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FINITE-TIME SINGULARITY FORMATIONS FOR THE
LANDAU-LIFSHITZ-GILBERT EQUATION IN DIMENSION TWO

JUNCHENG WEI, QIDI ZHANG, AND YIFU ZHOU

ABSTRACT. We construct non-equivariant blow-up solutions to the Landau-Lifshitz-Gilbert equation
(LLG) from R? into S>

ur = a(Au+ |Vul?u) —bu A Au  in R? x (0,7T),
u(-,0) = ug € S? in R?,

where a® +b®> =1, a > 0, b € R. Given any prescribed, distinct N points in R? and small T > 0, we
prove that there exists a smooth initial data such that the gradient of the solution blows up precisely
at these points at finite time ¢ = T, taking around each point the profile of sharply scaled degree 1
harmonic map with the blow-up speed

[Vu(-, t)|| Lo @2y ~ |InT| (T — )~} In(T — t)|° for te€ (0,T).

While blow-ups for Harmonic Map Flow (HMF, a = 1) have been constructed by Dévila, del Pino,
and Wei [22], substantial difficulties arise in the gluing construction due to the coupling between HMF
and Schrodinger Map Flow (SMF) in LLG, and such coupling produces both dissipative (a > 0) and
dispersive (b # 0) features. A direct consequence of the presence of dispersion is the lack of mazimum
principle for suitable quantities, which makes the analysis more delicate even at the linearized level.
The dispersion cannot be treated perturbatively, even in the dissipation-dominating case a/|b] > 1,
and one has to include this as part of the leading order. To overcome these difficulties, we utilize
two key technical ingredients. First, for the resolution of the inner problem, we employ the distorted
Fourier transform, as developed by Krieger, Miao, Schlag, and Tataru [75, 78]. Second, the linear
theory for the outer problem is achieved by means of the sub-Gaussian estimate for the fundamental
solution of the parabolic system in non-divergence form with coefficients of Dini mean oscillation in
space (DMOy), which was proved by Dong, Kim, and Lee [34].
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1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. Let M be an m-dimensional Riemannian manifold of metric g and S? be the
2-sphere embedded in R3. The Landau-Lifshitz-Gilbert equation (LLG) on M is given by

{utz—au/\(u/\AMu)—bu/\AMu in M x(0,7), (1.1)

u(-,0) = ugp € S? in M,
where a? +0> =1,a>0,b € R, Ay = |g|_1/28xﬁ (g*8 \/Haxa) is the Laplace-Beltrami operator, and
u = [u1,ug,us)" is a 3-vector with normalized length which is a mapping u(z,t) : M x (0,T) — S2.
First formulated by Landau and Lifshitz [32] in 1935, LLG (1.1) is an important system modeling the
effects of a magnetic field on ferromagnetic materials in micromagnetics, and it describes the evolution
of spin fields in continuum ferromagnetism; Gilbert proposed the famous Gilbert damping later in [15].
LLG (1.1) can be viewed as a bridge between the harmonic map flow (HMF) when a = 1, b = 0 and
the Schrédinger map flow (SMF) when a =0, b = —1.
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In the context of HMF, Struwe [115] proved the existence and uniqueness of weak solution with at
most finitely many singular points when M is a Riemann surface. Freire [15] and Lin-Wang [36] proved
that Struwe’s solution is unique in the class of weak solutions with decreasing Dirichlet energy. See
also Freire [11] for further generalizations and Struwe [119], Chen-Struwe [l 1] for higher dimensional
cases. Chang, Ding and Ye [8] first proved the existence of finite-time blow-up solutions for HMF
from disk into S2. See also Coron-Ghidaglia [14], Chen-Ding [10], Ding-Tian [30], Qing [104], Wang
[130], Qing-Tian [105], Lin-Wang [34], Topping [126] and the references therein for profound bubbling
analysis and blow-up examples in related contexts. Recent advancements in bubbling decompositions
have been achieved by Jendrej-Lawrie [60], Jendrej-Lawrie-Schlag [62]. We refer to the monograph by
Lin and Wang [35] for comprehensive results on bubbling phenomena, regularity theory for harmonic
maps and their heat flows.

In [127], via formal analysis, van den Berg, Hulshof, and King predicted the existence of blow-up
solutions for the two-dimensional HMF into S? with quantized rates

i\ k oty +
k() ~ (T —t)"|In(T —t)|"2+-1, keNT. (1.2)
There is a class of solutions taking the following special form

w(z,t) = u(re, t) = (cos(nf) sinv(r,t), sin(nd)sinv(r,t), cosv(r,t)), (1.3)

called n-equivariant solution with n € Z. While van der Hout [129] excluded finite-time bubble trees
in the l-equivariant class, finite-time blow-ups do exist in such case. For the case M = R? and the
target manifold is a revolution surface, using the profile of degree 1 harmonic map ()1, Raphaél and
Schweyer [107, ] constructed finite-time blow-up solutions with rates (1.2) for all £ > 1 in the
l-equivariant class, where the initial data can be taken arbitrarily close to ()1 in the energy-critical
topology. For the case that M is a general bounded domain in R?, D4vila, del Pino and Wei [22]
considered the general case without symmetry and constructed non-equivariant solutions which blow
up at finitely many points with the type II rate (1.2) for k¥ = 1, and they further investigated the
stability of blow-ups and reverse bubbling phenomena. The construction in [22] can be generalized to
the case M = R2.

On the other hand, for SMF with M = R2, Merle, Raphaél and Rodnianski [)5] constructed the
finite-time blow-up solution with the rate (1.2) for £ = 1 in the l-equivariant class. Analogous to
the results of Krieger, Schlag, and Tataru [72] for wave maps, Perelman [102] constructed finite-time
blow-up solutions with continuous rates, i.e., Krieger-Schlag-Tataru type. The global well-posedness
results in various critical spaces and space dimensions, and the dynamics of SMF near ground state
have been studied widely in the works by Bejenaru, Ionescu, Kenig, and Tataru [3, 4, 5, 7, 57] and
the references therein.

For LLG, in the case M = R3, a > 0, Alouges and Soyeur [1] proved the existence of weak solutions
for (1.1) and constructed infinitely many weak solutions. The existence of the weak solution to LLG
has been established by Guo and Hong [51] when M is a closed Riemannian manifold with m > 3,
while for the case that M is a closed Riemann surface, the weak solution was shown to be unique
and regular except for at most finitely many points [51]. When M = R? and the target manifold
is a smooth closed surface embedded in R?, approximation by discretization was used by Ko [6]
to construct a solution of LLG that is smooth away from a two-dimensional locally finite Hausdorff
measure.

In general, one cannot expect good partial regularity results for weak solutions in the higher di-
mensional case m > 3 without further regularity or energy minimizing assumptions. In fact, Riviéere
[109] constructed weakly harmonic maps from the ball B3 C R? into S? for which the singular set is
the entire closed ball B3, and this result can be generalized to higher dimensions. Note that harmonic
maps also solve LLG. In a similar spirit to Chen-Struwe [11] for higher dimensional HMF, Melcher
[92] proved that for M = R™ with m = 3 there exists a global weak solution to LLG whose singular
set has finite 3-dimensional parabolic Hausdorff measure. Later, this result was generalized to m < 4
by Wang [131]. With the additional stability assumption for the weak solution, for m < 4, Moser
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[99] proved a better estimate for the singular set. The partial regularity of LLG (1.1) for m > 5 still
remains open.

For M = R™, the global existence, uniqueness, and decay properties for the solution of (1.1) were
established by Melcher [03] for m > 3 with initial data ug close to a fixed point in S? in the L™ norm.
Lin, Lai, and Wang [37] generalized the result to Morrey space and m > 2. For uy away from a fixed
point in $? with BMO semi-norm sufficiently small, Gutiérrez and de Laire [55] proved the global
existence, uniqueness, and regularity results for LLG. We refer to a recent survey [23] by de Laire for
current developments on LLG.

The study of the dynamics for LLG with initial data close to harmonic maps is of special significance
and can provide hints on the mechanism of singularity formation. A series of works by Gustafson-Kang-
Tsai [52, 53], Guan-Gustafson-Tsai [50], Gustafson-Nakanishi-T'sai [541] are devoted to the behavior
of the solutions to LLG with M = R? and with initial data ug close to the harmonic map in the
n-equivariant class. They found, among other things, that there is no finite-time blow-up for LLG
and HMF with ug close to n-equivariant harmonic maps for n > 3 and n > 2, respectively. In sharp
contrast to LLG and HMF, blow-ups do happen in the higher equivariant class for wave maps; see
Rodnianski-Sterbenz [110] and Raphaél-Rodnianski [106]. Recently, interesting investigations were
further extended to the near-soliton dynamics of the 2-equivariant SMF by Bejenaru-Pillai-Tataru [6],
and to a complete classification of global dynamics, of the soliton resolution type, for equivariant-HMF
with n > 3 and energy-critical semilinear heat equations by Kim-Merle [(3].

The singularity formation for LLG is an important and challenging topic. For the case that M is

a compact manifold with or without boundary in dimensions m = 3, 4, Ding and Wang [29] obtained
the existence of a smooth finite-time blow-up solution for LLG, and they stressed the importance
of finite time singularity when m = 2 in view of the seminal work of Chang-Ding-Ye [¢] on HMF.

However, neither Bochner’s formula nor Struwe’s parabolic energy monotonicity formula is available in
LLG, while these play a crucial role in the singularity analysis for HMF. For M C R?, as an analogue
of Qing [104] for HMF, Harpes [56] gave descriptions of solutions to LLG (1.1) near the singular
points, but no example of finite-time singularity for LLG in R? was given. For the energy critical
case that M is a disk in R?, in an interesting paper [125], van den Berg and Williams predicted the
existence of finite-time blow-up by formal asymptotic analysis supported with numerical simulations.
For M = R?, Xu and Zhao [133] rigorously constructed a finite-time blow-up solution to (1.1) in a
special 1-equivariant class as in (1.3).

1.2. Main results. In this paper, we consider the case with target manifold S?, M = R?, and positive
damping parameter a > 0. (1.1) can then be written as

uy = a(Au+ |Vul|?u) —bu A Au  in R? x (0,7, (1.4)

u(-,0) = ug € S? in R2. '
The Dirichlet energy E[u] = 1 [o. [Vul? is non-increasing along smooth solutions to (1.4) with suf-
ficient decay as 4 E[u] = —a [g. |u A Aul?. In this sense, the parameter a in the case a > 0 can be

regarded as a damping that produces dissipation in the energy.

We are interested in the general non-radially symmetric setting to (1.4), where the solution blows
up in finite time taking the profile of multiple bubbles, and thus the solution is non-equivariant. We
remark that very little is known about the singularity formation beyond the equivariant class. The
construction of non-equivariant solutions produces essential difficulties and a tremendous amount of
careful analysis, as already observed by Dévila-del Pino-Wei in HMF [22] and by Krieger-Miao-Schlag
in wave maps [75]. The general case requires the control of all the modes/angular momenta, including
the equivariant mode 0, as well as the complicated interactions among bubbles.
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Our construction is based on the following degree 1 profile

1 2y1

22 |, y=(y1,3) € R (1.5)

W(y) i= ———
(v) D

Clearly, QVW(/\*l(:U — 5)) solves the stationary equation of (1.4) for any & € R?, X > 0, and any
~-rotation matrix around z-axis )
cosy —siny 0

Q= |siny cosy Of. (1.6)
| 0 0 1

Denote Uy = [0,0,1]*". Obviously, W (o0) = Us. Our main result is stated as follows.

Theorem 1. Assume a®> +b* =1, a >0, b€ R in (1.4). Given N € Z, and arbitrary N distinct
points ¢! € R?, j = 1,2,...,N, for T > 0 sufficiently small, there exists a smooth initial data ug
such that the gradient of the solution u to (1.4) blows up at these N points at finite time t = T
simultaneously. More precisely, the solution u takes the sharply scaled degree 1 profile around each
point gl7!

ulat) = ~(N - s 0Y
( ,t) ( 1 U +]Zleyj(t)W< )\](t) >+q)per( ,t)
with

N(t) = KA +O0(InT|7)),  Alt) = W

. 1
() = gV + O((T —1)'*°), () =~} + O(|InT|"2),
where k% > 0 is a constant independent of a,b, v € [—7/2,7/2] is a constant depending on a,b, the
constant €9 > 0 is sufficiently small, and the perturbation term P®pe, satisfies

1®perllLoe@ex o)) €1 1V®per(- )l oo (r2) S AL ().
The solution constructed in Theorem 1 exhibits rather precise asymptotic behavior. Based on the
analysis, a strong convergence and a weak-* convergence of the Radon measure are shown.

Corollary 1.1. The solution in Theorem 1 satisfies

u(z,t) — ZQ%”[ (x;f(“l())_[]oo}_ﬂ] as t—T
in HL (R?) N L>(R?) for some u.(z) € HL (R?) N L®(R?). Moreover,

N
|Vu(-, )| de S |Vug|* do + 87’[’2 O, as t—=T
j=1
as weak-x convergence of the Radon measure.
Remark 1.1.

(1) The damping term a > 0 plays a crucial role in the construction, both in the near-singularity
and remote regions. In the current framework, it seems to be difficult to obtain uniform
estimates in the limit a . 0.
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(2) Forj=1,2,...,N,
| In(T — t)|?

I O s (-2
K5 TN(T —t) > )

Vu(g9, )] ~

exhibiting a type II blow-up pattern at each blow-up point.

(3) The stability of the non-equivariant blow-up remains an important open question. We conjec-
ture that the blow-up solution in Theorem 1 persists for initial data staying within a manifold
with higher codimension. The number of unstable directions might depend on rotation param-
eters vj(t) (j = 1,2,...,N) and the freedom needed when adjusting the vanishing property
of the outer solution. In this regard, deriving various Lipschitz-dependences is a challenging
problem as the outer problem is a quasilinear parabolic system.

(4) Due to the parabolic gluing method employed, the construction works as well for the case of
smooth, bounded domain Q C R? with Dirichlet or Neumann boundary conditions, and the
main difference in the construction reflects in the fundamental solution in the sense of Dong-
Kim-Lee [7/] with corresponding boundary conditions.

1.3. Strategy and novelties in the construction. The proof of Theorem 1 is a gluing construc-
tion extending the parabolic gluing method to quasilinear system with dispersion. The parabolic gluing

method was first established by Cortdzar-del Pino-Musso [15] and Dévila-del Pino-Wei [22] to inves-
tigate the singularity formation for parabolic PDEs. The elliptic version, called inner-outer gluing
method, was developed earlier by del Pino-Kowalczyk-Wei [24, 25] for the higher dimensional concen-

tration of nonlinear Schrédinger equations and the counterexample to the De Giorgi’s conjecture in
large dimensions. The gluing method turns out to be rather versatile and has been generalized to
various evolution equations later. For recent developments in gluing method, we refer to Davila-del
Pino-Musso-Wei [19, 20, 21], del Pino-Musso-Wei [26, 27, 28], Sire-Wei-Zheng [116, |, Davila-del
Pino-Dolbeault-Musso-Wei [18] on fluid equations, geometric flows and those stemming from mathe-
matical biology and physics.

Our study of the singularity formation for LLG is motivated by the endpoint case (a = 1) for
HMF [22]. However, substantial difficulties arise due to the coupling between HMF and SMF in LLG
(1.4), and such coupling produces both dissipative (a > 0) and dispersive (b # 0) features. A direct
consequence of the presence of dispersion is the lack of maximum principle for suitable quantities,
which makes the analysis more delicate even at the linearized level. The dispersion cannot be treated
perturbatively even in the dissipation-dominating case a/|b| > 1, and one has to include this as part
of the leading order. In our inner-outer gluing construction, new linear theories for both inner and
outer problems need to be developed, taking into account the dissipation and dispersion concurrently.
Based on these linear theories, weighted spaces that capture the precise asymptotics of solution in
near-singularity zones and remote regions are devised carefully.

1.3.1. Distorted Fourier transform and re-gluing process in the inner problems. The new linear theory
for the inner problems is developed by analyzing each Fourier mode, which is the Fourier expansion of
the complex form on each tangent plane of the bubble on S?. Due to the absence of mazimum principle,
several steps combining energy methods, solving the elliptic equations, and Duhamel formulas, are
employed to get rough upper bounds for each mode. More refined bounds at different Fourier modes
are obtained by different methods.

e Mode k, |k| > 2. One of the main challenges is the convergence in k when summing over all modes,
while maintaining a sufficiently fast decay. By employing the rotation form of the right-hand side and
applying a careful scaling argument, in conjunction with the regularity theory in the DMO, space, we
manage to extract the negative power of |k|. Combining these with the re-gluing process, we derive an
upper bound that depends explicitly on k. This bound is sufficient to ensure the convergence of the
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summation over all modes. See Subsection 8.3 for further details. In order to refine the bounds and
get better pointwise decay estimates, we perform another gluing procedure, called re-gluing process,
at all the modes except mode —1. The re-gluing process was first used in the analysis of linearization
of HMF at mode 0 in [22], and here we generalize this technique to all modes except mode —1. The
re-gluing process aims to improve the time decay rate in the apriori estimates and provides more
flexibility in choosing parameters to devise the topologies to solve the gluing system.

e Mode 0 and mode 1. In contrast to the mode k, |k| > 2, the elliptic operators for mode 0 and
mode 1 admit bounded kernels function with decay (cf. (8.17)), for which orthogonality conditions are
required to recover the decay information of the right-hand side. These orthogonality conditions and
the use of the re-gluing lead to perturbation terms c.o(7), c«1(7), which make the reduced equations,
especially for mode 1, and non-orthogonal inner problems (4.42) more complicated. See Proposition
8.3, Proposition 8.5, and (5.3).

e Mode —1. The use of the above method does give a solution, but this solution deteriorates in the
innermost region and is not sufficient for the gluing to be implemented. The reason is that by (8.102)
and (8.13), mode —1 can be roughly viewed as a heat equation in R? near spatial infinity, and the
estimates obtained are worse than any other mode as one cannot gain spatial decay by the Duhamel’s
formula. Instead, motivated by the groundbreaking work of Krieger, Miao, and Schlag [75] on the
stability of blow-up for wave maps beyond the equivariant class, we utilize the powerful and versatile
techniques of the distorted Fourier transform for the dealing of mode —1.

The distorted Fourier transform has been successfully developed and applied in various problems.
The general framework and theories on the spectral analysis of the half-line Schrodinger operator with
strongly singular potentials have been developed by Gesztesy and Zinchenko [17]. Schlag [112] es-
tablished the Littlewood-Paley theory for resonant Schrodinger operators. Of significant importance
are its applications in the singularity formation, dispersive estimates and asymptotic stability; see
fundamental works by Krieger-Schlag [70, 71] for constructing stable and stable blow-up manifolds for
Schrodinger equations, and Krieger-Schlag-Tataru [72, 73, 78], Krieger-Schlag [77], Donninger-Huang-
Krieger-Schlag [35] for the blow-ups in critical wave equations, wave maps and hyperbolic Yang-Mills
equation. Schlag-Soffer-Staubach [113, | proved dispersive estimates for Schrodinger and wave evo-
lutions on Riemannian manifolds with conical ends; we refer to a good survey [111] by Schlag in this
regard. Donninger-Schlag-Soffer [38, 39] investigated the stability and decay estimates in general rel-
ativity. Krieger-Nakanishi-Schlag [09] classified the global dynamics of Klein-Gordon equations with
energy above that of the ground state slightly. For the application in the dispersive decay and scat-
tering theory of Schrodinger equations, wave equations, and wave maps, we refer to Goldberg-Schlag
[19], Costin-Schlag-Staubach-Tanveer [17], Donninger-Schlag [37], Costin-Donninger-Schlag-Tanveer
[16], Lawrie-Schlag [33] and the references therein. Recently, there are growing interests in asymp-
totic stability of solitons/kinks and blow-ups in many PDEs via distorted Fourier transform. See, for
instance, Krieger-Miao [74] and Krieger-Miao-Schlag [75] for wave maps in 24 1 dimensions, Germain-
Pusateri [10], Lithrmann-Schlag [89, 90], and Lindblad-Lithrmann-Schlag-Soffer [35] for Klein-Gordon
equations, Bejenaru-Pillai-Tataru [6] for SMF, Palacios-Pusateri [101] for Ginzburg-Landau evolutions,
and Chen-Lithrmann [9] for the sine-Gordon equation.

Using the distorted Fourier transform, we develop linear theory at mode —1 with or without orthog-
onality conditions. The version with orthogonality removes the logarithmic loss compared to the one
without orthogonality. See Section 8.6 for more details. In this paper, for mode —1, we only use the
one without orthogonality since the introduction of two new modulation parameters corresponding
to rotations will further complicate the interactions, and we control the logarithmic loss by Holder
continuity and the well-designed vanishing property of the outer solution. We note that the linear
theory developed is in the general range including the purely dissipative case a = 1, b = 0, and this
seems to be the first application of the distorted Fourier transform in the parabolic setting.
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1.3.2. Regularity estimates in the DMOy-class for the outer problem. The outer problem (4.16) turns
out to be a quasilinear parabolic system in non-divergence form. Different from the outer problem in
HMF, the one in LLG is a coupled system and thus cannot be solved componentwisely. The leading
coefficients (4.22) of the outer problem (4.16) include the blow-up profile. So one cannot expect good
Holder continuity for (4.22) and has to work in a weaker class. On the other hand, estimates for higher-
order derivatives are needed to control error terms. These suggest that the regularity class must be
chosen rather carefully and precisely, roughly weaker than C® but stronger than C°. The linear theory
for the outer problem is achieved by means of the sub-Gaussian estimate for the fundamental solution
of the parabolic system in non-divergence form with coefficients of Dini mean oscillation in space
(DMOy), which was proved by Dong, Kim, and Lee [341]. We introduce Dini mean absolute oscillation
in space ([DMO|yx), which is a subspace of DMO,. Under some weak assumptions, the functions in
IDMO|y are closed under arithmetic (see Lemma 6.1). This property makes it more convenient to
verify that the leading coefficients (4.22) of the outer problem belong to |[DMO|,, and we note that the

type II speed as in Theorem 1 (\;(t) < (T'— 75)%JrE with a constant 0 < € < 1) plays a rather important
role here.

The estimates of second-order derivatives are necessary to control the dispersive part, i.e., error
terms produced by bu A Awu in the equation, and we need rather precise weighted estimates for the
gluing. In fact, the weights are eventually chosen very carefully, reflecting in finding a solution in the
system for constants measuring the weights. See the end of Subsection 7.1. To get the quantitative
estimates of second-order derivatives of the inner solutions, we first analyze the representation form
of the outer solution via sub-Gaussian and then adopt the regularity theory with DMOy coefficients
developed by Dong, Escauriaza, and Kim in [31].

1.3.3. Improvement of slow decay and tricks used in the interacting error terms. Another aspect of the
construction is the dealing with slow decaying errors, usually present in lower dimensional problems.
The improvement of these slow decaying errors involves finding good global corrections (non-local in
the corresponding modulation parameters), which in turn make the dynamics for the parameters in
the corresponding mode non-local. In the context of LLG, the mode with slow decaying error that
we shall deal with is mode 0, which corresponds to the invariance of scaling and rotation around the
z-axis. To capture the precise blow-up dynamics, the global correction at mode 0 should be rather
explicit. However, due to the aforementioned structure of the outer problem, one cannot improve the
error by solving the linearized system directly and has to extract part of the parabolic system instead,
i.e., the approrimate parabolic system. It turns out that the combination of the new errors produced
by the global corrections and the remainder in the parabolic system together make the non-local
equations for the scaling parameter \; and rotational parameter v; a well-structured complex system.
See Section 5.

The construction of multiple bubbles involves carefully analyzing complicated and lengthy inter-
actions. The unit-length property of the map |u| = 1 with multiple bubbles also produces delicate
interactions. See (4.1) and (4.4). Fortunately, we find a subtle cancellation in the estimate of an error
term A U, — 2 (U, - V,U,) - V,U,, which is essential for finding well-designed topologies to complete
the construction. See Remark E.1.

On the other hand, we adopt a trick that we call U,-operation (see (4.6)), which can adjust errors
in the U,-direction for the multi-bubble case and can thus simplify analysis. This idea first appeared
in Déavila-del Pino-Wei [22] in the case of a single bubble for HMF, and we modify this in the context
of LLG. See also Krieger-Miao-Schlag [75] for a similar argument for the wave map of a single bubble.

1.4. Comments on other related problems and techniques. Well-posedness and singularity
formation are also central topics in dispersive and hyperbolic PDEs. We refer to the books [115] by
Shatah and Struwe and [123] by Tao in the hyperbolic and dispersive set-ups. There are numerous
profound studies in wave equations and general hyperbolic equations. For the regularity theory of
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wave maps, Klainerman-Machedon investigated in [0, (5] low-regularity solutions and proved in
[66] well-posedness for initial data with optimal regularity; see also Klainerman-Selberg [67]. Tataru
proved the global existence and scattering in Besov spaces for wave maps in n + 1 dimensions with
n >4 in [124] and with n = 2, 3 in [125]. In [121, 122], Tao achieved the global regularity for wave
maps in the critical Sobolev space. Finite-time blow-up results of wave maps were established by
Rodnianski-Sterbenz [110], Raphaél-Rodnianski [106]. For Krieger-Schlag-Tataru type blow-ups, we
refer to Perelman [102], Krieger-Schmid [79, 80], Bahouri-Marachli-Perelman [2]; see also Donninger-
Krieger [30] for infinite-time versions of Krieger-Schlag-Tataru type, and Pillai [103] for more general
global solutions.

Concerning the classification results of wave maps and energy-critical wave equations, Duyckaerts-
Jia-Kenig-Merle [11] studied the small blow-up solutions via the channel of energy-type inequalities
developed earlier in [10] for critical wave equations. Jendrej-Lawrie [58] classified the two-bubble
dynamics by the Kenig-Merle type concentration-compactness techniques together with modulation
method. For the soliton resolution, we refer to Duyckaerts-Kenig-Martel-Merle [12], Duyckaerts-Kenig-
Merle [13], Jendrej-Lawrie [59, 61], Collot-Duyckaerts-Kenig-Merle [12] and their references; see also
Krieger-Nakanishi-Schlag [76], Krieger-Wong [¢1] for threshold dynamics.

On the other hand, powerful modulation techniques have been widely developed by Collot, Merle,
Raphaél, Rodnianski, Szeftel and collaborators in [13, 91, 94, 96, 97, 98, | and their references to
study singularity formations for various dispersive, hyperbolic, parabolic equations and fluid dynamics.

1.5. Main steps of the construction. Due to the complexities and technicalities in the construction,
in this subsection we sketch a roadmap of the major steps and present detailed illustrations of the
ideas mentioned above.

e Multi-bubble ansatz. The construction begins with a careful choice of first approximation. Since
the target is S2, one has to choose some profile for multiple bubbles, which is relatively reasonable to
analyze. In Subsection 3.1, we take the first approximation as

N 4
. _ — £l
Us=—(N=1DUs+ Y U z,t), where UVl(z,t):= wa<x XE )
j=1 !
Notice that |Us| = 1 + o(1) at any space-times as those bubbles are essentially separated, assuming
(3.4). Denote the error function as

S[f] := —0if + a(Auf + |VLE*F) — bf A ALE for £ =[f1, fo, 3] € R3.

The error S[U,| contains slowly decaying terms Z;VZI 5([{ } (see (3.7)), which correspond to the errors
corresponding to the invariance of scaling and rotation around z-axis (both belong to Fourier mode 0
in complex notation). Here, the slow decay is in the sense that the spatial decay is not fast enough to
apply the inner linear theory developed later on.

e Global corrections by approximate parabolic systems. In Subsection 3.2, to improve the
spatial decay of the errors at the remote region, we add well-designed global corrections around each
bubble. Since the operator

0 + (a — bUYIN)A,
depends on the blow-up profile UV! as well as the parameters Aj, V5, and & Ul one cannot expect an
explicit representation formula. However, the explicit representation of global corrections is crucial
for capturing the blow-up dynamics. Instead, we consider an approzimate parabolic operator

—at + (CL — ono/\)Ax
and add the global corrections CIDSU } around the blow-up point ¢! with
~007 + (a — bUN) AP + £ ~ 0.
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As mentioned earlier, the difference, involving UV! — U, also serves as one of the leading parts in the
reduced problems through orthogonality conditions.

We regularize the global corrections with an extra factor r? (7‘? + )\g-’)_l to avoid the non-smoothness

in spatial variables of errors caused by sin(6;) and cos(6;) in mode 0 (see (7.27)). Here \jyll = z—¢U1 =
r;e%. More specifically, since the terms like (yU1)¢sin(6;) with ¢ € R are not in DMOyx(By(1)) in terms
of the spatial variable yl!, we need to multiply the power of |y to avoid low regularity in yV). This is
important for deriving the second-order derivative estimate for the inner problems, and the remainder
of the terms produced by this discrepancy need to be analyzed as well.

Subsection 3.3 contains the upper bound of global corrections. In Subsection 3.4, we compute the
new errors with corrections given by those created by @8[7 Jand the remainder b(Us, — UL A qu)f)[] 3
The accurate form of errors is rather important in analyzing the reduced equations of mode 0 and
mode 1.

e Formulation of the inner-outer gluing system. In Subsection 4.1, we then perturb around U,
and look for solution to LLG in the form

u=(14+A)U,+P— (- U,)U,
with some perturbation terms ® and A, where ® is taken as
N

(w,1) == > (0 (2.)Qq, @ (v, 6) + 0l (2.) 237 (|2 — €71, 1)) + Do, ).
j=1

Here @Eﬁ Wl = 0; n%] and 775;1], defined in (4.2), are suitable cut-off functions near ¢! <I>1[I71] and Pyt
will be solved in the inner-outer gluing system; A is a real-valued function depending on ® to ensure
|lu| = 1 (see (4.4)). Note that part of the interactions between bubbles get encoded in the scalar
function A.

By elaborated calculations for S[u| in Subsections 4.1 and 4.2 with the application of U,-operation,
for S[u] = 0, it suffices to solve the inner-outer gluing system (4.16)-(4.17) in Subsection 4.3. Pertur-
bation terms Z%Zl Zi:l CmnYmn(x) are added in the initial data to achieve the vanishing property
for the outer problem (4.16) at the blow-up points. This is important in several estimates needed in
the gluing procedure, and might be viewed as extra modulation parameters related to codimensional
stability; see also the role of the rotational parameters in Krieger-Miao-Schlag [75].

For the full system above, finding blow-up of LLG at multiple points now gets reduced to finding
well-behaved inner and outer solutions such that the gluing procedure can be implemented. In other
words, we need to devise appropriate weighted topologies in which the gluing system becomes weakly
coupled and thus can be solved by the fixed-point argument.

Subsection 4.4 includes the weighted topologies for the inner and outer problems. In Subsection 4.5,
we decompose the inner problem (4.17) into orthogonal and non-orthogonal parts (4.41) and (4.42).
The principle of the allocation of the right-hand side of (4.17) is to make the reduced equations (5.1)
more convenient to handle, while those terms in the non-orthogonal part (4.42) carry faster time decay
with suitably chosen parameters.

e Reduced equations. In Section 5, we reformulate the reduced equations (5.1) into (5.2) and
(5.3), and then present the linear theorem for non-local reduced equations. These reduced equations
determine the blow-up dynamics. The non-local feature of reduced equations in mode 0 (see (5.2))

gets inherited from the global corrections @3“1 as the global corrections are essentially for mode 0.

Here, the complex system involving both \; and 7; might be a rather sophisticated form due to
the dissipation-dispersion interaction. However, it turns out that the contribution of both <I>Sb] and
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the remainder b(Us, — UVI) A chbgm in the reduced equations at mode 0 results in the following
well-structured non-local problem

t—A2(8) .-
/ v Mds ~a—1ib with p;(t) = )\j(t)e”j(t).
-T t—s

This system was first found and handled by Dévila, del Pino, and Wei in [22, Propositions 6.5 and 6.6]
for HMF (b = 0). Surprisingly, this comes with a similar form in LLG with the presence of dispersion
(b #0).

e DMO, and the role of type II blow-up in the outer problem. In Section 6, we develop the
linear theory for the outer problem. The outer problem (4.16) is a quasilinear parabolic system. In
Subsection 6.1, we give basic concepts of DMO, and |[DMO]y spaces, and regularity results with DMOy
coefficients. Subsection 6.2 gives the estimates of the fundamental solution for a parabolic system
with DMOy coefficients.

In Subsection 6.3, we show that the outer system satisfies the Legendre-Hadamard ellipticity using
the assumption a > 0 and prove that the leading coefficients of the outer problem (4.16) belong to
(IDMO|, N L>)(R? x (0, 7)) under suitable choice of topologies and parameters. Here, the fact that
the scaling parameter is of type I, or in other words

Ai(t) S (T — )77

~

with a constant 0 < € < 1, is crucial to ensure U, € [DMO|«(R? x (0,7)).

To obtain the estimates of the outer problem, in Appendix C, we give general convolution estimates
in finite time. Then, the topology of the outer problem is derived in Appendix D. Due to the com-
plicated interaction of different bubbles, lots of efforts are devoted to the estimates of the right-hand
side of the outer problem in Appendix E, where a delicate cancellation for

AU —2(U, -V, Uy) -V, Uy
is essential to find suitable parameters to close the fixed-point argument. See Remark E.1.

e Linear theory for the inner problems. In Section 8, we develop the linear theory for the
inner problems. We project the linear problem of the inner problem to the tangent plane of W(y)
to transform the parabolic system into a complex-valued parabolic equation. Then, we expand the
equation into Fourier modes and analyze each mode k (€ Z). The linearized operator at mode k has
the form (8.14). For all modes k € Z\{—1}, good inner solutions are found by the following strategy.

Step 1: We first use energy methods to get a rough pointwise upper bound for the inner solutions;

Step 2: Next, we solve the corresponding elliptic equations and use Duhamel’s formula and orthogo-
nality conditions especially for mode 0 and mode 1, to refine the pointwise bounds and gain
decay estimates;

Step 3: Finally, we further perform a re-gluing procedure to obtain better estimates in the innermost
region.

For mode k, |k| > 2, techniques are developed to specify the dependence on k rather explicitly in
the estimates for the convergence of summation of all the modes. See Subsection 8.3.

The approach that we use for mode 0 and mode 1 is different from mode k, |k| > 2. The motivation
is behind the decay of the corresponding bounded kernel functions (see (8.17)). Some information
on the spatial decay gets lost when constructing properly behaved inner solutions of modes 0 and 1.
However, with the adjustment of modulation parameters \;, v; (mode 0), €U (mode 1), leading to the
reduced equations (5.1), the spatial decay (in the intermediate gluing region) of solutions is recovered
and is sufficient for the gluing construction after the re-gluing procedure. The re-gluing however
produces tails c%(Tj (t)) in the non-orthogonal part (4.42) and cb} (75(t)) in the reduced equations

*
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(5.3) for mode 1. For more flexibility in the choice of parameters to handle C%(Tj(t)) and cﬂ(Tj(t)),
we clarify clearly the requirements on parameters in Proposition 8.3 and Proposition 8.5.

For mode —1, we use distorted Fourier transform to develop two versions of linear theory, with or
without orthogonality conditions imposed on the right-hand side. We first derive the representation
formula via distorted Fourier transform and then take advantage of the spectral properties to obtain
precise weighted pointwise estimates for the inner solution. These rely on the estimates for the
associated generalized eigenfunction and density of the spectral measure. See Section 8.6.

e Completing the proof of Theorem 1 and Corollary 1.1. Finally, we solve the gluing system
and the reduced equations in Subsection 7.1 by the Schauder fixed-point argument. Here, the leading
term of p; is given by Proposition 5.1, which depends on a given function Z,(z) (see (7.1)). The
summation of all the modes yields the pointwise estimate of inner problems. Then, we go back to the
original parabolic system of inner problems to deduce second-order estimates in a precise manner, and
this is done by the regularity theory with DMOy coefficients and a scaling argument. Convergence
results in Corollary 1.1 are derived in Subsection 7.2.

The rest of this paper is devoted to the proofs of Theorem 1 and Corollary 1.1.

2. NOTATIONS AND PRELIMINARIES

In this section, we list some notations and preliminaries that we shall use repeatedly throughout
this paper. For convenience, the index for terminologies and symbols is given in Appendix F.

e Denote R¥! = RY x R, where R? and R are domains of spatial and time variables respectively.

e We assume c¢; < ¢y if there exists a constant C' > 0 such that ¢; < Cca. Denote ¢; ~ ¢y if
c1 S g Sep. Denote f=0(g) if |f| S g. All constants stated in the paper are independent
of T. For x € R?, denote (z) := /|z[2+ 1. For ¢ > 0, ¢ < 1 (¢ > 1) denotes c sufficiently
small (large).

e For any ¢ € R, we use the notation c— to denote a constant less than ¢ that can be chosen
arbitrarily close to c. We denote c; = max {c, 0}.

e Write the indicator function 1g(x) of a set Q as 1g(z) =1 if z € Q and 1g(x) =0 if z ¢ Q.
We will use 1 to denote 1g(x) if there is no ambiguity.

e Set n(x) as a smooth cut-off function satisfying 0 < n(z) <1, n(z) =1if |z| <1 and n(z) =0
if |z > 2.

e Given a > 0, b € R satisfying a® + b = 1, denote FEI as the fundamental solution of dyu =
(a — ib)Au in RY, and I‘El is given by

d d ||
2

T%(x, 1) = (a —ib) "2 (4nt) " 2¢ T, (2.1)

a|x 2
Obviously, |F5(1‘,t)| < (47#)‘%6_ il
e Given a fundamental solution I'(z,y,t,s) for a parabolic system in R? and some admissible
functions f(z), h(x,t), denote

t
(T f)(z,t,to) ::/ D(z,y,t,t0) f(y)dy, (T *xh)(x,t, to) ::/t /Rd L(z,y,t,s)h(y, s)dyds.

Rd
We usually omit the initial time ¢g if there is no ambiguity from the context.
e For any vector @ = [ay,az,as3]™ € R?, where “[---]*” means the transpose of a matrix, and

we identify [a1, ag, as]™ = [a1 + iaz,as]". For b = [by, by, bs]" € R3, it is easy to see that
a-b=Re [(a1 + iGQ)(bl — 7,62)] + a3b3.
1/2
> 2 lail?) 2.

n m
e For any matrix A = (a;j)nxm, denote [A] = (
i=1j=1
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e Given functions f(z,t) and x = x(t), denote O, f(x(t),t) = (Ouf)(x(t),t) and Oy (f(x(t),t)) =
(atf)(x(t)v t) + $(t> ’ (vxf (x(t)v t)'

e Denote

w- VU= [117 -Vuy, W+ Vg, W- V'U3]tr for ¥ = [’Ul,’Ug,’Ug]tr € Cl(R2,R3), w e RQ;

ay b1 bi2 3 3 0 —wv3 w9
as| - |ba1 bog| = Z akbkl, E apbio| 3 UN = | vg 0 —vU1 | . (2.2)
as b31 b3 k=1 k=1 —vy Vg 0

We consider the Landau-Lifshitz-Gilbert equation given in (1.4). The steady-state equation of (1.4)
is the harmonic map equation. W(y) given in (1.5) is the least energy harmonic map, which solves
the harmonic map equation. Since we shall consider the case of multiple bubbles, subscript “;” or
superscript “[j” will be used to distinguish different bubbles and their associated tangent planes. In

the (rescaled) polar coordinates around &V = ( gj], g]) € R?, denote

, _ ¢l , , A . . Ul
gl = 225 )\-5 =pjei, @ =N py= V), vy =la—€Y = Njpj, 05 = arctan (m & >,
J

Tr1 — 1
(2.3)
where we used the natural complex form yY! + iyl for yU! and the similar form for others. Denote
cos 8 sin w(p;) 0. '
WUl .= Wyl = |sinf;sinw(p;) | := {6 ' smw(p])] with w(p;) :==m — 2arctan(p;), (2.4)
cos w(p;) cosw(p;)
for j=1,2,..., N, and we have
—2 . 2p; pi—1 e 2 8
Wy, = . sinw(pj) = —pjw, = 22—, cosw(p;) = —2——, |V WEH]? =202 = ———.
p; PJQ‘ 1 (Pj) PiWp; p? I (PJ) p? 1 ‘ yli] (y )’ 0 (pjz T 1)2
(2.5)
We denote the Frenet basis associated to Wl as
_ cos 0 cos w(p;) i0. ‘ _ — sin 6; .y
Eﬁj] = |siné; cosw(p;) | = . (?osw(p]) , Egﬁ = | cosb; | = e (2.6)
. —sinw(p;) 0
—sinw(p;) 0
W AET =BV wilAEY = gV BT A B = ), (2.7)

It is direct to check that in the polar coordinates (2.3)
aij[j] = ijEgj], 3pjijU] = ijijgj] — ngWm, (%J.W[j] = sinw(pj)Eg],
89],9].W[j] = —sinw(p;) (sinw(p; )W + cos w(pj)EF]),
0, BY' = —w, WV, 0, , BV = —w, , W —w? BV 0y BV = cosw(p,) EY, (2.8)
89j9].E£j] = —cosw(p;) (sinw(p; )W + cos w(pj)E£j]),
8ijg] = 8pjp].E£j] =0, (%ng] = —sinw(p;)W — cos w(pj)Eﬁj], 89j9jE£j] = —Eg].

The linearization of the harmonic map equation around WV! is the elliptic operator

Ly[¢] = Ao+ |V, ;W 2o +2(V, WU - v 0) WL
Denote the s-rotation matrices around z-axis, xz-axis, y-axis respectively as

coss —sins 0 1 0 0 coss 0 sins
Qs = [sins coss 0|, @F:= |0 coss —sins|, QY:= 0 1 0
0 0 1 0 sins coss —sins 0 coss
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Due to the invariance of group action for the harmonic map equation, the corresponding kernels of
Ly, [] = 0 are given by

Z5\ (V) = —0. (W ( ”f))\ = pjwp, (p;) EY (yV),
Zgh(V) = =05 (Q:W (V) |, —pjij<pj>Em(ym>,
Ziy () =0 W (y [ﬂ) wy, (pj)[cos 0; B (yP) + sin 0; B (y7)),
Z{5(0M) = 8, 1y W (5) = wp, (p;)lsin 0, B (y7) — cos 6 5 (4]
Z9 (V) = —ZPL (1) — 20, (QUW (y)) |y = pFwp, (p1)lcos 0 B (y7) — sin 0, EY' (4],
Z“] 2(97) = = Z75(y7) + 20, (QsW () [,y = Piwp, (p))[sin 0, B (y) + cos 0,5 (y7)]. (2.9
Set )
Ul (2, t) = QWWCE ;?m > (2.10)
For £ = [f1, fo, f3]'" € R3, ’
@t = [Re (e (i) T (@ (h i) 7)) = [T ey

For f, g € R3, we have (Q,f) AN (Q+,8) = Q,(f Ag). Combining (2.7), we have
UV A QB = QY. UV A (Q, BY) = =@, EY, (Q, B A (Q, BS) =T (2.12)

To deal with linearization near concentration zones, it will be convenient to use complex notations

as all the analysis will be done on the associated tangent plane.
For any f € R3 satisfying f - UVl = 0, we define the equivalent complex form of f as

fo, == £ (Q, EY) +if - (Q,, ES). (2.13)
For any complex-valued function f, we define
feor = (Ref) @y EY' + (Imf) Q, B, (2.14)
By (2.12),
UV A foor = (Ref) Qy, BY' — (Imf) @y BY' = (if)o-1. (2.15)
Similarly, for any g € R? satisfying g - W = 0, the equivalent complex form of g is defined as
gc, =g BV +ig- EY. (2.16)
For any complex-valued function g, we define
Jo;1 = (Reg) E%j] + (Img) Egj]. (2.17)

For any g(yV!, 7) € R? satisfying g - WUl = 0, we denote the mode k component for g as

27
e, a0 7) = (2071 [ e (el e s, (2.18)
0

For any f,g € R3, we define
O f:=f—(f-g)g. (2.19)

In particular, when |g| = 1, II51 is the usual orthogonal projection on gt.
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Notice for any f = [f1, f2, f3]"" € R3, by (2.11), we have

} . _L 05+v) | _ 2p]
(HU[J]Lf)Cj = <1 P 1Re) [(f1 +ifa)e” i ] e 1f37

(2.20)

-1
I f.

, 2p; . 0ty
f. U[J] = 7jRe [ + 4 e ’(91+’7j):| 4+ <
p2+1 (fl f2) P32‘+1

J
The linearization of the harmonic map equation around UU! is given by
LU[J'] [¢] = Ay + \VxU[j]\ij + Z(VQ;UD] . vm¢)U[J]
It is clear that

, _ , , x — £l
Ly [Q, £ ] = A7 Qo Lyt [E@7)], - where yb = ===
J

We now give several useful formulas with proofs similar to those of [22, Section 3]. For any function
f:R? - R3, we set

Ly f] = [VLUVPIL £ =2V, (F-UP)) -V, UV where Vo (f-UU)-v,UV! —Za uiho,, Ul

Obviously, ULl - [ yl[f] = 0. Similarly, we set
iwm[ ] = [V WP, f =2V g (F- WV - v W,
and then WUl . iw[j] [f] = 0. It is straightforward to get
Lyt [Qy, ] = X7°Qa, Ly (D), Ly My ) = Ty Aaf + Ly [£].
For £ = [fi1, fo, f3]"", to analyze in different modes hereafter, we deduce that
Ly Q] = Ajl{ij,%j(Pj)(@m 1+ Ouy fo) — €y, (pj) cosw(p;)(Day f3 — 10r, f3)

— e iw, (pj) cosw(p;) (O, f3 + 10z, f3) + 6229’%/)] (03) [0, 1 = Ony f2) — i(Ony f1 + Oz, f2)]

o 1 .
70 R (p3) [ 1 = Deg f2) + i (Oua i + O, f2)] Qu BV
+ Ajl{ — pjw. (95) Oy f1 = Oy f2) + €W, (ps) cOSW(p;) (Duy f3 + 10ay f3)

g, (97) €080 (0) Das S — 100 f3) = &2 910, (03) (Duafi + Or, o) + Oy fi — Do )]

e 52 (p3) [~ (Ouy f+ Do o) 0y fr — O )] Qi B
The corresponding complex form is given by
(L@, e, = A7 pjwi, (0)) [(Day fi + Buy fo) = i(Dny f1 — Oy fo)]
+€"%2w,, (pj) cos w(p;) (= Ouy f3 + 102, f3) + €% pjuw), () [(Dy 1 — Dy f2) = i( Dy f1 + Day f2)] }-

In particular,

+ 6—1’6‘

(Lyw e, = (Lymlf)e,o + €% Ly e, + €% (L [f])eyss (2.21)
where we denote

(LU[J] [f]) = >‘ PJ p]( ) [ (@ —;j £)1 + 8902(Q—wf)2 — 1 (axz(Q—wf)l - aan(Q—’ij)?)]
= A pjwr (p)e”" 1 (O, fr + Ony fo + i (Duy fo — Dy f1)],

(Lyi e,y = 2>\]1ij( pj) cosw(p;) (=0, (Q—r;f)3 + 0, (Q—r,f)3)
= 2X; wy, (pj) cosw(p;) (—0Or, f3 + i0s, f3) ,
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(L [f)ess == A ' pjwy (pj) [c%l(Q—wf)l — 05, (Q ;)2 — 1 (02, (Q—r; )1 + 02, (Q—,£)2) ]
= >\ pjw ( 7)€" [0, f1 — Ouy fo — 1 (O, f2 + O, f1)], (2.22)

since by (2.11), we have

8$1(Q_'7j f)1 + aﬂ?Q(Q—’Yj £y —i (8902(62—%- f)1 — azl(Q—wf)2>
= Op,Re [e7 (f1 +if2)] + Ou,Im [e7 (f1 +ifa)] — i0u,Re [e7 (f1 +if2)] + @0, Im [ (f1 +if2)]
= e 5[0, (f1 +ifa) —i0n, (1 +if2)] = €0 [0y f1 + Oy fo + i (Oy fo — By f1)] 4

83:1(Q—7j )1 — aarg(Q—w f)e —i (a$2(Q—’Yj )1+ a-Tl(Q_'ij)Q)
= Oy, Re [e79 (f1 +if2)] — OuyIm [e7 (f1 +if2)] — i0u,Re [e7 (f1 +if2)] — 0, Im [ (f1 +if2)]
= €9 [0y, f1 — Oy f2 — 1 (O, fo + Oy f1)] -

By (2.12), one has

Qs [(a = bUY A Ly 1] = Q[ (= 50V A ) {Re[(Lyyi[£]) ¢, 1 Qs BF + I [(Ly 05 [8]), ) @, 5}
= Re[(Lyy[f))e, ] (aBY = bEY") + Im[ (L1 [£]), ] (aB5" + bEY),
and thus
{Q—w [(a —bUVIA } }(C (a —ib ( uli] [f])c.- (2.23)

J

3. APPROXIMATION AND IMPROVEMENT

3.1. First approximation. Given an integer N > 1 and arbitrary N different points ¢l € R2,
7=1,2...,N, denote

dyi=min g = g"1/9, p;(t) == Xy, (3.1)
Throughout this paper, we make the following ansatzes that for j =1,2,..., N,
_ |InT|(T —t) ) _
Cy (1) < [pi ()] = X(1) < CA(D),  Ault) = (T —1) 95 ()] < Co(T = 1),
| InT| | InT| (3.2)
L e 5 n “15) ff BT = )
— L < pi(t)] < O 1) < CeAE (1), T) =
g SIS Oy 01 0o, @) =g

with some constants Cy > 1, C¢ > 0, C;, > 0, and a small ¢ > 0 to be determined later.
We will construct blow-up solutions which blow up simultaneously at these prescribed points ¢!
We take the first approximation as

N
Uiz, t) = —(N = 1)U + > _ UV, 1), (3.3)
j=1
where UVl are given in (2.10) and Uy, = [0,0,1]*. For t € [0,T) with T < 1, we have

N N
min |€1(1) —€7(0)] > 8d, > 0 U =1+0( N ): 1 -UHIS XD )T 3
j=1

k#m .=
J=Ly#k
Given a function f = [f1, fo, f3]'" € R3, denote the error function as
S[f] := —0if + a(Auf + |VLf|*F) — bf A ALF. (3.5)

The error of the first approximate solution is

N
S0 == 0UY + (AU + |V ULUL) = bU. A AU,
j=1
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Notice
—oUl =& v, &= =AU = 4,0,,00, & = =010 5 UM = 105U, (3.6)

1
where o _ o
00U () = =271 Q, Z51 (), 0,0 (@) = ~ s, Zé%(ybh,
UV (@) = =27'Qy, 203 (u7), 0, U (2) = =271 Q, 275 ()

’

with Zy[,%]m given in (2.9). It is straightforward to compute
= Q’Yj <)‘;1}‘jZ([){]1(y[j]) + ;}/J'Z([){]2(y[j])) = pjijij ()\fl}vEP + "Yng])
(/\;% cosw(p;) + i%‘) e“"ﬁw)] (3.7)
—)\j_l)\j sin w(pj)

_ —2p
p;+1

(& )e, = 20505 + D7 A + i),

gl — ;;fllRe (&0 i) ) @y, " - pi;\illm (&8 —iél) e | Qu, B, (3.8)

(&)e, = =225 (& =€) (o] + 1) e,
Combining (3.7) and (3.8), we have

8. S (AL + 133D (i) ™+ AT HEW () 2. (3.9)

Notice that S[U,| contains errors Eo[j } with slow decay in space, which will break down the gluing
process without improvement. We shall introduce global corrections to improve the spatial decay of
the errors.

3.2. Global corrections by parabolic systems. In this Section, we will transfer slow decay terms
by parabolic systems. Around each bubble, the slow decaying term in (3.7) is given by

. 0.
e~ 2 [pj(t)e’ J] ’

Zj 0
where
= Q20+ V2 = (20 + e — ), = ], A= ). (310)
We aim to find global corrections CIDSU ](rj, t) to make
) Y 2 etl;
—0 (@) + (a — bUso) A, 05T — = [pﬂ (tg } ~ 0
<j
with the form
1 j 0. p 0.
&2 (r, ) = "5 O (/72 + A2, t)eis _ uilq>[J](zJ, t)es | (3.11)
7’7 + )\’; 0 0

K
where p > 2 is a constant to be determined later. The term ﬁ is used to avoid terms that are
J J
singular at the origin when calculating new errors.
We now present calculations that improve approximately the slow decaying error.
CI)[Oj]ein:| ~ [(azjzjq)[oj] + Zj_lazjq)[oj] - ZJ_Q(?[OJ]) €i0j] .

Am[ 0 0
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Since for any v1,v9 € R,

v Re[(a —ib)(v1 + tv2)] . .
(a — bUsA) 2[}); = |Im[(a — ib())(vi + Wz)] — {(a - Zb)([;)l + 17)2)] ’ (3.12)

then

J

~0, @8l + (a — ib) (0., + 570,00 - z720f)) e
0

For this reason, we choose @g](zj, t) to solve

~
~

- ; 1 ; 1 _ 1 2 10)p;(t
(a+ib)a,al =0, ol + Lo, ol Lgln _ 20T (3.13)
7 Zj 7 Zj Zj
The analysis of (3.13) is the same as [22, (4.7)]. We consider a more general equation
. 1 1 t

First, we look for the self-similar profile to

, 1 11 2
(a+i0)0fs = Ooafy +20uf1 = fr 4+ with fi(s0) = 1255

Then fo5 satisfies

., 1 a+ib )\ 1 a+ib 1
2(§)+<§+a21 §>f2(§)—<§2+a2l>f2(§)+£:0, fztl%-

Observing that £ is a homogeneous solution yields a solution

_a+ib, 2 _a+tib, 2
(& 4

& m T atib 2 C1l—e 117
]‘2(5)25/5 3dn/0 se* T % ds = ¢ dn,

n a+ib J¢ n?
and |f2(€)] < E(In&)1joce<ty + & eny. It follows that limgg f1(2,¢) = 0 uniformly for all z > 0.
Then for g(t) € CY([-T,T]), by Duhamel’s formula, one has a solution to (3.14) for t € (=T, T),

_a+tib 22

t . t t 1 —e 4 t—s
1) = [ 6O t-9)dstg(-Dfa D) = [ g@aufiat-sds = [ gt s
-T T -T ((I + Zb)Z
(3.15)
If g € L>®([-T,T]), then (3.15) solves (3.14) in weak sense. Thus for (3.13), we have a solution
1] " pj(s) @i 1—e 1
W50 =~ | PRl s Ko(G) =2t (3.16)
_rt—s t—s G
where ) A2(0)
24 “(T
Gi= =yl + ), = (3.17)

Since a > 0, it is straightforward to verify

a+ b _ _
Ko(¢) = (57 4 0(G) )1 +OG igony GEog (6) = 01(6) Ligny + OG-
(G Koe,; (¢) = O (G) Lie <1y + O )1 51y (3.18)
It is easy to get

. 3 o . t o
0.,0 = — /_ . fﬂ_@(m(cjwzcjmg (())ds, 0y @ = =25 /_ . fj_(sj (665 Koc; (¢))+465 Kogc, (¢5)) ds.
(3.19)
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3.3. The upper bounds of global correction terms. By (3.18) and [p;]| < |A«] in (3.2), then

: : : Au(s)]
’(I)g]‘ + Zj|azj (I)([)]]’ + z?’azjzjq)[oj” 5 zj /T t— (1{§J<1} +C 1{<J>1})‘ ZZ_(t_s)—ldS' <320)
- J
Claim: for 0 <t < T,
CAGs)] 1
1 Te)] d
/T t—s ( {CJ§1}+CJ {CJ>1}) Cj:zjg_(t_s),l &
T|InT|™'2;2, Z>t+T
1 T
e <1n<zf,>>, (<t
ey — TRy + |A*<t>|<1n<2;>>, t>%.2<T—t, 2<ttT
|In T [In T ~2 T .2
S Lpzeryry + 71 1nT|*1z;21{Z§2t+T}. (3.21)
By (3.20) and (3.21), we have
1@ + 21105, 80 + 2510:,2, 20| € 212 crsry + TIMT 7 2 sy oy, (3.22)
Using (3.11), (3.26), (3.29), and (3.22), we have
@5+ 2j| Vo @7 + 22 A, 25| < il crsry + 11 1nT|*1z;11{Z]2_2t+T}. (3.23)
. A _
Proof of Claim (3.21). For 0 <t < T, denote g(z;,t) := tT | ; (z)l (1{<]<1}+C 11{<]>1} |C =2 (- s)_ldS-
e For 22- >t+T, g(z,t) = 272f T‘)‘ s)|ds ~ z; 2 InT)| fT sy 72dsy ~ T|InT| ™2 72
oForz <t+T, g(zj,t) f T] P; (z‘ds+z_2ft 2 ])\ s)ds. f0o<t<ZT 5
_ t+T T
9(zj,) ~ [T HIn(—5=)) ~ [InT| " (In( ).
j %

Ift>%andz?<T—t,

. |InT| B |InT)| . T
9(2j,1) | In(27)| |1n(2(T_t))|+\>\*(t)|<1n( - )
since

/ == _</t(Tt)+/tZ? >|A*(S)’d8”/t(Tt) LECTF (t)‘/tz]2 g
t_S B e - T=s t—(T—t)t — 8

|InT| . T—t |InT| IInT)| ' .

d (D)1 _ B o=t

/ T —s)|In(T — s)|2 s 4 [ A«(t)[ In( 22 ) n7)| ~ [n(T —0)] Au(t) [ In(—)

t
5[ s~ 0l
2
J
Ift>%andT—t§zJ2-<t+T, then we have
|InT| |InT|

1) < - InT|(1
g(’z]7 )N ’11’1(2T)’ |h’1( t+ )’ +| n |(nZ])
since
/t—Z? yx*(s)\d /t—Z? yx*(s)\d /t—Z? |InT)| e InT| |In T
o s T )y T s @)@ - 9)PF” T [m@T) (T —i+22)]
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t T—t+z3
zj_Q/ Su(@)lds ~ =27 [ (n(T - 8)%ds = 2| T (Inv)~2dv
t—22 t— 22 T—t

zj_gllnT\( —t+2)(In(T —t+27)) > ~|InT|(Inz) >

In sum, we get the first part of (3.21). In particular, for z <t+T,t <L wehave z] 2 [W} ~

[In(T—t)|2

T?InT|2. Thus |InT|~ 1<ln( )> < 1. For z <t+T,t> 2,2 < T—t we have |\, (t )|<1n(T2t)> <
J

‘IIJ(I;Z‘NQ <1n(>\3zt) ) S 1. Thus, we have the second part of (3.21). O

3.4. New errors produced by the global corrections. In this subsection, we will calculate the
new errors produced by the introduction of @Sm defined in (3.11), that is,

SV = — 9@ + (a — bUYIA) [A 57 + |V, U205l — 2w, (U @3V) . v, U] — gul)
= — (D) + (a — bUA) A @57 — UV — b (UV — Uy) A A,
+a|V, U e bV, U0 2es A UW (0 — bUVIN) [ — 2V, (UV) - &) . v, U], (3.24)

Both precise versions in different modes and rough upper bounds will be deduced, which will be used
for solving reduced equations and the estimates for the forthcoming gluing system. By (3.10),

M(I) Z3, r“ . £l _ «ld] ) )\HTH_Q.U]- T — (4] + }\~AH_1TH
(%( (J ))_ [815 J] A)\j 13 (IB ¢ )azjq)g]}_,uf] j 3 ( § ) HAGAS

- 0 = [ I Y2
j+)\j r +)\ m (Tj+)\j)
. pu+1 wop—1
o, < (I> (Z], )) _ Ly . Bj] n :u)‘jrj (pg]
1 9
I B G [ LA e
2
( MCI)[J](ZJ7 )) _ r;”' 5 U] N [ 2/;)\?7"7 N )\?7’? ]
Ty i (2 2y %220 1 317
TN T (rj +X5)(r5 +45) (rf + X2+ X2 (M) + AN
(1 = VAT = (= Duxfr" ™"
(rf +N)3 0
Then by (3.11), we have
put1 )\—1 pu—1
*[j] _ Pj b MNP sl i
o, = [[—, R L (p,%H)Q@g]eu,o} ,
(P +1)(p; +1) j
. 7“/'-L . tr p'u . . tr
9y ) = { j q)[j]zewj,()} { J @[J]ie’%‘,o} . 3.25
9] 0 ;L_i_)\él 0 p§L+ 1 0 ( )
It follows that
|V o J]‘ _ ‘vx[ﬂ]q)*[j | ’arjq)*[J]‘Z +7,j—2‘89j(1)8[3]’2
el —1 pu—1 2 2
_ Pj w o, BN ) —2 9 py 5]
r0:,Py + 5 Do +)\J P; T
(0 + 1)(p3 + )3 (o] + 177 o+
Since p > 2, it follows that ‘ ‘ ‘
V200 < 10,08 + 257 [@f]]. (3.26)
e By (2.3),
4 @*[j] B —p? qﬂﬂ pé,‘(gb] .y[J] _ )\j) 5 qﬂj] ,U)\] pﬂ 5[3] .y[J] 4 u)\j)\j pu
t(O)_ H+1t0+'u 9 leO—f_ (“+1)2
Pj (pj+1)(pj+1)2 Pj

J q)g]7
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Z)\ 1 “ 2 bl Y t
+ (52 y 51 Ys )}@g]}eleﬂ"(}} r

e (3.27)
J
[ ]
A q)*[j] — (s -9 8 7’; (I)[J] i0, t
x *( _|:(TJT]+ rj+ 99)(H+>\H06 )0]
+2 —1 —1
= [{ P o, .00 4 [ 217,y N N 0., 0!
(P§f+1)(05+1) " (P +12(2+ 12 (D + D)2+ D7 (o) + D)2+ 12 7
2p—2 2 o 2
oy 2l _p] AP G ie; o]
+ [12); RS i Jog!bet®,0] (3.28)
Since pu > 2, we have
" . » , s
85257 S 102,80 + 2771105, | + 2572 |- (3.29)

e By (3.6), (3.27), (3.28), and (3.12), we have
— 0(@57) + (@ — bUoo) A, @57 — 8,0
pA; tel] .y[j]p?*2 i)\j’l(ég]ygj] _ ﬂj]ygj])p;‘*2

€61 .yl . -
= -0, ®J + o Leti
(ot o, s P A 95 M
[ ] 1azj¢[]+uki il i gl 191)0]“
(P +1)(pF + 1)z (pj +1)?
i -1 p -1 p
- ] [4] 2uh; P A P [4]
+(a—ib)d ——2 9, ., I + — —10,.®
|:< ){(p§‘+1)(p3+1) 3% 0 [(p?+1)2(p3+1)5 (p7+1)(p]2+1)%] 70
1— p“ 1 . . tr ) 2/\._1p»pH . tr )
+)\ 2 u 27,2 J ol ezaj70 +5[J]+ J FIlj 1619j’0 _|_5-[J]7
L (of+ 13 (of +1)(p? +1)] 0 } } 0 [(p;‘+1)(p§+1)z } !
(3.30)
where we have used (3.13), and
é[j] y i1 — 9~ ,0 f g[]] i0; + §[J]—|—Zfb

S = &'y =27 (&) +ig)e + (&) —zgy])e—ﬂ%],
By (3.7),

. 22 ot ) tr
5([)1] + [ i PiPj i ezej,o]
T )+ 1)

-2 2 tr )\ 1)\ +1 tr

= — Pj |:[)\— )\( _ )+'V)/]] i(054+75) —A IA Pj j| _|_|: ( VJ)pJ 1(9 +74) 0:|
Pl i1 (o) +1)(p2 +1)%
—1 2 1 —1\ —14
(ISR ST T VY.
’ [oj + (03 + D7) (0 +1)(p3 +1) (5 + 1) (p] +1)2

2
2 4+1

Then by (2.20),

“lp M
( 1L <5m [ 2 Bib, ei 0} tr>>
1 b
g (P + 1)(p2 + 1) ¢,

:
pj+1 ’ loj + (P2 + 1)2)(p + 1)(p2 + 1) (pj + 121 (pj+1)°
200" = pj — (P +1)3] 1y 44103 + pi(p? +1)% + 1]
i+ (2120 + )2+ 1) T oy (2 1)) (0 + 1) (2 + 1)

= (A7 + i) (3.32)
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g ot U2 4 pi(02 4+ 1)
(5(5;'1 N [ . 24 p;pj lew]-’o} ”> = P /\JP; [pJIeruJ(pj + 12)2 +1] (3.53)
(P +1)(pf +1)2 o + (o + 1)2](p + 1) (p] + 1)
[}
. . —2b . a a0 . tr .
— UV —Uy) A Agc(Pém = W1 [ygj] cos7y; — ygj] smvj,y[f] sin~y; + y[QJ] oS}, —1} A AI@S[J]

—2b [ [ ; a. [ a . . [ tr
= S [(Awtl)om)g, —(Amq)o[j])l, (¥ cos v — yy! sm’yj)(qu)Om)g — (Y siny; + 5! cos 'yj)(Aw@Om)l}

J

—2b [ %[ [ . [ 7y ) tr
_ ﬁ [(qu)o[ﬂ)z, —(Amq)o[j])la piRe [((Ar‘bom)Z _ ’L(Am‘I’ob]h) e z(93+w)} } ,

J
where for the last equality, we use the following formula. For any a1, as € R,

(y[lj] cosy; — ¥y sin v;)a1 — (ygj] siny; + ¥ cos v;)az = pj (a1 cos(0; + ;) — azsin(b; + v;))
= pjRe[(a1 — iag)e*iwﬁ”ﬂ] = p;Im[(az + ial)e*i(eﬁ'yﬂ')]

Then by (2.20), we have

Sl =p(Ull - <[] _ 2% 2 . _ *[3] —i(8;47;)
(M. [0V = U) n A, ])Cj e 1{(1 pEall [((a.@p)z — i(a,@5) ) e ]
2p; iAo ) el 4) } 2ib TN (A o N ) o0+,
— ———— iR Awq) — AI(I) 0T = Am(l) Aw(b i(0+75)
p? L Pine K( 0 )2 —i( 0 )1) e } p?Jrl(( o)1 i 07 )2)e
o2 ol o
B e P U
(pj +1)(pj +1)2 77 pi+HL L+ 122+ 1) (pf + 1) (2 + 1)
2ibAT 2 ph 2 P —1 1 1—=) .
_ J Fy 2_Fj (I)[J]} iv; 3.34
P21 [“ )P p?+1} A (3.34)
where we used (3.28) for the last equality.
(i 1) gl 20 2p; Gy I\ o—i(0;47;)
(oWl - vy A a0t o i 1{p? L Re [((ae@™)2 — i(a,25) ) e ]
2
+ p-% " 1ije [((Awq)omh - Z(Amq)o[]])l> e (0;-&-’)’;)} } — p2 " ilm [((qu)o[ﬂ])l + Z(Am‘bomb) e (9]+fy,)] )
J J
(3.35)
e By (2.5) and (3.11),
. , 8aX;2ph o tr
i * _ ; * 0.
o Vo UP Py = X2V U Pegt = [(pz TR 1)@}{]@2 0]
J j
Then by (2.20),
: , 8a\; 2 pt 2 .
I e <a|V U[J]|2<1>*[7])) = J J <1 - Re) (<I>[J]e—wj> ’
(It : N e S VAN | ’ 3.36)
119 4] , 16aA;2pjl+“ Gl —ivs
(V.08 Peg) bl = U ERe (@le ).
(Pj +1) (Pj +1)
e Notice
(0| VUV 2ap9 A Ul Ul = . (3.37)

By (2.15) and (3.36), we have

(ovvIPe aut) = b ([ (1909 Peg )| Aot = <p§_+8il;j{:¢pi (!

2
pi+1

Re) (@fe "),
(3.38)



FINITE-TIME BLOW-UP FOR LLG 23
e Notice 9,, UV = )\j_lwp].QwEgj], 89,U[j] = sinw(pj)Qq,jE[j]. By (3.11) and (3.25), we have
_ 2Vx(<1>8[j] LUy . v, Ul = —20, (@5 7l UJ])@ il _ 27“_289 (®; U[j])ger[j]

pft , ALt t .
— 2{|: p] . azjq)[ﬂ + H i p : q)[oj]]ezej’o} ' . U[J]
(P4 +1)(p?2 +1)2 (bj +1)

Pi
Py +1

1w
- Pi il io; o 2p; 1| _2p;
-2 [ j (I,[J]Zezej70} U[j]Jr[ ol it 0} . _2p; _Em} j
j {pg+1 0 P10 p]2.+1Q% 2 i+ Q”

. tr
0.
+[ cIﬂoj]ew,O} 2+1Q% } 2+1Q%

pt ) VY A .
= |Re i BZ.@[J]—F%(I)M sinw(p;)e”"
10 )2 0 Pj
(P +1)(pf +1)2 (e +1)
—2X1

j

; I 4
+ J cosw(p;)Re (@me_”j) ]
e+ Rt i

Q% [J]

+1
_ I 1 i 204" _ 2p;
—or2 . ginw(p;)Re (@mze ”J) — J Re( ie WJ) } J
J {P?"i‘l (p]) 0 (p?—{-l)(p?—}—l) 0 Q’YJ

1 ,u+2 —2 —2 /2

_ { 8 Re (0., 84') + [ SuA;"py 8N (e — 1) ]Re (fe) }Q £l

- 5 25 =0 Iz 2( 2 2 z 2 3 0 Vi1
(o + 1)(pj +1) (p; +1)2(p7 +1)° (p; +1)(pj +1)

Then, it is easy to see

{(a—bUYVN)[ -2V, (U - ogV) . v, U]} - U = 0. (3.39)

8A 1 ,U+2

By (2.12),
(a — bU[j]/\) [_va <U[j] . @SU]) . VzUm} - { ~Re <8zj (I)([)j]e—i')’j)
(Pj + 1)(Pj +1)2 (3.40)

8ud;"p) 8AT 20 (o — 1) . | |
_ R <<I,m iy < Bl _yp Em>.
*[@g‘ +1)%(pf +1)2 <p§*+1><p?+1>3} o (@g'e™) | (aQy BY - 001, B}

In sum, by (2.20), (3.30), (3.33), (3.8), (3.35), (3.36), (3.37), (3.39), one has
Ul 20 gul . ylil pt I e R e O Y (S R TS T L Ve B
S U 7R l 2z + M p) 1L (I)O
741 (P! +1)(p2 +1)3 (5 +1) py 1

_)‘jpj g PN el , - j
-0, P +¥<I>”+( ) S R— Y Y
(P +1)(p2+ 1)z 7 (P +1)? {(p§‘+1)(p3+1) e
2u)\j_1p? )\j Pl ) 1—pt 1 , ,
-+ . 6 +/\ 2 M /-1/2 J @[J] :|e—m/j}
et 0t T e ) Ty e
AN i+ D)2 1] by, -
[PaJr(PJJrl)l](P?Jrl)(p?Jrl) P+
16aX;2p; Gl i
+ Re(® e™14).
e
By p > 2, (3.2), (3.22), and (3.23), we have

ISV UV < €D ()71 + A Hp) 2. (3.41)

(a0 +i(a,@50), ) et
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By (2.20), (3.31) and (3.30), (3.32), (3.8), (3.34), (3.36), (3.38), (3.40), we have
(1,1.59),, = €1~ i€ + @)+ 1657y
u+1 ) _ ATLppl ‘ .

X |: Pj 1 (1 — 22 Re> (azj(l)([)j]e*’b"/j) + HA; P > <1 . 22 R€> (q)%?]eryj):|

2005 + 1) (pF +1)2 pj+1 2(pf +1) p;+1

i c a1 ATt 2 .

G el ie; Ul gl —ie; ] 2 P ) Ul —iv;
+ @it @ iehe] 200 +1) (H P+ 1Im) (e8e)

Warsasimnst o
(0 +1)(p3 +1)5 (P +1)?

2
1- —R
+< S

j

. ) 2uNTL M ATL M )

Jr(a*ib){ 1 p]2 3zjz7.<1)g]+{ - ’ 5] 1 + L pj 3}8%‘ ([)j]
(o +1)(p7 +1) 7~ (P + 122+ )2 (pf +1)(p2 +1)2

1—p. 1 .
+A‘_2 ;{—2|: 2 J o :|q)[3] } Z’YJ:|
R S VR A VPR e
2pj[p§*1*pr(p?+1)%] TS 4pH 0% + pj(p2 +1)% + 1]
i J 1
+(P2+ D+ )2 +1) [ﬂj+(p§+1)2](p§-‘+1)(p?+1)2

+ (AT 44 J)[

J
—1/ ¢ [ 2 p2 _ gy —1 _
G { 2ibpf o obl . 2PN A [ ks Jo. 2]
P?H (pf + 1)o7 + 1272770 i+ 1 Ll +1)< +1)? (pj+1)(pj+1>%
2 2 - . _2
QZb/\ H |:,U/2 py —1 + 1 :|<D([)J]}el’h + 8(0, — Zb)/\j pj ( ) —’L'YJ
p; + 1 (b +1° P +1 (05 +1)2(p +1) p;+1
AT pht . SuAT 2 ph 8A; 2Pt (p2 — 1)
+ a—ib{ Re (9, ®Ye +{ J_J J }Re oYl }
( )<%+n@+ug (%0 ) (P +1)%(pF + 1) (&+Mﬁ+n ( )

2 —A\jpt ) V)
= (1—2Re> H g ef) + L2 a])
pi+1 (P +1)(p3 +1)2 (P +1)

J
'u)\l/l. /\1/:

. P [s] [4]
fla—ib)}—— >0, . B +{ . .}az@
( ){(pﬁ»‘+1)(p§+1) 0 L+ 1)2(p2 + 1) (p;fﬂ)(pjﬂ)% a0

1—p 1 . i
FAA 2{“2@;41]) U +1><pj+1>]q’[°j]}}e ]
2050} " =P = (WF AV g Al il £ 1)+ 1]
s+ 2+ D2 + )02+ 1) 7 lpy+ (024 D)3 + 1) (2 +1)2
{ 2ibp o0 QibAj—lpg[ 2 . p+2
(P07 +1277% 70 g1 Ll +1)2(2 + )5 (o +1)( pﬁl

22b/\2“2 | 1 1= . 8(a — ib)A72p*
o Y S 12 )
p;+1 Py +1)°  pj+1 (p7 +1)%(pf +1) p+1
AT pht . SuAT 2 ph 8 2Pt (p2 — 1)
+ a—ib{ Re (0., Y e= +{ J_J J }Re ol }
(=) (pj+1)(pj+1)% ( ’ ) (P +1)%(p3 +1)2 (pj+1)(p§+1) ( )
pt1

o, [ —227 (€ —idd) o, 2 .
+ 87,91{ J 21—’— - 2 (5 Zé-[]])|: p J . . (1 - 1Re) (8ZJ (I)[Oj]e Z’YJ)
Pj 2(Pj +1)(pj+1)2 P+
,U:)\ 1 ,U« 1 9 ] . :| | A 1pH—1 < 9 ) ) .
1— R (I)J —17; ]] J . I (I)[J] —1i;
2(p]+1)2< pi+1 e)(oe ) e i )(ijrl) H_p?Jrlm (06 )

(s ot 2 (0], —iv;
e 9{ € 4 bl [ j : (1 Re> 8, olle—im
( 1 2 ) z(pj + 1)(p + 1)5 pJQ + 1 ( i =0 )

+ (A + i)

HRd
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N <1 2 n > (o y)] L (€l 5[1]) N <-+ 2 > (o W)}
2+ 1) A e 5e —1 27 1) i p?—l—lm ge .
Using (3.16) and (3.19), we have

. 2 Aipht topi(s)e
oS =(1-— R 17 . / J Ko(¢) +2¢Koe, (¢5)) d
( U[]]L )Cj ( p? + 1 e) { (p;,b + 1)(p§ + 1)§ _r t—s ( O(CJ) + C] OCJ (CJ)) $

Mg‘p?(pﬁ +1)z ot pi(s)e”® o (Cd
- ;L 1 2 _ O(Cj) S
(ID] + ) T 3 S

. 1 t pA(s)e—iw(t) . _ 5 .
+ (a—lb){(pj +1j)(pj+1)g / J P (6CJK0(j(<J)+4CjKOCjCj(CJ)) ds

_ 2pA; P WL ] b opi(s)e® (e 42 K (¢ d
[<p;*+1>2<p§+1>é*<pj+1><p3»+1>% [ P 6 2o )

(L= P} +1)7 1 b opy(s)em ) }
_ 27! # 20,2 J/\Fj _ pj(s)e '
&l [ﬂ (o +1)° (p§‘+1)(p?+1);]/T ro— Ko(CJ)dS}
(A + %)) 2pily " —pi— (3D Aol (el + 1) 41
o+ RADHE DR+ 7 4 (R DHGE T )2 +1)2

L by Lt /t pi(s)en®
(Pj—|-1)(pj—|-1)g -r t—s

B 2ib)\j1p7{ 2u N p§—|—2 ]/t E(s)em(t)
pp+L L+ 1202+ 1) (D) (241 et

1 2 - iy
2ibA; T, P -1 1 t pi(s)ei®
B 1 12 m 3 + I 7K0(<j)d8
(pj+1)2 (o +1)2  pf+1 r t—s

 Ba—ib)A el (1_ 2 Re)(/t pj(s)e—m(t)K(c)ds)
E+DI+ D\ T o tes 0

. _8ATLprt? topi(s)e )
o= Zb){ (o} + 1§<p§j+ 1)% Re(/_T e () + 26K, (¢)) ds

O g o

N [(p? 4—8 lf;j@;i ): (ZA + ﬁ((g + 11))g ] Re(/; WKO(CJW»

i ewj{ - @i B?A—jrll "o +lf)b<+p1§ +1)} (1 - p§2+ 1Re> (/tT W (olG) + 263Kag, (43) ds)
. <( 53 (- p32+ ) ([, P mioe)|

(- p32+ f‘e) ([, )]

gl gl p”—l(p2_|_1)% ) 2 t p-(s)e_i"’j(t) '
(523 1513) Jz(pj7+ 1) 7+ p? +1Im /_T ]tTKO(CJ)dS

= M (pj.t) + MY (ps, 1) + € (MP (1) + D7 (pj, 4)) + =0 M) (p;, 1),

(6¢;Kog, (&) + 4¢ Kog,¢, (¢5)) ds

(Ko(¢5) +2¢ Ko, () ds

[N
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where M(gj](pj,t),Méj] (pj, 1), Mlm (pj, 1), Mlm (pj, 1), M[_j]l(pj,t) are given as follows.

M5y, = 0 (1

_ngquq

/t pj(s)e”t H - ~ 2up; LT =) + 1)5];( )
T t—s P+ D)2 +1)2 (o +1)2(p2 +1)2 (p +1)3 o
i P o) e o]
T N 1 d 3 PR
{(p’j D7+ 12 (pf +1)%(p] +1)3 o Foq, )+ (P +1)(p +1)2 o6 (6)
—ib)\-l/t p;(s)ets ) { [2,02-‘[2#(,0? +1)+ (0] +2)(pf + D] 2p57 2Pl — 1) + (o + 1)2]][(0(“
Pl tes (P4 +1)2(p? +1)3 (P +1)3(p2 +1)3 7
w et Jo
+ 3 5 j N 5 VA Y]
[T G ) G (@)
11 2 b opi(s)eu® Py , >
(a—ib)A; (1 p?+1Re> (/T TS (7 +1)K0((j)ds
) _ toy. —i7;(t) S,UPH SpH
- —bA‘lR{ Bils)e H L ’ S}K |
(0: 2 ) J € /7T t—s (pét_i_l)g(p?_’_l)g (p;t_i_l)(p?_i_l)i O(CJ)
16,0“”
(i Koe. (¢5) bd
(p?+1)(pj+1)5g OC’(Q)} s}
200" — p; — (2 +1)?] 48 [0 + pi(p2 + 1)} + 1]

+ (AT + i)

M (pgot) = Ay (1

lp; + (pj

D

los + (02 + 13! + 1)(p2 + 1)2

+ % K (C-)}d] (3.42)
(o + D2+ ] '

M (pj 1) = =201 (& = i) (o] + 1) (3.43)

Tl e (f el (2 ' pj(S)e‘”’“)H A 1oy (P?H)%} |
W05, = i) (1 gme) | [ P TR sy ()
o } ]_ N (Pa +1)5< 2 )< bopi(s)em )
SRR G Ko, () (& +1i&") IRy i+ p?JrlIm /_T ———Ko(¢)ds ),
(3.44)

W, 4y .— (£l 2 " pi(s)e {[ ik A 1);]

M—l(pjat) . ( +Z§2 )( ,0? + 1Re> |:/—T t—s 2(p? + 1)(/)? + 1)% + 2(/)? + 1)2 KO(CJ)
! _ _ } ] (W — gl P+ 1) ( 2 )( b opi(s)e @ )
+ (pg n 1)(Pj n 1)% CJKOCJ' (CJ) ds (&' — ) 2(p5 1) v+ p? T lIm /_T s KO(CJ)dS .
(3.45)

To avoid non-smoothness due to terms like €%, we need to take p not so small to reserve some

9 tos —iv; (t) p H(p2 4 1)3
B “Re) {/ pj(s)e {[ ; P} : - K (#P] : 2) :|K0<<j)
p; + r  t—s (P! +1)(p2 +1)3 (P; +1)

vanishing of p; as p; — 0 in the new error. From now on, we take u = 3. Then

] _ y-1 2
J

{(a - zb){ /t pi(s)e i ® pj(3p]7- + p? + 12p? — 15p;¥ + 11,0? — 24p? —38)
T t—s

(02 + )3 (p? +1)° Kol&)
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4050} =305 =2) 4p} } H
= . (¢ + 5 ¢ (GG d
2+ D3+ 2o () (P +1)(p2 +1)f Koy, ()| ds

it /t b;(s)es [ 2pi (3p] + P} + 1207 — 15p] + 11p} — 24p] — 8)
PoJer b (P2 +1)3(p + 1)°

8p3(2p5 + p3 + 5p% + 4 8p°
pJ(QPJ f;g i p; 2 )CjKogj(cj)+ i pJ2 sCfKogjgj(Cj)]ds
(pf+1)2(p; +1) (P} +1)(p; +1)3

2 tos. —iy; (1) 8p?
- (a—ib)/\;1<1 - Re> (/ By(s)e L I Ko(Cj)ds)
P +1 -T t—s (pj +1)2(p; +1)

~ (a—ib)\Re { /t pj<st>efm<t> [sz’?(p? P304 oy 197, ¢ Ko (g)] }
-7 —3 (pF +1)3(p} + 1) (P2 +1)(p? +1)3
205003 —pi — (312 o 4pl (0] + D)2 £
loj + (P2 + D2+ D)2+ 1) 7 o+ (02 + 1) 3]0+ 1)(p2 +1)%
By (3.18), we have

M) = 5 (1 2 Re) {(a _ ) {/t pj(s)e” i ®) {pj(?,p; + 05 + 1293 — 15p] 4+ 11p3 — 24p7 — 8)
’ py+1 o t—s (P2 +1)2(p? + 1)

a+ib ) } 4p3(p3 — 3p5 — 2) 1
X +O(¢) |1, <y +O(C )Ly, + 3 O () 1o <1y +O(C )1yge,
K 5 (C;)) (¢;<1y + OGNy, >1y (p?Jrl)E(p?Jrl)Q( (G) g <1y + O(G DLig;>1y)
4p?

2 -1
G (0(&) 120+ 0 e o) ]|

b / pj(s)ers® { 20, (3p] + p§ +12p) — 15p] + 11p} — 24p7 — 8)
5
t_s (pF +1)2(p} + 1)
§
X
8p?

(P2 +1)(p2 +1)3

— (a—ib)A; (1

Ko(¢5)

+p;125j (3.46)

8p3(2p% + p3 + 5pF +4)
(P2 +1)3 (p} +1)°

(Cj)> L <y + O(Cj_l)l{Cj>1}} + (0(G) Ligy<ny +O(¢G g >1y)

(0(¢2) 1ge <1y + O(G HLie,>1y) }ds
Eopi(s)e i ®) 8p3
22 Re){/ pj(s)e p]
pitl r t=s (R4 1)E(pE+1)
+ ib
X Ka ' +0(¢;) )1{<J<1}+O (G 1 >1}] ds}

top. 75 (t) (8p3(p? + 3p? + 4) ib

IR p P;(pj + 3p a+i _

~(a=ib el:/T ](t)—s {(p2j+j1)3(p3j+1)2 K 2 (Cj)> L+ 06 ) 6o
- j j

167) (0(¢)1 +0 (¢ )1 ) od
(o +1)(p2 + DF Y OEY (G=n) g
. 20005 —ps =3+ D2y 46lel es(pf 4 1)F 1]
7 J

1 j J 1
g + (0F + D21} + DT+ 7 oy + (o + D210 + 1) (0} +1)2
_ /\f1<1_ 9 Re) |:/t pj(s)em(t){[pj(gpj7+p§?+12p§—15p§+11p§—24,0?-8) N
A AR A Y I 2003 + 13 (0} +1)°

iy, (t)
+0 (C]_1< i) )1{C >1}}ds] +b(ia +b)A; / pitpy{

O (¢lp) %) } 1ig<ny

— S

pi(3pT + p§ +12p5 — 15p7 + 11p% — 24p% — 8) i ] s }
: +0 (¢lp; Ly, <1y + O (G o) 7%) 1y¢ 51y pds
[ (pg + 1)5(03 + 1)3 (CJ <pJ> ) {51} (Cj <pJ> ) {¢>1}
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o 2 t p.(s)e—iw(t)
—(q — -1 _ LA
(a —ib)A; (1 p? i 1Re> [/_T P

4(a+ib)p§? 3 B 3
AlGr e 000 s+ 06 00 e o

t o (g)e—ii() 403 (p3 +3p2 + 4
7 J

ot 2005 —ps =03+ g Al e DR (3.47)
P @D D@D o+ (0] + D0} + 1) (eF + 1)

Then by (3.2), (3.18), and (3.21), we obtain

: - s [T ()] - ~1)3 - - -
M o)™ [ B (e + G gy s AT A0 S X )
il < 13 -1 ! |>.\*(5)| -1 < 13 -1 U] < y—1(¢l) -2
|Mg"| < [Apj) i (1{<jg1}+Cj 1{gj>1}) ds S [ Alpg) s IMY S AT IE () s
<y < ey [F 1) 1 < 1) | < (£1]
BSIE0 [ 5 (g + G g ) ds S VL MY < 160, (3.48)
By (3.48), we have
](HUWSU])CJ SATH o) P+ I o) T IET (T ) TP+ 1), (3.49)
Integrating (3.41) and (3.49), we have
YIS AT ) 72+ Al ™+ €Y. (3.50)

4. GLUING SYSTEM

In this section, we will derive the inner-outer gluing system and present the corresponding topologies
with carefully designed weights such that solutions with desired asymptotics can be found.

4.1. Error analysis. We look for the solution u of the form
u=(14+A)U,+ P — (9 -U,)U,,
N

(w,t) == > (0 (2.0)Qx, @ 7, 6) + 0l (2. )@ | = €MD), 1) + Pows(w,0), (4.1)
j=1
Uy 1y . Wl =0 forall te(0,T), j=1,2,...,N,
vhere &l ) i)
[ r— Ut f r— Ut
t) =22 t) =n(——2—~ 4.2
g (,t) n(/\*(t)R(t)), Mg, (2, 1) 77( i ) (4.2)

n is a smooth cut-off function satisfying 0 < n(z) < 1, n(z) = 1 if |2| < 1 and n(z) = 0 if |z[ > 2;
A is a real-valued function to to make |u| = 1; <I>E1] and ®,,; will be solved in the inner-outer gluing
system, where @Hl] solves the inner problem near each bubble UV!, while ®,,; handles the region away
from the concentration zones; @SU l'is defined in (3.11). Throughout this paper, we make the ansatz

R(t) = X(1), |9 <1, (4.3)
where 0 < 8 < 1 will be chosen later. Notice that
ngg =1 in |z — V()] < 2X.(O)R(t).
The scalar function A will be chosen in (4.1) to make |u| = 1. Indeed,

Ul =16 (L4 AU+ 21+ A)@ - U)(1— [0P) + @ — (- T)UJ2 = 1
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@ -U)1— U2 1—[@—(®-UJU.L2  [(@-U)(1—|U.[»)]?
1+ A -
@{ AT AR UL [AE
We take
1— U2 =@ — (2-UIUJ | [(@ U1~ |UJH]\ (@-U.)(1 - |UJ)
A=<1 —1— . (44
{+ DAE * AL GAE (4.4

By (3.4), (3.2), and (4.3), we have
A= (1400 +[0) + O(2[[))? =1+ O(\[@]) = O, + Au[@] + [02) = O(\. + [@[?). (4.5)
One important insight is that we only need to solve
S [u] = E(z, t)Us (4.6)

for some scalar function =. Indeed, since |u| = 1 is kept for all ¢ € (0,7'), and as the perturbation,
u — Uy is uniformly small, then

1
(U - w)E = S[u] - u = =5 u(|ul?) + SAJuf* = 0.

If Uy -u > dp > 0, then Z = 0. (4.6) provides us the flexibility to adjust the error terms in U, direction
and we call this U,-operation mentioned earlier. We compute

—0,® = —0, Doyt + Z{ [J](I, [7 ]) + n%]Qw [ . at(I)i[i} + ()\j—l/'\jy[j] + )\j—lé[ﬂ) . Vqu)_[ﬂ] 'Yj (I)[j} Q%q)[fl]atng]}7
j=1
N . o
AP = A <I>out+ZA (nf) @5 +Zn%]ijAz<I>“]+ZQ% ol A +2v.n vl (47)
j=1 j=1

0
where we used 0;(Q-;) = ¥;JQ~; = §;Q,J with J := |:1 . Notice that
0

0
0
U DA+ (1+ A)ALU, + 2V, A- VU, + Ay [ — (@ - U,)U,
+ |V [(1+ AU, 4+ & — (& - U)ULP[(1 + AU, + & — (
= AL [® — (D -U)U] + |V, U [@ — (@ - UL)U.]
+ |V [+ AU [® — (B - U)U,] — |V U2 [@ — (9 - UL)UL]
+ {2% (14 A)U] - Vo [® — (@ U)UL + Ve [® — (P - U*)U*]P} [ — (®-U)U.]
+ 2V, A -V, U, + (1+ A)A,U,
+ U, [AwA + |V [(14+ AU, +® — (DU (1+ A)}
= Ny ® — 2V, (D - U,) - VU, + |V, U,|* @
+ Ve [+ AP @ — (@ - U)UL] = |VoUe? [@ = (8- U)UL]
+ {29, [(1+ U]V, [0 = (@ U)U] + Vs [0 — (@ U } [@ - (- U)UL]
+ 2V, A -V, U + [1+ A— (@ - U,)] AU
U, {AxA Vo [(1+ AU, + @ — (B - UL (14 A) — [VoUs]? (@ - U,) — Ag(® - U*)} :
and
[(14+ AU, +P—(Q-U)UJANA [(1+ AU+ P — (P - Us)U,]
= [®— (O U)UJAA 1+ AU+ [(1+ AU A AL [@ — (@ - UL)U.]
F[@— (@ -U)UJAA[® — (- U)U] + (1+ AU, AN [(1+ AU
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= [®— (P )U*]/\AwU +UNA [®— (D UL)U,]
+[@— (- UV A A( >+AU NG [@ — (@ UL)UL]
+[@— (@ U)UJ A DL [® — (- U)U.] + (1+ AU A Ay [(1+ AU
=dANAU, + U, /\[A@—va( Us) - VU]
+[@— (2 U)UJ A A (A *>+AU NG [@ — (@ U,)UL]
[ — (@ UV A AL [ — (@ UL)UL

+(1+ A)U* ANAL 1+ AU, — 2(<I> U U N AU,
By the above identities, we arrange terms in the error as

+ a{U*A;pA + (14 A)AU, + 2V A - VU, + Ag[® — (@ - U,)U,]
F Ve [+ AU, + & — (- U1+ AU, + @ — (D - U,)U, }
— b1+ AU+ P — (2 -U)UJANA [1+ AU+ P — (- U,)U,]
= —(14+A4)0U, — 0P+ (¢ U, )0U, + Uy [0,(P - Uy) — O, A
+a [Aﬂ) — 2V, (D - U.) - Vo U, + |VLU|* ®
+ Ve [+ AU [@ — (@ - U)U,] — |V UL [@ — (D - UL)UL]
{2V [+ AU Vo[ — (@ U)U + Ve [0~ (2 UV} B — (2 U0
+2V,A- VU +[1+A— (DU, AU
+ U, {A1A+ Vo (1 4+ AU + @ — (& U U (1 + A) — VLU * (@ - Us) — Ay( - U*)}]

- b{(I) A AU, + Us A [Ag® — 2V,(® - U,) - VU]
P[0 — (@ UDU A Ay (AUL) + AUL A Ay [& — (- U,)UL]
+ [(I) - (CI) . U*)U*] A Aac [CI) - ((I) : U*)U*]

(L AL A A [(1+ AT = 28 U)U. A AT}
- _9d+a [Asz — OV (B U,) - VU, + Vo Ui @] b {D A AU, + Uy A[Ag® — 2V, (3 - UL) - V,U,]}

where
N[®] = a[{m [(1+ AP = (VUL 42V, [(1+ AU.] - VT, ® + |VIHU*L<1>12} MMy, @

FOVLA-V, U, +[1+A—(®-U,) AzU*} - b{HU*JI) AA, (AUL) + AU, A AT s @ + Tl @ A AT &
(1L AU AA,[(1+ AU - 2(2 - U)U. /\AQCU*}, (4.8)

S[#] = 0, [(® - U) — Alra { A A+ [V [(L+ AL + @ — (@ U)UE (L4 A) — (V0P (8- 0) — Ag(@-U)
Then

N N
Slu] = = @ + (a — bUA) [Ap® = 2V(R - Us) - Vo Ui + a® > [VLUVP 400 A Y |V,UW UV
j=1 j=1
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N
— U +a® > VU VUM [(®-U,) — Al 0U. + N[2] + E[Q]U,

Gok=1,5#k
= —9,® + (a — BUN) [A <1>—2Zv (- Uy .v,Ub ]+Z|V UV % (a — bUVIA) @
7j=1
— QU, + (a — bULN) {—2ZV (U.—Ub )}-VxUU]}

N
+a® Y VUV VUM 4 [(@-UL) — A 0U + N[@] + Z[Q]U..
Ji:k=1,5#k
Using (4.1) and (4 7), we have

[ } — 9By — Za *[J] )+ ZU[J]Q’Y [ ] (/\j—l/'\jy[j] + )\j—lé[ﬂ) .Vy[j]q)i[ _ ’Y]J‘I) } ZQ%‘I’@@:&UE]

+ (a — bU.N) {A Pout + Z Ay 775](1) )+ ZnR Q, AJU(I)i[]] + ZQ% ( wnR + QVIWE%] Vﬂbgj)

j=1 Jj=1

_ QEN:VI (U[j] .@0ut) v, Ul — ZEN:VI [U[j] . (77%]@7]' (I)i[i] + nff]@ )] v, U]

j=1 j=1
N N
Qva[U[ﬂ. 3 (ngJQ%q)i[ﬁngk]@;[M)].VJCUU]}
j=1 k=1,k#j !
N
+3 0 [vL Ul (a—bU[ﬂ/\> 0ut+2|v Ul ( U[J]/\) (U%leq’i{ﬁ] +7753‘1’3[j]>
j= 1
N N ”
+Z\VmUU]|2( _pulilp ) S ( g, ol 4 g]q)*[k})
Jj=1 k=1,k#j

— 0U. + (a = bUA { 2%% @ (v. -0} ~VIUU]}

j=1
N 3
+ad Y VUV VUM 4 [(@-UL) - A 0,U, + N[®] + E[D]U.
Jik=1,j#k

9 ®out + (0 — BULA) Ay Dous + ﬁ; (1=n) (a = UBIA) [[V.0V Py — 29, (U - ) - VU]

N
+Y° (1 gl) { —@(nf}j@f;“l) n (a_bUmA) [Am(n[ 1200y 4 v, b)) ,7 P!
j=
—2v, (U i) v, 0] - ol
+ ;n%@w{ — 00l 407 (a— ) [ 88 4 (9 WAl — 2w ) (W al) . W
) (vymwm Vo (I,i[i]) Wm}

+Q_, {(a _ bU[j]/\) [‘va[j]lgnU[j]L(Eout — 2V, (U[j] . Out) V. U[J]:|}
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+ Q. { = 0@ + (a = 0UPIA) A, 057 + 9,00 20pl — 29, (Ul o) . v, U] - 8tUU]}}

SR (535 '69) 9,08 5008
+§;Q { ollonil + ( _bWU]/\) {fbi[imxnguszgl vx(pi[iJ_(Wm H) (zv Pag vxwm)”

N
L ( -U m) {Ax(ngq]@?im) + R Qy, A0 + Qs (‘Pi[i] Agnf) + 2V, fobi[ff)

=1

.

— 2V, (UU] . Out) v, Ul —9ov, {U[ Jl. (77R Q% b il 77[ 7] *[J]>:| ~VzU[j]}
+ (a— bULA) { - QZN:W [cp : (U* - Um” . va[j]}
+(a—bUA) { _ QZV [Um i (g, o +ng§1¢3m)} ,vaU}}

k=1,k#j
N N
+Z‘VwU[j]|2( —pulilp ) 3 ( Q. 2l + e *[k])
j=1 k=1,k#j
N
ta® Y V.UV VUM 4 [(@-UL) - A]OUL + N(®] + E[D)U.
J,k=1,j#k

+ji177%] (v - v+ 1) { —2a (VWU V,08)) + o VUL (U1 0o )

+ { — 9@l + (a - bUU]A) [A@;W + VU 2er oy, (UU] : <1>;;“]) : VIUU]] - 6tU[j]} gl }

4.2. Simplification of the nonlinear terms A[®]. In this subsection, we will single out the second-
order derivatives of ® in N'[®] in (4.8) and extract terms involving ® and its derivatives in N'[®]. The
purpose of this step is to obtain a convenient form for the inner-outer gluing system and estimates in
the construction.

Oy ® A A, (AUL) + AU A AT @ + T @ A AT @
= (PAU)AGA+ T @ A [AA UL + 2V, A -V, U]

+ AU, A A — AU A [(® - U) AU + 2V (P - U,) - VU]

F i @A AP — (RAU)AL(P-Us) — M @ A (@ - U)ALUs + 2V (@ - Us) - Vo U] (4.9)
= (PAU)ALA+ AU NAAD + T @ AAD — (D AUL)AL(D-Us)

— (L ® 4+ AUL) A2V (D - Us) - Vo U] + [A = (@ - UL)]® A AU

+ Iy ® A (2VLA - VoUs) + (@ - UL)? = 2A4(® - U)]Us A AU

Next, we give explicit formulas for V, A and A, A. Due to the choice of (4.1), |u| = 1 is equivalent
to
1+ APUL +2(1+ A)(Us - Ty ®) + [ @ = 1. (4.10)
Acting V, on both sides of (4.10), we get

21+ A)|UPVe A+ (1+ APV (JULP) + Ve (T %) +2(14 A) Vo (U - Ty @) +2(Us -1l @)V, A = 0.



FINITE-TIME BLOW-UP FOR LLG 33

(14 A2V (|UP) + Vo ([T @) + 2(1 + A) Vo (U, - T ®)
Vad = - 21+ A)0.P + 2(U T, @) - (411)
Acting A, on both sides of (4.10), we have
(L+ A2AL (U + UL [2(1 + A) A A+ 2|V AP +4(1 + AV, ([ULJ?) - VoA

+2(1+ A)A (Uy - Tpa @) +2(Us - Hyr @) Ap A + AV, (U - i @) - Vo A + A ([T @) = 0.

Thus, we have

BA = =27 [(L+ AU + (U Ty @)] 7 [A (Mg @f2) + 201+ A)A, (U - Ty, @)
(4.12)
+ 4V, (Us - Hyyo @) - Vo A+ 2|U P VAP + 4(1+ AV, (JULPP) - Vo A+ (1 + A)QAI(|U*|2)} .

Notice that

Ap(TyeB?) = 20 - A, @ +2(|U.° — 2) [(B - U)An(@ - Us) + [Va(@ - U]
+ 2V, (UP) - Val(@ - U] + 2 V,8 + (@ UL)*Au(|U.[)

and

Ay(Us - My @) = (1= [Us)Ag(@ - Us) = (@ - Us) Ag(|U) = 2V (|UP) - Va(@ - Us).

Then (4.12) can be rephrased into

A A= =271 [(1+ AU+ (U HU*A))]*1 [2c1> AP+ 201U = 2)(® - U) +2(1+ A) (1 — |U)] Au(@ - UL)
+ 2(|U? = 2)|Vo (@ - U + 2|V @> +4[(@ - Us) — (1 + AV, (|UL) - V(@ - Us) + 2|UL 2| VL AP

+ AV, (U, - Tlys ®) - Vo A + 4(1 4+ AV, (|UL[2) - VoA + [(@ - UL) — (14 A)]QAI(|U*|2)]. (4.13)

By (4.13), part of the terms in (4.9) can be rewritten as

(PAUN)ALA+ AU N D@ + T @A AP — (D AUL)AL(P - Us)

= 2 Y@ AU, [(1 + AU+ (U* : HU*MI))] o

x {20 A, @+ [2(|UL> = 2)(® - U) +2(1 4+ A)(1 — |U*)] (Us - Ay @)}

+ AU N A + T @A AP — (P AUy) (Ui - A ®)

2 Y@ AU, [(1 + AU+ (U* : HU@)] o

X { 20017 = 2)(® - U.) + 2(1 + A)(1 — |[U.P)] (2Va® - V,U. + & - A,U,)

+2(|US = 2)|Vo(@ - Un)* + 2| Vo @ + 4[(@ - Us) — (1 + A)| V. (|UL) - V(@ - Us)

+ 2|U Ve AP + AV, (Uy - Ty @) - VoA + 4(1 + A)Vo (|UJP) - Ve A+ [(@ - Us) — (14 A)]QAx(\U*]Q)}
—(DAUL) (2V,® - VU, + & - ALU,)

2 (@ADL [(1 + AU+ (U* : HU*chﬂ TR0 AD+2(14+ A—D-TL) (U - AudD)]

+ AU A Dg® + T @ A Ay

2 Y@ AU, [(1 + AU+ (U* : HU@)] o {2 1+ A—®-U,) (2Ve® - VU, + - AU,)
+2(|U2 = 2)|Va(® - U2 + 2|V, @2 +4[(@ - Us) — (1 + A)Vo(|Usl?) - Vo(@ - Us) + 2|UL || VAP

+ AV, (U, - Tlyu ®) - VoA + 401+ AV (|UL%) - VoA + [(@ - U,) — (1+ A)]2Ax(\U*|2)}. (4.14)
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Combining (4.8), (4.9), and (4.14), we get

N[®] = b{(ch U.) [(1 + AU+ (U* - Hw@)} [@-A®+(1+A— - U,) (U, - Ay ®)]

AU, A 2,0 — (T @) A A, )}
2
a { {|vx [(1+ AU = [VoU. 2 + 2V, [(1+ AU - Vs (HU*@) + (vx (HU*nI))‘ }HU*@
FOVLA VU + (14+A—®-U,) A;BU*}

-1
- b[ 2 Y@ AU [(1 + AU+ (U* : Hw@)} {2 1+ A—®-U,) (2Ved VU, + - AUL)
+2(|UJ = 2)[Vo (@ - U + 2|V @ +4[(@ - Us) — (1 + AV, (|US°) - V(D - UL)
+ 2|U PV AP + AV (U - Ty @) - VoA + 4(1 + AV, (|ULJ) - Ve A+ [(@ - Us) — (14 A)]zAz(]U*\z)}
— (T2 ® + AUL) A2V (P - Us) - VUi + [A = (2 - UL)]® A AU
+ Iy ® A (VLA -V Us) + (@ UL)? = 2A(D - U)JU. A AU

+ (14 AU A (14 A)ALU, + 2V, A - VU, — 2(® - U)U, A AIU*] .

Since

[\

o0, [(1+ A)U.] - Vs (HU@) - 22{ (O, A) U - 0, ® + (1 + A)3y, U, - 0y, D]

= Oyy (Us - @) [|UL2O0, A+ (14 AU, - 0, U] — (U - ®) [(axkA) U, - 95, Us + (1 + A) yaka*ﬂ }
then N[®] can be expanded as
N[D] = b{(@ AU [+ UL+ (U. Ty ®)] 7 [0 A0+ (14 A— & - U.) (U. - A,®)]

— AU, ANDA® — (T2 @) A Ax@} + a{ {|va2|U*|2 +2(1+ AV, A (U, - VU, + A2 + A) [V, U, ?

+22{ (Oay A) U, - 0, ® + A0y, U, - 05, ®] — D, (Us - ®) [|U[?00y A+ (1 4+ AU, - 0y, Us]

2
— (U @) |0, A U, 00, U (14 A) [0, U] | 43100, @ = U0, (@ UL) = (@ U*)awkU*F]HU@
k=1

+2(V, A+ U, - VU, +® -V, ) -V, U, + AU, —2(U, - V,U,) V.U, +(A—3-U,) AxU*}
+2a[(VoUy - V@) B — (& -V, ) - V,U,] — 2a(V,U, - V,®) (U, - ®)U.

— 20U, A [(VoUs, - Va®) @ — (D - V@) - VU]

FH@ AU [(14+ AU + (U, -Tya®)] T (14 A—B-U,) (2V,® - V,U.) — b(® A U.) 2V, @ - V,U,)
—b| 27N @ AU [(1+ UL+ (U, Ty ®)] {2(1+A<I>-U*)(<I>'AIU*)

+2(|UJ2 = 2)|Ve (- Us) |2 + 2|V @2 + 8[(@ - Us) — (1 + A)](Us - V. U,) - Vi (@ - Us)
+2|U PV AP +4[-2(® - U)U. - VUi + (1 = |U*) Vo (- UL)] - Vo A

+8(1+ A) (Us - V,U,) - Vo A+ 2[(@ - U) — (1+ A (VLU + U, - AU }
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+ e ® A (2VLA-VoUy) + [(©-UL)? = 24(0 - Us) — 2(2 - U)| U A AU,
+ (1 4+ AU, A AAU, +2 (Vo A+ U, - VUi + @ -V, 8) -V, U, + AU, — 2 (U, - V,U,) - V,U.,]
+ 20AU, A [(® - V,®) - V,U.], (4.15)
where U, - V Uy, @ - V;® are defined in (2.2).

4.3. Inner-outer gluing system. By U,-operation (4.6), we can adjust the terms in the U, direction
flexibly. By the expansion form of S[u| at the end of Subsection 4.1 and (4.15), a sufficient condition

for S[u] = 0 is that (®Y), ®oy;) solve the following inner-outer gluing system

i’

615 out — B@,U*qu)out + g in RQ X (O,T),
N 3 (4.16)
Dout(7,0) = Zu(z) + 30 Y cnPmn(x)  in RZ
m=1n=1
Aoy = (a—bWHiA) [Aym & + |V, WY ey - 2v (Wm 'q)i[fl]) VW 17
+2 (VW8 v el ) Wil 440 in Dac,,
where C), is given in (3.2),
Dacyr = {(,1) | [yl < 2C\R(t), t € (0,T)}; HU .= 1V 41V, (4.18)
= NQs, | (a = bUVIA) Ly [@oud] + (2§ + e 0af) |
7 (4.19)

— (a _ bW[J]/\) Wil [Q_% ‘I)out] + )\2 (M[J] + ezGJM[J]>

—1?
J

Hip = XQ—, [2 (a—otA) { [0 v, (R0, 2N | (@y,08) - (@ 2h)) - 7. (nh 0l )] -vmviﬂﬂ
=2 (a—owlIA) [ Wil v g (nlell)| o) — el v ) (nflell)] - v i}, (4.20)

m

i( ) (a—bU[a‘]/\) [|V UV 2D, — 2V, (U[J o ) .VxU[j]}

Jj=1

g:

+ 3 (=) { - ooty + (a - oUbIA) (A, ep) + (v,00 2ggleg — 29, (UU) - pfleit) - v, 00

M) =

1

N
_ atU[]]} 4 Z 4] (M[J] + 61‘93 M[J] +e zOJM )C + z:lné]Q’Y [( 1>'\jy[j] 4 )\;15[7]) . Vub] (I)l[i] _ ’VJJ(I)l[i;]:|
—1 J j

<.
Il

n ﬁ; Q,, {4»5] o) + (a _ bWU]A) [@E{}Amng] +ov,) . v, el - (WU] : c1>i[f}) (2vxn£§ : vmw[ﬂ)} }

N
=S b (v - Ut A {Axmg;@*b )02, A0l + Q. (oA + 2V v.0l)
j=1

—9v, (U[j] . q)out) v,UV —2v, [U[j] : (W%]ij ol 4 n[ﬂ]@ i ]H .VmU[j]}

N

_ _ Nv. — )] . v gl
¥ (a bU*/\){ 2;%[@ (U* UJ)} vaa}
N N
> (g, el + [k@;{k])].vwm}

+ (a — bU,A) { —2) V. [UW
j=1 k=1,k#j



36 J. WEI, Q. ZHANG, AND Y. ZHOU

N N N
+ >V U (a—puln) ST (0l +alleit) a0 S0 vLul VU (@0, - AoU.
j k=1,k#j J,k=1,j#k

v, Wbl 'qu’i[i]> + a|V, U2 (U[j] .@Out)

+ZN:77£%] (U[j] —U*) {an(
{ 2@ 4 (a—bU[j]/\)
+b{(<1>/\U*) (14 AU+ (U Ty )] [+ (1+ A= DU U] Ay (& — Boyy)

[Az(p;m IRV SCpivA (Um . ‘1%“]) .szm} _ 5tUm} : Um]

(AU 4+ Ty @) A A (B = ) b+ a{ [|va|2|U*|2 Lol 4 AVVaA- (U, - Vo) + A2 + A) [VaUL [

+22{ (Ouy A) Uy - 0, ® + ADy, Uy - 0y, B] — Oy (Us - ) [|[Us 200, A+ (1 + AU, - 0y, U.]
2

k=1

+2(a—bUN) [(VolUs - Vo) & — (D -V, @) - V,U,] — 2a (Vo U, - V@) (U, - ®)U,

S o) ([0, (0, ) i, ) - (i, 2) - oo )] -0
b(@ AU [(1+ AU+ (Us - Ty ®)] 7 (14 A= - U.) 2V, - V,U.) — b(® AU,) (2V,® - V,U.)

{ Y@ AU [(1+ AU + (UL .Hchb)]‘1 {2(1 +A-® U, (®- AU,

+2(|UL 2 = 2) |V (@ - UL) 2 + 2|V, @2 +8[(® - U,) — (1 + A)J(Us - V,U,) - Vi (O - UL)
+2|UL VAP + 4 [=2(® - U)U, - VUi + (1= [UJH)V, (@ - UL)] -V, A

+8(1+ A) (U, - VoU,) - VoA +2[(® - UL) — (1+ A)? (VLU + U, - AU }

+ e ® ARV A-VoU,) + [(©-UL)? = 2A(0 - U,) — 2(® - U,)| U AALU,

_|_

+ (14 AU, A [AALU, + 2 (VoA + U, - VU, + @ - Vo®) - VU, + AU, — 2(U, - Vo U,) - Vo U]

+ 20AU A [(® - V@) - V,U.] + Zg(z, 1)U, (4.21)
where Zg(x, t) is some scalar function from the aforementioned U,-operation; M([)j ], Mo[j ], M l[j ], Ml[j ], M _]1
are given in (3.46), (3.42), (3.43), (3.44), (3.45), respectively, with p = 3;

B<1>7U* = als — bU, A +B¢7U*, (4.22)

I5 is the 3 x 3 identity matrix,
) L [@AU @+ (1+4-2-U)U]"
Boy, = b|(1+ AU+ (U* : HU*L@)} (@AT)[@+ (1+A— U U]"| b (AU* + HU*L@) A
(AU @+ (1+A-D-U,)U"
(4.23)

Z(x) € C°(R?), suppZ. C Be,, || Zulloswey <1, [00y Zu1 + Ony Zuz + i (O, Zaz — 02, Z01)] (q7)) # 0,
(4.24)
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Jj=12 ,N, where C; =9 max |¢Y];
] 1727 7N

ﬁmn € CSO(RQ)v suppﬁmn - BCq, ||19mnHC3(]R2) < 27
Drn (@) = Spen, Vﬁmn(q[k]) =0 for m,k=1,2,...,N, n=1,2,3,
= [1,0,0]", = [0,1,0]“, e; = [0,0,1]".
Cmn Will be chosen to make @Out(q[ T)=0 for k=1,2,...,N.

(4.25)

4.4. Weighted topologies for the inner and outer problems. The topologies for the inner and
outer problems are listed in this part. Recall (3.2) and the form of (4.17). It is natural to introduce
new time variables

T =Tj(t) = /Ot /\;2(s)d5 + C;TA%(0), 7;(0) = 79 := C,TA;%(0) (4.26)

with a constant C: > 0 sufficiently large. It follows that A?f)tq)i“ =9, <I>m,
7i(t) ~ [ T|72(T =) In(T = 1)[*,  In(r;(t)) ~ |1n( —1)],
Ae(t(r) ~ T (Inry)?, T —t(m) ~ [In T2 (Inmy)t,  Ont(ry) = Aj(t(m7)),  (4.27)
O Au(t(75)) = (O *)( (7)), t(75) ~ —|InT| " (11173)2-

e We endow solutions of the inner problems with the following norms.

[0 ins0s = sup [0 ) ) (|28 )| + )| DO )| + )2 D0l . 7)) .

y,7)€D2cy R

. _ @[j] .S _(I)[j] .S
st = sup {10 remsm ) )= )

in/2
(y,Tj)EDQCAR,max{TO,Tj—Rz(t(Tj))}§51<52§Tj ‘31 - 32’9“/

1| D3y, 51) — DOV (y, 55)|
)\V—éoRl—Cm tHrs 1 ‘ in \J> in\J> }’
+ [( * )( (7—]))] ’81 o 32‘§in/2

12 im0t = 1P [l —s0 + [‘I)i[ﬂ]]m’l,_éo’l,gn, (4.28)
where Dag := {(y,75) | 75 > 10, |y| < 2C\R(t(7}))},
>0, 0<gn<l1l, O0<f<v<l (4.29)

Set Ro(t) = A %0/6 (t), which will be used in the inner problems and reduced equations.
The inner problems will be solved in the following space

B =L | fllinp—dotn < A, £-WU =0}, j=1,2,...,N (4.30)
for a constant Aj, > 1 to be determined later.

e For the outer problem, we use the following weights to control the right-hand side of the outer
problem
)\1—00

]2 Lor r/2<la—qll|<dgy

[J] p— T*O‘o
|z —¢q

] ._ \© -1
Ql] = A (A*R) 1{|z_q[j]|§3>\*R}’ 9

03 :=T77, (4.31)

where d is given in (3.1),

O+p-1<0, 0<O<1, 0<oy<l1. (4.32)
For a function f(z,t), we define the L>°-weighted norm
N —1
IFleei= s {3 (e o) 4] Isteo (4.33)
R2x(0,T) j=1
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Also, we define the L*°-weighted norm for ®gy¢:
|Poutllzo.0 = (I TIASHLO)R(0) + (| Zu e rz)) " [ Pout |l 2o 2 x (07
+ (A200) + | Zellesaz)) " 1V aPoutl| o (2 x 07
+ sup  [|In(T — OPOHORE) + (T — )| Zlos@z)] |Pout (@) — Pous (@, T)|

R2x(0,T)
+ sup A2+ (T =03 Zllosez)) " IVaPous(@,t) = Vaou(z, T)|

R2x(0,T)

— -1 |vxq)out(xa t) - vxq)out(x*v 75>l<)|

+ sup A A RE) ™ + || Zellos r2 &

2,2, €R2,0<t <t <T), t,—t<(T—t)/4 : R ) (Jz — x| + /]t — t])

- (I)ou 9 t) — q)ou ) t*

+ sup [T (1+ | Zullosre)] [Pout (@ 1) a/;(‘r ) (4.34)

TER2,0<t<t <T, to—t<(T—t)/4 (t* - t)

under assumptions (D.1) for the parameters. The outer problem will be solved in
Bout = {f | |Ifll1.0.a < Ao, £, T)=0 for j=1,2,...,N}, (4.35)

where A, > 1 will be determined later.
We take T || Zi||cs@ey < 1 depending on A, such that [[|®@ous| + [V ®out|l| oo (m2x (0,7)) < 1. Since

@E} € Bi[fl] with (4.29) and @SU] satisfies (3.23), for ® given in (4.1), |®| < a holds.

4.5. Strategy for solving the inner problems. In order to find inner solutions with sufficient

space-time decay, we need to impose orthogonality conditions for HU! given in (4.18). Due to the

non-local feature at mode 0, we will only solve the non-local problem at the leading order and leave

the remainder to another piece of an inner problem without the orthogonality condition at mode 0.
By (2.23) and (2.22), we reformulate

(@, [(a=bUYIA) Ly [@ouc]]) o @ 0) = L [@oul (4, 0) + T [@oue] (2, 1), (4.36)

J

where the leading term f/f [Pout] is given by

LH [®out) (W), 1) 1= LT [@oui) (9, 1) + € L [Bou] (ps, 1) + €% L [®ous] (05, 1),

(pj>t)
(pj;t) == (a — ib)2)‘;1ij (pj) cosw(p;) [~Oh, ((I)out);g + @0y, ((I)out);s} (q[j]7 t),
(pj:t)

= (a— ib)A;lpngj (Pj)eiw [0z, (Pout)y — Ozs (Pout)y — & (Izy (Pout)y + Ozs (Pout)y)] (q[j]at)7
(4.37)

and the smaller term ZNJ# [Pout] is given by
F @ou](@,1) = (@ = ) [\ pju2 (07)e™ {00y (Pou)y + B (Pout)y + 1 (02, (Poud)y = Do (Pou)y)] (2,1)
— 00 (@out)y + Do (Pout)y +1 (D, (Pout) = s (Do) )} (07,1)}
€520 My, () 005 w(p5) {[=0ry (Pout)y + 102, (one)] (2:8) = [~y (@oun) + 0, (@ouc)s] (a7, 6)}
+ 205\ g2 (03)€{ 100, (Pout)y = Ors (Pows)y — 1 (9, (Do) + Or (Pout)y)] (2, 1)
— [0 (@ot)y = Do (o) = 1 (D, (Pows) + Do (Powt))] (67,1)}] (4.38)
By (4.34), [€W)] < CeASE in (3.2), we have
1 [@ow) (2, 8)] S A7 (05) 2 IPoutllp 0.0 (AL (A R) ™ + [| Zullcarey) |2 — €9 + €01 — gl)]"

a—1 C) —« a—2 (439)
SATHOZOWR) T+ (1 Zelles@2y) () Poutllz.0,0-
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Similar to (2.18), using the polar coordinates (2.3), we define the mode k component of l? [Dout] by

27 B ) ] )
I [®oui] (0, 1) 1= (27) " /0 I [ou] \jpye® + €51, )e s, (4.40)

In view of Proposition 5.1, we will put lj 0[ out)(pj,t) and the mode 0 component (Hm)@ .0 into non-
orthogonal inner problems instead of orthogonal inner problems. Here, the orthogonal (resp. non-
orthogonal) inner problem denotes the inner problem with (resp. without) orthogonality conditions
at corresponding modes imposed. More precisely, for j = 1,2,..., N, we consider the following two
parts.

Orthogonal inner problems:

Moy = (a = bWPIn) [A O+ [V, WY Peg! —2v <W[j] "I’i[ﬂ”) -V, W

+2(V, WU V@B ) WU | 4 1 =33 ([ @oul) , + M — (Do)
J J

(Zem%m Dty Zea(y?)) ., in Dacy, (4.41)
i
Non-orthogonal inner problems:

N = (@ —oWUIR) A 0 + |V, WU LY — 2w (W o) . v Wl

m

+ 2<VymW[j Vi) (I)if])W[j] + A} (lj,o[(pout])(c_l + ((Hi[ﬂ])ccj,o)c_l + Ro [Pout, Aj, ;]
J J

2 — . . .
+ ([ n)z8arar) " (HEOm )20 17)) i Dy (4.42)
where
2 -1 , , :
RofPs Ay 2310:0) 1= ([ 0250 )rar) " An(l ) Z0a (9D (e RalDC, [Ron ().
DO;[f] = DOS£](1) = (a — ) Do fo + s fo + 1 (0, o — ey 1) (4, 1) (4.4

for f = (f1, fo, f3) € LOO((O,T);CI(Rz)); the operator Rg will be given in Proposition 5.1, and the
reason for the choice of Ry will be shown in (5.2); under suitable assumptions on parameters, using
Propositions 8.3 and 8.5 with R, = R; = oo, we will take

i’ (73(1)) = co [[(H)e,0 = Nl ] (7 (1)
2 _ oo .
- _(/0 T](T)Zg’l(r)rdr> 1{/0 [(’H[f])(cj,o - )‘il] o) (P35 1) 20,1 (ps)pidp; + 0*0(7’] (t))}a
e (m (1) = cao[[(H)e,0 = ATole1] (5 (1),
of (73(1) = ea [[(HY" + Hi))e, e ]e ] (75(1)

2 _ 00 . . .
== ([ n)ztrar) {70 M o021y + i 0}
cA(73(1) = en [[(H +Hi))e, 16 ]e ] (75(1))- (4.44)

5. REDUCED EQUATIONS

5.1. Reformulation of reduced equations. We will consider the reduced equations

) 2 -1 2 _ .
o)+ () nn28arar) el o) = ([ i12840)rir) e ORI @) =0
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(i) =0 for te(0,T). (5.1)

If (5.1) is true, then (4.41) and (4.42) will give a solution @El] = @i[il] —|-<I>i[fl2] for (4.17). In the following
lemma, we write (5.1) in a form that is more convenient to handle.

Lemma 5.1. The reduced problem (5.1) is equivalent to

Bolp)(8) = DC;Bout] (1) + RolDC; [Bou]) (1), 52
€0l _ il — /\j/o <Q—w [(a — bUVIA) Ly [cI)out]}»Cj’l (pj:t)21,1(pj)pjdp; (5.3)
+ )\j_l/o (Hi[zl])@j,l(p]? t)Z1,1(pj)pidps + Aj ! El(Tj(t))
where
Bolpjl(t) := _{ /_T Ztaj—(si [<—1 + 0 (1j{Ine))) 1g<ay + O(%‘_l)l{wl}} ds

, t p(s)e i) A .
+ (a — ib)e"1 I Re {/T p](st)e_s (O(Lj<ln L)1, <1y + O(Ljfl)l{bpl}) ds} + Cpip; + Cpgewa'(t))\j}.
(5.4)

Proof. Terms in Co 7;(t)). There exists the correspondence between kernels (2.9) and (8.17) through
(8.18) and (8.19). See (8.17), Zo,1(p;)p; = p5(p5 +1)~1. By (4.19) and (4.36), we have

/0 [(HD)e;.0 = AT0] (s 1) 20,1 (p)pidps = )\3/0 (i}%o + Mc[)j]> (pj»t)20,1(pj)pjidp;-

Using (4.44), the first equation in (5.1) can be written as

Ro[DC; [Qout]] (£) + Aje™ D / (Zj’fo + MM) (pj:1)Z0,1(pj)pidpj = 0. (5.5)
0
Here,
/0 ifo(ﬂj,t)zo,l(pj)pjdpj = A e D0 [Bo, (5.6)
where we used [j* pjw o 2 (p))20.1(pj)pidp; = fo p +1)3 =1

Recall (3.17), ¢j = 1j(p} +1),15 = A3(t)(t — s)*. By (3 47) and Z.1(p;)p; = p2(p% +1)77, then
- Lt pa(s)e i) oo
/0 Mo(pj t)20,1(pj)pidps = A; 1/ pﬂ()/o

_T t—s
3(3,7 1 6 5 4 3 2
p;(3ps + pf +12p7 — 15p; + 11p; — 24p7 — 8) . ] 1, s }
+ O (¢i{p; 1, ()2 + O (¢ j 16, (2 dp;ds
{ [ 2(p? + 1)%(p§e +1)3 (503} ) |1 (P2+1)<1} (5 (pi) ") 14 i (P2+1)>1} (4P

AlReUt W/”{[P?(?’PZH?H%?15p§*+11p?24p?8)
7 r t—s Jo (02 +1)%(p2 +1)3

+0 (1)) 1y, (p§+1)>1}}dpjds} + b(ia + b))\j_lRe[

/t pi(s)e= i ® /w{[p§(3p§+p§+12p§ 15,0;1+11p;‘3724p?78)
- t=s Jo (02 +1)%(p2 +1)3

+0 (154p3) ") } L3+

+0 (4(p))7") ] L (o241<1y

+0 (554 7°) 1{L_j(p§+1)>1}}dﬂjd5} + b(ib — a)/\j_lRe[

/t pi(s)e=m® /oo { [ip‘j.(?)p; + 0% +12p5 — 15p] 4+ 11p3 — 24p7 - 8)
v t=s Jo (P2 +1)% (p} + 1)

+0 (45(p5)7") } Lo, (p24n)<1y



FINITE-TIME BLOW-UP FOR LLG 41

t (N (t) o0
—1/ -5 Ny 1 pi(s)e™"%

+ 0 (Lj <pj> ) 1{Lj(p?+1)>1}}dpjd81| - (a — Zb))\j /_T J P A {

[ 4(a+ib)p3

(P2 +1)3 (03 +1)

(- z‘b)AglReUtT W /O°° {
[ 8(a +ib)p?
(

P+ DF(pl+ 1)

topi(s)em @ o 403 (pj +3p5 +4)
—a—z‘b/\flRe[/ M/ {[cH—ib T + O (15 {p; 1}1, >
( ) J _T t—s 0 ( )(p‘?+1)§(p§+1)2 (.l< J> ) {](p]-}-l)gl}

+0 (5(p) ™) ] Lo,z an<ny +0 (657 ) ™°) 1{L.,»<p§+1>>1}}dpjd5

+ O (Lj <p]>_3) :| 1{Lj(P?+1)§1} + O (L;1<pj>_7) 1{Lj(p?+1)>1}}dpjd8:|

+0 (15 p) ™) 1{L,-<p§+1)>1}}dpjd8} +Cpupy 'pj + Oy Ay
t - —iy;(t) 0o
- pj(s)e - 1, -
= >\j ' /T ’ t—s /0 {[fl(ﬂj) +0 (Lj<pj> 1)] 1{Lj(p_?+1)g1} +0 (Lj 1<pj> 5) 1{Lj(p?+1)>1}} dpjds

+(a —ib)A; 'Re [/_tT Z%_;m /ODO { [(a+b) f2(p5) + O (1 {p) )] Ly o2 1)<1)
+0 (15 i) 77) 1{L,-<p§+1)>1}}dpjd8} + Gy 'pj + Cp2j Ay,
where, for brevity, we denote
¢ /oo 203163 = py = (75 +1)3]
0 [pj + (o} + 1)2](p} + 1)(p] +1)?

dpj = —0.123584,

O = _/OO 4[5 + pf(p? +1)% +1] dp; = —0.823455,
0 [pj+ (pF+1)2](p3 + 1)(p? +1)3
—8pjl<1 + 3,0}0 + p? — 4,0? — 15,0]7- + 11,0? — 32p§? — 8p:j3»
2(p2 +1)3(p} + 1)3 ’
4pit = 15030 — p% — 16p5 + 3p7 — 1195 + 167 + 8p?
(P2 +1)2(p} + 1)3 '
Notice [7° fi(pj)dp; = =1, [;° f2(pj)dp; = 0. Then

/0 {07003 + 0 (500 ™)) L2y +0 (5700) ) gz nysn | o
= (—1 + O(Lj <ln Lj>)) 1{Lj§1} + O(L{l)l{bj>1},
/0 {[(@+ib)falo) + 0 (15000 ™)) Lpygnny +0 (157400 7°) Loy  do

= Oy () 1y, <1y + O(; D1y o1y
since for ¢; > 1, fOOOO(L;1<pj)_5)dpj = O(Lj_l), and for 0 < ¢; <1,

fi(pj) ==

fa(pj) ==

o0

/o(lel)é [f1(p5) + O (154p5) )] dp; +/( , O (57146 ™2) doj = ~1+ O (13,

—1
> -1)2

o0

(gl—l)%
/ [(a +1b) fa(pj) + O (54p)~")] dp; +/ .0 (L}1<Pj>_5> dpj = O(t;(In ;).
0 (

—1
> -1)2
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Thus, we arrive at

e~ 15 (t) [

00 t -
_ JZAC _
/0 Mo(pjst) 20,1 (pj)pidp; = A; 1/T]() (=140 (j(Iney))) Ly, <1y + O g 51y | ds

t—s

. _ t ). S eiivj(t) _ 1. 1
+ (a — Zb))\j lRe[/ M (O(Lj<ln Lj>)1{Lj§1} + O(Lj 1)1{Lj>1}> ds] + Cplpj lpj + CPQ)\j 1)\]'.

T t—s
(5.7)
By plugging (5.6) and (5.7) into (5.5), we can re—write the first equation in (5.1) as (5.2).
Terms in C[lj](Tj(t)). See (8.17), Z1.1(pj) = 2+1 By (4.19), one has
/ (MY + Hi[il])([:j,l(pj7t)Zl,l(pj)pjdpj
0 (5.8)

= [ e - tmend))

o

+ XM+ (Hi[f;])ccj,l}(pj, t)21,1(p5)pPsdp;,
where we recall Ml[j } given in (3.43) and get

M (o )21 1(p:)pidp; = gl / i dps — —(£W) _ idily 1 -
/0 1 (pj, 1) Z1,1(p5)psdp; (f 23 ) . (p§+1)2 Pj (& &) j (5.9)

By (5.8) and (5.9), the second equation of (5.1) can be rewritten as (5.3). O

5.2. Linear theory for the non-local reduced equations. To introduce the space for the pa-
rameter function p;(t), we recall that the non-local operator By given in (5.4) for mode 0 is of the
approximate form

A2 s
sobl = [ s + o).

-T
For © € (0,1), w € R and a continuous function g : [-T,T] — C, we define the norm

lglle.w = sup (T —)°|In(T - t)[7|g(t)],
te|-T,T)

and for a € (0,1), m, w € R, we define the semi-norm

i l9(t) — g(s)|
(9] e = sup (T — )" (T — )= LI
2T et <, tes<(T—t) /4 (t — 5)/2
The following proposition proved in [22, Proposition 6.5, Proposition 6.6] gives an approximate

inverse of the non-local operator By with a small remainder Ry.

PI‘OpOSlthH 5.1. Let ap, % € (0,3), w € R, C1 > 1. There exists b > 0 such that if © € (0,b) and
m <0 —%, then for h(t) : [0,T] — C satisfying
Crt <D < G T T |[A() = h(T)llo,m-1 + [h]s mw—1 < Ci (5.10)
for some o € (0,1) and T > 0 small enough, there erist two linear operators P and Ry so that
p="PIlh]: [-T,T] — C satisfies
Bo[p](t) = h(t) + Ro[h](t), t€0,T]
with

+ M+ (1“’;0)‘1

1) =~ ATt + B3 mt) T

In|lnT|
[ In T

Rolr)()] < C(T™ +1T°

for some o1 > 0. Moreover,

P[h] = po,x[h] + P1[h] + Pa[h],
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where po x[h] is the leading term of Plh] with
T
po,x[h](t) = K| InT)| / In(T —s)|2ds =k (1+O(|nT|™ ")) |ImnT|(T — )| In(T — ¢)| 2
t

7|~ (In(| In 7))

k= k] =hT) (1+0(WT|™), [aPi[R)t)]<C (T -t

FPAINO] < O s [0Pelhllos < C(TH70 4 () = KT o),
OPallls o < C(I TP ="=8 £ TO T~ I W TY() = A(T) 0,1 + [l 1.

(5.11)

We now impose constraints on the parameters such that we can apply Proposition 5.1 to provide a
linear mapping to p; for (5.2) with h = DC;[®out)(t). The vanishing and Hélder properties in (5.10)
are exactly the ones inherited from the weighted topology (4.34) for the outer problem, namely

IDC;[@out] (t) = DC;[@oue) (T)] S A2(H) + (T = )2 | Zell o m2).
IDC;j[®out](t) — DC;[Poutl ()] |
[t — s|o/2 ~
In order for both [|[DC;[®ou](-) — DC;[Pout)(T)||0,m—1, [DC;[P Out]] m,w—1 to be finite, we need
w—-1-20<0, ©<a/2 m<min{@—o¢(lf B),0}. (5.12)

We put the remainder Ro[DC;[®oyt]] in the non-orthogonal inner problem (4.42). For the gluing to
work, suitable parameters will be chosen such that Ro[DC;[®qy]] has fast time decay.

T—1
L)) 1| Z | cagey for |t —s| < 1

6. LINEAR THEORY FOR THE OUTER PROBLEM

6.1. DMOy, |DMO|y spaces, and regularity results. Given a vector-valued function f defined in
Q= Q x (to,t1) C R for X = (,t) € Q, (B(z) N Q) x (t —r%t) C Q, we define

wi o(r X) = ][ ‘f Y, s ][ £(z, s)dz|dyds,
(Br(z)NQ) X (t—12,t) By (z)NQ

wi(r, Q) :=sup {off:Q(r,X) | X € Q} and  wi(r) := wg(r, Rd+1).
We say that f is of Dini mean oscillation in x over @) and write f € DMO,(Q) if wi(r, Q) satisfies
the Dini condition fo r~twi(r,Q)dr < +oo. Denote the DMO(Q) semi-norm as [f]pmo,(g) =
fol r~wi(r, Q)dr. Similarly, for X = (x,t) € Q, (Br(z) N Q) x (t —r2,t) C Q, we define

Wl o(r, X) :=][ f £(y, ) — (2, 8)| d=dyds,
(B (2)NQ) x (t—12,t) J By (2)NQ

wE(r, Q) == sup {lwlfo(r,X) | X € Q}  and  |w[{(r) == [w[f(r,R*T).
We say that f is of Dini mean absolute oscillation in x over @ and write f € |DMO|(Q) if
lwlf(r, Q) satisfies the Dini condition fol r~Hw(§(r,Q)dr < 400. Denote the [DMO|«(Q) semi-norm
as [flpmol(@) = Jo " |wli(r. Q)dr, and
I llgomornz=)@) = [flpmol.@) + IIfllL=(q)

If [Br(z) N Q| > C|By(z)| with a constant C' € (0,1) for all z € €, it follows that |wl[f o (r, X) <
|w§ gas1 (r; X) and thus IDMO|4(R¥*1)  [DMO«(Q).

We present some basic properties about DMOy(Q) and [DMO|4(Q) in the following lemma.

Lemma 6.1. (1) For f € IDMOIx(Q), then [flomo < [fliomon @) [Iflipmol@) < [f]jpmolk(@)-
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(2) If | f(z,t) — f(y,t)| < Clx — y|*f with constants C > 0, 0 < oy < 1 for all (z,t),(y,t) € Q,
then [fljomoy(@) < a7 'C.

(3) For fvg € DMOX( )(|DMO’ ( )); (GS R then [f +9]DMOX(Q) [f]DMOX(Q) + [ ]DMOX(Q):
[cflomoy@) = lellflomon@) ([f + glipmol@) < [flipmol(@) + [9liomol(@): [¢flpmo. @) =
c|[f]ipmol(@))-

(4) For f € IDMO|x(Q) satisfying |f| > C1 > 0 uniformly in Q, then [%]\DMO\X(Q) < CfZ[f]|DMO|X(Q)}
11 pmol(@) < 0CT ' [f]ipmol(q) with 0 < 6 < 1.

(5) For f,g € [DMOL(Q)NL>(Q), then [fg]ipmol(q) < [flipmol@)ll9llL(@)*Iglipmol @) 1f lz= (),
[|f| ]|DMO| ) < 9||f”Loo(Q If ]\DMolx(Q) with 6 > 1.

Proof. The proof is stralghtforward by the definition. O

Compared with DMO4(Q), |[DMO|«(Q) has the advantage that the functions in [DMO|4(Q) are
closed under arithmetic under some weak assumptions.
Denote Q. (X) = Q- (z,t) := B.(x) x (t —r?,t) C R,

Proposition 6.1. Consider the second-order parabolic system

d d
w— Y ADygu+ > B*Du+Cu=g in Q;(0),
a,f=1 a=1

where u = (ulvu?v"'7um)7 AP = (Aaﬁ(x t))z] 1, B = (Ba (z, t))z] 1, C= (CZ](‘r t))zg 1, 8 =
(91,92, -, gm), A% B> C € DMOL(Q; (0)) NL=(Q5 (0)), and AP satisfies the Legendre-Hadamard
ellipticity

A (3, 1)6aba?" > cr|¢[*|0) (6.1)
with a constant ¢y > 0 for all (z,t) € Q5(0), £ € RLY € R™. Let u € W21’2(Q2_(0)) be the strong
solution and u € L>*(Q5 (0)), g € DMO4(Q5 (0)) N L>*(Q5 (0)). Then

[ D6l 1o g7 o) + 190l o 7 o) S 0l 2w 0)) + 18 1 0 0)) + [Blomo, (@ (01

Proof. Tt is a direct application of [31, Lemma 4.13] and the L? estimates. O
Proposition 6.2. Consider the second-order parabolic system
d d
w — Z AaﬁDagu + Z B*D,u+Cu=g in R
a,f=1 a=1

Given (x4, 1) € RI*L p, >0, denote (2, 8) 1= 0T+ pez, te+p2s), g(z 8) 1= P28 (T4 paz, tu+p2s),
Aaﬁ(z 5) = A (2,4 piz, t*"‘ﬂ* s), Ba(z 5) 1= B (@utpuz, tatpis), C(Z 5) 1= PIC(Tx+puz, bt
p2s). Suppose that Q, g, AO‘B BO‘ C satisfy the assumption in Proposition 6.1, and

[f]DMOX(QQ‘(O)) + HfHLoo(Q;(o)) < Ca f = AaﬁaBavc
with a constant C' independent of x.,t. and ps, then
(D) (s + puz, e + PiS)HLoo(Qf(o)) + [[(Opa) (2 + puz, b + st)”Loo(Q;(o))
S p (s + puzo b+ pzS)HLOO(Q;(O)) + llg(@s + puz, ts + pES)HLOO(Qz_(O)) + [g8(@s + puz, b + PES)]DMOX(Q;(O))
with “<” independent of T, t. and py.

Proof. Since 851]—2‘35:1 Aaﬁazazﬁﬁ+2§:1 B“9,, u+Cu = g, the conclusion is a direct application
of Proposition 6.1. U
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6.2. Fundamental solution for the outer problem.

Proposition 6.3. Consider the second-order parabolic system

d
u = Z A’Dgu in R (6.2)

a,f=1
where w = (uy, us, ..., um), AP = (A (2,0)7_,, [A%|pmo,matty + [|A || pemarsy < A for a

constant A > 0 and Legendre-Hadamard ellipticity (6.1) for all (x,t) € R, Then the parabolic
system (6.2) has a fundamental solution T'(z,t,y,s) satisfying

d
<8t — Z AaﬂDa/g)F(-?',y, s)=0 1in R? x (s,00), lim I'(:,¢,y,5) =0y(-) on R

o f1 t—st
Moreover, for any 6 € (0,1), there exists a universal constant ¢ > 0 such that for 0 <t —s <1,

(t — 5) (10T (2, t, 9, 8)| + |D2T(2, 1,9, 5)|) + (¢ — 8)2|DuT (2, 1,9, 5)| + [T (x, .y, 5)|
(6.3)

lz—yl

2—6

< C(dyer, Ay, 0)(t —5)2e ()
fors <t <ty <s+1, z1,29 € R?, a € (0,1),

|F($1,751,?/7 8) - F(xzatQ)y7 8)|

(Jz1 — 22| + /|t1 — t2])

|(Dxr)($17t17y73) - (Dxr)(l‘?vt?’% 8)|
(jo = el + v/l — )" (6.5)

di1 _C(\zl—yl lzo—yl

2-6 2-6
< Clondien by, 8)(t2 = 9)7 % (0 =) 3 e W) gt W) ],
Furthermore, for f € C3(RY) satisfying suppf C B, with a constant Cy > 0, denote (I * f) (z,t) :=
JraT(x, t,y,8) f(y)dy. Then for0 <t—s<1,s<t;<ty<s+1, z,22€ R?,
U5 |+ [Da (D f)] + D2 (L% f)] + 10 (T * )] S C(Cr,d, e, A, wh, 0) | fllos(gay,
’Dz (F * f) (a:l,tl) - DJ; (F * f) (1:2,752)‘

(|LE1 — 1‘2| + 4/ ’tl — t2|)a

Proof. The existence of the fundamental solution is a generalization of [34, Theorems 1.1, 1.3] to the

(6.6)

S C(O&, C1,d, c1, A7wf\7 5)HfHC3(Rd)

parabolic system (6.2). Indeed, Wg 1 estimates for parabolic systems are given in [32], which can
be used to generalize [34, Lemma 2.2] to parabolic systems. The results [34, Lemma 2.3] and [31,
Theorem 3.3] can also be generalized to parabolic systems.

Given (z4,t.) € R p, <1, [A®P (2, + pez,te + pzT)]DMOX(RdH) < A. By a generalized version
of [34, Theorem 1.3], [31, Theorem 3.2] for parabolic systems, and the scaling argument similar to
Proposition 6.2, the validity of (6.3) follows, where C(d, c1, A,w} ,d), ¢ > 0 will vary from line to line.
The constant “C” in the proof depends on d,c1,A,w},d, and for simplicity, we will not stress this
dependence by writing these explicitly.

For any (z,t.), (y,s) € R s <t, <s+1,set p, = (tx — 5)% Consider I'(z4 4 ps2, ts + p27,y, 5)
as a function of z,7. For p > d+2,set a3 =1 — %. Then

P;l_al T (s + puz, ts + pr, Y, S)HLP(B(O,%)X(fi,O))
1z tpxz—y|

2—46
1+a 2 ( / )
5 (t* S)_TlH(t* PsT s)_%e ek

HLP(B(O,%)X(—%,O))

o Izl )P0 e
SC(a,d,cl,A,wa,é)(tg—s)*f{(tl—s)*ge (thfs) —|—(t2—s)*ge (VtTS
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d+1+4aq
2

if |z —yl < (6 —s)

d+lta; _ (\Z* yl)

te —8)~
S (* ) N(t*—s)_fe Vix—s

(te —s)”

where we used

= Nl

d+1+a1 c(‘“L* yl)z 5
2

VE=s if |ze —y| > (L —9)

1
3 — <1 if |z —yl < (tx — )2
Z(te—8) <ty +pPr—s5<t,—s, |z + pez —yl o] ‘ yl < ( )1
4 t*+p§T—s N\/ﬁ if ‘$*—y‘>(t*—8)2.

Similarly,
px N (Dal) (@4 + paz te + P27,y $) oo,y x(~1.0p) P (DIT) (@ + paz, b + piT, Y, ) o((0,2yx (-1,

_ _M lzx—yl\2—65
+ PO e+ pazs b+ 0274, 9) | oo, 1y x oy S (b —8) T 2 e s
By the Sobolev embedding theorem (see [31, Lemma 2.1] for instance),
— [e% |z [\2
sup |(D$F)(l‘1atlay7 S) (DwF)(x27t2ay’ 5)| S C(al)(t*—s) Me_c(\/t*iys)
s} _ (lzr = @] + /[t1 — t2)™
x1,$2€B(m*,%),t1,t2€(t**t*4 Syt*)
1
For (z1,t1) ¢ B(r., “522) x (t. — =72, 1.), by (6.3), we have
_ o |21 —vl |zs—y]
|(D$F)(x17t17y78) (Dwr)(x*at*ay78)| 5 (t*_s)_%{(tl_s)_i C(\/tlis) —{—(t*—s)_%e (\/%)2 6}‘
(lz1 = o] + V/[t1 — L))
Similarly, we have
— - |zx—yl\2—
|F(xlatlay78) F($*,t*,y,8)| S C(Oég)(t* —S) d+ 26 (\/“7}5)2 s
(lz1 = ] + V/lt1 = ta])22
1 — d+2 if p<d+2

for (z1,t GBJ:*,M X (ty — 25 t,), where ag = p
(@1,11) ( z ) x( 4 ) w 2 1—e¢foranyee€ (0,1), if p>d+2.

1
For (z1,t1) ¢ B(z«, (t*_;)j) X (te — 72, 1,), by (6.3), we get

_ “ 21—yl |zs—y|\2—
|F($1,t1,y,8) F(x*at*ay78)| < (t*—s)_%{(tl—s) Se C(m) +(t*_8)—%6*6(ﬁ)2 6}'
(lz1 — ] + V/[t1 — )

By (6.3), (C.2), one has | % f| < ||f|lz. By [31, Theorem 3.2], and W, estimates [32, Theorem
2] (where we used suppf C Bc, ), we conclude the validity of (6.6). O

6.3. Properties of the leading coefficients for the outer problem.
Proposition 6.4. Suppose that T < 1, \j given in (3.2), |®| < a, |||Pout| + [V Pout| | Lo (r2x (0,7)) < 1,
H‘I)i[guin,u—éo,l < 1, parameter assumption (4.29) and

v—23p>1/2 (6.7)

holds, then Bo y, defined in (4.22) satisfies the Legendre-Hadamard ellipticity (6.1) with a constant
c1 and [|Be v, ||((pmolnze)®2x(0,1)) < C, where c1,C are positive constants independent of T

Proof. In this proof, we assume R2. = R? x (0, 7)) and all “<” are independent of 7. Set Al = A?2 =
alz — bUA, and A® = 0 for all (o, B) # (1,1),(2,2). For f = (f1, f2) € R?, g € R?,

2
> g A, fag = g [If*(ads — bU.A)g] = |f[* (alg]® — bg"[U. A g]) = alf*[g]*.
a,f=1
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y (4.23), (4.5), then |Bgp,| = O\« +|®|). Taking T < 1 and |®| < a, one has that Bg 7, satisfies
(6.1) with a constant ¢; > 0 independent of T'. Next we will prove ||Bs,v. |[(jpmoj,nze)®z) S 1. Recall

Ul given in (2.10). Obviously, |UV!| = 1. Since

WP @) WE-1 2080
WP - @OP R0 WIETL e 0P + 0
in order to get [U[j]]\DMO\X(R%) < 1, it suffices to prove
A0 N () — €0 (1))

[/lipmojrz) S 1 for f = (6.8)

Proof of (6.8).
X3(s) B Xj(s) _ Xi(s) ||z = €9(s)]? = |w — €V(s)?|
jw—&UN(s)2+ N3(s) |2 —EU(s)2+ AF(s) | (lw —EWI(s)2 + A3 (s)) (|2 — €V(s) [ + A3 (s))
‘z — g[j](s)‘ 4 ‘w g[a‘](s)‘
(lw = €U1(s)[2 + A3 (s)) (|2 — €U ()2 + A3(s))
S Jw =20 (9)[(Jw = €9(s)|* + A2()) " + (]2 — €9(s)* + A2(s)) 7]

Then for any Q; (X) C RZ,
2
j(s) )‘j(s)

)\2
][:(X)][r(x) \w—f[ﬁ1(s)\2+/\§(s) - |2 — €U(s)* + A3(s)
j 2 - j 2 _
<7“][;X ][ Aj(s) (|w—€”(5)! +22(5)) 7 (2 =€) 4+ A2(s)) l}dzdwds

~ 7"][ ][ s)( |z — (s)‘2 + )\]2- deds < 7“][ ][ z| + )\2( ))71dzds
t—r2 ,» t—r2 r

~ /t 2/\j(s)/o (v? —i—)\?(s)) vdvds ~ r~ S/t 2)\]( )ln(l—i—)\J (s)r?)ds. (6.9)

It suffices to prove that the following integral is bounded.

4 —4
/ /”2 14272 dsdr—/ / Ai(s) (14 47%(s)r%) Lo ohydrds
[t—(T—1)]+ 1
:(/i +/ >¥%®/qu4mﬂ+zmw&
t—r-0)+  Jo Sy

Aj(s)

Recall A; in (3.2). For the first part, since T'— ¢ < T — s < 2(T — t), there exist constants ci,co > 0
such that

t 5w [t=X3 (1)) t o)
)\j(s) J + X5 (0
A2 (s) 274 In(1 + 2%)dzds < + A2 (t) L 274 (1 + 2%)dzds
J 2 J 2
[t—(T—t)]4 —“’;Si t—(T—t)]y =221y L

QA(t)

|z = U1+ A5(0)" Jo = VIO + A(t)

< Jw — 2|5 (s)

dzdwds

1
T—1)2

(=3 (0))+ (t— )5 7-3 (t—s5)372 RO
< A2 () In(1+ ds+15 / y 2 In(14+y%)dy +1 <1,
Jeeimy, OS] w0 S D

For the second part, since (T — s)/2 <t—s<T — s,
[t—(T—t)]+ G [t—(T—t)]4 =
/ >\j2(s)ﬁ%:£ 2 n(1 + 2%)dzds §/ )\jZ(s)/A]( |t In(1 + 2?)dzds
0 — 0

(T—s)2
Aj(s) V2X,(s)
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[t—(T—1)]+ 5 (T — 5)272
()T —s) 3 (14 [ as <1,
/ T o) (14 [ 05] Jas <

where the type II speed \;(t) < (T — t)%‘*'E with a constant 0 < € < 1 is essential for the last step.
Next for ¢ = 1,2,

N

’ i— &) M)z — €7(9))
w — 5 >\ +A2(s) |z — EUI(s)|* + A2(s)
|

- o L= O 100 - P+ 50
’ (lw —€l(s)]” + A2(5)) (]2 s)12 + A%(s))
z—&l(s )\2 z — €U (s)| (|w — €Vl(s z — €EVl(s
< |w—z|AJ(s)‘ U(s)[* + X3(s) + | : () \(\ 3 \#—2\ W(s)])
(|w—€[” )P+ A2(s)) (|2 — €61(s)” + A2(s))
S lw—z| Aj(s [(‘w vl )|2—|—)\32 s)) (‘z— 8| —I—)\? s)) ]

We conclude that [%hDMO'X(R%) < 1 by the same reasoning as (6.9). Thus, we deduce
J

(68) It follows that ”U H(|D|\/|O|XOL°°)(]R%) S 1.
By Lemma 6.1 (5), the || - [||pmol,nzo)®z)-norm of the multiplicity of finitely many terms of the

N .
components of U is finite. By Lemma 6.1 (2) and (3.23), then || > @3[3] lqomolnLe)(rz) < 1; similarly,
j=1

we have ||g||(|DMO|XﬂL°°)(R%) S 1 for g = Pout, n,[jj;j since ”|<I>out| + ’vq)out|||L00(R%) <1

By ||® mHin,, 501 S 1 and parameter assumption (4.29), we have

]ém]{g(m) z—gu )>Q%() e 5'](5)’5)%(%)%() 5;1(%“’](8)78)‘@%8

A«(s)R(s) Aj(s) Ax(s)R(s) i (5)
9 s 1 4 s 1 T t+7‘ ZV*(SQ*]. s 1 7,.211725071
V— V— V— —
ST /t - TALT0 T (s)ds ~ T [ In T[0T /T_t |1nz|2u—260—2dz ST |lnr|2”_2‘50_2’

which is a Dini function under the assumption (6.7). And the corresponding [-];pmoy, g2y S 1 since
v — 3o < 1 by (4.29).
In sum, for ® given in (4.1), by Lemma 6.1, under the assumptions (4.29) and (6.7), we have
11l (jomopnLe)®2) S 1- (6.10)
For A given in (4.4), by (3.4), (6.10), |®| < 1 and Lemma 6.1, we have [|Apmoj,nz)®2) < 1. By
(4.5), Axin (3.2) and [®| < 1, then [A] < 1. By the similar argument, [|Bs,v. [|(pmoj,nr)@z) S 1. O

AR AN

7. COMPLETION OF THE CONSTRUCTION

7.1. Proof of Theorem 1. Step 1. Z,(z) is the leading part of the initial value of the outer
problem (4.16). For Z,(x) given in (4.24), DC,[Z,] in (4.43) is independent of ¢ and satisfies (5.10).
By Proposition 5.1, as the leading term of p;, pjo = P[DC;[Z,]] satisfies

Bo[pjol(t) = DC;[Z,] + Ro [DC;[Z.]],  t €[0,T],
pjo =DC;[Z] (1 +O0(|InT|™")) As, Pjo=—-DC;[Z] (1 +O(|InT|™H)) (T — ) "\

Set p; = pjo + p;1, where pj; is the next order term of p;. Denote

(7.1)

P.o := (P10, P20, -, PN0O); P = (P11, P21, - -, PN1); S'H = (5[1],5[2], .. ,E[N}),
ol = (ol o oMy gll_ (gl g pINy

in?> Fino? " in?~in>""
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Recall the ansatz (3.2). We will solve p.1, €11 in the following spaces respectively,
. 1 .
Bp1 ::{p117p217"'7pN1 | ’pjl |+( _t)|p]l(t)|§‘lnT| 2)\*(t)a tE[O,T), j:1)2)"'aN})
= {(€M, B, N 1 1EV(@)] < CeAE (D), t€[0,T), j=1,2,...,N}.
Setf ()—qm—i—f §J] )ds. GrlvenpleBpl,f[]eB£ we have

pj = DG[ZIN(1+0(InT72)), [pjl ~ Aey [ps] ~ (T = )"
Recalling p; = \je", \; = |p;|, v; = arctan(Im(p;)/Re(p;)), it follows that
10: (PP lps 1) S XFFHT—t) ™" for es,ca € R, 5] = [py]7?[Im(p;)Re(p;) ~Im(pj)Re(p;)] S (T—1) "
Hence, the ansatz (3.2) holds. Direct calculation concludes the properties of A;, & [j],vj in Theorem 1.

Step 2. Given (‘I’H <I>0ut,p.1,é['}) € BI[IJ X Bout X Bp, X Bé[.], recalling c([)j], c[l] given in (4.44), we

mn’?
will give a solution

(08,50 ) = (00, ) [0l o €11 2
o (4.41). We always assume p; < 2C\R in Step 2. For ’Hl[;] given in (4.20), by (4.28),
[Hin | S IR —s X220 () 72 (7.3)

For M’ given in (4.19), by (4.36), we have (H{))c, = A2(L¥ [Bout] (yV), 1) + I [Doue) (2, 8) + M +
e M1J ]). Recalling the right-hand side of (4.41), for brevity, we denote

Pl =940 - 52 (Zfo[cbout])ql +HI - ((Hi[fj)cj,o)ql, F .= (" (FM)e, )

Mode 0. By (4.37), (FU)¢, 0 = A2(L¥[®out)(pj,t) + Mg"). Combining (2 5), (4.34) and (3.48),
we have |(FU)c, of S Ae(pj)~?. Obviously, Fy"h = ((H{')e; 0 = Aifo[®oul) 10 By (4.27), Au(t(77)) ~

|InT|~ 17 *l(ln 7'])2. Applying Proposition 8.3 (with Ry = /\_50/6

(TQC*R[ M [F[J ]), where cg] [F(g‘]] is given in (4.44),
Ty (Ey! ]-W” =0, rTZCAR[FWH S Ry InRoA(p))* ™ S X (o) IRIE S Ry In RoAs
provided 0 < 60 <B< 3, beE(1,3), 5@0(5—60)%—1 > v —0dp, 2— ¥y < —I, where € > 0 is a sufficiently

small constant varying frorn line to line.
Mode 1. By (2.21) and (2.22), one has

M Q—r, (a = BUYA) Ly [@out]| € Mlpg) ™2, (7.4)
Combining (3.48), |(7—l[1j])<cj71| < A(pj) 2. Integrating (7.3), we have IFV| < Ae{p;)~2 provided
v — 269 > 1/2. Suppose 0 < %0 < B < %, 50 < 3/2, applying Proposition 8.5 (with Ry = )\*_60/6,
Ry = R, = o0) gives a mapping (7,2 [FY, VEPY), where MFP)) is given in (4.44),
TEOME] - W =0, TPOIE] S ROM S N0 ) T (AT S R A
provided v + Bl — 1 < ¢ /6 since p; < 2C)\R.

Mode —1. By (4.19) and (4.36), we have (H{)c, 1 = A}7_[®ou]. By (4.39), p; < 2C)R,
B < 1/2, then |(HY )ej -1l S Alpi) 2(A2 + A2 ). Usmg (7.3) with v — 8y > 1/2, we have |[FY}| <
ATer(p) =274 with a sufficiently small constant €; > 0. Proposition 8.7 gives a mapping 7_1[F 2l
satisfying

Ry = R* = 00) gives a mapping

Ta[FY]- Wl =0, |TL[FP <t S oot (p)) !
provided v + 8l — §p — 1 < 0.
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Mode k, |k| > 2. By (4.19), (4.36), (4.37), (4.39), for |k| > 2, p; < 2C\R, f < 1/2, we have
AT )es 0l S Aulo) ™ [VoBout (@7, )| + M) > (A2 + A7) S N0 ()=
provided v —Jp < 1,0 <l < 1, v —dp + Bl — 1 < min{O, a/2}. Combining (7.3) with v > dy, we get
|F,£ﬁ\ S Av—dte(py=2=1 For B € (0,1/2), Proposition 8.1 gives a mapping ﬁQCkR[F,g]] satisfying
EZCAR[FE] Wl = 0, ’EZCAR[F]?]” < |l€’_1_(0'05)2)\:_50+E<pj>_l.

As a summary of all the modes above, under the parameter restrictions

0 1 )
0<—0<ﬂ< 6?

o 5 ly € (1,3), 5=Lly)+1>v—0>1/2, 2—4y<—I,

do<3/2, v+pl—1<6/6, 0<I<]1,
we set ./ L) T—I[Fy“+2kez A1 EzC*R[FE]]. We have found (7.2) solving (4.41) with the estimates
ol wll =0, (ol <At | S Ry RoA, W S R (7.6)

Step 3. Given @i[] e B! we will solve ( Out,p.l,f[‘]) = (@Out,p.l,é[’])[q)i[n]] in Boyt X Bp., % Bg’[»]-

n’
Recall the outer problem (4.16). Under the assumption in Proposition 6.4 and using Proposition
6.3, there exists a fundamental solution I'y 7, (2, ¢, y, s) for

of = Boy, Af in R? x (0,7).
We will choose ¢, such that @ (¢*!, T) =0 for k =1,2,..., N, that is,

(7.5)

(T, *%G) (¢, T) + Tau, * Z:) (¢™,T) + Z Z crmn (P07, % ) (¢, T) = 0. (7.7)

m=1n=1

By Propositions 6.4 and 6.3, for T, || Z||cs < 1 depending on A,, I's , satisfies the estimates in
Proposition 6.3 , which is independent of A,. For f = Z, or ¥,y (see (4.24), (4.25)), we have

Tou, * | + |De (Tou, *£)| + | D2 (Tou, *£)| +10: Cou, * ) S [Ifllcsgey in R* x (0,7), (7.8)
Dz (Lo u, *£) (2,1) — Dy (Lo, *f) (24, 1)

(Jz — 2| + /Tt — &))"
where both “<” are independent of A,. By (7.8), for m,k=1,2,...,N, n=1,2,3, we have
|(Te,u, * ﬁmn)(q[k]aT) - ﬁmn(q[k])’ = [(To,u, * ﬂmn)(q[k}7T) — Omren| ST

Thus we can find unique ¢y = Cnni + Cmne for m = 1,2,..., N, n = 1,2,3 solving (7.7), where
Cmnl = Cmnl[q)a U, Z*] and cpp2 = Cmn?[(pa U, g] satisfy

Sflles@ey for 0<a <1, (2,t), (74,t) € R2x(0,T),

(7.9)

N
(FCP,U* * Z*)(q[k]vT) + Z Z Cmnl (F<I>,U* * ﬁmn)(q[k],T) = O,

m;”? (7.10)
(F¢7U* * *g)(q[k]7T) + Z Z cmn?(r@,U* * ﬁmn)(q[k]a T) - 07 fOI' k= 17 27 R 7N7
m=1n=1
and thus
N N
Cmnl| U * Lx)\q ~ *||C3(R2)5 Cmn2| O U, ** q, ) .
lemnt] S ) 1T Z) (@M, 1) S 1 Zellcaweys  |emnal S D IT G)(¢™,T)| (7.11)
k=1 k=1

where the estimate of ¢,,,1 is independent of A,. To find a solution to the outer problem (4.16), it
suffices to solve the following fixed-point problem:

%[q)outyp-laé[.}] = o (EE)?H:?
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where we denote
N 3

q)(ut =TIs U X Zy + Z Zcmnl(FQU* * 19mn)a Cmnl = Cmnl [Q)’ U*7 Z*]a

m=1n=1

N 3
(I)(()Zu)t = FCI)’U* * *g + Z Z CT’WLQ(FCI),U* * 1977”1)7 g = g[q)outa P, EH]v Cmn2 = Cmn2 [cpa U*7 g[q)outn P, 5[]]]

m=1n=1
with @ given in (4.1). Applying (7.8), (7.9) to T'e,u, * Zs, Loy, * Vpmn, and using 1 — § — Ay >0
for A, given in (D 1), lemnil S 1 Z«llcsmey in (7.11), we can take the constant A, > 1 Sufﬁciently

large such that ||® ut”ti 0,0 <Ay/9. By Lemma E.1 and Proposmon D.1, we have ||T's.v, **G|10.0 S

T¢ and |emna| < |1nT|)\§?+1( JR(0)T*, which implies |®3} (100 < T Taking T < 1, we have
1 76[®@out, P1, €] [l5,0,0 < Ao. Due to the choices of Comni; Cmnz in (7.10), To[@out, P1,€)(¢7,T) = 0
for j =1,2,..., N automatically. Therefore, we have

%[Qoutvpi;é[.]] € Bout- (712)

Also Uan given in (4.25) satisfy Vi,n(gl) = 0for j = 1,2,..., N. Then VT, [®out, P-1, é['}](qm, 0) =
VZ,(g"). Recall DC; defined in (4.43). Combining (7.12) and | - ||, o-norm defined in (4.34), then

DC; [To[@out. p1, 6] (1) = DC[Z.] + O(T), (7.13)

which meets the assumption (5.10) under the parameter assumptions (5.12). Then by Proposition 5.1,
pj = P[DCj['ﬁ)[(I)out,p.l,é['}]]] satisfies

Bo[B;](t) = DC;[To[@out, P-1, €] () + Ro[DC;[To[@out, 1, €] (¢), ¢ € 0,71,
pj = DC;[To[@out, p1, €M) (1) (1+ O In T|71)) A, (7.14)
5 = —DC; [T5[Dout, s £ (T) (14 O InTI~1) (T — ),

We define a mapping

%jl[(l)outypbg[ ] — DPj0, 7-1;).1 = (7;71177;)217'-'77;N1)'
By (7.1), (7.13), and (7.14), we have
‘%jl[éoutvp-laé[.]“ +( _t ‘8757;3]1 Outapla H S |1nT| 1>\ (715)
Orthogonality equation (5.3) gives a mapplng of £l from the right-hand side of (5.3) to €U, which
is denoted by ’T 1 [@out, P-1, €] Write Terr = (Tenns Tes - -+ Tem)-
By (4.36), (4.37), [y~ wp, (p;) cosw(p;)Z11(pj)pidp; = fo 2p’%{)dpj =0, and (4.39), one has

))\j /OOO (Q*w [(a — bUVIA) L5 [‘I’out]DC (pj, t)211(pj)pidpj

]7
= ’)\] / Zfl [(I)out](pb t)Zl,l(p]')pjdpj’ S )‘?—HXB + )‘f

By (7.3), [N J5 (Hil)e, (0 ) 201 (pg)pidps| S IRIIE g0 A2 72071 By (7.6), [A; el (73(0))] <
Ry' = /\20/6. In order for Tg(Bgy) C By, we take
v—200>1/2, 0<2e <min{O +af,a,2v — 25 —1,00/6}. (7.16)
By (7.12), (7.15), (7.16), it follows that (7;,7;,‘1,72[.]) maps Bout X Bp,, X By to itself.
By Proposition 6.3, since the right-hand side of the outer problem is in the weighted-L>° space, one

can obtain more regularity for 7, compared with the norm || - |3 @, defined in (4.34) if the weight in
| - l4,0,a is relaxed, yielding compactness for 7.

By (5.11) in Proposition 5.1, 0;Tp; [Pout, p.1, £11] has Hélder continuity.
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Recall the terms in the right-hand side of (5.3). By (8.96), (8.97) in the proof of Proposition

8.5, Ul (7j(t)) has quantitative Holder continuity from the time Hoélder continuity of the re-gluing

outer problem 1), 1. Together with the time continuity in the norms of the inner and outer problems
n (4.28) and (4.34), it follows that 7g, is Holder continuous, and thus the Schauder fixed-point

theorem gives a fixed point for (7;,7},'1,72[4) in Bout X Bp, X Bg’H- Namely, we find a solution

(®oul ]3], o + P (@], @) of (4.16) and (5.1).
Step 4. Denote the right-hand side of the non-orthogonal inner problem (4.42) as

2 _

Fro i= N ([ol@oui] ), +((h)c,0) ., +Ro[@outs g, )+ / 01233 (ryrdr) (s D Zoa(s9D)
By (4.39), [A3 (ffo[%ud)cf\ < (AFOTAIr) (pha=2 By (7.3),
Under the parameter assumption (5.12), by Proposition 5.1, Ro[®out, Aj, ¥;] given in (4.43) satisfies
[Rolouts Ay 1| S An(T=0)™ 552 (@) ==n(|y)). By (7.6), | (cHh(rs (0)n(ly ) Z0, (P D) o |
Réfeo In RoA.n(Jyl]). Since F, is in mode 0, under the restrictions of parameters

O+af<l, 1+0+4+apf—-28>v—37§, l14+a—28>v—70y,

26<v—odo<1l, m+(1+aya/2<1l, 1+m+(1+ay)a/2—28>v— o, (7.17)

50(60—1)<6, 50(50—1)/6+1—2ﬂ>1/—(50,

((H[j])cj,o)(cjfl} S A0 ()28,

m

Proposition 8.2 gives a mapping <I>~[j . TQCAR[ Foo] for (4.42) satisfying
@V < av—doter, Tl @l bl — g, (7.18)
We sum up (4.41) and (4.42) together and set
7] [<I>.H] : q)[ﬂ] + @bzl [‘Il[']] — (7-[1] [<I>[ 1, 7—[2][ ] TN [{)HD
T4 [1131[11] is the inverse mapping of (4.17) since (5.1) holds. By (7.6) and (7.18), it holds that
TR @ A (o) T @)W =, (7.19)
Step 5. Recall HU! given in (4.18). By (3.48), (7.4), and the estimate of ’HHI] in (7.3), we have
(Y| < N(pj) 72 4 AZv7200 () 723 < =l ) =27 for |yl < 204 R, (7.20)
where for the last step, we require
V+Bl—(50—1<0 dp < V. (7.21)
Claim: Given y,, 7y satisfying |y.| < 2C\R(t(74)) < 7% and p = |y«|/9, it holds that
j v—dp+e€ —2—1
[Hm(y[ }v Tj)’(y[j]7Tj):(y*+5z77-*+,525)] IDMO|.(Q; (0)) N (t(Tj))’szn (Y) (7.22)
provided
do<v, 0<l<l, v—9<mn{O+1-p31-pl}, 0<p8<1/2 (7.23)

Proof of (7.22). In this proof, for brevity, we denote (Z,3) = (y« + pz, T« + ps) with variables (z, s) €
Q5 (0) and abuse A, ( +) to denote A\ (t(7}))|r;=r,. Obviously, |Z] ~ |y.|, § ~ T..
In yl! variable, nR =n(y"'\;/(A«R)). By Lemma 6.1 (2) and (4.28) for <I>i[fl], one has

7] (]

(Y« >([ ylil 77}]3 | =(z, 5)]|DMO| (Q3 (0 + ||Vy[y]77R ’(y[a] 7)=(2,3) ”Loo (0))) + [U}Jz ‘(y[j],fj):(g,g)]|DMO\X(Q;(0)) S
(4]

<y*>([V 1P |(y[J] 5)=(Z, s)]\DMOI Q5 () T ||Vy[a 1n|(y[J] )= 2§)||L°° Q;(o)))

+ 50149 )~z pMOL (@5 (0)) ||‘I’m’ Wl my=calle @y o) S AT ) T 1@ lin—so.0-
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Similar to (7.3), by Lemma 6.1, provided 0y < v, we have

<20 ()52 0l 2

v—0p+e —2-1
[, | Y1 )= (2.5)) IDMOL(@; (0)) S A0 () (y) 2

in,v— 6olw

e IDMOJ|, estimates about the coupling terms from the outer problem in ’H[f ]

(a=bWYIA) Ly (1[Q—; Poue] = (a—bWIIA) IV, [y WHIPTL 1. (Qy Pou) =2V 5 (Q—ry Poue) WUV 1y W),
(7.24)
By (E.7) and (4.27), for A; = X\;(t(75)), & = &;(t(7;)), we have

[P g+ €5 6] 511 o) e 0 ) S IMTATTA) + [InT| 27 (I ) 4 Au()
(7.25)
By (4.34) and Lemma 6.1 (2), we get

[(I)out()\jy[j] + §m>t(7j)) (y[j],Tj):(g,g)]|DMo|x(Q;(o)) S AlT) D~ As(7) [y
[(V:cq)out)(Ajy[j] + f[j]at(Tj))‘(y[j],rj)z(z,g)]\DMO\X(QQ—(O)) S ()\?—i-aﬁ(T*) + AL () |y

We will give [IDMO|x estimates of two typical terms in (7.24), and the remaining two terms can be
handled similarly. By (7.25) and (7.26), we estimate
(wb],7)=C2, J IDMOI(Q3 (0))

[(a — BWUIA)|V g W2 (Wm @y Pout Ny + g[ﬂ,t(rj))))wm
)

(2,8

S ()™ (H‘I’out( J?/[J] + &Y, t(T]))’(y[ 171)=(5,3) HLoo( ~(0)) + [@ out()\gym + &V ¢(r )

< () (AP () 4 [ I T] 2 )+ M) ga]) S A0 () ()2
provided 0 <! <1, v —Jy < min{O® + 1 — ,1}. By (4.34) and (7.26), one has

[(a _ meA){ [Wm . (Qﬂjv 51 (Pout (A1) + 5[j17t(7j))))} -VymW”]H

S /\*(T*)<y*>_2(1 + [(va:(I)out)()‘Jy[j + &V #(r ))‘(y[a] )=(3, g)]\DMo| Q5 (0 )))
S AT ye) 2 (L4 22T (1)) S AT () () T2

provided 0 < 8 < 1/2, v — g < 1—pl. _
e [DMOJ, estimates about \? (M[J] +e’01MJ]) _1, where M0 , MY are defined in (3.46) and (3.43),

respectively. Back to the vector form, for k =0, 1, by (2.6) and (2.5), we have
(M) o r = [cos(kej)ReM,g — sin(kf;)ImMV )}E” [cos(kej)ImM,Lﬂ +sin(k:0j)ReM,£j]): By

(7.26)

|l )=z DMO (@5 (0)))
l

(y[j]ﬁj)=(57§)} IDMOIx(Q; (0))

= ReM,[Cj] [cos(kﬁj)EF] + sin(ij)Eg]] + ImM,L,j] [cos(ij)Eg] = sin(kHj)EF]]

2 - -
—cos((k —1)0;) + % cos(kB;) cos b, sin((k —1)0;) — p2 sin(k0;) cos 6;
. 2 .
= ReM, sin((k —1)6;) + 2+1 cos(k0 )sinf; | + m M cos((k —1)8;) — 22+1 sin(k0;) sin 6,
— cos(kb;) > 2+1 I sin(k6;) 2p31 |
For mode 1,
2 2/72- .
1+ 2 T COS 0 —pz—ilsme-cose-
P 2\ S . Ch
)\?(e efMl[]])ijl = p?—l—yl(_ {J] 2/_11 0050 sm@ +§¥] 1-— Qpil sin 0 )
— cos 9j 2+1 sin 9] 2+1

Then

sz I+e -2 v—3p+e —2-1
c1) (9 lomopay ) S A (BT SATOT ) T

J

[(OF (e 2y”)
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where for the last “<”, we require v — 09 < 1 4 € — 1.
For mode 0,

2p2
—cos&-—f——%ilcosﬂ 0,
—sin

)\?(M([)j])(cj_l_)?(ReM” sing; + 2+1 sing; | +ImMJ" | cosf; ) (7.27)
2p] 0
RS

The vanishing in M[gj Igiven in (3.46) as pj — 07 makes the error (7.27) involving cos 6;, sin #; smooth
at the origin. By (3.46) and Lemma 6.1,

[(A?(Méﬂ»c;l)(z,§>}IDMO|X(Q;(O)) S Alye) 72 (gl + may) + Al A (),

where mm(y*, Tx ), mo2 Vs T*) are defined as

t(TJ ‘ K
1] . H / 0 Cy) i ‘
m fm oy To) = S )
o = mei (v TJ (wlil,m)=(2,3) Lw(@;w))
+H/ ™) (s 8)6i Ko, (G) ‘ H/ i) p CKochj(Cg)ds’
t(1j) —s il r=z51L=(Q; (0) s il =8l Q5 (0)
t(ry) .
D (5)Ko(C))
miy = mi) (ys, 7o) = [/ %dt‘f‘ Gl s } )
_r  t7y)—s wUl,7)=(2.5)J IDMOI(Q; (0))
N [/t(Tj)pj(s)CjKOCj(Cj)dS‘ } {/t(Tf)Pj(S)CfKoch(Cj) s' ]
-7 t(rj) — s () r;)=(2,5)J IDMOL(Q; (0)) _r t(rj) —s (wl9),r;)=(2,8)J IDMOL(Q; (0))
. X2 (t(75)) (1+]yl][2) ; . :
with ¢; = ¢(yV), 75,8) = = Z(Tj)_s . By (3.18) and (3.21), we have mgl] < 1. To estimate m([)JQ],

we consider the following more general form, which recovers all the terms in mgg. Set
tT5) 5 (SVC(Ca n
- P (s)K(G5) N1 —do; k=1 —dyC
go(y"', 15) == /T i) s ds, K(() = co; (1 —e %) +;czﬁj e 6,
where ¢y, di, are complex constants and Re(di) > 0 for £ =0,1,...,n. It is easy to see that
G+ 16506, (G| + (6066, K(G)| S Ly + ¢ g1y (7.28)
Since
trj) . 2)\2(( )yl t(75) 9yl
pj(s ) Y / p;(s) Y
V g0 = A —d = I (.0, )—————ds,
o= [ T K s s = | GO K)o s
by (7.28) and (3.21), we have |Vy[j]gg| < 1. By Lemma 6.1 (2), then [go(Z, g)]|DMO|X(Q2‘(0)) < 1 and
mgz] < 1. Thus,
2 rldl -3
LM ;1) 5 3)] oo (0 S Ae =)™
We complete the proof of (7.22). O

By (7.19), (7.20), (7.22), Proposition 6.2, and the scaling argument, due to the small quantity AS,

we have T.H[ 1[11] € BH Since pj, €9 satisfy (3.2), €U is Holder continuous, and Hq) Lin s
|Pout|ls,0,0a < 1, then HUl is Holder continuous. Applying the Schauder estimate to (4. 17) and by

changing time variable from ¢ to 7;, we have TH[@H] € 0?+e(2+9/2(Dye, g) with a small constant

¢ € (0,1). By the Schauder fixed-point theorem, we can find a fixed point of Tl[r}l[q)l[r]l] in BI[J

Step 6. Combining restrictions (4.32), (6.7), (E.37), (D.1) for the outer problem, parameter
assumptions in Proposition 5.1, (5.12), (7.16) for reduced equations, and (4.29), (7.5), (7.17), (7.21),
(7.23) for the inner problems, we need to solve the following system of inequalities of parameters:

v—=oo>1/2, 0<O<pB, O+F+40—v<0, 3<1+0, Bl+1)—1+v—35—06>0,
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O+28-1<0, 0<dp<v<l, 28+4+6—-rv<0, O0<a<l 6<a/2

0< oo < B, 5—00—%<0, 1—0g—(1+a)(l—pB)<0, ©+205— <0,

o<A0,h<min{@+(1—ﬁ)(1—a),l—zao—a(l—ﬁ),1_ao_%},
ap€(0,1/2), ©€(0,h), w—-1-20<0, m<0O—a(l-2a),

0 < 26 <min{O + aff,a,2v — 209 — 1,00/6}, 0 <y <1,

0o <68, Lhe(1,3), 2—4y<—-l, v+pBl—-1<d/6, 0<I<]1,
1+0+aBf—-28>v—408, 1+a—28>v—4d,

26<v—>2o0, m+1+aya/2<1, 14+m+(1+ap)a/2—25>v—d,
d0(lo —1)/6 +1—283 > v — do,

where the constant b > 0 is given in Proposition 5.1. With the assistance of Mathematica, sound
choices satisfying all the restrictions are given below, and the proof of Theorem 1 is completed.

15 15+ 0 1 9
0<@<mm{2479’b}’ b=—%0 > =5 “=1p L=t
1 1
3@<60<4—0(—27+1085+120@), 1—2B+50+@<u<§(3—65+450),
0, 11 118 1 1, 29 9aq ) 9 93
§<—E—|—?—250—|—2l/—2@)<040<§, 5(—E—ﬁ+4ﬁ—250+2u)<m<—TO+TO+@,
1—v4+6+0O 6 , 1,6
0,14 ZTOTE 44 2 5y+2 —1} l {1,—— 1 }
max{ + 3 —0-50(1/ 0+28—1)¢ <l <min 5(6+ v)
0< Aoy <min{O+ (1—B)(1-a),1—200—a(l—B),1—0cg— =}, w<1+20,

2
0 <2e <min{O© + af, a,2v — 269 — 1,00/6}, 0 <gin < 1.

7.2. Proof of Corollary 1.1. In this subsection, based on the weighted spaces for the solution
constructed, we shall show the convergence results in Corollary 1.1. Throughout this subsection, we
adopt the usual Sobolev norm for the mapping between Euclidean spaces. M > 0 is an arbitrary
constant. Given a function f(z,t), we use f(¢) to denote f(z,t) for simplicity. A function f(¢) — 0
means that f(¢) converges to 0 under some norms as t — 7T'.

Recall (4.1). The solution in Theorem 1 has the form

w(@,t) = Uy + Pper,  Pper i= AU, + & — (D - U,)UL, (7.29)
where U, is the multi-bubble profile defined in (3.3), and A is given in (4.4). Since
Bl <1, U] = logee) S A 4] S A+ [0
by (3.4), (4.5), we obtain

Hq)per”Lw(R?x((),T)) < 1.
It is straightforward to get

Vo®per = Uy VoA + AV,U, + V@ — (& - U, )V,U, — UV (T - U,),

where we denote U,V f = (UyOy, f, UsOy, f) for a scalar function f. Applying (E.26) to U,V A; (4.5),
(E.1), (E.28) to AV, U, — (9 - U,)VUy; (E.16), (E.23) to V& — U,V (P - Uy), we have

N
Vo ®porl S D { Ly gtiicanm |1+ 07 4 1T = AR) ;)]

Jj=1

+ 1{3A*R<\m—qm|<3dq}} LN (o—alil|>3d,3y
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Here, (A%~ + |In(T — t)|AOR) [ I (pi) " lp2mey S AT 4 | In(T — ¢)| A9 R. Thus,

Dper € L((0,7); HE(R)), M)l VaBper(8) | oo az) S A(H) (7.30)
with a small constant € > 0. We define
Uy () 1= Pper (2, T) + W (00). (7.31)

By definition, we have

u(a, 1) — uw(a ZQ%[ (55) - W(6)] = Byu. 1)~ Pyerla 7).

Claim: For @ given in (4.1),

an x, T)® [J (Jo — g, T) + ®out(x, T), (7.32)
() — (T )||L°°(1R2) =0, [[Va®(t) = Va(@(T)) |l 12(5y) = 0 (7.33)

Combining (E.7), (E.9), and (3.23), we have
1R(T) ooy ST+ 1 Zellcseys Ve (R(T)) lpoemey S 1 (7.34)

Proof of (7.32) and (7.33). For @yt solved in Bgyt defined in (4.35), we have
[Pout (£) — Pout (T) || oo r2y S [In(T = YA R+ (T —¢),
[V ®Pout (£) = VaPout(T)l| o= (m2) S AT + (T = 1)*/2.
For @ solved in BY defined in (4.30), since 0 < I < 1, we have
P50 | oo 2y S AT,

/ |‘I’i[fl](ym,t)|2d:z§/\i”25°/ <y[j]>2ldx§)\z”25°+2/ (yy 2yl < A= 260+21,
B Bu il <cnas!

(7.35)

. 2 )
[, |7 (o ol ) [ e g a2 [ it g e, (7.36)
By
In particular, <I>. (T) = 0, which implies (7.32). It is easy to get

I E) — 1 Ty = 0, IVan(8) — Fanf (Tl ety — 0. (7.37)

Next, we consider @ U defined in (3.11) with p = 3. Recalling (3.17), we denote

_avib o e R A e

A= 1 G(t) = 5 , G = T

By (3.2), we have |€0 — ¢Ul] < \,. Recall (3.11), (3.16), (2.3) and pu = 3,

_ _ 9| — £lil|2 [j] ; _ ] t r
@;mﬂ:t — ¢l 1) = @ — &9 [ajl + Z(x2 &2 13]2 [/ ﬁj(s)(l — efch(t))dS, O}t ,  (7.38)
(\x_gmp+,\§a)(|x_gm|2+,\?) -T

257 (|2 — €911, 8) — 5" (= — ¢, T)]
t T
S o= e+0)7| [ -0 - [ g0 —e‘%‘”)ds\

, U, s 4] j bl 4
’3:_5[]”2[3:1_513 +z(:v2—§2] )] |z — qV)? [001—(11 2—q “/ pj(s e—mCJ(T))ds‘.

. . 1/2 3
‘(Iw—fm\3+A§?)(\x—5[1112+Aj2) / |z — g3z q
(7.39)
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We will estimate the above term by term. Denote 7j := |z — ¢Ul|. Then |z — &Ul| + X; ~ 7; + ., and
B +z< “d)] P i )]
— £[4113 3 _ £l9112 2\1/2 z — gUl|3|z — gl
(|l M\+A)W: U2+ 22) [z — gV’ [z — V| (7.40)

|$_9£[J] —(1—-10)q [j]|2(|£[j] _q[j]| _|_)\j) < (1l i /1 _ .
/ |:c—0§ﬂ]_(1_ 0)qll| + ;)4 do < (|1€9 = g9 + Ay) i (75 + OX)~2d.

By (3.21), we have
‘/ pi(s)(1—e” A (T) ds = ~2‘/ p]_s 67%(T))Cj(T)71ds <7

t
/ pi(s)(1—e” glCJ())ds—/ pi(s)(1—e” AGT ))ds
-T -T
(t—A2—72) (t—72) t T
LT e om0 e,
_ ( ( t

T t—Az—f§)+ t—f?)+

where for the first part

(t=A2— E=A2=D+
| / (90 = 360 4| < / A (8)]1G(T) — ¢ (1)]ds
-T
(t=A2—72) 4 1 1 7 €U () — gl 4+ Ao (t)?
< - d .
N/—T |)\()’[7(t—s T—s)+ t—s }ds
t+T)[T—(t—X—-72),] , , t+T
< 2 L) 4 (75€V — ¢UT| + A2 In - )
J ( 2T[t — (t = A2 —72),] ) ’ (t—(t—ki— )+>
For the second part,
‘ / (s) (e 2D — e_mgj(t))dsl < A2
t— )\2—7‘ -

For the third part, if 7; < VT — ¢, we have
t
) /t Bi(s) (29T _ ~AG0) ds’ <7

if 7; > /T —t,t>T/2, by similar calculations as in the first part, we have

t—(T—t) t
‘( / . / )pj(s)(e—mcjm _e—mcj(w)ds‘
(t— t—(T—t)

)+
J
t=(T=t) | R 1 1 7€ (8) — gl 4 Au(t)? t .
< /(t - ])\*(s)|[r]2~(t_s = T—s) + t—s‘ }ds—i—/t " t)\)\*(s)|ds
)4 (T
InT)| . : t—(t—72)y
< ~2‘7 = el L] 2 RS e
S B g O e ()

S

For the last part, by (3.2),

UG g < ~2Tr!)\()|d r 5 (s)ld A\
J(1—e )ds| < i), Tt (Ae(8)lds ) 1 <y + Al sy

T—72
J

where we used = — =~ ~ (T —t)(T —s) 2 for s <t — (T —t).

S il <y + Ml s Ty
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In sum, collecting the above estimates, we conclude that for ¢ > 7'/2
25 (2 = €1,0) = @l — o], 7)|

. T = A=)y b T
Sl (2T(t+T) 1)+len<t—(t—/\2 )+)+)\1 ( (t—)\2—f2.)+>
g
_|InT| t—(t—72)y B
+ A +1{r <\/7}7’]+1{TJ>\/7}|:]12()+)\*]H<T_t])_'_)\*(T_t) 1/2:|.

Here, if t — A2 — ~32- >0,

(i) ()

| In(T — t)|1{7:_<ﬁ} +i T = )1 s gy S VT — (T 1)),

since o T:;_tt)Q < )\gﬁ% 2 Lif T < VT —t. Thus,
7 In (f - ((tt__;; — ;)) ) S L creg VT — HIn(T = )] + Lgas_yayy In(T/2). (7.41)
Similarly,
A (7 i;T = @m) S Lppermsg Ml (T = )]+ Loy b n ().
1y () = v (7)1 i ()

(7.42)
It follows that for all 77]2 < M, we have

‘@Smﬂx — el 8y — @bl (| — g"',T)| = 0 uniformly as t — T, (7.43)

From (7.35), (7.36), (7.37), and (7.43), we obtain the first part of (7.33).
Using (7.38), we have

. i 3 tr t tr
0n, @3 (2 — €V1],8) = ~2£1(1) | / pi(s) (1= e A9 W)ds 0]+ fo(t)| / py(5)G (e ™A Wds, 0],
-T —
where

2(w1 — &) [21 — & +i(w2 — )] o — ¢U1]2

fit) = _ ) 2 . : 172
(lz — €013 + A3) (Jo — €612 + A2) (lz = €T3+ A3) (Jo — €UN2 + A2)
\x _ g[j],z[xl _ dﬂ + i(a:g _ g])] 3 32 , )
+ 1 — ell3 £ A3) 23| — gl _ ¢l
(Jz — €01[2 + 22) '/ (D) (Il = €17+ A7) 73l — (a1 — &11)

+ ‘[x . fmllg + ;3 2 )] (_1)(|x - fm‘Q + )‘3) / (xl - §£J1)7
J
f2(t) .:—2lfﬂ— Py — & (e =] )0 &Y
(o — &b r3+A3)(|a:—sw|2+A2>”2 = 0+ ]

It is easy to get | f1()] + [f2(t)] < (F; + A) 2. Similar to (7.40), we have

1
A1) — AT+ 1falt) — (T S A /0 (7 + 6A,)~db.
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[t pi(s)(1 — e"2G®)ds has been dealt with in the estimate of (7.39). [*,.p;(s)¢;(t)e 2% ®ds can
be handled similarly. In sum, for ¢t > T'/2,
102, @57 (| — €V1],£) = 02, 257 (|2 = ¢|, T)| S In(1 + 757" A)
T (- 22— 2 —_
( 2 ~2)+)+)\*ln( +2 _ )
), ),
B |lnT] t_<t_7:]2')+ ~1/2

And 9, @5 (|2 — €0)],¢) can be dealt with similarly. Using (7.41), (7.42), and ffj<M(fj + ) 2dx <
In(M +2) + |In A, (75 + X)) 717 < 1, we get

Applying (7.35) to ®out, (7.36) to n[j]Qw@i[j] and (7.37), (3.23), (7.43), (7.44) to ngjq)a[j], we

+ (7 + 2 7 2T+ 1)) + 751

) ) . . 2
Vo @3z — €91,) = 0,057 (2 — g1, 7) | dz — 0. (7.44)

n’

conclude the second part of (7.33). O
Recall U, given in (3.3). The pointwise limit as ¢ goes to T is given by
Uu(T) = {[0,0,1]“:Uoo, it 2@ (g |j=1,2,...N}
0,0, —1]%, if ve{¢V|j=12,...,N}.
U (t) does not converge in L%, since U,(T') is not continuous. Instead,
1O 8) = Usoll e oy gra—qbi 23 0 Ry — O (7.45)
By (E.15), one has
d(¢",T)=0, j=1,...,N, andthen ((®-U,)U)(T) = (®(T)" Uso)Uso,
(@ - U)Us = (2 - U)Ua)(T) || o r2) < (P - (Us = Uoo))Usll Lo (2) (7.46)
+ H((I) ’ UOO)(U* - UOO)HLOO(RQ) + H[((I’ - (I)(T)) ’ UOO]UOOHLOO(R2) — 0,
where we used (E.15), (7.45), (7.33) in the last step.
10, [(® - U) U] = 0, [((® - U)U) (D)1l 22(B)
< (@ - Ua)0,Usll2(Basy + (P - O, U Usl 128,y + 1102, @ - (Us = Uso) U || £2(By)
+ (02,2 - Uso) (Us = Uoo) | 22(8ry) + (02, ® = 02, (T)) - Uoo]Usoll L2(5) = 0, (7.47)
where for the last step, we used [[{p;) " !l2(p,,) < C(M YA« InA\,|'/2 and applied (E.1), (E.15) to

(@ - Us)0z, U]l 2 BM) + (@ - 05, U)UsllL2(Byyy; (E.16), (7.45) to [[[02,® - (Us — Uso)|Us|lL2(Byy) +
102, - Uso) (Us = Uso)12(Byy)3 (7-33) t0 |[(02,® — 02, 2(T)) - Uso|Usoll L2(Byy)-

Recall A defined in (4.4) and ®(¢V), T') = 0. Tt is straightforward to get
AT) =1 = [&(T)]* + (2(T) - Us)?"? =1, A(¢",T)=0, j=1,2,...,N, (AU)(T) = A(T)Us,
2
Ve | (Mg @) ()]

ValAD) = Ay | W) @F = [P = (@(7) - Ux)® (7.48)

Note that
My @ = @ — (@ U)U> = [0 — (B U.)* + (@ - U.)*(JULJ* = 1).
By (E.15), (7. 33) and (7.45), we have
[(@-U)(®t) — (@ - U)(T )HLOO(IR@) < |[®(t) - (Ux(t) — Ux(T)) ||L<>o(ﬂ§v:1{|w—q[j]|>3,\*(t)R(t)})
) - (Uut) = VD) e (gl s oy + | (B0 = (T)) - Ul | 1oe a2y = 0.
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We can handle the convergence of the other terms involved in A directly. Then
|A() — A(T) || oo (m2)y — 0. (7.49)

Similarly, using (4.5), (E.15), (7.45), and (7.49), we have
I(AT)(E) = AV D) a2y < IAGNO0) = Ul ooy g sy

7.50
FIAG WD) ~ Ul e o isn, gy + ICAD = ATDUD) ey 0. 5

Using (AU,)(T) = A(T)Ux, we write
00 (AUL)(E) — (AU)(T)) = (Un(t) — Un)Ou A(t) + A(8)00, U (t) + UncOns(A(8) — A(T)), i=1,2

and consider the following three terms

I ::/ Vo Az, t) 2 |Us(z,t) — Uso|®dz, Iy ::/ |A(z, 1) 2| VUi (2, ) | de,
By B

Is ;:/B V. (A(x, 1) — Az, T))2da.

Using (E.26), (7.45), and [[{p;) || 12(p,,) < C(M)Xs|In X\,|*/?, we have I — 0. By (4.5), (E.15),
(E.1), and ”(Pj>_1”L2(BM) < C(M)As|In A\ |Y?, we have I — 0. For I3, using V,(A(T)) in (7.48) and
VA given in (4.11), we have

VoA — Vi (AT))| S ] [(1 + AV, (U + Vo (s @) +2(1 + AV, (U, - HU¢¢)} (1+ A(T))
- Ve[| @) @] [0+ A + v, T, 0|
= | (1L + APVL(UL )+ AT)) + 21+ AT, (U, - Ty @)(1+ A(T))
+ [Vo ([0 @) = Vo (| (T @) (1)) (1 + AT)) + 9 (| (T @) (D)) (A(T) - )
+ Ve (| (Mg @) (D)) (1 + A)(1 = [U.2) = V. (| (T2 @) (7)) (1 - (U2 (@ - U2)

e By (E.3), we have V,(|U|*) = 0 in L .
e By (3.4), (E.23), (E.19), and (E.3),

Va(Us - Ty )] = (1 = [U) V(@ - UL) = 2P - U - VU] S A2

e Note that
Vo[l ®?) = 2@ - Vo @ + (0 - Us)* Vi (JUJ?) + 2(|UL* = 2)(@ - Us) V(D - Us).
From (7.48), we have
00, ([T @) = O, (| (Mo @) (D] < 202 - 02,@ — S(T) - O (R(T))] + | (@ - V)00, ([T )]
+2|(|UJ? = 1)(@ - Us) 0y, (P - Us)| + 2| = (@ - Us) 0y (2 - Us) + (R(T) - Uso) [0z, (2(T)) - Us]|-
By (7.33) and (7.34),

|- 00, @ — @(T) - 0, ((T)) || L2(y,) = O-
By (E.15) and (E.3),
1@ - U205, (10 22(8r) S 11212100, (U 22y — O-
By (3.4), (E.19), and (E.23),
[(U? = 1)(@ - U) 0, (@ - Us) | oo g2y S Mell(@ - Ui) D, (P - U || oo 2y — O-
Finally,
| = (@ Us)0,(® - Us) + ((T) - Uso) [0 (B(T)) - Uoolll 2y
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< |[(@(T) = @) - Us]0r; (@ - Uil 128y + I[P(T) - (Uso = Ui)102,(® - Uil L2y
+ I(R(T) - Uso)(® - 0, Ul 2By + (B(T) - Uoo) 102, @ - (Uso — Us)lll 121
+ [(®(T) - Uso) (02, (2(T)) = 02,®) - Usolll L2(3,) = 0,

where we used (7.33), (E.23); (7.34), (7.45); (E.15), (E.1); (E.16), (7.45); (7.33) in order for the last
step. In sum,

”aﬂci(|HU*l@|2) - 8961'(’(HUj(I))(T)‘2)|’L2(BM) — 0.
e By (7.48) and (7.34),
IV (|(My e @)(T) )| Lo 2y S 1- (7.51)
Combining (7.49) and (3.4), we have
2 2 2

IV (| (Tl 2 @) (7)) (A(T) = A) | oo g2y + Vo (| (T @) (7)) A+ A= 8- U) (1= [Uf) [| oo 2y — 0.
As a result, we conclude I3 — 0. In sum,

IV ((AUL) () = (AU)(T)) | L2(B,,) — 0 (7.52)

Consequently, applying (7.31), (7.48), (7.46), (7.34), (7.51) to u., and (7.33), (7.46), (7.47), (7.50),
(7.52) to Pper(t) — Pper(T'), we attain

Uy (2) = A2, T)Uso + ®(2,T) — (®(2,T) - Uso )Uso + Uso € Hi . (R?) N L>®(R?),
Dper(t) — Pper(T) — 0 in HL (R?)NL®(R?),
Next, we will prove weak-* convergence. Obviously, |V u|? = ’V$2U*|2+2va*'vm®per+ |V ®per|?,
Vaual? = [Va®per(z,T)[?, [V.UV2 = 8X2(A%[e — €V + 1) 77, Given a function f € L®(R?)
continuous at ¢g¥!, by dominated convergence theorem and 8 [, (|2|* + 1)~2dz = 8, then

[ 19U o =8 [ (12 + 1) 0z + €0z - sm (0!,
R2 R2

Given a constant C7 > 0, by (7.30),

(7.53)

_ _ ; —1 €
/Rz A e = VP 4 1) T [ Va®per (2, 1) 1 jaj<crpdae S AL In .

For j # k, by splitting R? into three parts {z | |z — ¢Ul| < d,}, {z | |z — ¢*!| < d,}, and
{z | min{|z — ¢Y|, |z — ¢™|} > d,} when estimating, we have

/ A = € 1) TN e — €0+ 1) e S A2
R2

Together with (7.53), given a function f € L°°(R?) with compact support and continuous at ¢!,
j=1,2,...,N, we have

t—=T Jr2

N
im z)|Vu(z, t)|?de = 2) |V (2) 2 dx 7 f(g"! .
iy [ @) Va0 = [ @) T @) + 3 e/ (), (7.54)

which is the weak-* convergence of the Radon measure. We complete the proof of Corollary 1.1.

8. LINEAR THEORY FOR THE INNER PROBLEMS

In this section, we will establish the linear theory for the inner problem (4.17) in different modes.
Since this section is rather independent of the other parts, we abuse the notation a bit and use R
for more general cases. Recall (4.26), in the time variable 7;, (4.17) is the usual parabolic system.
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Since the inner problems for j = 1,2,..., N all have the same structure, we omit the subscripts or

superscripts “;”7, “j]” in this section for brevity, and all spatial derivatives are about y. Consider
0V = (a—bWA) (LipV)+ H in Dg, (8.1)
Y(y,7) - W(y)=H(y,7)-W(y) =0 in Dg, '

where
Linf := Af + |[VW*f — 2V (W - £) - VW + 2 (VW - V) W, (8.2)
Dr:={(y,7) | 7 € (19,0),y € Br}, Bpr:= {y e R? | ly] < R(T)}, T0 > 2.
We call a function f(7) defined in (79, 00) of algebraic power type if C~1f.(7) < f(r) < Cfu(7),
where C' > 1 is a constant, and fi(7) = com(In7)2(In(In 7)) - -+ with finite multiplicity, ¢g > 0
possibly depends on 1, ¢; € R, i =1,2,..., and then we define

Pi[f] = cr. (83)
Denote AP as the set of algebraic power type functions. Obviously, for any fi, fo € AP, c € R, we
have f1f2, fi/ f2, [T € AP, Pi[fifo] = Pi[fi]+ P1[fo], P11/ f1i] = =P1[f1], and P1[f]] = cP1[f1]. For
T>71 >9and f € AP, Cf_lf(’l') < f(s) < Cpf(r) for all 7 < s < 27 with a constant Cp > 1. If we
assume, in addition, In f € AP, then Py[In f] = 0.

Throughout this section, unless otherwise stated, we always assume that constants, O(-), <, ~ are
independent of 19, k € Z for |k| > 2 (used for mode k, |k| > 2), and

70>9, v(1),R(7),Ro(1) € AP, 0<P1[Ro] <Pi[R] <1/2, 2Ry(7)< R(1),

inf Ro(s)> 1, R(WR+(nr)") <Cir, Roe Cl(m,o0), |RY=0(Ry") &Y
S~2T0

for any m > 0 with a constant C; > 0 depending on m. Obviously, if Rj = O(77'Rp), then
|Ry| = O(Ry ).
Suppose that ¥¢(y, 1), He(y, 7) defined by (2.16) have the following Fourier expansion respectively,

2w
\I’(C(va) = Zﬂ%(ﬂﬁ)@ike? ¢k;(ﬂ, T) = \IJ(C,k(p, T) = (271')_1/0 \If(c(peis’7')6_“%(157

kEZ | . | | (8.5)
He(y, 1) = th(p, 7)e* hi(p,7) := Hex(p,7) = (2m) 71 He(pe', m)e*sds,
kEZ 0
where W¢ ;, and Hc i, are defined in (2.18) and
y=pe?, p=lyl, 0=arctan(ya/y1).
Using (2.17), we denote
\Ijk:(va) = (¢k(ﬂ, T)eike)(c—u Hk(yaT) = (hk(p7 T)eike)(c—l for ke Z.
It is easy to see that
(Wil = [vrl,  [Hi| = |hyl. (8.6)
For ¢ € R and v(7) > 0 and vectorial complex-valued function f, we introduce the weighted topology
€115, = sup  (u(r)(y) =) IE(y, 7)) (8.7)
(va)GDR
with a scalar function R = R(7). By (8.6) and (8.5), we have
1kl = I1allRe Ikl = 1HRIRe S NHIRe 191 S Y 1k(y, 7). (8.8)

keZ

For the convergence in (8.8) when summing up, we have to make the dependence on k very clear in
the estimates of mode k, |k| > 2.
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8.1. Complex-valued form of the inner linear equation. The following lemma bridges the inner
problem in the parabolic system form and the complex-scalar form.

Lemma 8.1. For Ly, defined in (8.2) and ¥ -W =0, we have

[(CL - bW/\) (LmLII)] W =0, (89)
[(a = bWA) (Lin¥)]e = (a —ib) Lin Y, (8.10)
where ) ) ) ) )
2cosw(p
LinVe = |0pp + =0, + =009 — = + dp + Uc.
C [pp PP T 2900 T 0 l 02 0 (02 + 1)2 C
Then (8.1) is equivalent to the complez-valued equation
0-¥¢ = (a —ib)Lin¥Y¢c + He in Dg. (8.11)
Under the Fourier expansion (8.5), then
Ein [eikewk] = eikgﬁklbk, (8.12)
where
pf (k+1)%p* 4+ (2k2 - 6)p*> + (k —1)% 1
Lif :=0,,f +L- +V, . Vilp) = — . 8.13
kf ppf P k(p)f k(p) (,02 + 1)2 pg ( )
It follows that
0,V = (a — bW/\) (Lin\I’k) + H,
s equivalent to
Oy, = (a — Zb)ﬁkwk + hy. (8.14)

Proof. Set
\I/(va) - <P1(?J,7')E1(y> + (PZ(y?T)E2(y>7 that is, Ue = $1+ 7:902-
By (2.8), one has

1 0, 0,
A(p1Er) = (Ap1) By + 2(3p9013pE1 + ﬁ%%a@ﬂ) + 1 (app + ;p + %)El

2
= (Ap1)E1 — 20,pp1w,W + p—zaggol coswhy

1 1
+ 1 [ —wppW — ngl - ;pr ] cos w(sin wW + cos wEl)}
2 .
cos” w 2 cosw w sin w cos w
= |Ap1 — 1 w? + —)|E1+ Ogp1Fo + | — prap(pl — Y1l wpp + R ————— 77
Pep? P P P

1 1 1 2 cosw 2 sin w cos w
= <3pp<P1 + =0pp1 + —50hop1 — 7@1)E1 + ——5—0pp1E2 + (— 2wp0pp1 — 72801)Wa
P P P p p
where we used w,, + % — Sin“;w = 0 for the last equality. Similarly,

1 . 1
A((,OQEQ) = A(QOQ)EQ — 2?89902(8111 wW + cos U)El) — QOQEEQ

2cosw 1 1 1 2sinw
=T Opp2En + (3pp902 + ;3;)802 + ?390802 - ?902) Es — p2 Dop2W.

Thus 1 ] 1 5
cos w
AV = <app%01 + 580901 + ?309901 — ?801 — 739902>E1

1 1 1 2cosw
+ (8;);)902 + ;8[)802 + Ea%(m - ?@2 + 780901>E2 (8.15)

2sinw 2 sinw cos w
+ <_ 2wpOpip1 — P2 Ogip2 — T‘Pl)w
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By (2.8),
3pW =w,ky, OpW = sinwkFs, 8p\1’ = (8,)g01)E1 + (8pg02)E2 — prw,W,
09V = (Ogp1)Er + (Opp2) B2 + w1 coswEy — @o(sinwW + coswkEr),

then we have

1 2 si 9gi

01+ 2w,0,01 + e 39<P2>W

(8.16)
Then plugging (2.5), (8.15), (8.16) into (8.2) and using (2.7), we have

1 1 8 1

1 1
—+ {8pp‘102 + ;8;7902 + ?699902 + [

2cosw
S 00pa | (aBy — bE)

8 B i] 2cosw
RS
which implies (8.9), (8.10) and the equivalence between (8.1) and (8.11). Finally, (8.12) and (8.14)
are derived directly. O

Jo -

39@1} (aEy + bEY),

The linearly independent kernels Zj, 1, Zj 2 of Ly, in (8.13) satisfying the Wronskian W[Z, 1, Z; 2] =

p~ ! are given as follows:

2 02 1In(p)—1)—
Z-1,1(p):#, _19(p) = %’ k= —
pr+4p%1n 1
ZO,l(P) == /12117 ZO 2( ) %7 k= 07
=z _ p4+4p +41n(p) p 1 (8.17)
11(p) = o +]1 12(p) = Wa p =L
Zk,l(p) Z2+17 ( ) = P +1(2k+2 + + 5= 2) k#-1,0,1

It is straightforward to get
Za(p) ~ Pl_k1{0<p§1}+P_1_k1{p>1}7 Zra(p) ~ k_l(Pk_11{0<p§1}+Pk+11{p>1}) for k# —1,0,1
Recall (2.9) and (8.5) and notice Zy1(p) = —2pw,. Then for mode 0,
k) 2 p
(ho(p, 7))c-1 - Zoa +i(ho(p, 7)1 - Zoz = pwpho(p, 7) = —=22Z0,1(p)ho(p, 7). (8.18)

Notice Z1,1(p) = —3%

(h1(p, 7)) - Z11 = Re(hi(p, 7)e®)w, cos § + Im(hy(p, 7)e" )w, sin 6,

(h1(p,7)e) -1 - Z19 = Re(hi(p, 7)e?)w, sin @ — Im(hy (p, 7)e? )w, cos b,
whose equivalent complex form is given by

(h1(p, 7)) - Z1g —i(ha(p, 7)) e - Zi2 = wphi(p,7) = —2Z11(p)ha(p, 7). (8.19)
For a radial complex-valued function f(p), the quadratic form of £y in Bp is defined as

f (k + 1)%p" + (2k* = 6)p* + (k — 1)? |f|2
QR,k(f’ f) = 277/0 [’apf|2+ (P2+1)

By [120, Lemma 4.2], Qr i (f, f) > 0 for all f € C*(Br)NC(Bg) with f = 0 on dBg, and Qri(f, f) =
0 implies f = 0. Define the norms

s = (25 [ (90012 + L0 o] ™

R 1/2 R 1/2
Hqul(BR):(% | 10u1P00) " sy = (2 [ 11Podp)
0 0
Set Xo(Br) = {£(p) | F(B) =0, Il x(py) < o0}

w,. For mode 1,

(8.20)
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8.2. Energy estimates. We use the method in [15, Lemma 7.2] to analyze the first eigenvalue of
QRk-
Lemma 8.2. Let
QRk(f f) for k21, Apy— o Qra(f,f)

) © remiBaMo} 11172,
ARk s attained by a real-valued functz’on in Xo(BR) for k # 1 and H}(Bg) for k = 1. For R large,

Aro~ (R*InR)™, Agi~R™ Ap_12(R°InR)™', Agx 2> |k*R™2 for |k| >2.
Proof. For any complex-valued function f = fi +ifs with fi = Ref, fo = Imf,
Qri(ff) _ Qri(fi, 1) + Qrilfo, f2) min{QRk(fl,fl) QRk(anfQ)}

ARE = for k=1.

fGXo(

||f||%2(BR) Hfl” L2(Bg) + ||f2HL2 (BRr)
Thus for k£ # 1,

||f1HL2 (Bgr) ||f2||L2(BR

Qri(f, f)

/1225,
The same argument can be applied to Ag 1.

Hereafter, we focus on real-valued functions. We choose a sequence f, € Xo(Bgr) if K # 1 (f, €
H}(Bg) if k = 1) with [fallz2(Br) = 1 and Agg + 1 > Qrk(fns fn) = Ark. By the form of Qg
given in (8.20), we have fOR(ap fn)?pdp < Ak + 1. The Sobolev compact embedding theorem implies

fn = fso in L?(Bg) up to a subsequence.
For k # 1,

R
Orx s fu) = 2 /0 [(%)2 n

Up to a subsequence, we have

jﬁR Pébfaﬂ2 (k=1 ‘ﬁ”]pdp‘<lnn1nf/£R kékfh)z ki fﬁ]pdp,

ARk = inf{ | f € Xo(Br)\{0}, fis real—valued}.

(=12 72 (D4 R 6) 5]
(2 + 1)2 p2 (2 + 1)2 f]p

(P +1)? s
R (k4 1)2p% + (2k% - 6) TERD 0
A (p? +1)2 Joopdp = lim_ | (p? +1)2 e
M s
oreover /R [(8 ; )2 ( ) foo}pdp C’(R k) /R {(3 I )2 foo:|pdp
o Ol iy N
Thus

QRrk(foor foo) S ARk follzzey) =1, foo € Xo(Br),
which implies that the minimum Mgy is attained by fu.

For k = 1, similarly, we choose a subsequence such that f, — fo in H}(BR), fn — fx in L*(Bg).

R R Ryp? - 1) T -1
Dpfoso)?pdp < limi f}/ Ay fn)?pdp, (/" 212 pdp = i
[ ot =it [ outaPoe [ o= f [ G

frpdp.
Then
Qra(foor foo) S Ar1s oollizmry =1, foo € Ho(Br),
and thus A\ is attained by fuo.
Next, we will use the Lagrange multiplier for the real-valued minimum function f, to estimate Ag ,

k= —1,0,1. To avoid confusion, we denote wj, as the eigenfunction corresponding to the eigenvalue
AR,k for every mode k with the normalization |[w||r2(g,) = 1.
For k =0,

ﬁ(]’w() = —)\R70’w0 in BR, wo = 0 on 6BR.
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wp is given by
P R
wo(p) = 30,2(P)/ (—Ar,owo(s))20,1(s)sds + Zo,1(p) / (—=ARr,0wo(s))Z20,2(8)sds — ARr,020,1(p),
0 p
where AR,O = (Zo,l(R 120 2 fO )\R ()’UJ() ))Z()J(S)Sds. For 0 S 1% < 1,

p
Z02(p) /0 wo(s)Z01(5)sds| S o~ woll z2(z, | ol 205, S 1

R R 1
1Z01(0) / wo(s) Zo2(s)sds| < |Zo1(p) / wo(s) Zo2(s)sds| + | Z0:1(p) / wo(s) Zo(s)sds| < R?,

1
|Ar0Z01(p)| S |AR0l S AroR*(In R)z.
Thus [|wollz2(B,) < )\R7OR2(1nR)%. For p > 1,

P 1
!\30,2(0)/ wo(s)Z0,1(5)5ds|| 25\ 5y < 12020l 2(Ba\ 1) [woll 22 (B 12011 L2(Br) S R*(In R)Z,

0
R
1
HZo,l(/))/ wo(8)Z0,2(5)5ds|| 2B\ By S 1201128\ o) Wl 22 (BB 1 20,2l 2B\ By S RE(INR)Z,
p

1AR0Z0,1(0) |l r2(Ba\B1) S Ar0R*In R.
In sum, when R is large, we have 1 = [Jwol|z2(5,) S AroR?In R.
On the other hand, when R is large, Hn@ZOJH%Q(B ~InR,

Qro(nzZo1,m1Z0,1) ~ (/ / )[ nRZol)) p(p_(jrpl;rl(m;m) ]Pdp

OO - R — (RZ )
- _L [(a Foa)+ p(p TJHZZ;) ]ﬂdﬁ/R [(8 (n220.1))” + p(p 6f1)+1 : p;l }pdpva?,

where we used LoZp1 = 0. Then we have Agg S <(R’InR)!
For k=1, Slmllarly,

2 2

Elwl = —)\R71w1 in BR, wi = 0 on 6BR,

P R
wi(p) = Z12(p) /O (—Ar1wi(5))Z11(s)sds + Z11(p) / (—Apawi (5))Z12(s)sds — AgaZ14(p),
p

where Ar1 = (Z11(R)) 121 o fo —Ar1wi1(s))Z1,1(s)sds. For R large, we have 1 = |lw1||12(p,) S
)‘R,IR4, ”77%2171“%2 (Br) ~1, QRJ(?@ZU 77%2171) ~ R—4 by [,12171 = 0, and then >‘R,1 S R—4.
For k = —1, similarly,

E_lw_l = —/\37_1w_1 in BR, w_q1 = 0 on 8BR,

P R
w-1(p) —3—1,2(P)/0 (—)\R,—lw—l(s))z—l,l(8)8d3+3—1,1(0)/ (=Ar—1w-1(s))2-12(s)sds—Ar,—12-11(p),
p

where Ap_1 = (Z_11(R)) 12 12(R fo —Ar—1w—_1(8))Z_11(s)sds. For R large, we have 1 =
Hw 1||L2(BR) < )\R ,1R2 IHR

For [k| > 2, Qra(f, £) 2 21kl [ L pdp > [KPR™2| |25, O
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Lemma 8.3. Consider

{wk = (a —ib)Lydy + h(p,7) in D, (5.21)
¢ =0 on ODgr, ¢k(-,70) =0 in Bp(y)
with R given in (8.4). Denote ®p(y,7) = (¢r(p, 7)e*)c=1. Then (8.21) is equivalent to
{a@k = (a — bWA)(Lin®) + (h(p, 7)e*) 1 in Dp, (22)
@, =0 on IDgr, Pk(-,70) =0 in Bprr)-

Suppose that Hh(-,T)H%Q(BR) < g(71),

[ e A (R (s) g (s)ds S €@ T i {r, ()} () glr) (829
70
for any fized constant ¢ > 0, a constant C(c) > 0 depending on ¢ and
Aro=(R’ImR)™", Ag1=R™* Ap_1=(R*WR), Igr=R7? for |kl >2,
then, we have the estimates

16kC )2 (B S [min {7, Cra) ™ Y Arp) ta(r)] 2.

In particular, when HhHﬁg < oo, then Hh(.jr)H%Q(BR) < (HR,[l)(T)HhHﬁe)2, and
L1
d0(-, 7)o (Br) S B2 RO (M)A, 161(, )| poo () S min{r2, R*}R%0k v(7)||0||F,,

6—1(, )| zoe(Bry S B2 ROp o (S, ok(- Tllpeo () S R2Orv(T) RS, for |k > 2,
(8.25)

(8.24)

where
1 if £>1

937g = (ln R)% if £=1 (8.26)
R'* if £<1.
For k € Z, if 5\R,kag(7') € AP, and either Case 1: Pl[S\R,k] > —1, or Case 2: Pl[S\R,k] < —1,
P1[(Ark(s))"1g(s)] > —1 holds, then (8.23) is true.
Proof. Lemma 8.1 connects (8.21) and (8.22). The theory of parabolic systems guarantees the existence

and uniqueness of the solution. By continuity argument, it suffices to assume that h is smooth.
Multiplying ¢ to (8.21) and integrating by parts, we have

/ Or ook + (a — D)Qr (K, D1) = / hop.-
Br Br
We take the real part for both parts and use ¢ = 0 on 0Dpg, then

%87 (01> + aQrk(dr, dx) = / Re (hex) -
Br Br

By Lemma 8.2, we have

O [ 164 + Ara / il <2 /

Br Br B
for a fixed constant ¢ > 0. By Young’s inequality, we have
0 [ 1o+ ns [ 1ol S G [P S G,
Br Bgr Br
Since ¢(+,70) = 0 in Bg(y,), by (8.23), we have (8.24).

]|
R
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When HhHﬁK < 00, then ||h(-, T )HL2 (Br) S (QR’[U(T)H}’LHE,K)? By (8.24), ||h[|2 "y < 00, the application

of Wyl estimate given in [32] twice to (8.22), and the Sobolev embedding theorem, we have
. TN/ y—171/2
16k (s D)l By S L [min {7, Rr )™ FAri) ™) 0R0 + 130 (r)IIRIIE,.
Using R?In R < C47 in (8.4), we have (8.25). O

Lemma 8.4. Given an integer k > 0, consider
, 1 k?
0:0= (0~ i6) (9 + 00 = 56) +h(p7), 6(p.70) = glp),

where h(p,T), g(p) are some functions with sufficient space-time decay. Then using FE[ defined in (2.1)
gives a solution ¢ of the form

8(p,7) = p"T5, o+ + (1wl *h(Jyl, 5)) (0, 7. 70) + Ty 0 * (Jy]Fa(|yD) (o, 7, 70). (8.27)
Proof. Set ¢(p,7) = p*4(p, 7). Then
O = (a— )( Oppt) + ———

which can be regarded as the heat equation in R?**2, Then 1) is given by
o, 7) = Ty +(l91 ™ h(lyl, ) (0.7 70) + Ty o+ (1919 (1y) (0,7, 70),

which satisfies (8.28) in weak sense and pointwise sense except at p = 0. (8.27) follows. O

k
L 00) + 57007, (0, 70) = (), (5.25)

8.3. Mode k, |k| > 2. In order to analyze the case that the right-hand side of the equation has
singularity at y = 0, given R = R(7), we introduce the norm

1B = sup o(7) " (X< yl™ + Ly sy lyl6) 1R (y, 7). (8.29)
(y,T)GDR
We use the notation [|h||75, , if R(7) = co. Obviously,
11100 ~ IRl MR e S IR, i 60> 0 (IRl 0 2 1PN, if 4 <O0. (8.30)

Lemma 8.5. Consider

0V = (a — bBWA) (Lin¥g) + H, in Dr, Yi(,70) =0 in BR(T())’
where Hy, = (hk(p,T)eike)(c,l, ||H;€||U€1 < 0o. Suppose (8.4), 6, € [0,1.9], £ € (1,3), 3+Pq[v(r)R*] >
0, then there exists a solution V) = 77W [Hy] as a mapping linear in Hy, with the estimate

W] S [~ O o(r) R y) P In(ly| + 2)l|Hill ey 0 in D, (8.31)

v,

where “<” is independent of k. Moreover, ¥y, - W =0 and e=** (U},) is radial in space.

Proof. For brevity, denote ||k = ||hy||¥,, , in this proof. Assume hy(p,7) = 0 in D%. Consider

v,01,
(a — bWA) (LinGi) = Hi, where Gy = (gk(p, T)eike)(c_l.
By Lemma 8.1, it is equivalent to considering
(a —1ib) Lrgr = Ny,
where gy, is given by
) JE Ziea(r)hy(r,7)rdr + 251 (p) foo Zo(r)h(r, T)rdr if k<2

) fpoo Zpa(r)hi(r, m)rdr — Zj 1 ( fo Zpo(r)hg(r,m)rdr  if k> 2.
(8.32)

| Zea2(p
gk(ﬂvT):(a+Zb){ z
—Zk2
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We will estimate the upper bound of g;. For k < =2, p <1,
21000) [ Za( e ryrde] S IR o)t [T G et (833)
for 0 <4 < éf. '

0o 1 oo
‘z,g,l(p) / zk,g(r)hk(r,f)rdr) S pl_thkHv(Tﬂk"_l( / rk=0dr + /1 r’f“—fdr)
P P

k—01+1 1 ]

< |p|-1,1-k P -2 2—01
S o) [+ ray) S CHOM o)

for 0 </ <4and 1</ <5, where C1(¢) = 0o as £ — 1 due to k = —
For k< -2, p>1,

p 1 p
2100) [ Zeatimtrryvar| S el ([t [Thar)
0 0 ! (8.34)

1 1—-k—/¢

< -1 k+1 P < -2 2—¢
< K el ()0 (G + ) < COIKlelle(r)e

for 0 < ¢; <4 and 0 </ < 3, where C3(¢) — oo as £ — 3 due to k = —2.

200(0) | Zualrdbutr ryvdr] € 57 Flhletr) [ 7RI S Co) ko)
p p

for 1 < ¢ <4, where C3(f) — o0 as £ — 1 due to k = —
Insum, for 0 < /1 <4,1<1<3, k< -2,

1981155, ~2.6—2 < CalO)1KI 2 [, (8.35)

where Cy(¢) — oo as £ — 1 or 3.
Fork>2,p<1,0<46<3,0<0<4,

e’} 00 1
20a00) [ Zealomntr | S Wl ([ [ar)
P

p

-1 k-1 1 1—pikh
= k™ |[hallv(T)p (kJrg_ L — 1{61;&3—k}+(_lnp)1{£1:3—k})
klkl(k O Mk, k>4
p*(In p), k=3, ¢1=0
—41 _ 1
P 1—|—p < p?>~ 4 {np), k=3,0<¢,<3
Sl UHEE ) 20
p(1+15 )N p(ln p), k=2 0</<1
p(ln p), k=2 6=
p(1+ 227 < > (), k=2 1< <3,

where we used p! — 1 = tpIn p for some c € [0, 1].
For the other part,

p p
200(0) [ Zualr)butrmyrdr] S ello(r)pt™ |6~ b o)
0 0

for0< /0 <29. Fork>2 p>1,
’Zkg(ﬂ)/ Zg1(r)hg(r, T)Td""‘ S lethU(T)PkH/ rF e~ 72 | |o(7) 0%,
I p

when 0 < ¢ < 4.

p 1 P
200000 [ Zualrybtrryrdr] S el ([ o [T ) Sk ot
0 0 1
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when 0 < /41 <2.9,0</¢<4.
In sum, for 0 < /41 <2.9,0< /¢ <4,

Hng’U €1 2.0—2 N 2Hth k 2 4
ve+€1 2,0—2 rv ( )Hth =3 (836)
19205 01y 100 S CORRL k=2,

where € > 0 could be an arbitrarily small constant, and C(e€) is a constant depending on e.
Combining (8.35), (8.36), (8.30), for 0 < ¢; <1.9, 1 < ¢ < 3, we have
Gkl =2 = lgrl125—2 S COIKI ]| for [k[ > 2, (8.37)
where C(¢) — 0o as £ — 1 or 3 and C'(¢) will vary from line to line. Consider
0, P = (CL — bW/\) (Linq)k) + G, in Dap, (8 38)
‘I’k =0 on 87)23, (I)k(-,’/'o) =0 in BZR(TO)' .

To find a solution ®; with the form &, = (gbk(p, T)eikg)(c_l, by Lemma 8.1, it suffices to consider

a’r¢k = (CL — Zb) £k¢k + gk in D?Ra
¢ =0 on 9D, @i(70) =0 In Bap(y)-

The existence and uniqueness follow by the theory of parabolic systems.
Using P1[R] < 1/2 in (8.4), we have P1[Ag ;] > —1 with Agj, = R™2, |k| > 2. Then (8.23) is true.
Thus, applying Lemma 8.3 to (8.39), we have

16k (5 T Lo (Bypiry) S v(T)
To improve the spatial decay of ¢, we reformulate the equatlon (8.39) into the following form
2 ~ .
8T¢k = (CL - Zb) [app¢k + Bpij)k — 7(k-/i)—21) Qf)k] + gr in Dap,
¢k =0 on 67)23, ¢k(-,7'0) =0 in BZR(Tg):

where gr(p,7) = (a — ib)w Low + gr. Set dur(y,7) = D0, (p, 7). Then (8.41) is

(8.39)

(8.40)

(8.41)

equivalent to
8T¢*k = (a - ib)ARﬂb*k + ei(k+1)0§k in Dop, (8 42)
¢ =0 on 0Dag, ¢uk(-;70) =0 in Bop(r)- .

Complex-valued equation (8.42) can be regarded as a real-valued parabolic system in a varying-time
domain in R?*!. Combining [33, Theorem 3.2] and [100, Lemma 2.26 and Remark 2.27], there exists
a fundamental solution I's(x, y, 7, s) for the homogeneous part of (8.42) with the estimate

sle—y|?

|F2(‘T?y77—7 ‘9)| S C(T - 5)71 6_ T—S

for some constants C, x > 0. Then, by scaling argument, we have

Ky lz—yl?

VyLa(a,y, 7 8)| S (r—s)2e = (8.43)
for a constant k1 > 0. Then ¢,; can be written as
oulr )= [ [ oy ) g o] s)dads, (8.41)
70 J BaR(s)

where 0(z) = arctan(z2/z1).
For utilizing the special form of e

Ag2Py(y,7) = D05, in R2, (8.45)

i(k+1)0g,  we set g, = 0 in DS, and want to find Py.(y,7) satisfying
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Set Py(y, ) = !+ T105, (p, 7). Then
Oppbk + p~ ' OB — (k +1)*p Bk = G-
Set py, = p'kH'ﬁk?l(p, 7). It is equivalent to
OppPr1 + 21k + 1] +1) p~ 9y = p~ " g
We take py 1 as

p 0o
Pra(p,T) = —p 2k / u2|k+1|_1/ rr_|k+1|§k(r, T)drdu.
0 u
Notice
|Gk S Lgrcorey K1 (0 Lpety + o L)) 1k] + 0(7) (0)* Yl gnll5o—s)
Then

p oo

- _9lk kt1]—

el < p? H/O Thian 1/ r1{<2R(r)}
u

% [|k:| (1"727‘”1‘1{%1} + r*4’|’““|1{r>1}) ow| + v(7) (7“7“”1'1{%1} + 7n27157|1s+1|1{71>1}) gk

Here, by Lemma A.3, one has

p 00
pm“l/ u2k+1|1/ L{r<or(r)}rv(7) (Tﬁlkml{rsu +T27€7|k+l|1{">1})”g’f”’??f—"’drdu
0 u

|k|—2 (p2—|]€+1‘1{p§1} + p4—f—|k‘+1|1{p>1}) for k S —4ork 2 9
< OV RO (o) Lpery + 91 gpony) for k=3
R*(7) (1{p§1} + Pl%l{p>1}) for k= -2,

2?4_2} drdu.

R(T)r_l_g for k=-3

Ryt for k= —2 y (8.40) and Lemma A.3,

where we used 1{T§2R(T)}r2*£*|k+1|1{T>1} < {
p 0
p—2k+1|/0 u2|k+1|—1/ "1y <caron k] (r—2—\k+1\1{rél} n T—4—|k+1|1{r>1}) (x| drdu
k|1 (p_|k+1|1{p§1} + ,0_2_|k+1‘1{p>1}) for k< —4ork>2
S COR (Mgrl5%—2 § P21ty + o~ I p) 1oy for k=-3
p_ll{pgl} + p_21{p>1} for k= -2.
Pr.1| can be bounded by (A.3) in Lemma A.3 similarly. As a result, for p < 2R(7),
OpPk, be bounded by (A.3) in L A.3 similarly. A It, f 2R
k| p|0ppr.1| + Pkl
Bl (o peny + o7 L oy), B < —dor k> 2
S COv R M)grllgo—2 § P21 <ty + 01 pn1y, k=-3
P sty + P Loy, k=-2.
Notice Py(y,7) = e/*+D0plk+15, 1 (p 7). Then
. . B _ o 1/2 o ) B ) 1/2
V2] = (10,8:0° + p72(00B]") " = (I1k+ 1" G + p 00| + o720k + 112|051 )

S+ 1P (B |+ 1B+ 1 pl0,8ka1) S COvNRHT) (0 Lp<ry + 2 Loy 96155 o
(8.46)
By ¢uk(y,7) = ei(kﬂ)egbk(p, 7), (8.44) and (8.45), we have

oy, 7) = —e_i(kﬂ)g/ / V.Ta(y,z,7,8) - V]Sk(z,s)dzds.
70 J BaRr(s)
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By (8.43) and (8.46), then

ryly—z]2

6] < CO gl / /B (r— 5)" % S0 ()R 4(s) (2] 2 Lypnpeny + 2P Lypapony) 2| dzds.
2R(s)

By similar estimates as [132, Lemma A.1] and Lemma A.1 in R, provided 3 + P1[v(t)R*~¢] > 0, we
have
6kl S C(Ou(r) R [y~ In(ly| +2)l|grll3%—o for 1< |yl <2R. (8.47)
Combining (8.40), (8.47), and (8.37), we have
k] = lox| S COIKI20(r) R~ (y) "  In(|y| +2)||hy|| for |y| < 2R. (8.48)

To get the pointwise estimate of |D?®y|, we need to calculate the DMO, semi-norm of Gj =
(9x(p, T)elk(’)c_l. Recall (2.6) and (8.32). We consider the following typical term in Gy.
2

. P —
A7) = Firlp. ) cos(6), fua(prr) = Zralp) [ Zeaoutrrrdr S

We assume (z,t) € Q5 (0,7), r € (0,1), and arbitrary points (y, s), (2,s) € Q; (x,t). Obviously,
s~7. If r>|x|/2, then |y|, |z| < |z|+r < 3r. By (8.33), (8.34), and 2 — ¢; > 0, we have

[f1(ys8) = fi(z,8)] S 1k 72(|hlo(m)r? "

for k< —2. (8.49)

It is direct to see that
p 4
Op(f(p.7)) = Zia(p) / Zor (Pl Tyrdr "
0

(p*+1)?
, ’ p* - p>—1
+24alp) [ Zua (el m)rdr B + 200 2 (i,
By (8.33), (8.34), and (8.17), we have
10,£11(p, )| S 1R Ik lo(r) (0" Lgocpcry + 0" L gpsy)- (8.50)

Note that
MW (60(y)) — P f(6(2))
= MEHImD (V) (s1y + (1= 51)2) - (y = 2) [ikf 051y + (1= 51)2)) + [ (0(s19 + (1 = 51)2))]
for some s; € [0,1]. When [f(61)| < C1,|f(01)| < Cy with a constant C for all 6, € [—7/2,7/2], then

leike(y)f(e(?/)) - eike(Z)f(e(zm = |s151+(|é€1| j 2)2|
If r < |z|/2, then |z|/2 <|y|, |z| < 3|z|/2. It follows that
[f1(y, s) = f1(z, 9)]
= [(f11(lyls5) = fur(|2], 9))*@ cos(0(y)) + fur(|2], 5) (W) cos(B(y)) — ™) cos(0(2)))]
S IR llo ()l = [lyl = [21] 4+ k|2 o ()|~ (k] + D]l
S K llo(n)lal = = [k gl (r) el M= 2] =% < [k hillo(r)r®,

where we used 1.9 — ¢ >0, || < 1, and r < |z|/2 for the last step.
In sum, |[wf} (r,@5(0,7)) < |k|=||hg]|v(7)r%. The other terms in Gy(y,7) could be handled

similarly and we deduce

ly — z|. (8.51)

[, (r, Q3 (0,7)) < [~ I [l (7)r®. (8.52)
We will not use [Gy] IDMOLK(Q; (0,7)) < k|7Y|hg|lv(7) to deduce the pointwise estimate of | D?®;| directly
since >,y |k| 7! is divergent.
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For any (z,s) € Q, (x,t), we have (T4 + sz, ts + p2s) € Qrp, (s + paz, te + p>t). Thus,

][ ][ F(@e 4 pey b + pls) — f(@s + puz, te + pls)|dzdyds
r (z,t) J Br(x)

= ][ ][ |f(y1,s1) = f(z1, 81)|dz1dyrds;.
QTT,O* (Tf*""P*x»t*'*‘PEt) BT‘P* (x*"’_p*x)

Then, for t,. > 19, |z« < 1, p« € (0,1/100], by (8.52), we have
01 (ot popts ) (72 @2 (0)) S [K[ [t p2 05005,
Applying Proposition 6.2 to (8.38) with p, = 1/(100|k|%%%), we get
DBy, (2, t,)| < CO|K| Oyt YR (L) || hye|| for t. > 70, 2] < 1. (8.53)

Given t, > 19, 1 < |zi| < 3R(t4)/2, ps < |z4]/100, for any (z,t) € Q5 (0), r € (0,1), and
(y,5),(2,5) € Q- (z,1), we have |2, + puy| ~ |74 + paz| ~ |24|, ts + p2s ~ t.. By (8.48), (8.37), then

o[l + posi . +pzs>um(@-(o)) < P22 K| 20(t) B4 () ()~ In(las| + 2) Il
G + pa b+ 42| 5 0 S CLOII 20t} ]
To estimate [Gr(z« + p«z,ts + p*s)]|DMO|X(Q2_(O)), we still use the representative term f; in (8.49) to
show the general process of analysis. By (8.50), and (8.34), (8.51), we have
| f1(@s 4 puyy o+ p28) = f1(@s + puz, o + p2s)|
= |[Ar(|ze + puyl te + p25) — fr1(|zs + pozl,tu + pis)] e®O@HP) cos(0(2, + puy))
T Fi1 (2 + pazls b + p28) [0 09 cos(B(z, + pay)) — P 042) cos(8(z, + p,2))]|
S KM o) ] per.
It follows that [fi(x« + psz,ts + 035)1|DM0\X<Q;(0>) < k|7 hwl|v(te)|zs|*~ps. The other terms in Gy,
can be handled similarly. Then
[Gr(s + pez, b+ st)]|DM0|X(Q;(o)) S R s llo(t) |2~ s
Applying Proposition 6.2 to (8.38) with p, = |x*\/(100]k\%), we have

(D) (@, )] S COW|F0(t) R () (@) (o] + 2) || for ¢ > 10, 1< Jou| < 3R(E)/2.
(8.54)
Combining (8.48), (8.53), (8.54), and the interpolation inequality, we have

()2 D@y | + ()| DDx| + [@4] S C(O) KO 0 () R y) " In(|yl + 2) k]l in Dapyo.  (8.55)

We take Uy, = (a — bW A) (Lin Py ), which is the exact strong solution we look for. (8.55) deduces (8.31).
Recalling ®;, = (¢k(p, 7')8““9)((:,1 and applying Lemma 8.1, we have (V) = e (a—ib) Lrop(p, 7). O

Since the ¥y given in Lemma 8.5 loses some power of R when |y| is small, we will construct ¥y,
with a better estimate by another gluing procedure.

Proposition 8.1. Consider
0,V = (a - bW/\) (Lin\I’k) + Hp in Dg, \Ifk(-,To) =0 n BR(T())’
where Hy = (hi(p, T)eike)c,l, | Hy|| ' < 00. Suppose (8.4), £ € (1,3), Pilv(r)] > —1, then there
exists a solution Uy = ER[Hk] as a mapping linear in Hy, with the estimate
r )W) if €(1,2)U(2,3)
“lm(lyl+2)  if £=2

where “<7” is independent of k. Moreover, ¥y, - W = 0 and e~ ¢ (Vi) is radial in space.

11— 2
il < KO ()

n DR,
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Remark 8.1. The restriction Pi[v(7)] > —1 is not optimal. To improve the lower bound of P1[v(7)],
we need to modify Lemma A.3 to catch the property of 1y, <4ry-

Proof. Denote ||hy| = ||hg|F ", and take h, = 0 in Dy. In order to find a solution ¥, with the form
U, = (7/% (p,7)e Z"Ce)c,l, by Lemma 8.1, it is equivalent to considering
Oy, = (a — ib) Ly + hy in Dr,  Pr(-,70) =0 in Bp(g. (8.56)

Set ¥, = nr, (p)Vik(p, T) + Yo r(p, T), where ngr,(p) = n(p/Ro) and Ry is a large constant independent
of 79, k. To find a solution for (8.56), it suffices to consider the following inner-outer system

6pwo,k (k’ + 1)
p

8‘1‘¢o,k = (a’ - Zb) [appwo,k +
Vor(-,m0) =0 in R?

Yo k] + JWJO ks Vi k]l{p<4R} in R* x (7_07 )

(8.57)
Orthik = (@ — ib) Lythi g + K[Yor] in Dagy, ik(,70) =0 in Bagry), (8.58)

where we denote

T[tbo i) = (a = i) (1 = nr,y) Ve(p)tok + Aolthig] + (1 = nro)k,  Vilp) = (4k +8)0" + ik

(02 +1)%p
Klts] = (0= D)Vipos+ e Aalbis] = (a = i0) (O + 0, s+ 20,0

Set \Iji,k(ya 7—) = (wi,keike)({:*h that is, ¢i,k = eiiko(\I/Lk - B+ Zq]z,k . Eg) By Lemma 8.1, (858) is
equivalent to
O Wik = (a—bWA) Lin¥; i + (K[thor]e™) oy in Dogyy Win(-70) =0 in Bopiry).  (8.59)

The linear theories of (8.57) and (8.59) are given by Lemma 8.4 and Lemma 8.5, respectively. We
reformulate (8.57) and (8.59) into the following form

Youlpr) = PS5 o ikl Lei<ancony ) (0.7 70),

ik(y, 7) = Ty [(K[onle™) o]
We will solve (¢, V;) for (8.60) by the contraction mapping theorem. Since ‘(hke (C_l}
o(T)(y) |||, provided ¢ € (1,3), 3 + P1[v(7)] > 0, by Lemma 8.5 and the scaling argument,

T [(he™) o1 ]| < Diwiga(p, Dl [ VTR [(he™) ooi]| < Diwig2(p, 7)1kl
where D; > 1 is a large constant independent of k&,
1 2 _ _ _ _ _
Wi (p,7) = k|0 (1) RET In Ro(p) ™3, wika(p,T) = v(T)Ry I Ro(p eyt L psny).
Here the weight p_ll{pgl} is due to the forthcoming estimate (8.69). Denote

)

(8.60)

ik@) <

B = {F(y,r) € C*(Bag, \{0},R?) | F(y,7) = (f(p, 7')61"“9)6_1 for some radial scalar function

flp,7) and [F(y,7)| < 2Dswir(p, 7)l[hiell, [VF(y,7)| < 2Diwz’7k72(ﬁ’a7_)“hk”}- (8.61)

For any \ifi,k € B; i, denote LZNJM = e‘ike(ilM -E1+ z\ifzk - E5). We will find a solution 9, = ?l)ok[izzk]
of (8.57) by the contraction mapping theorem. Let us estimate J[t, k, ¥ ;] term by term. By (2.8),

10p0i | = |€ % (Vs s, OpEr + By - 0, + i, 1 0B +iB2 - 0,05 1) | < Wikl (p) 2410,V k). (8.62)
Since \ili,k € B; i, for /< £, we have
| Ao[ti k]| + (1 = nre )| S Dilry<p<areyv(T) Ry In Rollhkl| + 1oz royo(7)p~ I
< Diln Rollhillo(r)p~Lpz ey S DRSO lhillo(m)p Loy,
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p (| Aolti k)] + [(1 = nro)hw]) Lip<ary S D Ro O g o) p 1= 1{R0<p<4R} (8.63)
For k = —3, —2, provided 3—_@ + 14 Pyfv(7)] >0, 1 < £ < min{¢, 3}, by Lemma A.2, we have
AN o {2 | Aol + [ = mig k|| 1 ei<amiony |
< ity g0 (MBS L e+ 5 L)
< DRSO hllo(m) (01 ey + 72~ L poy). (8.64)

The spatial decay rate near p = 0 is restricted by the case k = —

For |k + 1| large, since the direct pointwise estimate of ‘F } * x[-] will lead to an upper

2|k+1]42
bound with a multiplicity of a constant with exponential growth in |k + 1| (with the form a~IF+1l),
which is a disaster for the convergence of summation. Instead, we search for another strategy. Set

wﬁ,k(y, T) = 6i(k+1)6¢o,k(p, 7). Then
874/);“% = (a — ib)ARﬂ/);k + ei(kHwJ[%,k,1/Ji,k]1{pg43} in RQ % (7_0, OO), ¢27k(',70) —0 i R2,
and ¢ ;. is given by

ok: y7 / / Fh — 2, T — ) i(k+1)0(=z [wo k,% k](‘z|’8)1{\z|§4R(5)}dZd8

Similar to (8.45), we will find Py (y, 7) satisfying
Az Pi(y, 7) = €'V ks 1] (Y], 7)1y <aneryy in R
Set Py(y,7) = !0 plk+115, | (p, 7), where we take py, 1 as

Pr,1(p, T) 2k+1l/ wAk = 1/ rr M T o e, i) (7, ) r<ar(ryy drdu.

Then 9, 1(p,7) in (8.60) can be rewritten as 1, x(p, 7) = e_i(k+1)9w* (y, ) with

Vor(ys T / / Fu T — 8)Ag2 Py(z, 5)dzds —/ / Age , I Wy — 2,7 — 8)Pp(2, s)dzds

ly—= — 2|2 — 4(a —
:/(a—zb) Un(r — 5] 1/ o~ Tt 19 AT A )T 7 5) inyota) il (12, s)deds

. R2 4(a — ib)%(1 — s)?
7 = |y — 2|? — 4(a — ib)(T — s)
— —ip) ! _&)! I(a—ib)(7=s)
LO (a —ib)" [An (T — 9)] /]R2 {e a2 s)?
(e i) 5)
_ I(a—ib)(T—s) i(k+1)0(=z |k+1]| = dzd
€ A(a —ib)2(r — 5)2 }e e pr 1 (|21, 5)dzds,

where we used fo% ¢!k 1039 — 0 for the last equality. By the last two equalities above, we have

Yol S min {3 [ (Jyl, 7)) Follpea(yl, 7]} (8.65)
where for any f(y,7), we denote

aly—z|

Bl = Blflnr) = [ =972 [ S s)dzas

auy—z|?

Bl = Bl o= ol [ [ =70 [ S s
By (8.63), we have

P o0 3
1Pl < where M := /72|k+1|/ U“Hl/ 7'7’7“6+1‘1{R0§r§4R(‘r)}‘Vk(r)wo,k(raT)’drdua
0

u
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p ) ~
My s p 2 [T [Tt oy DR o) 4,
0 u

For}/lc < —4ork > 2, by Lemma A.3 (with f(x) = \x|f|k+l|1{‘x|§1}+]aﬁ\*w“'*‘?lﬂxbl}), and £ € (1,3),
we have

—¢ - 7
MMy < DRy k] 20(r) (Lpeny o 4 Loy 0 )-
For / € (2,3), using 1{p§1}p2 + 1{p>1}p2’£ = p2(1{p§1} + 1{p>1}p’€), provided 1+ P1[v(7)] > 0, by

similar convolution estimates in R* as Lemma A.2 and [132, Lemma A.2], we have
Z £)/2 iy
Fi[Mg] S DiRy 2 || [F 70 () )" (8.66)
For / € (1,3), using 1{p§1}p2—|—1{p>1}p =P (<ot +1{p>1}p_1_€), provided 1+P;[v(7)] > 0,
by similar convolution estimates in R® as Lemma A.2 and [132, Lemmas A.1, A.2], we have
1 _
i—0)/2 _
Pa(be) § DRSO Il o] [ (Lagieny + lunl 1o
. Pl Te (1) (867
S DRSO k]2 >(1{p<1}p+ L { (np)s I=2 ).
1, 7 e(2,3)
By (8.64), (8.65), (8.66) and (8.67), we solve 1, ;, for |k| > 2 in the space
E £)/2
Boje = {£(p.7) [ £ (0, 7)] < DaDiRG™ i o (p,7)}
2—10
R -2 p ) EE (172)U(2>3)
where w, x(p, 7) 1= [kl U(T)<1{pg1}ﬂ+ 1ips1y {(lnp>, i )
and D, is a sufficiently large constant. For any 1ZO i € Bok,
i—0) 9-7
[Lop<amy Vilp)o| S 1K DoDiRG ™2 llo(r)p ™~ (I p) gy pecary
— £) _
< (Ry?In Ro) Do D; RS ™2 ||y [v(7) 0~ 1 o< pcarey- (8.68)

Compared with (8.63), since Ry?In Ry is small, it follows that
|k+1‘rh2\k+1\+2 (12T (o ks i k)L 21 <ar(s)}) € Bok-

We can deduce the contraction mapping property in the same way. Now we have found a solution
Yok = Vo k[Vik] € Bok. Let us estimate the following term in Dap,.

Y - i—t - 20\ .
Vi(p) o] S K DoDi RS In Ro|hil[v(r) (Lpetyp ™ + 1iponyp 20) in Dog,. (8.69)
Provided 2+ ¢ > £, Py[v(7)] > —3/2, by Lemma 8.5 and the scaling argument,
T2 L[~ ) V(o) ., }| S K17 DoDiRE™" In Rollig i, 7),

VT [ (@ = 0)Vilo)or] ,_, }| S DoDBS " 1n Rollhelwialo. ).

In sum, we take 1 < £ < min{/, 3}, ¢ € (1,3). By the small quantity R(() 9721 Ry, we have
T2 (Kbonlbislle™) | € Bir.

The contraction property can be deduced in the same way, and thus, we find a solution ¥;; =
VU, xlhi] € B k. Finally we find a solution (¢, ¥; ) for (8.57) and (8.59).
Substituting the right-hand side hj by clh,(cl), czh,(f), clhg) + czhgf) respectively, where ¢, co are

arbitrary constants and h,(:), h,(f) are in the same topology as hj, then making subtraction and
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repeating process above, we deduce that ¥; ,[ht] and v, ;[hy] are linear mappings about hy. So does

(s .
We will regard D,, D;, and Ry as general constants hereafter. Recalling (8.63), (8.68), 2+ ¢ > ¢,

.. . . 1
we have [J Yok, Vikl|Lip<ary S I1hwllo(T)p™ 1 gy<p<ary- Similar to (8.64), (8.66), (8.67), for p < 72,
the spatial decay of 1, can be improved to

P>t e (1,2)U(2,3)
(Inp), £=2 >

By the upper bounds of v, in (8.70) and ¥, ;, in (8.61), we get the upper bound of ¥}, in Dg. O
8.4. Mode 0.

Yo k| S |k|_2||hk\lv(7)(1{pg1}f)+ 1,51} { (8.70)

Proposition 8.2. Consider
{aTxIJO = (a — bWA) (Lw¥o) + Hy in Dg,
Vo=0 on 0Dgr, VYo(-,70) =0 in Bpr(y),
where Hy = (ho(p,T))c-1, HH0||EE < 00. Suppose mR € AP, (8.4), P1[r%0r ()] > 0 with O,
given in (8.26), then there ezists a linear mapping Vo = Th|[Ho| with the estimate
R’InR if £>1

B gy lyl + 1,51 lul ™) § B2 R)z  if (=1
R *ImR  if (<1.

[Wo| < [[Ho

Moreover, o -W =0 and (Vo) is radial in space.

Proof. Denote ||ho|| = ||ho||¥,. In order to find a solution with the form o = (¢o(p, 7))e-1, by Lemma
8.1, it is equivalent to considering

{aﬂzjo = (a—ib)Lotpo + ho in D, (8.71)

Yo =0 on IDgr, o(-,70) =0 in Bpg(r)-

By (8.4), (8.23) is true. Then Lemma 8.3 gives [|¢o(-, 7)|| 1o (Br) S R?*In ROg v (7)|lhol|. To improve
the spatial decay, we reformulate (8.71) into the following form

rtpo = (a — i) (Fpptho + £0pt0 — tbo) + ho in Dp, (8.72)
Yo =0 on dDr, vo(70) =0 in Bpy),
where ho = (a — ib)(pz%)ziﬁo + ho. Set g = pthyp. Then (8.72) is equivalent to
O-ths0 = (a — ib) Agatbyo + |y|"'ho in Dp, (8.73)
e =0 on dDr, eo(-70) =0 in Bpem),

where we abuse the symbol Di = {(y,T) |y € R4, Jy| < R(T)} as the corresponding time-varying
domain in R* and similarly D, B R(r)- By the same argument for deducing (8.44), the fundamental
solution for (8.73) is given by I'y(z,y, t, s) with the bound

rlz—y|?
=—s  for a constant x > 0.

Ca(z,y,7,8)| S (1 —s)%e”

Provided Pq[r%In ROg v(7)] > 0, for p < R(7), we have

_rly—z?

[0l = plvsol S p[Ta* *(121~ holL(21<res) | S IIhollp/ /R4(T —5) %
T0

X {(RQ In ROR ¢v)(s) (1{\Z|g1}|z|71 + 1{1<|z\§R(s)}‘Z|75> + () p1cpsi<r(epyl 2l 71 dzds
S R*In Rip oo(7) (Lp<iyp + Lips1yp ") llholl; (8.74)
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where for the last “<”, we used the following calculation. By Lemma A.1,

//R4T_s

(R2 In RQR gv)(8)1{1<|z‘§3(5)} \z\_sdzds

(8.75)
< R*InROp v (1) (Lqy1<1y + Lp<pyi<mlyl ™)
provided P1[r%1n ROg v(7)] > 0. By [132, Lemma A.1],
I —
/ / T—5) (R IHRQRgv)(8)1{|z|<1}|2”71d2d8
R4 -
2,2 i
<7 T+ (R In ROg ¢v)(s)ds + R%In R9R7gv(7')(1{|y‘<1} + 1{1<\y|<R}|y| yT )

70
To get the upper bound in (8.75), we require f (R?2In ROpev)(s)ds < 72 1In ROR ov(T).

If Pi[R?In ROg v(T)] > —1, it holds since TR2 In ROg v(1) < 72In RO v(7) & R? < 7, which
is true. If P1[R%In ROR v(7)] = —1, it suffices to make 7(In T)mR2 In ROg (1) < 72 In RR pv(7) &
R%*(InT)™ < 7 for some large constant m > 0, which is true by (8.4). If P1[R? In R v(7)] < —1, since
P1[r?In ROR gv(7)] > 0, we only need to ensure 7o(R?In Rg v)(10) < 76(In ROR ov)(10) < R (10) <
To, which is true.

The estimate including 1{1<|Z|§R(S)}]z\*1*€ is deduced by [132, Lemma A.1], due to the property of
Or,¢, we only need to consider £ < 3. We omit the details. O

In contrast to (8.17)4 for mode k, |k| > 2, the elliptic operator in mode 0 admits a bounded kernel
function with decay, and as a consequence, the decay information of the right-hand side might get lost
when deriving estimates. In fact, decay of the solution can be recovered if an orthogonality condition
is imposed. The linear theory of mode 0 with the orthogonality condition is given below.

Lemma 8.6. Consider
0 Vg = ((1 — bW/\) (Lin\Ifo) + Hy wn Dg, \Ifo(-,To) =0 1n BR(T@):

where Hy is defined in Dg, with R < R, < oo, Hy = (ho(p,T))c-1, [|[Ho
the orthogonality condition

52 < oo with £ € (1,3) and

Ra(r)
/ ho(r, ™) Zo1 (F)rdr = 0 for 7 € (70,00) (8.76)
0

holds. Suppose In R € AP, (8.4), P1[r?2R3>“v(7)] > 0, then there exists a solution Vo = TE[Ho| as a
linear mapping in Hy with the estimate

W)V Pl +[Wo| £ v(r)R*~“InR{y) *||Hol,j; in Dr. (8.77)
Moreover, o -W =0 and (Vo) is radial in space.

*

Proof. Denote ||ho| = ||h0] and assume hg = 0 in Dy . We consider
(a — bW/\) (LinGo) = Hy where Go = (go(p,T))c-1
By Lemma 8.1, it is equivalent to (a — ib) Logo = ho, where g is given by

0(p.7) = (a+18) (Znalp) [ holr. 1) Zoa(r)rdr = 201 () /0 " holr, ) Zo2(r)rdr).

0

It follows that

ypan(pr7) = (a-+ ) (Za(p) [ holrr) 201 = Z3,400) [ Bl ) Z0ar)rdr).

By (8.17), the orthogonality condition (8.76), if 1 < ¢ < 3, for all p € (0, 00), we have
PlOpgol + 190l < llhollo() (Lpenyr® + Lo ™), NGollZ—2 = llgoll%—2 < llholl- (8.78)
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Similar to the computations on the DMOy semi-norm of G in Lemma 8.5 (but simpler since we do
not need its dependence on k now), we have

[Goliomol@; (0,1 < Ihollv(T),  [Go(as + paz, i + P33>]|DMO\X(Q;(0)) S lhollo(t) |z~ ps

for t,. > 19, 1 < |z.| < 3R(ts)/2, px = |z4]/100. Next, let us consider

0,Pg = (a — bW/\) (Linq){]) + Gy in Dap,

(I)o =0 on 8D2R, <I>0(-,7‘0) =0 in BQR(TO)-
Provided InR € AP, P[r2R3~v(r)] > 0, by (8.78) and Proposition 8.2, there exists a solution
Oy = Po[Go] with the form ®g = (¢o(p, 7))c-1 for some scalar function ¢g and the estimate

[@o(y, 7)| S o(T)R* In R(y) || Gol| 352
By Proposition 6.1 (for |y| < 1), Proposition 6.2 (for |y| > 1), and the interpolation inequality, then
(y)?|D?®o| + (y)| Do + |Po| < v(r)R* ‘I R(y)*|[hol| in Dypys. (8.79)
We take the desired strong solution as ¥y = (a — bWA) (Lin®o). Combining (8.79) and the scaling
argument, we conclude (8.77). Applying ®g = (¢o(p,7))c-1 and Lemma 8.1, we have (Vo) =
(CL - ’Lb)ﬁoqbo U
Proposition 8.3. Consider
0:Vo = (a — bWA) (Lin¥o) + Hp + (Co(T)T](p)ZOJ(p))(C,l in Dr, Yo(-,70) =0 in BR(ry)

where Hy is defined in Dg, with R < R, < oo, Hy = (ho(p,T))c-1, HH0||§Z < 00. Suppose (8.4),
InRy € AP, ¢ € (1,3), P1[v(7)] > (£ — 5)/2, then there exists a solution (Vg,co) = (ToF[Ho), co[Ho))

as a linear mapping in Hy with the estimates

(1) |Vl + [¥o| < In Rov(7) (R8_€<y>_31{|y\§2R0} + <y>2_£1{|y\>2Ro}> 1Holl 7,

eoir) =~ [ 28 storar)” ([

where 2Ry < Ry < R, cxolHo| is a scalar function linearly depending on Hy and satisfies |c.o[Hol(T)| S
Ry In Row(7)|| Ho|5. Moreover, Wo - W =0 and (g is radial in space.

ho(r, T)Z()J(T’)Td?“ + C*o[Ho] (7‘)) ,

Proof. Denote |hg|| = Hh0||fz and set hg = 0 in D . By Lemma 8.1, to find a solution Wg with the
form Wo = (Yo(p,7))c-1, it is equivalent to

Ortho = (a — ib)Lotbo + ho + co(T)n(p)20,1(p) in Dr, o(-,70) =0 in Bp(ry)-

Set 1Yo = nry(P)Vio(p,T) + Yoo(p, T), where nr,(p) = n(p/Rp). In order to find a solution vy, it
suffices to consider the following inner-outer system

) 1 1 .
8‘1'1/}0,0 = (CL - Zb) (app¢o,0 + ;8p¢0,0 - ?1/10,0) + J[wo,ﬂa ¢i,0]1{p§4R} mn R2 X (7'0, OO),

Yoo(-,70) =0 in R?

Orthio = (a —1ib) Loy + K[op] + co(T)n(p)Z0,1(p) in Dary,  io(-;70) =0 in Bagy(ry, (8.81)
where

JW’O,O; %‘,0] = (a - Zb)(l - nRo)%(p)w0,0 + AO [1/%,0] + (1 - nRo)h()? f/()(p) =

(8.80)

8
@+

NS . 15)
Kto0] = (a —ib)Vo(p)¥o,0 + ho,  Ao[thio] = (a —ib) [(6,3/3771%0 + pZRO )wz‘,o +20,MR, 3p¢z’,0] — i 0071R, -
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Set W o(y, 7) = (¥i,0)c-1, that is, ;0 = V- E1 +1V; 0 - E2. By Lemma 8.1, (8.81) is equivalent to

0V = (@ — bWA) Lin¥; o+(K[to0] + co(T)n(p)20,1(p))c1 in Dary,  Wio(,70) =0 in Byry(r)-
(8.82)
For 2Ry < Ry < R., in order for the orthogonality condition (8.76) to hold in (8.82), we take

Ry 5 2
co(r) = coltboo](7) := Cox / [(a=ib)To(r)o,0(r, T)+ho(r, 7)| Zo,1 (r)rdr, Co = —( / n(r) 23, (r)rdr)
0 0
By Lemma 8.4 and Lemma 8.6, we reformulate (8.80) and (8.82) into the following form formally
Yo,0(p,T) = P[Fi % (|27 T o0, i 0] 1 2 1<ar(s)}) ] (05 T, 70,

Vio(y,7) = Tor® [(K ool + coltrool(T)n(p) Z0,1(p)) ] -
We will solve this system using the contraction mapping theorem.

Denote Hy := [ho+ Co1( fORl ho(r,7) 20,1 (r)rdr)n(p) Z0,1(p)] o1 It is easy to have HHIH% < |lho|-
In view of Lemma 8.6, if (Hy)c satisfies the orthogonality condition (8.76) (with R, = R;) and
InRy € AP, 2+ Pi[v(7)] + (3 — )P1[Ro] > 0, we have the estimate

WV Te ™ [Hil(y, 7)] + |75 [H1)(y, 7)| < Diwio(p, 7)|holl, (8.83)

where D; > 1 is a constant and w; o(p, 7) := v(7) Ry~ In Ro(p) 3. Denote

-1

Bio = {F(y,T) eCt (BQRO,R?)) | F(y,7) = (f(p,7))c-1 for some radial scalar function

[(p,7) and (GIVF(y,7)] +|F(y,7)| < 2Dswio(p, 7)ol }-
For any \i’i,o € B;, denote 1;1‘,0 = \ifi,o - B+ z'\i/w - Fy. We will ﬁn~d a solution ¢, = ¢o,0[1;i,0] of
(8.80) by the contraction mapping theorem. Let us estimate J[t, 0, 0] term by term. By (2.8),
00| = |Wio - OpE1 + By - 0,0 + 100 - 0pEs + iEs - 0,0,
S Wiol(p) ™ + [VWig| S Div(T) R In Ro(p) | hol.
Since |Rh| = O(Ry") in (8.4), we have
| Ao[thioll + (1 = nge)ho| S Diliry<p<aroyv(r) Ry I Rollholl + 1y reyo(7)p~*[[hol
S Dil{pzryv(7) In Rop™"[ho]|
Provided (8.4), InRy € AP, 1 < /¢ < 3, and Py[v(7)] > (£ —5)/2, by Lemma A.2, we have
’pFi * >'<{\Z|_1 [Ao[lzi,o] +(1— nRo)hO} 1{|z\§4R(s)}H < DoDiwopo(p,7)holl,
where D, > 1 is a large constant, w,o(p, 7) := v(7) In Ry (PRéiel{pgRo} + pz_el{p>RO}). Denote
Boo = {/(0.7) | 1£(p7)| < 2Ds Do, o]l for p>0,7 > 1o}, (8.85)

For any 1;070 € B,0, we estimate

(8.84)

(1= nre) Vo(p)¥o,01{p<ary| S DoDiv(T) In Rop™ > “Lip, < peamyl|hol]

_ . —2
S DoDiv(T) In Rop Zl{Ro<PS4R}HhOH(SI££O Ro(s)) .

Compared with (8.84), due to the small quantity (instTO R()(S))_2 by infs>r, Ro(s) > 11in (8.4), we
have . 3
Pl % <|Z|_1J[¢o,o,¢i,o}1{\z|g43(s)}) € Boyo.

We can deduce the contraction mapping property in the same way.
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Now we have found a solution 1,0 = wo,o[lﬁi,o] € B,p. It follows that for ¢ € (1,3),

~ ~ Ry ~ ~ 0
[ Voot +Cos| [ Totpvoolival ) 201 (rdr|ate) 201 o)} S DoDy sup (R o) ()]l

$>T0

Due to the choice of ¢o(7), hrr := K[1o.0[ti0]] + co[tbo0[tio]]l(T)1(p) 201 (p) satisfies the orthogonality
condition (8.76) with R, = R;. Since sup,s,, (R[l)_e In Ry)(s) provides small quantity by (8.4), similar
to (8.83), we have

To ©[(hrr)c-1] € Bigo.

The contraction property can be deduced in the same way. Therefore, we find a solution ¥; o =
U;olho] € Bip. Finally we find a solution (0, V;0) for (8.80) and (8.82). From the construction
process, ¥; o[hol, ¥o,0[ho] and colho] are linear mappings in hg. So does 1.

We will regard D,,, D; as general constants hereafter. Since 1,0[ho] € Bo o, then

Ry
colhol(7) = Co ( /0 ho(r, 7) 20,1 (r)rdr + caolho (7)),

where c.[ho](7) is a linear mapping in hg, and |e.olhol(7)| < Ry~ In Rov(7) | hol|-
Combining the upper bound of v, and ¥; g, we have
[Wo(y, 7)| S I Rov(r) (Rg ()" Lypy<amoy + (9)* “Lypy>ame}) llholl in Dr.
By the scaling argument, we conclude the validity of the proposition. O

Remark 8.2. The reason that we solve 1, in (8.85) with elaborated pointwise bound in p > 4R is
to give a uniform estimate of cyo[Ho] when Ry = R, = oo. It will be more convenient when solving
the reduced equations. The reasoning is the same for the refined estimates of 1,1 in Proposition 8.5
below.

8.5. Mode 1.
Proposition 8.4. Consider

87-\1’1 = (CL — bW/\) (Lin\Ifl) + H1 m DR,
\111 =0 on 8'DR, \1’1(~,T()) =0 in BR(TQ)?

where Hy = (h1(p, T)eie)(c,l, ||H1||ff£ < 00. Suppose In R € AP when £ =1, (8.4),

either Case 1: P1[R] < 1/4 or Case 2: P1[R] > 1/4, 4P1[R] + 2P1[0r ] + 2P1[v(7)] > —1 holds,

(8.86)
and 3 + min{1/2, P1[R?]} + P1[R™ 20 v(7)] > 0 with O, given in (8.26), then there exists a linear
mapping ¥ = TE[H;] with the estimate

. 1 _
U1y, 7)| S min{r2, R*} R*0p,e0(7)(y) | H1lly%-
Moreover, U1 - W =0 and e~ (U;) ¢ is radial in space.

Proof. To find a solution ¥y = (1,!)1 (p, T)eio) by Lemma 8.1, we consider

c-1
01 = (a = ib)L1¢py + hy = (a = ib) (ppt1 + ;O — Jzvh1) + h1 in D,
Y1 =0 on 0Dg, t1(,70) =0 in Bp(y),

where h; = (a — ib)%%ﬂ/}l + h1. Denote |[h1]| = ||h1[|¥,. By (8.86) and Lemma 8.3, we get
.1
11, Tl e By S min{72, B2} R20R cv(7)(|ha .
To get spatial decay, by similar argument for (8.74), for p < R,

_ rly—z|?

ol 5 20 = (s Lgem)| S Ialle? [ [ (=925
70
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. 1 _ _ _9_
X [(mln{”,R2}RQ9R,W)(S)(1{|z\g1}|2\ Y+ Lacp<nes 2] 6) +o(s) 1 pcpsi<renl 2l g]dzds
< min{72, R} R%05,00(7) ||| (1p<1y + Lips1yp 2(Inp)), (8.87)

rle—y[?

where |Tg(z,y,t,5)] < (t—s) 3¢ i with a constant x > 0, and we used In R € AP when ¢ = 1,
(8.4), 3+ min{1/2, P1[R?]} + P1[R 20 v(7)] > 0, Lemma A.1 for the term 1{;|,<pr(s)3|2|7® and

[132, Lemma A.1] for the other two terms. Since min{T%, R?} may not stay in AP, we have used 72
and R? in the calculations separately instead. In the last step, 1{p>1}p_2<1n p) is from the convolution
related to 1{1<‘Z|§R(s)}\z|f6, and the other two terms give the bound 1{p>1}p*2.

Plugging the new upper bound of |¢| into (8.87), the bound 1{1<|z|SR(S)}|Z’_6 can be improved to

1{1<‘Z|§R(S)}|z|_7, for p < R, we obtain || < min{T%,RQ}RQQR[L)(T)<,O>_2H}L1”. O
Lemma 8.7. Consider
0;¥1 = (a —bWA) (Lin¥1) + Hy in Dgr, Wi(,70) =0 in Bpy),
where Hy is defined in Dr, with R < R, < 0o, Hy = (hl(p,T)eie)(c,l, ||H1||52 < oo with £ € (0,3)
and the orthogonality condition
/ O ) Z1a(P)rdr =0 for 7 € (m3,50). (8.88)
Suppose (8.4) and one of ths following cases:
either Case 1: Pi[R] <1/4 or Case 2: P1[R] > 1/4, (10 — 20)P1[R] + 2P1[v(7)] > —1 holds,
3 4+ min{1/2, P1[R?]} + P1[R'~‘v(7)] > 0, (8.89)
then there exists a solution Wy = TE[H;] as a linear mapping in Hy with the estimate
W)V + 91| S min{rz, RBYRSo(r) (o) [H]l§; in D (8.90)

Moreover, U1 - W =0 and e~ (V;) ¢ is radial in space.

Proof. The proof is the same as Lemma 8.6. Denote ||hi|| = ||h1|

(a —bWA)(LinG1) = Hy, where Gy = (g1(p,7)e?)c-1.
By Lemma 8.1, it is equivalent to (a — ib)L1g1 = h1, where gy is given by

g1(p,7) = (a + ib) <Zlvg(p) /Op ha(r,7) 211 (r)rdr — Z11(p) /Op h(r, 7')2172(7')7“d7').

Similar to Lemma 8.6, we derive the following by (8.17) and the orthogonality condition (8.88), for
0< <4,

91] S I llo(7) (<130 p) + Lipsayp® ), 10pg1l S Ihallo(r) (Lpeiyp + Lipsryp' ™),
1G1l[5e—2 = [l911175—2 < Ilhall, (8.91)
[Gl]\DM0|X(Qg(0,T)) S [hollv(m),  [Grlas + pez, e + st)hDMo\x(Q;(o)) S llhallo(t) |z ps
for t, > 70, 1 < |zs| < 3R(tx)/2, psx = |24|/100. Next, let us consider
{87@1 = (a—bWA) (Lin®1) + Gy in Dog,

fz and set h; =0 in D% . Consider

®; =0 on 0Dyg, @i(,7) =0 in BQR(TO)'

Suppose (8.4), ¢ < 3, (8.89), then ®; is given by Proposition 8.4 satisfying ®; - W = 0 and ®; =
(é1(p, 7)e?) -1 for some radial function ¢;. Using (8.91), we have the estimate

(@] < min{72, R*}R>o(7)(y) 2|l|| in Dag.
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By Propositions 6.1, 6.2, and the interpolation inequality, we have

1 _ _ .

()*|D*@1] + (y)| D1 | + |€1] S minf{rz, R*}R* ‘0 (r)(y) 2[[1]| in Dpys. (8.92)

The desired strong solution is given by V3 = (a —bWA) (Lin®1). By (8.92) and the scaling argu-
ment, we conclude (8.90). By Lemma 8.1, (¥1)c = (a — ib)e?L1¢;. O

Proposition 8.5. Consider
0-V1 = (a—bWA) (LinV1) + Hy + (cl(T)n(p)ZLl(p)ew)C_l in Dgr, Vi(-,70) =0 in BR(ro)s

where Hy is defined in Dg, with R < R, < oo, Hy = (hl(p, T)ew)(c,l, || H| fz < 00. Suppose (8.4), L €
(1,3), P1[Ro] < 1/4, P1[Rov(7)] > (£ — 6)/2, then there exists a solution (Vy,c1) = (T[Hi], c1[Hi])
as a linear mapping in Hy with the estimates

W) VU] + 91| S Rov(7) (R () Lyi<2me) + @) Lyyis2rey) I1HLIL,

quﬁr(ﬂﬂwﬁﬁmmﬂl(ém

where 2Ry < Ry < Ry, ca[Hi| is a scalar function linearly depending on Hy and satisfies |c.1 [H1](7)] S
Ré_gv(T)HHlez. Moreover, ¥y - W =0 and e (U;)¢ is radial in space.

P (r,7) 210 (r)rdr + e [H)()),

Proof. The proof is the verbatim repetition of Proposition 8.3. In order to find a solution ¥y with the
form ¥y = (zpl (p, T)ele)c_l, by Lemma 8.1, it is equivalent to

Orp1 = (a — ib)Ly3p1 + by + c1(7)n(p)21,1(p) in Dr, ¥1(-,70) =0 in Bp(ry)-
Denote [|h1] = Hh1||ffz and take hy = 0 in D . Set ¥1 = 1Ry (p)¢i,1(p, T) +0o,1(p, T), where nry(p) =
n(p/Ro). In order to find a solution 1)1, it suffices to consider the following inner-outer system
Ortbo1 = (a —ib) <8pp¢o,1 + ;3,)%,1 — ;woJ) + J[tho1, Yin]lip<ary in R* x (79,00),
Yo1(,70) =0 in R?

Orhin = (a —ib)L1vi1 + K[Yon] + cr(T)n(p)Z211(p) in Dary,  in(,70) =0 in Bapgy(ry, (8.94)
where we denote

JWo,1,%in) = (@ —ib)(1 — gy ) Vi(p)¥or + Ao[thi1] + (1 — nry)h,  Vilp) =

(8.93)

12p% +4
RS
_ AN, _ ; 8p77R0
Kpo1] = (a —ib)Vi(p)on + h1, Aolthin] = (a —ib) [(8;),3771%0 + P )%’,1 + 23;)771%03,31/%,1] — 1;10:MR, -
Set ¥;1(y,7) = (1#1’162'9)@—1, that is, ¢;1 = e (U1 -Eq +1i¥;; - Ep). Then (8.94) is equivalent to

6-,—\111',1 = (CL — bW/\) Lin\I’i,1+ [(K[¢O7l]+cl(T)n(p)ZLl(p))eie] c-1 in DQRO, \I/i,l(‘a 7‘0) =0 in BQR()(TO)‘
(8.95)

To meet the orthogonality condition (8.88) for 2Ry < Ry < R, to solve (8.95), we take

-1

Rq N 2
ca(7) = c1[thon] (1) = C’l,l/ [(a—ib)Vl(r)z/Jo,l(r, 7)+ha(r, T)]Zl71(r)rdr, Ciq = —(/ r](r)Zil(r)rdr)
0 0
(8.96)
By Lemma 8.4 and Lemma 8.7, we reformulate (8.93) and (8.95) into the following form formally

Vo1 (p,7) = p* [FE;; % (|2) 2T [Who,1, Yin]1{z1<ares)y) ] (05 T, T0),

) 8.97
U1y, 7) = T2 [[(K [tho1] + c1(T)n(p) Z1,1(p)) €?] o 1] (897)
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Denote H = { [hy + Cua( [ h(r,7)Z11(r)rdr)n(p)211(p)] ¢} o 1. Obviously, [ Hy|[% < [[ha].

Inspired Lemma 8.7, if £ € (0,3), P1[Ro] < 1/4, 3 + P1[R3“v(7)] > 0, and e *(H[)c satisfies the
orthogonality condition (8.88) (with R. = R1), then we have the estimate

()| VT H| + |TER[H)| < Dywin(p, )|l in Dag, (8.98)
where the constant D; > 1 is large and w1 (p, 7) := R ‘v(7)(p)~*. Denote

B = {F(y,T) € C' (Bagy, R?) | F(y,7) = (f(p T)e"e)(c,1 for some radial scalar function

flp,7) and (y)[VF(y, 7)[ +[F(y,7)| < 2Diwz‘,1(ﬂ77)|lhlll}'
Given \ifi,l € B; 1, denote 1[%,1 = e_w(\i/,-J -FEy+ i\i’m -Eg). We will find a solution 9,1 = ¢o,1[‘i’i,1] of
(8.93) by the contraction mapping theorem. Let us estimate J[1o1,%;1]. Similar to (8.62), we have

18pthit| S 1Wil(p) ™% + [VWia| S DiRG “0(7){p) > | Pull.
By |R)| = O(Ry*) in (8.4), we have
| Aol ]|+ (L=nre )1l S Dil{ro<p<onyy (1) By Ihall+1g>moyv(r)p Il S Dil (s reyRov(r)p~ || hal.
Provided (8.4), £ € (0,4), P1[Rov(7)] > (¢ —6)/2, by Lemma A.2, it follows that
2] 12172 [ Aol + (1 = mg) ] L ancen ||

< CDipPIT] %+ Ly <psi<ancoy Bo(s)u(s) 2|2l l| < DoDiwo(p,7) ]

(8.99)

with a large constant D, > 1, wo 1(p, T) := Rov(7) (pQRazl{pSRO} + pz_el{p>Ro}). Denote
Box = {f(p.7) | 1f(p,7)| < 2DoDiwos (p, 7)llhal for p=0,7 > m}.
For any 1;071 € Bo1,
|(1 = nR))Vi(p) Yo 1 pcary| S (siéleO Ro(5)) 2 DoD;iRov(7)p Ly gy < peary P |-
Similar to the estimate of (8.99), due to the small quantity (infs>., Ro(s)) ™2, we have

PP 55 (|2 72 [Wo1, i1 |1 1z <ars)y) € Bon.

The contraction mapping property can be deduced similarly. Thus we find a solution ¥, 1 = 91 [1@1] €
Bo,1. Then for p < 2Ry, we have

V3 (p)or [i1]| S DoDiRE™ 0 (7) () |1,
Ry
C

Due to the choice of ¢1(7), hry := K[to1[ti1]] + c1[o1 [Vin]](T)1(p) Z1.1(p) satisfies the orthogonal-
ity condition (8.88) (with R, = Ry). For £ > 1, (infs>r, Ro(s))max{fl’lfg} provides a small quantity.
Under the same parameters restriction for deriving (8.98), by Lemma 8.7, we have

T (hire®)c] € By

The contraction property can be deduced similarly. Thus we find a solution ¥;; = \I/i71[h1] € B,
and then a solution (¢,,1, ¥; 1) for (8.93) and (8.95). ¥ 1, ¥;1 c1(7) depends on h; linearly.
We will regard D,,, D; as general constants hereafter. Since v, 1[h1] € B, 1, then

V()1 [§11] () 21,0 (F)rdr ) () Z1,4(0)]| S DoDiRY0(r) (o)~ I

Ry
alha)(r) = Cua /0 i (r,7) 21 (P)rdr + e (7)),
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where c4]h1] depends on h; linearly and |cq[h1](7)] S R(l)*év(T)thH. By estimates of ¥, 1, ¥; 1, then

[U1(y, 7)| S Rov(m) (R (p) Lgp<aro} + (0)* Lipsarey) M in Dr.
By the scaling argument, the proposition is concluded. O

8.6. Mode —1. To prepare for the linear theory, we first summarize the properties of the spectrum,
Fourier basis ®~1(p, £), spectrum measure p_1(d¢) of —£_1 in the next proposition, where

X 1 1 ., 4 4 8

E_ ::8 — -2 V_ :a — . X
1 pp+ 4)0 + I(P) pp+ 4,0 p2 p2+1 + (p2+ 1)2

Proposition 8.6 ([75]). The spectrum of —L_1 is [0,00), which is also the essential spectrum. Denote
the Fourier basis of —L_1 as ®~(p, &), where ®~1(p,€) satisfies

_E—lq)il(p7€) = é@*l(p’ 5) fO?" all é. > 0.
For p >0, £ >0, we have
5

_ 5 1,
121 (p, ) S p2(p)~ 21{p2§<1}+f 16 M pesy
0,27 (p,&)| < le{p2g<1} + &1 <§>_11{p2§>1}-

O~ 1(p, &) has the expansion

(8.100)

M\H

' (p,€) = Z —p*¢) @ (8.101)

which converges absolutely, where ®;'(p) = p§(1 + p2)7t. It converges um’formly if p{é remains
bounded. Here ®j(u) > 0 are smooth functions of u > 0 satisfying ®;j(u) < @ (u)| < 3—} for
u>0,7>1, and ®1(u) > Cll+u for uw > 0 with a constant ¢; > 0.

The spectrum measure p_1(d§) of —L_1 is supported in & € [0,00) and absolutely continuous on
& > 0 with density dp;lié(g) ~ (£)2.

— ]' 1+u’

Proof. Most of the estimates can be found in [75, Propositions 5.1, 5.3, 5.4, 5.5]. Derivative estimate
(8.100)2 can be derived similarly as in [75]. Indeed, by similar induction in [75, pp. 32-33], we have

|®%(u)] < 3—} for w > 0, j > 1. Acting 9, on (8.101), for p?¢ < 1, we have |9, 1(p,&)| < p2
For the remote region p2¢ > 1, the use of [75, Propositions 5.4, 5.5] and the relation between the
Weyl-Titchmarsh function and ®~!(p, ) gives the estimate [0, (p,&)| < ﬁ(f)‘l. O

We emphasize that the assumption (8.4) is not required in the next proposition.

Proposition 8.7. Consider
0r®_1 = (a—bWA)(Lin®_1) + H_1 in R*x (19,00), ®_1(-,70) =0 in R?
where 79 > 2, H_1 = (h(p,7)e™ )¢ 1, 11155, < o0, 0 < o(r) € Li5.([10,00)), £ > 3/2. &4 =

T_1[H_1] is given as a linear mapping in H_q by the convolution via the fundamental solution of the
parabolic system. Moreover, ®_1(y,7) = (¢_1(p,7)e"®)c—1 and ¢_1 satisfies

Orp—1=(a—ib)L_1¢6_1+h for (p,7)€ (0,00) X (19,00), ¢—1(p,70) =0 for p € (0,00) (8.102)

with the estimate

7173 sup v(s)+ T -3 T% v(s)ds if £<2
s€[T/2,7] 2
<A (In7)? sup w(s)+7tIn7T [2 v(s)ds if £ =2
61| S bl g, 4 ()7 sup e
InT sup v(s)+771[2 v(s)ds if £>2
s€[r/2,7] 2
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( 2

Ti3 sup v(s)—i—Ti*? T%Ov(s)ds if <2
s€(r/2,7] 2
R, T suwp w(s)+7ilmT [Ru(s)ds  if £=2  (3.103)
ol poriyf s€lr/2,7] 2
= sup v(s) +r1 J2 v(s)ds if £>2,
s€[T/2,7] 2

where we assume v(s) = 0 for s < 19. Moreover, if we suppose in addition 2 < £ < 5/2 and the
orthogonality condition

/OO h(r,7)Z_11(r)rdr =0 for 7> 1 (8.104)
holds, then we have the estimateo
(P2 sup w(s)+ 775 [2 v(s)ds if p<ri
YO P (1 iR S L | . (8.105)
p2 <7'4 2 Se?;l/gﬂv(s) + 7472 fé v(s)ds) if p>rT2.

Proof. Similar to the argument in Lemma 8.3, the theory of the parabolic system guarantee the
existence of ® 1 and ¢_1. And ®_1,V®_; € L=(Q x (19, 71)) for any bounded domain Q C R? and
71 > 79. Using the argument in (8.62), we have that ¢_1,0,¢_1 is bounded in (0, p1) x (70, 71) for any
p1 > 0and 7 > 9.

We will give a representation formula for ¢_;. First, besides ||h[|55, < co, we assume

h(p,T) is smooth in spatial variable p € R and for 7p < 7 < 11 < 00,

8.106
h(p,7) =0 for |p| > M, with a constant M, > 0 depending on 7. ( )

Take ¢_1 = p~% f(p, 7). Since L_1(p"2f) = (p720py + £p72 + V_1(p)p™2) f, then

Orf = (a—ib)L_ 1 f —l—p2h for (p,7) € (0,00) x (19,00), f(p,70) =0 for pe (0,00). (8.107)
Due to the assumption (8.106), given a fixed 7 > 79, ®_1, VP_; have fast spatial decay as |y| — oc.
So do ¢_1, 0,01, f, and O,f. And |f(p,7)| S p% and [0,f(p, )| S pfé as p | 0. Combining these

with (8.100), we are able to multiply (8.107) by ®~!(p,&) and integrate by parts in p € (0,00) to
deduce

O f(&,7) + (a— ib)&f(&f) = /0 h p2h(p,7)  (p, E)dp, (€, 70) =0,

where we denote f(&,7) = [5° f(p, 7))@ (p,€)dp. Tt follows that
fe) :/ e(aib)g(Ts)/ xéh(m,s)@fl(x,@dajds.
70 0

Using the distorted Fourier transform, we get the representation formula

b= =t [ i)
| o s)/ o) [k, 07 @, dedsp-a d6)
/ / / e~ (@ BET=) G VB~ (z, ) h(z, $)p_1 (dE)dds. (8.108)

For general h satisfying [|h[[5% < oo, if the last integral in (8.108) is absolutely integrable, then
(8.108) gives the representation formula of ¢_;. Hereafter, without loss of generality, we assume
|R]|5%, = 1 and will prove that (8.108) is absolutely integrable and give pointwise estimate of ¢_;.

-

=

N

m\»—A
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Estimate without orthogonality. Using the property of p_1(d§) in Proposition 8.6, we have

rmsﬂ/ // ¢ B (. €) || (i, €) | () ~(€) 2ddds.

We will use the estimate of [®~!| in

F(E) :

For F}, one has
¢4
JAREECR
0

For F, since ¢ > 3, Fy < §_%<‘5>71 f?

F(&) S 1<y

Next, let us estimate

P(vaa 3) ::/ e_GLE(7—_S)|
0

First, let us estimate P;. Note that P < pg

p~2 <1, by Lemma B.1,

| e e = [ o /£ .

(8.100) repetitively. First, we consider

<= Fy + Fb.
£
g7l if 1< 2
e Slgeay{ (Ing) i £=2  +1gapE?
1 if ¢>2
3 x%@)*éd:n < 1{&1}5%_1 + 1{£>1}£_%, and thus
€7l if 1< 2
5
(Ing) if £=2 +1gapyé i
1 if £>2
O (p, &) F(€)(€)2de = / + —P 4Py
0 3

- g3l if <2
1
PL< b / €T L ng)  if 0= 2de
0 1 if £>2
( 1_y . 2
f 7—s<
pe , LTTe=r if ¢<2
p2(r—s8)"2 if T— 5> p?
_3 . 2
< {0 2ol Mr=ssr oy
p2(7 —s) Hn(a(t —s))) if 7—s5>p?
3
—2 . _ < 2
p 2 ifr—ss<p it 0> 2.
\ p2(r—s)7t if T—s>p?
For p<1, P, < pg(fo +f1 )e a&(7=5) [(£)(€)2d€. By the same estimate above,

[ eeeoreerae <
0

1 if T—s<1
(t—38)~ 5 r—s>1
1 if r—s<1
(1 —s) Hn(a(r —s))) if T—s5>1
1 if 7—s<1
(r—s)t if r—s>1

for ¢ <2

for /=2

for ¢ > 2.

(8.109)

fo e~ =P (€)(€)%dE. For p > 1, since £ <
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Using (8.109) and direct calculation, we have

1

/’72 6*“5(T*S)}7(£)<£>2d§ < /”2 efag(q-fs)fgdé ~ (T —8)"
1 1

P73 if 7—5<p?
< (T—S)_g if pP<r7-5<1
(T—s)_%e_aﬁ;) if 7—s5>1.
Thus for p < 1,

( pt if 7—5<p?
pg(T—s)fg if pP<7—-5<1
pg(T—S)_% if T—s>1
p! if 7—5<p?

P < p%(T—S)ig if pP<7—-5<1
p%(T—S)_lﬂn(a(T—s)» if 7T—s>1
p1 if 7—s<p?
p%(T—s)_E if p<7-5<1
pg(T—s)*1 it T—s>1

Next, let us estimate P,. By (8.100), P> < f1 e—aé(T— 5)5

R [ eI g (st [
1

a(t—s)
p? p2

For p>1, Py S ( [+ [1 )emoe=9¢™
14

/ . B
€
a(t—s)

Nl= N

ez 3dz < {(T -9
(tr—s)"

%<§>*1F(§)<§>2d§. For the same reason as above, we have

a(t—s)

3
zidz

for ¢ <2

for /=2

for ¢ > 2.

(&) TIF(§)(€)*d€. For p <1, by (8.109),

if 7—s<p?

_a(r—s)

2p* if 7—5>p?

1 .
[ e g e e 5 {(T e BT
1 T—s) 2e 2 it 7—s5>1.
By (8.109), £ > 1/2, and Lemma B.1,
| . o1 if <2
[, ek e s [ et detme i e=ad
? P? £ if £>2
(1 if T—s<1
(1 — )ié if1<7’—3§p2 for ¢ <2
(r—s)i~ ée_agp?) if 7—5> p?
1 if 7—s<1
< (r— )%<n(a(7'—s))> if 1<7—s<p?> for £ =2
(7~ 9)” Yina(r — ) 32 if 5> p?
1 if T—s<1
(r—s)"1 if 1<7—s<p? for ¢ > 2.
(tr—3s)" fe a(;p;) if 7—5>p?
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Thus, for p > 1,

'(T—S)_% if T—s<1
(T—S)%_g if 1<7—s5<p? for £ <2
>(T—S)i:£€_a(47/’25) if 7—s> p?
(tr—s)"2 if 7—s<1
P, < (1 — S)_%GH(G(T —5))) if 1<7—5<p?> for £=2
(1 — 5)7% (In(a(r — s))>eia(‘:ﬂ_28) if 7—5>p?
(T—s)_% if 7—s<1
(r—s)74 if 1<7-s<p’ for £ > 2.
(7 — s)_%e_a(ip_;) if 7—5>p?

Combining the estimates of P; and P,, we have the following estimates of P. For p <1,

( (T—S)% if 7—5<p?
p%(T—s)fg if pP<r7-5<1 for £ <2
p%(T—s)fg if 7T—s5>1
(’7’—8)7% if 7—5<p?
Ps p%(T—s)fg if pP<r7—5<1 for £=2
p%(T—s)_lﬂn(a(T—s))) it 7—s>1
(7—8)7% if 7—5<p?
p%(T—s)fg if PP<r—-5<1 for £> 2.
\ p%(T—S)_l if 7T—s>1
For p > 1 with ¢ > 1/2,
(((7'—8)_% if 7—s<1
(T—S)i_% if 1<7—5<p? for ¢ <2
p%(T—s)fé if 7—5>p?
(T—S)_% if 7—s<1
P <34 (r—s) " 1(In(a(r — s))) if 1<7—s<p? for £=2
p%(T—s)_l(ln(a(T—s))) if 7—5>p?
(T—s)_% if T—s<1
(T—S)_% if 1<7—s5<p? for £ > 2.
p%(T—s)*1 if 7—s5>p?

Now we will use the upper bound of P to estimate ¢_;. For p < 1, since we assume 7y > 2, then

1| S p 2 / /Tp / P(p,T,s)ds

2

—p
<pe [@(T)/ (r — ) 2ds + i(r )pi/ (r — s)"ids
T—p2 T—1
f:o_lv 3)(7’—5)7§ds it £ <2

(
+ 9% [a u(s)(r — ) Hn(alr — s))ds i €=2
7 b ols)(r = s)ds it £>2
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B(r)ri7E 4175 [2 u(s)ds if £<2
2 T
< o(r)p? + p2 B(r)(InT)2 4+ 771 mng o(s)ds if £=2
(r)InT + 771 [2 v(s)ds if £>2,
2
where we denote #(7) := sup w(s). For 1 < p < (1/2)"/2,
se(1/2, T}
(o1l S p % / / / P(p,7,s)ds
70
N 1Lt T .
P2t it p<y  [POTTEATTE R l)ds if (<2
< p*%f;(T) +9(7) < (Inp) if ¢=2+<0(7) fp% (Inz)z~'dz + 1 lnrfé v(s)ds if £ =2
! i L>2 o) (k) + 7[5 vls)ds it 0> 2
2
H(r)r 5 4775 [2 o(s)ds if £<2
2 T
< < o(r)((Inp) + fp% (Inz)z7ldz) + 77 1In7 [2 v(s)ds if £=2
2
O(m){In(gz)) + 771 [4 v(s)ds if (> 2.

2 10
2
Ti73 if <2 . Ti3 if €<2
1 2
SJ p 2 {'f)(']‘) + @(7‘) Ti <]n7'> if /=2 —|—/ v(s)ds 7’7%<1n7'> if £=2
T—p? :
7i if ¢>2 g 71 if ¢>2
1-£ - —L r3 .
L % i (<9 T 29(T) + 7T 2 % v(s)Tds if £<2
1 T
+ p2 / v(s)ds ¢ 7 HIn7) if £=2 } < In7)o(r) + 7 Hn7) [2 v(s)ds if £=2
70 _1 . T 2
’ T if £>2 (1) + 771 [2 v(s)ds if ¢>2.
2
For p > T%,
B(r)ri=5 4 7i2 fé v(s)ds if £<2
[omsy 507%(/ / P(p,7,8)ds SO(r)p 2 +p 2 0(r)ri(In7) + 73 (In7) f%, v(s)ds if £=2
- Byt 4 5 u(s)ds it 050,

In sum, we have proved that (8.108) is absolutely integrable and (8.103) holds.

Estimate with orthogonality. Recalling the estimates of |¢_1| in four cases above, we have

| [ / / DT, )0 (w, ) h(w, 5)p-1 (d€)dwds| S () (pFLiperyHp o).
1 (8.110)

For the other part, we denote

/T 1/ / (a=ib)E(r—5) =1, €)™ (fvaﬁ)ﬂc%h(x,S)p_l(dg)dxds‘_

1
2
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By the orthogonality condition (8.104), we have

5
2

& j x 1
h(z, s)d| = $h(z,)da
’/ mf:m x,s) :U / /5 , &) — 1—1—3;2):62 (x,s)dx

We will use Proposition 8.6 repetitively. Firstly, for £ < 4, we have
1

1 5 =
&2 - x% 1 &2 37% 1 _ [ —
[ (0 @0t ethe e S o) [ Fpalted (@) de S o(o) (65 D ecn € L)
Secondly,

‘/ (z,& ac?h(az s dm‘ < )5_31(5)_1/ ) $%<$>_€dl‘ ~ U(S)(Eg_ll{ggl} +£_%1{§>1}),
_1 o
where we require ¢ > 3/2 to guarantee the integrability.

5 _1 5
Thirdly, by (8.104) and ¢ > 2, we have f ! Tig szh(x s)dr = — OE : %xéh(:c,s)daz. Then

5
’/ T2 a:2h (z,s d:c‘ <o )(ﬁéfll{gg} +5721{§>1});

and thus 3 , .
F(&s) Svls)(€2  ecty + € i1 eny). (8.111)

Next, using dp;lié(f) ~ (£)? on € > 0 in Proposition 8.6, we will estimate

P(p,7,8) = /OOO e~ T (p, )| F (€, 5)(€)2dE = / / = P, + P,.

Let us estimate P;. For p > 1, by Proposition 8.6, (8.111), £ > 0, and Lemma B.1,

1

1 1
P S v(s) / ") o3 () 265 HE)dE ~ w(s)p? / a9 g5 1 g
0 0

5 U(S) [P%_Zl{f—sgpQ} + P% (7_ - S)_§1{775>p2}] .

For p <1
1
—af(r—s) .8 § e~ k(T s)
A [T et i e ~ o ([ / €= (e, ) de
7
1 p 2 if 7—5<p?
<v<s>p3(/ _“5”52—1d5+/ Ietde) Su(s)pf S (r—s)E i P <ros<]
0 (7‘—8)_% if T—s>1

since fol e*“5(7*3)55_1d§ Slps<y + (17— 3)_%1{7791} by £ > 0 and Lemma B.1, and

_7 . 2
L a(r—s) P if 7—s<p
2 —af(T—s) 2 _T p _, 3 7 . 2
e idE ~ (T —s) 1 e “zidz S (T—s) 1 it pr<17—-5<1
1 T— a(T—s
o) (T—S)_Ee_ S s s> 1.

Next, we will use Proposition 8.6 and (8.111) to estimate P,. For p<1,

Py 5 v(s) /oo e~ U=~ 1 (6) 16 (€)2dE ~ w(s) / °° e—aET-9)¢ =4 e

0?2 p?

~v(s)(t—s)"

a(t—s)

(Lomszy te 7 L)

o=
ol

&0 1
/( : ez 2dz Swu(s)(t—s)”
o2
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Forp>1

4
S 'U(S) |:1{‘r—s§1} + (T - S)i_§1{1<7'—5§p2} + (T - S)%

+ (T - 8)7%1{T—S§1} + (T - 3)7%6 2 1{T—S>1}:|

£
2

S () |(T =8 F ey + (7 = )T L ey + (T ) TR T 1y

where we used ¢ > 1/2 and Lemma B.1 to estimate fll/p2 e—aﬁ(T—S)é*gd& Combining the estimates

of Py, P, since ¢ > 1/2, we have

(T—S)% if 7—s5<p? (7—5)7% if T—s<1
p(p,T,S)Sl{pgl}ﬂ)(S) p2(7'—s) Tif pPPer—s<l + 1gps130(8) (T—S)i_g if 1<7—s<p
4 1 J4
pz(T—s) 2 if 7—s5>1 p2(r—s8)"2 if T—5>p

Finally, we will estimate ¢_1. Obviously, ¢_ 1S p™ > fﬁ p, 7,8)ds. For p <1, since £ > 2,

B T—1 z

G <o / o(s)p (- — 8)"3ds < g2 (o) + 773 / " o(s)ds).
0 70
2 2

For1<p<(7/2)% 2<€<5/2

/ /Tp P(p,,s)ds

IO\H

For p > 7'%, 0<5/2,

T—1 z
b1 S p*% / v(s)(T — s)%*éds < p*% <1~)(7')T%7§ frivo /2 v(s)ds).
) )
2 2
Combining (8.110) with all the estimates of ¢_; above, we conclude the estimate (8.105). O

APPENDIX A. POINTWISE ESTIMATES FOR HEAT AND LAPLACE EQUATIONS

Recall algebraic power type (AP) defined at the very beginning of Section 8.

Lemma A.1. Suppose n > 2, v(t),l1(t),l2(t) € AP, b € R, [1(t) < la(t) < C,t2 with a constant

Cy >0,
(O)5°(1)] >0 if b<n
OB O W] >0 if b>mn,

2
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given constants c1,co > 0 and f(x,t) = v(t)|x\*b1{ll(t)§‘x|§l2(t)} or v(t)(|x| + ll(t))*bl{mgz(t)}, then
for all |z| <la(t), we have

A;/;t'_sg_ﬁ(MyQ)(ﬂyﬁﬁwds

{zg b(t) if b<?2

(In(2)  if b=2 for |z| < h(t)

270t if b>2

1270(t) if b<?2

SRR TYEEH if b=2

||2~0 if 2<b<n  for Li(t) < |z| <lat),
[P Inggg)) i b=mn

[z~ 0 () if b>n

where “<” is independent of t.

Lemma A.2. Suppose 2 < b < n, v(t),l1(t),la(t) € AP, l1(t) < la(t) < C C,t2 with a constant
Ci>0, 35— % + 14 Py[v(t)] > 0, given constants ci,co > 0 and f(z,t) = v(t)|z|” 1{l1(t)§\x|§l2(t)} or
v(t) (|| + 1) ™" Ljz)<ia(tyys then for all (z,t) € R™ x (to,00), we have

n e (l2= yP €2 _ _
// (t—s)"ze () Fy, s)dyds S o) (501 gm<n 0y + 12 L esn00)
to n

where “<” is independent of to.

Proof of Lemmas A.1 and A.2. The proof is a direct application of the analog of [132, Lemma A.1].
We omit details. 0

The estimates in Lemmas A.1 and A.2 do not show the dependence on parameters clearly. To get
estimates with precise dependence on k in the linear theory of mode k, |k| > 2 in Subsection 8.3, we
need the following lemma.

Lemma A.3. Consider —Au = f(z) in R"\{0}, where n > 3, f(x) = f(|z|) is radial with the upper
bound | f(x)| < ]m|_111{‘$|§1} + |x|_ll{|z‘>1}, Iy <n,l>2. uis given by

ue) = gy [l = v )y, (A1)
where |S"71| is the volume of the unit sphere Sn=1. Then
|| 00 ||
u(z) = u(|z|) = |x|2_n/ a”_?’/ bf(b)dbda, O u= —\x|1_"/ f(a)a™ da. (A.2)
0 a 0

When f(z) = |z|™0 Lp<ay + 2] Lgg>1y, we have

|:c|1fl—\x|17"

_’x‘lfll |.%"17n n—1l ’Lf 2<l<n
Ojpu = n— 1 o<y — <n _ + ’x‘ll__nn anajJ if l=n >1{|$|>1}; (A.3)
A Y
for [z <1,
! ol 1 f 1 <2
. ey wen s
B (e g Rl B A i =2

‘:B|2 151

e-n) ~ Goe—y f 2<h<n,
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for |zl > 1,
2P olzP " o<l <n
|2 1 1 )
u(x):n72<l72+nfl1)+ 2 iy l=n
e e if 1>n
(1—2)(I—n)
o2y el L if2<i<n 2~ (L —Olal " if 2<l<n
¢ 22)7(]11 DT n=2)(n-l) — (n=2)(n-0) (=2)(n=0) " (n—2)(n—11)(n—1)
S Gy vien S EERE RS GL ) i e
e, II\Z*" _ =2t if 1>n (=t)=*~  JzP! if 1>n
(n=2)(—n) " (n=2)(n-l1)  (=2){-n) (n=2)(n—1)(I—n)  ([[=2)(l-n) ’
In particular, for |x| > 1,
‘m|2 l |I|2 n .
G 22)51 %+ g l1) if 2<l<n
u(x) > || n_nl:cl + IfL‘I_ (L ill) if l=n
T 2—n |1.|2 n )
22 T m2)n-1n) if 1>mn.

Proof. 11 < n and | > 2 ensure the integrability of (A.1). Since f(xz) = f(|z|), it is easy to see that
u is radial. Due to the upper bound of f(|z|), by the removable singularity theorem for harmonic
functions (It is used for the case 2 < [; < n) and maximum principle, we have the formula of u(z) in
(A.2). And the deduction of J),u in (A.2) is straightforward.

When f(r) = r*lll{rgl} + 7"*11{01} with 7 = |x|, we only present the calculation of u(z). Oy u is

similar. For a > 1, 1> 2, then [ bf(b)db= 5. For 0 <a <1,

00 oo 1 1 2_1l1 (1 - a27l1) if I3 <2
/ bf(b)db = / b”db+/ bl hdb = 5t Ina if I, =2
o ! o (@ =) i > 2,
For 0 <r <1,
rn—Q ,,,n—ll .
" . n-2 T~ ) il <2
n—3 _ r"~“(—=1Inr rn= . o
/0 a /a bf(b)dbda = DR + ?n__%l + (n_QT)j—z %f Lh=2 (A.4)
Gom )~ Gromy 1 2<h<n
where [; < n guarantees the integrability around 0. For r > 1, since
| :
T o0 T anflfl (1=2)(n—1) if 2<i<n
/ a”—3/ bf(b)dbda = / Ty da = e if l=n
1 a 1 - 1—pn—l .
m lf l > n,
then combining (A.4), we have
7,.n—l_l .
. , s 1 m lf 2 < l <n
e bf(b)dbda = Inr if [ =
/Oa /a f(b)dbda n—2(l—2+n—l1) = if l=n
= if I>n.

(=2)(I—n)
The left calculations are direct, where for the last lower bound, we used that for |z| > 1, |z|>™" < |z]?~
when [ < n, and |2|>~! < |z|> ™ when | > n. O
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APPENDIX B. INTEGRAL ESTIMATES FOR THE DISTORTED FOURIER TRANSFORM

Lemma B.1. Suppose 0 < A < o0, a,b € R, fo (Inx)’dx < oo, that is, either (a,b) € (—1,00) x R

or (a,b) € {—1} x (—o0,—1) holds, then for 0 < z¢ < x1 < 1/2, we have
(| 29T (=1 b if a>—1
S 213711) Bl z‘fa for 0<A<ap?
o (—Inz)’tt — (=Inz)*™ if a=-1,b< -1
-z 7@ .
e (— lna:) de < 4 (In M) 0 if a>—1 _1 _1
/"”0 3T A - ()t if am —1,b<—1 107 T1 SAST
S for A= ayt,
(B.1)
where the constant C1 > 0 only depends on a,b, and the case A > xal 18 vacuum when xg = 0.
For 0 <xy<1/2 < x1, we have
1 for 0 < A<2
! 0 if a>—1 _
-z ,.a b (In\)° 1
1 dx < C T T or 2< A<z
/;co e Mat{ina)de < Oy 4 St (In AP+ — (=Inze)*™ if a=—-1,b< —1 4 0
oA
) oo for A3 g,
(B.2)
where the constant Cy > 0 only depends on a, b, f1/2 (In z)dzx.
Proof. We first consider the case 0 < zp < x3 < 1/2. For 0 < )\ < :Ufl,
€1 T1 a+1 1 b if -1
/ e M (—Inx)ldr ~ / 2%(—Inz)dx < 7 (= I;xll) bl l “”
0 0 (—Inzp)"™ — (= Inze)*tt if a=-1,b< -1,
(B.3)

where for the last step for the case a > —1, we used the following calculation. If a > —1,

1 1 b T
al_q bd _ a+1 1 b a+1 1 2% —1 b—ld )
/xo z%(—Inx)’dx a+1[:c1 (—Inzy)” —a5" (= nx)]+7+1 (—Inz)’ dx

When z; < C5 with a constant 0 < C3 < 1/2 sufficiently small depending on a, b we have f “1gt(—Inz)bdr <

¢ (—1n xl) When C3 < 21 < 1/2, the estimate holds due to the assumption fo (In x)bdx < 00.
For A > .CEO ,

1 1 T1A
/ e Myt (—Inz)lde = / e *2%(In X — In 2)bdz

o Aetl ToA (B 4)
| {(mA)be”‘? if agl <A<ap? _ (A e ‘
~ +1 _3zgX . 92 ~ +1 € .
A it A > A
In order to get the first “<” above, we need the following estimates.
IfoiA < )\%, that is, A < :61_2, then
T1A T1A coA
/ e *2%(In X — In2)°dz ~ (In )\)b/ e 2%z < (In\)Pe” 2. (B.5)
oA oA
If zoA > A2, that is, A > 252, then
Z1A 3z A
/ e 2%In A —Inz)bdz <em 4, (B.6)
oA

1 if a<0 if b<0

1
since—lnxl§ln)\—lnz§1n(%)‘>\)§h12’\,za§{)\a " a>0,(ln>\—lnz)b,§{(ln>\)b fb>0
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If 2oA < A2 < a1\, that is, 272 < A < 252, by (B.5), (B.6), then

T1A )\2 1 e
/ e*29(In A — In 2) bdz—/ / <Abe Y+ < mate Y,
x )\2

oA

where we used To << To 2 for the last step.
For x;' < A<yt by (B.3), ( , we have

/w 7)\%0, lnl‘bdaj_/l/)\ / .. ln)\ + 0 ita>-1
0 1/ s e+l (In AP+ — (—Inzg)™* if a=—-1,b< —1.

In sum, we complete the proof of (B.1).
For 0 < zp < 1/2 < z1, |, 1/2 g=xa z¥{Inz)’dz can be handled by (B.1). f1/2 e Mr(Inz)dr <

e 2 f1/2 (In z)’dx. Thus we have (B.2). O

APPENDIX C. CONVOLUTION ESTIMATES IN FINITE TIME
C.1. Preliminaries. We need the following relationship repetitively: for s <t and t <t, <T,
(T—9)/2<t—s<T-—s for s<t—(T—t); T—t<T—-5<2(T—-1t) for s>t— (T —1t);
(ti —8)/2<t—s<tyi—s for s<t—(t,i—1t); tua—t<t,—5<2tx—1t) for s>t — (t.—1).

(C.1)
Lemma C.1. Given z,q € R%, p>0,b>0, and L >0, 0 < L1 < Ly < 00, we have
0 if L1 = Lo
LeLy if L<I2
L5  if b<d
_e(lz=ulyp _ (In(L)) if b=d if I?<L<IL2
/ ey — <y gi<raydy S L ! 2
Rd LY if b>d if Ly < L.
40 if b<d
(In($)) if b=d if L>IL3
L if b>d
(C.2)

In particular, for Ls > CL > 0 with a constant C' > 0, we have

IS
cr'

(lﬂc y\)p d
/Rd e ly —q|™ 1{|y d>vIzt Y S L2L,°2. (C.3)
Remark C.1. The estimate for the case b < 0 is different, and we do not analyze it here.

Proof of (C.2). For L1 = Lo, the conclusion is trivial. For Ly < Lo,

O |y — gy gty dy = L35 [ e j, 2
i {L1<|ly—q|<L2} Rd {LiL72<|2|<LL™2}

where = (z — q)L -3 If Ly =0,

b = d_b
T2 e Pl | 1 dz < L2"2 e~ 2701 _1.dz
Rd {lsl<L2L7 %) Rd {lzl<L2L™2}

00 if b>d

if b<d.
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—elF—aIP| —
" c|z—2z| |Z| bl o o
Rd {L1L"2<|2|<LyL~ 2

}dz

d b
<[22

d_b —clz|P [ —1ip —b ]
< L2272 /Rde (LlL 2) 1{|z\§L1L7%}+|Z’ 1{L1L7%<|2|SL2L7%} dZ’

whose upper bound is presented in (C.2) for the case L1 < Lo.

/ e min{ |27, (L, L7%) )1
R4

97

(el<rar- 5 P

O

Next, we want to establish the basic calculation of the time variable. Given 0 < L1 < Lo < o0,

t >0, for s < t, we set

((t—s)e L7 if t—s< L2
(t—s)2 3~ if b<d
(t—s)*d*<ln(i—zl;s)> if b=d if L3<t—-s<IL3
g(s) =9 \(t —s)~ =L if b>d (C4)
(t—s)~=L37° if b<d
(t—s)"“(n($)) if b=d if t—s> L3,
(t — )10 if b>d
where we use the convention L1_1L2 =1if L1 =Ly =0.
Claim: for § > 0, if%+1>d* > %—1—1—5, a:faftt_xg(s)dsgoo, and for 6 = 0, d, <g—|—1,
(max{z, L3417 if d, <1
<m(%§ﬁ})>Lg—b if d,=1
[a+2-b-2d. if 1<d, <1+ % if b<d
(In(£)) if d,=1+%2
. L{tambmzd. if do>14 93
/ g(s)ds < 4 ((max{z, L3}~ (In(32)) if d <1 (C.5)
o (In(mdelidy) (1n (L)) if do=1 if b=d
L3272 if d,>1
(max{z, L3})'"=4L4"  if d, <1
(In(mexleLid ) pd-0 if do=1 it b> d;
L{r2b—2d if d,>1
and if § > 0,d, <3 +1-9,
([ ((max{z, L3})14%0LdY if d,<1-6
Lyt2rbrade20 if 1-6<d.<1+%t-5 if b<d
t L¢li+2—b—2d*—26 i do> 1+ % _5
x_é/ g(s)ds < (maX{x,L%})l_d*_éﬂn(%)) if d, <1-96 £ b d (C.6)
t—x 2—2d.—26 - o=
Li =% if de>1-96
(max{z, L3})'=#—0L470 if d, <1-§ $ b d

d+2—b—2d.—26
\ Ll

if de>1-96

Proof. For z < L?, when d, < % + 1, then f;m g(s)ds < x%+1_d*LIb; For L2 < x < L3,

/ttz g(s)ds = </tth +/ttzL? )g(s)dé’
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pstl=3-d p o d42-—2d, pstl=3-d p <o d42-2d,
(), b=d+2-2d, if b<d {In(%)), b=d+2—2d,
LOF27072d gy S g 42— 2d, LOT27072d 0y S g 42— 2d,
pl—d <1n(L%)>7 d, <1 pl—d <1n(%)>, de <1
< LreThmde {In(£))?, d, =1 if b=d~ {13 (n($))? d,=1
L3, dy >1 132 de > 1
gLt 4 <1 L=t d, <1
Lf*bln(%), dy =1 it b>d L;l*ban(ﬁ», de =1
Lil+2fb72d*, d* >1 Lil+2fb72d*7 d* >1
For « > L2,
t t t—L32
/ g(s)ds = (/ +/ )g(s)ds
t—x t—L3 t—x
LoH2b=2de g9 9g, et~ Lyt de <1
{<1n(§j)>, b=d+2-2d, if b<d ()L’ do=1  if b<d
LI sy o, L g s
L2720 (n(22)), d. <1 el (In(2),  da<1
< {<1n(§§)>2, d, =1 if b=d + ln(].i”%)(ln(%)), d.=1 if b=d
1272 d, > 1 Lgfzd* a1 (%»7 d, > 1
L§72d*L¢11—b’ d, <1 xl—d*Lil—b d, <1
{L’fban(ﬁf)), d, =1 if b>d In(%)L{°, d.o=1 it b>d
L2 d, > 1 [t g, s
gt it 4, <1
Ly (In(f)), du=1
Ly cd, <1+ 45 if b<d
(In(£2)), d, =1+ 42
Ld+27b72d* d, > 1+ 4=t
~ <ln(—f ), d. <1
{< () In(72), do =1 if b=d
i 2d. : d. > 1
Ay d. <1
{L‘fbﬂn(g’%)), d. =1 it b>d.
LL11+2—b—2d*7 d* > 1

Thus, for d. < ¢+ 1, if o < L3}, [

t
/ g(s)ds <
t—x

ds<m2+1 d*L b, 1fL2<:E<L

x%H*%*d* if b<d+2—2d.

(In(7)) if b=d+2—-2d. if b<d
L2724 i > d 42— 2d,

xl=d <ln(%)> if d. <1

(In())? if d,=1 if b=d
L3724 if d,>1

gl=de =0 if do<1

L‘f—b<1n(L%)> if d,=1 if b> d;
Lgt2—bm2d. if do>1

if b<d

if b=d

if b>d;
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if v > L3,
gl=d-d=0 if do<1
Lg‘bﬂn(%)) if d,=1
Lyt if 1<d, <1+ 450 if b<d
(In(£2)) if do=1+ %2
, [arab2d. if do>1+ %20
/ g(s)ds < [wl_d* <ln(L—f)> if do<1
b <m@@mm%» if do=1 if b=4d
22 if do>1
{xP@L?b if do<1
Li™"(n(s) if do=1 if b> d.
\ Lcll+2—b—2d* it d, > 1

Then for § € R, if z < L%a
t Ld+2—b—2d*—25
x_‘;/ g(s)ds S <71
t—x

(0.9]

if L2 <z < L3,

if 6<4+1—d,
if §>9+1—d;

LAH2-b=24-20 e b g9 9 95
3+2—b—2d —25 1 - if b<d+2—2d,
L . if b>d+2—2d, — 25
Ly*(In(£2)) if §<0
3%<MLJ> if 5 < b dg o
Ll if >0
-2 d+2-b-2d i s <0
3+2—l}—2d 26 l _ if b>d+2—2d,
L1 * if >0
12724261, (Lo i s<1—d.
2 2d 725< n(zd) 1 - if d, <1
Ly if 6>1—d,
' Ly®(In(£2))2 it §<
f”/ g(s)ds < ZAM“» : =0 if d,=1
t—a L] if >0
L725L272d* i §5<0
S 2d. 25 l _ if dy>1
L1 * if >0
L3722 pd=b i § <1 —d,
[ U LT A ) if do <1
Ly L (In($2))  if 6<0
L if §>0 fdo=1
1
L2 L0202 g 5 <
[d+2-b-2d. 25 i 50 if d.>1

if b<d

if b=d

if b>d;

99



100

if v > L3,

In particular, for § = 0,

t
/ g(s)ds <
t—x

J. WEI, Q. ZHANG, AND Y. ZHOU

{1d—5Ldb if §<1—d,
[d+2-b-2d.-25 ¢ §>1—4d,
T NLI= if §<0
{Lg = if 6>0
O L4 p 5 <0
Ld+2 b—2d.—20 it §>0
—2 if <0
L—25 ln if >0
*5Ld+ d* if <0
26Ld+2 b—2d. it §>0
1d*5 (£) if §<1—d.
L3~ Qd**” %) if 6>1—d.
{ n(#) (%» if <0
Ly% L if §>0
*5L2 Qd* 1f §<0
L2 25L2‘2d* if §>0
—de—0pd=b i § <1 —d,
L2 2d. ’25Ld it > 1—d.
T DLt if §<0
{L225Ld "(In(£2)) if 6>0
_5Ld+2 b—2d. if §<0
{L2—26Lil+2b2d* if 5>0
Lil+27b72d* if d, < %+ 1
if de>9+1
Lg+2_b_2d* if d, <1+ d;b
(ln(%’» it dy =1+ d b
Lcll+27b72d* ifd, > 1+ 40
Ly (n(42))  if do <1
(In(72))? if do=1
272 if de>1
L32h g~ if do <1
L{(In(2))  if d. =1
Lcll+2—b—2d* if d,>1

if do<1
if dy=1

if 1<do<1+%t  if b<d

if d, =1+ 4zt

if d,>1+ 452

if b=d

if b>d.

if <L?

if b<d
if b=d

if L3 <a<L3;

if b>d



if x> L2,
gl=d-d=0 if d,<1
(In(Z% )>Ld booif d, =1
2
Ld+a-b-2d. if 1<de<1+95t if b<d
(n(l2)) i dy=144
. Lirambmad. if do>1+ %20
/ g(s)ds < [ pl=d <ln(—l)> if do<1
e {In(77)) n($2) if do=1 if b=d
L~ 2d. if d,>1
{ A if de<1
{In( 1)>Ld boifd =1 it b>d.
[d+2-b2d. if de>1
For § > 0,
L2242 e s o d g, B
00 if 6>9+1-d, =
Lgrabde20 g g <1y dsh 5 ;
s [t e < [H2b2o20 e g oS db g b<d
T /t;p g(s)ds < L§—2d*726<1n(%)> if §<1—d, . ) ) )
2228 ' N if b=d if L3 <z <L}
L272d*725Ld—b F5<1— d*
?z+2—b—2d Lo 1 _ it b>d
Ll * if 4 >1-— d*
if x> L3,
pl=BOLgt i §<1—-d. | b
[A2b22 i 5oy g, if do <1+ % .
2§ L db if b<d
Ly ™ (In(72)) if d,=1+ 950
>L2—26Ld+27b72d* if d* > 1 + d—b
{ o) SSiode
t [2~2d«—20 ), (L2 if §>1—d, 1 ax
xs/ g(s)ds < _226 . <2 ( 2)) if 6> ‘ § b= d
t—x L, <ln(f1)> if di =
Ly X 22 if de>1
l—de—b7d=b
=L f 6<1—d, .
w2—2d 98 rdob 1 - it d. <1
L3720 pd=b g 5514, ,
26 1 d—b L if b>d.
Ly® L~ (in(£2)) if d, =1
;2 pd+2-b-2d. i do>1
U
Lemma C.2. Givenc>0,p>0,b>0, d, < %Jr 1, ¢1 >0, te[0,T], suppose
v(s) >0 for se]0,T], Cl_lli(t) <li(s) < Cili(t) for i=1,2, s€ [[t —(T-1)], ,t] , 7

0 S ll(s) S lg(s) S C(T —

FINITE-TIME BLOW-UP FOR LLG

s)% for s€]0,T]
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with some constants C; > 1, C > 0 independent of T, then for any x € R%, we have

t
e [ ey
/Ov(s)(t 5) /Rde =y gl duds

ft—(T )]+
S / v(s)(T - 5) A3 s + sup v(tl)(T—t)lfdﬂL%*%,
0 b Ellt—(T—0)]4 4]

t =
/0 U(S)(t - 5)_d* /Rd € ( |y - q| l{ll (8)<|y— q|<l2(8)}dyd‘S S Pl + P27

where ¢4 := max {c,0} for any c € R,

d—b .
_ [t~ (T—0)] Ly (s) if b<d
2 ::/ W()(T =) () if b= dds,
‘ 19-5(s) if b>d
(T — )= 1g~"()  if de<1
(g~ (1) if di=1
(3+2=b=2de 4y if 1<de<14+9%2  if b<d
(In(3)) if do=1+ %0
ld+2 b—2d. (t) ’Lf d* > 1+%
Py = sup v(ty) ((T — )l (ln( (g)> if di <1
tLe[t—(T—t)] 4t . .
1E[[t—(T—))4.,1] <1n(12(t))>( ( ) if di=1 if b=d
1272 () if do>1
(T —t)=1970(1)  if do <1
In(EE)i ="M i de=1 if b>d.
| L) if do>1

Remark C.2. When b=0 < d, the cases d, =1+ % and dy > 1+ % are vacuum.
Proof. For the first part, by (C.3), di. < % +1,

/t ( )(t )d*/ *C(l\;;fy‘)p’ rbl dud
A Y79y gzen s 5 Y

< (/O[t—(T—t)}+ N /[: )v(s)(t - 8)§—d* - s)_gds

—(T-0)]+

[t—(T—0)]+
S / U(S)(T—s)g_d*_%d3+ sup U(tl)(T—t)l_d*"‘%_g,
0 trel[t—(T—)] 4]

For the second part, by (C.2),

/Otv(s)(t — )¢ /Rd e Vi

1y = a1y 9 <yl <ta(s)y s

(C.8)
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r(t—s)%_j*lbl_b s) if t—s<I3(s)
(t—s)2727% if b<d
. (t—s)~% (ln(é?j)» if b=d if 12(s) <t—s<I3(s)
S [ v(s) t—s)" 1970 (s if b>d ds
0 1
(t —s)~=1970(s) if b<d
(t— )"t (n(ED)  if b=d if t—s5>13(s)
(t — )~ 1970(s) if b>d
t—(T—t)  pt
_/ +/ =P+ Py
0 [t—(T=t)]+

For Py, since (T —s)/2<t—s<T —s,13(s) < C(T — s), we have P, < P.
For P, sinceT—tﬁT—sSQ(T—t),d*<%+1, we have

(t— s)%—dd*lb;b t) if t—s<2(t)
(t—s)2727% if b<d
t (t= )" (n(fz) i b=d if B(t)<t—s<B()
P, < sup v(t1) / (t —s)~=1970(2) it b>d ds S Po
tle[[t_(T_t)}Jrvt] [tf(Tft)}-F (t _ s)_d*lgfb(t) lf b < d
(t— )" (n(2Y) if b=d if t—s> ()
(t —s)~%1970(1) if b>d
by (C.5) (used for the second “<”) and 13(t) < C(T —t). O

C.2. Convolution involving v(t)|z — q|~ 1{11 ()<|o—q|<la(t)}*

Proposition C.1. Let d > 1 be an integer, b >0, 0 <t < T, ¢ € RL. Given I'(z,t,y,s) in Proposi-
tion 6.3 and |f(y, s)| < v(s)ly — q\* 1{l1(5)<|y q|<l2(s y for (y,s) € R? x (0,T) with functions v,ly,ls
satisfying (C.7), denote T"[f = fo JgaL(x,t,y,s)f(y,s)dyds. Then, using the convention
C1/Cy=14fC1=Cy=0, we have

(-0l  [Ere) b
To ] (2, 1)) < / v(s)(T =) 2 ¢ () if b=dds
i Bhs) if b>d
(T—)'"219)  if d<2
B0 n(Gg) i d=2
157(t) if d>2b<2 if b<d
(In(23)) if b=2 o)
1270 (t) if b>2
+ oswp o) (@ -pEmED) i d<2
t—(T—t)]4 .t _ ) ‘ ‘
t1€l[t—(T—1)]4.t] <1n(lT%T§)><ln(§18)> if d=2 if b=d
1279() if d>2
(T -t 217)  if d<2
B (n(ht)) i d=2 if b>d.

Ll%_b(t) if d>2
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d—b .
(Tt L[ 5) if b<d
IVZWWHWJNS‘/ v(s)(T'—s)" 2 &Kﬁﬁ» if b=dds
0 1970 (s) if b>d
léib(txln(lp‘g(ﬂ» if d=1
1-b .
l5 l(gt()t) z.f d>1,b<1 if b<d
(hl(ll(t)» if b=1
() if b>1
+ sup v(ty) v . )
belt—(T—1)]4. (n(EE ) (nGEE) i d=1 P b
() if d>1
1-b T—t . _
@%@MM@@» #d—l Fb>d
1;7(t) if d>1
(C.10)
T f) (@, t) = TP [F(, T)| S Tar + o + T, (C.11)
where
1970(s) f b<d
i—(T—0)+ 2 (s if b<
Toi= (1 1) o(s)(T - )74 n(2)) i b=das,
0 190 (s) if b>d
() if t—s<I3(t)
(t—s)"2 if b<d
t (t—s)—%an(l%—(;» if b=d if 2(t) <t—s<I2(t)
Tso = sup U(tl)/ 1970 () (¢ — 8)7% if b>d ds
tr€(ft—(T—t)]+ 1 [t—(T—1)] [@‘bu)@-—s)*% i b<d
<m¢g»@,?% if b=d if t—s>13(t)
19=0)(t — 5)72 if b>d
1970(1) if b<d
+ sup ()T 072 (R if b=d
t1€[[t—(T—t)]+,t] l‘li_b(t) i b>d,
) . ) 1370(s) if b<d
ﬂg:i/(T—s)2M$ () if b=dds.
' 19-0(s) if b>d
For0<a<1,
VT (@, 8) = VT [f)(2, T)| S C(e) (Tur + Taz) + Taa, (C.12)

where
d—b .
~ o [Tty d+lta ‘2 l(s()s) Zf b<d
Ty = (T —t)2 / v(s)(T —s)~ (ln(lf(s)» if b=dds,

0 140 (s) if b>d
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(TN if d=1
Iy bt if d>1,b<1
2 1(2()t) f if b<d
<ln(11(t))> if b=1
. 11=0(t) if b>1
T42 = sup U(tl) ! _ .
belt—(T—1)]+.4 (n(FE ) (In(EE) i d=1 i b
1) if d>1
In(Z=Nii=b(t)  if d=1
(N0 i
17(t) if d>1
. 1970(s) if b<d
- — il la(s) .
Tys = t v(s)(T —s)” 2 (ln(ll(s))> if b=dds.
1970(s) if b>d
ForO<a<1landt<t, <(T+t)/2, suppose additional assumption
Crli(t) < Ui(s) < Clli(t) for i=1,2, set,(T+1)/2], (C.13)
we have
VTS f)(@, 1) = VTIZ [l t)] S Cla)(Jz — @] + /It = t )N (T + Ty +T3), (C.14)
where for v € R, we define
d—b ,
) [t—(T—1)]+ . ly Z(S()) if b<d
o ;:/ o(s) (T =)~ 5= n(2))  if b=dds,
0 1970 (s) if b>d
137 “(t) if b<2—7y—a
7y = sup o) { (D) i b=2-7-a
tLE[[t—(T—t)) 4, [t— (L —)] 4] 12 = b (1) if b>2—~—a,

tE[t—(ta—t)] 4 st lfivibia(t) if b>2—v—a.
ForO<a<1landt<t, <(T+1t)/2, suppose d > 2 — «, (C.13) additionally, we have
T2 )@, t) = T [fl(@ t)| S Cl@) (|2 — 2] + V[t — t)* (TP + T3 + T3). (C.15)
All “<7” above are independent of T.

~ 2—y—b—a . <9~y
1) = sup v(t1) {ZQ (1) o< T
]

Proof of (C.9), (C.10). (C.9) and (C.10) are derived by (6.3) and (C.8). O
Proof of (C.11).
[t—(T—t)]+
EOUt[f](xvt) _Eout[f](x>T) = / / (F(JE,t,y,S) —F(LE,T,y, S))f(y,S)dde
0 R4
t T
+/[7;—(T— 1 /Rd(r(x’t’y’ S) _F(vaayas))f(yv S)dyds_/t /]Rd F(ZL‘,T,y,S)f(y,S)dde =1 +12+I3

y (6.3), one has
[t—(T—t)]+
nis@-n [ L, [ 1@n. s+ - om0/ 1560, avis

[z—yl

[t—(T—1)] i —c 2-8
(T_t/ /Rd/ o+ (- o7 o2 ) - g "L {11 (9)<ly—al<ta ()} d0lydls
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[t—(T—1)] i _c(‘w7y|)2—6
sa-n o)T =74 [y — gy enopduds £ T,

where we used (C.1) for the third “<”; (C.2), I3(s) < C(T — s) for the fourth “<”.
By (6.3), we estimate

2—§
) v — a7 L0, ()< y—ql <ta(s)y Ay ds

o
A
‘\“

|
=
=
(4
—~
(Va)
N—
—~
~
|
(Va)
N—
|
Nl
%\
is9
ml
(o)
—
B}
1
e

t 4 Cof lz=ul )70
+/ v(s)(T —s)"2 / Ty g "Lty (o)< ly—al<ta(s)y Ay ds
[t—(T—)]+ R
((t— s)%ng(f) if t— s <i2(s)
(t—s)272 if b<d
. ) <ln(l%zss))> if b=d if 12(s) <t—s<I3(s)
s -t gy wresa s
=T+ 195 (s) it b<d
(In(E) if b=d  if t—s>3(s)
L L1970(s) if b>d
. ) 1970 (s) if b<d )
+/ v(s)(T — s)" 2 <1n(§j§§;)> if b=dds < Ts,
= (=) 14-4(s) it b>d

where we used (C.2), I3(s) < C(T — s) in the second “<”; and (C.1) in the third “<”.
By (6.3), (C.2), and 12( ) < C(T — s), we have |I3] 5 ng. a

Proof of (C.12).
O, TE [f) (@, 1) — 00, TP [f1(2, T)

= /t/d(ﬁxif(:c,t,y,s) — 0,,T(x, T, y, ) f(y, s)dyds — /T/d 0, D2, Ty, ) f(y, s)dyds := Iy + I.
For IJi by (6.5) and ( S

a —c lz—yl\2 _d+1l _¢ lz—y| —
|| S Cla)(T —t)2 // —5*5 t—s) Te ( y) +(T—S) d;le (\/Tii)z 5]
R4
X 0(8)|y = 417" 11, (5)<ly—ql<ta(e)} dyds S C(a)(T —1)2
(t — 5)"2170(s) if t—s<I12(s)
(t—s)~% if b<d
t (t—s)—%an(é;;))) if b=d if 2(s) <t—s<I2(s)
X [/ V()T —s8)"2 Q| (t—s)~ T 1%0(s) if b>d ds
° (t — 5)~ S 19-(s) it b<d
(t—s)"F (D) if b=d if t—s>(s)
(t—s)~ 5 1470 (s) if b>d
(T — s)~ 2™ 190(s) if b<d
t d+1+a l (s) .
+ [ ws) (T =5 2 (In(Fg)) if b=dds
’ (T — 5)~ S5 195 (s) it b>d
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-0t -
</ +/ ) = C(a)(T —t)2(I11 + L12).
0 [t—=(T-t)]+

For I11, by t — s ~ T — 5 > 13(s), we have I11 < (T — t)_% Ty
For Ilg, by (C.?), (0.5),

R

= Ca)(T - 1)

(t—s)"217°(t) if t—s <I2(t)
(t—s)"275 if b<d
. (t—9)"2 2 (n(fgy)) i b=d if B(t) <t—s <)
I S sup v(tl)(T—t)_f/ (t—s)"2-2197°(1) if b>d ds
t1€[[t—(T—t)]+,t] [t—(T—1)] (tis)féfglg—b(t) if b<d
(t—s) "5 3(n(Ry) it b=d if t—s>I3(t)
(t—s)"2-2197°(1) if b>d
(T —t)z=2137°(t) if b<d
+ sup V)T =) (T =1 5 (In(2R))  if b=d (T —1) 5Ty
nel ok (T -t 410700 if b>d
For I, by (6.3), (C.2), we have || < Tys. O

Proof of (C.14) and (C.15). For brevity, denote | X — X, | = |x — x|+ /|t — t«]. By (6.5), (6.3), (6.4),
|00, T3 1f1(,t) = 0, T3 [ f] (s, )|

[
S \/0\ \/%d laivlr(x7t7 y7 S) - aa;iF(.T*,t*,y, S)Hf(y7 8)‘dyd3 +/ /]Rd ’awzF(x*vt*7y7 S)Hf(y7 S)‘dyds
t

lz—yl )276

S Cla)|X — X |* /Otv(s) /Rd(t* — 3)_% [(t — 3)—%6_0(ﬁ

_|z*\25
(=) Ty g

|z —yl )2=8

Tx
X Ly (9)<ly—al<ta(o)} Ay ds + /t v(s)(te —5)" 7 /R L€ i

|73 ), ) = T3 [ f] (@, 1)
t tx
< /0 /Rd |F($,tay,5)F(m*,t*,y,S)Hf(y,S)Idyds+/t /Rd|F(x*,t*,y,s)||f(y,s)ydyds

Y — a1 "L, (0) <ly—qi<ta(s)} By s,

lz—yl\2—-6 d |z+—yl

v [ L oaeaf, a—d —e(lz=y ed ezl
S Cla)| X — Xy v(s) [ (te—s)"2|(t—8)2e 'V + (te —5) 26 VI ly — 4|
0 R

vl

t |zx—yly2—5
X i (s)<ly-al<ta(s)y s + / vis)(te = s) /Rd e =y = a7y ) <ly-alta(oy s
t
These two cases can be solved uniformly by the following Lemma.

Lemma C.3. Given a constant v satisfying d > 2 — v — «, 7+ a < 2, denote

t _a _dty  _o(lzzuly2-s _dty  _o(lzxzuly2—s
h#AMQ@@-ﬁ?W-@?Q(tJ (b= )T e Ty — gl L )<l gisia(oy dyds,

2 _dtvy _C(\x**yl)
I :—/ v(s)(te — )7 2 /Rde Vi \Z/ — g0, ()< ly—ql <ia ()} dYdS.
t

Then we have Iy < T} + T) + Ty. Suppose t. —t < (T — t)/2, (C.13) additionally, then Iy <
C()(t. —t)*/?TY.
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The remaining text in this part will be dedicated to proving the above Lemma. For Iy, by (C.2),

t—s)"2170(s if t—s<I3(s
% 1
(t—s)~ 2" if b<d
t (t — s)—d%”an(éz;)» if b=d if 12(s)<t—s<I2(s)
ns [oee—o7E le-9 T it osd ds
d
t—s) 2[5 (s i <
(t—s)"FU3s)  if b<d
(t—s)" T (D) if b=d if t—s>B(s)
(t —s)~ T 150 (s) if b>d
(tx — s)_WTall_b(s) if t.—s<I3(s)
(t, —s)~ 5" if b<d
t (t. — 5)~ =% (n(h2))  if b=d if B(s) < t.—s<I(s)
+ / u(s){ | (4 — s)" T 190 (s) if b>d ds
0 a
(t, — s)~ FF1d0(s) if b<d
(to—s) " () i b=d  if - s> 13(s)
| (5 — s)= 5180 (s) if b>d
() PR TS (O F
—/ +/ +/ <= I+ Lig + s,
0 il ety

For I11, by (C.1), (C.7), we have t — s ~ t, — s ~ T — s > 13(s). Then I3 < T7.
By (C.1), (C.7), (C2),d > 2 -~ — a,

For I19, denote Int1y := [[t — (T — )]+, [t — (tx — t)]+].
v+ a <2,

(t—5)" 5 1)
(t— )5
_dtyta s
[t—(te—1)]+ (t =) : <1m(lt?(t))>
Is < t 211112 v(tl)/[ oy (t — s)_z+3+a lil b(t)
1€Int12 —(T—-1)]+ _diyta g
(t—s) L 157°()
_dbyta
(t— )" (In(2D))
(t— )~ F 1)
2N i b<2—y—a
l
(In(23)) if b=2—~7—a
Py i b>2—~—a
lgfvfbfa(t) it b<2—v—-«
B(t) I
(In(£=) if b=2—vy—«
2—~y—b—
< sup wo(th) (ty — 1) 2 if b>2—v—«
et (te =75 ()
(to— )77 1)
1970 (t) if b<d
(to—8) 7 (n(2Y))  if b=d
1970 (1) if b>d

if t—s<IB3(t)

if b<d

if b=d

if 12(t) <t—s<I3(t)

if b>d ds
if b<d

it b=d

if t—s>12(t)

if b>d

if t,—t <)

if12(1) < t.—t <1B(t) STy,

if t.—t>103(t)
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where for the second “<”, we used d > 2—~—a and the following calculations. First, we check the case

te —t > [3(t) directly; Next, for 13(t) < t. —t < I3(t), we split f[t (;ﬂ* tf]]j f[l[tt (IT(tt])]i —|—f[£t Z(Qt* Ol
and then apply the estimate for t, —t > [3(t) (with t, —t = [3(t)) to f[[t l( + . and direct calculation

to f[t l;* DI+ 1t follows the desired upper bound in the second “<” for the case [3(t) < t. —t < I3(t);

Finally, the case t, —t < [3(t) is deduced by f[t t*_t f[[t GO, f[[t (t* t ]+ , where we used the

t—(T— t)]+ t—13(t
estimate for I3(t) < t, —t < 3(t) (with t, —t = I3(t)) to f[[t ZT pleo and v +a <2to f[gt Z(Qt*_t)]+
For I3, denote Inty3 := [[t — (t« — t)]+,t]. By (C. 1) (C.7),
(t—s)"217°(t) if t—s<I3(t)
(t—s)"32 if b<d
. (t—s)"3 3 (In(kgy)) i b=d if B(t) <t—s<B()
s < , Sup v(t)(t — t)*%/ (t—s)~ 221970 (1) if b>d ds
reinte om0l (= s)= 35180 it b<d
(t—s) T E(In(EH)  if b=d if t—s5> ()
(t—s)~ 221970 (1) if b>d
170 if ¢, —t <13(t)
(ty —t)"3 if b<d
) (te =) 2 () if b=d if B(t) <t —t<I13(1) ]
+ sup o(t)(t— )T L (t — )10 (1) if b>d STy,
freints (t. — 1)~ $1270 (1) it b<d
(te—H)7E((ER)) it b=d if t.—t>I3(t)
(te —t)=21870(1) if b>d
where we used (C.6), d > 2 —v —a, v+ a < 2 for the last “<”. For I, by (C.2),
((t. — s)"217%(s) if t, —s <I3(s)
(t,—s)" 373 if b<d
t (te — s)~ 2 (In In(h=2))  if b=d if B(s) < t.—s <I3(s)
125/*11(3) [ (1.~ 5)” b (s) if b>d ds.
' (ts — 5)~ 5 19"(s) if b<d
(t — 5)~ 2 (1 (118)) if b=d if t.—s>13(s)
(1. —5) 5 180(s) if b>d
Suppose t, —t < (T'—t)/2, (C.13) additionally, similar to I3, by (C.6), d > 2—~v—a, v+« < 2, then
(te — s)"217°(1) if t, —s <I2(t)
(t,—s)" 372 if b<d
t (t. — s)—%an(gz{;(—t;» if b=d if 2(t) <t.—s<I3(t)
I, < sup v(tl)/ (te — s)_MTwl‘f_b(t) if b>d ds
tlé[t,t*} (tx—t) (t* _ S)_dJrT'Ylgib(t) i b < d
(to—s)" T () if b=d i to—s>B(1)
(te — 5)~ 31970 (1) if b>d

< Cla)(t. — )13,
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C.3. Convolution involving v(t)|z — q‘ib1{|z—q|2(T—t)1/2}'

Proposition C.2. Let d > 1 be an integer, b>0,0<t < T, g € R, GivenT(x,t,y,s) in Proposition
6.3, v(s) > 0 for s € [0,T], | f(y,s)| < v(s)|ly — q|_b1{‘y7q‘Z(Tfs)1/2} for (y,s) € R x (0,T), denote

T (e, t) == fg JzaT(x,t,y,s) f(y,s)dyds. Then,
T )] < [ oo =9 bs [V 0] S [ o)) -9 s (Cao)
0 0
T ).t~ T (2. T)

[t—(T—1)]+ b . T ,
< (T - t)/o v(s)(T —s) 1 "2ds + sup v(t)) (T —t)t 2 +/ v(s)(T — s)” 2ds,

- tellt—(T—1)]4.4 t
(C.17)
T
VT Sz, t) = VT (2, T)| < Cla) (T —t)2 Sa1 + / v(s)(T —5)7 % ds, (C.18)
t
where
~ [t=(T—=1)]+ 14+bta 1-b—a
Sy = / v(s)(T—s)” 2 ds+ sup v(ty) (T —t) .
0 t1€[[t—(T—1)]4,t]
For0<a<1,0<t<t, <T,
VT f) (@, t) = VTR [l 1) S Cla) (|2 — 2] + /[t = t])*S51 + S5, (C.19)

where

N [t=(T—)]+ N .
Ss1 1= / v(s)(T — 5)—1+§+ ds + sup v(ty)(T — t)l 3 ,
0 t1E[[t—(T—1)]4.1]

t*
Ssp =1y, reey sup o(t)(T — )73 (t, —1)3 + 1{t*>m}/ v(8)(ts — )72 (T — 5)~ 3ds.
T2 T ti€[t,ty] 2 t
For0<a<1,0<t<t, <T,
~ t*
T (1) = TE [fl(2a, 0] S Cle) (|2 = 2] + V[t = ta])* o1 + / o(s)(T —s)"2ds,  (C.20)
t

where (Tt
~ - - + (o] @
Se1 ::/ V() (T —s)" 2ds+  sup  w(t)(T—t) 5.
0 t€lft—(T—t)]+1]
Proof of (C.16). (C.16) is deduced by (6.3) and (C.3) directly. O

Proof of (C.17).

[t=(T-t)]+
T (e~ T T) = | [ (PGat.5) = Do T ) o 5) s

t T
=+ / / (F(xata Y, 3) - F(.Q?,T,y, 3))f(y7 S)dyds - / / F(.%', T7y7 s)f(ya S)dyds = Il + I2 + I3-
[t—(T—t)]+ JR t JRd

By (6.3) and (C.3),

t—(T—)]+ 1
ni<@-o | [ [ 1000t 4 (1= 00T 5.5)| 0,9l dbdys
0 R 0

dyds

< T . [t*(T*t)h— T 7174 —C( \z;yl )275 7b1
_ _ 2 —s —
<(T-t) / o(s)(T — 5) /R T g

[t—(T—0)]+ b
< (T - t)/ v(s)(T — s)_l_ﬁds,
0
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I < t t— )% el —b1 dyd
J— 2 t—s —_
[I2] S /[t_(T_m+ v(s)(t — s) /Rd6 ly —q| (ly—al> ()} 2V

t lz—y| yo—
+/ v(s)(T —~ s)_d/ ey — g 1 dyds < sup  w(t)(T—t)'>
(T~ R {ly=al>(T—5)%} tE([t—(T—1)] 4]

)]
FEYDS / / —5) -3 76(V'1T73L)27&v(s)|y —ql™ 1 dyds S /T v(s)(T — s)*gds.
Rd {ly—al>(T—s)2} ~Ji

Proof of (C.18).
0x, T3 [f1(, t) — 82, T3 [f)(w, T)

[

O

T
= / (03,1 (z,t,y,8) — 0y, Iz, Ty, 8)) f(y, s)dyds — / Op, Iz, Ty, s)f(y,s)dyds := I + Is.
0 JRd t Rd
For Iy, by (6.5), (C.3),

o« [t 1 bta 14bta o ~
Bl S e@@ - 0% [ o) 60 0=+ @ - i £ ) (-0 S
For I, by (6.3), (C.3), we have |I5| < ftTv(s)(T— 3)_17%ds. O

Proof of (C.19).
awi’];lom[f] ($, t) - 0$i7;lout [f] (73*7 t*)

t Ly
= / (03,1 (z,t,y,8) — Op, T (s, ts, y, 8)) f(y, s)dyds — / Op, (xuy b, y, 8) f(y, s)dyds := 1) + Is.
0 R4 t Rd
For I, by (6.5), (C.3),

| (= |+l = 82]) ™ < Cla) / 0(8) (e — 8)

where in the last step, we split the integral into fo fo =0l 4 f[t ; tl)t])k + f[i_(t* ol
For Iy, by (6.3), (C.3), then |Io| S [I* v(s)(t. — s) "2 (T — s) " 2ds S Sso. O
Proof of (C.20).

T (@, t) = T [ f) (s, te)
t
/ / (z,t,y,8) — D'z, ts,y, 8)) fy, s)dyds —/ / D(zy, te,y, 8)f(y, s)dyds := I + Is.
R4 t R4

For Iy, by (6.4), (C.3),
L (|2 — 2] + V]t —t]) 7" S C(a)/o v(s) (ty — s)"2 (T — s)*g ds < C(a)Se1,

where for the last step, we split the integral into fg = f()[t_(T_t)]+ + f[y ((;‘;;]]j + f )]

and used (C.1). For Iy, by (6.3), (C.3), then |Is] < [, v(s)(T —s)~ 2 ds. O

1

(t=8)7% + (b= )72 | (T = )% ds S C(a) San,

R

to estimate.

to estimate
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APPENDIX D. DERIVATION OF THE WEIGHTED TOPOLOGY FOR THE OUTER PROBLEM
Proposition D.1. Given |f(z,t)] < Zjvzl (,Q[lj] + Q[Qj]) + 03 with g[lj], Q[Qj], 03 given in (4.31), suppose
0<O<p<L/2,0<a<], B<a/2,
0<o9p<pfB, B—op<a/2, 1—0p—(14+a)(1—-8)<0, ©+200— <0,
0 < Aop <min{® + (1 — B)(1 — ), 1 - 209 — a(l — §),1 —0g — %}, (D.1)

then for T [f](z,t) = fot Jg2 Lz, t,y,5) f(y, s)dyds with T'(x,t,y,s) given in Proposition 6.3 with
dimension d = 2, we have

T2 S I TS 0)R(0), (VT [f]] S A2(0),
T2 f) () — T f) (2, T)] S [T — OASFLR, VTR f)(w,8) — VT [f](2, T)| S A9,
and for 0 <t <t, < (T+1t)/2,
VT [ f(@, ) = VT [ fl(@ )] S (12— 2] + V] = 6D A2 (0 AR) (1),
|73 ], ) = T [ f (@, 1) | S Tob (8 — 1)/,
Proof. Convolution estimates about g[lj] = )\*@(/\*R)*ll
(T — t)1/2 provided 3 < 1/2, by (C.9),

] o
(lo—qlilj<ar.ry- For [fI S ef with AR <

[t—(T—1)]+
T3] S /0 A2(8)AR) T (5)(T = 5) 7 (AR)? (s)ds + A2 (A R) T (AR In(T — t)|

[t—(T—1)]+ (D-2)
-/ AO(5)(AR)($)(T — 5)1ds + XOXRIn(T — 1)] < A°(0)(AR)(0)|InT]
0
provided
B<1/2, 1+O©—p5>0. (D.3)
By (C.10),
[t=(T—t)]+ 3
VT f]l S / A2(8)AR) (8)(T = 5)"2ds + A2 S AD(0) (D.4)
0
provided
B<1/2, B-O©<1/2, ©>0. (D.5)
By (C.11),
t t ==t g -1 -2 2
T S, t) = T (=, ) S (T — t)/o AL () AR) () (T = s) " (AR)"(s)ds
t
+AJ(MR)! / [Lims<onr@y + AR — ) o2y ds + A0T'R
[ _(T_t)}Jr (D6)

[t—(T—1)]+
b [ @ @O 0 £ [ AP R - 5 s

T
+AOH R In(T — 1)) + / (T — )"\ () R(s)ds < A+ R In(T — 1)|
t

provided
0<pB-06<1. (D.7)
By (C.12),

o [=(T=0lt 3+a
VT f) (1) = VTR (2, T S (T = t)2 /O A2 (S)MR)($)(T = 5)” 72 ds + AD



FINITE-TIME BLOW-UP FOR LLG 113

+ /T A2 (5) (M R)(5)(T = 5)"2ds S A9 (D)

provided
0<a<l, B<1/2, p—-060<1/2, O<a/2 (D.9)
By (C.14),for0<a<land 0 <t <t, <(T+1)/2,

VT (@) = VI [l t)| (2 = 2l + V]t = t])

[t—(T—1)] . (D.10)
S / A2 () AR)(8)(T — )™ 72 ds + A2 ()(AR) (1) S A2(H)(AR) (1)
0
provided
O—-a(l-p)<0, B<1/2. (D.11)
By (C.15),for0<a <1, <1/2,and 0 <t < t, < (T +1t)/2, and

|73 ), ) = T3 [f) (@, )] (8 — )7/

(D.12)

[t—(T—1)]+ o
<) AHERE)T = )71 2ds £ A2 LR £ (2OLR)')(0).
0

Convolution estimates about g[zj] = T7o0\1790 |z — gll|721 Consider

{AR/2<|z—qll|<dg}

Ifl <ALz — g2 (1 +1

{AR/2<]a—qUl|<(T—)2} {(T—t>%<|z—qm|3dq})'
We will use Propositions C.1 and C.2 repetitively hereafter. Provided og < 1,

t—(T-t)]+ Al—o0 (T — t \1-00
T % == s e <o+ [ as g o))
(D.13)

=Tt s . )
VTS / A ()T = s) 72| In(T" — s)|ds + A" (AR) ™
0 (D.14)

t
" / N7 (s)(t — 5)72(T = 5)"ds S AL (0)(AR)7H(0),
0

where for the second “<”, we used integration by part for f(f AL=o0(s) (¢ — s)fé(T — 5)~!ds, and

op < pB<1/2. (D.15)

. =T )
T ) - TS DS (-0 [ NT70($)(T )7 In(T — s)|ds
0

o [t (AR)72(2) if t—s<(AR)%(t)
+AT / -1 t—s . 2 ds
[t—(T—t)]+ (t — S) <h’l(m)> if ()\*R) (t) <t—s S T—t

T [t—(T-1)]+
F AL (T — 8)| + / (T — 5)"'AL=70(s)| In(T — s)|ds + (T — ) / AT ()T — )" 2ds
t 0
T
+ Al 4 / A0 (6)(T — s) " dis < A0 In(T — 1), (D.16)
t

where we used fﬁ:g;\fjﬁf) (t — s)*l(ln(( Ok () ))ds < f(T B/ AR*(t) 2 HInz)dz < In*(T —t), and
O<og<1, B<1/2. (D.17)

For 0 < a <1,
[t—(T—t)]+

VTS ], 8) = VT ]2, ) S (T~ t)2 /0 A7 (s)(T = 5)7 5% [ In(T — 5)|ds
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T

FA R [ AT = ) (T - s)lds
t

(7)) -

+(T -2 {/O[ MT70(s)(T = 5) " 2 ds + AL770(T — 1) 73 a] + /tT AL=00()(T — 5)~ 3 ds

o [T+ N
sr-0t [ AT (5)(T — )25 | In(T — s)|ds + A0 (A B)~} < A= (AR)~, (D.18)
0

where for the last “<”, we discussed three cases 1 — o9 — HTO‘ < 0,=0,> 0, and used
B<1/2, o9<1/2, p—o0p<a2 (D.19)
ForO<a<landO0<t<t,<(T+1)/2,

VT3 (@, 1) = VT (@ )| (lr — 2] + V]t = t])”

[t (T t)]+ 1 3+a 1 1
= N7 ()(T — )= 5% [ In(T — s)|ds + X7 () (A R) = (¢) (D.20)
0 .

[t—(T—t)]+ o 10
+/ ALZ00(s)(T = 5) ™ Fds + A0 (0)(T — 1) 77~ S AT ()(AR) (1),
0

where for the last “<”, we discussed three cases 1 — og — H'T"‘ < 0,=0,> 0 and required
B<1/2, 1—09—(1+a)(1—p8)<0. (D.21)
ForO0<a<landO0<t<t,<(T+1t)/2, by (C.15), (C.20), and 8 < 1/2,

T (), ) = T ], )| (8 — £) 7072

[t—(T—1)]+ 3 (D.22)
S / A7) (T = 8) 72 In(T = s)[ds + A7 (AR) ™% S A770(0)(AR)~*(0),
0

where the last step is guaranteed by the restriction (D.15).
Convolution estimates about g3 =T77°. Consider |f| < 1y, < 7= + 14> 7= Then

ITAIST, VTS T, 1T A ) — T @, T S (T =6 In(T = ). (D.23)
For0<a <1,

« [t_(T_t)} 1 e e
VT [, t) = VTP (2, T)| S (T - 1)2 / (T - s + (T -3 ST (T -3
" (D.24)
ForO0<a<landO<t<t,<(T+1)/2,
VT £, t) = VT @, )l (J2 = 2] + V]t = L))
(D.25)

[t—(T-t))+ o N e
5/ (T—s)" 5 ds+(T—t) 3" T3
0
For 0 < o< 1and 0 <t < t, < (T +t)/2, by (C.15), (C.20),
T2 1] () = T [, )| (8 — )2 S T175. (D.26)
In sum, for |f| < Zj 1 (91 + Q[J]) + 03, combining (D.2), (D.13) and (D.23), we have
[T 1] S A2 AR I T+ TN (0)(InT)* + T < A2(0)(AR)(0)| In T,
where for the last “<”, we require
O+ 200 — 8 <0, 59> 0. (D.27)
Combining (D.4), (D.14) and (D.23), we have

VT[] S A2(0) + TN (0)(AR) "1 (0) + T2~ < A9(0),
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where for the last “<”, we used
©+200—08<0, 00>0, <1/2. (D.28)
Combining (D.6), (D.16) and (D.23), then
T ) () = T ), TS AL R I(T — )] + TN (T — ) + T~7(T — )| In(T — 1)
S AOR) | In(T = 1)),
where for the last “<”, we used
O+ 209 — <0, g9 >0. (D.29)
Combining (D.8), (D.18) and (D.24), then
VT (), t) = VI [f)(a, D S A0+ T A (AR) ™ + 70T 2" (T = )% SX?,
where for the last “<”, we used
©+200—-5<0, 00>0, ©< /2, ©+09<1/2. (D.30)
Combining (D.10), (D.20), (D.25), for 0 < a < 1 and 0 < t < tx < (T'+¢)/2, we have
VT ]2, t) = VTR [l )| (J2 — ] + V]t =t )_a
SA2OR) (1) + T A= ()(AR) () + T-T7 2 SAP(H)(AR) (1),

where for the last “<”, we used

1 1
©+200—-5<0, 00>0, ©—a(l-p5)<0, ®+00—§—a(§—5)<0. (D.31)

Combining (D.12), (D.22), (D.26), for 0 < o <1 and 0 < t < t. < (T'+¢)/2, we have
T ), t) = T (), )] (8 — )72
= (A?(A*RP “)(0) + T=NTO)AR) ™ (0) + T 72 S T,

provided
0<Agp <min{O + (1 - B)(1 —a),1 =200 — (1l = 3),1 —0¢ — %} (D.32)
Collecting (D.3), (D.5), (D.7), (D.9), (D.11), (D.15), (D.17), (D.19), (D.21), (D.27), (D.28), (D.29),
(D.30), (D.31), and (D.32), we conclude the restrictions (D.1) on the parameters. O

APPENDIX E. ESTIMATES OF G IN (4.21)

E.1. Estimates for terms involving U,, ®qt, oV @SU]. First, we prepare some useful formulas.

in?
By (2.5),

N
|VzUUf]‘ 5)‘;§1<pk>_27 V.Ul < Zlﬂz ol |<3dq} i)™ 2+1{m§y:1{‘x_q[j]|23dq}})\*. (E.1)

j=1
N N
AU S AP0 M2 p) ™ +1 22, (E.2)
Vx| S — x \Pj ~ . {|lz—qlil|<3d,} M+ Pj {mle{p; qlil|>3d, 117 * ’
Jj= Jj=
N N
U Vol = | 3057 (0% = 0) - Vo0 375 (o) 700 )
m=1k#m m=1k#m
N
92 2
S Z 1{|z—q[j]|<3dq}<pj> + 1{ﬁ§y=1|$—q[j]‘23dq})\*’ (E.3)
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where for the last step, we used that for any fixed j =1,2,..., N,

1o gbilicaayy [ 002D (o0 4 S0 S (o) N )

k#j m#j k#m
-2 -1 -2.
1{|qu[j]\<3dq}<</0j> + As Z Z (pr) ) ~ 1{\x7q[j]|<3dq}<,0j> ;

m#j k#m

N
1{”§y=1{|:c—q[j]\23dq}} Z Z (k)™ A (o) 2 S AL,

m=1k#m

By the same argument for (E.3), then

N
Sl =4 | 2/ a1 3
S Mo ailesagy O 00 ™ 2200 ™) + 1w o gbilj3a
=1

(E.4)
Notice
N 2 N N
Vo Ui? + Uy - AU, = Z v, Ul — Z VLU — Z V.UV (U, - U . gl
j—l j=1 =1
N
— ZvaU[j]. v, UM — Z’v Ul (U. U[J) Ul
=1 kA =1
Then
N N
“V:vU*’2 +Us- A:L"U*’ S Z Z >‘r_n1)‘1;1<PTn>_2<pk>_2 + Z Z >‘;z2<pm>_4<pk>_1
m=1k#m m=1k#m
N (E.5)
-2 —1, \—4 2
N le{|x_q[j}<3dq} ($pi) ™"+ A7) ™) + L o glil 230,13 Mo
J:
where for the last step, we used that for any fixed j =1,2,..., N,
-2 —2 -4 -1
Ljo—qli |<3dq}[ ()2 AN o)™ (k)
k#j k#j
30 A ) o) +A;3<pm>-4<pk>—1)}
m#£j k#m
L0 qlil|<3d,) [(pj> PO () A or) 1)} ~ et eaayy (00372 A ) )5
m#j k#m
N
—1y-1 -2 4 1 2
l{mle{u—q[ﬂ\zqu}}( DD A om) +Z > A ew) Mo ™) £1 [ (lo—glil|23d, ) M-
m=1k#m m=1k#m
N ) N
U A AGUL| = (U A Y VU U S Y A7) ) (o)™
i=1 i=1 k#j
N
-1 —4 2 3
5 Z 1{‘$—q[j]|<3dq} ()\* <p]> + )\*< > ) + l{mN 1{‘35 qJ]|>3d }})\ (E6)

j=1
where we used (E.4) for the last step.

Next, we derive some estimates about @y, Pi, that will be used frequently in the estimate of G.
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For @yt € Boyt defined in (4.35), since ®out (g, T) =0 for all j =1,2,..., N, then
|(I)out ($, t)‘ = ‘(I)out (.%', t) - (I)out(xy T) + q)out(x7 T) - (I)out(q[j]7T)’
S ®outllgo.0 [| (T = AT R+ (T = )| Zullcare) + |2 — ¢¥| (A2(0) + | Zellcare))] -
Thus

[Poutl S [ @out 0,0 min { I TN O)R(0) + 1 Z2 e e,
(E.7)
(T = AR+ (T = )| Zullosgey +_int | = g (A2(0) + | Zell o) |-

I

Combining (3.2) and the parameter restriction © < 3, we have

N
©
[ Pout| < Zl 1{|wfq[j]\<3dq} [Poutllz,0,a (| In(T —t)[A; R+ )‘jpj) + 1{ﬂ§y:1{|x—q[j]|23dq}} [Poutl3,0,a-
j=
(E.8)
By (4.34), we have
Va®out| < [Poutllz0,0 (A2(0) + 1 Z:llcsee)) - (E.9)
For |z — €Ul(¢)| < 2A\R, by (3.2), then for T < 1, we have |z — ¢V’l| < 3A\.R. Recall ® given in
(4.1), then
N
@ — Bou = Y (1 Qu, @B W, 1) + 0 g, )
j=1
By (4.28) and (3.23), we have

=

|(P ¢out| Z |: []]”(bb]Han 607 )\:_60<pj>_l +T’C[qu] <Z]'1{zj2.<t+T} +T|IHT‘_IZ;11{Z]22t+T}>:|
7=1

N
S e aieanry (19 lina—s0a A0 ™+ Xel0) ) + Ly pcgy i sy A< (0i)] - (B10)
j=1

By (4.28), we get
W (i Qv @5 (47, 0) | = [ Vo (@, B WY 1)) + @y, B, )V
< 77 1||(I)[J]”1nl/ 5o7l)‘y 60<y[]]> - 1 (A*R)_ll{/\*RS\xfg[j]|§2)\*R}”(I)inHin,u—éo,l)\z_éo<y[j]>_l

{‘x—q[j] |<3\«R} H(I)in Hin,vftso,l)‘iﬂsoil <pj>7lil- (E.11)
By (3.23), we have
‘V (77[]]‘1)*[] rj, | = }775 V.9 J](Tm t) + ‘I) (Tjat)vwﬂgj’ N 1{‘;p—q[j]|<3dq}' (E.12)

Combining (E.11) and (E.12), we have

N
j —dp—1 —1-1
V2@ = @out)] S D7 (110 _gtican, iy (108 st X2 o) 71+ 1) + g il sy
7j=1

(E.13)
By (3.23) and (4.28), it holds that

N
180 (®@ = Doue)] = | 3 [ Ae (@, 08 W7 0)) + 29, 0. (Qu, @l (01, 1)) + Qo @l (01, )AL
j=1

S 15,8) + 29,0080 15, ) + 3 08|
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N
] —8p—2 —1-2 -1 -1 -1 -1
S Z[1{|qu[j]\§3)\*3}("¢iiHin,u—&),l/\: " (p5) + A {pj) >+1{3>\*R<\x7q[j]|<3dq})‘* (pj) }
j=1

(E.14)
Combining (E.8) and (E.10), we have

215 Z [ {lz—qli) | <37 R} (1 + {1 Pout]

S}
1{3/\*R<\x—q[j]|<3dq} (1 + H@out”jﬁ,@,a) (>\*<p]> + ’hl(T — t)|A* +1R) ] + 1{ﬂ;y:1{|x—q[j]\23dq}}||(I)0UtHﬁ’@p"

10.0+ 1P [ln,—d0 1 ) (AZ‘50<pj>—l + Mlpj) + |ln(T—t)|>\*@+1R)

(E.15)
Integrating (E.9), (E.13), we have
N
Va®| S Z [ {lz—qll|<3). R} (1 + [[®Pout[lz,0,0 + ||(I) ||1n1/ 50,> (AZ_(SO_I@J')_I_I + 1)
j=1
+ 1{3)\*R<|x—q[j]\<3dq} (1 + ”(I)outHfLQ,Oz)} + 1{Q§V:1{|z—q[j]|23dq}}Hq)outHlL@,a' (E16)

By (E.15), (E.16), then

=

[ 2
V22 S D (1, i<y (1F 1Poutllson + 108 -5
Jj=1

X (Af”*%*l@j)*%l + A0 T+ | In(T = )N FOR(p;) T+ A(py) + [ In(T — t)P\?HR>

2
ﬁ,e,a) ()‘*<Pj> + | ln(T - t)M?HR) } + 1{my:1{|x7q[j]|23dq}}||(I)out‘|§,®,a~

+ 1{3)\*R<\x7q[j]|<3dq} (1 + ||(I>0ut

(E.17)
Recalling @El] Wl =0 in (4.1) yields
<Zn Q’YJ 1n> Zn Q’YJ U U )
which implies
KZW%M)*sZn S gt <y | O im0 X (o) T (EL18)

7j=1
By (E.18), (3.23) and (E.8), we obtain

N
U5 [ {|5‘7_‘1[j]\§3)\*R}<1 + 1 Pous|
j=1

£,0,a T H(I)[] Hlnll 80,1 > (/\V 60+1<p > + A« <p]> + ‘hl( t)‘)\f?_HR)

1{3)\*R<‘x—q[j]|<3dq}(1 + ”(I)outHﬂ,@,a)(‘ In(T = AP R + A <PJ>)} T l{ﬂle{\w*q[ﬂ']|23dq}}‘|‘bout”ﬁ,@,a-
(E.19)
Using (4.28), (E.11), (E.1), we have

’V [7] ngq)m (U, —_yhl ” _‘ U, — UJ]) x(n%]Q%'q)i[i]) + (ZVmUm> [J]Q% m
k#j

{|x dl|<3A. R}()‘ ||(I) ||1nl/ do,l NS P 1(/)]) - 1"")‘ HCI) Hlnv 601/\’/ %0 <PJ> l)
{|1‘—q[j] |<3A\.R} ||q>in Hin,v—(?o,l)‘z_(so <pj>_l_1- (E-20)
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(3.23), (E.12), and (E.1) imply
[V (ng, @ - U)| = [Us - Ve (g, @57) + 14, ®5" - VU]
N
—1, \—2
N 1{|x—q[j]\<3dq} (1 + A <Pj> ; )‘k (Pr) ) < 1{|:c7q[j]\<3dq}‘ (E.21)

By (E.8), (E.9) and (E.1), we have

N
|Vm (q)out : U*)’ fj Z 1{\x_q[j]|<3dq}”q)out
j=1

‘ﬂ,@,a (’ ln(T - t)’A*@R<p]>72 + 1)+1{O§V:1{‘x—q[.7]|23dq}}HQ)OUt”ﬁveaa

(E.22)
Combining (E.20), (E.21) and (E.22), we have

V(@ UM S 3 [ 1 gitesnny (1 1@oulsoa + 198 iy 0t ) (1I0(T = DN Rip;) ™ + 1)
j=1
+ 1{3)\*R<|m—q[j]‘<3dq} (1 + ||‘I)out|‘ﬂ7®,oc) + 1{m§_\/:1{|x_q[j]|23dq}}||q)out||ﬂ7®7oc- (E-23)

E.2. Estimates of V,A. Claim: Suppose that [ > 0,0 < §yp < v < 1 given in (4.29),

©>0, ©+8+200—2vr<0, O©+4-1<0, B<1/2, O©+pF+40g—4r+1<0, 386<O+1,

(E.24)
then for VA given in (4.11) and € > 0 sufficiently small, we have

VxA:—U*-VxU*—ti%VzCI)—i—O(

7=1
X (Ai+1>\?()‘*R)_l + s <Pj>) + 1{3>\*R<|zfq[j]\<3dq} (1+ ||(I)outHﬁ,®,a)4 (| In(T — t)|)‘*@+1R + >‘*<Pj>) }

4
LN fa—gbljz3a,17 (1 [Pontllr0.0) >
Using (E.3), (E.17), then

N
. 4
> gtz (1+ 19outlzo.0 + 195 lins—50.)

(E.25)

J=1

N . 4
VoA = 0(2 [1{\x,qm|§3A*R} (1 + [ Poutlz0.0 + 15 IIin,u—ao,l)

x (o) ™2 4 A2 ) L AR ) [ In(T = )AL R(p) T 4 ATTIAS LR) T+ )

4 _
Lol <y (1 F [ Boutllzo.0)! ((03)72 + 1T = ST R+ Au(py))

4
g Getsnagy (1 ol )

Proof of Claim. First, let us simplify (4.11).

(E.26)

[y ®f = [@° + (|ULJ> —2)(®-U,)?, Us-1po® = (1—[UJ*)(®-U.),
Ve(y @) =28 - Vo @ + 2(0 - U )*Us - VoUs + 2(JULJ* = 2)(@ - Uy ) Vo (@ - Uy),
Vo (Ui - My ®) = (1= |U|*) V(@ - Uy) = 2(® - Uy )Us - VU
By (4.5), (3.4), (3.2) and (4.3), we have
(1+ AU+ (U Tys @) = 140 (A +|@[2), then [(1+A)|Us>+ (U T ®)] " = 140 (A +[0[2).
(E.27)
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Thus we obtain
VoA =—(1+0(\+2%) {(1 + AU, -V, U + @ -V, 0 + (0 -UL) Us - V.U,

+ (U = 2) (8- V) Ve (8- U) + (14 4) [(1 = [ULJ2) Vi (8 U2) = 2(8 - Ua) U - Vo] |

— (0 (@) {1+ A@+ 4) =20+ 4) (@ V) + (@ UY| U V,U, + @ 7,0
+ (10 = 2) (@ U) Vo (@ U) + (14 A) (1= [U.P) Vo (@ UL) |

= — U VoU, =@V, + (20U + O (A 4 |2)) Uy - VoUs — O (A + |@]2) @ -V,

— (10 +10) [(U.7 =2) (@ U) Vo (@ U) + (14 4) (1= [U.2) Vo (@ 02) ],

where we used A = O(\, + |®]?) < 1 by (4.5) and (4.3).
By (E.15), (E.19), and parameter assumption (4.29), we have

|© - U] + Xe + |2

N
. 2
S e aiesnny (1+ I1%outllzon + 198 inw—s00) (X720 (05) ™ 4 Aulpg) + (T = ) AOTR)
j=1

+ 1{3,\*R<|x_q[j]|<3dq} (1 + H(I)outhi,@,a)2 (A* <Pj> + ]ln(T - t)|/\*@+1R) }

2
+ L fomgbljzadgyy (1 [ Poutllzo.0)” (E.28)
Notice AT O (A, R)™! = A™®™P. Then using (E.3) and (E.28), we get
N . 2
(20 Us+ 0 (A + @) U - V0. 3 {1{|HU]|<3A*R} (1 + I ®outllzo + 195 ins—s0a)
j=1

(A2 )72 4 3, (o) + (T — PSR 2)

v0a)? (o)™ + | In(T — AT R(p)) ) }

10.0)° N2

+ 1{3A*R<|x—q[j]\<3dq} (1 + ||q)0ut’

TN fla—qll 23,3 (1 + [|Pout

N
. 2
S —
S M aiiconny (1 1@oulso0 + 198 iny-s00) AFIAC AR
j=1

ﬁ7@,0¢)2 )‘*<pj>_l] + 1{0?:1“96—(1[.7']\23%}} (1+ H(I)Outhi,@,Oz)2 Af
(E.29)

+ 1{3)\*R<|a:—q[j]\<3dq} (1 + [[Pou|

for some € > 0, where for the last “<”, we require
©>0, O+8+20p—-2r<0, O+p5-1<0, p<1/2 (E.30)
By (E.15) and (E.16), it follows that
|0 (A + (@) @ Vo @| < (12 + A\ @]) VoD

4
in,v—dg ,l)

N

5]

S [Meatiesnm (14 12oullzo. + 08
j=1

% ()\ily—éldo—l + Az<pj>3 + )\Z—50+2<pj>2—l + ‘ ID(T _ t)|3)\::_50+3e+2R3

X204 [ In(T — )OI R 4 2(p) )
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4
L, pcfoatilcaayy (U [@outllzo.n)® (o) + [In(T = PAIPHR? 4+ \2(p;) + | In(T — ) \OH?R) |
4
Lo fo-dljz3d,3) (1 [ Poutllz0.0)

N
< [y (1 1 Boulzon + 182 lnums) ATACOLR)!
j=1

4 ) )
+ 1{3)\*R<|x—q[j]|<3dq} (1+ ”q)outHIi,@,a) (Xi(pj>3 + [In(T" — t)]3)\2 R+ Af(ﬂﬁ + [In(T" — t)|A; +2R) }
4
F LN (o230, 1 F [ Poutllige,a) (E.31)
where we require (4.29) and additional parameters restriction for the last “<”

B<1/2, ©+pF+45—4vr+1<0, O+5+2—-2v<0, O©+28<2. (E.32)
Combining (E.19) and (E.23), we have

N
. 2
(@-U.) Vo (- U)| S Z L o_qiiesrry (1 1Poutllso.a + 108 ln-s0)

X (| In(T — £)|A~ 50+1+@R (T — HAOHIR + | In(T — £)]2A20F1R2 4 Av—00+1 4 ), <pj>)
1

+

O0+1 2
roreloalili<san) (1 + [Poutllso)? (T = DSR4 Adoi) | + Ly 1o tizsany 1 PoulZoa

Lt) STASOLR) T 4 A y)

M) =

S

1 o—atienmy (1+ [ @oulso0 + 27
1

2 O0+1 2
+ Lgn. ncto—ablesayy L+ [@outllzo)® (1T =R+ Mdp)) | + Lo 10 i g0,y ot lFo o
(E.33)

.
Il

where for the last step, we require
B<1/2, 38<O+1, O+p<v—0dy+ 1. (E.34)
By (3.4), (E.23), we have

N
‘(1 - ‘U*P) Vi (P U*)‘ S Z [ {|lz—qll|<31. R} (1 + Hq)outHIi ©,a T H(I) Hmu do,! ) /\i+1/\*®()‘*R)_l

7=1
+ 1{3)\*R<|x—q[j]|<3dq}>\* (1 + ||(I)0ut‘|ﬁ,®,a)} + 1{QN Alz— q |>3d }})‘ ”(I)outHﬁ 0,a (E~35)
provided
O+8<1, B<1/2 (E.36)
Under the parameters restriction (E.24), which is the combination of (E.30), (E.32), (E.34), and
(E.36), we conclude the validity of (E.25) from (E.29), (E.31), (E.33), and (E.35). O

E.3. Complete estimates of G.
Lemma E.1. For G given in (4.21), suppose that the ansatz (3.2) holds, ®ous € Bout defined in (4.35),
H(I) Hmv ol < Ain, <I)J] WUl =0 for j =1,2,...,N, under the parameter assumptions
>0, 0<O<pB<1/2, @+5+50—y<0, 36<1+40, pl+1)—14v—06—06>0,
O+28-1<0, 0<d<v<l, 28+0—-—v<0, O+B+1+36—3v <0, (E.37)
then there exists 0 < € < 1 such that |G|« ST with the norm || - ||« defined in (4.33).

~

Remark E.1. In the process of the analysis, there is a delicate cancellation for AU, —2 (U, - V,Uy)-
VoU,. See (E.65) and (E.62), (E.64).
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Pmof e Recall given in (4.2). By (3.2), R(t) = A2 () with B > 0 given (4.3), T' < 1, then
77R

L= < L, b, nyzy and 1 il ~1 By (E.1), (E.7),
and (E.9), we have

‘ [J])(a —bUVIA) [|va[j] 2®oue — 2V (U - Do) - VIU[J']] ‘

S Lo gilioa, ry2y (| Va®out A (05) 72 4+ A7 (0)) ™ Pousl)

S 10 oy | Pout 0.0 {A9(0) + 1 Zllcs ey Ml — 492 + X2 — g9 [ In(T — ) AOH R
+ (T = )| Zelles @) + |z = qP(A2(0) + | Zullos(e))] } S T8 + 03)-

{lo—dbl 22 R/23 1% — {o—glil 2. /2y = 471

‘ <1 _ 77%]) { — o) + (a— bUVIA) [A (g7 + |V, U0 2y gl
—2v, <Um . [qu)s[j]) _vam] Wﬂa]}‘

— ‘( m) {_at(q)(’;[ 1) + (a — bUVIA) [A ol 4 |\, UV 2ol — 2y, (U[j]. *[a]) v Um]
_9Ul }_( —n[j])atUm +< [a]){ Sj]atndj;l + (a—bUYIA) [QV SENR A SC S Azn([fq]
_2<Um. )Vn vw]”‘

Ly, refeellj<aa,) (A (03 72+ (Al ) =1+ 1€V))
+ L0, el may L7 A 150 400 ™+ 27 H1E o) 7] + 11y <o elil <2,

oo
S 1{>\*R/2S|$—q[j]|§3dq}(/\*’x — g2+ MR+ (EV)

+ 1{@_5[]’]\2%} [(|>‘J‘ + Aj‘;ij + )‘jlfmu + 1{dq§|x_§[j]|§2dq} ST (Q[zj] + 03),

where we used (3.50), (3.9), (3.23), (E.1) for the first “<”, and (3.2) for the second and third “<”.
e By (2.14), (3.48), we have

|771[!j%] M[J] +629]M[J] _+_6729]MJ]> B ‘ < 77[]](|)‘\*|<Pj>71 + |£[j]|) < T.
o Using |4;(t)] < Co(T — )71, |EU ()] < O (¢ ) in (3.2), one has
M@y, [ + 27180 v el — 5, 7wl
provided

< —)7t|o! AL < el

O+d+p8—-v<O0. (E.38)
e Using ||(I>i[f1]||iﬂ7V—507l < Aip, @1{;] Wl =0, and (3.2), we have
(@, {~lom + (a —swin) [l A, +2vand - vaell — (Wil all) (2v.n - vawi)] }]
. — ¢l il — il (A R)
— |oV! z=&7. *
(55 ) Grt o an)
, , 3 x — £l B x — £l B ,
+ (a—oWA) (2Ll OLR)2(An) () + 200 R) ) () Al
S H(I) ”m” s04L i, Rejo—elil|<2n. R} [(T )T 00 (U= (X, R) 2N %0 (y iy~
+ (AR)™ 1>\ A0 (bl 1] S 1{)\*R/2§\x—q[j]|§3/\*R}()‘*R)72>‘:750R71 ST 0 (E.39)
provided

B<1/2, v—0dy+pBl—(1—pB)>6. (E.40)
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o Using UV - (Q,,®)) = Wil . &) = 0, we have
(Us — U[j]) A {Am <77¢[1]3(I)3[j]) + nﬁ]QwAz‘I’i{” + @, < in Acﬁ?R +2V 77]] \% (I)[J]>
— 2V, (UV - Do) - VUV — 2V, {Um : (ng%@%} n 17534’8“])] .vam}
= (U~ U A A, (@) - 29, (UF - iflag) - w0+ @y, (@A + 2V - v.ak)
QALY — 2V, (U] - @y, t)-v:,;UU]}.
Here, by (3.4), (3.23), (E.1), it follows that
)(U* — Ui A [Az (nﬂijéém) 9V, (Um .nggq)g[j]) : va[ﬂ”
- ’ (U, — UY) A [(I)SU]Axnfj] + 2vxn5] Voo 4 A, o)
—2 (U @) ) 0,00 — 20l (U1 v, ) w0t - 2l (e v, U ~vaU]H
S A (1 + AT o) T AT ) TP >\j<pj>A12<pj>*4) Lo glil|<3d,} <
e By (3.4), similar to the estimate in (E.39),
(O = U A [Q (@ awnf] + 2V - Vaol))] | S A [0l Al + 2V - V.0l
e By (3.4),
(U = UP) A (1) Qry A0 3)
provided

S T°p3.

5 T 0.

| S 1 elilj<on, mp O in—s0 a X (Y T2 < Ty

©+p+6—v<O. (E.41)
e For a fixed j, by (3.4), (E.1),
‘(U* - Ub]) A [vz (U[J] : (I)out) : VIUD]] ’ 5 Z(pk>_1(|v36q>011t|>\;1<pj>_2 + ‘(I)Ollt|)‘;2<pj>_4)'
k#j
We claim that
(pi)(px) 2 A min{(p;), (px)} for j# k. (E.42)
Indeed, for |z — U] < €U} — ¢¥] /2, then (py) ~ A; !, which implies
(pi)(pr) ~ AT Hpj) ~ At min {{p;), (i)} -
For |o — €] < [¢éb) — €¥|/2, similarly, we have (pj)(px) ~ Ar'min {{p;), ()} For |z — €] >
€9~ €12 and Jz - €] > |¢b] — £]/2, then
(i) (or) ~ A% |z — €V — €M) 2 A7  min {(p;), (1)} -
Recall || ®out /0, given in (4.34). For j # k, by (E.42),
(o) " Va®outl A7 (07) 2 S 1Poutllz 0,0 (A2(0) + (| Zullos 2)) S T 0s-
Under the restriction © < 5 < 1/2, by (E.8),
<pk>_1 ’(I)out‘)‘j_2<pj>_4 S ”(I)OutHﬁ,G,a |:1{|ac—q[k]|<3dq} (‘ ln(T - t)‘)\?—HR)\z <pk>_1 + )\2)

N

- - O+4
Ly glilj<sa,y (II(T = DR+ (o) )+ D L gl <sa,y (10T = )ACH R+ 22)
m=1,m#j,k

3 €
+ l{mﬁzl{lr—q[’”]\23dq}})\*] T ( LS Q3)
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e By (3.4), (E.1), and (E.42),

(@ =N Vo[- (U, = U] - VU S (1920 3 (o)™ + 191D A () ~2) A7 ()
k#j k#j

< V@ (p) ™ (min {{ps), (o)) ™"+ |@] Y (min {(p;), (px)}) ™"
k#j k#j

By (E.7), (E.10), and the assumption dp < v in (4.29), we have

@] (min {(p;), (pr)}) > < T 03
By (E.9) and (E.13), we have

V2@ (o) ™" (min {{p;), (o))" < [Pousllto.a (A2(0) + 1 Zellcs@2))

N
[m] —dp—1 —1-1 € [m]
+ Z [1{|wfq[m]\§3A*R} (”(I)in g0 I (Pm) + 1) + 1{3)\*R<|zfq[m]\<3dq}} ST <Z o1 + Q3>
m=1

m=1
provided

=z

©+ B+ d —v <0. (E.43)
N : N k k k] g ¥k ;
e To estimate (a — bU,N) { -2 ‘21 V. [U[J] DN (771['%]@%@1[11] + nilq]q)s[ ]) } ) VIU[J}}. For k # j,
‘]:
by (E.1), and || - |lin,y—s0, given in (4.28),
‘vx [Um : (n?@vk@i[ﬁ])} v, U
S 108 im0 L et conry (500 ™1+ (o) AT (0) 72)
+ <pk>7l(>‘*R)7 {>\ R<|z—¢lFl|<2x, R}}A {pj)~ -

-1 —1y2 (k]
S 1{|m—q[k]\§3)\*R})\* (<pk> + <pk> )‘*) g TEQl

when
v—=0 >0+6-1; (E.44)
additionally, by (3.23), (E.1),

‘Vx [U[j] : (nz[i’f]](bé[k])} VUV <

e To estimate Zjvzl VoUW (a — bUVIA) EszLk#( ]ka o +77([i]<I>*[k]>. For k # j, by (E.1),
(3.23),

v 8

140 elhl<2q,y < T 03

S AR w52 %0 ok) T ST, VUV dg™ | S A2 S T0s

under the assumption 2 +v — 4§y > © + 8 — 1.

o To estimate a® >0, ., VoUW - VUK. For j # k, by (E.1), (E.42), (E.7), and (E.10),
|V, UV VUM | < (@A (ps) (o) 72 <[] (min {(py), (o) }) 7 S T 03

under the assumption (F.44).
e By (4.5), (3.9), (E.28), and the ansatz (3.2),

=

(@ T.) = AU S (19 Ul + A+ 192) 30 [ (07 A1+ Bil) o)™ + A7 1€ ()72

j=1

N
5{21[1{|x_q[j]ggk*3}( ol 00+ 195 lins—sor) (A2 2405) 4 Aulpy) + [ In(T — 1A R)
‘7:
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g, etz (U [@outllso.n) (Aedos) + (T = AT R) |
2

N N
Lo (o abilzsagyy 1+ |2oullz0.0) } > (A7l + Bal + A7) o)™t S TE(Z '+ gg)
j=1 j=1
provided
O+ B+200—2w<0, B<1/2. (E.45)

e To estimate

N
Sl (U9~ 0.) [~ 20 (VW0 V,000) 4 al VLUV (U )
j=1

+ { — 0,y + (a — bUVIA) [AIQSU] + VLU e - 2w, (Um : @3[3']) : VxU[ﬂ} - atU[ﬂ} : U[ﬂ].
We estimate term by term. First, by (2.5), (3.4),
nf (U9 = 0.) (VW9 Vo) | S 0721, iy con g o) 2108 g0 X2 0) 1 S To0F

~

provided
O+d+p8—-v<O0. (E.46)
Next, by (3.4), (E.1), (E.8),

i (U = 0.) [VUY (U @out) | S 190wt ls0.ami A (0) ™ (1 In(T = )ATH R+ Xsp;) S T}
provided © < 8 < 1/2. Finally, by (3.4) and (3.41), we obtain

W (U - ) [{ — (@) + (a — BUVIA) [Al@ém VLU oy, (Um : @S[j]> ,VzUm]
= a0V |- U] S A (1€1e0) T + I 0)72) S T,

e By (E.27), we have

-1
(@ AU [(1 + AU+ (U* : HU@)] @+ (1+A—T U)U] Ay (D — Bour)
— <AU* + HU*L®> VAN Aa; ((I) - (Dout)
= (@AU)(1+0 M+ @) [@+(1+A—D U)Us Ay (D — Pow)
—[AU, + ® — (@ - U)U,] A Ay (D — Do)
= (DAU) Uy - Ag (@ — Do) — P A Ay (B — Dyt
F(PAU)[@+ (A= -U,) Uy - Ay (B — Do)
+(@AU)O A+ [2P) [+ (1+A—2-U) U] - Ay (@ — Dout)
— [AU, — (- U)UL) A Ay (B — Doyyt) -
For above terms, we estimate by (4.5) and the ansatz |®| < 1 in (4.3),
(DAU)[®+(A—D-U)U,] - Ay (P — Do)
+(@AUJO A+ (2P [@+(1+A—@ U) U] Ay (& — Poyt)
AU, — (@ - U)UL A Ay (® — Do) ] < O+ [+ 8- Un]) |2 (@ — Do)
Using (E.28) and (E.14), we have
M + [P+ (D Us)|Ap(® — Dot)|
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N
<> [1{|x7q[j”§3A*R} (/\i’”*350*2 + A0 (T — ) AO Y00l R o N2 =200 L 4 In(T — t)|A?R)
j=1

Lisa, Rejo—qli |<3dq}} (ZQI +93>

provided
O+B8+14350—3v <0, O+B+d—v <0, 2B+8—v <0, O+B+25—2w <0, B<1/2. (EAT)
We need more refined estimates for the other part. Recalling (4.1), we have
(PAU) Ui - Dz (® = Pout)] = PA AL (P — Pout) = —PA{AL (P — Pout) — [Us - Ag (& — Doyt )] U}

N
= - (anj‘pém + (I)Out> A {Az (Q) - (I)out) - [U* : A:v ((I) - (I)Out)] U*}
Zn (Qry @) A{[UYT - Ay (@ — Poe) ] U — [Us - Ay (€ — Pous)] Us }

- Zn%](QWQ[ﬂ]) AAL (D — Boue) — [UV - Ay (@ — Do) ] UV
=1
By (3.23) and (E.8), one has

N 3 .
e 4
j=1

N
O+1
S z; Lo—glil<sagy (Nilea) + (T = OATR) + Lo 0 a4,y
]:

Combining (E.14), we get

N
(D2 05 4+ o ) A (A (@ = Do) = [Us - A (@ = Bou) U} |
j=1

N
S [ {le—qlil|<3A. R} (/\ U0 o) T L (T — )N R py) T 4 | In(T t)\/\*@R(Pj)_l)
j=1

Lisn, Refo—qli |<3dq}} (ZQl +Q3>

provided
O+p8+0—v<0, 26+00—v<0, [B<1/2 (E.48)
By (3.4), (4. 28) and (E 14) we have
1 (@, @) AU+ Aa(® = ou)JUY — [Us - A (@ = Bou) | U }|
= [ (@4, A {[( UU] Us) - Dg(® = Pou) [UV + [Us - Ay (® — Pout) | (UV = U, }|

< 77[]])\ ‘@[J]"Am(q)_q) )\21/ 260 — 1<p> —2l— 2+AV 50<pj> —1l— 1) §T€Q[1]] (E49)

out ’N {\x_q[j]|§3>\*R}(

provided
O+0+260—2v<0, v—90g>0+p5—1. (E.50)

Since @Eﬁ WUl =0, we get
NG (Qry DI A { B (8 = Bout) = [UV)- Ay (& = Bout)| UV} =l f(, YUV



FINITE-TIME BLOW-UP FOR LLG 127

with a scalar function fj(z,t) = :I:‘Q%@i[fl] A {Ax(qJ — Dout) — [UU] AL (D — Qout)]U[j]H. By U.-
operation, it suffices to estimate n[J]f] (z,t)(UV) — U,). By (3.4), and same estimate as (E.49), then
[0 £ OO = U2)] < WA 2R)] 180(® = @ow)| < T

e The remaining terms will not be strictly handled in order. Under the parameter assumptions
(E.24), by (E.25) and (E.1), we have

(VoA + U, - VU + @ - V) - V,Us|

N
€ (€] -1 (€]
S { > gz OSACOR) ™ +2u(03) + Ly pepogii s,y (1T = DR+ A (py)]
j=1

+1{m§v_1{|x_qm>3dq}}}<z fomal<sagy M P0) F Lox (o gl 534,13 > T€<ZQ “’3)'

(E.51)
N

e To estimate (A — @ - U,) AU, = — (A —®-U,) Y |V, UU2UVL By Us-operation and (3.4), (4.5),
j=1

(E.1), it suffices to estimate
N N N
\(A—@-UQZNIUW(UM —U) [ S+ 0P+ 12 U) Y A 200 Y (o)l
=1 =1 k=1,k#%j

which will be dealt with uniformly in (E.52) later.
e By (E.27), one has

[(® AU [(1+ AU+ (Us - HU@)]‘I( 1+A—-0-U,)2V,® - V,U) — (2 AUL) 2V - VU,
=[(@AU) (1+0 A+ |2 + |- U.)))° (2V,® - V,U,) — (®AU,) (2V,® - V.U, |
SO (A + @2 + (@ - U|) |Vo®@ - VoUs| S (M + @2 + |2 - Us) (|9 VLU + 2]V 2),

which will be controlled by (E.52) and (E.54) later.
e By (E.27), |Us| = 1+ O(As) by (3.4), (4.5),

H|VxA\2|U*|2 21+ AV, A- (U - VUL + A2+ A) |V, U.[?

+2 Z { (Oay A) Uy - O @ + ADy U - Oy, @] — Oy (Us - @) [|U[?00y A+ (1 + AU, - 0, U]
(U, - ®) [(6”/1) U, - 85, Us + (1 + A) |aka*\2}}
2
30100 — U, (B U) = (& V), U b1y, 8|
k=1
1 2 -1
n ‘ - b{ 2 N D AT [(1 + AU + (U* - HU*@)} {2(1 FA—D-U)(®- AL
+ 2(|UL? = 2)|Ve (- U,) 2 4 2|V @2 + 8[(® - U,) — (1 4+ AUy - VoUy) - Vo (@ - U,)
+2|U Vo AP + 4 [-2(® - Un)U, - VoUs + (1 = [U*) Ve (@ - Us)] - Vi A
+8(1+A) (U - VUL - Ve A+2[(@ - Us) — (1+ A (VU + Uy - AU }
— (M ® + AUL) A2V (@ - Us) - VU] + [A — (@ - UL) @ A AU
+ Iy @ A (2VLA-VeUs) + [(B-U)? = 24(D - U,) — 2( - UL)| U A AU
+ (1 + AU, AAALU, +2(Vo A+ U, - VoUs + @ - Vo ®) - VU, + AU — 2 (U - VU, - VU] }
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+ 206AU, A[(® - V) - VU]
< (VAP + (A + [ + U, - B])[@] (V.U + |A,U.])

N
(U VUL 8] + [VaB20] + |2 37 |V, Ub 2t
j=1
O+ [0 [V (8 U)[[VoU.| + 9] [Vad - VUi 4 (A + [0 + U - B]) [U. A AU
U A (AU, = 2(U, - VU - VUi | + (VoA + U, - VU, 4+ @ - Vo ®) - V, Uy
< O 182 + U B)[|0]((VaUif? + |A,UL]) + U2 A AT ]

N

U, - VU2 @] + | Ve ®[2|] + ‘@ SO AIR
j=1

+ (M + @) [V (8- U [VoUs| + 18] [(Us - VolUs) - VoUs| + |®] (@ - V@) - VU, |

D] + || VLUl + Us - A UL| |

N
U A AU =2 (Us - Tol) - T |+ T( 3 o + 03),
j=1
where for the last “<”, we require the assumption (E.24) and then by (E.25),
Ve AP|®| S |Us - Vol |* @] + 0P| V22 + T s,
|O[ |V A -V U] <O |(Va A+ Uy - VUi + @ -V, @) -V, U,y
+ @[ [(Us - VoUs) - VUi + [@[ (@ - Vo @) - VU],
and |(Vz A+ Uy - VUi + @ -V, @) - V,U,| has been controlled by (E.51).
e Combining (E.1), (E.2), (E.6), (E.28), and (E.15), we then obtain

(e + [ 4 |U - @) [ 8] (IVaU.” + [AUL) + U2 A AU S (A + [ + (U - @)

=2

S

M= =

[1{\x—q[J]|g3A*R} ()\2%36072 + | In(T — )|\ %0+O~1IR 4 | In(T — t)\QAf@RQ)
1

J

Lian. Refo—qlil|<3d,) $P3) } + 1{mN Ala— qJ]|>3dq}} (Z o1 + Q3>

provided dp < v in (4.29),
O<fB, O+B8+1+300—-3v<0, 28+00—v<0, 38<1+06.

e By (E.3), (E.15), and 6y < v in (4.29), we get |U, - Vo U, [* |®] < T€0s.
e By (E.15), (E.16),

N
Va 0181 S (10 itjcan,ry (Ae(o) + X232 4 [In(T — )\ 20+~ )
j=1

2, =4 | \=1/ =4, \2/ \— 2 43
D Hiomgbiljsayy (PIATH00) ™84 XH0) ™8 N2 0i) ™) o+ Ly o gbzagyy (1BINE + XD)

(E.52)

(E.53)

0+1
F Lol asagy (lo3) + 1T = ORETR) [ 410 iy S (Z of + o3)

provided (4.29),
O<fB, O©+28<2, O+B+1+30p—-3vr<0, B+d—v<O.

(E.54)

(E.55)
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e By (E.4), (E.1), we have

N N
’d) D VLUV o] < ]+ | > VU Pe- U*’|<I>|
j=1

J=1

N
Z VUV 2 - (U[j] ~U,)
j=1

N
-1 —4 2 -1 3
S |‘1>|2 [Z 1{\x7q[j]|<3dq} ()‘* (i) ™"+ Xlpy) ) + l{ﬂjyl{wq[j]lzu?dq}})‘*}

N
e U”q"[ Lja-gilcsap™s 00+ Lo o dilzaa ] T6<291 +Q3>
J=1

where the last step is derived by the same way as (E.52) under the parameter assumption (E.53).
e By (E.5) and (E.15), we get

=

\|V1U*|2 + U AEU*H(N S Z [1{|$—q[j]\§3>\*R} (Az_do_l + (T - t)|)\*®R>
j=1

L, ol <y (elo) ™ 1T = DNEFLR(p) ™ 4 ()™ 4 [In(T — ) AORpy) )|

+ 1{mN Hlz—qlil|>3d, }} * S TE(Z o1 + 93) (E.56)
provided
O<p<1/2, ©4+8+0—v<O. (E.57)
e Combining (E.15), (E.23), and (E.1), one has
N

e + B[V (@ U Vol S 3 (1 jcsnry (11T = X0 R4 [In(T — 1) PAZOR?)
j=1

N
- e
+ 1{3)\*R<|Qz—q[j]‘<3dq} (<Pj> L [ In(T = 4)[A R{p;)~ )] + l{ﬂN 1{lz— q[J]\>3dq}} (Z of" + 93>

provided
O<pB, 28+6—-v<0, 38<1+0. (E.58)
e By (E.1) and (E.3), we have

@[ |(Us - VaUs) - VoUs| S |(I)|<El{|m gl <3d,) M Hog)™ +1{nN1{\x gl [>3d, 13 ) Te(ZQJ]—i-Q?,)

7j=1

which is obtained by the same calculation as in (E.56) under the parameter assumption (E.57).
e By (E.15), (E.16), and (E.1), we get

N
/(@ Vo®) - Valldl S 3 L gpican. iy (2707 + (T = )PX0 0 R?)
=1

Lisn. Refo—qlil|<3d,} M } + 1{mN {lo—qlil|=3d, 13 M (Z ei + 93)
provided dp < v < 1 in (4.29),
O+B+1+36—3v<0, 33<O+1+v—0. (E.59)

N
o |U. A AU — 2 (U, - VuU,) - VU] < TE[ 3 (gl v g“]) n Qg] will be deduced by (E.65) later.
j=1
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e To estimate

2 (a — bU.A) [(VIU* SV, 8) P — (D-V,®)-V,U,
([7.0. 5. (rhi, o80)] (i, 08) - [(is, 08) . (s, 080)] 9.
([0, 9. Q0] (@ o) ~ [(nhn ol)) - v (an,0ll)] - v.0.)
{[vam ( o, @ mﬂ (ngﬂ %_q,i[f]) N [( o, @ m) (n%]Q%@EJ)} -va[ﬂ}]
N
a0 {9009, (0, 08)] (0, ) - [ 02) v (e, o) w00
-2 (o= ) {[w08 5. (s, )] (i, o) - (@, ah) - 9. (o, o8] - .0}
i

Due to the cut-off functions, (E.1), (E.16), and (3.23), (E.8) with @y € Bout and © < 3, (E.9), it
follows that

©.-vae 3 [5.0 (1£0,08)] (e, 92)

Mz

BN
I
—

M=

_|_

<.
Il
-

-

Il
N

J

N N
Jj=1 Jj=
) N

N
-2
(z_:l{lw Wi<aap s P37+ Lo o bz, }}A)

J

N

1
N
v—¥p—1 -1
- HZ PP [P C A 7 A ) I VRN PV }] Loy (a—qlil|>34, }}}
7j=1

N N
O+1 v—a4 A=l
x {Zl{m qll|<3d,} (Aclpg) + [In(T = )X R) + Lo fla—qlil| >34, }}} Zﬁ (o—glil|<an.my M (P5) ]

Jj=

[

N

N
v—0p—1 O+v—0p—1 A\—1 )
Z{ (r—qlili<an,ry W07 F T = NPT TOTIR) $ 10y ol s,y (P3) }+1{nj¥=1{|x—thzsdq}ﬁ*

j=1

TG(ZQ[f] + 93)
j=1
provided dp < v < 1 in (4.29),
O+pB+d—v<0, 28+d§—v<O. (E.60)
We estimate by (E.1), (E 11) that
920 Vo 00, 9] 12, ) — 9,091 V. 1@, 28] (10, )
S M| Vo (17 Qo @) [0 Qs ] S L gt my A 0y S Tt

.

A
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under the assumption dy < v in (4.29) and © + 5 — 1 < 0 in (4.32). By (3.4), (E.1), (E.11),
; - ; j 2w—280—1/, \—21-3 j
(U, = U A [V2UY - Vi (0@, @0)] (1 Q@ @) S Ly gt csn my A2 20 o) ™72 S T

provided
O+ B+ 26 —2v < 0. (E.61)

The other terms in this collection can be handled in the same way.
e Before proceeding, we take a closer look at A, U, and V. (|U.|?) VU, = 2(U, -V, U,)-V,U,. In the
single bubble case N =1, A, U, can be neglected by the U,-operation and V;U(\U*P) - VU, vanishes
automatically. However, in the case of multiple bubbles, the phenomenon is different. There exists
delicate cancellation for AU, — 2(U, - V,Uy) - V,Us,.

Recall the definition of fc;l given in (2.14). Claim:

N
AU, = — Z IV, UV )2l

N
22{1677[; AT pjz(p§+1)—3)\k’q[j] 7q[k]|—2 [q[y] q Jﬂ( (4] q[k])}ez(yk—yj)e—zej
J=1k#j

— 1620 + 1) Al = g2 g — gl — i(ah) - gl ] e e )

N
+0(T) {Z (o + o5) + @3} — Zi(2, t)U. (E.62)
j=1
for some scalar function =Z;(x,t) when
0+28-1<0. (E.63)
Under the assumption (E.63), then

Vo(|Usl?) - VU, = 2(U, - VU, - V.U,

=S (AR 4 )Pl — Il — o el e

J=1m#j
T\ _  ml—ar Gl m mINT il ) 6 E.64
—1677%]% 2(p§+1) 3)\m|qm—q[ }’ 2[q£]]—q[ 1 _ (qg] q[ ])]e (ym=7i) ¢ 6’}0*1 ( )

i
[Z of + of +93].
In particular,
N .

AU, —2(Uy - VoUs) - VoUy, = O(TF) [Z( “]) +Q3] — (a2, 1)U, (E.65)

J=1
Proof of (E.62). Givenj e{l,...,N}, |V UV POV = |V, UVP[(UY - U,) + U,]. By (E.1), (3.4),

i112 i —4 2
“vam‘ (U[J] ‘N {|lz— qli |<3d })‘ <PJ> +1{\x_q[j]|>3d })‘

(] 3 L
‘(1 _UJ)‘V:EUD” (L |N {)\*R/zg\x_q[ﬂkgdq})‘*‘x gV~ + 1y qlil|>3d, })‘ Te(Qj + 03).

The estimate |n[3] |V, UV2(UV] — U*)‘ < n%])\f(pj)*‘l is too rough and can not be controlled by the
outer topology. More sophisticated analysis will be applied. Indeed, by (2.5) and the representation
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(2.11),
. . . tr
VU2 (UY = U.) = =221V, UP2 (1™ 2 + 1) 7 Qo [, o, 1]
k]
tr
= — 16X (pF + )72 (o + 1) [ e (y + iy ),—1] :
k]
For k # j,

ot = Al — €M1 = A2 — €M {14 (€D — )72 [Jo — D2 4 2(z — € - (€11 — €M)},
—1 . _ . _ . . . 1
(pk +1) " = ARleY — €M72 {1 4+ [V — B72 [XF 4 Jo — €912 4 2(a — V) - (€90 — ™))}
In particular,

g (or+1)" = nZ 2 = M7 (140 (A2 + AR)), (E.66)

which implies
. . . . tr

MRIVLUDR (U9 = 0.) = <16nf 272002 + 1) 3ok + D)7 e (o +igd) 1]
K]
. tr
= —16mfAT2 (02 + )72 DDA — €72 (14 0 (A2 + AR)) [ (o i) 1]
k#j

(E.67)

Notice by (2.3),
ygk] + Z.yék] — [A]yl + 51 k] + i(/\jyg + g[J] _ gék])] )\];1
= A Pjelej + /\kl [fgﬂ - 1 2(55] - fgg])}'
Recall f¢; defined in (2.13). Combining (2.20), we have
. tr 2 e o 2p.
I 5 |: Yk ( [k] ] [k]) ,—1} ) = (1 — R ) |:( [F] ) i(=05+7k 'Yj)i| J
( gl €7 (Y1 + W c P e +iyy! ) e +p]2-+1

J

_ 2 O 20,

1

= At (1 - i 1Re) et pat
J J

! (1= gme) {6 - (& -t o),

2
[e”’“ (y[k] + iy[k}) —1Tr LUl = 20 Re [(y[k] + iy[k]) ei(—(’ﬁvk—w)] P~ 1
1 2 ) ,02 1 1 2 ,0? 1

= N\, pjzjf Re [i(v;rw)] _222;1 +>\,Zl 2ile {[ gj]_dku_i(gb] 5[’“)} i(—0j 4y, — 7])}'

(E.68)
Then

n Ay (IV2UVP OV = U)] ), = —16ng A% (05 + 1) 72 D AR1EY — €972 (1+0 (X2 + AR))

k#j
_ 2 (s 20,
AL A<1_ R){Z(’W@ 'Yj):| J
x{ AL Py 71 e)le +p?+1

—167E2(02 + 172 Y M€ — €972 (14 0 (A + AR))
k#j

N (R ICEL I
J

(E.69)
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Here, due to © + ﬂ -1<0 given in (4.32)

k#]
= i(ve—j 2p; .
X{)‘j)\klﬂj< p " )[e(% ’Yg)]_i_m}‘<n[a]<p> 3<Tg

16nE 27202 + 172D Ml = €972 (0 (A2 + A.R))
k#j

< (1- o 2 Re) {[eV) — e 4 (&8 - )] o | < nRyp) < TP

where for the second inequality, we require
0+25-1<0. (E.70)

Re) {[ bl _ el g (ggﬂ —gg’“l)} 61(79j+’yk*“fj)}

= 1600202 + 1) Y0 Alel! — 2 (1 -

2
ki pjtl
+ 1607 A% (05 + 172 Y Akla! — %72 (1 —~ 1Re) { [(ﬁﬂ — g +i (qg] — qg“]ﬂ ei(—"’ﬁ%—%)} ‘
Py j

SnF I T (T = £)(p;) ™ < T°0f

— 16nP A2 (02 + 1)) Mgt — g2 (1 -

1Re> {[q[f] g H( 1] _qgﬂ)} ei(—9j+7k—7j)}

k#j
= 169N (02 + 1)) Alg — g2 [q[lﬂ_qgmﬂ-( ] qgc])]ei(%*%')e*i@j
k#j
+ 160507202 + 173 Mgt — g2 [qgj] g — <qg] _ qmﬂ e~ =i 05
k#j

which will be put into mode —1 and mode 1 respectively.
For the projection in UVl, by (E.67), (E.68), we calculate

ng”vx(][ﬂ’? (U[j} _ U*) .Ul
= = 16mg A% (0 + 172 DAY = €972 (140 (A2 + ALR))
k#j

L 20 i(yk—;) pi—1 1 2p; Gl I8 s (el Y] i(=047k—5)
< [t g me [0 = G e i Re{ [ - i (6 - ) [l
J J

Thus by U,-operation and (3.4),
g IV UWPOY) = U.) - UMY O = U] < g (o)™ S To01-
In sum, we conclude the validity of (E.62). O

N N N
Proof of (E.64). Note that 2(Us - V,U,) - VoU, = 2( S U, - va[ﬂ) S VLU = 2[ S Y (U -
=1 n=1 j j

N
Uso) - VxUm} - 32 V.UM, For any fixed j € {1,..., N} and any m # j, n # j, by (E.1),
n=1

|[(U[m] _ Uoo) 'VzU[j]] .va[n]} S ‘VzU[j]} ‘VIU["]l

—2 -2 2
S Lo qlilj<sdgy P+ Lo gini<aa,y (Pr) ™"+ Liga il 23d, )0 (a—glv) z3d ) % S T 035
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(1 - 77%]) (U™ —Uy) - V,UY] - sz[J‘]|

Mz - + 1, N2 < T(o5 + 03).

5 1{/\*R/2<|x—q[j]\<d } lz—qldl|>d,}

A more refined analysis is needed for 277[]][ Z‘(U[m} —Us) - VUV -V UL For any m # j,
[(U[m]_Uw).vab]} v, Ul = ; [(U[m]_Uw)@kam}akam — a7 kZZI [(U[m]_Uoo)'aylebq3%[;1[][]]'
Recall (2.3). By (2.8) and (2.5), we write in polar coordinates

8y£j}U[j] = CoS 9j8ijU] - ,oj_l sianangm = —2(,0]2 + 1)71(COSH'QWEU] + sin@Qv.E[ﬂ),
aygﬂU[ﬂ = sinHj(?ijm —|—pj_1 cosﬁj(?ngm = —2(p? +1)” (sm@ Q,E J] — cos 0;Q-, E[J )
which implies

2
—2 ml Uy -8 Ui ol
A Z[(U Usc) -8 U }ayL]]U

=4} (p] +1) 2{ [(U[m] Uoo) . (COSH Q- E I 4 gin g, Q- [J]>:| (cosH Q- E i 4 ing. Q0 E [j])
+ [ —Us) - (sm@ Q%EU] cos 0;Q, E )} (s1n9 Q, E7" — cos0; Q%E[J]> }
= 4)\ p] +1) 2{ (
(2.1

The representation

tr ,
U = Use = 21y 2 +1)7 Qs [0 8™, 1] = 2002 + 17 e (" + ™), 1]
From this and (E.68), it follows that

( 22 [ Ut — 3[ U[J]}ay[j]U[jQC
k

[ Ut —Usx) - Q 1]} QwElj - [(UW - Uoo) ‘ijEg]} Q%'Eg]}'

.11) then reads
tr

J

=4 (pf + 1) [(U[m] ) - Qo BY 4 i(U Oo)'Q%'qu
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Combining (E.66), we have
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= 1603 A7 %03 (0 + D7 Amla = ¢ [g — o™ + () — @) ] O e

J
= 160322 (0F + 1) Anlg — ¢ g — g — (e — a5™) e O - O(T) o,
where for the last equality, we used the assumption (E.70) and the same estimates for (E.69). O

Combining [ > 0,0 < §p < v < 1 given in (4.29), (E.24) (These are used for the estimate of V,A in
(E.25)), (E.38), (E.40), (E.41), (E.43), (E.44), (E.45), (E.46), (E.47), (E.48), (E.50), (E.53), (E.55),
(E.57), (E.58), (E.59), (E.60), (E.61), and (E.63), we get the parameter requirement (E.37). O

APPENDIX F. INDEX

In this section, some frequently used terminologies and symbols are compiled.

U.-operation | Algebraic power type (AP) Re-gluing process Sub-Gaussian estimates
(4.6) the context near (8.3) Propositions 8.1, 8.3, 8.5 Subsection 6.2
w Q7 y[j], ,Oj, T’j, 9j W[j] U[j] U* Egj], Egj] Z][i]l Z]g,l ij fC;l
(1.5) | (1.6) (2.3) (2.4) | (2.10) | (3.3) (2.6) (2.9) | (8.17) | (2.13) | (2.14)

ge, | 9ot | Ugif [dg, pi(t) [ A(®) | SIT |25, 2l [ @7 [ @F) Ko(¢h) | ¢joey | S
(2.16) (2.17) (2.19) | (3.1) [(3.2)[(3.5) ] (3.10) | (3.11) (3.16) (3.17) | (3.24)

M(gj] M(gj] Mlm Ml[J] Mml d 77%] ’ nz[ijq] R(t) A N[(I)] DPout (I)[J]

(346) | (3.42) | (343) | (3.44) | (345) | (&.1) | (42) | (4.3)] (44) | (48) | (4.16) | (4.17)

Dacyr,  HY H' | #Y | G | Beu. | Beu Z, Vo | 7;(t)
(4.18) (4.19) | (4.20) | (4.21) | (4.22) | (4.23) | (4.24) | (4.25) | (4.26)
|| : ||in,l/—(50,l7 [']in,u—5o,l,§ma || : ”in,l/—éo,l,gin Bl[il] Q[lj]a Q[Qﬂy 03 || : H** || : Hﬁ,@,a Bout
(4.28) (4.30) (4.31) (433) | (4.34) | (4.35)
LH (@], L7, [®@ 7o 7 [® ol [ ol [ Ry, DC,[- Rol-
j [Pout], jk[ out] j [Pout] j,k[ out] in in 05 ]H ol']
4.37) (1.39) (4.40) | (440) | (4.42)| (4.43) | Proposition 5.1
cg], cgf(]), c[f], cgfl] B[] DMO, |DMO|, spaces | Pper Uy Pl HZ}Z Ly, Vi
(4.44) (5.4) Subsection 6.1 (7.29) | (7.31) | (8.3) | (8.7) | (8.13)
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