
K[ψo,1]+c1(τ)η(ρ)Z1,1(ρ)

)
eiθ

]
C−1 in D2R0 , Ψi,1(·, τ0) = 0 in B2R0(τ0).

(8.95)
To meet the orthogonality condition (8.88) for 2R0 ≤ R1 ≤ R∗ to solve (8.95), we take

c1(τ) = c1[ψo,1](τ) := C1,1

ˆ R1

0

[
(a−ib)Ṽ1(r)ψo,1(r, τ)+h1(r, τ)

]
Z1,1(r)rdr, C1,1 := −

(ˆ 2

0

η(r)Z2
1,1(r)rdr

)−1

.

(8.96)

By Lemma 8.4 and Lemma 8.7, we reformulate (8.93) and (8.95) into the following form formally

ψo,1(ρ, τ) = ρ2
[
Γ♮
6 ∗ ∗

(
|z|−2J [ψo,1, ψi,1]1{|z|≤4R(s)}

)]
(ρ, τ, τ0),

Ψi,1(y, τ) = T 2R0
1r

[[(
K[ψo,1] + c1(τ)η(ρ)Z1,1(ρ)

)
eiθ

]
C−1

]
.

(8.97)
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Denote HI :=
{[
h1 + C1,1

( ´ R1

0 h(r, τ)Z1,1(r)rdr
)
η(ρ)Z1,1(ρ)

]
eiθ

}
C−1 . Obviously, ∥HI∥R1

v,ℓ ≲ ∥h1∥.
Inspired Lemma 8.7, if ℓ ∈ (0, 3), P1[R0] < 1/4, 3 + P1[R

3−ℓ
0 v(τ)] > 0, and e−iθ(HI)C satisfies the

orthogonality condition (8.88) (with R∗ = R1), then we have the estimate

⟨y⟩
∣∣∇T 2R0

1r [HI ]
∣∣+ ∣∣T 2R0

1r [HI ]
∣∣ ≤ Diwi,1(ρ, τ)∥h1∥ in D2R0 , (8.98)

where the constant Di ≥ 1 is large and wi,1(ρ, τ) := R7−ℓ
0 v(τ)⟨ρ⟩−4. Denote

Bi,1 :=
{
F (y, τ) ∈ C1

(
B2R0 ,R3

)
| F (y, τ) =

(
f(ρ, τ)eiθ

)
C−1 for some radial scalar function

f(ρ, τ) and ⟨y⟩|∇F (y, τ)|+ |F (y, τ)| ≤ 2Diwi,1(ρ, τ)∥h1∥
}
.

Given Ψ̃i,1 ∈ Bi,1, denote ψ̃i,1 = e−iθ
(
Ψ̃i,1 ·E1 + iΨ̃i,1 ·E2

)
. We will find a solution ψo,1 = ψo,1[Ψ̃i,1] of

(8.93) by the contraction mapping theorem. Let us estimate J [ψo,1, ψ̃i,1]. Similar to (8.62), we have

|∂ρψ̃i,1| ≲ |Ψ̃i,1|⟨ρ⟩−2 + |∇Ψ̃i,1| ≲ DiR
7−ℓ
0 v(τ)⟨ρ⟩−5∥h1∥.

By |R′
0| = O(R−1

0 ) in (8.4), we have

|A0[ψ̃i,1]|+|(1−ηR0)h1| ≲ Di1{R0≤ρ≤2R0}v(τ)R
1−ℓ
0 ∥h1∥+1{ρ≥R0}v(τ)ρ

−ℓ∥h1∥ ≲ Di1{ρ≥R0}R0v(τ)ρ
−ℓ∥h1∥.

Provided (8.4), ℓ ∈ (0, 4), P1[R0v(τ)] > (ℓ− 6)/2, by Lemma A.2, it follows that∣∣∣ρ2Γ♮
6 ∗ ∗

{
|z|−2

[
A0[ψ̃i,1] + (1− ηR0)h1

]
1{|z|≤4R(s)}

}∣∣∣
≤ CDiρ

2|Γ♮
6| ∗ ∗

[
1{R0(s)≤|z|≤4R(s)}R0(s)v(s)|z|−2−ℓ∥h1∥

]
≤ DoDiwo,1(ρ, τ)∥h1∥

(8.99)

with a large constant Do ≥ 1, wo,1(ρ, τ) := R0v(τ)
(
ρ2R−ℓ

0 1{ρ≤R0} + ρ2−ℓ1{ρ>R0}
)
. Denote

Bo,1 :=
{
f(ρ, τ)

∣∣ |f(ρ, τ)| ≤ 2DoDiwo,1(ρ, τ)∥h1∥ for ρ ≥ 0, τ ≥ τ0
}
.

For any ψ̃o,1 ∈ Bo,1,∣∣(1− ηR0)Ṽ1(ρ)ψ̃o,11{ρ≤4R}
∣∣ ≲ ( inf

s≥τ0
R0(s))

−2DoDiR0v(τ)ρ
−ℓ1{R0<ρ≤4R}∥h1∥.

Similar to the estimate of (8.99), due to the small quantity (infs≥τ0 R0(s))
−2, we have

ρ2Γ♮
6 ∗ ∗

(
|z|−2J [ψ̃o,1, ψ̃i,1]1{|z|≤4R(s)}

)
∈ Bo,1.

The contraction mapping property can be deduced similarly. Thus we find a solution ψo,1 = ψo,1[ψ̃i,1] ∈
Bo,1. Then for ρ ≤ 2R0, we have∣∣Ṽ1(ρ)ψo,1[ψ̃i,1]

∣∣ ≲ DoDiR
max{−1,1−ℓ}
0 v(τ)⟨ρ⟩−ℓ∥h1∥,∣∣∣C1,1

(ˆ R1

0
Ṽ1(r)ψo,1[ψ̃i,1](r, τ)Z1,1(r)rdr

)
η(ρ)Z1,1(ρ)

∣∣∣ ≲ DoDiR
1−ℓ
0 v(τ)⟨ρ⟩−ℓ∥h1∥.

Due to the choice of c1(τ), hII := K[ψo,1[ψ̃i,1]]+c1[ψo,1[ψ̃i,1]](τ)η(ρ)Z1,1(ρ) satisfies the orthogonal-

ity condition (8.88) (with R∗ = R1). For ℓ > 1,
(
infs≥τ0 R0(s)

)max{−1,1−ℓ}
provides a small quantity.

Under the same parameters restriction for deriving (8.98), by Lemma 8.7, we have

T 2R0
1r [(hIIe

iθ)C−1 ] ∈ Bi,1

The contraction property can be deduced similarly. Thus we find a solution Ψi,1 = Ψi,1[h1] ∈ Bi,1,
and then a solution (ψo,1,Ψi,1) for (8.93) and (8.95). ψo,1, Ψi,1 c1(τ) depends on h1 linearly.

We will regard Do, Di as general constants hereafter. Since ψo,1[h1] ∈ Bo,1, then

c1[h1](τ) = C1,1

(ˆ R1

0
h1(r, τ)Z1,1(r)rdr + c∗1[h1](τ)

)
,
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where c∗1[h1] depends on h1 linearly and |c∗1[h1](τ)| ≲ R1−ℓ
0 v(τ)∥h1∥. By estimates of ψo,1, Ψi,1, then

|Ψ1(y, τ)| ≲ R0v(τ)
(
R6−ℓ

0 ⟨ρ⟩−41{ρ≤2R0} + ⟨ρ⟩2−ℓ1{ρ>2R0}
)
∥h1∥ in DR.

By the scaling argument, the proposition is concluded. □

8.6. Mode −1. To prepare for the linear theory, we first summarize the properties of the spectrum,
Fourier basis Φ−1(ρ, ξ), spectrum measure ρ−1(dξ) of −L̃−1 in the next proposition, where

L̃−1 := ∂ρρ +
1

4
ρ−2 + V−1(ρ) = ∂ρρ +

1

4
ρ−2 − 4

ρ2
− −4

ρ2 + 1
+

8

(ρ2 + 1)2
.

Proposition 8.6 ([75]). The spectrum of −L̃−1 is [0,∞), which is also the essential spectrum. Denote

the Fourier basis of −L̃−1 as Φ−1(ρ, ξ), where Φ−1(ρ, ξ) satisfies

−L̃−1Φ
−1(ρ, ξ) = ξΦ−1(ρ, ξ) for all ξ ≥ 0.

For ρ ≥ 0, ξ ≥ 0, we have

|Φ−1(ρ, ξ)| ≲ ρ
5
2 ⟨ρ⟩−21{ρ2ξ≤1} + ξ−

1
4 ⟨ξ⟩−11{ρ2ξ>1},

|∂ρΦ−1(ρ, ξ)| ≲ ρ
3
21{ρ2ξ≤1} + ξ

1
4 ⟨ξ⟩−11{ρ2ξ>1}.

(8.100)

Φ−1(ρ, ξ) has the expansion

Φ−1(ρ, ξ) = Φ−1
0 (ρ) + ρ

1
2

∞∑
j=1

(−ρ2ξ)jΦj(ρ
2), (8.101)

which converges absolutely, where Φ−1
0 (ρ) = ρ

5
2 (1 + ρ2)−1. It converges uniformly if ρξ

1
2 remains

bounded. Here Φj(u) ≥ 0 are smooth functions of u ≥ 0 satisfying Φj(u) ≤ 1
j!

u
1+u , |Φ

′
j(u)| ≤ 21

j! for

u ≥ 0, j ≥ 1, and Φ1(u) ≥ c1
u

1+u for u ≥ 0 with a constant c1 > 0.

The spectrum measure ρ−1(dξ) of −L̃−1 is supported in ξ ∈ [0,∞) and absolutely continuous on

ξ ≥ 0 with density dρ−1(ξ)
dξ ∼ ⟨ξ⟩2.

Proof. Most of the estimates can be found in [75, Propositions 5.1, 5.3, 5.4, 5.5]. Derivative estimate
(8.100)2 can be derived similarly as in [75]. Indeed, by similar induction in [75, pp. 32-33], we have

|Φ′
j(u)| ≤ 21

j! for u ≥ 0, j ≥ 1. Acting ∂ρ on (8.101), for ρ2ξ ≤ 1, we have |∂ρΦ−1(ρ, ξ)| ≲ ρ
3
2 .

For the remote region ρ2ξ > 1, the use of [75, Propositions 5.4, 5.5] and the relation between the

Weyl-Titchmarsh function and Φ−1(ρ, ξ) gives the estimate |∂ρΦ−1(ρ, ξ)| ≲ ξ
1
4 ⟨ξ⟩−1. □

We emphasize that the assumption (8.4) is not required in the next proposition.

Proposition 8.7. Consider

∂τΦ−1 = (a− bW∧)(LinΦ−1) +H−1 in R2 × (τ0,∞), Φ−1(·, τ0) = 0 in R2,

where τ0 ≥ 2, H−1 = (h(ρ, τ)e−iθ)C−1, ∥h∥∞v,ℓ < ∞, 0 ≤ v(τ) ∈ L∞
loc([τ0,∞)), ℓ > 3/2. Φ−1 =

T−1[H−1] is given as a linear mapping in H−1 by the convolution via the fundamental solution of the
parabolic system. Moreover, Φ−1(y, τ) = (ϕ−1(ρ, τ)e

−iθ)C−1 and ϕ−1 satisfies

∂τϕ−1 = (a− ib)L−1ϕ−1 + h for (ρ, τ) ∈ (0,∞)× (τ0,∞), ϕ−1(ρ, τ0) = 0 for ρ ∈ (0,∞) (8.102)

with the estimate

|ϕ−1(ρ, τ)| ≲ ∥h∥∞v,ℓ1{ρ≤τ
1
2 }



τ1−
ℓ
2 sup
s∈[τ/2,τ ]

v(s) + τ−
ℓ
2

´ τ
2
τ0
2

v(s)ds if ℓ < 2

(ln τ)2 sup
s∈[τ/2,τ ]

v(s) + τ−1 ln τ
´ τ

2
τ0
2

v(s)ds if ℓ = 2

ln τ sup
s∈[τ/2,τ ]

v(s) + τ−1
´ τ

2
τ0
2

v(s)ds if ℓ > 2
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+ ∥h∥∞v,ℓ1{ρ>τ
1
2 }
ρ−

1
2



τ
5
4
− ℓ

2 sup
s∈[τ/2,τ ]

v(s) + τ
1
4
− ℓ

2

´ τ
2
τ0
2

v(s)ds if ℓ < 2

τ
1
4 ln τ sup

s∈[τ/2,τ ]
v(s) + τ−

3
4 ln τ

´ τ
2
τ0
2

v(s)ds if ℓ = 2

τ
1
4 sup
s∈[τ/2,τ ]

v(s) + τ−
3
4

´ τ
2
τ0
2

v(s)ds if ℓ > 2,

(8.103)

where we assume v(s) = 0 for s ≤ τ0. Moreover, if we suppose in addition 2 < ℓ < 5/2 and the
orthogonality condition ˆ ∞

0
h(r, τ)Z−1,1(r)rdr = 0 for τ > τ0 (8.104)

holds, then we have the estimate

|ϕ−1(ρ, τ)| ≲ ∥h∥∞v,ℓ


⟨ρ⟩2−ℓ sup

s∈[τ/2,τ ]
v(s) + τ−

ℓ
2

´ τ
2
τ0
2

v(s)ds if ρ ≤ τ
1
2

ρ−
1
2

(
τ

5
4
− ℓ

2 sup
s∈[τ/2,τ ]

v(s) + τ
1
4
− ℓ

2

´ τ
2
τ0
2

v(s)ds
)

if ρ > τ
1
2 .

(8.105)

Proof. Similar to the argument in Lemma 8.3, the theory of the parabolic system guarantee the
existence of Φ−1 and ϕ−1. And Φ−1,∇Φ−1 ∈ L∞(Ω × (τ0, τ1)) for any bounded domain Ω ⊂ R2 and
τ1 > τ0. Using the argument in (8.62), we have that ϕ−1, ∂ρϕ−1 is bounded in (0, ρ1)× (τ0, τ1) for any
ρ1 > 0 and τ1 > τ0.

We will give a representation formula for ϕ−1. First, besides ∥h∥∞v,ℓ <∞, we assume

h(ρ, τ) is smooth in spatial variable ρ ∈ R and for τ0 < τ < τ1 <∞,

h(ρ, τ) = 0 for |ρ| ≥Mτ1 with a constant Mτ1 > 0 depending on τ1.
(8.106)

Take ϕ−1 = ρ−
1
2 f(ρ, τ). Since L−1(ρ

− 1
2 f) =

(
ρ−

1
2∂ρρ +

1
4ρ

− 5
2 + V−1(ρ)ρ

− 1
2

)
f , then

∂τf = (a− ib)L̃−1f + ρ
1
2h for (ρ, τ) ∈ (0,∞)× (τ0,∞), f(ρ, τ0) = 0 for ρ ∈ (0,∞). (8.107)

Due to the assumption (8.106), given a fixed τ > τ0, Φ−1, ∇Φ−1 have fast spatial decay as |y| → ∞.

So do ϕ−1, ∂ρϕ−1, f , and ∂ρf . And |f(ρ, τ)| ≲ ρ
1
2 and |∂ρf(ρ, τ)| ≲ ρ−

1
2 as ρ ↓ 0. Combining these

with (8.100), we are able to multiply (8.107) by Φ−1(ρ, ξ) and integrate by parts in ρ ∈ (0,∞) to
deduce

∂τ f̂(ξ, τ) + (a− ib)ξf̂(ξ, τ) =

ˆ ∞

0
ρ

1
2h(ρ, τ)Φ−1(ρ, ξ)dρ, f̂(ξ, τ0) = 0,

where we denote f̂(ξ, τ) :=
´∞
0 f(ρ, τ)Φ−1(ρ, ξ)dρ. It follows that

f̂(ξ, τ) =

ˆ τ

τ0

e−(a−ib)ξ(τ−s)

ˆ ∞

0
x

1
2h(x, s)Φ−1(x, ξ)dxds.

Using the distorted Fourier transform, we get the representation formula

ϕ−1 = ρ−
1
2 f(ρ, τ) = ρ−

1
2

ˆ ∞

0
Φ−1(ρ, ξ)f̂(ξ, τ)ρ−1(dξ)

= ρ−
1
2

ˆ ∞

0
Φ−1(ρ, ξ)

ˆ τ

τ0

e−(a−ib)ξ(τ−s)

ˆ ∞

0
x

1
2h(x, s)Φ−1(x, ξ)dxdsρ−1(dξ)

= ρ−
1
2

ˆ τ

τ0

ˆ ∞

0

ˆ ∞

0
e−(a−ib)ξ(τ−s)Φ−1(ρ, ξ)Φ−1(x, ξ)x

1
2h(x, s)ρ−1(dξ)dxds. (8.108)

For general h satisfying ∥h∥∞v,ℓ < ∞, if the last integral in (8.108) is absolutely integrable, then

(8.108) gives the representation formula of ϕ−1. Hereafter, without loss of generality, we assume
∥h∥∞v,ℓ = 1 and will prove that (8.108) is absolutely integrable and give pointwise estimate of ϕ−1.
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Estimate without orthogonality. Using the property of ρ−1(dξ) in Proposition 8.6, we have

|ϕ−1| ≲ ρ−
1
2

ˆ τ

τ0

v(s)

ˆ ∞

0

ˆ ∞

0
e−aξ(τ−s)|Φ−1(ρ, ξ)||Φ−1(x, ξ)|x

1
2 ⟨x⟩−ℓ⟨ξ⟩2dxdξds.

We will use the estimate of |Φ−1| in (8.100) repetitively. First, we consider

F (ξ) :=

ˆ ∞

0
|Φ−1(x, ξ)|x

1
2 ⟨x⟩−ℓdx =

ˆ ξ−
1
2

0
+

ˆ ∞

ξ−
1
2

· · · := F1 + F2.

For F1, one has

F1 ≲
ˆ ξ−

1
2

0
x

5
2 ⟨x⟩−2x

1
2 ⟨x⟩−ℓdx ≲ 1{ξ≤1}


ξ

ℓ
2
−1 if ℓ < 2

⟨ln ξ⟩ if ℓ = 2

1 if ℓ > 2

+ 1{ξ>1}ξ
−2.

For F2, since ℓ >
3
2 , F2 ≲ ξ−

1
4 ⟨ξ⟩−1

´∞
ξ−

1
2
x

1
2 ⟨x⟩−ℓdx ≲ 1{ξ≤1}ξ

ℓ
2
−1 + 1{ξ>1}ξ

− 5
4 , and thus

F (ξ) ≲ 1{ξ≤1}


ξ

ℓ
2
−1 if ℓ < 2

⟨ln ξ⟩ if ℓ = 2

1 if ℓ > 2

+ 1{ξ>1}ξ
− 5

4 . (8.109)

Next, let us estimate

P (ρ, τ, s) :=

ˆ ∞

0
e−aξ(τ−s)|Φ−1(ρ, ξ)|F (ξ)⟨ξ⟩2dξ =

ˆ 1
ρ2

0
+

ˆ ∞

1
ρ2

· · · := P1 + P2.

First, let us estimate P1. Note that P1 ≲ ρ
5
2 ⟨ρ⟩−2

´ ρ−2

0 e−aξ(τ−s)F (ξ)⟨ξ⟩2dξ. For ρ ≥ 1, since ξ ≤
ρ−2 ≤ 1, by Lemma B.1,

P1 ≲ ρ
1
2

ˆ ρ−2

0
e−aξ(τ−s)


ξ

ℓ
2
−1 if ℓ < 2

⟨ln ξ⟩ if ℓ = 2

1 if ℓ > 2

dξ

≲



{
ρ

1
2
−ℓ if τ − s ≤ ρ2

ρ
1
2 (τ − s)−

ℓ
2 if τ − s > ρ2

if ℓ < 2{
ρ−

3
2 ⟨ln ρ⟩ if τ − s ≤ ρ2

ρ
1
2 (τ − s)−1⟨ln(a(τ − s))⟩ if τ − s > ρ2

if ℓ = 2{
ρ−

3
2 if τ − s ≤ ρ2

ρ
1
2 (τ − s)−1 if τ − s > ρ2

if ℓ > 2.

For ρ < 1, P1 ≲ ρ
5
2

( ´ 1
0 +

´ ρ−2

1

)
e−aξ(τ−s)F (ξ)⟨ξ⟩2dξ. By the same estimate above,

ˆ 1

0
e−aξ(τ−s)F (ξ)⟨ξ⟩2dξ ≲



{
1 if τ − s ≤ 1

(τ − s)−
ℓ
2 if τ − s > 1

for ℓ < 2{
1 if τ − s ≤ 1

(τ − s)−1⟨ln(a(τ − s))⟩ if τ − s > 1
for ℓ = 2{

1 if τ − s ≤ 1

(τ − s)−1 if τ − s > 1
for ℓ > 2.
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Using (8.109) and direct calculation, we have
ˆ 1

ρ2

1
e−aξ(τ−s)F (ξ)⟨ξ⟩2dξ ≲

ˆ 1
ρ2

1
e−aξ(τ−s)ξ

3
4dξ ∼ (τ − s)−

7
4

ˆ a(τ−s)

ρ2

a(τ−s)
e−zz

3
4dz

≲


ρ−

7
2 if τ − s ≤ ρ2

(τ − s)−
7
4 if ρ2 < τ − s ≤ 1

(τ − s)−
7
4 e−

a(τ−s)
2 if τ − s > 1.

Thus for ρ < 1,

P1 ≲




ρ−1 if τ − s ≤ ρ2

ρ
5
2 (τ − s)−

7
4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−

ℓ
2 if τ − s > 1

for ℓ < 2


ρ−1 if τ − s ≤ ρ2

ρ
5
2 (τ − s)−

7
4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−1⟨ln(a(τ − s))⟩ if τ − s > 1

for ℓ = 2


ρ−1 if τ − s ≤ ρ2

ρ
5
2 (τ − s)−

7
4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−1 if τ − s > 1

for ℓ > 2.

Next, let us estimate P2. By (8.100), P2 ≲
´∞

1
ρ2
e−aξ(τ−s)ξ−

1
4 ⟨ξ⟩−1F (ξ)⟨ξ⟩2dξ. For ρ ≤ 1, by (8.109),

P2 ≲
ˆ ∞

1
ρ2

e−aξ(τ−s)ξ−
1
2dξ ∼ (τ − s)−

1
2

ˆ ∞

a(τ−s)

ρ2

e−zz−
1
2dz ≲

{
(τ − s)−

1
2 if τ − s ≤ ρ2

(τ − s)−
1
2 e

−a(τ−s)

2ρ2 if τ − s > ρ2.

For ρ > 1, P2 ≲
( ´∞

1 +
´ 1

1
ρ2

)
e−aξ(τ−s)ξ−

1
4 ⟨ξ⟩−1F (ξ)⟨ξ⟩2dξ. For the same reason as above, we have

ˆ ∞

1
e−aξ(τ−s)ξ−

1
4 ⟨ξ⟩−1F (ξ)⟨ξ⟩2dξ ≲

{
(τ − s)−

1
2 if τ − s ≤ 1

(τ − s)−
1
2 e−

a(τ−s)
2 if τ − s > 1.

By (8.109), ℓ > 1/2, and Lemma B.1,

ˆ 1

1
ρ2

e−aξ(τ−s)ξ−
1
4 ⟨ξ⟩−1F (ξ)⟨ξ⟩2dξ ≲

ˆ 1

1
ρ2

e−aξ(τ−s)


ξ

ℓ
2
− 5

4 if ℓ < 2

ξ−
1
4 ⟨ln ξ⟩ if ℓ = 2

ξ−
1
4 if ℓ > 2

dξ

≲




1 if τ − s ≤ 1

(τ − s)
1
4
− ℓ

2 if 1 < τ − s ≤ ρ2

(τ − s)
1
4
− ℓ

2 e
−a(τ−s)

2ρ2 if τ − s > ρ2

for ℓ < 2


1 if τ − s ≤ 1

(τ − s)−
3
4 ⟨ln(a(τ − s))⟩ if 1 < τ − s ≤ ρ2

(τ − s)−
3
4 ⟨ln(a(τ − s))⟩e−

a(τ−s)

2ρ2 if τ − s > ρ2

for ℓ = 2


1 if τ − s ≤ 1

(τ − s)−
3
4 if 1 < τ − s ≤ ρ2

(τ − s)−
3
4 e

−a(τ−s)

2ρ2 if τ − s > ρ2

for ℓ > 2.
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Thus, for ρ > 1,

P2 ≲




(τ − s)−

1
2 if τ − s ≤ 1

(τ − s)
1
4
− ℓ

2 if 1 < τ − s ≤ ρ2

(τ − s)
1
4
− ℓ

2 e
−a(τ−s)

4ρ2 if τ − s > ρ2

for ℓ < 2


(τ − s)−

1
2 if τ − s ≤ 1

(τ − s)−
3
4 ⟨ln(a(τ − s))⟩ if 1 < τ − s ≤ ρ2

(τ − s)−
3
4 ⟨ln(a(τ − s))⟩e−

a(τ−s)

4ρ2 if τ − s > ρ2

for ℓ = 2


(τ − s)−

1
2 if τ − s ≤ 1

(τ − s)−
3
4 if 1 < τ − s ≤ ρ2

(τ − s)−
3
4 e

−a(τ−s)

4ρ2 if τ − s > ρ2

for ℓ > 2.

Combining the estimates of P1 and P2, we have the following estimates of P . For ρ ≤ 1,

P ≲




(τ − s)−

1
2 if τ − s ≤ ρ2

ρ
5
2 (τ − s)−

7
4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−

ℓ
2 if τ − s > 1

for ℓ < 2


(τ − s)−

1
2 if τ − s ≤ ρ2

ρ
5
2 (τ − s)−

7
4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−1⟨ln(a(τ − s))⟩ if τ − s > 1

for ℓ = 2


(τ − s)−

1
2 if τ − s ≤ ρ2

ρ
5
2 (τ − s)−

7
4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−1 if τ − s > 1

for ℓ > 2.

For ρ > 1 with ℓ ≥ 1/2,

P ≲




(τ − s)−

1
2 if τ − s ≤ 1

(τ − s)
1
4
− ℓ

2 if 1 < τ − s ≤ ρ2

ρ
1
2 (τ − s)−

ℓ
2 if τ − s > ρ2

for ℓ < 2


(τ − s)−

1
2 if τ − s ≤ 1

(τ − s)−
3
4 ⟨ln(a(τ − s))⟩ if 1 < τ − s ≤ ρ2

ρ
1
2 (τ − s)−1⟨ln(a(τ − s))⟩ if τ − s > ρ2

for ℓ = 2


(τ − s)−

1
2 if τ − s ≤ 1

(τ − s)−
3
4 if 1 < τ − s ≤ ρ2

ρ
1
2 (τ − s)−1 if τ − s > ρ2

for ℓ > 2.

Now we will use the upper bound of P to estimate ϕ−1. For ρ ≤ 1, since we assume τ0 ≥ 2, then

|ϕ−1| ≲ ρ−
1
2

(ˆ τ

τ−ρ2
+

ˆ τ−ρ2

τ−1
+

ˆ τ−1

τ0
2

)
v(s)P (ρ, τ, s)ds

≲ ρ−
1
2

[
ṽ(τ)

ˆ τ

τ−ρ2
(τ − s)−

1
2ds+ ṽ(τ)ρ

5
2

ˆ τ−ρ2

τ−1
(τ − s)−

7
4ds

+ ρ
5
2


´ τ−1

τ0
2

v(s)(τ − s)−
ℓ
2ds if ℓ < 2´ τ−1

τ0
2

v(s)(τ − s)−1⟨ln(a(τ − s))⟩ds if ℓ = 2´ τ−1
τ0
2

v(s)(τ − s)−1ds if ℓ > 2

]
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≲ ṽ(τ)ρ
1
2 + ρ2


ṽ(τ)τ1−

ℓ
2 + τ−

ℓ
2

´ τ
2
τ0
2

v(s)ds if ℓ < 2

ṽ(τ)(ln τ)2 + τ−1 ln τ
´ τ

2
τ0
2

v(s)ds if ℓ = 2

ṽ(τ) ln τ + τ−1
´ τ

2
τ0
2

v(s)ds if ℓ > 2,

where we denote ṽ(τ) := sup
s∈[τ/2,τ ]

v(s). For 1 < ρ ≤ (τ/2)1/2,

|ϕ−1| ≲ ρ−
1
2

(ˆ τ

τ−1
+

ˆ τ−1

τ−ρ2
+

ˆ τ−ρ2

τ0
2

)
v(s)P (ρ, τ, s)ds

≲ ρ−
1
2 ṽ(τ) + ṽ(τ)


ρ2−ℓ if ℓ < 2

⟨ln ρ⟩ if ℓ = 2

1 if ℓ > 2

+


ṽ(τ)τ1−

ℓ
2 + τ−

ℓ
2

´ τ
2
τ0
2

v(s)ds if ℓ < 2

ṽ(τ)
´ τ

2

ρ2
⟨ln z⟩z−1dz + τ−1 ln τ

´ τ
2
τ0
2

v(s)ds if ℓ = 2

ṽ(τ) ln( τ
2ρ2

) + τ−1
´ τ

2
τ0
2

v(s)ds if ℓ > 2

≲


ṽ(τ)τ1−

ℓ
2 + τ−

ℓ
2

´ τ
2
τ0
2

v(s)ds if ℓ < 2

ṽ(τ)(⟨ln ρ⟩+
´ τ

2

ρ2
⟨ln z⟩z−1dz) + τ−1 ln τ

´ τ
2
τ0
2

v(s)ds if ℓ = 2

ṽ(τ)⟨ln( τ
2ρ2

)⟩+ τ−1
´ τ

2
τ0
2

v(s)ds if ℓ > 2.

For (τ/2)
1
2 ≤ ρ ≤ τ

1
2 ,

|ϕ−1| ≲ ρ−
1
2

[ˆ τ

τ−1
+
(ˆ τ−1

τ
2

+

ˆ τ
2

τ−ρ2

)
+

ˆ τ−ρ2

τ0
2

]
v(s)P (ρ, τ, s)ds

≲ ρ−
1
2

[
ṽ(τ) + ṽ(τ)


τ

5
4
− ℓ

2 if ℓ < 2

τ
1
4 ⟨ln τ⟩ if ℓ = 2

τ
1
4 if ℓ > 2

+

ˆ τ
2

τ−ρ2
v(s)ds


τ

1
4
− ℓ

2 if ℓ < 2

τ−
3
4 ⟨ln τ⟩ if ℓ = 2

τ−
3
4 if ℓ > 2

+ ρ
1
2

ˆ τ−ρ2

τ0
2

v(s)ds


τ−

ℓ
2 if ℓ < 2

τ−1⟨ln τ⟩ if ℓ = 2

τ−1 if ℓ > 2

]
≲


τ1−

ℓ
2 ṽ(τ) + τ−

ℓ
2

´ τ
2
τ0
2

v(s)ds if ℓ < 2

⟨ln τ⟩ṽ(τ) + τ−1⟨ln τ⟩
´ τ

2
τ0
2

v(s)ds if ℓ = 2

ṽ(τ) + τ−1
´ τ

2
τ0
2

v(s)ds if ℓ > 2.

For ρ ≥ τ
1
2 ,

|ϕ−1| ≲ ρ−
1
2

(ˆ τ

τ−1

+

ˆ τ−1

τ0
2

)
v(s)P (ρ, τ, s)ds ≲ ṽ(τ)ρ−

1
2 + ρ−

1
2


ṽ(τ)τ

5
4−

ℓ
2 + τ

1
4−

ℓ
2

´ τ
2
τ0
2

v(s)ds if ℓ < 2

ṽ(τ)τ
1
4 ⟨ln τ⟩+ τ−

3
4 ⟨ln τ⟩

´ τ
2
τ0
2

v(s)ds if ℓ = 2

ṽ(τ)τ
1
4 + τ−

3
4

´ τ
2
τ0
2

v(s)ds if ℓ > 2.

In sum, we have proved that (8.108) is absolutely integrable and (8.103) holds.

Estimate with orthogonality. Recalling the estimates of |ϕ−1| in four cases above, we have

ρ−
1
2

∣∣∣ˆ τ

τ−1

ˆ ∞

0

ˆ ∞

0
e−(a−ib)ξ(τ−s)Φ−1(ρ, ξ)Φ−1(x, ξ)x

1
2h(x, s)ρ−1(dξ)dxds

∣∣∣ ≲ ṽ(τ)
(
ρ

1
21{ρ≤1}+ρ

− 1
21{ρ>1}

)
.

(8.110)
For the other part, we denote

ϕ̃−1 := ρ−
1
2

∣∣∣ˆ τ−1

τ0

ˆ ∞

0

ˆ ∞

0
e−(a−ib)ξ(τ−s)Φ−1(ρ, ξ)Φ−1(x, ξ)x

1
2h(x, s)ρ−1(dξ)dxds

∣∣∣.
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By the orthogonality condition (8.104), we have

F̃ (ξ, s) :=
∣∣∣ ˆ ∞

0
Φ−1(x, ξ)x

1
2h(x, s)dx

∣∣∣ = ∣∣∣(ˆ ξ−
1
2

0
+

ˆ ∞

ξ−
1
2

)(
Φ−1(x, ξ)− x

5
2

1 + x2

)
x

1
2h(x, s)dx

∣∣∣.
We will use Proposition 8.6 repetitively. Firstly, for ℓ < 4, we have∣∣∣ˆ ξ−

1
2

0

(
Φ−1(x, ξ)− x

5
2

1 + x2

)
x

1
2h(x, s)dx

∣∣∣ ≲ v(s)

ˆ ξ−
1
2

0

x
5
2

1 + x2
x2ξx

1
2 ⟨x⟩−ℓdx ≲ v(s)

(
ξ

ℓ
2
−11{ξ≤1}+ξ

−21{ξ>1}
)
.

Secondly,∣∣∣ ˆ ∞

ξ−
1
2

Φ−1(x, ξ)x
1
2h(x, s)dx

∣∣∣ ≲ v(s)ξ−
1
4 ⟨ξ⟩−1

ˆ ∞

ξ−
1
2

x
1
2 ⟨x⟩−ℓdx ∼ v(s)

(
ξ

ℓ
2
−11{ξ≤1} + ξ−

5
41{ξ>1}

)
,

where we require ℓ > 3/2 to guarantee the integrability.

Thirdly, by (8.104) and ℓ > 2, we have
´∞
ξ−

1
2

x
5
2

1+x2x
1
2h(x, s)dx = −

´ ξ−
1
2

0
x
5
2

1+x2x
1
2h(x, s)dx. Then∣∣∣ˆ ∞

ξ−
1
2

x
5
2

1 + x2
x

1
2h(x, s)dx

∣∣∣ ≲ v(s)
(
ξ

ℓ
2
−11{ξ≤1} + ξ−21{ξ>1}

)
,

and thus
F̃ (ξ, s) ≲ v(s)(ξ

ℓ
2
−11{ξ≤1} + ξ−

5
41{ξ>1}). (8.111)

Next, using dρ−1(ξ)
dξ ∼ ⟨ξ⟩2 on ξ ≥ 0 in Proposition 8.6, we will estimate

P̃ (ρ, τ, s) :=

ˆ ∞

0
e−aξ(τ−s)|Φ−1(ρ, ξ)|F̃ (ξ, s)⟨ξ⟩2dξ =

ˆ 1
ρ2

0
+

ˆ ∞

1
ρ2

· · · := P̃1 + P̃2.

Let us estimate P̃1. For ρ ≥ 1, by Proposition 8.6, (8.111), ℓ > 0, and Lemma B.1,

P̃1 ≲ v(s)

ˆ 1
ρ2

0
e−aξ(τ−s)ρ

5
2 ⟨ρ⟩−2ξ

ℓ
2
−1⟨ξ⟩2dξ ∼ v(s)ρ

1
2

ˆ 1
ρ2

0
e−aξ(τ−s)ξ

ℓ
2
−1dξ

≲ v(s)
[
ρ

1
2
−ℓ1{τ−s≤ρ2} + ρ

1
2 (τ − s)−

ℓ
21{τ−s>ρ2}

]
.

For ρ < 1,

P̃1 ≲
ˆ 1

ρ2

0
e−aξ(τ−s)ρ

5
2 ⟨ρ⟩−2F̃ (ξ, s)⟨ξ⟩2dξ ∼ ρ

5
2

(ˆ 1

0
+

ˆ 1
ρ2

1

)
e−aξ(τ−s)F̃ (ξ, s)⟨ξ⟩2dξ

≲ v(s)ρ
5
2

( ˆ 1

0
e−aξ(τ−s)ξ

ℓ
2
−1dξ +

ˆ 1
ρ2

1
e−aξ(τ−s)ξ

3
4dξ

)
≲ v(s)ρ

5
2


ρ−

7
2 if τ − s ≤ ρ2

(τ − s)−
7
4 if ρ2 < τ − s ≤ 1

(τ − s)−
ℓ
2 if τ − s > 1

since
´ 1
0 e

−aξ(τ−s)ξ
ℓ
2
−1dξ ≲ 1{τ−s≤1} + (τ − s)−

ℓ
21{τ−s>1} by ℓ > 0 and Lemma B.1, and

ˆ 1
ρ2

1
e−aξ(τ−s)ξ

3
4dξ ∼ (τ − s)−

7
4

ˆ a(τ−s)

ρ2

a(τ−s)
e−zz

3
4dz ≲


ρ−

7
2 if τ − s ≤ ρ2

(τ − s)−
7
4 if ρ2 < τ − s ≤ 1

(τ − s)−
7
4 e−

a(τ−s)
2 if τ − s > 1.

Next, we will use Proposition 8.6 and (8.111) to estimate P̃2. For ρ ≤ 1,

P̃2 ≲ v(s)

ˆ ∞

1
ρ2

e−aξ(τ−s)ξ−
1
4 ⟨ξ⟩−1ξ−

5
4 ⟨ξ⟩2dξ ∼ v(s)

ˆ ∞

1
ρ2

e−aξ(τ−s)ξ−
1
2dξ

∼ v(s)(τ − s)−
1
2

ˆ ∞

a(τ−s)

ρ2

e−zz−
1
2dz ≲ v(s)(τ − s)−

1
2

(
1{τ−s≤ρ2} + e

−a(τ−s)

2ρ2 1{τ−s>ρ2}

)
.
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For ρ > 1,

P̃2 ≲
(ˆ 1

1
ρ2

+

ˆ ∞

1

)
e−aξ(τ−s)ξ−

1
4 ⟨ξ⟩−1F̃ (ξ, s)⟨ξ⟩2dξ ≲ v(s)

( ˆ 1

1
ρ2

e−aξ(τ−s)ξ
ℓ
2
− 5

4dξ +

ˆ ∞

1
e−aξ(τ−s)ξ−

1
2dξ

)
≲ v(s)

[
1{τ−s≤1} + (τ − s)

1
4
− ℓ

21{1<τ−s≤ρ2} + (τ − s)
1
4
− ℓ

2 e
−a(τ−s)

2ρ2 1{τ−s>ρ2}

+ (τ − s)−
1
21{τ−s≤1} + (τ − s)−

1
2 e−

a(τ−s)
2 1{τ−s>1}

]
≲ v(s)

[
(τ − s)−

1
21{τ−s≤1} + (τ − s)

1
4
− ℓ

21{1<τ−s≤ρ2} + (τ − s)
1
4
− ℓ

2 e
−a(τ−s)

4ρ2 1{τ−s>ρ2}

]
,

where we used ℓ > 1/2 and Lemma B.1 to estimate
´ 1
1/ρ2 e

−aξ(τ−s)ξ
ℓ
2
− 5

4dξ. Combining the estimates

of P̃1, P̃2, since ℓ ≥ 1/2, we have

P̃ (ρ, τ, s) ≲ 1{ρ≤1}v(s)


(τ − s)−

1
2 if τ − s ≤ ρ2

ρ
5
2 (τ − s)−

7
4 if ρ2 < τ − s ≤ 1

ρ
5
2 (τ − s)−

ℓ
2 if τ − s > 1

+ 1{ρ>1}v(s)


(τ − s)−

1
2 if τ − s ≤ 1

(τ − s)
1
4
− ℓ

2 if 1 < τ − s ≤ ρ2

ρ
1
2 (τ − s)−

ℓ
2 if τ − s > ρ2.

Finally, we will estimate ϕ̃−1. Obviously, ϕ̃−1 ≲ ρ−
1
2

´ τ−1
τ0
2

P̃ (ρ, τ, s)ds. For ρ ≤ 1, since ℓ > 2,

ϕ̃−1 ≲ ρ−
1
2

ˆ τ−1

τ0
2

v(s)ρ
5
2 (τ − s)−

ℓ
2ds ≲ ρ2

(
ṽ(τ) + τ−

ℓ
2

ˆ τ
2

τ0
2

v(s)ds
)
.

For 1 < ρ ≤ (τ/2)
1
2 , 2 < ℓ < 5/2,

ϕ̃−1 ≲ ρ−
1
2

( ˆ τ−1

τ−ρ2
+

ˆ τ−ρ2

τ0
2

)
P̃ (ρ, τ, s)ds

≲ ρ−
1
2

[
ṽ(τ)

ˆ τ−1

τ−ρ2
(τ − s)

1
4
− ℓ

2ds+
(ˆ τ−ρ2

τ
2

+

ˆ τ
2

τ0
2

)
v(s)ρ

1
2 (τ − s)−

ℓ
2ds

]
≲ ṽ(τ)ρ2−ℓ + τ−

ℓ
2

ˆ τ
2

τ0
2

v(s)ds.

For (τ/2)
1
2 < ρ ≤ τ

1
2 , ℓ < 5/2,

ϕ̃−1 ≲ ρ−
1
2

[( ˆ τ−1

τ
2

+

ˆ τ
2

τ−ρ2

)
+

ˆ τ−ρ2

τ0
2

]
P̃ (ρ, τ, s)ds ≲ ṽ(τ)ρ2−ℓ + τ−

ℓ
2

ˆ τ
2

τ0
2

v(s)ds.

For ρ > τ
1
2 , ℓ < 5/2,

ϕ̃−1 ≲ ρ−
1
2

ˆ τ−1

τ0
2

v(s)(τ − s)
1
4
− ℓ

2ds ≲ ρ−
1
2

(
ṽ(τ)τ

5
4
− ℓ

2 + τ
1
4
− ℓ

2

ˆ τ
2

τ0
2

v(s)ds
)
.

Combining (8.110) with all the estimates of ϕ̃−1 above, we conclude the estimate (8.105). □

Appendix A. Pointwise estimates for heat and Laplace equations

Recall algebraic power type (AP) defined at the very beginning of Section 8.

Lemma A.1. Suppose n > 2, v(t), l1(t), l2(t) ∈ AP, b ∈ R, l1(t) ≤ l2(t) ≤ C∗t
1
2 with a constant

C∗ > 0, {
P1[t

n
2 v(t)l2−b

2 (t)] > 0 if b ≤ n

P1[t
n
2 v(t)l2−n

2 (t)ln−b
1 (t)] > 0 if b > n,
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given constants c1, c2 > 0 and f(x, t) = v(t)|x|−b1{l1(t)≤|x|≤l2(t)} or v(t)(|x| + l1(t))
−b1{|x|≤l2(t)}, then

for all |x| ≤ l2(t), we haveˆ t

t0

ˆ
Rn

(t− s)−
n
2 e−c1

(
|x−y|2
t−s

)c2
f(y, s)dyds

≲ v(t)




l2−b
2 (t) if b < 2

⟨ln( l2(t)l1(t)
)⟩ if b = 2

l2−b
1 (t) if b > 2

for |x| ≤ l1(t)



l2−b
2 (t) if b < 2

⟨ln( l2(t)|x| )⟩ if b = 2

|x|2−b if 2 < b < n

|x|2−n⟨ln( |x|
l1(t)

)⟩ if b = n

|x|2−nln−b
1 (t) if b > n

for l1(t) < |x| ≤ l2(t),

where “≲” is independent of t0.

Lemma A.2. Suppose 2 < b < n, v(t), l1(t), l2(t) ∈ AP, l1(t) ≤ l2(t) ≤ C∗t
1
2 with a constant

C∗ > 0, n
2 − b

2 + 1 +P1[v(t)] > 0, given constants c1, c2 > 0 and f(x, t) = v(t)|x|−b1{l1(t)≤|x|≤l2(t)} or

v(t)(|x|+ l1(t))
−b1{|x|≤l2(t)}, then for all (x, t) ∈ Rn × (t0,∞), we haveˆ t

t0

ˆ
Rn

(t− s)−
n
2 e−c1

(
|x−y|2
t−s

)c2
f(y, s)dyds ≲ v(t)

(
l2−b
1 (t)1{|x|≤l1(t)} + |x|2−b1{|x|>l1(t)}

)
,

where “≲” is independent of t0.

Proof of Lemmas A.1 and A.2. The proof is a direct application of the analog of [132, Lemma A.1].
We omit details. □

The estimates in Lemmas A.1 and A.2 do not show the dependence on parameters clearly. To get
estimates with precise dependence on k in the linear theory of mode k, |k| ≥ 2 in Subsection 8.3, we
need the following lemma.

Lemma A.3. Consider −∆u = f(x) in Rn\{0}, where n ≥ 3, f(x) = f(|x|) is radial with the upper
bound |f(x)| ≲ |x|−l11{|x|≤1} + |x|−l1{|x|>1}, l1 < n, l > 2. u is given by

u(x) =
1

(n− 2)|Sn−1|

ˆ
Rn

|x− y|2−nf(y)dy, (A.1)

where |Sn−1| is the volume of the unit sphere Sn−1. Then

u(x) = u(|x|) = |x|2−n

ˆ |x|

0
an−3

ˆ ∞

a
bf(b)dbda, ∂|x|u = −|x|1−n

ˆ |x|

0
f(a)an−1da. (A.2)

When f(x) = |x|−l11{|x|≤1} + |x|−l1{|x|>1}, we have

∂|x|u =
−|x|1−l1

n− l1
1{|x|≤1} −

(
|x|1−n

n− l1
+


|x|1−l−|x|1−n

n−l if 2 < l < n

|x|1−n ln |x| if l = n
|x|1−n−|x|1−l

l−n if l > n

)
1{|x|>1}; (A.3)

for |x| ≤ 1,

u(x) =
1

(l − 2)(n− 2)
+


1

(2−l1)(n−2) −
|x|2−l1

(2−l1)(n−l1)
if l1 < 2

− ln |x|
n−2 + 1

(n−2)2
if l1 = 2

|x|2−l1

(l1−2)(n−l1)
− 1

(l1−2)(n−2) if 2 < l1 < n,
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for |x| ≥ 1,

u(x) =
|x|2−n

n− 2

( 1

l − 2
+

1

n− l1

)
+


|x|2−l−|x|2−n

(l−2)(n−l) if 2 < l < n
|x|2−n ln |x|

n−2 if l = n
|x|2−n−|x|2−l

(l−2)(l−n) if l > n

=


|x|2−l

(l−2)(n−l) +
|x|2−n

(n−2)(n−l1)
− |x|2−n

(n−2)(n−l) if 2 < l < n
|x|2−n ln |x|

n−2 + |x|2−n

n−2 ( 1
n−2 + 1

n−l1
) if l = n

|x|2−n

(n−2)(l−n) +
|x|2−n

(n−2)(n−l1)
− |x|2−l

(l−2)(l−n) if l > n

=


|x|2−l

(l−2)(n−l) +
(l1−l)|x|2−n

(n−2)(n−l1)(n−l) if 2 < l < n
|x|2−n ln |x|

n−2 + |x|2−n

n−2 ( 1
n−2 + 1

n−l1
) if l = n

(l−l1)|x|2−n

(n−2)(n−l1)(l−n) −
|x|2−l

(l−2)(l−n) if l > n.

In particular, for |x| ≥ 1,

u(x) ≥


|x|2−l

(l−2)(n−2) +
|x|2−n

(n−2)(n−l1)
if 2 < l < n

|x|2−n ln |x|
n−2 + |x|2−n

n−2 ( 1
n−2 + 1

n−l1
) if l = n

|x|2−n

(l−2)(n−2) +
|x|2−n

(n−2)(n−l1)
if l > n.

Proof. l1 < n and l > 2 ensure the integrability of (A.1). Since f(x) = f(|x|), it is easy to see that
u is radial. Due to the upper bound of f(|x|), by the removable singularity theorem for harmonic
functions (It is used for the case 2 ≤ l1 < n) and maximum principle, we have the formula of u(x) in
(A.2). And the deduction of ∂|x|u in (A.2) is straightforward.

When f(r) = r−l11{r≤1} + r−l1{r>1} with r = |x|, we only present the calculation of u(x). ∂|x|u is

similar. For a ≥ 1, l > 2, then
´∞
a bf(b)db = a2−l

l−2 . For 0 < a ≤ 1,

ˆ ∞

a
bf(b)db =

ˆ ∞

1
b1−ldb+

ˆ 1

a
b1−l1db =

1

l − 2
+


1

2−l1
(1− a2−l1) if l1 < 2

− ln a if l1 = 2
1

l1−2(a
2−l1 − 1) if l1 > 2.

For 0 < r ≤ 1,

ˆ r

0
an−3

ˆ ∞

a
bf(b)dbda =

rn−2

(l − 2)(n− 2)
+


rn−2

(2−l1)(n−2) −
rn−l1

(2−l1)(n−l1)
if l1 < 2

rn−2(− ln r)
n−2 + rn−2

(n−2)2
if l1 = 2

rn−l1

(l1−2)(n−l1)
− rn−2

(l1−2)(n−2) if 2 < l1 < n,

(A.4)

where l1 < n guarantees the integrability around 0. For r ≥ 1, since

ˆ r

1
an−3

ˆ ∞

a
bf(b)dbda =

ˆ r

1

an−1−l

l − 2
da =


rn−l−1

(l−2)(n−l) if 2 < l < n
ln r
n−2 if l = n
1−rn−l

(l−2)(l−n) if l > n,

then combining (A.4), we have

ˆ r

0
an−3

ˆ ∞

a
bf(b)dbda =

1

n− 2
(

1

l − 2
+

1

n− l1
) +


rn−l−1

(l−2)(n−l) if 2 < l < n
ln r
n−2 if l = n
1−rn−l

(l−2)(l−n) if l > n.

The left calculations are direct, where for the last lower bound, we used that for |x| ≥ 1, |x|2−n ≤ |x|2−l

when l < n, and |x|2−l ≤ |x|2−n when l > n. □
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Appendix B. Integral estimates for the distorted Fourier transform

Lemma B.1. Suppose 0 ≤ λ <∞, a, b ∈ R,
´ 1
0 x

a⟨lnx⟩bdx <∞, that is, either (a, b) ∈ (−1,∞)× R
or (a, b) ∈ {−1} × (−∞,−1) holds, then for 0 ≤ x0 ≤ x1 ≤ 1/2, we have

ˆ x1

x0

e−λxxa(− lnx)bdx ≤ C1



{
xa+1
1 (− lnx1)

b if a > −1

(− lnx1)
b+1 − (− lnx0)

b+1 if a = −1, b < −1
for 0 ≤ λ ≤ x−1

1

(lnλ)b

λa+1 +

{
0 if a > −1

(lnλ)b+1 − (− lnx0)
b+1 if a = −1, b < −1

for x−1
1 ≤ λ ≤ x−1

0

(lnλ)b

λa+1 e
−x0λ

2 for λ ≥ x−1
0 ,

(B.1)
where the constant C1 > 0 only depends on a, b, and the case λ ≥ x−1

0 is vacuum when x0 = 0.
For 0 ≤ x0 ≤ 1/2 < x1, we have

ˆ x1

x0

e−λxxa⟨lnx⟩bdx ≤ C2


1 for 0 ≤ λ ≤ 2

(lnλ)b

λa+1 +

{
0 if a > −1

(lnλ)b+1 − (− lnx0)
b+1 if a = −1, b < −1

for 2 ≤ λ ≤ x−1
0

(lnλ)b

λa+1 e
−x0λ

2 for λ ≥ x−1
0 ,

(B.2)
where the constant C2 > 0 only depends on a, b,

´ x1

1/2 x
a⟨lnx⟩bdx.

Proof. We first consider the case 0 ≤ x0 ≤ x1 ≤ 1/2. For 0 ≤ λ ≤ x−1
1 ,

ˆ x1

x0

e−λxxa(− lnx)bdx ∼
ˆ x1

x0

xa(− lnx)bdx ≲

{
xa+1
1 (− lnx1)

b if a > −1

(− lnx1)
b+1 − (− lnx0)

b+1 if a = −1, b < −1,

(B.3)
where for the last step for the case a > −1, we used the following calculation. If a > −1,ˆ x1

x0

xa(− lnx)bdx =
1

a+ 1

[
xa+1
1 (− lnx1)

b − xa+1
0 (− lnx0)

b
]
+

b

a+ 1

ˆ x1

x0

xa(− lnx)b−1dx.

When x1 ≤ C3 with a constant 0 < C3 < 1/2 sufficiently small depending on a, b, we have
´ x1

x0
xa(− lnx)bdx ≲

xa+1
1 (− lnx1)

b. When C3 < x1 ≤ 1/2, the estimate holds due to the assumption
´ 1
0 x

a⟨lnx⟩bdx <∞.

For λ ≥ x−1
0 , ˆ x1

x0

e−λxxa(− lnx)bdx =
1

λa+1

ˆ x1λ

x0λ
e−zza(lnλ− ln z)bdz

≲
1

λa+1

{
(lnλ)be−

x0λ
2 if x−1

0 ≤ λ ≤ x−2
0

e−
3x0λ

4 if λ ≥ x−2
0

≲
(lnλ)b

λa+1
e−

x0λ
2 .

(B.4)

In order to get the first “≲” above, we need the following estimates.

If x1λ ≤ λ
1
2 , that is, λ ≤ x−2

1 , thenˆ x1λ

x0λ
e−zza(lnλ− ln z)bdz ∼ (lnλ)b

ˆ x1λ

x0λ
e−zzadz ≲ (lnλ)be−

x0λ
2 . (B.5)

If x0λ ≥ λ
1
2 , that is, λ ≥ x−2

0 , thenˆ x1λ

x0λ
e−zza(lnλ− ln z)bdz ≲ e−

3x0λ
4 , (B.6)

since − lnx1 ≤ lnλ− ln z ≤ ln( λ
x0λ

) ≤ lnλ
2 , za ≲

{
1 if a ≤ 0

λa if a > 0
, (lnλ− ln z)b ≲

{
1 if b ≤ 0

(lnλ)b if b > 0
.
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If x0λ ≤ λ
1
2 ≤ x1λ, that is, x

−2
1 ≤ λ ≤ x−2

0 , by (B.5), (B.6), then

ˆ x1λ

x0λ
e−zza(lnλ− ln z)bdz =

ˆ λ
1
2

x0λ
+

ˆ x1λ

λ
1
2

· · · ≲ (lnλ)be−
x0λ
2 + e−

3λ
1
2

4 ≲ (lnλ)be−
x0λ
2 ,

where we used x−1
0 ≤ λ ≤ x−2

0 for the last step.

For x−1
1 ≤ λ ≤ x−1

0 , by (B.3), (B.4), we have
ˆ x1

x0

e−λxxa(− lnx)bdx =

ˆ 1/λ

x0

+

ˆ x1

1/λ
· · · ≲ (lnλ)b

λa+1
+

{
0 if a > −1

(lnλ)b+1 − (− lnx0)
b+1 if a = −1, b < −1.

In sum, we complete the proof of (B.1).

For 0 ≤ x0 ≤ 1/2 < x1,
´ 1/2
0 e−λxxa⟨lnx⟩bdx can be handled by (B.1).

´ x1

1/2 e
−λxxa⟨lnx⟩bdx ≤

e−
λ
2

´ x1

1/2 x
a⟨lnx⟩bdx. Thus we have (B.2). □

Appendix C. Convolution estimates in finite time

C.1. Preliminaries. We need the following relationship repetitively: for s ≤ t and t ≤ t∗ ≤ T ,

(T − s)/2 ≤ t− s ≤ T − s for s ≤ t− (T − t); T − t ≤ T − s ≤ 2(T − t) for s ≥ t− (T − t);

(t∗ − s)/2 ≤ t− s ≤ t∗ − s for s ≤ t− (t∗ − t); t∗ − t ≤ t∗ − s ≤ 2(t∗ − t) for s ≥ t− (t∗ − t).
(C.1)

Lemma C.1. Given x, q ∈ Rd, p > 0, b ≥ 0, and L > 0, 0 ≤ L1 ≤ L2 ≤ ∞, we have

ˆ
Rd

e
−c(

|x−y|√
L

)p |y − q|−b1{L1≤|y−q|≤L2}dy ≲



0 if L1 = L2

L
d
2L−b

1 if L ≤ L2
1

L
d
2
− b

2 if b < d

⟨ln( L
L2
1
)⟩ if b = d

Ld−b
1 if b > d

if L2
1 < L ≤ L2

2
Ld−b
2 if b < d

⟨ln(L2
L1

)⟩ if b = d

Ld−b
1 if b > d

if L > L2
2

if L1 < L2.

(C.2)
In particular, for L3 ≥ CL > 0 with a constant C > 0, we haveˆ

Rd

e
−c(

|x−y|√
L

)p |y − q|−b1{|y−q|≥
√
L3}dy ≲ L

d
2L

− b
2

3 . (C.3)

Remark C.1. The estimate for the case b < 0 is different, and we do not analyze it here.

Proof of (C.2). For L1 = L2, the conclusion is trivial. For L1 < L2,ˆ
Rd

e
−c(

|x−y|√
L

)p |y − q|−b1{L1≤|y−q|≤L2}dy = L
d
2
− b

2

ˆ
Rd

e−c|x̃−z|p |z|−b1
{L1L

− 1
2≤|z|≤L2L

− 1
2 }
dz,

where x̃ = (x− q)L− 1
2 . If L1 = 0,

L
d
2
− b

2

ˆ
Rd

e−c|x̃−z|p |z|−b1
{|z|≤L2L

− 1
2 }
dz ≤ L

d
2
− b

2

ˆ
Rd

e−c|z|p |z|−b1
{|z|≤L2L

− 1
2 }
dz

≲


∞ if b ≥ d{
L

d
2
− b

2 if L ≤ L2
2

Ld−b
2 if L > L2

2

if b < d.
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If L1 > 0,

L
d
2
− b

2

ˆ
Rd

e−c|x̃−z|p |z|−b1
{L1L

− 1
2≤|z|≤L2L

− 1
2 }
dz ≤ L

d
2
− b

2

ˆ
Rd

e−c|x̃−z|p min{|z|−b, (L1L
− 1

2 )−b}1
{|z|≤L2L

− 1
2 }
dz

≤ L
d
2
− b

2

ˆ
Rd

e−c|z|p
[
(L1L

− 1
2 )−b1

{|z|≤L1L
− 1

2 }
+ |z|−b1

{L1L
− 1

2<|z|≤L2L
− 1

2 }

]
dz,

whose upper bound is presented in (C.2) for the case L1 < L2. □

Next, we want to establish the basic calculation of the time variable. Given 0 ≤ L1 ≤ L2 ≤ ∞,
t > 0, for s < t, we set

g(s) :=



(t− s)
d
2
−d∗L−b

1 if t− s ≤ L2
1

(t− s)
d
2
− b

2
−d∗ if b < d

(t− s)−d∗⟨ln( t−s
L2
1
)⟩ if b = d

(t− s)−d∗Ld−b
1 if b > d

if L2
1 < t− s ≤ L2

2
(t− s)−d∗Ld−b

2 if b < d

(t− s)−d∗⟨ln(L2
L1

)⟩ if b = d

(t− s)−d∗Ld−b
1 if b > d

if t− s > L2
2,

(C.4)

where we use the convention L−1
1 L2 = 1 if L1 = L2 = 0.

Claim: for δ > 0, if d
2 + 1 > d∗ >

d
2 + 1− δ, x−δ

´ t
t−x g(s)ds ≤ ∞, and for δ = 0, d∗ <

d
2 + 1,

ˆ t

t−x

g(s)ds ≲





(max{x, L2
2})1−d∗Ld−b

2 if d∗ < 1

⟨ln(max{x,L2
2}

L2
2

)⟩Ld−b
2 if d∗ = 1

Ld+2−b−2d∗
2 if 1 < d∗ < 1 + d−b

2

⟨ln(L2

L1
)⟩ if d∗ = 1 + d−b

2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


(max{x, L2

2})1−d∗⟨ln(L2

L1
)⟩ if d∗ < 1

⟨ln(max{x,L2
2}

L2
1

)⟩⟨ln(L2

L1
)⟩ if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


(max{x, L2

2})1−d∗Ld−b
1 if d∗ < 1

⟨ln(max{x,L2
2}

L2
1

)⟩Ld−b
1 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d;

(C.5)

and if δ > 0, d∗ ≤ d
2 + 1− δ,

x−δ

ˆ t

t−x
g(s)ds ≲




(max{x, L2

2})1−d∗−δLd−b
2 if d∗ ≤ 1− δ

Ld+2−b−2d∗−2δ
2 if 1− δ < d∗ ≤ 1 + d−b

2 − δ

Ld+2−b−2d∗−2δ
1 if d∗ > 1 + d−b

2 − δ

if b < d

{
(max{x, L2

2})1−d∗−δ⟨ln(L2
L1

)⟩ if d∗ ≤ 1− δ

L2−2d∗−2δ
1 if d∗ > 1− δ

if b = d{
(max{x, L2

2})1−d∗−δLd−b
1 if d∗ ≤ 1− δ

Ld+2−b−2d∗−2δ
1 if d∗ > 1− δ

if b > d.

(C.6)

Proof. For x ≤ L2
1, when d∗ <

d
2 + 1, then

´ t
t−x g(s)ds ≲ x

d
2
+1−d∗L−b

1 ; For L2
1 < x ≤ L2

2,ˆ t

t−x

g(s)ds =
( ˆ t

t−L2
1

+

ˆ t−L2
1

t−x

)
g(s)ds
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≲ Ld+2−b−2d∗
1 +




x

d
2+1− b

2−d∗ , b < d+ 2− 2d∗

ln( x
L2

1
), b = d+ 2− 2d∗

Ld+2−b−2d∗
1 , b > d+ 2− 2d∗

if b < d


x1−d∗⟨ln( x

L2
1
)⟩, d∗ < 1

⟨ln( x
L2

1
)⟩2, d∗ = 1

L2−2d∗
1 , d∗ > 1

if b = d


x1−d∗Ld−b

1 , d∗ < 1

Ld−b
1 ln( x

L2
1
), d∗ = 1

Ld+2−b−2d∗
1 , d∗ > 1

if b > d

∼




x

d
2+1− b

2−d∗ , b < d+ 2− 2d∗

⟨ln( x
L2

1
)⟩, b = d+ 2− 2d∗

Ld+2−b−2d∗
1 , b > d+ 2− 2d∗

if b < d


x1−d∗⟨ln( x

L2
1
)⟩, d∗ < 1

⟨ln( x
L2

1
)⟩2, d∗ = 1

L2−2d∗
1 , d∗ > 1

if b = d


x1−d∗Ld−b

1 , d∗ < 1

Ld−b
1 ⟨ln( x

L2
1
)⟩, d∗ = 1

Ld+2−b−2d∗
1 , d∗ > 1

if b > d;

For x > L2
2,ˆ t

t−x

g(s)ds =
( ˆ t

t−L2
2

+

ˆ t−L2
2

t−x

)
g(s)ds

≲




Ld+2−b−2d∗
2 , b < d+ 2− 2d∗

⟨ln(L2

L1
)⟩, b = d+ 2− 2d∗

Ld+2−b−2d∗
1 , b > d+ 2− 2d∗

if b < d


L2−2d∗
2 ⟨ln(L2

L1
)⟩, d∗ < 1

⟨ln(L2

L1
)⟩2, d∗ = 1

L2−2d∗
1 , d∗ > 1

if b = d


L2−2d∗
2 Ld−b

1 , d∗ < 1

Ld−b
1 ⟨ln(L2

L1
)⟩, d∗ = 1

Ld+2−b−2d∗
1 , d∗ > 1

if b > d

+




x1−d∗Ld−b

2 , d∗ < 1

ln( x
L2

2
)Ld−b

2 , d∗ = 1

Ld+2−b−2d∗
2 , d∗ > 1

if b < d


x1−d∗⟨ln(L2

L1
)⟩, d∗ < 1

ln( x
L2

2
)⟨ln(L2

L1
)⟩, d∗ = 1

L2−2d∗
2 ⟨ln(L2

L1
)⟩, d∗ > 1

if b = d


x1−d∗Ld−b

1 , d∗ < 1

ln( x
L2

2
)Ld−b

1 , d∗ = 1

L2−2d∗
2 Ld−b

1 , d∗ > 1

if b > d

∼





x1−d∗Ld−b
2 , d∗ < 1

Ld−b
2 ⟨ln( x

L2
2
)⟩, d∗ = 1

Ld+2−b−2d∗
2 , 1 < d∗ < 1 + d−b

2

⟨ln(L2

L1
)⟩, d∗ = 1 + d−b

2

Ld+2−b−2d∗
1 , d∗ > 1 + d−b

2

if b < d


x1−d∗⟨ln(L2

L1
)⟩, d∗ < 1

⟨ln( x
L2

1
)⟩⟨ln(L2

L1
)⟩, d∗ = 1

L2−2d∗
1 , d∗ > 1

if b = d


x1−d∗Ld−b

1 , d∗ < 1

Ld−b
1 ⟨ln( x

L2
1
)⟩, d∗ = 1

Ld+2−b−2d∗
1 , d∗ > 1

if b > d.

Thus, for d∗ <
d
2 + 1, if x ≤ L2

1,
´ t
t−x g(s)ds ≲ x

d
2
+1−d∗L−b

1 ; if L2
1 < x ≤ L2

2,

ˆ t

t−x

g(s)ds ≲




x

d
2+1− b

2−d∗ if b < d+ 2− 2d∗

⟨ln( x
L2

1
)⟩ if b = d+ 2− 2d∗

Ld+2−b−2d∗
1 if b > d+ 2− 2d∗

if b < d


x1−d∗⟨ln( x

L2
1
)⟩ if d∗ < 1

⟨ln( x
L2

1
)⟩2 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b

1 if d∗ < 1

Ld−b
1 ⟨ln( x

L2
1
)⟩ if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d;
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if x > L2
2,

ˆ t

t−x
g(s)ds ≲





x1−d∗Ld−b
2 if d∗ < 1

Ld−b
2 ⟨ln( x

L2
2
)⟩ if d∗ = 1

Ld+2−b−2d∗
2 if 1 < d∗ < 1 + d−b

2

⟨ln(L2
L1

)⟩ if d∗ = 1 + d−b
2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


x1−d∗⟨ln(L2

L1
)⟩ if d∗ < 1

⟨ln( x
L2
1
)⟩⟨ln(L2

L1
)⟩ if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b

1 if d∗ < 1

Ld−b
1 ⟨ln( x

L2
1
)⟩ if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d.

Then for δ ∈ R, if x ≤ L2
1,

x−δ

ˆ t

t−x
g(s)ds ≲

{
Ld+2−b−2d∗−2δ
1 if δ ≤ d

2 + 1− d∗

∞ if δ > d
2 + 1− d∗;

if L2
1 < x ≤ L2

2,

x−δ

ˆ t

t−x

g(s)ds ≲





{
Ld+2−b−2d∗−2δ
2 if b ≤ d+ 2− 2d∗ − 2δ

Ld+2−b−2d∗−2δ
1 if b > d+ 2− 2d∗ − 2δ

if b < d+ 2− 2d∗{
L−2δ
2 ⟨ln(L2

L1
)⟩ if δ ≤ 0

L−2δ
1 if δ > 0

if b = d+ 2− 2d∗{
L−2δ
2 Ld+2−b−2d∗

1 if δ ≤ 0

Ld+2−b−2d∗−2δ
1 if δ > 0

if b > d+ 2− 2d∗

if b < d



{
L2−2d∗−2δ
2 ⟨ln(L2

L1
)⟩ if δ ≤ 1− d∗

L2−2d∗−2δ
1 if δ > 1− d∗

if d∗ < 1{
L−2δ
2 ⟨ln(L2

L1
)⟩2 if δ ≤ 0

L−2δ
1 if δ > 0

if d∗ = 1{
L−2δ
2 L2−2d∗

1 if δ ≤ 0

L2−2d∗−2δ
1 if δ > 0

if d∗ > 1

if b = d



{
L2−2d∗−2δ
2 Ld−b

1 if δ ≤ 1− d∗

Ld+2−b−2d∗−2δ
1 if δ > 1− d∗

if d∗ < 1{
L−2δ
2 Ld−b

1 ⟨ln(L2

L1
)⟩ if δ ≤ 0

Ld−b−2δ
1 if δ > 0

if d∗ = 1{
L−2δ
2 Ld+2−b−2d∗

1 if δ ≤ 0

Ld+2−b−2d∗−2δ
1 if δ > 0

if d∗ > 1

if b > d;
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if x > L2
2,

x−δ

ˆ t

t−x

g(s)ds ≲





{
x1−d∗−δLd−b

2 if δ ≤ 1− d∗

Ld+2−b−2d∗−2δ
2 if δ > 1− d∗

if d∗ < 1{
x−δ⟨ln( x

L2
2
)⟩Ld−b

2 if δ ≤ 0

Ld−b−2δ
2 if δ > 0

if d∗ = 1{
x−δLd+2−b−2d∗

2 if δ ≤ 0

Ld+2−b−2d∗−2δ
2 if δ > 0

if 1 < d∗ < 1 + d−b
2{

x−δ⟨ln(L2

L1
)⟩ if δ ≤ 0

L−2δ
2 ⟨ln(L2

L1
)⟩ if δ > 0

if d∗ = 1 + d−b
2{

x−δLd+2−b−2d∗
1 if δ ≤ 0

L−2δ
2 Ld+2−b−2d∗

1 if δ > 0
if d∗ > 1 + d−b

2

if b < d



{
x1−d∗−δ⟨ln(L2

L1
)⟩ if δ ≤ 1− d∗

L2−2d∗−2δ
2 ⟨ln(L2

L1
)⟩ if δ > 1− d∗

if d∗ < 1{
x−δ⟨ln( x

L2
1
)⟩⟨ln(L2

L1
)⟩ if δ ≤ 0

L−2δ
2 ⟨ln(L2

L1
)⟩2 if δ > 0

if d∗ = 1{
x−δL2−2d∗

1 if δ ≤ 0

L−2δ
2 L2−2d∗

1 if δ > 0
if d∗ > 1

if b = d



{
x1−d∗−δLd−b

1 if δ ≤ 1− d∗

L2−2d∗−2δ
2 Ld−b

1 if δ > 1− d∗
if d∗ < 1{

x−δ⟨ln( x
L2

1
)⟩Ld−b

1 if δ ≤ 0

L−2δ
2 Ld−b

1 ⟨ln(L2

L1
)⟩ if δ > 0

if d∗ = 1{
x−δLd+2−b−2d∗

1 if δ ≤ 0

L−2δ
2 Ld+2−b−2d∗

1 if δ > 0
if d∗ > 1

if b > d.

In particular, for δ = 0,

ˆ t

t−x
g(s)ds ≲



{
Ld+2−b−2d∗
1 if d∗ ≤ d

2 + 1

∞ if d∗ >
d
2 + 1

if x ≤ L2
1


Ld+2−b−2d∗
2 if d∗ < 1 + d−b

2

⟨ln(L2
L1

)⟩ if d∗ = 1 + d−b
2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


L2−2d∗
2 ⟨ln(L2

L1
)⟩ if d∗ < 1

⟨ln(L2
L1

)⟩2 if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


L2−2d∗
2 Ld−b

1 if d∗ < 1

Ld−b
1 ⟨ln(L2

L1
)⟩ if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d

if L2
1 < x ≤ L2

2;
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if x > L2
2,

ˆ t

t−x
g(s)ds ≲





x1−d∗Ld−b
2 if d∗ < 1

⟨ln( x
L2
2
)⟩Ld−b

2 if d∗ = 1

Ld+2−b−2d∗
2 if 1 < d∗ < 1 + d−b

2

⟨ln(L2
L1

)⟩ if d∗ = 1 + d−b
2

Ld+2−b−2d∗
1 if d∗ > 1 + d−b

2

if b < d


x1−d∗⟨ln(L2

L1
)⟩ if d∗ < 1

⟨ln( x
L2
1
)⟩⟨ln(L2

L1
)⟩ if d∗ = 1

L2−2d∗
1 if d∗ > 1

if b = d


x1−d∗Ld−b

1 if d∗ < 1

⟨ln( x
L2
1
)⟩Ld−b

1 if d∗ = 1

Ld+2−b−2d∗
1 if d∗ > 1

if b > d.

For δ > 0,

x−δ

ˆ t

t−x
g(s)ds ≲



{
Ld+2−b−2d∗−2δ
1 if δ ≤ d

2 + 1− d∗

∞ if δ > d
2 + 1− d∗

if x ≤ L2
1

{
Ld+2−b−2d∗−2δ
2 if d∗ ≤ 1 + d−b

2 − δ

Ld+2−b−2d∗−2δ
1 if d∗ > 1 + d−b

2 − δ
if b < d{

L2−2d∗−2δ
2 ⟨ln(L2

L1
)⟩ if δ ≤ 1− d∗

L2−2d∗−2δ
1 if δ > 1− d∗

if b = d{
L2−2d∗−2δ
2 Ld−b

1 if δ ≤ 1− d∗

Ld+2−b−2d∗−2δ
1 if δ > 1− d∗

if b > d

if L2
1 < x ≤ L2

2;

if x > L2
2,

x−δ

ˆ t

t−x
g(s)ds ≲





{
x1−d∗−δLd−b

2 if δ ≤ 1− d∗

Ld+2−b−2d∗−2δ
2 if δ > 1− d∗

if d∗ < 1 + d−b
2

L−2δ
2 ⟨ln(L2

L1
)⟩ if d∗ = 1 + d−b

2

L−2δ
2 Ld+2−b−2d∗

1 if d∗ > 1 + d−b
2

if b < d



{
x1−d∗−δ⟨ln(L2

L1
)⟩ if δ ≤ 1− d∗

L2−2d∗−2δ
2 ⟨ln(L2

L1
)⟩ if δ > 1− d∗

if d∗ < 1

L−2δ
2 ⟨ln(L2

L1
)⟩2 if d∗ = 1

L−2δ
2 L2−2d∗

1 if d∗ > 1

if b = d



{
x1−d∗−δLd−b

1 if δ ≤ 1− d∗

L2−2d∗−2δ
2 Ld−b

1 if δ > 1− d∗
if d∗ < 1

L−2δ
2 Ld−b

1 ⟨ln(L2
L1

)⟩ if d∗ = 1

L−2δ
2 Ld+2−b−2d∗

1 if d∗ > 1

if b > d.

□

Lemma C.2. Given c > 0, p > 0, b ≥ 0, d∗ <
d
2 + 1, c1 > 0, t ∈ [0, T ], suppose

v(s) ≥ 0 for s ∈ [0, T ], C−1
l li(t) ≤ li(s) ≤ Clli(t) for i = 1, 2, s ∈

[
[t− (T − t)]+ , t

]
,

0 ≤ l1(s) ≤ l2(s) ≤ C(T − s)
1
2 for s ∈ [0, T ]

(C.7)
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with some constants Cl ≥ 1, C > 0 independent of T , then for any x ∈ Rd, we haveˆ t

0
v(s)(t− s)−d∗

ˆ
Rd

e
−c(

|x−y|√
t−s

)p |y − q|−b1
{|y−q|≥c1(T−s)

1
2 }
dyds

≲
ˆ [t−(T−t)]+

0
v(s)(T − s)

d
2
−d∗− b

2ds+ sup
t1∈[[t−(T−t)]+,t]

v(t1)(T − t)1−d∗+
d
2
− b

2 ,

ˆ t

0
v(s)(t− s)−d∗

ˆ
Rd

e
−c(

|x−y|√
t−s

)p |y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds ≲ P̃1 + P̃2, (C.8)

where c+ := max {c, 0} for any c ∈ R,

P̃1 :=

ˆ [t−(T−t)]+

0
v(s)(T − s)−d∗


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds,

P̃2 := sup
t1∈[[t−(T−t)]+,t]

v(t1)





(T − t)1−d∗ ld−b
2 (t) if d∗ < 1

⟨ln( T−t
l22(t)

)⟩ld−b
2 (t) if d∗ = 1

ld+2−b−2d∗
2 (t) if 1 < d∗ < 1 + d−b

2

⟨ln( l2(t)l1(t)
)⟩ if d∗ = 1 + d−b

2

ld+2−b−2d∗
1 (t) if d∗ > 1 + d−b

2

if b < d


(T − t)1−d∗⟨ln( l2(t)l1(t)

)⟩ if d∗ < 1

⟨ln( T−t
l21(t)

)⟩⟨ln( l2(t)l1(t)
)⟩ if d∗ = 1

l2−2d∗
1 (t) if d∗ > 1

if b = d


(T − t)1−d∗ ld−b

1 (t) if d∗ < 1

⟨ln( T−t
l21(t)

)⟩ld−b
1 (t) if d∗ = 1

ld+2−b−2d∗
1 (t) if d∗ > 1

if b > d.

Remark C.2. When b = 0 < d, the cases d∗ = 1 + d−b
2 and d∗ > 1 + d−b

2 are vacuum.

Proof. For the first part, by (C.3), d∗ <
d
2 + 1,ˆ t

0
v(s)(t− s)−d∗

ˆ
Rd

e
−c(

|x−y|√
t−s

)p |y − q|−b1
{|y−q|≥c1(T−s)

1
2 }
dyds

≲
(ˆ [t−(T−t)]+

0
+

ˆ t

[t−(T−t)]+

)
v(s)(t− s)

d
2
−d∗(T − s)−

b
2ds

≲
ˆ [t−(T−t)]+

0
v(s)(T − s)

d
2
−d∗− b

2ds+ sup
t1∈[[t−(T−t)]+,t]

v(t1)(T − t)1−d∗+
d
2
− b

2 .

For the second part, by (C.2),ˆ t

0
v(s)(t− s)−d∗

ˆ
Rd

e
−c(

|x−y|√
t−s

)p |y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds
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≲
ˆ t

0
v(s)



(t− s)
d
2
−d∗ l−b

1 (s) if t− s ≤ l21(s)
(t− s)

d
2
− b

2
−d∗ if b < d

(t− s)−d∗⟨ln( t−s
l21(s)

)⟩ if b = d

(t− s)−d∗ ld−b
1 (s) if b > d

if l21(s) < t− s ≤ l22(s)


(t− s)−d∗ ld−b

2 (s) if b < d

(t− s)−d∗⟨ln( l2(s)l1(s)
)⟩ if b = d

(t− s)−d∗ ld−b
1 (s) if b > d

if t− s > l22(s)

ds

=

ˆ [t−(T−t)]+

0
+

ˆ t

[t−(T−t)]+

· · · := P1 + P2.

For P1, since (T − s)/2 ≤ t− s ≤ T − s, l22(s) ≤ C(T − s), we have P1 ≲ P̃1.

For P2, since T − t ≤ T − s ≤ 2(T − t), d∗ <
d
2 + 1, we have

P2 ≲ sup
t1∈[[t−(T−t)]+,t]

v(t1)

ˆ t

[t−(T−t)]+



(t− s)
d
2
−d∗ l−b

1 (t) if t− s ≤ l21(t)
(t− s)

d
2
− b

2
−d∗ if b < d

(t− s)−d∗⟨ln( t−s
l21(t)

)⟩ if b = d

(t− s)−d∗ ld−b
1 (t) if b > d

if l21(t) < t− s ≤ l22(t)


(t− s)−d∗ ld−b

2 (t) if b < d

(t− s)−d∗⟨ln( l2(t)l1(t)
)⟩ if b = d

(t− s)−d∗ ld−b
1 (t) if b > d

if t− s > l22(t)

ds ≲ P̃2

by (C.5) (used for the second “≲”) and l22(t) ≤ C(T − t). □

C.2. Convolution involving v(t)|x− q|−b1{l1(t)≤|x−q|≤l2(t)}.

Proposition C.1. Let d ≥ 1 be an integer, b ≥ 0, 0 ≤ t < T , q ∈ Rd. Given Γ(x, t, y, s) in Proposi-
tion 6.3 and |f(y, s)| ≤ v(s)|y − q|−b1{l1(s)≤|y−q|≤l2(s)} for (y, s) ∈ Rd × (0, T ) with functions v, l1, l2

satisfying (C.7), denote T out
d [f ](x, t) :=

´ t
0

´
Rd Γ(x, t, y, s)f(y, s)dyds. Then, using the convention

C1/C2 = 1 if C1 = C2 = 0, we have

|T out
d [f ](x, t)| ≲

ˆ [t−(T−t)]+

0
v(s)(T − s)−

d
2


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds

+ sup
t1∈[[t−(T−t)]+,t]

v(t1)





(T − t)1−
d
2 ld−b

2 (t) if d < 2

l2−b
2 (t)⟨ln( T−t

l22(t)
)⟩ if d = 2

l2−b
2 (t) if d > 2, b < 2

⟨ln( l2(t)l1(t)
)⟩ if b = 2

l2−b
1 (t) if b > 2

if b < d


(T − t)1−

d
2 ⟨ln( l2(t)l1(t)

)⟩ if d < 2

⟨ln( T−t
l21(t)

)⟩⟨ln( l2(t)l1(t)
)⟩ if d = 2

l2−d
1 (t) if d > 2

if b = d


(T − t)1−

d
2 ld−b

1 (t) if d < 2

l2−b
1 (t)⟨ln( T−t

l21(t)
)⟩ if d = 2

l2−b
1 (t) if d > 2

if b > d.

(C.9)
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|∇T out
d [f ](x, t)| ≲

ˆ [t−(T−t)]+

0
v(s)(T − s)−

d+1
2


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds

+ sup
t1∈[[t−(T−t)]+,t]

v(t1)




l1−b
2 (t)⟨ln( T−t

l22(t)
)⟩ if d = 1

l1−b
2 (t) if d > 1, b < 1

⟨ln( l2(t)l1(t)
)⟩ if b = 1

l1−b
1 (t) if b > 1

if b < d

{
⟨ln( T−t

l21(t)
)⟩⟨ln( l2(t)l1(t)

)⟩ if d = 1

l1−d
1 (t) if d > 1

if b = d{
l1−b
1 (t)⟨ln( T−t

l21(t)
)⟩ if d = 1

l1−b
1 (t) if d > 1

if b > d.

(C.10)∣∣T out
d [f ](x, t)− T out

d [f ](x, T )
∣∣ ≲ T̃31 + T̃32 + T̃33, (C.11)

where

T̃31 := (T − t)

ˆ [t−(T−t)]+

0
v(s)(T − s)−1− d

2


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds,

T̃32 := sup
t1∈[[t−(T−t)]+,t]

v(t1)

ˆ t

[t−(T−t)]+



l−b
1 (t) if t− s ≤ l21(t)
(t− s)−

b
2 if b < d

(t− s)−
d
2 ⟨ln( t−s

l21(t)
)⟩ if b = d

ld−b
1 (t)(t− s)−

d
2 if b > d

if l21(t) < t− s ≤ l22(t)


ld−b
2 (t)(t− s)−

d
2 if b < d

⟨ln( l2(t)l1(t)
)⟩(t− s)−

d
2 if b = d

ld−b
1 (t)(t− s)−

d
2 if b > d

if t− s > l22(t)

ds

+ sup
t1∈[[t−(T−t)]+,t]

v(t1)(T − t)1−
d
2


ld−b
2 (t) if b < d

⟨ln( l2(t)l1(t)
)⟩ if b = d

ld−b
1 (t) if b > d,

T̃33 :=

ˆ T

t
(T − s)−

d
2 v(s)


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds.

For 0 < α < 1, ∣∣∇T out
d [f ](x, t)−∇T out

d [f ](x, T )
∣∣ ≲ C(α)

(
T̃41 + T̃42

)
+ T̃43, (C.12)

where

T̃41 := (T − t)
α
2

ˆ [t−(T−t)]+

0
v(s)(T − s)−

d+1+α
2


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds,
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T̃42 := sup
t1∈[[t−(T−t)]+,t]

v(t1)




⟨ln( T−t

l22(t)
)⟩l1−b

2 (t) if d = 1

l1−b
2 (t) if d > 1, b < 1

⟨ln( l2(t)l1(t)
)⟩ if b = 1

l1−b
1 (t) if b > 1

if b < d

{
⟨ln( T−t

l21(t)
)⟩⟨ln( l2(t)l1(t)

)⟩ if d = 1

l1−d
1 (t) if d > 1

if b = d{
⟨ln( T−t

l21(t)
)⟩l1−b

1 (t) if d = 1

l1−b
1 (t) if d > 1

if b > d,

T̃43 :=

ˆ T

t
v(s)(T − s)−

d+1
2


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds.

For 0 < α < 1 and t < t∗ ≤ (T + t)/2, suppose additional assumption

C−1
l li(t) ≤ li(s) ≤ Clli(t) for i = 1, 2, s ∈ [t, (T + t)/2], (C.13)

we have

|∇T out
d [f ](x, t)−∇T out

d [f ](x∗, t∗)| ≲ C(α)(|x− x∗|+
√
|t− t∗|)α(T̃ 1

1 + T̃ 1
2 + T̃ 1

3 ), (C.14)

where for γ ∈ R, we define

T̃ γ
1 :=

ˆ [t−(T−t)]+

0
v(s)(T − s)−

d+γ+α
2


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds,

T̃ γ
2 := sup

t1∈[[t−(T−t)]+,[t−(t∗−t)]+]
v(t1)


l2−γ−b−α
2 (t) if b < 2− γ − α

⟨ln( l2(t)l1(t)
)⟩ if b = 2− γ − α

l2−γ−b−α
1 (t) if b > 2− γ − α,

T̃ γ
3 := sup

t1∈[[t−(t∗−t)]+,t∗]
v(t1)

{
l2−γ−b−α
2 (t) if b ≤ 2− γ − α

l2−γ−b−α
1 (t) if b > 2− γ − α.

For 0 < α < 1 and t < t∗ ≤ (T + t)/2, suppose d > 2− α, (C.13) additionally, we have

|T out
d [f ](x, t)− T out

d [f ](x∗, t∗)| ≲ C(α)(|x− x∗|+
√
|t− t∗|)α(T̃ 0

1 + T̃ 0
2 + T̃ 0

3 ). (C.15)

All “≲” above are independent of T .

Proof of (C.9), (C.10). (C.9) and (C.10) are derived by (6.3) and (C.8). □

Proof of (C.11).

T out
d [f ](x, t)− T out

d [f ](x, T ) =

ˆ [t−(T−t)]+

0

ˆ
Rd

(Γ(x, t, y, s)− Γ(x, T, y, s))f(y, s)dyds

+

ˆ t

[t−(T−t)]+

ˆ
Rd

(Γ(x, t, y, s)− Γ(x, T, y, s))f(y, s)dyds−
ˆ T

t

ˆ
Rd

Γ(x, T, y, s)f(y, s)dyds := I1 + I2 + I3.

By (6.3), one has

|I1| ≲ (T − t)

ˆ [t−(T−t)]+

0

ˆ
Rd

ˆ 1

0
|(∂tΓ)(x, θt+ (1− θ)T, y, s)| |f(y, s)|dyds

≲ (T − t)

ˆ [t−(T−t)]+

0

ˆ
Rd

ˆ 1

0
[θt+ (1− θ)T − s]−1− d

2 e
−c
(

|x−y|√
θt+(1−θ)T−s

)2−δ

v(s)|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dθdyds
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≲ (T − t)

ˆ [t−(T−t)]+

0
v(s)(T − s)−1− d

2

ˆ
Rd

e
−c
(

|x−y|√
T−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds ≲ T̃31,

where we used (C.1) for the third “≲”; (C.2), l22(s) ≤ C(T − s) for the fourth “≲”.
By (6.3), we estimate

|I2| ≲
ˆ t

[t−(T−t)]+

v(s)(t− s)−
d
2

ˆ
Rd

e
−c
(

|x−y|√
t−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

+

ˆ t

[t−(T−t)]+

v(s)(T − s)−
d
2

ˆ
Rd

e
−c
(

|x−y|√
T−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds

≲
ˆ t

[t−(T−t)]+

v(s)(t− s)−
d
2



(t− s)
d
2 l−b

1 (s) if t− s ≤ l21(s)
(t− s)

d
2
− b

2 if b < d

⟨ln( t−s
l21(s)

)⟩ if b = d

ld−b
1 (s) if b > d

if l21(s) < t− s ≤ l22(s)


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

if t− s > l22(s)

ds

+

ˆ t

[t−(T−t)]+

v(s)(T − s)−
d
2


ld−b
2 (s) if b < d

⟨ln( l2(s)l1(s)
)⟩ if b = d

ld−b
1 (s) if b > d

ds ≲ T̃32,

where we used (C.2), l22(s) ≤ C(T − s) in the second “≲”; and (C.1) in the third “≲”.

By (6.3), (C.2), and l22(s) ≤ C(T − s), we have |I3| ≲ T̃33. □

Proof of (C.12).

∂xiT out
d [f ](x, t)− ∂xiT out

d [f ](x, T )

=

ˆ t

0

ˆ
Rd

(∂xiΓ(x, t, y, s)− ∂xiΓ(x, T, y, s))f(y, s)dyds−
ˆ T

t

ˆ
Rd

∂xiΓ(x, T, y, s)f(y, s)dyds := I1 + I2.

For I1, by (6.5) and (C.2),

|I1| ≲ C(α)(T − t)
α
2

ˆ t

0

ˆ
Rd

(T − s)−
α
2
[
(t− s)−

d+1
2 e

−c(
|x−y|√

t−s
)2−δ

+ (T − s)−
d+1
2 e

−c(
|x−y|√
T−s

)2−δ]
× v(s)|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds ≲ C(α)(T − t)

α
2

×

[ ˆ t

0
v(s)(T − s)−

α
2



(t− s)−
1
2 l−b

1 (s) if t− s ≤ l21(s)
(t− s)−

b+1
2 if b < d

(t− s)−
d+1
2 ⟨ln( t−s

l21(s)
)⟩ if b = d

(t− s)−
d+1
2 ld−b

1 (s) if b > d

if l21(s) < t− s ≤ l22(s)


(t− s)−

d+1
2 ld−b

2 (s) if b < d

(t− s)−
d+1
2 ⟨ln( l2(s)l1(s)

)⟩ if b = d

(t− s)−
d+1
2 ld−b

1 (s) if b > d

if t− s > l22(s)

ds

+

ˆ t

0
v(s)


(T − s)−

d+1+α
2 ld−b

2 (s) if b < d

(T − s)−
d+1+α

2 ⟨ln( l2(s)l1(s)
)⟩ if b = d

(T − s)−
d+1+α

2 ld−b
1 (s) if b > d

ds

]
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= C(α)(T − t)
α
2

(ˆ [t−(T−t)]+

0
+

ˆ t

[t−(T−t)]+

· · ·
)
:= C(α)(T − t)

α
2 (I11 + I12).

For I11, by t− s ∼ T − s ≳ l22(s), we have I11 ≲ (T − t)−
α
2 T̃41.

For I12, by (C.7), (C.5),

I12 ≲ sup
t1∈[[t−(T−t)]+,t]

v(t1)(T − t)−
α
2

ˆ t

[t−(T−t)]+



(t− s)−
1
2 l−b

1 (t) if t− s ≤ l21(t)
(t− s)−

1
2−

b
2 if b < d

(t− s)−
1
2−

d
2 ⟨ln( t−s

l21(t)
)⟩ if b = d

(t− s)−
1
2−

d
2 ld−b

1 (t) if b > d

if l21(t) < t− s ≤ l22(t)
(t− s)−

1
2−

d
2 ld−b

2 (t) if b < d

(t− s)−
1
2−

d
2 ⟨ln( l2(t)l1(t)

)⟩ if b = d

(t− s)−
1
2−

d
2 ld−b

1 (t) if b > d

if t− s > l22(t)

ds

+ sup
t1∈[[t−(T−t)]+,t]

v(t1)(T − t)−
α
2


(T − t)

1
2−

d
2 ld−b

2 (t) if b < d

(T − t)
1
2−

d
2 ⟨ln( l2(t)l1(t)

)⟩ if b = d

(T − t)
1
2−

d
2 ld−b

1 (t) if b > d

≲ (T − t)−
α
2 T̃42.

For I2, by (6.3), (C.2), we have |I2| ≲ T̃43. □

Proof of (C.14) and (C.15). For brevity, denote |X−X∗| = |x−x∗|+
√
|t− t∗|. By (6.5), (6.3), (6.4),∣∣∂xiT out

d [f ](x, t)− ∂xiT out
d [f ](x∗, t∗)

∣∣
≤

ˆ t

0

ˆ
Rd

|∂xiΓ(x, t, y, s)− ∂xiΓ(x∗, t∗, y, s)||f(y, s)|dyds+
ˆ t∗

t

ˆ
Rd

|∂xiΓ(x∗, t∗, y, s)||f(y, s)|dyds

≲ C(α)|X −X∗|α
ˆ t

0
v(s)

ˆ
Rd

(t∗ − s)−
α
2

[
(t− s)−

d+1
2 e

−c(
|x−y|√

t−s
)2−δ

+ (t∗ − s)−
d+1
2 e

−c(
|x∗−y|√

t∗−s
)2−δ

]
|y − q|−b

× 1{l1(s)≤|y−q|≤l2(s)}dyds+

ˆ t∗

t
v(s)(t∗ − s)−

d+1
2

ˆ
Rd

e
−c(

|x∗−y|√
t∗−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds,∣∣T out
d [f ](x, t)− T out

d [f ](x∗, t∗)
∣∣

≤
ˆ t

0

ˆ
Rd

|Γ(x, t, y, s)− Γ(x∗, t∗, y, s)||f(y, s)|dyds+
ˆ t∗

t

ˆ
Rd

|Γ(x∗, t∗, y, s)||f(y, s)|dyds

≲ C(α)|X −X∗|α
ˆ t

0
v(s)

ˆ
Rd

(t∗ − s)−
α
2

[
(t− s)−

d
2 e

−c(
|x−y|√

t−s
)2−δ

+ (t∗ − s)−
d
2 e

−c(
|x∗−y|√

t∗−s
)2−δ

]
|y − q|−b

× 1{l1(s)≤|y−q|≤l2(s)}dyds+

ˆ t∗

t
v(s)(t∗ − s)−

d
2

ˆ
Rd

e
−c(

|x∗−y|√
t∗−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds.

These two cases can be solved uniformly by the following Lemma.

Lemma C.3. Given a constant γ satisfying d > 2− γ − α, γ + α < 2, denote

I1 :=

ˆ t

0
v(s)

ˆ
Rd

(t∗ − s)−
α
2

[
(t− s)−

d+γ
2 e

−c(
|x−y|√

t−s
)2−δ

+ (t∗ − s)−
d+γ
2 e

−c(
|x∗−y|√

t∗−s
)2−δ

]
|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds,

I2 :=

ˆ t∗

t
v(s)(t∗ − s)−

d+γ
2

ˆ
Rd

e
−c(

|x∗−y|√
t∗−s

)2−δ

|y − q|−b1{l1(s)≤|y−q|≤l2(s)}dyds.

Then we have I1 ≲ T̃ γ
1 + T̃ γ

2 + T̃ γ
3 . Suppose t∗ − t ≤ (T − t)/2, (C.13) additionally, then I2 ≲

C(α)(t∗ − t)α/2T̃ γ
3 .



108 J. WEI, Q. ZHANG, AND Y. ZHOU

The remaining text in this part will be dedicated to proving the above Lemma. For I1, by (C.2),

I1 ≲
ˆ t

0
v(s)(t∗ − s)−

α
2



(t− s)−
γ
2 l−b

1 (s) if t− s ≤ l21(s)
(t− s)−

b+γ
2 if b < d

(t− s)−
d+γ
2 ⟨ln( t−s

l21(s)
)⟩ if b = d

(t− s)−
d+γ
2 ld−b

1 (s) if b > d

if l21(s) < t− s ≤ l22(s)


(t− s)−

d+γ
2 ld−b

2 (s) if b < d

(t− s)−
d+γ
2 ⟨ln( l2(s)l1(s)

)⟩ if b = d

(t− s)−
d+γ
2 ld−b

1 (s) if b > d

if t− s > l22(s)

ds

+

ˆ t

0
v(s)



(t∗ − s)−
γ+α
2 l−b

1 (s) if t∗ − s ≤ l21(s)
(t∗ − s)−

b+γ+α
2 if b < d

(t∗ − s)−
d+γ+α

2 ⟨ln( t∗−s
l21(s)

)⟩ if b = d

(t∗ − s)−
d+γ+α

2 ld−b
1 (s) if b > d

if l21(s) < t∗ − s ≤ l22(s)


(t∗ − s)−

d+γ+α
2 ld−b

2 (s) if b < d

(t∗ − s)−
d+γ+α

2 ⟨ln( l2(s)l1(s)
)⟩ if b = d

(t∗ − s)−
d+γ+α

2 ld−b
1 (s) if b > d

if t∗ − s > l22(s)

ds

=

ˆ [t−(T−t)]+

0
+

ˆ [t−(t∗−t)]+

[t−(T−t)]+

+

ˆ t

[t−(t∗−t)]+

· · · := I11 + I12 + I13.

For I11, by (C.1), (C.7), we have t− s ∼ t∗ − s ∼ T − s ≳ l22(s). Then I11 ≲ T̃ γ
1 .

For I12, denote Int12 := [[t − (T − t)]+, [t − (t∗ − t)]+]. By (C.1), (C.7), (C.2), d > 2 − γ − α,
γ + α < 2,

I12 ≲ sup
t1∈Int12

v(t1)

ˆ [t−(t∗−t)]+

[t−(T−t)]+



(t− s)−
γ+α
2 l−b

1 (t) if t− s ≤ l21(t)
(t− s)−

b+γ+α
2 if b < d

(t− s)−
d+γ+α

2 ⟨ln( t−s
l21(t)

)⟩ if b = d

(t− s)−
d+γ+α

2 ld−b
1 (t) if b > d

if l21(t) < t− s ≤ l22(t)


(t− s)−

d+γ+α
2 ld−b

2 (t) if b < d

(t− s)−
d+γ+α

2 ⟨ln( l2(t)l1(t)
)⟩ if b = d

(t− s)−
d+γ+α

2 ld−b
1 (t) if b > d

if t− s > l22(t)

ds

≲ sup
t1∈Int12

v(t1)




l2−γ−b−α
2 (t) if b < 2− γ − α

⟨ln( l2(t)l1(t)
)⟩ if b = 2− γ − α

l2−γ−b−α
1 (t) if b > 2− γ − α

if t∗ − t ≤ l21(t)


l2−γ−b−α
2 (t) if b < 2− γ − α

⟨ln( l
2
2(t)
t∗−t)⟩ if b = 2− γ − α

(t∗ − t)
2−γ−b−α

2 if b > 2− γ − α

if b < d

(t∗ − t)
2−γ−d−α

2 ⟨ln( t∗−t
l21(t)

)⟩ if b = d

(t∗ − t)
2−γ−d−α

2 ld−b
1 (t) if b > d

if l21(t) < t∗ − t ≤ l22(t)

(t∗ − t)
2−γ−d−α

2


ld−b
2 (t) if b < d

⟨ln( l2(t)l1(t)
)⟩ if b = d

ld−b
1 (t) if b > d

if t∗ − t > l22(t)

≲ T̃ γ
2 ,
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where for the second “≲”, we used d > 2−γ−α and the following calculations. First, we check the case

t∗ − t > l22(t) directly; Next, for l
2
1(t) < t∗ − t ≤ l22(t), we split

´ [t−(t∗−t)]+
[t−(T−t)]+

=
´ [t−l22(t)]+
[t−(T−t)]+

+
´ [t−(t∗−t)]+
[t−l22(t)]+

,

and then apply the estimate for t∗ − t > l22(t) (with t∗ − t = l22(t)) to
´ [t−l22(t)]+
[t−(T−t)]+

and direct calculation

to
´ [t−(t∗−t)]+
[t−l22(t)]+

. It follows the desired upper bound in the second “≲” for the case l21(t) < t∗− t ≤ l22(t);

Finally, the case t∗− t ≤ l21(t) is deduced by
´ [t−(t∗−t)]+
[t−(T−t)]+

=
´ [t−l21(t)]+
[t−(T−t)]+

+
´ [t−(t∗−t)]+
[t−l21(t)]+

, where we used the

estimate for l21(t) < t∗ − t ≤ l22(t) (with t∗ − t = l21(t)) to
´ [t−l21(t)]+
[t−(T−t)]+

, and γ + α < 2 to
´ [t−(t∗−t)]+
[t−l21(t)]+

.

For I13, denote Int13 := [[t− (t∗ − t)]+, t]. By (C.1), (C.7),

I13 ≲ sup
t1∈Int13

v(t1)(t∗ − t)−
α
2

ˆ t

[t−(t∗−t)]+



(t− s)−
γ
2 l−b

1 (t) if t− s ≤ l21(t)
(t− s)−

γ
2 −

b
2 if b < d

(t− s)−
γ
2 −

d
2 ⟨ln( t−s

l21(t)
)⟩ if b = d

(t− s)−
γ
2 −

d
2 ld−b

1 (t) if b > d

if l21(t) < t− s ≤ l22(t)
(t− s)−

γ
2 −

d
2 ld−b

2 (t) if b < d

(t− s)−
γ
2 −

d
2 ⟨ln( l2(t)l1(t)

)⟩ if b = d

(t− s)−
γ
2 −

d
2 ld−b

1 (t) if b > d

if t− s > l22(t)

ds

+ sup
t1∈Int13

v(t1)(t∗ − t)1−
γ+α

2



l−b
1 (t) if t∗ − t ≤ l21(t)
(t∗ − t)−

b
2 if b < d

(t∗ − t)−
d
2 ⟨ln( t∗−t

l21(t)
)⟩ if b = d

(t∗ − t)−
d
2 ld−b

1 (t) if b > d

if l21(t) < t∗ − t ≤ l22(t)
(t∗ − t)−

d
2 ld−b

2 (t) if b < d

(t∗ − t)−
d
2 ⟨ln( l2(t)l1(t)

)⟩ if b = d

(t∗ − t)−
d
2 ld−b

1 (t) if b > d

if t∗ − t > l22(t)

≲ T̃ γ
3 ,

where we used (C.6), d > 2− γ − α, γ + α ≤ 2 for the last “≲”. For I2, by (C.2),

I2 ≲
ˆ t∗

t
v(s)



(t∗ − s)−
γ
2 l−b

1 (s) if t∗ − s ≤ l21(s)
(t∗ − s)−

γ
2
− b

2 if b < d

(t∗ − s)−
d+γ
2 ⟨ln( t∗−s

l21(s)
)⟩ if b = d

(t∗ − s)−
d+γ
2 ld−b

1 (s) if b > d

if l21(s) < t∗ − s ≤ l22(s)


(t∗ − s)−

d+γ
2 ld−b

2 (s) if b < d

(t∗ − s)−
d+γ
2 ⟨ln( l2(s)l1(s)

)⟩ if b = d

(t∗ − s)−
d+γ
2 ld−b

1 (s) if b > d

if t∗ − s > l22(s)

ds.

Suppose t∗− t ≤ (T − t)/2, (C.13) additionally, similar to I13, by (C.6), d > 2−γ−α, γ+α ≤ 2, then

I2 ≲ sup
t1∈[t,t∗]

v(t1)

ˆ t∗

t∗−(t∗−t)



(t∗ − s)−
γ
2 l−b

1 (t) if t∗ − s ≤ l21(t)
(t∗ − s)−

γ
2
− b

2 if b < d

(t∗ − s)−
d+γ
2 ⟨ln( t∗−s

l21(t)
)⟩ if b = d

(t∗ − s)−
d+γ
2 ld−b

1 (t) if b > d

if l21(t) < t∗ − s ≤ l22(t)


(t∗ − s)−

d+γ
2 ld−b

2 (t) if b < d

(t∗ − s)−
d+γ
2 ⟨ln( l2(t)l1(t)

)⟩ if b = d

(t∗ − s)−
d+γ
2 ld−b

1 (t) if b > d

if t∗ − s > l22(t)

ds

≲ C(α)(t∗ − t)α/2T̃ γ
3 .

□
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C.3. Convolution involving v(t)|x− q|−b1{|x−q|≥(T−t)1/2}.

Proposition C.2. Let d ≥ 1 be an integer, b ≥ 0, 0 ≤ t < T , q ∈ Rd. Given Γ(x, t, y, s) in Proposition
6.3, v(s) ≥ 0 for s ∈ [0, T ], |f(y, s)| ≤ v(s)|y − q|−b1{|y−q|≥(T−s)1/2} for (y, s) ∈ Rd × (0, T ), denote

T out
d [f ](x, t) :=

´ t
0

´
Rd Γ(x, t, y, s)f(y, s)dyds. Then,∣∣T out

d [f ](x, t)
∣∣ ≲ ˆ t

0
v(s)(T − s)−

b
2ds,

∣∣∇T out
d [f ](x, t)

∣∣ ≲ ˆ t

0
v(s)(t− s)−

1
2 (T − s)−

b
2ds, (C.16)∣∣T out

d [f ](x, t)− T out
d [f ](x, T )

∣∣
≲ (T − t)

ˆ [t−(T−t)]+

0
v(s)(T − s)−1− b

2ds+ sup
t1∈[[t−(T−t)]+,t]

v(t1)(T − t)1−
b
2 +

ˆ T

t
v(s)(T − s)−

b
2ds,

(C.17)∣∣∇T out
d [f ](x, t)−∇T out

d [f ](x, T )
∣∣ ≲ C(α) (T − t)

α
2 S̃41 +

ˆ T

t
v(s)(T − s)−

1+b
2 ds, (C.18)

where

S̃41 :=

ˆ [t−(T−t)]+

0
v(s)(T − s)−

1+b+α
2 ds+ sup

t1∈[[t−(T−t)]+,t]
v(t1) (T − t)

1−b−α
2 .

For 0 < α < 1, 0 ≤ t < t∗ ≤ T ,

|∇T out
d [f ](x, t)−∇T out

d [f ](x∗, t∗)| ≲ C(α)(|x− x∗|+
√
|t− t∗|)αS̃51 + S̃52, (C.19)

where

S̃51 :=

ˆ [t−(T−t)]+

0
v(s)(T − s)−

1+b+α
2 ds+ sup

t1∈[[t−(T−t)]+,t]
v(t1)(T − t)

1−b−α
2 ,

S̃52 := 1{t∗≤T+t
2

} sup
t1∈[t,t∗]

v(t1)(T − t)−
b
2 (t∗ − t)

1
2 + 1{t∗>T+t

2
}

ˆ t∗

t
v(s)(t∗ − s)−

1
2 (T − s)−

b
2ds.

For 0 < α < 1, 0 ≤ t < t∗ ≤ T ,

|T out
d [f ](x, t)− T out

d [f ](x∗, t∗)| ≲ C(α)(|x− x∗|+
√

|t− t∗|)αS̃61 +
ˆ t∗

t
v(s)(T − s)−

b
2ds, (C.20)

where

S̃61 :=

ˆ [t−(T−t)]+

0
v(s)(T − s)−

b+α
2 ds+ sup

t1∈[[t−(T−t)]+,t]
v(t1)(T − t)1−

b+α
2 .

Proof of (C.16). (C.16) is deduced by (6.3) and (C.3) directly. □

Proof of (C.17).

T out
d [f ](x, t)− T out

d [f ](x, T ) =

ˆ [t−(T−t)]+

0

ˆ
Rd

(Γ(x, t, y, s)− Γ(x, T, y, s))f(y, s)dyds

+

ˆ t

[t−(T−t)]+

ˆ
Rd

(Γ(x, t, y, s)− Γ(x, T, y, s))f(y, s)dyds−
ˆ T

t

ˆ
Rd

Γ(x, T, y, s)f(y, s)dyds := I1 + I2 + I3.

By (6.3) and (C.3),

|I1| ≤ (T − t)

ˆ [t−(T−t)]+

0

ˆ
Rd

ˆ 1

0
|(∂tΓ)(x, θt+ (1− θ)T, y, s)| |f(y, s)|dθdyds

≲ (T − t)

ˆ [t−(T−t)]+

0
v(s)(T − s)−1− d

2

ˆ
Rd

e
−c(

|x−y|√
T−s

)2−δ

|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds

≲ (T − t)

ˆ [t−(T−t)]+

0
v(s)(T − s)−1− b

2ds,
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|I2| ≲
ˆ t

[t−(T−t)]+

v(s)(t− s)−
d
2

ˆ
Rd

e
−c(

|x−y|√
t−s

)2−δ

|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds

+

ˆ t

[t−(T−t)]+

v(s)(T − s)−
d
2

ˆ
Rd

e
−c(

|x−y|√
T−s

)2−δ

|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds ≲ sup

t1∈[[t−(T−t)]+,t]
v(t1)(T − t)1−

b
2 ,

|I3| ≲
ˆ T

t

ˆ
Rd

(T − s)−
d
2 e

−c(
|x−y|√
T−s

)2−δ

v(s)|y − q|−b1
{|y−q|≥(T−s)

1
2 }
dyds ≲

ˆ T

t
v(s)(T − s)−

b
2ds.

□

Proof of (C.18).

∂xiT out
d [f ](x, t)− ∂xiT out

d [f ](x, T )

=

ˆ t

0

ˆ
Rd

(∂xiΓ(x, t, y, s)− ∂xiΓ(x, T, y, s)) f(y, s)dyds−
ˆ T

t

ˆ
Rd

∂xiΓ(x, T, y, s)f(y, s)dyds := I1 + I2.

For I1, by (6.5), (C.3),

|I1| ≲ C(α)(T − t)
α
2

ˆ t

0
v(s)

[
(t− s)−

1
2 (T − s)−

b+α
2 + (T − s)−

1+b+α
2

]
ds ≲ C(α) (T − t)

α
2 S̃41.

For I2, by (6.3), (C.3), we have |I2| ≲
´ T
t v(s)(T − s)−

1+b
2 ds. □

Proof of (C.19).

∂xiT out
d [f ](x, t)− ∂xiT out

d [f ](x∗, t∗)

=

ˆ t

0

ˆ
Rd

(∂xiΓ(x, t, y, s)− ∂xiΓ(x∗, t∗, y, s)) f(y, s)dyds−
ˆ t∗

t

ˆ
Rd

∂xiΓ(x∗, t∗, y, s)f(y, s)dyds := I1 + I2.

For I1, by (6.5), (C.3),

|I1|
(
|x−x∗|+

√
|t− t∗|

)−α
≲ C(α)

ˆ t

0
v(s) (t∗ − s)−

α
2

[
(t− s)−

1
2 + (t∗ − s)−

1
2

]
(T − s)−

b
2 ds ≲ C(α)S̃51,

where in the last step, we split the integral into
´ t
0 =

´ [t−(T−t)]+
0 +

´ [t−(t∗−t)]+
[t−(T−t)]+

+
´ t
[t−(t∗−t)]+

to estimate.

For I2, by (6.3), (C.3), then |I2| ≲
´ t∗
t v(s)(t∗ − s)−

1
2 (T − s)−

b
2ds ≲ S̃52. □

Proof of (C.20).

T out
d [f ](x, t)− T out

d [f ](x∗, t∗)

=

ˆ t

0

ˆ
Rd

(Γ(x, t, y, s)− Γ(x∗, t∗, y, s)) f(y, s)dyds−
ˆ t∗

t

ˆ
Rd

Γ(x∗, t∗, y, s)f(y, s)dyds := I1 + I2.

For I1, by (6.4), (C.3),

|I1|
(
|x− x∗|+

√
|t− t∗|

)−α
≲ C(α)

ˆ t

0
v(s) (t∗ − s)−

α
2 (T − s)−

b
2 ds ≲ C(α)S̃61,

where for the last step, we split the integral into
´ t
0 =

´ [t−(T−t)]+
0 +

´ [t−(t∗−t)]+
[t−(T−t)]+

+
´ t
[t−(t∗−t)]+

to estimate

and used (C.1). For I2, by (6.3), (C.3), then |I2| ≲
´ t∗
t v(s)(T − s)−

b
2ds. □
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Appendix D. Derivation of the weighted topology for the outer problem

Proposition D.1. Given |f(x, t)| ≲
∑N

j=1

(
ϱ
[j]
1 + ϱ

[j]
2

)
+ ϱ3 with ϱ

[j]
1 , ϱ

[j]
2 , ϱ3 given in (4.31), suppose

0 < Θ < β < 1/2, 0 < α < 1, Θ < α/2,

0 < σ0 < β, β − σ0 < α/2, 1− σ0 − (1 + α)(1− β) < 0, Θ+ 2σ0 − β < 0,

0 < Ao,h < min{Θ+ (1− β)(1− α), 1− 2σ0 − α(1− β), 1− σ0 −
α

2
}, (D.1)

then for T out
2 [f ](x, t) :=

´ t
0

´
R2 Γ(x, t, y, s)f(y, s)dyds with Γ(x, t, y, s) given in Proposition 6.3 with

dimension d = 2, we have

|T out
2 [f ]| ≲ | lnT |λΘ+1

∗ (0)R(0), |∇T out
2 [f ]| ≲ λΘ∗ (0),

|T out
2 [f ](x, t)− T out

2 [f ](x, T )| ≲ | ln(T − t)|λΘ+1
∗ R, |∇T out

2 [f ](x, t)−∇T out
2 [f ](x, T )| ≲ λΘ∗ ,

and for 0 < t < t∗ ≤ (T + t)/2,

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x∗, t∗)| ≲ (|x− x∗|+
√
|t− t∗|)αλΘ∗ (t)(λ∗R)−α(t),∣∣T out

2 [f ](x, t)− T out
2 [f ](x, t∗)

∣∣ ≲ TAo,h(t∗ − t)α/2.

Proof. Convolution estimates about ϱ
[j]
1 = λΘ∗ (λ∗R)

−11{|x−q[j]|≤3λ∗R}. For |f | ≲ ϱ
[j]
1 with λ∗R ≤

(T − t)1/2 provided β < 1/2, by (C.9),

T out
2 [f ] ≲

ˆ [t−(T−t)]+

0
λΘ∗ (s)(λ∗R)

−1(s)(T − s)−1(λ∗R)
2(s)ds+ λΘ∗ (λ∗R)

−1(λ∗R)
2| ln(T − t)|

=

ˆ [t−(T−t)]+

0
λΘ∗ (s)(λ∗R)(s)(T − s)−1ds+ λΘ∗ λ∗R| ln(T − t)| ≲ λΘ∗ (0)(λ∗R)(0)| lnT |

(D.2)

provided
β < 1/2, 1 + Θ− β > 0. (D.3)

By (C.10),

|∇T out
2 [f ]| ≲

ˆ [t−(T−t)]+

0
λΘ∗ (s)(λ∗R)(s)(T − s)−

3
2ds+ λΘ∗ ≲ λΘ∗ (0) (D.4)

provided
β < 1/2, β −Θ < 1/2, Θ ≥ 0. (D.5)

By (C.11),

|T out
2 [f ](x, t)− T out

2 [f ](x, T )| ≲ (T − t)

ˆ [t−(T−t)]+

0
λΘ∗ (s)(λ∗R)

−1(s)(T − s)−2(λ∗R)
2(s)ds

+ λΘ∗ (λ∗R)
−1

ˆ t

[t−(T−t)]+

[
1{t−s≤(λ∗R)2(t)} + (λ∗R)

2(t)(t− s)−11{t−s>(λ∗R)2(t)}
]
ds+ λΘ+1

∗ R

+

ˆ T

t
(T − s)−1λΘ∗ (s)(λ∗R)

−1(s)(λ∗R)
2(s)ds ≲ (T − t)

ˆ [t−(T−t)]+

0
λΘ+1
∗ (s)R(s)(T − s)−2ds

+ λΘ+1
∗ R| ln(T − t)|+

ˆ T

t
(T − s)−1λΘ+1

∗ (s)R(s)ds ≲ λΘ+1
∗ R| ln(T − t)|

(D.6)

provided
0 < β −Θ < 1. (D.7)

By (C.12),

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x, T )| ≲ (T − t)
α
2

ˆ [t−(T−t)]+

0
λΘ∗ (s)(λ∗R)(s)(T − s)−

3+α
2 ds+ λΘ∗
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+

ˆ T

t
λΘ∗ (s)(λ∗R)(s)(T − s)−

3
2ds ≲ λΘ∗ (D.8)

provided
0 < α < 1, β < 1/2, β −Θ < 1/2, Θ < α/2. (D.9)

By (C.14), for 0 < α < 1 and 0 < t < t∗ ≤ (T + t)/2,∣∣∇T out
2 [f ](x, t)−∇T out

2 [f ](x∗, t∗)
∣∣ (|x− x∗|+

√
|t− t∗|

)−α

≲
ˆ [t−(T−t)]+

0
λΘ∗ (s)(λ∗R)(s)(T − s)−

3+α
2 ds+ λΘ∗ (t)(λ∗R)

−α(t) ≲ λΘ∗ (t)(λ∗R)
−α(t)

(D.10)

provided
Θ− α(1− β) < 0, β < 1/2. (D.11)

By (C.15), for 0 < α < 1, β < 1/2, and 0 < t < t∗ ≤ (T + t)/2, and∣∣T out
2 [f ](x, t)− T out

2 [f ](x, t∗)
∣∣ (t∗ − t)−α/2

≲
ˆ [t−(T−t)]+

0
λΘ+1
∗ (s)R(s)(T − s)−1−α

2 ds+ λΘ∗ (λ∗R)
1−α ≲

(
λΘ∗ (λ∗R)

1−α
)
(0).

(D.12)

Convolution estimates about ϱ
[j]
2 = T−σ0λ1−σ0

∗ |x− q[j]|−21{λ∗R/2≤|x−q[j]|≤dq}. Consider

|f | ≤ λ1−σ0
∗ |x− q[j]|−2

(
1
{λ∗R/2≤|x−q[j]|≤(T−t)

1
2 }

+ 1
{(T−t)

1
2<|x−q[j]|≤dq}

)
.

We will use Propositions C.1 and C.2 repetitively hereafter. Provided σ0 < 1,

|T out
2 [f ]| ≲

ˆ [t−(T−t)]+

0

λ1−σ0
∗ (s)| ln(T − s)|

T − s
ds+ λ1−σ0

∗ | ln(T − t)|2 +
ˆ t

0

λ1−σ0
∗ (s)

T − s
ds ≲ λ1−σ0

∗ (0)(lnT )2.

(D.13)

|∇T out
2 [f ]| ≲

ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−

3
2 | ln(T − s)|ds+ λ1−σ0

∗ (λ∗R)
−1

+

ˆ t

0
λ1−σ0
∗ (s)(t− s)−

1
2 (T − s)−1ds ≲ λ1−σ0

∗ (0)(λ∗R)
−1(0),

(D.14)

where for the second “≲”, we used integration by part for
´ t
0 λ

1−σ0
∗ (s)(t− s)−

1
2 (T − s)−1ds, and

σ0 < β < 1/2. (D.15)

|T out
2 [f ](x, t)− T out

2 [f ](x, T )| ≲ (T − t)

ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−2| ln(T − s)|ds

+ λ1−σ0
∗

ˆ t

[t−(T−t)]+

{
(λ∗R)

−2(t) if t− s ≤ (λ∗R)
2(t)

(t− s)−1⟨ln( t−s
(λ∗R)2(t)

)⟩ if (λ∗R)
2(t) < t− s ≤ T − t

ds

+ λ1−σ0
∗ | ln(T − t)|+

ˆ T

t
(T − s)−1λ1−σ0

∗ (s)| ln(T − s)|ds+ (T − t)

ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−2ds

+ λ1−σ0
∗ +

ˆ T

t
λ1−σ0
∗ (s)(T − s)−1ds ≲ λ1−σ0

∗ ln2(T − t), (D.16)

where we used
´ t−(λ∗R)2(t)
[t−(T−t)]+

(t− s)−1⟨ln( t−s
(λ∗R)2(t)

)⟩ds ≤
´ (T−t)/(λ∗R)2(t)
1 z−1⟨ln z⟩dz ≲ ln2(T − t), and

0 < σ0 < 1, β < 1/2. (D.17)

For 0 < α < 1,

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x, T )| ≲ (T − t)
α
2

ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds
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+ λ1−σ0
∗ (λ∗R)

−1 +

ˆ T

t
λ1−σ0
∗ (s)(T − s)−

3
2 | ln(T − s)|ds

+ (T − t)
α
2

[ ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−

3+α
2 ds+ λ1−σ0

∗ (T − t)
−1−α

2

]
+

ˆ T

t
λ1−σ0
∗ (s)(T − s)−

3
2ds

≲ (T − t)
α
2

ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds+ λ1−σ0

∗ (λ∗R)
−1 ≲ λ1−σ0

∗ (λ∗R)
−1, (D.18)

where for the last “≲”, we discussed three cases 1− σ0 − 1+α
2 < 0,= 0, > 0, and used

β < 1/2, σ0 < 1/2, β − σ0 < α/2. (D.19)

For 0 < α < 1 and 0 < t < t∗ ≤ (T + t)/2,

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x∗, t∗)|(|x− x∗|+
√

|t− t∗|)−α

≲
ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−

3+α
2 | ln(T − s)|ds+ λ1−σ0

∗ (t)(λ∗R)
−1−α(t)

+

ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−

3+α
2 ds+ λ1−σ0

∗ (t)(T − t)
−1−α

2 ≲ λ1−σ0
∗ (t)(λ∗R)

−1−α(t),

(D.20)

where for the last “≲”, we discussed three cases 1− σ0 − 1+α
2 < 0,= 0, > 0 and required

β < 1/2, 1− σ0 − (1 + α)(1− β) < 0. (D.21)

For 0 < α < 1 and 0 < t < t∗ ≤ (T + t)/2, by (C.15), (C.20), and β < 1/2,

|T out
2 [f ](x, t)− T out

2 [f ](x, t∗)|(t∗ − t)−α/2

≲
ˆ [t−(T−t)]+

0
λ1−σ0
∗ (s)(T − s)−1−α

2 | ln(T − s)|ds+ λ1−σ0
∗ (λ∗R)

−α ≲ λ1−σ0
∗ (0)(λ∗R)

−α(0),
(D.22)

where the last step is guaranteed by the restriction (D.15).
Convolution estimates about ϱ3 = T−σ0 . Consider |f | ≤ 1{|x|≤

√
T−t} + 1{|x|>

√
T−t}. Then

|T out
2 [f ]| ≲ T, |∇T out

2 [f ]| ≲ T 1/2, |T out
2 [f ](x, t)− T out

2 [f ](x, T )| ≲ (T − t)| ln(T − t)|. (D.23)

For 0 < α < 1,

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x, T )| ≲ (T − t)
α
2

ˆ [t−(T−t)]+

0
(T − s)−

1+α
2 ds+ (T − t)

1
2 ≲ T

1−α
2 (T − t)

α
2 .

(D.24)
For 0 < α < 1 and 0 < t < t∗ ≤ (T + t)/2,

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x∗, t∗)|(|x− x∗|+
√

|t− t∗|)−α

≲
ˆ [t−(T−t)]+

0
(T − s)−

1+α
2 ds+ (T − t)

1−α
2 ≲ T

1−α
2 .

(D.25)

For 0 < α < 1 and 0 < t < t∗ ≤ (T + t)/2, by (C.15), (C.20),

|T out
2 [f ](x, t)− T out

2 [f ](x, t∗)|(t∗ − t)−α/2 ≲ T 1−α
2 . (D.26)

In sum, for |f | ≲
∑N

j=1

(
ϱ
[j]
1 + ϱ

[j]
2

)
+ ϱ3, combining (D.2), (D.13) and (D.23), we have

|T out
2 [f ]| ≲ λΘ∗ (0)(λ∗R)(0)| lnT |+ T−σ0λ1−σ0

∗ (0)(lnT )2 + T 1−σ0 ≲ λΘ∗ (0)(λ∗R)(0)| lnT |,
where for the last “≲”, we require

Θ + 2σ0 − β < 0, σ0 > 0. (D.27)

Combining (D.4), (D.14) and (D.23), we have

|∇T out
2 [f ]| ≲ λΘ∗ (0) + T−σ0λ1−σ0

∗ (0)(λ∗R)
−1(0) + T

1
2
−σ0 ≲ λΘ∗ (0),
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where for the last “≲”, we used

Θ + 2σ0 − β < 0, σ0 > 0, β < 1/2. (D.28)

Combining (D.6), (D.16) and (D.23), then

|T out
2 [f ](x, t)− T out

2 [f ](x, T )| ≲ λΘ∗ (λ∗R)| ln(T − t)|+ T−σ0λ1−σ0
∗ ln2(T − t) + T−σ0(T − t)| ln(T − t)|

≲ λΘ∗ (λ∗R)| ln(T − t)|,
where for the last “≲”, we used

Θ + 2σ0 − β < 0, σ0 > 0. (D.29)

Combining (D.8), (D.18) and (D.24), then

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x, T )| ≲ λΘ∗ + T−σ0λ1−σ0
∗ (λ∗R)

−1 + T−σ0T
1−α
2 (T − t)

α
2 ≲ λΘ∗ ,

where for the last “≲”, we used

Θ + 2σ0 − β < 0, σ0 > 0, Θ < α/2, Θ+ σ0 < 1/2. (D.30)

Combining (D.10), (D.20), (D.25), for 0 < α < 1 and 0 < t < t∗ ≤ (T + t)/2, we have

|∇T out
2 [f ](x, t)−∇T out

2 [f ](x∗, t∗)|
(
|x− x∗|+

√
|t− t∗|

)−α

≲ λΘ∗ (t)(λ∗R)
−α(t) + T−σ0λ1−σ0

∗ (t)(λ∗R)
−1−α(t) + T−σ0T

1−α
2 ≲ λΘ∗ (t)(λ∗R)

−α(t),

where for the last “≲”, we used

Θ + 2σ0 − β < 0, σ0 > 0, Θ− α(1− β) < 0, Θ+ σ0 −
1

2
− α(

1

2
− β) < 0. (D.31)

Combining (D.12), (D.22), (D.26), for 0 < α < 1 and 0 < t < t∗ ≤ (T + t)/2, we have∣∣T out
2 [f ](x, t)− T out

2 [f ](x, t∗)
∣∣ (t∗ − t)−α/2

≲
(
λΘ∗ (λ∗R)

1−α
)
(0) + T−σ0λ1−σ0

∗ (0)(λ∗R)
−α(0) + T−σ0T 1−α

2 ≲ TAo,h ,

provided

0 < Ao,h < min{Θ+ (1− β)(1− α), 1− 2σ0 − α(1− β), 1− σ0 −
α

2
}. (D.32)

Collecting (D.3), (D.5), (D.7), (D.9), (D.11), (D.15), (D.17), (D.19), (D.21), (D.27), (D.28), (D.29),
(D.30), (D.31), and (D.32), we conclude the restrictions (D.1) on the parameters. □

Appendix E. Estimates of G in (4.21)

E.1. Estimates for terms involving U∗, Φout, Φ
[j]

in , Φ
∗[j]
0 . First, we prepare some useful formulas.

By (2.5),∣∣∇xU
[k]
∣∣ ≲ λ−1

k ⟨ρk⟩−2, |∇xU∗| ≲
N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ ⟨ρj⟩−2 + 1{∩N

j=1{|x−q[j]|≥3dq}}λ∗. (E.1)

|∆xU∗| ≲
N∑
j=1

λ−2
∗ ⟨ρj⟩−4 ≲

N∑
j=1

1{|x−q[j]|<3dq}λ
−2
∗ ⟨ρj⟩−4 + 1{∩N

j=1{|x−q[j]|≥3dq}}λ
2
∗. (E.2)

|U∗ · ∇xU∗| =
∣∣∣ N∑
m=1

∑
k ̸=m

(
U [k] − U∞

)
· ∇xU

[m]
∣∣∣ ≲ N∑

m=1

∑
k ̸=m

⟨ρk⟩−1λ−1
m ⟨ρm⟩−2

≲
N∑
j=1

1{|x−q[j]|<3dq}⟨ρj⟩
−2 + 1{∩N

j=1|x−q[j]|≥3dq}λ
2
∗, (E.3)
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where for the last step, we used that for any fixed j = 1, 2, . . . , N ,

1{|x−q[j]|<3dq}

[
λ−1
j ⟨ρj⟩−2

∑
k ̸=j

⟨ρk⟩−1 +
∑
m̸=j

∑
k ̸=m

⟨ρk⟩−1λ−1
m ⟨ρm⟩−2

]
≲ 1{|x−q[j]|<3dq}

(
⟨ρj⟩−2 + λ∗

∑
m̸=j

∑
k ̸=m

⟨ρk⟩−1
)
∼ 1{|x−q[j]|<3dq}⟨ρj⟩

−2;

1{∩N
j=1{|x−q[j]|≥3dq}}

N∑
m=1

∑
k ̸=m

⟨ρk⟩−1λ−1
m ⟨ρm⟩−2 ≲ λ2∗.

By the same argument for (E.3), then∣∣∣∣ N∑
j=1

|∇xU
[j]|2

(
U [j] − U∗

) ∣∣∣∣ ≲ N∑
j=1

1{|x−q[j]|<3dq}
(
λ−1
∗ ⟨ρj⟩−4 + λ2∗⟨ρj⟩−1

)
+ 1{∩N

j=1{|x−q[j]|≥3dq}}λ
3
∗.

(E.4)

Notice

|∇xU∗|2 + U∗ ·∆xU∗ =

∣∣∣∣ N∑
j=1

∇xU
[j]

∣∣∣∣2 − N∑
j=1

|∇xU
[j]|2 −

N∑
j=1

|∇xU
[j]|2

(
U∗ − U [j]

)
· U [j]

=
N∑
j=1

∑
k ̸=j

∇xU
[j] · ∇xU

[k] −
N∑
j=1

|∇xU
[j]|2

(
U∗ − U [j]

)
· U [j].

Then∣∣|∇xU∗|2 + U∗ ·∆xU∗
∣∣ ≲ N∑

m=1

∑
k ̸=m

λ−1
m λ−1

k ⟨ρm⟩−2⟨ρk⟩−2 +

N∑
m=1

∑
k ̸=m

λ−2
m ⟨ρm⟩−4⟨ρk⟩−1

≲
N∑
j=1

1{|x−q[j]|<3dq}
(
⟨ρj⟩−2 + λ−1

∗ ⟨ρj⟩−4
)
+ 1{∩N

j=1{|x−q[j]|≥3dq}}λ
2
∗,

(E.5)

where for the last step, we used that for any fixed j = 1, 2, . . . , N ,

1{|x−q[j]|<3dq}

[
λ−1
j ⟨ρj⟩−2

∑
k ̸=j

λ−1
k ⟨ρk⟩−2 + λ−2

j ⟨ρj⟩−4
∑
k ̸=j

⟨ρk⟩−1

+
∑
m̸=j

∑
k ̸=m

(
λ−1
m λ−1

k ⟨ρm⟩−2⟨ρk⟩−2 + λ−2
m ⟨ρm⟩−4⟨ρk⟩−1

) ]
≲ 1{|x−q[j]|<3dq}

[
⟨ρj⟩−2 + λ−1

∗ ⟨ρj⟩−4 +
∑
m̸=j

∑
k ̸=m

(
⟨ρk⟩−2 + λ2∗⟨ρk⟩−1

) ]
∼ 1{|x−q[j]|<3dq}

(
⟨ρj⟩−2 + λ−1

∗ ⟨ρj⟩−4
)
;

1{∩N
j=1{|x−q[j]|≥3dq}}

( N∑
m=1

∑
k ̸=m

λ−1
m λ−1

k ⟨ρm⟩−2⟨ρk⟩−2+
N∑

m=1

∑
k ̸=m

λ−2
m ⟨ρm⟩−4⟨ρk⟩−1

)
≲ 1{∩N

j=1{|x−q[j]|≥3dq}}λ
2
∗.

|U∗ ∧∆xU∗| =
∣∣∣∣U∗ ∧

N∑
j=1

∣∣∇xU
[j]
∣∣2 U [j]

∣∣∣∣ ≲ N∑
j=1

λ−2
j ⟨ρj⟩−4

∑
k ̸=j

⟨ρj⟩−1

≲
N∑
j=1

1{|x−q[j]|<3dq}
(
λ−1
∗ ⟨ρj⟩−4 + λ2∗⟨ρj⟩−1

)
+ 1{∩N

j=1{|x−q[j]|≥3dq}}λ
3
∗, (E.6)

where we used (E.4) for the last step.

Next, we derive some estimates about Φout, Φin that will be used frequently in the estimate of G.
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For Φout ∈ Bout defined in (4.35), since Φout(q
[j], T ) = 0 for all j = 1, 2, . . . , N , then

|Φout(x, t)| =
∣∣Φout(x, t)− Φout(x, T ) + Φout(x, T )− Φout(q

[j], T )
∣∣

≲ ∥Φout∥♯,Θ,α

[
| ln(T − t)|λΘ+1

∗ R+ (T − t)∥Z∗∥C3(R2) + |x− q[j]|
(
λΘ∗ (0) + ∥Z∗∥C3(R2)

)]
.

Thus

|Φout| ≲ ∥Φout∥♯,Θ,αmin
{
| lnT |λΘ+1

∗ (0)R(0) + ∥Z∗∥C3(R2),

| ln(T − t)|λΘ+1
∗ R+ (T − t)∥Z∗∥C3(R2) + inf

j=1,...,N
|x− q[j]|

(
λΘ∗ (0) + ∥Z∗∥C3(R2)

)}
.

(E.7)

Combining (3.2) and the parameter restriction Θ < β, we have

|Φout| ≲
N∑
j=1

1{|x−q[j]|<3dq}∥Φout∥♯,Θ,α

(
| ln(T − t)|λΘ+1

∗ R+ λjρj
)
+ 1{∩N

j=1{|x−q[j]|≥3dq}}∥Φout∥♯,Θ,α.

(E.8)
By (4.34), we have

|∇xΦout| ≤ ∥Φout∥♯,Θ,α

(
λΘ∗ (0) + ∥Z∗∥C3(R2)

)
. (E.9)

For |x − ξ[j](t)| ≤ 2λ∗R, by (3.2), then for T ≪ 1, we have |x − q[j]| ≤ 3λ∗R. Recall Φ given in
(4.1), then

Φ− Φout =
N∑
j=1

(
η
[j]

R QγjΦ
[j]

in (y
[j], t) + η

[j]

dq
Φ
∗[j]
0 (rj , t)

)
.

By (4.28) and (3.23), we have

|Φ− Φout| ≲
N∑
j=1

[
η
[j]

R ∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ⟨ρj⟩−l + η

[j]

dq

(
zj1{z2j<t+T} + T | lnT |−1z−1

j 1{z2j≥t+T}

)]

≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ⟨ρj⟩−l + λ∗⟨ρj⟩

)
+ 1{3λ∗R<|x−q[j]|<3dq}λ∗⟨ρj⟩

]
. (E.10)

By (4.28), we get∣∣∇x

(
η
[j]

R QγjΦ
[j]

in (y
[j], t)

)∣∣ = ∣∣η[j]R ∇x

(
QγjΦ

[j]

in (y
[j], t)

)
+QγjΦ

[j]

in (y
[j], t)∇xη

[j]

R

∣∣
≲ η

[j]

R λ
−1
j ∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ⟨y[j]⟩−l−1 + (λ∗R)

−11{λ∗R≤|x−ξ[j]|≤2λ∗R}∥Φ
[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ⟨y[j]⟩−l

≲ 1{|x−q[j]|≤3λ∗R}∥Φ
[j]

in ∥in,ν−δ0,lλ
ν−δ0−1
∗ ⟨ρj⟩−l−1. (E.11)

By (3.23), we have∣∣∇x

(
η
[j]

dq
Φ
∗[j]
0 (rj , t)

)∣∣ = ∣∣η[j]dq
∇xΦ

∗[j]
0 (rj , t) + Φ

∗[j]
0 (rj , t)∇xη

[j]

dq

∣∣ ≲ 1{|x−q[j]|<3dq}. (E.12)

Combining (E.11) and (E.12), we have

|∇x(Φ− Φout)| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0−1
∗ ⟨ρj⟩−l−1 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq}

]
.

(E.13)
By (3.23) and (4.28), it holds that

|∆x(Φ− Φout)| =
∣∣∣ N∑
j=1

[
η
[j]

R ∆x

(
QγjΦ

[j]

in (y
[j], t)

)
+ 2∇xη

[j]

R ∇x

(
QγjΦ

[j]

in (y
[j], t)

)
+QγjΦ

[j]

in (y
[j], t)∆xη

[j]

R

+ η
[j]

dq
∆xΦ

∗[j]
0 (rj , t) + 2∇xη

[j]

dq
∇xΦ

∗[j]
0 (rj , t) + Φ

∗[j]
0 (rj , t)∆xη

[j]

dq

]∣∣∣
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≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0−2
∗ ⟨ρj⟩−l−2 + λ−1

∗ ⟨ρj⟩−1
)
+ 1{3λ∗R<|x−q[j]|<3dq}λ

−1
∗ ⟨ρj⟩−1

]
.

(E.14)

Combining (E.8) and (E.10), we have

|Φ| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)(
λν−δ0
∗ ⟨ρj⟩−l + λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
(
λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩N
j=1{|x−q[j]|≥3dq}}∥Φout∥♯,Θ,α.

(E.15)
Integrating (E.9), (E.13), we have

|∇xΦ| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)(
λν−δ0−1
∗ ⟨ρj⟩−l−1 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)

]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}∥Φout∥♯,Θ,α. (E.16)

By (E.15), (E.16), then

|Φ||∇xΦ| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)2

×
(
λ2ν−2δ0−1
∗ ⟨ρj⟩−2l−1 + λν−δ0

∗ ⟨ρj⟩−l + | ln(T − t)|λν−δ0+Θ
∗ R⟨ρj⟩−l−1 + λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
2 (λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩N
j=1{|x−q[j]|≥3dq}}∥Φout∥2♯,Θ,α.

(E.17)

Recalling Φ
[j]

in ·W [j] = 0 in (4.1) yields( N∑
j=1

η
[j]

R QγjΦ
[j]

in

)
· U∗ =

N∑
j=1

η
[j]

R QγjΦ
[j]

in ·
(
U∗ − U [j]

)
,

which implies∣∣∣∣( N∑
j=1

η
[j]

R QγjΦ
[j]

in

)
· U∗

∣∣∣∣ ≲ N∑
j=1

η
[j]

R

∣∣Φ[j]

in

∣∣λ∗ ≲ N∑
j=1

1{|x−q[j]|≤3λ∗R}∥Φ
[j]

in ∥in,ν−δ0,lλ
ν−δ0+1
∗ ⟨ρj⟩−l. (E.18)

By (E.18), (3.23) and (E.8), we obtain

|Φ · U∗| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)(
λν−δ0+1
∗ ⟨ρj⟩−l + λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq}(1 + ∥Φout∥♯,Θ,α)
(
| ln(T − t)|λΘ+1

∗ R+ λ∗⟨ρj⟩
)]

+ 1{∩N
j=1{|x−q[j]|≥3dq}}∥Φout∥♯,Θ,α.

(E.19)
Using (4.28), (E.11), (E.1), we have∣∣∣∇x

[
η
[j]

R QγjΦ
[j]

in · (U∗ − U [j])
]∣∣∣ = ∣∣∣(U∗ − U [j]) · ∇x

(
η
[j]

R QγjΦ
[j]

in

)
+
(∑

k ̸=j

∇xU
[k]
)
· η[j]R QγjΦ

[j]

in

∣∣∣
≲ 1{|x−q[j]|≤3λ∗R}

(
λ∗∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0−1
∗ ⟨ρj⟩−l−1 + λ∗∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ⟨ρj⟩−l

)
≲ 1{|x−q[j]|≤3λ∗R}∥Φ

[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ⟨ρj⟩−l−1. (E.20)
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(3.23), (E.12), and (E.1) imply∣∣∇x

(
η
[j]

dq
Φ
∗[j]
0 · U∗

)∣∣ = ∣∣U∗ · ∇x

(
η
[j]

dq
Φ
∗[j]
0

)
+ η

[j]

dq
Φ
∗[j]
0 · ∇xU∗

∣∣
≲ 1{|x−q[j]|<3dq}

(
1 + λj⟨ρj⟩

N∑
k=1

λ−1
k ⟨ρk⟩−2

)
≲ 1{|x−q[j]|<3dq}. (E.21)

By (E.8), (E.9) and (E.1), we have

|∇x (Φout · U∗)| ≲
N∑
j=1

1{|x−q[j]|<3dq}∥Φout∥♯,Θ,α

(
| ln(T − t)|λΘ∗ R⟨ρj⟩−2 + 1

)
+1{∩N

j=1{|x−q[j]|≥3dq}}∥Φout∥♯,Θ,α.

(E.22)
Combining (E.20), (E.21) and (E.22), we have

|∇x(Φ · U∗)| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

) (
| ln(T − t)|λΘ∗ R⟨ρj⟩−2 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)

]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}∥Φout∥♯,Θ,α. (E.23)

E.2. Estimates of ∇xA. Claim: Suppose that l > 0, 0 < δ0 < ν < 1 given in (4.29),

Θ > 0, Θ+ β+2δ0 − 2ν < 0, Θ+ β− 1 < 0, β < 1/2, Θ+ β+4δ0 − 4ν +1 < 0, 3β < Θ+1,
(E.24)

then for ∇xA given in (4.11) and ϵ > 0 sufficiently small, we have

∇xA = −U∗ · ∇xU∗ − Φ · ∇xΦ+O

( N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)4

×
(
λϵ+1
∗ λΘ∗ (λ∗R)

−1 + λ∗⟨ρj⟩
)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)

4 (| ln(T − t)|λΘ+1
∗ R+ λ∗⟨ρj⟩

) ]
+ 1{∩N

j=1{|x−q[j]|≥3dq}} (1 + ∥Φout∥♯,Θ,α)
4

)
. (E.25)

Using (E.3), (E.17), then

∇xA = O

( N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)4

×
(
⟨ρj⟩−2 + λ2ν−2δ0−1

∗ ⟨ρj⟩−2l−1 + λν−δ0
∗ ⟨ρj⟩−l + | ln(T − t)|λν−δ0+Θ

∗ R⟨ρj⟩−l−1 + λϵ+1
∗ λΘ∗ (λ∗R)

−1 + λ∗⟨ρj⟩
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
4 (⟨ρj⟩−2 + | ln(T − t)|λΘ+1

∗ R+ λ∗⟨ρj⟩
) ]

+ 1{∩N
j=1{|x−q[j]|≥3dq}} (1 + ∥Φout∥♯,Θ,α)

4

)
. (E.26)

Proof of Claim. First, let us simplify (4.11).

|ΠU⊥
∗
Φ|2 = |Φ|2 + (|U∗|2 − 2)(Φ · U∗)

2, U∗ ·ΠU⊥
∗
Φ = (1− |U∗|2)(Φ · U∗),

∇x(|ΠU⊥
∗
Φ|2) = 2Φ · ∇xΦ+ 2(Φ · U∗)

2U∗ · ∇xU∗ + 2(|U∗|2 − 2)(Φ · U∗)∇x(Φ · U∗),

∇x(U∗ ·ΠU⊥
∗
Φ) = (1− |U∗|2)∇x(Φ · U∗)− 2(Φ · U∗)U∗ · ∇xU∗.

By (4.5), (3.4), (3.2) and (4.3), we have

(1+A)|U∗|2+(U∗ ·ΠU⊥
∗
Φ) = 1+O

(
λ∗+|Φ|2

)
, then

[
(1+A)|U∗|2+(U∗ ·ΠU⊥

∗
Φ)

]−1
= 1+O

(
λ∗+|Φ|2

)
.

(E.27)



120 J. WEI, Q. ZHANG, AND Y. ZHOU

Thus we obtain

∇xA = −
(
1 +O

(
λ∗ + |Φ|2

)){
(1 +A)2U∗ · ∇xU∗ +Φ · ∇xΦ+ (Φ · U∗)

2 U∗ · ∇xU∗

+
(
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗) + (1 +A)

[(
1− |U∗|2

)
∇x (Φ · U∗)− 2 (Φ · U∗)U∗ · ∇xU∗

] }
= −

(
1 +O

(
λ∗ + |Φ|2

)){ [
1 +A(2 +A)− 2(1 +A) (Φ · U∗) + (Φ · U∗)

2
]
U∗ · ∇xU∗ +Φ · ∇xΦ

+
(
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗) + (1 +A)

(
1− |U∗|2

)
∇x (Φ · U∗)

}
= − U∗ · ∇xU∗ − Φ · ∇xΦ+

(
2Φ · U∗ +O

(
λ∗ + |Φ|2

))
U∗ · ∇xU∗ −O

(
λ∗ + |Φ|2

)
Φ · ∇xΦ

−
(
1 +O

(
λ∗ + |Φ|2

)) [ (
|U∗|2 − 2

)
(Φ · U∗)∇x (Φ · U∗) + (1 +A)

(
1− |U∗|2

)
∇x (Φ · U∗)

]
,

where we used A = O(λ∗ + |Φ|2) ≪ 1 by (4.5) and (4.3).
By (E.15), (E.19), and parameter assumption (4.29), we have

|Φ · U∗|+ λ∗ + |Φ|2

≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)2 (
λ2ν−2δ0
∗ ⟨ρj⟩−l + λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
2 (λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩N
j=1{|x−q[j]|≥3dq}} (1 + ∥Φout∥♯,Θ,α)

2 . (E.28)

Notice λϵ+1
∗ λΘ∗ (λ∗R)

−1 = λϵ+Θ+β
∗ . Then using (E.3) and (E.28), we get∣∣(2Φ · U∗ +O

(
λ∗ + |Φ|2

))
U∗ · ∇xU∗

∣∣ ≲ N∑
j=1

{
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)2

×
(
λ2ν−2δ0
∗ ⟨ρj⟩−l−2 + λ∗⟨ρj⟩−1 + | ln(T − t)|λΘ+1

∗ R⟨ρj⟩−2
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
2 (λ∗⟨ρj⟩−1 + | ln(T − t)|λΘ+1

∗ R⟨ρj⟩−2
)}

+ 1{∩N
j=1{|x−q[j]|≥3dq}} (1 + ∥Φout∥♯,Θ,α)

2 λ2∗

≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)2
λϵ+1
∗ λΘ∗ (λ∗R)

−1

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
2 λ∗⟨ρj⟩−1

]
+ 1{∩N

j=1{|x−q[j]|≥3dq}} (1 + ∥Φout∥♯,Θ,α)
2 λ2∗

(E.29)

for some ϵ > 0, where for the last “≲”, we require

Θ > 0, Θ+ β + 2δ0 − 2ν < 0, Θ+ β − 1 < 0, β < 1/2. (E.30)

By (E.15) and (E.16), it follows that∣∣O (
λ∗ + |Φ|2

)
Φ · ∇xΦ

∣∣ ≲ (
|Φ|3 + λ∗|Φ|

)
|∇xΦ|

≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)4

×
(
λ4ν−4δ0−1
∗ + λ3∗⟨ρj⟩3 + λν−δ0+2

∗ ⟨ρj⟩2−l + | ln(T − t)|3λν−δ0+3Θ+2
∗ R3

+ λ2ν−2δ0
∗ + | ln(T − t)|λν−δ0+Θ+1

∗ R+ λ2∗⟨ρj⟩
)
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+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
4 (λ3∗⟨ρj⟩3 + | ln(T − t)|3λ3Θ+3

∗ R3 + λ2∗⟨ρj⟩+ | ln(T − t)|λΘ+2
∗ R

) ]
+ 1{∩N

j=1{|x−q[j]|≥3dq}} (1 + ∥Φout∥♯,Θ,α)
4

≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)4
λϵ+1
∗ λΘ∗ (λ∗R)

−1

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
4 (λ3∗⟨ρj⟩3 + | ln(T − t)|3λ3Θ+3

∗ R3 + λ2∗⟨ρj⟩+ | ln(T − t)|λΘ+2
∗ R

) ]
+ 1{∩N

j=1{|x−q[j]|≥3dq}} (1 + ∥Φout∥♯,Θ,α)
4 , (E.31)

where we require (4.29) and additional parameters restriction for the last “≲”

β < 1/2, Θ+ β + 4δ0 − 4ν + 1 < 0, Θ+ β + 2δ0 − 2ν < 0, Θ+ 2β < 2. (E.32)

Combining (E.19) and (E.23), we have

|(Φ · U∗)∇x (Φ · U∗)| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)2

×
(
| ln(T − t)|λν−δ0+1+Θ

∗ R+ | ln(T − t)|λΘ+1
∗ R+ | ln(T − t)|2λ2Θ+1

∗ R2 + λν−δ0+1
∗ + λ∗⟨ρj⟩

)
+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)

2 (| ln(T − t)|λΘ+1
∗ R+ λ∗⟨ρj⟩

) ]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}∥Φout∥2♯,Θ,α

≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)2 (
λϵ+1
∗ λΘ∗ (λ∗R)

−1 + λ∗⟨ρj⟩
)

+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
2 (| ln(T − t)|λΘ+1

∗ R+ λ∗⟨ρj⟩
) ]

+ 1{∩N
j=1{|x−q[j]|≥3dq}}∥Φout∥2♯,Θ,α,

(E.33)
where for the last step, we require

β < 1/2, 3β < Θ+ 1, Θ+ β < ν − δ0 + 1. (E.34)

By (3.4), (E.23), we have∣∣(1− |U∗|2
)
∇x (Φ · U∗)

∣∣ ≲ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)
λϵ+1
∗ λΘ∗ (λ∗R)

−1

+ 1{3λ∗R<|x−q[j]|<3dq}λ∗ (1 + ∥Φout∥♯,Θ,α)
]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}λ∗∥Φout∥♯,Θ,α (E.35)

provided
Θ + β < 1, β < 1/2. (E.36)

Under the parameters restriction (E.24), which is the combination of (E.30), (E.32), (E.34), and
(E.36), we conclude the validity of (E.25) from (E.29), (E.31), (E.33), and (E.35). □

E.3. Complete estimates of G.

Lemma E.1. For G given in (4.21), suppose that the ansatz (3.2) holds, Φout ∈ Bout defined in (4.35),

∥Φ[j]

in ∥in,ν−δ0,l ≤ Λin, Φ
[j]

in ·W [j] = 0 for j = 1, 2, . . . , N , under the parameter assumptions

l > 0, 0 < Θ < β < 1/2, Θ+ β + δ0 − ν < 0, 3β < 1 + Θ, β(l + 1)− 1 + ν − δ0 −Θ > 0,

Θ+ 2β − 1 < 0, 0 < δ0 < ν < 1, 2β + δ0 − ν < 0, Θ+ β + 1 + 3δ0 − 3ν < 0, (E.37)

then there exists 0 < ϵ≪ 1 such that ∥G∥∗∗ ≲ T ϵ with the norm ∥ · ∥∗∗ defined in (4.33).

Remark E.1. In the process of the analysis, there is a delicate cancellation for ∆xU∗−2 (U∗ · ∇xU∗) ·
∇xU∗. See (E.65) and (E.62), (E.64).



122 J. WEI, Q. ZHANG, AND Y. ZHOU

Proof. • Recall η
[j]

R given in (4.2). By (3.2), R(t) = λ−β
∗ (t) with β > 0 given (4.3), T ≪ 1, then

1 − η
[j]

R ≤ 1{|x−q[j]|≥λ∗R/2} and 1{|x−q[j]|≥λ∗R/2}|x − ξ[j]| ∼ 1{|x−q[j]|≥λ∗R/2}|x − q[j]|. By (E.1), (E.7),

and (E.9), we have∣∣(1− η
[j]

R )(a− bU [j]∧)
[
|∇xU

[j]|2Φout − 2∇x(U
[j] · Φout) · ∇xU

[j]
]∣∣

≲ 1{|x−q[j]|≥λ∗R/2}
(
|∇xΦout|λ−1

j ⟨ρj⟩−2 + λ−2
j ⟨ρj⟩−4|Φout|

)
≲ 1{|x−q[j]|≥λ∗R/2}∥Φout∥♯,Θ,α

{
(λΘ∗ (0) + ∥Z∗∥C3(R2))λ∗|x− q[j]|−2 + λ2∗|x− q[j]|−4

[
| ln(T − t)|λΘ+1

∗ R

+ (T − t)∥Z∗∥C3(R2) + |x− q[j]|(λΘ∗ (0) + ∥Z∗∥C3(R2))
]}

≲ T ϵ(ϱ
[j]
2 + ϱ3).

• ∣∣∣ (1− η
[j]

R

){
− ∂t(η

[j]

dq
Φ
∗[j]
0 ) +

(
a− bU [j]∧

) [
∆x(η

[j]

dq
Φ
∗[j]
0 ) + |∇xU

[j]|2η[j]dq
Φ
∗[j]
0

− 2∇x

(
U [j] · η[j]dq

Φ
∗[j]
0

)
· ∇xU

[j]
]
− ∂tU

[j]
}∣∣∣

=
∣∣∣ (1− η

[j]

R

)
η
[j]

dq

{
− ∂t(Φ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆xΦ

∗[j]
0 + |∇xU

[j]|2Φ∗[j]
0 − 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]

− ∂tU
[j]
}
− (1− η

[j]

dq
)∂tU

[j] +
(
1− η

[j]

R

){
− Φ

∗[j]
0 ∂tη

[j]

dq
+
(
a− bU [j]∧

) [
2∇xη

[j]

dq
· ∇xΦ

∗[j]
0 +Φ

∗[j]
0 ∆xη

[j]

dq

− 2
(
U [j] · Φ∗[j]

0

)
∇xη

[j]

dq
· ∇xU

[j]
]}∣∣∣

≲ 1{λ∗R≤|x−ξ[j]|≤2dq}
(
λ−1
∗ ⟨ρj⟩−2 + |λ̇∗|⟨ρj⟩−1 + |ξ̇[j]|

)
+ 1{|x−ξ[j]|≥dq}

[(
λ−1
j |λ̇j |+ |γ̇j |

)
⟨ρj⟩−1 + λ−1

j |ξ̇[j]|⟨ρj⟩−2
]
+ 1{dq≤|x−ξ[j]|≤2dq}

≲ 1{λ∗R/2≤|x−q[j]|≤3dq}
(
λ∗|x− q[j]|−2 + |λ̇∗|R−1 + |ξ̇[j]|

)
+ 1{|x−ξ[j]|≥dq}

[(
|λ̇j |+ λj |γ̇j |

)
+ λj |ξ̇[j]|

]
+ 1{dq≤|x−ξ[j]|≤2dq} ≲ T ϵ

(
ϱ
[j]
2 + ϱ3

)
,

where we used (3.50), (3.9), (3.23), (E.1) for the first “≲”, and (3.2) for the second and third “≲”.
• By (2.14), (3.48), we have∣∣η[j]R

(
M̃

[j]
0 + eiθjM̃

[j]
1 + e−iθjM

[j]
−1

)
C−1
j

∣∣ ≲ η
[j]

R

(
|λ̇∗|⟨ρj⟩−1 + |ξ̇[j]|

)
≲ T ϵϱ1.

• Using |γ̇j(t)| ≤ Cγ(T − t)−1, |ξ̇[j](t)| ≤ Cξλ
ϵξ
∗ (t) in (3.2), one has∣∣∣η[j]R Qγj

[(
λ−1
j λ̇jy

[j] + λ−1
j ξ̇[j]

)
· ∇

y[j]
Φ

[j]

in − γ̇jJΦ
[j]

in

]∣∣∣ ≲ η
[j]

R (T − t)−1∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ≲ T ϵϱ

[j]
1

provided
Θ + δ0 + β − ν < 0. (E.38)

• Using ∥Φ[j]

in ∥in,ν−δ0,l ≤ Λin, Φ
[j]

in ·W [j] = 0, and (3.2), we have∣∣∣Qγj

{
−Φ

[j]

in∂tη
[j]

R +
(
a− bW [j]∧

) [
Φ

[j]

in∆xη
[j]

R + 2∇xη
[j]

R · ∇xΦ
[j]

in −
(
W [j] · Φ[j]

in

)(
2∇xη

[j]

R · ∇xW
[j]
)]}∣∣∣

=
∣∣∣Φ[j]

in (∇η)
(x− ξ[j]

λ∗R

)
·
( ξ̇[j]

λ∗R
+
x− ξ[j]

λ∗R

(λ∗R)
′

λ∗R

)
+
(
a− bW [j]∧

) [
Φ

[j]

in (λ∗R)
−2(∆η)

(x− ξ[j]

λ∗R

)
+ 2(λ∗R)

−1(∇η)
(x− ξ[j]

λ∗R

)
· λ−1

j ∇
y[j]

Φ
[j]

in

∣∣∣
≲ ∥Φ[j]

in ∥in,ν−δ0,l1{λ∗R≤|x−ξ[j]|≤2λ∗R}

[
(T − t)−1λν−δ0

∗ ⟨y[j]⟩−l + (λ∗R)
−2λν−δ0

∗ ⟨y[j]⟩−l

+ (λ∗R)
−1λ−1

j λν−δ0
∗ ⟨y[j]⟩−l−1

]
≲ 1{λ∗R/2≤|x−q[j]|≤3λ∗R}(λ∗R)

−2λν−δ0
∗ R−l ≲ T ϵϱ1 (E.39)

provided
β < 1/2, ν − δ0 + βl − (1− β) > Θ. (E.40)
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• Using U [j] · (QγjΦ
[j]

in ) =W [j] · Φ[j]

in = 0, we have

(U∗ − U [j]) ∧
{
∆x

(
η
[j]

dq
Φ
∗[j]
0

)
+ η

[j]

R Qγj∆xΦ
[j]

in +Qγj

(
Φ

[j]

in∆xη
[j]

R + 2∇xη
[j]

R · ∇xΦ
[j]

in

)
− 2∇x(U

[j] · Φout) · ∇xU
[j] − 2∇x

[
U [j] ·

(
η
[j]

R QγjΦ
[j]

in + η
[j]

dq
Φ
∗[j]
0

)]
· ∇xU

[j]
}

= (U∗ − U [j]) ∧
{
∆x

(
η
[j]

dq
Φ
∗[j]
0

)
− 2∇x

(
U [j] · η[j]dq

Φ
∗[j]
0

)
· ∇xU

[j] +Qγj

(
Φ

[j]

in∆xη
[j]

R + 2∇xη
[j]

R · ∇xΦ
[j]

in

)
+ η

[j]

R Qγj∆xΦ
[j]

in − 2∇x(U
[j] · Φout) · ∇xU

[j]
}
.

Here, by (3.4), (3.23), (E.1), it follows that∣∣∣(U∗ − U [j]
)
∧
[
∆x

(
η
[j]

dq
Φ
∗[j]
0

)
− 2∇x

(
U [j] · η[j]dq

Φ
∗[j]
0

)
· ∇xU

[j]
]∣∣∣

=
∣∣∣ (U∗ − U [j]

)
∧
[
Φ
∗[j]
0 ∆xη

[j]

dq
+ 2∇xη

[j]

dq
· ∇xΦ

∗[j]
0 + η

[j]

dq
∆xΦ

∗[j]
0

− 2
(
U [j] · Φ∗[j]

0

)
∇xη

[j]

dq
· ∇xU

[j] − 2η
[j]

dq

(
U [j] · ∇xΦ

∗[j]
0

)
· ∇xU

[j] − 2η
[j]

dq

(
Φ
∗[j]
0 · ∇xU

[j]
)
· ∇xU

[j]
]∣∣∣

≲ λ∗

(
1 + λ−1

j ⟨ρj⟩−1 + λ−1
∗ ⟨ρj⟩−2 + λj⟨ρj⟩λ−2

∗ ⟨ρj⟩−4
)
1{|x−q[j]|≤3dq} ≲ T ϵϱ3.

• By (3.4), similar to the estimate in (E.39),∣∣∣(U∗ − U [j]
)
∧
[
Qγj

(
Φ

[j]

in∆xη
[j]

R + 2∇xη
[j]

R · ∇xΦ
[j]

in

)]∣∣∣ ≲ λ∗

∣∣∣Φ[j]

in∆xη
[j]

R + 2∇xη
[j]

R · ∇xΦ
[j]

in

∣∣∣ ≲ T ϵϱ1.

• By (3.4),∣∣(U∗ − U [j]) ∧
(
η
[j]

R Qγj∆xΦ
[j]

in

)∣∣ ≲ 1{|x−ξ[j]|≤2λ∗R}λ
−1
∗ ∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ⟨y[j]⟩−l−2 ≲ T ϵϱ1

provided
Θ + β + δ0 − ν < 0. (E.41)

• For a fixed j, by (3.4), (E.1),∣∣(U∗ − U [j]
)
∧
[
∇x

(
U [j] · Φout

)
· ∇xU

[j]
]∣∣ ≲ ∑

k ̸=j

⟨ρk⟩−1
(
|∇xΦout|λ−1

j ⟨ρj⟩−2 + |Φout|λ−2
j ⟨ρj⟩−4

)
.

We claim that
⟨ρj⟩⟨ρk⟩ ≳ λ−1

∗ min {⟨ρj⟩, ⟨ρk⟩} for j ̸= k. (E.42)

Indeed, for |x− ξ[j]| ≤ |ξ[j] − ξ[k]|/2, then ⟨ρk⟩ ∼ λ−1
∗ , which implies

⟨ρj⟩⟨ρk⟩ ∼ λ−1
∗ ⟨ρj⟩ ∼ λ−1

∗ min {⟨ρj⟩, ⟨ρk⟩} .
For |x − ξ[k]| ≤ |ξ[j] − ξ[k]|/2, similarly, we have ⟨ρj⟩⟨ρk⟩ ∼ λ−1

∗ min {⟨ρj⟩, ⟨ρk⟩}. For |x − ξ[j]| >
|ξ[j] − ξ[k]|/2 and |x− ξ[k]| > |ξ[j] − ξ[k]|/2, then

⟨ρj⟩⟨ρk⟩ ∼ λ−2
∗ |x− ξ[j]||x− ξ[k]| ≳ λ−1

∗ min {⟨ρj⟩, ⟨ρk⟩} .
Recall ∥Φout∥♯,Θ,α given in (4.34). For j ̸= k, by (E.42),

⟨ρk⟩−1|∇xΦout|λ−1
j ⟨ρj⟩−2 ≲ ∥Φout∥♯,Θ,α

(
λΘ∗ (0) + ∥Z∗∥C3(R2)

)
≲ T ϵϱ3.

Under the restriction Θ < β < 1/2, by (E.8),

⟨ρk⟩−1|Φout|λ−2
j ⟨ρj⟩−4 ≲ ∥Φout∥♯,Θ,α

[
1{|x−q[k]|<3dq}

(
| ln(T − t)|λΘ+1

∗ Rλ2∗⟨ρk⟩−1 + λ3∗
)

+ 1{|x−q[j]|<3dq}
(
| ln(T − t)|λΘ∗ R⟨ρj⟩−4 + ⟨ρj⟩−3

)
+

N∑
m=1,m ̸=j,k

1{|x−q[m]|<3dq}
(
| ln(T − t)|λΘ+4

∗ R+ λ3∗
)

+ 1{∩N
m=1{|x−q[m]|≥3dq}}λ

3
∗

]
≲ T ϵ

(
ϱ
[j]
1 + ϱ3

)
.
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• By (3.4), (E.1), and (E.42),∣∣∣(a− bU∗∧)
{
∇x

[
Φ · (U∗ − U [j])

]
· ∇xU

[j]
}∣∣∣ ≲ (

|∇xΦ|
∑
k ̸=j

⟨ρk⟩−1 + |Φ|
∑
k ̸=j

λ−1
∗ ⟨ρk⟩−2

)
λ−1
∗ ⟨ρj⟩−2

≲ |∇xΦ| ⟨ρj⟩−1
∑
k ̸=j

(min {⟨ρj⟩, ⟨ρk⟩})−1 + |Φ|
∑
k ̸=j

(min {⟨ρj⟩, ⟨ρk⟩})−2 .

By (E.7), (E.10), and the assumption δ0 < ν in (4.29), we have

|Φ| (min {⟨ρj⟩, ⟨ρk⟩})−2 ≲ T ϵϱ3.

By (E.9) and (E.13), we have

|∇xΦ| ⟨ρj⟩−1 (min {⟨ρj⟩, ⟨ρk⟩})−1 ≲ ∥Φout∥♯,Θ,α

(
λΘ∗ (0) + ∥Z∗∥C3(R2)

)
+

N∑
m=1

[
1{|x−q[m]|≤3λ∗R}

(
∥Φ[m]

in ∥in,ν−δ0,lλ
ν−δ0−1
∗ ⟨ρm⟩−l−1 + 1

)
+ 1{3λ∗R<|x−q[m]|<3dq}

]
≲ T ϵ

( N∑
m=1

ϱ
[m]
1 + ϱ3

)
provided

Θ + β + δ0 − ν < 0. (E.43)

• To estimate (a− bU∗∧)
{
− 2

N∑
j=1

∇x

[
U [j] ·

∑N
k=1,k ̸=j

(
η
[k]

R QγkΦ
[k]

in + η
[k]

dq
Φ
∗[k]
0

) ]
· ∇xU

[j]
}
. For k ̸= j,

by (E.1), and ∥ · ∥in,ν−δ0,l given in (4.28),∣∣∣∇x

[
U [j] ·

(
η
[k]

R QγkΦ
[k]

in

)]
· ∇xU

[j]
∣∣∣

≲ ∥Φ[k]

in ∥in,ν−δ0,lλ
ν−δ0
∗

[
1{|x−ξ[k]|≤2λ∗R}

(
λ−1
k ⟨ρk⟩−l−1 + ⟨ρk⟩−lλ−1

∗ ⟨ρj⟩−2
)

+ ⟨ρk⟩−l(λ∗R)
−11{λ∗R≤|x−ξ[k]|≤2λ∗R}

]
λ−1
∗ ⟨ρj⟩−2

≲ 1{|x−q[k]|≤3λ∗R}λ
ν−δ0
∗

(
⟨ρk⟩−l−1 + ⟨ρk⟩−lλ2∗

)
≲ T ϵϱ

[k]
1

when
ν − δ0 > Θ+ β − 1; (E.44)

additionally, by (3.23), (E.1),∣∣∣∇x

[
U [j] ·

(
η
[k]

dq
Φ
∗[k]
0

)]
· ∇xU

[j]
∣∣∣ ≲ λ∗1{|x−ξ[k]|≤2dq} ≲ T ϵϱ3.

• To estimate
∑N

j=1 |∇xU
[j]|2

(
a− bU [j]∧

)∑N
k=1,k ̸=j

(
η
[k]

R QγkΦ
[k]

in + η
[k]

dq
Φ
∗[k]
0

)
. For k ̸= j, by (E.1),

(3.23),∣∣∣|∇xU
[j]|2η[k]R QγkΦ

[k]

in

∣∣∣ ≲ λ2∗η
[k]

R ∥Φ[k]

in ∥in,ν−δ,lλ
ν−δ0
∗ ⟨ρk⟩−l ≲ T ϵϱ

[k]
1 , |∇xU

[j]|2|η[k]dq
Φ
∗[k]
0 | ≲ λ2∗ ≲ T ϵϱ3

under the assumption 2 + ν − δ0 > Θ+ β − 1.
• To estimate aΦ

∑N
j,k=1,j ̸=k ∇xU

[j] · ∇xU
[k]. For j ̸= k, by (E.1), (E.42), (E.7), and (E.10),∣∣Φ∇xU

[j] · ∇xU
[k]
∣∣ ≲ |Φ|λ−2

∗ ⟨ρj⟩−2⟨ρk⟩−2 ≲ |Φ| (min {⟨ρj⟩, ⟨ρk⟩})−2 ≲ T ϵϱ3

under the assumption (E.44).
• By (4.5), (3.9), (E.28), and the ansatz (3.2),

|[(Φ · U∗)−A]∂tU∗| ≲
(
|Φ · U∗|+ λ∗ + |Φ|2

) N∑
j=1

[(
λ−1
j |λ̇j |+ |γ̇j |

)
⟨ρj⟩−1 + λ−1

j |ξ̇[j]|⟨ρj⟩−2
]

≲

{ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
1 + ∥Φout∥♯,Θ,α + ∥Φ[j]

in ∥in,ν−δ0,l

)2 (
λ2ν−2δ0
∗ ⟨ρj⟩−l + λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
)
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+ 1{3λ∗R<|x−q[j]|<3dq} (1 + ∥Φout∥♯,Θ,α)
2 (λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩N
j=1{|x−q[j]|≥3dq}} (1 + ∥Φout∥♯,Θ,α)

2

} N∑
j=1

(
λ−1
j |λ̇j |+ |γ̇j |+ λ−1

j |ξ̇[j]|
)
⟨ρj⟩−1 ≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
provided

Θ + β + 2δ0 − 2ν < 0, β < 1/2. (E.45)

• To estimate
N∑
j=1

η
[j]

R

(
U [j] − U∗

) [
− 2a

(
∇xW

[j] · ∇xΦ
[j]

in

)
+ a|∇xU

[j]|2
(
U [j] · Φout

)
+
{
− ∂t(Φ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆xΦ

∗[j]
0 + |∇xU

[j]|2Φ∗[j]
0 − 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]
− ∂tU

[j]
}
· U [j]

]
.

We estimate term by term. First, by (2.5), (3.4),∣∣∣η[j]R

(
U [j] − U∗

) (
∇xW

[j] · ∇xΦ
[j]

in

)∣∣∣ ≲ λ−2
j 1{|x−ξ[j]|≤2λ∗R}λ∗⟨ρj⟩

−2∥Φ[j]

in ∥in,ν−δ0,lλ
ν−δ0
∗ ⟨ρj⟩−l−1 ≲ T ϵϱ

[j]
1

provided
Θ + δ0 + β − ν < 0. (E.46)

Next, by (3.4), (E.1), (E.8),∣∣∣η[j]R

(
U [j] − U∗

)
|∇xU

[j]|2
(
U [j] · Φout

)∣∣∣ ≲ ∥Φout∥♯,Θ,αη
[j]

R λ
−1
∗ ⟨ρj⟩−4

(
| ln(T − t)|λΘ+1

∗ R+ λjρj
)
≲ T ϵϱ

[j]
1

provided Θ < β < 1/2. Finally, by (3.4) and (3.41), we obtain∣∣∣η[j]R

(
U [j] − U∗

) [{
− ∂t(Φ

∗[j]
0 ) +

(
a− bU [j]∧

) [
∆xΦ

∗[j]
0 + |∇xU

[j]|2Φ∗[j]
0 − 2∇x

(
U [j] · Φ∗[j]

0

)
· ∇xU

[j]
]

− ∂tU
[j]
}
· U [j]

]∣∣∣ ≲ η
[j]

R λ∗

(
|ξ̇[j]|⟨ρj⟩−1 + |λj |−1⟨ρj⟩−2

)
≲ T ϵϱ3.

• By (E.27), we have

(Φ ∧ U∗)
[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

−
(
AU∗ +ΠU⊥

∗
Φ
)
∧∆x (Φ− Φout)

= (Φ ∧ U∗)
(
1 +O

(
λ∗ + |Φ|2

))
[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

− [AU∗ +Φ− (Φ · U∗)U∗] ∧∆x (Φ− Φout)

= (Φ ∧ U∗) [U∗ ·∆x (Φ− Φout)]− Φ ∧∆x (Φ− Φout)

+ (Φ ∧ U∗) [Φ + (A− Φ · U∗)U∗] ·∆x (Φ− Φout)

+ (Φ ∧ U∗)O
(
λ∗ + |Φ|2

)
[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

− [AU∗ − (Φ · U∗)U∗] ∧∆x (Φ− Φout) .

For above terms, we estimate by (4.5) and the ansatz |Φ| ≪ 1 in (4.3),∣∣∣(Φ ∧ U∗) [Φ + (A− Φ · U∗)U∗] ·∆x (Φ− Φout)

+ (Φ ∧ U∗)O
(
λ∗ + |Φ|2

)
[Φ + (1 +A− Φ · U∗)U∗] ·∆x (Φ− Φout)

− [AU∗ − (Φ · U∗)U∗] ∧∆x (Φ− Φout)
∣∣∣ ≲ (

λ∗ + |Φ|2 + |Φ · U∗|
)
|∆x (Φ− Φout)| .

Using (E.28) and (E.14), we have

(λ∗ + |Φ|2 + |Φ · U∗|)|∆x(Φ− Φout)|
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≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
λ3ν−3δ0−2
∗ + λν−δ0−1

∗ + | ln(T − t)|λΘ+ν−δ0−1
∗ R+ λ2ν−2δ0−1

∗ + 1 + | ln(T − t)|λΘ∗ R
)

+ 1{3λ∗R<|x−q[j]|<3dq}

]
≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
provided

Θ+β+1+3δ0−3ν < 0, Θ+β+δ0−ν < 0, 2β+δ0−ν < 0, Θ+β+2δ0−2ν < 0, β < 1/2. (E.47)

We need more refined estimates for the other part. Recalling (4.1), we have

(Φ ∧ U∗) [U∗ ·∆x (Φ− Φout)]− Φ ∧∆x (Φ− Φout) = −Φ ∧ {∆x (Φ− Φout)− [U∗ ·∆x (Φ− Φout)]U∗}

= −
( N∑

j=1

η
[j]

dq
Φ
∗[j]
0 +Φout

)
∧ {∆x (Φ− Φout)− [U∗ ·∆x (Φ− Φout)]U∗}

−
N∑
j=1

η
[j]

R (QγjΦ
[j]

in ) ∧
{[
U [j] ·∆x (Φ− Φout)

]
U [j] − [U∗ ·∆x (Φ− Φout)]U∗

}
−

N∑
j=1

η
[j]

R (QγjΦ
[j]

in ) ∧
{
∆x (Φ− Φout)−

[
U [j] ·∆x (Φ− Φout)

]
U [j]

}
.

By (3.23) and (E.8), one has∣∣∣ N∑
j=1

η
[j]

dq
Φ
∗[j]
0 +Φout

∣∣∣ ≲ N∑
j=1

1{|x−q[j]|<3dq}
(
λj⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
)
+ 1{∩N

j=1{|x−q[j]|≥3dq}}.

Combining (E.14), we get∣∣∣( N∑
j=1

η
[j]

dq
Φ
∗[j]
0 +Φout

)
∧ {∆x (Φ− Φout)− [U∗ ·∆x (Φ− Φout)]U∗}

∣∣∣
≲

N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
λν−δ0−1
∗ ⟨ρj⟩−l−1 + 1 + | ln(T − t)|λν−δ0+Θ−1

∗ R⟨ρj⟩−l−2 + | ln(T − t)|λΘ∗ R⟨ρj⟩−1
)

+ 1{3λ∗R<|x−q[j]|<3dq}

]
≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
provided

Θ + β + δ0 − ν < 0, 2β + δ0 − ν < 0, β < 1/2. (E.48)

By (3.4), (4.28), and (E.14), we have∣∣η[j]R (QγjΦ
[j]

in ) ∧
{[
U [j] ·∆x(Φ− Φout)

]
U [j] −

[
U∗ ·∆x(Φ− Φout)

]
U∗

}∣∣
=

∣∣η[j]R (QγjΦ
[j]

in ) ∧
{[
(U [j] − U∗) ·∆x(Φ− Φout)

]
U [j] +

[
U∗ ·∆x(Φ− Φout)

]
(U [j] − U∗)

}∣∣
≲ η

[j]

R λ∗|Φ
[j]

in ||∆x(Φ− Φout)| ≲ 1{|x−q[j]|≤3λ∗R}
(
λ2ν−2δ0−1
∗ ⟨ρj⟩−2l−2 + λν−δ0

∗ ⟨ρj⟩−l−1
)
≲ T ϵϱ

[j]
1 (E.49)

provided
Θ + β + 2δ0 − 2ν < 0, ν − δ0 > Θ+ β − 1. (E.50)

Since Φ
[j]

in ·W [j] = 0, we get

η
[j]

R (QγjΦ
[j]

in ) ∧
{
∆x (Φ− Φout)−

[
U [j] ·∆x (Φ− Φout)

]
U [j]

}
= η

[j]

R fj(x, t)U
[j]



FINITE-TIME BLOW-UP FOR LLG 127

with a scalar function fj(x, t) = ±
∣∣QγjΦ

[j]

in ∧
{
∆x(Φ − Φout) −

[
U [j] · ∆x(Φ − Φout)

]
U [j]

}∣∣. By U∗-

operation, it suffices to estimate η
[j]

R fj(x, t)(U
[j] − U∗). By (3.4), and same estimate as (E.49), then∣∣η[j]R fj(x, t)(U

[j] − U∗)
∣∣ ≲ η

[j]

R λ∗|Φ
[j]

in | |∆x(Φ− Φout)| ≲ T ϵϱ
[j]
1 .

• The remaining terms will not be strictly handled in order. Under the parameter assumptions
(E.24), by (E.25) and (E.1), we have

|(∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗|

≲

{ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
λϵ+1
∗ λΘ∗ (λ∗R)

−1 + λ∗⟨ρj⟩
)
+ 1{3λ∗R<|x−q[j]|<3dq}

(
| ln(T − t)|λΘ+1

∗ R+ λ∗⟨ρj⟩
)]

+ 1{∩N
j=1{|x−q[j]|≥3dq}}

}( N∑
j=1

1{|x−q[j]|<3dq}λ
−1
∗ ⟨ρj⟩−2 + 1{∩N

j=1{|x−q[j]|≥3dq}}λ∗

)
≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
.

(E.51)

• To estimate (A− Φ · U∗)∆xU∗ = − (A− Φ · U∗)
N∑
j=1

|∇xU
[j]|2U [j]. By U∗-operation and (3.4), (4.5),

(E.1), it suffices to estimate∣∣∣ (A− Φ · U∗)
N∑
j=1

|∇xU
[j]|2

(
U [j] − U∗

) ∣∣∣ ≲ (
λ∗ + |Φ|2 + |Φ · U∗|

) N∑
j=1

λ−2
∗ ⟨ρj⟩−4

N∑
k=1,k ̸=j

⟨ρk⟩−1,

which will be dealt with uniformly in (E.52) later.
• By (E.27), one has∣∣(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1

(1 +A− Φ · U∗)(2∇xΦ · ∇xU∗)− (Φ ∧ U∗)(2∇xΦ · ∇xU∗)
∣∣

=
∣∣(Φ ∧ U∗)

(
1 +O

(
λ∗ + |Φ|2 + |Φ · U∗|

))2
(2∇xΦ · ∇xU∗)− (Φ ∧ U∗) (2∇xΦ · ∇xU∗)

∣∣
≲ |Φ|

(
λ∗ + |Φ|2 + |Φ · U∗|

)
|∇xΦ · ∇xU∗| ≲

(
λ∗ + |Φ|2 + |Φ · U∗|

) (
|Φ| |∇xU∗|2 + |Φ| |∇xΦ|2

)
,

which will be controlled by (E.52) and (E.54) later.
• By (E.27), |U∗| = 1 +O(λ∗) by (3.4), (4.5),∣∣∣{|∇xA|2|U∗|2 + 2(1 +A)∇xA · (U∗ · ∇xU∗) +A(2 +A) |∇xU∗|2

+ 2
2∑

k=1

{
[(∂xk

A)U∗ · ∂xk
Φ+A∂xk

U∗ · ∂xk
Φ]− ∂xk

(U∗ · Φ)
[
|U∗|2∂xk

A+ (1 +A)U∗ · ∂xk
U∗

]
− (U∗ · Φ)

[
(∂xk

A)U∗ · ∂xk
U∗ + (1 +A) |∂xk

U∗|2
]}

+

2∑
k=1

|∂xk
Φ− U∗∂xk

(Φ · U∗)− (Φ · U∗)∂xk
U∗|2

}
ΠU⊥

∗
Φ
∣∣∣

+
∣∣∣− b

{
− 2−1(Φ ∧ U∗)

[
(1 +A)|U∗|2 +

(
U∗ ·ΠU⊥

∗
Φ
)]−1{

2(1 +A− Φ · U∗)(Φ ·∆xU∗)

+ 2(|U∗|2 − 2)|∇x (Φ · U∗) |2 + 2|∇xΦ|2 + 8[(Φ · U∗)− (1 +A)](U∗ · ∇xU∗) · ∇x (Φ · U∗)

+ 2|U∗|2|∇xA|2 + 4
[
−2(Φ · U∗)U∗ · ∇xU∗ + (1− |U∗|2)∇x (Φ · U∗)

]
· ∇xA

+ 8(1 +A) (U∗ · ∇xU∗) · ∇xA+ 2 [(Φ · U∗)− (1 +A)]2
(
|∇xU∗|2 + U∗ ·∆xU∗

)}
− (ΠU⊥

∗
Φ+AU∗) ∧ [2∇x (Φ · U∗) · ∇xU∗] + [A− (Φ · U∗)]Φ ∧∆xU∗

+ΠU⊥
∗
Φ ∧ (2∇xA · ∇xU∗) +

[
(Φ · U∗)

2 − 2A(Φ · U∗)− 2(Φ · U∗)
]
U∗ ∧∆xU∗

+ (1 +A)U∗ ∧ [A∆xU∗ + 2 (∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗ +∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗]
}
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+ 2bAU∗ ∧ [(Φ · ∇xΦ) · ∇xU∗]
∣∣∣

≲ |∇xA|2|Φ|+
(
λ∗ + |Φ|2 + |U∗ · Φ|

)
|Φ|

(
|∇xU∗|2 + |∆xU∗|

)
+ |U∗ · ∇xU∗|2 |Φ|+ |∇xΦ|2|Φ|+

∣∣∣Φ ·
N∑
j=1

|∇xU
[j]|2U [j]

∣∣∣|Φ|+ ∣∣|∇xU∗|2 + U∗ ·∆xU∗
∣∣ |Φ|

+ (λ∗ + |Φ|) |∇x (Φ · U∗)| |∇xU∗|+ |Φ| |∇xA · ∇xU∗|+
(
λ∗ + |Φ|2 + |U∗ · Φ|

)
|U∗ ∧∆xU∗|

+ |U∗ ∧ [∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗]|+ |(∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗|
≲ (λ∗ + |Φ|2 + |U∗ · Φ|)

[
|Φ|

(
|∇xU∗|2 + |∆xU∗|

)
+ |U∗ ∧∆xU∗|

]
+ |U∗ · ∇xU∗|2 |Φ|+ |∇xΦ|2|Φ|+

∣∣∣Φ ·
N∑
j=1

|∇xU
[j]|2U [j]

∣∣∣|Φ|+ ∣∣|∇xU∗|2 + U∗ ·∆xU∗
∣∣ |Φ|

+ (λ∗ + |Φ|) |∇x (Φ · U∗)| |∇xU∗|+ |Φ| |(U∗ · ∇xU∗) · ∇xU∗|+ |Φ| |(Φ · ∇xΦ) · ∇xU∗|

+ |U∗ ∧ [∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗]|+ T ϵ
( N∑

j=1

ϱ
[j]
1 + ϱ3

)
,

where for the last “≲”, we require the assumption (E.24) and then by (E.25),

|∇xA|2|Φ| ≲ |U∗ · ∇xU∗|2 |Φ|+ |Φ|3|∇xΦ|2 + T ϵϱ3,

|Φ| |∇xA · ∇xU∗| ≤ |Φ| |(∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗|
+ |Φ| |(U∗ · ∇xU∗) · ∇xU∗|+ |Φ| |(Φ · ∇xΦ) · ∇xU∗| ,

and |(∇xA+ U∗ · ∇xU∗ +Φ · ∇xΦ) · ∇xU∗| has been controlled by (E.51).
• Combining (E.1), (E.2), (E.6), (E.28), and (E.15), we then obtain

(λ∗ + |Φ|2 + |U∗ · Φ|)
[
|Φ|

(
|∇xU∗|2 + |∆xU∗|

)
+ |U∗ ∧∆xU∗|

]
≲

(
λ∗ + |Φ|2 + |U∗ · Φ|

)
×
[ N∑

j=1

1{|x−q[j]|<3dq}
(
|Φ|λ−2

∗ ⟨ρj⟩−4 + λ−1
∗ ⟨ρj⟩−4 + λ2∗⟨ρj⟩−1

)
+ 1{∩N

j=1{|x−q[j]|≥3dq}}
(
|Φ|λ2∗ + λ3∗

) ]

≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
λ3ν−3δ0−2
∗ + | ln(T − t)|λν−δ0+Θ−1

∗ R+ | ln(T − t)|2λ2Θ∗ R2
)

+ 1{3λ∗R<|x−q[j]|<3dq}⟨ρj⟩
−2

]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}λ
2
∗ ≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
(E.52)

provided δ0 < ν in (4.29),

Θ < β, Θ+ β + 1 + 3δ0 − 3ν < 0, 2β + δ0 − ν < 0, 3β < 1 + Θ. (E.53)

• By (E.3), (E.15), and δ0 < ν in (4.29), we get |U∗ · ∇xU∗|2 |Φ| ≲ T ϵϱ3.
• By (E.15), (E.16),

|∇xΦ|2|Φ| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
λ∗⟨ρj⟩+ λ3ν−3δ0−2

∗ + | ln(T − t)|λ2ν−2δ0+Θ−1
∗ R

)

+ 1{3λ∗R<|x−q[j]|<3dq}
(
λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
) ]

+ 1{∩N
j=1{|x−q[j]|≥3dq}} ≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
(E.54)

provided (4.29),

Θ < β, Θ+ 2β < 2, Θ+ β + 1 + 3δ0 − 3ν < 0, β + δ0 − ν < 0. (E.55)
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• By (E.4), (E.1), we have∣∣∣∣Φ ·
N∑
j=1

|∇xU
[j]|2U [j]

∣∣∣∣|Φ| ≤ ∣∣∣∣ N∑
j=1

|∇xU
[j]|2Φ ·

(
U [j] − U∗

) ∣∣∣∣|Φ|+ ∣∣∣∣ N∑
j=1

|∇xU
[j]|2Φ · U∗

∣∣∣∣|Φ|
≲ |Φ|2

[ N∑
j=1

1{|x−q[j]|<3dq}
(
λ−1
∗ ⟨ρj⟩−4 + λ2∗⟨ρj⟩−1

)
+ 1{∩N

j=1{|x−q[j]|≥3dq}}λ
3
∗

]

+ |Φ · U∗| |Φ|
[ N∑

j=1

1{|x−q[j]|<3dq}λ
−2
∗ ⟨ρj⟩−4 + 1{∩N

j=1{|x−q[j]|≥3dq}}λ
2
∗

]
≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
,

where the last step is derived by the same way as (E.52) under the parameter assumption (E.53).
• By (E.5) and (E.15), we get∣∣|∇xU∗|2 + U∗ ·∆xU∗

∣∣|Φ| ≲ N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
λν−δ0−1
∗ + | ln(T − t)|λΘ∗ R

)
+ 1{3λ∗R<|x−q[j]|<3dq}

(
λ∗⟨ρj⟩−1 + | ln(T − t)|λΘ+1

∗ R⟨ρj⟩−2 + ⟨ρj⟩−3 + | ln(T − t)|λΘ∗ R⟨ρj⟩−4
) ]

+ 1{∩N
j=1{|x−q[j]|≥3dq}}λ

2
∗ ≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
(E.56)

provided
Θ < β < 1/2, Θ+ β + δ0 − ν < 0. (E.57)

• Combining (E.15), (E.23), and (E.1), one has

(λ∗ + |Φ|) |∇x (Φ · U∗)| |∇xU∗| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
| ln(T − t)|λν−δ0+Θ−1

∗ R+ | ln(T − t)|2λ2Θ∗ R2
)

+ 1{3λ∗R<|x−q[j]|<3dq}
(
⟨ρj⟩−1 + | ln(T − t)|λΘ∗ R⟨ρj⟩−2

) ]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}λ∗ ≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
provided

Θ < β, 2β + δ0 − ν < 0, 3β < 1 + Θ. (E.58)

• By (E.1) and (E.3), we have

|Φ| |(U∗ · ∇xU∗) · ∇xU∗| ≲ |Φ|
( N∑

j=1

1{|x−q[j]|<3dq}λ
−1
∗ ⟨ρj⟩−4+1{∩N

j=1{|x−q[j]|≥3dq}}λ
3
∗

)
≲ T ϵ

( N∑
j=1

ϱ
[j]
1 +ϱ3

)
,

which is obtained by the same calculation as in (E.56) under the parameter assumption (E.57).
• By (E.15), (E.16), and (E.1), we get

|Φ| |(Φ · ∇xΦ) · ∇xU∗| ≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
λ3ν−3δ0−2
∗ + | ln(T − t)|2λ2Θ+ν−δ0

∗ R2
)

+ 1{3λ∗R<|x−q[j]|<3dq}λ∗

]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}λ∗ ≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
provided δ0 < ν < 1 in (4.29),

Θ + β + 1 + 3δ0 − 3ν < 0, 3β < Θ+ 1 + ν − δ0. (E.59)

• |U∗ ∧ [∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗]| ≲ T ϵ
[ N∑
j=1

(
ϱ
[j]
1 + ϱ

[j]
2

)
+ ϱ3

]
will be deduced by (E.65) later.
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• To estimate

2 (a− bU∗∧)
[
(∇xU∗ · ∇xΦ)Φ− (Φ · ∇xΦ) · ∇xU∗

−
N∑
j=1

{[
∇xU∗ · ∇x

(
η
[j]
R QγjΦ

[j]
in

)](
η
[j]
R QγjΦ

[j]
in

)
−
[(
η
[j]
R QγjΦ

[j]
in

)
· ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)]
· ∇xU∗

}

+

N∑
j=1

{[
∇xU∗ · ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)](
η
[j]
R Qγj

Φ
[j]
in

)
−
[(
η
[j]
R Qγj

Φ
[j]
in

)
· ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)]
· ∇xU∗

}

−
N∑
j=1

{[
∇xU

[j] · ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)](
η
[j]
R Qγj

Φ
[j]
in

)
−
[(
η
[j]
R Qγj

Φ
[j]
in

)
· ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)]
· ∇xU

[j]
}]

+ 2 (a− bU∗∧)
N∑
j=1

{[
∇xU

[j] · ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)](
η
[j]
R Qγj

Φ
[j]
in

)
−

[(
η
[j]
R Qγj

Φ
[j]
in

)
· ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)]
· ∇xU

[j]
}

−
N∑
j=1

2
(
a− bU [j]∧

){ [
∇xU

[j] · ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)](
η
[j]
R Qγj

Φ
[j]
in

)
−

[(
η
[j]
R Qγj

Φ
[j]
in

)
· ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)]
· ∇xU

[j]
}
.

Due to the cut-off functions, (E.1), (E.16), and (3.23), (E.8) with Φout ∈ Bout and Θ < β, (E.9), it
follows that∣∣∣(∇xU∗ · ∇xΦ)Φ−

N∑
j=1

[
∇xU∗ · ∇x

(
η
[j]
R Qγj

Φ
[j]
in

)](
η
[j]
R Qγj

Φ
[j]
in

) ∣∣∣
=

∣∣∣∣ (∇xU∗ · ∇xΦ)Φ−
[
∇xU∗ · ∇x

( N∑
j=1

η
[j]
R Qγj

Φ
[j]
in

)]( N∑
j=1

η
[j]
R Qγj

Φ
[j]
in

)∣∣∣∣
=

∣∣∣∣(∇xU∗ · ∇xΦ

)(
Φ−

N∑
j=1

η
[j]
R Qγj

Φ
[j]
in

)
+

[
∇xU∗ · ∇x

(
Φ−

N∑
j=1

η
[j]
R Qγj

Φ
[j]
in

)]( N∑
j=1

η
[j]
R Qγj

Φ
[j]
in

)∣∣∣∣
≲

( N∑
j=1

1{|x−q[j]|<3dq}
λ−1
∗ ⟨ρj⟩−2 + 1{∩N

j=1{|x−q[j]|≥3dq}}
λ∗

)

×
[{ N∑

j=1

[
1{|x−q[j]|≤3λ∗R}

(
λν−δ0−1
∗ ⟨ρj⟩−l−1 + 1

)
+ 1{3λ∗R<|x−q[j]|<3dq}

]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}

}

×
{ N∑

j=1

1{|x−q[j]|<3dq}

(
λ∗⟨ρj⟩+ | ln(T − t)|λΘ+1

∗ R
)
+ 1{∩N

j=1{|x−q[j]|≥3dq}}

}
+

N∑
j=1

1{|x−q[j]|≤3λ∗R}λ
ν−δ0
∗ ⟨ρj⟩−l

]

≲
N∑
j=1

[
1{|x−q[j]|≤3λ∗R}

(
λν−δ0−1
∗ + | ln(T − t)|λΘ+ν−δ0−1

∗ R
)
+ 1{3λ∗R<|x−q[j]|<3dq}

⟨ρj⟩−1
]
+ 1{∩N

j=1{|x−q[j]|≥3dq}}
λ∗

≲ T ϵ

( N∑
j=1

ϱ
[j]
1 + ϱ3

)
provided δ0 < ν < 1 in (4.29),

Θ + β + δ0 − ν < 0, 2β + δ0 − ν < 0. (E.60)

We estimate by (E.1), (E.11) that∣∣[∇xU∗ · ∇x

(
η
[j]

R QγjΦ
[j]

in

)](
η
[j]

R QγjΦ
[j]

in

)
−
[
∇xU

[j] · ∇x

(
η
[j]

R QγjΦ
[j]

in

)](
η
[j]

R QγjΦ
[j]

in

)∣∣
≲ λ∗

∣∣∇x

(
η
[j]

R QγjΦ
[j]

in

)∣∣∣∣η[j]R QγjΦ
[j]

in

∣∣ ≲ 1{|x−q[j]|≤3λ∗R}λ
2ν−2δ0
∗ ⟨ρj⟩−2l−1 ≲ T ϵϱ

[j]
1
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under the assumption δ0 < ν in (4.29) and Θ + β − 1 < 0 in (4.32). By (3.4), (E.1), (E.11),∣∣(U∗ − U [j]) ∧
[
∇xU

[j] · ∇x

(
η
[j]

R QγjΦ
[j]

in

)](
η
[j]

R QγjΦ
[j]

in

)∣∣ ≲ 1{|x−q[j]|≤3λ∗R}λ
2ν−2δ0−1
∗ ⟨ρj⟩−2l−3 ≲ T ϵϱ

[j]
1

provided
Θ + β + 2δ0 − 2ν < 0. (E.61)

The other terms in this collection can be handled in the same way.
• Before proceeding, we take a closer look at ∆xU∗ and ∇x(|U∗|2) ·∇xU∗ = 2(U∗ ·∇xU∗) ·∇xU∗. In the
single bubble case N = 1, ∆xU∗ can be neglected by the U∗-operation and ∇x(|U∗|2) · ∇xU∗ vanishes
automatically. However, in the case of multiple bubbles, the phenomenon is different. There exists
delicate cancellation for ∆xU∗ − 2(U∗ · ∇xU∗) · ∇xU∗.

Recall the definition of fC−1
j

given in (2.14). Claim:

∆xU∗ = −
N∑
j=1

|∇xU
[j]|2U [j]

=
N∑
j=1

∑
k ̸=j

{
16η

[j]

R λ
−2
j ρ2j (ρ

2
j + 1)−3λk|q[j] − q[k]|−2

[
q
[j]
1 − q

[k]
1 + i

(
q
[j]
2 − q

[k]
2

)]
ei(γk−γj)e−iθj

− 16η
[j]

R λ
−2
j (ρ2j + 1)−3λk|q[j] − q[k]|−2

[
q
[j]
1 − q

[k]
1 − i

(
q
[j]
2 − q

[k]
2

)]
e−i(γk−γj)eiθj

}
C−1
j

+O(T ϵ)

[ N∑
j=1

(
ϱ
[j]
1 + ϱ

[j]
2

)
+ ϱ3

]
− Ξ1(x, t)U∗ (E.62)

for some scalar function Ξ1(x, t) when

Θ + 2β − 1 < 0. (E.63)

Under the assumption (E.63), then

∇x(|U∗|2) · ∇xU∗ = 2(U∗ · ∇xU∗) · ∇xU∗

=
N∑
j=1

∑
m ̸=j

{
16η

[j]

R λ
−2
j ρ2j (ρ

2
j + 1)−3λm|q[j] − q[m]|−2

[
q
[j]
1 − q

[m]
1 + i

(
q
[j]
2 − q

[m]
2

)]
ei(γm−γj)e−iθj

− 16η
[j]

R λ
−2
j (ρ2j + 1)−3λm|q[j] − q[m]|−2

[
q
[j]
1 − q

[m]
1 − i

(
q
[j]
2 − q

[m]
2

)]
e−i(γm−γj)eiθj

}
C−1
j

+O(T ϵ)

[ N∑
j=1

(
ϱ
[j]
1 + ϱ

[j]
2

)
+ ϱ3

]
.

(E.64)

In particular,

∆xU∗ − 2 (U∗ · ∇xU∗) · ∇xU∗ = O(T ϵ)

[ N∑
j=1

(
ϱ
[j]
1 + ϱ

[j]
2

)
+ ϱ3

]
− Ξ1(x, t)U∗. (E.65)

Proof of (E.62). Given j ∈ {1, . . . , N}, |∇xU
[j]|2U [j] = |∇xU

[j]|2[(U [j] − U∗) + U∗]. By (E.1), (3.4),∣∣|∇xU
[j]|2(U [j] − U∗)

∣∣ ≲ 1{|x−q[j]|<3dq}λ
−1
∗ ⟨ρj⟩−4 + 1{|x−q[j]|≥3dq}λ

2
∗,∣∣(1− η

[j]

R

)
|∇xU

[j]|2(U [j] − U∗)
∣∣ ≲ 1{λ∗R/2≤|x−q[j]|<3dq}λ

3
∗|x− q[j]|−4 + 1{|x−q[j]|≥3dq}λ

2
∗ ≲ T ϵ

(
ϱ
[j]
2 + ϱ3

)
.

The estimate
∣∣η[j]R |∇xU

[j]|2(U [j]−U∗)
∣∣ ≲ η

[j]

R λ
−1
∗ ⟨ρj⟩−4 is too rough and can not be controlled by the

outer topology. More sophisticated analysis will be applied. Indeed, by (2.5) and the representation
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(2.11),

|∇xU
[j]|2

(
U [j] − U∗

)
= −2λ−2

j |∇
y[j]
U [j]|2

∑
k ̸=j

(|y[k]|2 + 1)−1Qγk

[
y
[k]
1 , y

[k]
2 ,−1

]tr
= − 16λ−2

j (ρ2j + 1)−2
∑
k ̸=j

(ρ2k + 1)−1
[
eiγk

(
y
[k]
1 + iy

[k]
2

)
,−1

]tr
.

For k ̸= j,

ρ2k = λ−2
k |x− ξ[k]|2 = λ−2

k |ξ[j] − ξ[k]|2
{
1 + |ξ[j] − ξ[k]|−2

[
|x− ξ[j]|2 + 2(x− ξ[j]) · (ξ[j] − ξ[k])

]}
,(

ρ2k + 1
)−1

= λ2k|ξ[j] − ξ[k]|−2
{
1 + |ξ[j] − ξ[k]|−2

[
λ2k + |x− ξ[j]|2 + 2(x− ξ[j]) · (ξ[j] − ξ[k])

]}−1
.

In particular,

η
[j]

R

(
ρ2k + 1

)−1
= η

[j]

R λ
2
k|ξ[j] − ξ[k]|−2

(
1 +O

(
λ2∗ + λ∗R

))
, (E.66)

which implies

η
[j]

R |∇xU
[j]|2

(
U [j] − U∗

)
= −16η

[j]

R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

(ρ2k + 1)−1
[
eiγk

(
y
[k]
1 + iy

[k]
2

)
,−1

]tr
= − 16η

[j]

R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

λ2k|ξ[j] − ξ[k]|−2
(
1 +O

(
λ2∗ + λ∗R

)) [
eiγk

(
y
[k]
1 + iy

[k]
2

)
,−1

]tr
.

(E.67)

Notice by (2.3),

y
[k]
1 + iy

[k]
2 =

[
λjy

[j]
1 + ξ

[j]
1 − ξ

[k]
1 + i

(
λjy

[j]
2 + ξ

[j]
2 − ξ

[k]
2

)]
λ−1
k

= λjλ
−1
k ρje

iθj + λ−1
k

[
ξ
[j]
1 − ξ

[k]
1 + i

(
ξ
[j]
2 − ξ

[k]
2

)]
.

Recall fCj defined in (2.13). Combining (2.20), we have(
Π

U [j]⊥

[
eiγk

(
y
[k]
1 + iy

[k]
2

)
,−1

]tr)
Cj

=
(
1− 2

ρ2j + 1
Re

) [(
y
[k]
1 + iy

[k]
2

)
ei(−θj+γk−γj)

]
+

2ρj
ρ2j + 1

= λjλ
−1
k ρj

(
1− 2

ρ2j + 1
Re

) [
ei(γk−γj)

]
+

2ρj
ρ2j + 1

+ λ−1
k

(
1− 2

ρ2j + 1
Re

){[
ξ
[j]
1 − ξ

[k]
1 + i

(
ξ
[j]
2 − ξ

[k]
2

)]
ei(−θj+γk−γj)

}
,

[
eiγk

(
y
[k]
1 + iy

[k]
2

)
,−1

]tr
· U [j] =

2ρj
ρ2j + 1

Re
[(
y
[k]
1 + iy

[k]
2

)
ei(−θj+γk−γj)

]
−
ρ2j − 1

ρ2j + 1

= λjλ
−1
k

2ρ2j
ρ2j + 1

Re
[
ei(γk−γj)

]
−
ρ2j − 1

ρ2j + 1
+ λ−1

k

2ρj
ρ2j + 1

Re
{[
ξ
[j]
1 − ξ

[k]
1 + i

(
ξ
[j]
2 − ξ

[k]
2

)]
ei(−θj+γk−γj)

}
.

(E.68)

Then

η
[j]

R

{
Π

U [j]⊥

[
|∇xU

[j]|2
(
U [j] − U∗

)]}
Cj

= −16η
[j]

R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

λ2k|ξ[j] − ξ[k]|−2
(
1 +O

(
λ2∗ + λ∗R

))
×

{
λjλ

−1
k ρj

(
1− 2

ρ2j + 1
Re

) [
ei(γk−γj)

]
+

2ρj
ρ2j + 1

}
− 16η

[j]

R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

λk|ξ[j] − ξ[k]|−2
(
1 +O

(
λ2∗ + λ∗R

))
×
(
1− 2

ρ2j + 1
Re

){[
ξ
[j]
1 − ξ

[k]
1 + i

(
ξ
[j]
2 − ξ

[k]
2

)]
ei(−θj+γk−γj)

}
.

(E.69)
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Here, due to Θ + β − 1 < 0 given in (4.32),∣∣∣16η[j]R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

λ2k|ξ[j] − ξ[k]|−2
(
1 +O

(
λ2∗ + λ∗R

))
×
{
λjλ

−1
k ρj

(
1− 2

ρ2j + 1
Re

) [
ei(γk−γj)

]
+

2ρj
ρ2j + 1

}∣∣∣ ≲ η
[j]

R ⟨ρj⟩−3 ≲ T ϵϱ
[j]
1 ,∣∣∣16η[j]R λ

−2
j (ρ2j + 1)−2

∑
k ̸=j

λk|ξ[j] − ξ[k]|−2
(
O
(
λ2∗ + λ∗R

))
×
(
1− 2

ρ2j + 1
Re

){[
ξ
[j]
1 − ξ

[k]
1 + i

(
ξ
[j]
2 − ξ

[k]
2

)]
ei(−θj+γk−γj)

} ∣∣∣ ≲ η
[j]

R R⟨ρj⟩
−4 ≲ T ϵϱ

[j]
1 ,

where for the second inequality, we require

Θ + 2β − 1 < 0. (E.70)∣∣∣− 16η
[j]

R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

λk|ξ[j] − ξ[k]|−2
(
1− 2

ρ2j + 1
Re

){[
ξ
[j]
1 − ξ

[k]
1 + i

(
ξ
[j]
2 − ξ

[k]
2

)]
ei(−θj+γk−γj)

}
+ 16η

[j]

R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

λk|q[j] − q[k]|−2
(
1− 2

ρ2j + 1
Re

){[
q
[j]
1 − q

[k]
1 + i

(
q
[j]
2 − q

[k]
2

)]
ei(−θj+γk−γj)

} ∣∣∣
≲ η

[j]

R | lnT |−1 ln2(T − t)⟨ρj⟩−4 ≲ T ϵϱ
[j]
1 .

− 16η
[j]

R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

λk|q[j] − q[k]|−2
(
1− 2

ρ2j + 1
Re

){[
q
[j]
1 − q

[k]
1 + i

(
q
[j]
2 − q

[k]
2

)]
ei(−θj+γk−γj)

}
= − 16η

[j]

R λ
−2
j ρ2j (ρ

2
j + 1)−3

∑
k ̸=j

λk|q[j] − q[k]|−2
[
q
[j]
1 − q

[k]
1 + i

(
q
[j]
2 − q

[k]
2

)]
ei(γk−γj)e−iθj

+ 16η
[j]

R λ
−2
j (ρ2j + 1)−3

∑
k ̸=j

λk|q[j] − q[k]|−2
[
q
[j]
1 − q

[k]
1 − i

(
q
[j]
2 − q

[k]
2

)]
e−i(γk−γj)eiθj ,

which will be put into mode −1 and mode 1 respectively.
For the projection in U [j], by (E.67), (E.68), we calculate

η
[j]

R |∇xU
[j]|2

(
U [j] − U∗

)
· U [j]

= − 16η
[j]

R λ
−2
j (ρ2j + 1)−2

∑
k ̸=j

λ2k|ξ[j] − ξ[k]|−2
(
1 +O

(
λ2∗ + λ∗R

))
×
[
λjλ

−1
k

2ρ2j
ρ2j + 1

Re
[
ei(γk−γj)

]
−
ρ2j − 1

ρ2j + 1
+ λ−1

k

2ρj
ρ2j + 1

Re
{[
ξ
[j]
1 − ξ

[k]
1 + i

(
ξ
[j]
2 − ξ

[k]
2

)]
ei(−θj+γk−γj)

}]
.

Thus by U∗-operation and (3.4),∣∣η[j]R |∇xU
[j]|2[(U [j] − U∗) · U [j]](U [j] − U∗)

∣∣ ≲ η
[j]

R ⟨ρj⟩−4 ≲ T ϵϱ
[j]
1 .

In sum, we conclude the validity of (E.62). □

Proof of (E.64). Note that 2(U∗ · ∇xU∗) · ∇xU∗ = 2
( N∑

j=1
U∗ · ∇xU

[j]
)
·

N∑
n=1

∇xU
[n] = 2

[ N∑
j=1

∑
m ̸=j

(U [m] −

U∞) · ∇xU
[j]
]
·

N∑
n=1

∇xU
[n]. For any fixed j ∈ {1, . . . , N} and any m ̸= j, n ̸= j, by (E.1),∣∣[(U [m] − U∞
)
· ∇xU

[j]
]
· ∇xU

[n]
∣∣ ≲ ∣∣∇xU

[j]
∣∣ ∣∣∇xU

[n]
∣∣

≲ 1{|x−q[j]|<3dq}⟨ρj⟩
−2 + 1{|x−q[n]|<3dq}⟨ρn⟩

−2 + 1{{|x−q[j]|≥3dq}∩{|x−q[n]|≥3dq}}λ
2
∗ ≲ T ϵϱ3,
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[j]

R )
[
(U [m] − U∞) · ∇xU

[j]
]
· ∇xU

[j]
∣∣

≲ 1{λ∗R/2≤|x−q[j]|≤dq}λ
3
∗|x− q[j]|−4 + 1{|x−q[j]|>dq}λ

2
∗ ≲ T ϵ

(
ϱ
[j]
2 + ϱ3

)
.

A more refined analysis is needed for 2η
[j]

R

[ ∑
m̸=j

(U [m] − U∞) · ∇xU
[j]
]
· ∇xU

[j]. For any m ̸= j,

[(
U [m]−U∞

)
·∇xU

[j]
]
·∇xU

[j] =
2∑

k=1

[(
U [m]−U∞

)
·∂xk

U [j]
]
∂xk

U [j] = λ−2
j

2∑
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·∂
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k
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Recall (2.3). By (2.8) and (2.5), we write in polar coordinates

∂
y
[j]
1
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2
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,
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j cos θj∂θjU
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(
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,

which implies
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2
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.

The representation (2.11) then reads

U [m] − U∞ = 2(|y[m]|2 + 1)−1Qγm
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1 , y
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2 ,−1

]tr
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]tr
.

From this and (E.68), it follows that(
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j
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Combining (E.66), we have
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= 16η
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R λ
−2
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2
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1 ,

where for the last equality, we used the assumption (E.70) and the same estimates for (E.69). □

Combining l > 0, 0 < δ0 < ν < 1 given in (4.29), (E.24) (These are used for the estimate of ∇xA in
(E.25)), (E.38), (E.40), (E.41), (E.43), (E.44), (E.45), (E.46), (E.47), (E.48), (E.50), (E.53), (E.55),
(E.57), (E.58), (E.59), (E.60), (E.61), and (E.63), we get the parameter requirement (E.37). □

Appendix F. Index

In this section, some frequently used terminologies and symbols are compiled.

U∗-operation Algebraic power type (AP) Re-gluing process Sub-Gaussian estimates
(4.6) the context near (8.3) Propositions 8.1, 8.3, 8.5 Subsection 6.2
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0 M̃
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(4.44) (5.4) Subsection 6.1 (7.29) (7.31) (8.3) (8.7) (8.13)
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[101] José M Palacios and Fabio Pusateri. Linearized dynamic stability for vortices of Ginzburg-
Landau evolutions. arXiv preprint arXiv:2409.04393, 2024.

[102] Galina Perelman. Blow up dynamics for equivariant critical Schrödinger maps. Comm. Math.
Phys., 330(1):69–105, 2014.

[103] Mohandas Pillai. Global, non-scattering solutions to the energy critical wave maps equation.
Comm. Math. Phys., 399(3):1857–1990, 2023.

[104] Jie Qing. On singularities of the heat flow for harmonic maps from surfaces into spheres. Comm.
Anal. Geom., 3(1-2):297–315, 1995.

[105] Jie Qing and Gang Tian. Bubbling of the heat flows for harmonic maps from surfaces. Comm.
Pure Appl. Math., 50(4):295–310, 1997.
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