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Abstract

We investigate physical states of spin-2 Bose-Einstein condensate in R%(d = 1,2,3) in terms
of spin-independent interaction 7, spin-exchange interaction 7 and spin-singlet interaction 7o, two
conserved quantities, the number of atoms IV and the total magnetization M. We first give a complete
classification of ground state solutions and show the validity of single-mode approximation (SMA)
phenomenon in R?. In the one dimensional case, the energy functional is bounded from below on the
related physical manifold, the ground states exist and are obtained as global minimizers. When d = 2,
the energy functional is not always bounded on the related physical manifold. We give a complete
classification of the existence and nonexistence of global minimizers, and the explicit thresholds of
existence and nonexistence of ground state solution were obtained. In the three dimensional case,
the energy functional is always unbounded on the related physical manifold, when the atoms are
trapped in a harmonic potential, we prove the existence of ground states and excited states along
with some precisely asymptotics. Besides, we get that the set of ground states is stable under
the associated Cauchy flow while the excited state corresponds to a strongly unstable standing
wave. Our results not only show some characteristics of spin-2 BEC under the effect among spin-
independent interaction, spin-exchange interaction and spin-singlet interaction but also support some
experimental observations as well as numerical results on spin-2 BEC. Our results are the first studies
on quantitative properties of ground states for spin-2 BEC.

Keywords: Ground State, Excited State, Classification, Spin-2 Bose-Einstein condensate, Gross-
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1 Introduction

Recent experiments on ?*Na condensates confined in an optical trap have stimulated extensive interest
on the study of multi component spinor Bose-Einstein condensates (BECs). BECs of alkali-metal atoms
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have internal degrees of freedom which are frozen in a magnetic trap [30]. However, in an optical trap,
the spin degrees of freedom to atoms are liberated enabling a rich variety of spinor BECs physics to be
studied, such as various magnetic phases and spin domain formation. The possible hyperfine spins of
the alkali-metal atoms are F' = 1 and F = 2. The F = 1 BECs were first realized at MIT with 23Na [51].
The F = 2 Na condensate was also realized by the MIT group [22]. Since these experimental progress
on spin F' = 2 BECs, there have been several experimental studies of spin F' = 2 systems, including
investigations of their response to magnetic fields, the dynamics of multiply charged vortices, the phase
separation between spin-2 and spin-1 BECs and of vortex lattice transitions.

In the mean field theory, a physical state of spin-2 BEC is described by 5 components of complex order
parameter ®(z,t) = (<I>2(x,t), Dy (z,t), Po(x,t), P_1(x,t), <I>_2(x,t))(:1c € R?) and the time evolution of
the mean field dynamics is governed by [30,37]

ihdD; () = %, (1.1)
J

@7 denotes the conjugate transpose of ®;. Here, £/ = E; 1, -,(®) is defined by

h? T T T
Brr (@) = / — VO +V|®* + 5p' + |F* + 2 ®TAB ) do, (1.2)
Rd \ 2m 2 2 2
with h is the Planck constant, m is the mass of atoms and
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characterize the spin-independent interaction, spin-exchange interaction and spin-singlet interaction
respectively with ag, as, a4 being the scattering lengths of cooling bosons. F = (Fx,Fy,FZ)T € R3 is
the spin vector given by

F,=®"f,®, F,=®"f,® F,=®"f.®,

fz» fy, f» are the Pauli spinor matrices
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Therefore, F,, F,, F, can be written explicitly as
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and

j=—2
Defining the matrix
0 0 0 0 1
0 0 0 -1 0
1
A=—10 0 1 0 0],
V5
0 -1 0 0 O
1 0 0 0 O
then ®7 A® can be expressed as
1
0(®) = ﬁ(wz@_g — 20D + ).
V = V(x) is a real valued function representing the trap potential and by scaling we may assume that
% = 1. From (1.1)-(1.2), in the dimensionless form, spin-2 BEC can be described by the following

coupled Gross-Pitaevskii system

i0B(x,) = —ADy + V(2)Bo + 79y + 71 (F_ By + 2F.Bs) + %96_2,

0,01 (2,1) = —ADy + V(2)®y + 7921 + 1 (?F% +Fds+ qu>1> :/2596,1,
0,0 (z,t) = —ADy + V(2)®g + 7920 + ‘fﬁ (F_®_y + F &) + %960 (1.3)
i®_1(z,t) = —AP_1 + V(2)®_1 +7p*°P_1 + 71 (?Fmo +F.® 5 — FZ<I>_1> - %9@1,
0, _o(x,t) = —A®_ 5+ V(2)®_g+ 70> o+ T (FL @y —2F. o) + %9@,
where )
p* = Z @], F_=F,—iF, =20 _3®_; +V6P_1®) + V6D D1 + 20204
and o

Fy =F,+iF,=F_.
Associated with (1.3) are following two conserved quantities
2
K D )z =, /. S (Ga,)
J== Jj==2
Let us recall that standing wave for (1.3) is a solution of the form

((I)Q(t, l‘), q)l(t, :L’), q)o(t, a:), (I),l (t, l’), (I),Q(t, CL'))



with
©2(t7 CC) = eii()\JrQ”)tuQ(x)a (I)l(t7 :U) = eii()\+#)tu1 (Jj)a (I)O(t7 I‘) = eiiAtUO(l‘)a

d_y(t,x) = e "N Mhy_y(2), D_o(t,x) = e A2y _y(2),

where 1, A are real numbers and u = (ug, u1, ug, u_1,u_2) € H! (Rd, R?) satisfies the elliptic system

(— Aug + V(z)ug + (A + 2u)ug + Tp%us + T1(Fpuy + 2F,u9) + %911,2 =0,

6
— Auy +V(z)us + (A + pug + %1 + 71 ({quo + Fpus + qu1> — EGu_l =0,

V5

6
— Aug + V(z)up + Aug + Tp2u0 + {ﬁ (Fpu_1 + Fyuy) + %GUO =0,

NG

6
— Au_y + V(z)u_y + (A= pu_y +7p°u_1 + 71 ({quo + Fou_g — FzU1> — %Hul =0,

~
—Au_g+ V(x)u_2 + (A —2u)u_s + TP u_g + T1(Fpu_1 —2F,u_9) + 72501@ =0,

along with the constraints

2 2
2 _ iu)dr = M. .
/ (3 s = /. 3 (i = (15)

where

Fp(u) = 2(u_gu_1 + uguy) + V6(u_yuo + wyug), Fe(u)= > (ju?)

and

pA(u) = Z u?, O(u) = L(2u2u,2 — 2uyu_q + ud).
V5

For spin-1 BEC, the existence, asymptotic behavior and stability of solutions have been studied by
many authors under certain conditions, see [15,32,38,39,42,44] and the references therein. Cao, Chern
and Wei in [14] proved the existence of ground states for spin-1 BEC by minimizing the corresponding
energy in one-dimensional. Kong, Wang and Zhao [38] gave the existence and detailed asymptotic
behavior of ground states for spin-1 BEC with harmonic trapping potentials in two-dimensional case.
Recently, in [43,44], we developed an exhaustive analysis on standing waves with prescribed mass
of physical states for spin-1 Bose-Einstein condensate in R? and we give a complete description on
ground states of spin-1 Bose-Einstein condensates with Ioffe-Pritchard magnetic field in R? and R3.
For numerical results on ground states and excited states of spin-1 BEC, we refer the reader to [4,15]
and the reference therein.

For spin-2 BEC, Bao and Cai in [4] gave an efficient and accurate numerical method for computing
ground states and dynamic behavior of spin-2 BEC based on the coupled Gross-Pitaevskii equations.
The so-called single-mode approximation (SMA) phenomenon for spin-2 BEC in experimental obser-
vations [31] and numerical simulations [53] has been mentioned in [4]. To our best knowledge, math-
ematical theories about spin-2 BEC and the SMA phenomenon in experimental observations [31] and
numerical simulations [53] has never been rigorous mathematical justifications.

i=—2
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In addition, in R%(d = 1,2,3), the study on solutions to (1.4)-(1.5) is absent in the literatures for
any signs of spin-independent interaction, spin-exchange interaction and spin-singlet interaction. For
spin-2 BEC, the problem becomes more difficult. One reason is that, the crossing terms in the energy
functional exhibit inconsistent signs, so we can not take the absolute value of the ground state solution
to obtain the non-negative property of the solutions and the Schwartz symmetrization method also
does not work.

Based on these facts (two main motives) described above, in this present paper, we establish system-
atically mathematical theories for ground states and dynamics of spin-2 BEC. We show that rigorous
mathematical justifications of these conclusions are exactly what is expected in ( [4], Section 5) and
show the validity of SMA phenomenon in experimental observations [31].

The working space
2
A= {(u2,u1,uo,u1,u2) € Hl(Rd,R5)‘ V(l‘)( Z u?)d:z: < +oo} (1.6)
R 4

is a Hilbert space equipped with the norm

2 2 1
| (ug, w1, up, u—1,u—2)|[a := </Rd( Z \VujP)daH—/ (1+V(2)( Z u?)da;) .

d
j=—2 R j=—2

For any given N > 0 and |M| < 2N, we define
2

M = {u eAl [ (D u)dz=N, /Rd i (jul)dz = M},
j=—2

RY T
then solutions to system (1.4)-(1.5) can be found as critical points of E(u) constrained on M with

2

1 1

E(u):= / ( E |Vu; |2+ V(z)p?)dz + / (p* + 1 F? + 10?)da
2 R4 j=——2 4 R4

2 2 2

_ ;/R <Z Va2 4+ V()Y @)dwi/R (Z u§>2dx

j=—2 j=—2 j==2

2 2
+ n (2(u_2u_1 + uguy) + \/6(u_1u0 + uluo))Qdaﬁ + n < Z (ju?)) dx
Rd

4 Rd 4 j=——2
+ E (ZUQU_Q — 2u1u_1 + ug)2dl‘,
20 R4

where F = (F,, F,)T are real vector-valued functions.

Before introducing the main results, we recall some definitions (see also [7]):
Definition 1.1. (i) We say that v = (v, v1,v0,v_1,v_2) s a ground state of (1.4)-(1.5) if
E'lm(v) =0
and

E(v) = inf {E(u) s.t. E'lpm(a) =0 for u= (u2,u1,up, u_1,u_2) € ./\/l}
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(i) We say that w = (we, w1, wo, w—_1,w_2) is an excited state of (1.4)-(1.5) if
E'|pm(w) =0
and

E(w) > inf {E(u) s.t. E'\p(a) =0 for u = (ug,uy,up, u_1,u_2) € M}

We emphasize that this definition is meaningful even if the energy F is unbounded from below on
M. In addition, variational problems with the energy restricted on the manifold M is particularly
appropriate for the study of the stability properties of the ground states, as all the energy, the number
of atoms N and the total magnetization M are conserved along the flow generated by (1.3).

Definition 1.2. (i) We say that the set G is orbitally stable if G # () and for any € > 0, there exists a
d > 0 such that, provided that an initial datum ®(0) = ($2(0), P1(0), Po(0), P_1(0), P_2(0)) for (1.3)
satisfies

inf U9, U1, Uy, U—1, U_2) — P(0 <é
(u27u17u07u_17u_2)€GH( 2, U1, U0, 1, 2) ( )HHl(Rd,(Cd) s

then (®g, @1, Do, P_1, P_2) is globally defined and
inf . H(UQ, U1, Uy, U—1, U_Q) — ((I)Q(t), @1(t), (I)()(t), <I>_1(t), @_Q(t)) HHl(]Rd,(Cd) <€ Vi>0,

(u2,u1,u0,u—1,u—2)€

where (®(t), @1(t), Po(t), P_1(t), P_2(t)) is the solution to (1.3) corresponding to the initial condition
®(0).

(ii) A standing wave (e A2y, (z), e {OFtyy (2), e=PMug(x), e A Wiy_y (), e A2ty _y(2))
is said to be strongly unstable if for any € > 0, there exists ®(0) € H' (R?,C?), such that

H(u27u17u07u—17 U_Q) - (ﬁ(o)HHl(Rd7C5) < €,

and (<I>2(t),<1>1(t), <I>0(t),<I>_1(t),<I>_2(t)) blows-up in finite time, namely Tmax < +00, where Tyae > 0
is the positive mazimal time of existence.

Firstly, we give some classification results for the ground state solutions of (1.4)-(1.5) in R%(d =
1,2,3). To state our main results, we consider the following minimization problem

- 1 2 2 1 4
533{2/]@(;% FV (@) 37+ 4 )dx}, (1.7)

where
N = {u e H'RY| [ wldz = N}. (1.8)
R4

Our main results in this aspect are the following.

Theorem 1.1. Suppose 71 < 32 < 0 or 71 < 0,72 > 0, then the ground state solution of (1.4) and
(1.5) must be in the form

. i<(2N +M)? (2N + M)VAN2 — M2 /6(4N? — M?)

1682 P SN2 P 6Nz P
(2N — M)V4AN2 — M2 (2N — M)?
8NZ PeNe P)

where p is a solution of (1.7)-(1.8).



Theorem 1.2. Suppose 71 < 0 and 12 = 0, then the ground state solution of (1.4)-(1.5) must be in the
form

" <(2N+M)2 (2N + M)VAN? — M2 /B(AN? — M?)

1682 " SN2 P> 1682
(2N — M)VANZ —MZ? (2N — M)?
§N2 PNz P)

where p is a solution of (1.7)-(1.8).

Remark 1.1. To our best knowledge, this is the first theoretical result dealing with the classifica-
tion of ground states for spin-2 BEC. These results not only show that spin-2 BEC has independent
characteristics on the sign of spin-independent interaction, spin-exchange interaction and spin-singlet
interaction, but also support the SMA phenomenon in experimental observations [31] and numerical
simulations [53], that is, each component of the ground state is a multiple of one single density func-
tion. Rigorous mathematical justifications of these conclusions are exactly what is expected in ( [4],
Section 5).

Remark 1.2. The proof of above Theorems is non-trivial and very skillful, which mainly relies on
the technique of mass-redistribution for the ground state. Precisely, for any u € M, we find a special
mass-redistribution v = b*p (see (3.1) for the definition of b*) of u, that remains in M, which has a
lower total energy.

Recall the following nonlinear equation in R%(d = 1,2, 3):
~Au+tu=ud, uec HY(R?), (1.9)

from [36], there exists a unique positive solution Q(z) for (1.9). By the related Pohozaev identity, we

get
4o d
o ::/ 02de = 2= [ |voPds =
]Rd d Rd

Moreover, we obtain from [24] that Q(z) satisfies

4—d
= L. 1Q|*dz. (1.10)

Qx), IVQ(x)| = O(jz|~ T e F), as |z — oc.

We consider the harmonic trapped case, where the confining electromagnetic potential V (z) = |z|?
in the system. Based on the fact that the characteristics of spin-2 BEC are different in 1D, 2D and 3D,
we deal with them respectively. Firstly, we consider ground states of spin-2 BEC in 1D by the following
minimization problem

= inf F 1.11
mi= inf E(u), (111)

Theorem 1.3. For any 7, 171, T2 € R, there exists a ground state solution for (1.4)-(1.5).

Theorem 1.4. Suppose 7 < 41 < 0 and 19 = 0, then there exists a nonnegative ground state solution
for (1.4)-(1.5). Moreover, u; is radial symmetric and strictly decreasing in |x| for j =2,1,0,—1,—2.

Remark 1.3. When 7 < 0, each hyperfine state is confined to form a spike due to self-attractive inter-
action. Theorem 1.4 characterize its normalized shape, which is symmetric about origin and decreasing
in |z|. In this case, the spin-exchange interaction is also attractive, the five hyperfine states overlap to
each other with peaks at origin. The condition T < 411 < 0 should only be a technical condition.



Remark 1.4. Theorem 1.3 and Theorem 1.4 show that the ground state solution is nonnegative and
radial symmetric when 7 = 0, but we don’t know whether the ground state solution is nonnegative or
radial symmetric when 1o # 0. Indeed, in general case, we can not take the absolute value of the ground
state solution to obtain the non-negative property of the solutions and the Schwartz symmetrization
method also does not work.

Remark 1.5. When V(z) = 0, similar to [14], we can show that there has no ground state solution
for system (1.4)-(1.5) if 7 >0, 71 > 0 and 19 > 0. In this case, the spin-independent interaction, spin-
exchange interaction and spin-singlet interaction are all repulsive, the atoms can not be confined, there
is mo nontrivial ground state solution. This indicates that the introduction of an external harmonic
trapping potential enriches the solutions set of system (1.4)-(1.5) and also shows the influence of the
trapping potential term |z|>u on system (1.4)-(1.5) is important.

In the one dimensional case, the energy functional is bounded from below on M, the ground states
exist and they are obtained as global minimizers. However, the energy functional is not always bounded
on M when d = 2. Hence, we give the explicit thresholds for existence and nonexistence of ground
state solution depending on the number of atoms N. We consider ground states of spin-2 BEC in 2D
by the following minimization problem

m(N) := uiél./f\‘/l E(u).

Setting
N* = SN — , N = -
57+ 207 + 1

then we have the following result.

Theorem 1.5. Let 7 < 0 and 71 <0,

(1) if 72 < 0, then m(N) has at least one minimizer for 0 < N < N*, while m(N) has no minimizer
for N > N**;

(i1) if T2 > 0, then m(N) has at least one minimizer for 0 < N < N**, while m(N) has no minimizer
for N > N**;

(11i) for any minimizer u = (ug, ui, ug,u—1,u—2) € M(N) of m(N), there holds

22 22 22 22 22 2
Hu — (lge_T,lle_T,loe_T,l,le_T,l,26_7> HA =O(N), asN — 0", (1.12)
where
1 2
l; = / uie” zdzx, fori=2,1,0,—1,—-2.
™ JRr2

The above existence and nonexistence results mainly rely on the Gagliardo-Nirenberg type inequality
given in Lemma 2.2. The proof of existence and nonexistence for ground state solution is nontrivial.
By carefully and skilfully choosing test functions, we can obtain the explicit thresholds of existence
and nonexistence for ground state solution. To obtain the uniform lower bound of m(N), we have to
make an accurate estimate of the coupling terms in the energy functional. By compact embedding, the
existence of ground state can be obtained more easily. In the proof (iii) of Theorem 1.5, we mainly rely
on the good properties of eigenvalues and eigenvectors for the harmonic oscillator —A + |z|? operator,
as well as the accurate estimation of the ground state energy.



Remark 1.6. Theorem 1.5 shows that the ground state solution behaves like the first eigenvector of the
harmonic oscillator —A+ |z|? for small N. For attractive spin-singlet interaction case 72 > 0, Theorem
1.5 gives a complete classification for the existence and nonexistence of global minimizers. Moreover,
the explicit thresholds for existence and monexistence of ground state solution were obtained.

Remark 1.7. Theorem 1.5 gives the existence and nonexistence of ground states along with qualitative
properties describing extinction of atoms, of planar spin-2 BEC. Particularly, for the repulsive spin-
singlet interaction case o < 0, if N > N** then m(N) has no minimizer. Note that N** > N*, it
remains open that whether there exists a minimizer for m(N) when N* < N < N**. Precisely, on
one hand, we don’t know that in this case whether m(N) is well defined. On the other hand, it seems
difficult to find a suitable test function to prove that m(N) = —oo, due to the competitions among the
spin-independent interaction term, spin-exchange interaction term and spin-singlet interaction term.
We believe it is interesting to fulfill this gap.

In the following, C' and C” are indiscriminately used to denote various absolutely positive constants.
a ~ b means that Cb < a < C’b. Next, qualitative properties of ground states in 2D are analysed.

Theorem 1.6. Let 7 <0, 71 <0, 72 >0, N, /*N** asn — 0o and uy = (ugn, Uipn, Uop, U—1,U—_2) €
M(N,,) be a minimizer of m(N,). We have

m(Ny) ~ (N* = Ny)2, as n — cc. (1.13)

In addition, uy, satisfies

, ] N (2N + M)?
lim e,uon(epe + Zopn) = \/:( ) Q(z),

7500 16(N*)?

i, evton(ont 4 ) = ]\;:* (2N** + ]\/Q(fog**)Q = MZQ(;L-),

nhl& Ention(En® + Zon) = ]\;* ﬁ(ﬁg(;i); M?) Q(x), (1.14)
i, erteons +210) ]Z:* (2N — ]\?(Ni()]g**p - MQQ(x),

y N** (2N** — M)?
lim epu_on(enx + Z_2y) ( )

n—o0 - a* 16(N**)2 Q(JI),

where Zi, (i =2,1,0,—1,—2) is the unique maximum point of w;, with

lim [ =0 (i,j = 2,1,0,~1,~2:i # ), lim [5] =0
n n 0

n—0o0

and
en=C(N* - Nn)i. (1.15)

Remark 1.8. Theorem 1.6 shows that for the attractive spin-singlet interaction 7o > 0, any minimizer
u of m(N) in the case of N /* N** is nontrivial. These results also support the SMA phenomenon in
experimental observations [31] and numerical simulations [53], that is, each component of the ground
state is a multiple of one single density function. Rigorous mathematical justifications of these conclu-
sions are exactly what is expected in ( [4], Section 5).



Global minimizers obtained in Theorem 1.5 are obvious ground states for (1.4)-(1.5) in R?. However,
the functional E(u) is no longer bounded from below on M in the 3D case. Hence, the global mini-
mization method does not work. Instead, we consider a local minimization problem. Motivated by [3],
in order to get ground states, for any r > 0 and N < g, we consider the following local minimization

problem

mly = u:(uz,ul,uo,ul,rll,fu,Q)eMmB(r) E(u),
where
B(r) := {u = (ug,u1, up, U—1,u_2) € A|||uHi < 7‘}
and
2 2
a2 = /Rg (3 1VasP) + P (3 ud) )
j==2 j==2

Our main result in this aspect is the following.

Theorem 1.7. Suppose 7 <0, 7 <0 and 70 <0, then

(i) for any r > 0, m}y has a minimizer if N < %;

(ii) for any r > 0, there ewists No = No(r) < 5, such that for 0 < N < Ny, each minimizer of mYy is a
critical point of E(u) restricted to M. Moreover, there exists N1 € (0, No| small enough, such that for
0 < N < Ny, the minimizer of my is a ground state of (1.4)-(1.5) on M;

(i11) suppose uN = (UaN, UIN, UON, U—1N, U—2N) € M N B(r) is a minimizer of mY,, then

2

my 3 lunl

N 2’ N

-3, asN—0".

Further,
lun — (120%0, 110%0, looPo, I-10P0, 1—20P0)||7 = O(N?),

where Vg is the unique normalized positive eigenvector of the harmonic oscillator —A + |x|? and
lip = /11@3 wnVodx, fori=2,1,0,—1,—-2;
(iv) for r >0 and 0 < N < Ny, denote
no= {u € M B(r)|E(u) = m’j\,},
then the set MYy is stable under the flow associated with problem (1.3).

Based on the ground states obtained in Theorem 1.7, we are able to get an excited state.

Theorem 1.8. Suppose 7 <0, 7 <0 and 7 <0, then
(i) for any r > 0 and 0 < M < 2N < 2N, there exists an excited state G = (us, U1, Ug, U—1,U—2) of

~

(1.4) on M, with some fi,\ € R as Lagrange multipliers;
(ii) the corresponding standing wave

(e—z’()\+2ﬂ)tﬂ2’ e—i()\—i-ﬁ)tal’ =i, e—i(A—ﬁ)t{Ll, e—i(>\—2/2)ta72)
is strongly unstable.
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Remark 1.9. Theorem 1.8 together with Theorem 1.7 yield the multiplicity of standing waves for
problem (1.3) and correspond to the numerical results established in [4]. Theorem 1.7 (iii) shows that
the standing waves of problem (1.3) associated to the set MY, behave like the first eigenvector of the
harmonic oscillator —A + |z|> for small N. In 3D, the authors in [{7] described that for an inhomo-
geneous condensate, however, if the nonlinearity is relatively weak, the spatial localization provided by
an external trap potential can stabilize the condensate against collapse, our results are consistent with
this phenomenon. Theorem 1.3, Theorem 1.5 and Theorem 1.7 show that the characteristics of spin-2
BEC are different in 1D, 2D and 3D. These phenomena are consistent with the numerical simulation
results in [4].

Remark 1.10. Compared with spin-1 BEC, the results on vanishing phenomenon of spin-2 BEC are
much less in the literature. In our previous work [43], for spin-1 BEC in R?, we prove that for the
ferromagnetic case, if |M| € [0,N), any minimizer u of m(N) in the case of N /" N* is nontrivial.
While for the antiferromagnetic case, when M = 0, the minimizers u of m(N) must be semi-trivial as
N " N*. We believe that theoretically proving similar qualitative and quantitative properties of spin-2
BEC are interesting and challenging problems. In the following work, we will focus on these issues.

Notations. In the paper, we use the following notations. LP = LP(R) with norm || - I zoay = I ||,
H'(R?) is the usual Sobolev space and H'(R? R%) = (H'(R%))> and LP(R? R?) = (LP(R%))> are the
vector-valued functions spaces.

The paper is organized as follows. In Section 2, we introduce some preliminary results. In Section
3, we prove Theorem 1.1 and Theorem 1.2. In section 4, we deal with the 1D case and prove Theorem

1.3 as well as Theorem 1.4. In section 5, we consider 2D case and prove Theorem 1.5 and Theorem 1.6.
Finally, Theorem 1.7 and Theorem 1.8 will be proved in Section 6.

2 Preliminaries

In this section, we give some preliminaries which are useful for the rest of the paper. First, we give a
compact embedding result.

Lemma 2.1. (Pankov [{6]) The embedding A — LP(R?,R%) is compact for any p € [2, %), where A
is defined in (1.6).

For any u € H'(R?)(d = 1,2,3), by Lemma 2.4 in [8], u satisfies the classical Gagliardo-Nirenberg

inequality
1 3
/u|4d:c§ C(/ |u'|2dx>2 . (/ |u|2daj>2, (2.1)
R R R
4 2 2 2
/ u'dr < — |Vul d:z:-/ u“dx (2.2)
R2 a R2 R2
and

/1R3U4dx§tf(/ﬂkg‘vmzdx)g'</Rg“2dx>§v (2.3)

where a* is defined in (1.10).
For any (ug,u1,u, u_1,u_2) € H'(R? R®), there also holds the similar inequality.
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Lemma 2.2. For u € H'(R%,R?), there holds

/ Z Juj[?) dx<c(/R(§2: |u;|2)dgc>é : (/ Z ;) dx)g, (2.4)

Jj=—2 Jj=—2 j=—2
2 2
/ Z dw < / Z Vu;|*)da - / ( Z u?)dx (2.5)
B j=—2
and
2 2 3 2 1
/ Z ) dz < C. (/ (> yvujP)dg;)Q : </ (> u?)da:)Q, (2.6)
— RS T R T
where Cy, = 4\f Moreover, up to translations and suitable scalings, equality (2.5) holds only at
(us(z) = Q(x) cos p1,
ui(z) = Q(x) sin 1 cos pa,
up(z) = Q(x) sin 1 sin 3 cos 3, (2.7)
u_1(z) = Q(x) sin 1 sin @y sin @3 cos 4,
(u—2(7) = Q(z) sin p1 sin pg sin 3 sin ¢y,

forp; €10,%) (j =2,1,0,-1,-2) and Q(x) is the unique positive solution to (1.9).

Proof. We only prove the 2D case, the proof of (2.4) and (2.6) are similar, we omit the details here.
Consider the minimization problem:

k= inf K(u), (2.8)
(0,0,0,0,0)£uc H! (R2,R5)

where
2 2
Jge ( > Vu;|?)dz - [g ( > u?)dx
K(u) = — =2 i

ng ( .222:2 u?)Qde

To obtain (2.6), it is sufficient to show k = %-. Let Q(z) be the unique positive solution to (1.9) and
Q

set ’
(u2, w1, up, u—1,u_2) = (7 e e Q)
V5 VB VB VB VB
then by (1.10),
fRQ IVQ|*dz - fRQ Q%dx  a*

Kw) = Jrer QYde 2

By direct calculation, for arbitrary (ur,us,ug,u_1,u_2) € H'(R? R), there holds

12



therefore, by (2.3),

9| 5 iy o 55 2

Jj=-2

K(u) >

foo (32 w2)ds

Jj=-2

2 2
Jgz (IV ‘ZQu?P)dx-ng ( '221@)2@
J=— J=—
= >

Jes () 2,18

Thus, k¥ = %. Similar to [21], we conclude that to find the minimizer of (2.8) is equivalent to the

ground state of the following system:

a
) .

— Aug + ug = uj + (u1+u0+u Lt 2)Us,

— Aup +up =i + (U3 4+ ud +u? +u?y)u,

— Aug +ug = uf + (u3 + uf +u®y +uy)u, (2.9)
—Au_1 +u_g =u’ 1+(u2+u1+u0+u 2)U—1,

—Au_g+u_g =u’y + (uj +uf +uf +u)u_s,

Moreover, we have

/RQ ( i |VUj|2)de=/RQ ( i u?)dx:;/w ( i 2)ds.

=2 =2 j:—Q

Then similar to the arguments in [19] for three components system, the ground state of (2.9) is of the
form (2.7), hence equality (2.5) holds only for the ground state of (2.9). O

Finally, we give the pure point spectrum and the associated eigenvectors for harmonic oscillator
—A + |z|2, which is useful for us to study the qualitative properties of solutions for m(N).

Lemma 2.3. ( [1]) The pure point spectrum of the harmonic oscillator —A + |z|? is
o(—A+x*) = {& = d + 2k, k €N},

and the corresponding eigenvectors are given by Hermite functions (denoted by Wy, associated to &),
22
which form an orthogonal basis of L?(RY). Particularly, the first eigenvector is Vo = “re” 7 and
ke
further Wy satisfies the Pohozaev identity: "

(d—2)/ \w0|2d:c+(d+2)/ |x|2\11(2)d:v:d2/ W2z,
Rd R4 Rd

which follows that
d
/Rd |VWo|?dx = /Rd 2|2 Wide = 3 (2.10)
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3 Proofs of Theorem 1.1 and Theorem 1.2

The proofs of Theorem 1.1 and Theorem 1.2 mainly rely on a principle, that the mass-redistribution
for n-tuple of real-valued functions will decrease the kinetic energy. We now introduce the definition
and properties for the mass-redistribution.

Definition 3.1. [{0] Let f = (f1, fo, - , fn) € HY(R?,R") be an n-tuple of real-valued functions and
g = (91,92, " ,9m) be an m-tuple of nonnegative functions. We say g is a mass-redistribution of f, if
gt = r_ i bief? for each 1, where by, > 0 are constants and > j_, by, = 1 for each k.

Proposition 3.1. [/0] For any mass-redistribution g of f, we have

(i) || = If];

(it) |Vg| < |VE|. Moreover, |Vg| = |VE| if and only if f;V fi, = fuV f; for each k # j with byby, # 0
for at least one 1.

Suppose b; > 0 (j = 2,1,0,—1,—2) and b = (ba, b1,bp,b_1,b_2), we consider the maximization
problem

e o)
where )
Q(b) = (2(b—2b—1 + baby) + VB(b_1bo + bibo))* + (D (jb3)°,
j=—2
and

2 2
M
— 5 : 2 _ 12Y
B—{beR | b; > 0 and b satisfies g 2bj—l, g 2(]bj)—N}.
j== j==

Lemma 3.1. Assume |M| < 2N, then there exists a unique b* = (b3, b}, bj, b*1,b*,) € B, such that

max Q(b) = Q(b%) =4,

beB
where ) ) ) )
b*:(2N+M) b*:\/é(le — M?) - _ (2N - M)
2 6N2 0 16N2 T2 16N2 (3.1)
o @NAMVANZ - M2 (2N - M)VAN?2 = M ‘
1= SN2 ool SN2 ‘

Proof. By direct calculations, for any b € B, we have

4( 3" (19)° - Q(b)

= (3.2)
= 2(bob_1 — V6b1b_2)% + (b1b_1 — 4bob_2)% + (203 — 3b1b_1)?

+ (\/gb% — 2\/§b0b2)2 + (\/§b2_1 — 2\/§bob,2)2 + 2(bob1 — \/6b2b71)2 > 0.
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Hence, if b satisfies the following algebra system

,

bob_1 — V6b1b_o = 0,
bib_1 — 4bgb_y = 0,

202 — 3b1b_1 = 0,

V32 — 2v/2bgby = 0,
V32| — 2v2bgb_o = 0,
boby — V/6bab_1 =0,

then
2

Qb) =4( 3 ()" = 4.

2

By solving above algebraic system directly and using 25272 b? =1land ) =2

max Q(b) = Q(b") = 4,

beB

where b* satisfies (3.1).

(3.3)

(jb?) = &, we have

O

Proof of Theorem 1.1. Let u € M be a ground state of (1.4)-(1.5) and p = (23272 ug)%, we claim
that the mass-redistribution b*p = (b3p, bjp, bjp, b* 1 p,b* 5p) of u is also a ground state of (1.4)-(1.5).

Indeed, by direct calculations, we have
02(b*p) = 0
Moreover, by (3.2) and direct calculations, we get

2

F2(b"p) — F2(u) = 4( Y (u))® - F*(u)

j=—2
= 2(ugu_y — V6uju_s)? + (2ud — Bugu_1)? + (uju_1 — dugu_s)?
+ (V3u2 — 2v2ugu0)? + (V3u2 | — 2v2ugu_2)% + 2(uguy — V6ugu_;)>
> (ugu—_1 — 4u2u_2)2 — 4(upuy — \/6u2u_1)(u0u_1 — \/éulu_g)
+ (2ud — Bugu_1)* + 2(V3u? — 2v2upu9) (V3u% | — 2V 2upu_s) = 206%(u).
Thus, for 71 < 2 <0 or 71 < 0,72 > 0, we obtain
71 (F2(b*p) — F?(u)) + 72 (0*(b*p) — 6%(n)) < (207 — 72)0%(u) <0
and further F(b*p) < E(u). Thus b*p is also a ground state. Consequently,

2 2

(D 19w = (32 V@) =0, Z(FD7p) - F2(w) + 2 (0(07p) — 6(w) = 0.

j=-2 j=-2
Since 71 < 22 < 0or 71 < 0,72 > 0, we get from (3.6) that 6?(u) = 0, which yields
F?(b*p) = F(u).

Therefore u = £b*p by Lemma 3.1.

15

(3.4)

(3.6)



Proof of Theorem 1.2. Define
A= {u€M| uj 20,;'22,1,0,*1,*2}

and

G = {u € Al B(w) = inf B(v) = inf E(v)}.

If u € M, then b*p € M is a mass-redistribution of u. By Proposition 3.1, we obtain

;/Rd(\vp\z +V(x)p? + %(T +47)p")dx = E(b*p) < E(u). (3.7)

Thus a solution of (1.7)-(1.8) gives a solution to (1.11).
On the other hand, if v = (vg,v1,v0,v_1,v_2) is a ground state of (1.4)-(1.5), then |v| € G. We claim
w := |v| = b*p. Indeed,

E(w) — E(b*p) = /(Z\Vw]] Z|Vb* )dx—z Rd(4p4—F§—F3)dxzo.

j=—2
Since w € G, we obtain that
2
Z Vi) = (D [VEp)P) =0, 4p* — F2 — FZ =0. (3.8)
j=—2 j=—2

When |M| # 2N, by Proposition 3.1 and the first equality of (3.8), we get w;Vwy, = wiVw; for j # k.
Noting w € M, then at least one w; > 0 (j = 2,1,0,—1,—2), without loss of generality, we assume

wo > 0, then we have s W w1 W_o
() =) = V() =V () =0

Then there are some ¢; > 0 such that w; = cjwp for j = 2,1, —1, —2. Together with the second equality
of (3.8), we get w = b*p. When |M| = 2N, the conclusion is obvious. It yields that

;/Rd(‘v,o‘z + V(x)/’2 + %(T -|-47'1),04)d56 = E(b*p) = E(|v]) < E(v) = Eéb\r}l E(u).

Thus, it is easy to see that p is a solution to (1.7)-(1.8). Therefore, we complete the proof. O

4 The 1D case
To prove Theorem 1.3 and Theorem 1.4, we consider the minimization problem

m = inf E(u).
ueM

Proof of Theorem 1.3. Let {un} = {(u2n, Uin, Uon, U—1n,U—2,)} C M be a minimizing sequence of
m, by (2.4), we deduce that

[ e <o [ (X WaPii)” w1, ()



For any 7, 71, 72 € R, we argue from the following eight cases to show that {un} is a bounded sequence
in A.
Case 1: 7> 0, 71 > 0 and 75 > 0. From the definition of E(uy), we obtain

E(uy) > /Z|m| )da + = /x| 22:

Case 2: 7 <0, 71 > 0 and 75 > 0. By (4.1) and the Cauchy’s inequality, we get

2

E(uy) > = / Z | |?)d + /\x! d:c+4/R(Z u?,)?dw

]—72 Jj=-2
2

>1 / Z s )+ /\x! (JZ u?n)dx—&-ZC’(e/ﬂinjQ|u;n‘2)dx+C(E)N3>.

=—2

Case 3: 7 >0, 71 <0 and 72 > 0. By (3.2), we have

F2(u,) < 4( 22: u?n)Q, (4.2)

j=—2

which yields from (4.1) and the Cauchy’s inequality that

2 2
E(u,) > = / Z |ujn\ )dx + - /|:1:\ (Z u?n)dx—i-n/(z u?n)2d:c
j=—2 j=—2 R j=—2
2
> 1 / Z i 2) e + /ya;\ (> u?n)dx—i—nC( / Z o [2)d + e )N3>
j=—2 j=—2 j=—2
Case 4: 7> 0, 1, > 0 and 7 < 0. By direct calculations, we get
2 2
50% (Un) = (2uznti—2n — 2utnti-1n + )2 < (D 2, (4.3)
j=—2

which follows that

)2
E(uy) _2/ Z |ujn] )dx + = /|x! daz—f—— Z dz

J*Q =

_2/ Z s )z + 2 /|x! Vo + c( /(jz_:Q\u;ny2)dx+C(e)N3>.

Case 5: 7 <0, 7 <0and 7 > 0. By(41)and( 2), we obtain

2

Euy) > /Z]um\ Vz + & /ym\ iu o+ (% +n)/R(Zugn)zdx

j=—2 j=—2
1 2 2 2
22/(Zyu3n2)dx+ /y:c\ Zu dx—l— +n (/Z\ujn] dz + C(e )N3>
R R
j=—2
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Case 6: 7 <0, 71 > 0 and 75 < 0. By (4.2) and (4.3), we have

2

E(uy) ;/(Z Wiy, | Hdx 4 /|:U| dx—i—( ;%) /R(Z u?n)Qde

v

8 s 5 e (B, 55 i)

Case 7: 7> 0, 71 <0and 72 <0. By (4.1) and (4.2), we obtain

E(uy) > / _22 |, |P)da + = /\x| (:izu?n)dx—i— (7'1+ 20)/(i2u?n)2dm
4 2)d$+;/ﬂ§‘$’2(§:2“y2n)dm+ (7’1+ ( /R Z ]u]n] dx + C(e )N3>

Case 8: 7 <0, 71 <0and 7 <0. By (4.1)-(4.3), we get

\/

AV

N | =
e
g
3

2

E(un) > = / Z |ujn\ Ydz + = /|x\ n)dx + <4 + 71+ 20) /(Z u?n)le“
j=—2 j=—2 j=—2
2
=1/ J;mn iz | |x\2<j_22u§n>dx (4.9

+<4+7’1+ </Z\umy dx+C()N3>

For Case 8, from the definition of E(uy) and (4.4), there holds

2 2
/2 _ /2 3
[ Pyte <om -2 (5 +m+ zo>C<E/Rj§_:2 2+ C(e)N ) T on(1)

j=—2

2
< om — Rt 3
< 2m 2(4 NP ZO)CG/R(Z2|%| )dz + C(e)N3 + on(1),
=

where 0,(1) — 0 as n — oo. Choosing e sufficiently small, we get {uy} is a bounded sequence in A. By
the compact embedding theorem, there exists a minimizer denoted as u = (ug, uj, ug, u—_1,u_3) € M
for m. Therefore, we have obtained the conclusion when 7 < 0, 74 < 0 and 7o < 0. The other cases
can be proved similarly, we omit the details here. O

Proof of Theorem 1.4 . Let {un} = {(u2n, Uin, Uon, U—1n, U—2,)} C M be a minimizing sequence of
m. Since 15 = 0, there holds

E([ugn|, [u1nl, [uonl; [u—1nl, [u—2,]) < E(un).

Thus, without loss of generality, we may assume wj, > 0 for j = 2,1,0, -1, —2.
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For u = (ug,u1,up,u_1,u_3) with 0 < u; € HY(R), j = 2,1,0,—1,—2, we denote its Schwartz
symmetrization by u* = (u3, uj, uy, u* |, u*5). From [41], we obtain

/| 2d:1;</|uJ] de, 7=2,1,0,—1,-2,
[ e = [ as. [ )= / s, j=2,1,0,-1,-2,
R R R R

/(uj)z(uffdx > / ujzu%d:c, j,1=2,1,0,—1,-2,
R R

/u uj (u}) da:>/ujulu§dx, i,j,1=2,1,0,—1, 2.
R R

Since 7 < 471 < 0, we get
(1 —2m) / ud,u? ,de + (1 — 471p) / ud,u? sy, dx
Iy, I,
+(r—m1) / ut, u?,dx + (1 — 271) / ut, u?,, dx
I Iy,

> (17— 271)/1 (u3,) (u* ) e + (1 — 471)/ (u5)* (Ul g,) > da

Iy,

(=) [ (@i )+ (= 2m) [ )R ) e,

I
then it follows uj, = (u3,,, u3,, US,, U1, Urs,) € M and
E(u;) < E(uy).

Hence, we assume u;,, are non-negative, even and non-increasing for j = 2,1,0, —1, —2. Then following
some similar arguments as in the proof of Theorem 1.3, we can get the existence of minimizers for m

in M. O

5 The 2D case

When 7 < 0, 4 <0 and 7 <0, for any u € M, by the definition of N* := —% and (2.5), we
obtain

/Z!V%\ )dx + /Ix! da:+(4+7'1+ )/Wiu

2

1 1 a*
— 2/]1{2(23 Vug|?)dz + 2/]1{{2 |x12(§: u?)dz — e /]RQ(J.:Z_2u?)2dx (5.1)

. 2
/ Zyvu\ Vo + - /\xy 2N (S Ve
J 4N* a* R2 ) J
2

2
_2;*(N*—N)/Rz(z Vi 2) e + = / (3 e

j=—2

| \/
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when 7 < 0, 71 <0 and 7 > 0, for any u € M, by the definition of N** := —% and (2.5), we get

/ Z|Vu]| dr + = /ya:| d:c+< +71>/R2 22:“ 24z

*

/ Z IV, 2)da + = / ya:\ 2l — N**/ iu 24y (5.2)
:2]\1[**( K S 1V e+ L / 7

j=—2

Proof of Theorem 1.5. (i) Suppose 72 < 0. Let {un} C M be a minimizing sequence of m( ),
then by (5.1), {un} is bounded in A if 0 < N < N*. Applying Lemma 2.1, there exists =
(we, w1, wp, w—_1,w—_2) € H, such that up to a subsequence, as n — +o0,

u, -~ w, in H.
u, — w, in LY(R2,R5), Vt € [2, +o0).

un — w, a.e.in R2.
Then w € M. Further, by the lower semi-continuity of the norm, there holds

m(N) < I(w) < lim I(un) =m(N).

n—oo

It yields I(w) = m(N), that is, w € M is a minimizer of m(N) for any N € (0, N*).
Next, we show that there has no minimizer for m(N) when N > N** by carefully and skilfully
choosing some proper test functions. For o > 0, we define ® = (Pg, D1, Do, P_1,P_2) as

_eNtMp? o @GN-MP?
(1)2(37) T 16N%\/a7 Q( )7 CI)—Q( )_ 16N%\/a7 Q( )7 (53)
_ QN+ MVINE M . N M)VANT A
Py (2) = SNE o Qox), ®_4(z):= SNE Ve Q(ox),
xXr) = \/6(4N2_M2)0' oxr
Po(x) == NIV Q(ow),

where Q(x) is the unique positive solution of equation (1.9). From the definition of b* in Lemma 3.1,
it is obvious that ® € M. By direct calculations, we get

2
1 a* 2N2g2
- ;%) dr — — ®%)? ~.No? - —. =0
Q/RQS;QV P)da j:Z )

N 2 2,2 o2 2(

/|xrz|<1>r /m Q* (o) dz /HQ

j=—2

2
a* a* T IN252
P2)2 :< T )
(i +3 +Tl>/RQ(jZ2 Sdr={m *a @
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2

T T . 2

Zl R (2<<I’_2<I>_1 + D9®y) + V6(D_ 1Dy + ®1¢0>)2dx n Z1 } < Z (]‘I)g)) "
j=—2

2 N2
=7 /R2 (j;;bj-) dx

and

2

2 (2<1>2<1> o — 20101 + F)%dx = 0.

It follows that
2

E(@):;/]RZ)(EQ:]VQJ-P)M— Z‘I’Z dx_ﬁ/w(zqﬁ)?dx
j=——2 Y —

j=—2
1 2 2
2 2
3 )i+ (5 ) ()
+2/]R? (o j:z—z F)de+ (1% Z
! 2 1 2 PN (54)
+ 2 (2D 0Py + Bady) + V(D Dy + Dy Dp)) dar + — ( 3 (e ')) dz
4 R2 4 R2 = 7
+ % (20205 2010 + &F)"dx
Na_2 5 T 2N?
- )d ( ) o2.
/ oPQ )+ (s +
We conclude that for any o > 0,
No~2 N 2N?
m(N) < 7 / |z|?Q?(x)dx 4+ | — + (I + 7'1> o2
2a* g2 2 4 a* (5.5)
No~—? 212 2 .
= d N** — N)o2.
e [ Q@)+ 5 (N = Vo

If N> N*, let 0 — oo in (5.5), then m(NN) — —oo. Thus, there has no minimizer for m(N).

(ii) Suppose 75 > 0. The existence of minimizer when 0 < N < N** can be obtained similarly as (i)
by (5.2). Moreover, the non-existence arguments in (i) is also valid for 79 > 0 when N > N**. Hence,
it is sufficient to show there has no minimizer for m(N) if N = N** in this case.

First, we claim

li N)=0. .
N/I(%** m(N) =0 (5.6)
On the one hand, when N € (0, N**), we obtain from (5.2) that F(u) > 0 for any u € M, which
implies lei%** m(N) > 0. On the other hand, taking

9

B (N** fRQ ]3:|2Q2(x)dx)i
0= a*(N** _ N)

we get

-0, as N A N*™, (5.7)

2 |2 Q*(w)dar - (N** — N))%

mi) < - (L2 p e
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that is, lim m(N) < 0. Thus, we have obtained (5.6).

Next, we argue by contradiction to show that there has no minimizer for m(N**). Suppose u* =
(ud, uf, uy, u 1, u*5) is a minimizer of m(/N**). From the proof of (5.2), we have

2

E(u* / Zyvuj| do+ 1 / 22 ZW d:c—— Z Ve > 0.
Jj=-2 j=—
Together with (5.7), we get m(N**) = 0. As a consequence,
2 7 2 )
*12 — *)2
/RJJ;’WJ e = 5 Jpa (2 (5] (5.8)

and
2

/RZ 22 Bz = 0. (5.9)

j=—2

From (5.8), u* is an optimal function of the Gagliardo-Nirenberg inequality (2.5). By Lemma 2.2,
u* can be formed as a scaling of Q(x). However, this contradicts to (5.9). Therefore, there has no
minimizer for m(N**) and we complete the proof. O

Finally, we prove (iii) of Theorem 1.5. Before that, we give an estimate for the least energy m(N).

Lemma 5.1. Suppose 7 < 0, 71 <0 and 72 < 0 (resp. 7o > 0), then there holds m(N) < N, for N €
(0, N*) (resp. N € (0, N*¥)).

Proof. If 9 < 0, since (O, N‘gM\IIO, 0, W\IJO, O) € M, we get from (2.10),

N+ M N-M
m(N) = inf E(u) < E(O,,/ J; xpo,o,,/2\1/0,o>

N
< / (|Vx110|2 + |x\2\1/02)dx =N
2 Jgr2

If To > 0, let
~ 2N + M)? 2N — M)? ~ V6(4N? — M?
@Q(CIZ) = %\Po, (13_2(:13) = %\PO, q)()(l’) = ( 3 )\IJQ
16NN 2 16NN 2 16N 2
~ 2N + M)vVAN?Z2 — M? ~ 2N — M)V4N?Z — M2
‘I’l(.%') = ( ) 3 \I/(), (I)_l(l') = ( ) 3 \I/(),
8N 2 SN2
then ( (), ®1(z), Bo(x), P_1 (), &)_2(:1:)) € M. Further, we get from (2.10) that

m(N) = inf E(u) < E<&>2(x), By (z), Po(), D1 (), 2132(95))

N
< / (1990 + |a?96?)dz = N.
2 J
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Proof of Theorem 1.5. (iii) Set lj, = [po uiWgdx for i = 2,1,0,—1,—2, then

[e.e] o0 o0 [e.e] [e.e]
u= (Z ok We, Y 1k, > Lok T, > 11k Wk, Y | l—2k‘1’k)-
k=0 k=0 k=0 k=0 k=0

Moreover, we conclude

o0

N = ||(ug, u1, uo, u_1,u_9)|72 = Z(l S L + 18 + g + o) [ W172
h=0 (5.10)

= B+ 1 + 15+ 20 + %)
k=0

and - -
[ulf = Z(l%k + B+ Lo + g + o) 91 = ng(lgk + By A+ Lo + g+ o)
k=0 k=0

Denote My := 53+ (N* — N) € (0, 1), then we get

m(N) = B(u) > MoA(u / jafPu?dz > MolJul|?

= Mo Y &3y + 1 + 10 + 20 + %)
k=0

= Mo (& — &) (B + By + 1 + 20+ Zop)
k=0

+ M - Zgo (13, 4+ B 4 12 4 1Py + o).
k=0

By Lemma 5.1 and (5.10), we have

0 00
—&0) ) (3 + I+ B+ P+ o) <Y (6 — &0) By + B + 1 + Py + 20)
k=1 k=1

m(N)

> 1
< My kZ:OfO(l%k F B+ G+ P+ P g) < (ﬁo - 2)N

then -
1 N
2+ 2 412+ 12, + 12 = _9). .
; 2k 1k 0k 1k 2/{:) (MO ) 51_50
Thus
Zéklk‘f'llk"‘l()k‘i‘l e+ )
(G — o) (I3 + 1 + 18 + 12 1p + Pop) + 80 > (B + By + 1oy + P 1p + o)
k=1 k=1
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= (]\202>N+£0<]\202>'§1]f§0 - €1£—1€0 ' <L72)N'

For N — 0T, we can see that
lw — (12Wo, 11 o, loWo, L1 Wo, L2 Wo)[3

H <Z oWk, > kWi, Y lokWh, D 11k Wh, Y le‘I’k>
k=1 k=1 k=1 k=1 k=1

= ka(gk + 1 + Doy, + 2y +125,) = O(N)

2
A

k=1
and
o
[ — (12Wo, 110, 100,11 Wo,12W0)[[72 = D (I3 + Iy + 1§, + 1215 + 12o1) = O(N).
k=1
Therefore, it is obvious the conclusion holds and we complete the proof. O

5.1 Proof of Theorem 1.6

Assume 7 < 0, 71 <0, 5 >0 and N, /* N** as n — 00, let up = (u2n, Uin, Uon, U—1n, U—27) € M(Ny)
be a minimizer for m(NN,). Then u,, satisfies the following Euler-Lagrange system

T
- Au2n + ’$|2U2n + ()\n + 2,un)u2n + 7'/)2“271 + 7 (quln + 2qu2n) + 729“—277, = 07

V5
V6 T
— Auyp, + ’x|2u1n + ()‘n + Mn)uln + 7_/02uln + 71 <7qu0n + Fpuon + Fz“ln) - %eu—ln =0,
6 T
— Augp, + ]w\Quon + Anton + Tp%ugn + \an (qu_ln + quln) + %Guon =0,

72
V5

-
— Au_op, + |:l:]2u_2n + (A — 20 )u—op + T Uu_on + T (Fpt—1n — 2F,u_op) + —2591L2n =0,

NG

V6
— Au_1p + |x’2u—1n + ()\n - Mn)u—ln + szu—ln + 7 <7qu0n + Fru_opn — qu—ln) - Oury, = 0,

(5.11)
where A\, and p, are the corresponding Lagrange multipliers. By (5.2), we have

E(un) = ;/RQ (j:i_:Q\Vujn]?)dx — 4;;** /R? (ji2u?n>2dx -7 /R? ( '22:2u?n>2dx

J==

2
1 T 2
t3 /2 ’33\2( Z U§n> dr + [ (2(u_spu_1p + uznuin) + V6(u_inton + uinton))” dz
R

=2 4 Jre
T1 2 o 0\2 o -
+ 1 /R2 (j;2(3ujn)> dr + 20 Joe (2uonu—2n — 2urpu_1y + ufy, ) dx
1 . 2 , 1 , 2 ,
> S (N7 = N /R2 (JE:QIVUM )dx+ 2/}1@2 |z| (j;Zujn)dx > 0.

(5.12)
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Combining with the fact that Nl/l% m(N) = 0, we can see that

. 2
nl;rglo y (2u2nu_2n — 2UipU_1pn + ugn) dz =0, (5.13)

. T 2
lim 1/ (2(u—2nt_1n, + u2pu1n) + V6(u_1nu0n + Uintion)) dz

2 2 2 2
+7}LH;O% /R2 (JZ_:Q(ju?n)) dx — nlLHgO T /R2 (jz_:Qu?n) dr =0 (5.14)

and )
feo & Vugel)dz
. )= _
nl;n;o R = SN (5.15)
fRQ('ZQan) dx
Jj=-

We claim that

n—oo

2
lim [ () |Vunl*)de = +oo.
LS —

We argue by contradiction. Suppose there exists a positive constant C', such that fRz (Z?:_g |Vujn|2)d:v <
C for large n. Then {uy} is a bounded sequence in A, which implies that there exist a subsequence
(still denoted by {un}) and u* := (ud, uj, ui, u*,,u*,), such that as n — oo,

u, — u* in LY(R?% R5), V¢ € [2, +00).
Hence, by the weak lower semi-continuity of the norm, we get

0= lim E(uy) > E(u*) > m(N™)=0.

n—oo

It shows u* is a minimizer of m(N**), which contradicts to Theorem 1.5. Thus, we obtain the claim.
Now, defining

ey = W(/}R(i ]VujnIQ)dx>_;, (5.16)

j=—2

then it is easy to see that €, — 0 as n — oc.

Proof of Theorem 1.6. On the one hand, by (5.5), we get for any o > 0,

m(N,) <

No—2 N, o
e [P Q@) + S (N - N

By (5.7), it follows that

N** [ |02Q%(x)da

=00 (N _ Nn)% = ( a )é (5.17)



On the other hand, let Wy, := (Wan, Win, Won, W—1n, W—2,) With Wjn(2) := enujn(enz) (j = 2,1,0, -1, -2),

then
/ Z |V |?)dx = €2 / Z |V, |[*)de = N**.

Jj=-2 Jj=-2

Moreover, from (5.15), we have

2 2
fR2('_22 |v7~bjn’2)dx fRQ('_ZQ‘Van‘Q)d«T ot
lim — = lim - = (5.18)

n—00 n—00 2 N *x’

Jra( Z w?3,)2dz Jre( Z 3, ) dx
- S—

which yields that
1 )de = S——— 5.19
[ Z T (5.19)

We claim that there exist {y,} C R? and Ry, n > 0, such that at least one j € {2,1,0,—1, -2}
satisfies liminf | Br (y ) w ~2. ,dr > 1 > 0. Otherwise, suppose for any R > 0, there has a subsequence
n—oo 0

{Wjn, } (7 =2,1,0,—1,—2), such that lim sup fB )wjznkdx = 0. Then by Lion’s vanishing Lemma,

k—00 ;cRr2
we conclude that @j,, — 0 (j = 2,1,0,—1,—2) in L}(R?) for ¢t € (2, 00), which contradicts to (5.19).
Hence, we obtain the claim. Now we define wy, := (way,, Wiy, Won, W—_1pn, W_2y,) With

Win(x) = Wjn (T + Yn) = enjn(ent +nyn), J=2,1,0,—1,-2 (5.20)
then )
Jim j_ZQ ViejalJde = lim [ (2 win)de =N
and

2( N** 2
lim / Z 2dx = (7*)
n—o00 Rg ; a

Moreover, there exists some j € {2, 1,0, —1, —2}, such that

lim inf lwjn|2dz >n > 0. (5.21)

n—oo BRO (0)

It follows that

2
f]R? Z ‘ijﬂ )dz fR2 ) w]zn)dx a
. Jj=- _a
nh_)nolo =3 (5.22)

Jre( Z wjz-n)2dx

By Lemma 2.2, {wy} is a minimizing sequence for the following minimization problem:

k= inf K(u),
(0,0,0,0,0)Auc H
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where

oo 32 [Vl fea 3 )

K(u) := 5
Jaa( 32 u3,)?da

j=—2

From Lemma 2.2, the minimizer w = (ws, w1, wy, w_1,w_9) must be in form

N **
wo(x) = —Q(x) cos 1,
N** .
wi(z) = |/ —~Q(z) sinp1 cos pa,
N** . .
wo(x) = —Q() sin g1 sin pg cos p3,
N** . . )
w_1(x) = |/ ——Q(x) sin 1 sin @z sin @3 cos ¢y,
N**
w_o(x) = —Q(2) sin ¢ sin @9 sin 3 sin @y,
for 1,02, ¢3,94 € [0,%). Since [pa2(3 _2w Ndx = N**, we get w, — w in L*(R?,R%). Further,
using the interpolation inequality, there holds wn — w in L*(R2,R%). From (5.22), we obtain
ot 2 2 2
- 2\2 — ok 12 < 1 2
5 [ (3 wide =8 [ (3 (Ve < lim N, [ (Y (Vaga)da
j=—2 j=—2 j=—2

a* 2
2 2\2
? nh_)Ing /RQ Z dz = -+ R2 (]2_22 w]) dSU,

which gives that lim [, (25272 |Vwj,|?)dz = ng(Z?:f2 |Vw;|?)dz, that is, wn — w in H}(R% R)
n—oo
as n — o0o. Therefore, there exists some z; € R?, such that

,

N**
lim woy,(x) = —Q(x — 1) cos 1,
n—oo
N
lim wy,(x) = —Q(z — z1) sin 1 cos pa,
n—oo
. N**
lim woy,(x) = Q(x — x1) sin 1 sin g cos @3, (5.23)
n—00 a*
N
lim w_i,(z) = —Q(z — x1) sin 1 sin 2 sin 3 cos @4,
n—oo
. N**
lim w_g,(z) = —Q(x — 1) sin 1 sin g sin 3 sin @y,
n—oo

for 1,92, p3,¢04 € [0, 7).
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By direct calculations, we obtain from (5.20) that

2.0 2 2 T —EnYn\)2
/ |z|“un“dr = Z/ || - wm<7€n )) dx
Z/ ]enaz+5nyn|w x)dx = Z / |x+yn+x1‘ (x4 z1)d

i=—2 1=—2

(5.24)

We now claim lim |y,| < C for some positive constant C'. Otherwise, suppose that lim {yn-i-lj{ = 400,

then it follows from (5.24) that for arbitrary C; > 0, there holds [go |2z[*|un|?dz > C1e2, as n — oo.
By (5.18) and (5.19), we have

2 2
1
E(un)zz/ (g Vujn|?)d x—— g u3,)’de + = /]a:\ u?,)dx
R2 :
Jj=-2 Jj=

*

2
a 2 \2
+ AN, R2(j; u3,,) dx—i— +T1) /R2 u

—2

1 2

2 2 )2
25 R2|:L'|('Zu')d:v—|—( )/R2 u dz
j=—2

1 a* T (N**)2g, 2
> S 0yel ( Tyo ) n 1
250+ (g Tt + on(1)

1 I " B
— 5015i N (N** — Ny)en? + on(1),

where 0,(1) — 0 as n — oco. Taking the infimum with respect to €, > 0, then we conclude

Ny,
lim m( )

1
> e,
n%uauv**_,A%)g

However, it contradicts to (5.17). Thus, there exists xo € R?, such that

lim (yn +21) = 22, (5.25)

n—o0

which yields le lyn| < C. Therefore, by (5.18), (5.24) and Fatou’s Lemma, we have

1 2

E(un) > 5 g 22 () ul,)de + <4N >/ 22: (5.26)

j=—2
1 N**€2
B / |z[*Q*(x)

a*
1
o ( (Z*(N**—Nn) >4
"\ N s 0PQ2@)dr )
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(N** — Np)en? + on(1).

Then taking




we get

i, ) (N Sl @e)dry |
n—o00 (N** _ Nn)g a

Combining with (5.17), we conclude
m(Ny) ~ (N** — N,,)2, as n — oc.
Now, we are ready to prove the limit behavior of {un} as n — oo. By (5.12)-(5.15) and the fact that

lim m(N) =0,
N/(N**

we get

1 T 2
{ lim 1/ (2(w—2nw_1p + wopwin) + V6(w_1,won + Wipwop))” dx

% n—oo 4 [po
2 2
+ lim Tl/ ( Z (jw? ))2dx— lim 7'1/ ( Z w? )2dx =0
n—oo 4 [po = Jn Nn—00 R2 = Jm ’

Since g, — 0 as n — oo, we deduce

% (2(’[1)_211)_1 + wowy) + \/é(w_lwg + wlwo))2da:

R2
" 2 ) 2 ) (5.27)
n w2 _ 2 =

+ 1 oo <j;2(1wg)) dr — 7 /RZ <j;2w]> dzx = 0.

Denoting
wj(z) == c¢;Qx — 1), j=2,1,0,-1,-2,

we get from (5.23) that
2

kok
Y=t Y=

j=—2 j=—2

Thus bj := y/+%=¢; € B. By (5.27) and Lemma 3.1, we obtain b; = b; with N = N** in (3.1) for
7 =2,1,0,—1,—2. Hence, we conclude

i i) = 2D R =2 0 )

Jim won(z) = ]\;:* \/6(4522212*)_2 M2)Q($ — 1), (5.28)
Tim w_yn(2) = ]\;I* G ]\Q(WQ@ - z1),

tim (o) = S ER 2 g )
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Noting that u, satisfies the Euler-Lagrange system (5.11), then

- ()\nNn =+ ,UnM)
2 2 9 )
-, (3 wunP)ars / SOSATES / (3 )

2

2
+ 7 /2 (2(u—2pu—1n + u2puin) + V6(u_15uon + ulnu()n))zdm +7 /2 ( Z (]u?n)> dx
R R ;
j=—2

T2

2
+ (2u2nu_2n — 2U1pU—1n + U%n) dx

5 R2

_ /R <jz2_:2 [Vujnl? ) da + /R |x|2(jz2_:2u§n)dx
_ 2(/R ( i;vujn?)d:p + /R \x|2(‘i2u§n)dx - 2E(un)>

2

— 4E(uy) —/R ( 3 ]Vujn|2>d$— /RQ 2|2 22: u2,)de.
j=—2

j=—2

Hence, by (5.13), (5.14) and (5.16), we get limy, o0 €2 (AN + 1 M) = N**. By (5.11) and (5.20), wn
satisfies the following system

— Awgy, + 5721|€nw + Enyn‘2w2n + E%L()\n + 2Mn)w2n + Tp2w2n
T2

V5

— Awyy + 2’531|€n1' + 5nyn‘2w1n + €%<)\n + ,un)wln + Tp2w1n

+ 71 (F:cwln + 2sz2n) + Ow_oy, = 0,

\/g T
+ 7 <2wa0n + Fpwon + Fowiy, | — %ew—ln =0,

V6 T
— Awg,, + 5i|5n$ + 6nyn|2wOn + 6$z>\nw0n + 7—P2w0n + 77'1 (wafln + waln) + —2910071 =0,

V5

—Aw_1p + 537,‘5n$ + 5nyn|2w71n + 537,()\71 - Mn)wfln + 7',02w71n

V6 T2
+ 71 <2F:pw0n + Faw_op — Fow_1, | — ﬁewln =0,
— Aw_g, + 8721‘&‘”:1: + Enynyzw—Qn + 5721()\71 - 2Nn)w—2n + Tp2w—2n
T2

V5
(5.29)

If we let limy, o0 €2 M\ Ny, = N1, limy, so0 €210, M = No, using (5.28) and taking limit on both sides of
the first equation and the fifth equation in (5.29), we can deduce that lim p,e2 = 0. Therefore

n—oo

+ 7 (wa—ln — 2sz—2n) + Ows, = 0.

lim \,e2 = 1.
n—oo

The following proof details are similar to the proof of Theorem 2 in [44], we omit it here. OJ
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6 The 3D case

In this section, we are going to investigate the existence, stability and asymptotic behavior of solutions
to (1.4)-(1.5) with V(x) = |z|?.
Now, we prove a local minima structure for E(u) on M. Define

2 2
2 . _ 2 2 2
fulf = | (<]Z_2|wjr ) 1P (Y ud))de

j=—2

and for any r > 0, let
B(r) := {u € Allul} < r}.

Lemma 6.1. Suppose 7 <0, 71 <0 and 12 <0, then for any r > 0, it holds
MAOB@r) #0, ifN< g (6.1)

and further E(u) is bounded from below on M N B(r).

Proof. For any r > 0, by Lemma 2.3, it is easy to see that (0, N‘gM\I'O,O, £/ NEM\IIO,O> e M.
Moreover, if N < %,

N+ M N-M 2
H(o,\/ T 0,0,/ qfo,o)H, :N/ (1IVwol? + 22W¢? ) dw = 3N <.
2 2 A R3

Hence, (0, NJgM\IJO,O, W\IJO,()) € MnB(r).

For any u € M N B(r), by (2.6), (4.2) and (4.3), we get

2 2

B> g5 [ (X 9w+ a3 e

j=—2 j=—2

3
T T2 2)§ 1 (7‘ 7’2)
> (= — " = )" N2 > (= 2 B
> (Gt gp) C(IR) " Ne = (G4 + ) Cr
Therefore, we have proved that F(u) is bounded from below on M N B(r). O

For any r > 0 and N < g, we consider the following local minimization problem:

V= inf  E(u).
MmN ueﬁl/lrf{]B(r) (U)

By Lemma 6.1, my is well defined.

Lemma 6.2. Suppose 7 <0, 11 <0 and 15 <0, then for any r > 0, there exists N = ]\7(7"), such that

mi = inf  E(u), for N<N. (6.2)
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Proof. For any r > 0, if M N (B(r) \ B(%)) =0, then it is easy to see that (6.2) holds.
If M (B(r)\ B(4)) # 0, then for any u € M N (B(r)\ B(%)) and

1 2
NS( 1>,
16 (7 + 71+ 33) Cur2

we have
1 2 2 - 2 )
zmn:2/ (zjwwp+mP§:@)m+4/i(§:@)m
RB ]:72 j:72 R3 ]:72
2
2
+ % (2(u—gu—1 +uguy) + V6(u_ug + uluo))2dx + ( Z (w?)) dx
R3 4 R3 j=—2
+ ;% » (2u2u_2 —2uqu_1 + u8)2dx
> Ll 4 (5t 2) e (ful)
= 2PHAT g T gg) T UTTIA
r T ) 3.1 3
>4 (L Z2YorsNe > S
—4+<4+71+20>CT2 ST
It follows for any u € M N B(}),
1 3
E) < S} <t <P < inf E(u).
2 8 16 7 wemn(BenB(®G)
For any r > 0, by (6.1),
r r
BC) LN < -
MnN 1 #0, ifN< B
Taking
~ . 1 oy
N:zmm{( 1),},
—16 (3 +7 + ) Curz/ 12
then we conclude that for 0 < N < N,
my < inf E(u) < inf E(u). (6.3)
ueMNB(g) ueMn (B(r\B(3))
Therefore, we complete the proof. O

Lemma 6.3. Suppose 7 < 0, 71 < 0 and 72 < 0, then for any r > 0, there exists Ng = No(r), such
that for N < Ny,
inf  F(u) < inf E(u). (6.4)
ueMNB(3) ueMn (B(r)\B(3))

Proof. We first show that M N (B(r) \ B(%)) # 0 for small N. For any £ >0 and u € H'(R?,R%), we
define

(€ xu)(z) = e 2 u(esa), (6.5)
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then by Lemma 6.1,

N+M M
U i= (Uy, U3, Up, U1, Us) i= € % (0, \/T%,o, W,0) € M
By direct calculation, we get
Ui = 2fz\// [VWo|*dz + e~ 25N/ 2> ¥y d.

Denoting
Dy ;_/ Vo 2dz, Ds ;_/ |22 W2 de,
R3 R3

then it is obvious that
€2§D1 + 6_2€D2 > 24/ D1 Ds.

Hence for any r > 0, if we choose
3r

N< 2T
~ 8vD1Ds
then there exists £ > 0, such that HUHA 3r, that is U € M N (B(r) \ B(%)). Let

Ny := min {N, 8\/%}’

we conclude (6.4) from the proof Lemma 6.2. O

Lemma 6.4. Suppose 7 <0, 11 <0 and 15 <0, then for any r > 0 and 0 < N < Ny, there holds

my < 5

Proof. From the proof of Lemma 6.1, we get (0, NJQM\IIO, 0,4/ NEM\IIO, 0) € Mn B(r). Thus

N
my = inf E(u <E A/ + Vo, 0 \/ \1’0,
ueMnNB(r)

N 2
<5/ (Ivwof + [afPwe? ) da _7
O
Defining
3
Plu / < Z [V - W(Z U?)>dx+ 4/RB(TP4+T1F2 + 796%)dx
]:—2
2
/ < Z ‘VU]|2 MZ(Z ))dx—i— ( Z )
j__2 = = (6.6)
5T 3T 2 2
", Gl s + Vi )i 5[ (S ) e
31 )
20 [os (2usu_s — 2ugu_q +uj) dz,

then we have

33



Lemma 6.5. Suppose u € M is a solution of (1.4)-(1.5), then P(u) =0 and further E(u) > 0.

Proof. Since u is a solution of (1.4)-(1.5), we get that u satisfies the following Pohozaev identity

/ Z \Vu,|?)dz + 5/ || ( dx + 2 / (p* + 1 F? + 76%)dz
R3
—3(()\ + 2u)/ uddr 4+ (N + p) / u%dm + A [ uddr+ () — u)/ u? de + (N — 2p) / u2_2dx).
R3 R3 R3 RS R3
(6.7)

Multiplying the equations in (1.4)-(1.5) by uga, u1, ug, u—1, u—_o and integrating by parts respectively,
we then obtain

/ Z |V | dm+/ || ( d:z:+/ (p* + T F? + 10?)da
3

= —<()\ +2u) / ujdr + (A + ,u)/ u%dm + A [ wddr+ (N —p) / u? dr + (N — 2u) / u2_2dx>.
R3 R3 R3 R3

RS

Together with (6.7), we have P(u) = 0. It implies that

Bw =, [ (_Z |Vuj|2+|x|2<__i2u§>) do—3{ [ ( ,_Z visf)ie - [ (a3 )ic)
2

/ ;Wuﬂ )dx + = /|m| Z Vda > 0.

Hence, we complete the proof. O

Proof of Theorem 1.7. (i) For any » > 0 and 0 < N < %, suppose {un} C M N B(r) is a minimizing
sequence for m'y, i.e. E(un) — mfp as n — oo. Then

lunli = luall} + luall7: <7+ N,

which implies that {up} is bounded in A. Therefore, there exists & € A, such that up to a subsequence,
as n — 0o,

u, —u, inA.
u, — 0, in LY(R3) x LY{(R3) x LY(R?), Vt € [2,2%).

up — 1, a.e. in R3.

Then we get a € M N B(r). Further, by the lower semi-continuity of the norm in A, there holds

my < E(a) < lim E(un) = mly.

n—oo

It yields that E(u) = mf,. Hence, m/y has at least one minimizer for any 7 > 0 and N < £.

(ii) For any r» > 0 and 0 < N < Ny, by (6.2), we can see that @ € B(5), which follows that G stays
away from the boundary of B(r). Thus, @ is indeed a critical point of E(u) restricted to M and further
u is a weak solution for (1.4)-(1.5) with some constants fi, A as Lagrange multipliers.
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4)-(1.5) as N small by contradiction. Let

Next, we show that @ is a ground state solution for (1.
n), such that

Ny, :=min{%, Ny}, suppose there exists 7o > 0 and {v,} C M(N,
E'lm(vn) =0 and  E(vy) <mpy .

Then by Lemma 6.5, we get P(v,,) = 0 and further by Lemma 6.4,

E(vy,) = / ; Vvjn|?)de + = /]:1:\ ivn

<mN — 0, asn — oo.

It implies that

anHi—/ ZIV%\ dx+/ | ( n)dm—>0,

Jj=—2
then v, € M(N,) N B(ro). We can see that E(vy,) > mfy , which is a contradiction. Therefore, 1 is a

ground state solution of (1.4)-(1.5).
(iii) By Lemma 6.4, for any » > 0 and 0 < N < Ny, there holds

my < 5

Denote
Q::{ueMmB )| E(u) myv}.

Suppose uy € M'y, by Lemma 6.5, we can see that

myy = E(uy)

ST Eo

< 6m’y. Together with (6.8), we have

that is HuNHi <
2 r
(HUNHA>§ - (6mN)
N “\ N

Then by (2.6), (4.2) and (4.3), we get

2
1
_ T/ ( > dx —|— — (Q’U,QNU_QN —2uiNu_1nN + U%N)de
s 22 %

3
2

4

N
71 2 71 2 2
+ / (2(u—anu_1n +usnuin) + V6(u_inuon + uinuon)) dz + — ( E (jugN)> dx
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< - ( ++ ) (Hu ||2>SN—5—_< +r T2>C axliy N
4 T g VTN TA = 1Tty N

< 27( I )CN—>0 as N — 0%,

which implies that

2
1|7 2
{4 /R3 (j:§_2 ) dxr + 20/ (2u2NU_2N —2uiNu_1nN + U%N) dx

lim
N—o+ N

2
-
+ | (2(usanus1n + uanurn) + VB(u_ivuon + uivuon)) de + — < Z Juin > } = 0.

4 Jgs
(6.10)

Since I'| m(un) = 0, there exist two sequences {An}, {un} C R, such that

- ()\NN + unM)

2
/ Z Vx| da:+/ || Z
+ 7'/ (izﬂ )2da:+72/ (2u U — 2uiNu + ul )le‘
o L iN 5 Jea INU_2N INU_IN ON

=—2
2

2
+ 71 /3 (2(u—anu—1n + usyuin) + V6(u_1yuon +uinuon)) de + 1 /3 ( > (jU?N)) diﬁ}-
R R ;
j=—2
(6.11)

By Lemma 2.3 with d = 3, for any u € A, there holds

22: |V [? + |z ZQ: ufde >3 [ (> uf)de. (6.12)
R3 R3 T

j=—2 j=—2

Then by (6.10) and (6.12), we obtain

. ANN 4+ unvM
— 1 _ > 3. 6.13
Nl—>1{)l+ N - ( )

By (6.8) and (6.11), we can see that
— (ANN + unvM)
2

1 2 T
=2E(uy) + = 7'/ ( E u?N> do + 2 (2u2NU—2N —2uiNu_1N + U(Q)N)zdx
2 R3 j=72 5 R3

2 2
+ 7 /‘3 (2(u_anu—1n + uanuin) + V6(u_inuon + U1NUON))2d:U + 71 /3 ( Z (J'U?N)> dx
R R .
j=—2

<2E(un) =2mly < 2- ;N = 3N.

36



Hence, together with (6.13), we get limpy_,q+ M = —3. Further, we can deduce from (6.10) and
(6.11) that

Juy3 2E(uy) 2m,
lim ——2 = lim =—/— " — lim —2& =3,
N1—>H01+ N Nl—rf(}+ N Nl—r>%+ N

Next, we show as N — 07, there holds
luny — (l2oWo, l10Wo, looWo, I_10W0, I_20T0) |3 = O(N?), (6.14)

where Ljo = [gs ujnWodx for j =2,1,0,—1,-2. Set Ljy = [ps ujnVpdz for j =2,1,0,—1, -2, we have

o0 [e.9] o0 o0 o0
uy = <Zl2k‘lfk7 lekqjkazl%‘pmzl—lk\I’bZl—Qk\I’k)-
k=0 k=0 k=0 k=0 k=0

Moreover, we can conclude

') 2 00 2
N = funlfe =0 (30 Gl =Y (X &) (6.15)
k=0 j=-2 k=0 j=—2

and

anlz =3 ( 5 )19kl = Zsk( 5 ).

k=0 j=-2 j=—2

By (2.6), (4.2), (4.3) and (6.9), we get

mly = E(uN)

— ;/ Z |Vu,n| )dw—I—/ | ( i ujy)dz

j=—2 j=—2

2
1 2 T ?
+ 4{7 /R (jZ i) et /R (2uzvu—on = 2unu—an + ugy) de

=—2

2
2
+7 /3 (2(u_anu_1n + uanuin) + V6(u_inuon + uinuon)) dz + 71/ ( Z Jusn ) }
R =

> Sl + (5 47+ 2)Cllun N 2 vl +27(F +n+ 2) 0N
;ifk—fo(zl ) Z£O<lek)+27( +Tl+20)CN2
k=0

Then by (6.8) and (6.15), we have

i(zz 0) < Z_jgk—go(zz]k)

k=1 j=-2

< 54( 7+ ) CuN? = 3N + 2mly < —54(

4 20 )C %,

+T1-|-2

4 0
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which yields that

© 2 —54(I + 71+ L2)(7*1\72
(g
Thus
ifk( 22: l32k> = i(&c —50)( 22: l?k) +§0i ( 22: l?k)
k=1 j—— =1 =2 =1 k=2
< —54(2 T+ E)C*N2 & _54@ 2:1_20%)0*]\72
_54515—150 <4+ T+ )C’N2

For N — 0T, we can see that

lun — (l20%o, li0 Yo, loo Yo, l-10 Vo, Lzo‘%)”i

0o 00 00 0o 0o 2
= ' < Z YR J9 AT 75 Y VA 70 N EETR 79 ) l—zk‘l’k>
= k=1 k=1 k=1 k=1 A

= ]_72
and
lun — (I20%0, 110¥0, looPo, I-10P0, I—20P0)| 72
00 00 e8] 00 00 2
= H <Zl2k\pk7 DITA 79 AT 79 Y ARTA JN Zl—%‘l’k)
k=1 k=1 k=1 k=1 k=1 L?
oo 2
=3 (X B) = o).
k=1 j=—2
Therefore, it is obvious that (6.14) holds. We complete the proof of (iii) in Theorem 1.7. O

Next, we will show that the set MY, is orbitally stable under the flow of (1.3). To this end, we need
the following global well-posedness result.

Lemma 6.6. For any r > 0, u(0) := (u2(0),u1(0), uo(0),u—1(0),u—2(0)) in A be such that Hu(0)||
r. Then there exists Ny = No(r) > 0 sufficiently small such that for all 0 < N < Ny, if u(0) € ./\/l,
then the corresponding solution to (1.3) exists globally in time.

Proof. The proof is based on the following continuity argument: Let I C R be a time interval and
X : I — [0,+00) be a continuous function satisfying X () < a + b(X(t))?, for every ¢t € I and some
constants a, b, 8 > 0. Assume that X(tp) < 2a for some ¢ty € I and b < 2791=% then we have
X (t) < 2a for every t € I. By the uncertainty principle (see e.g. [54]), we get

2 2 1 2 1
X 3 o)< 5 SOLL O ww©R)ar)* ([ 1230 w0)dr)” < uo))3 <
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By (2.6), (4.2) and (4.3), we have

(O] < Sl - (F+n+22)e( [ ¢ Zwuj 2)ds)*

for some constant C(r) depending only on 7. Let u(t) := (u2(t),u1(t), uo(t),u—1(t),u—2(t)), by the
conservations of mass and energy, we have

a1 < 2Be)] -2(F +n + 22)e ([ ¢ S V0P e)

j=—2

|

Set X(t) = [[u(t)|3, a = 2[B(u(t))| + 3/[u(0)[{ and
1
b=—2(7+m+30)CNE,

then we see from (6.16) that X(t) < a + b(X(t))% for all ¢ in the existence time interval. Since
X(0) = ||u(0)\|i < 2a and a is bounded from above by some constant depending only on r, for NV

is sufficiently small, we can set b < 272q72. Applying the above continuity argument, we obtain
X(t) < 2a for all ¢ in the existence time. This shows that for N is sufficiently small depending only on
r, the corresponding solution to (1.3) and (1.5) has bounded norm. Then local theory implies that the
solution exists globally in time. O

Proof of Theorem 1.7. (iv) If u(0) = (u2(0),u1(0),uo(0),u—1(0),u_2(0)) € M with Hu(0)||12X <,
then the corresponding solution to (1.3) exists globally in time by Lemma 6.6. Suppose that there exists
€0 > 0, a sequence of initial data un(0,-) = (u2n(0,), w1 (0, ), uon (0, ), u—1n(0, ), u—2,(0,-)) C A and
a sequence {t,} C R, such that the solution uy = (ugn, Uin, Uon, U—1pn, U—2,) of problem (1.3) with
initial data uy, (0, -) satisfies

1
e u—un(0,)f[y < 2 6.17
uz(u27U17u0}3_1,u_2)6M;, n( )HA n ( )
and
iuf U= tn(tn, )|, > <o, (6.18)

u=(u2,u1,uo,u—1,u—2)EMY,

where uy (ty, ) = (u2n(tn, Vs uin(tn, ), ton(tn, ), u—1n(tn), u_gn(tn).

Without loss of generality, we may assume {un(0,-)} C M, we claim that {un(tn,-)} C B(r).
Indeed, if {un(tn,-)} C A\ B(r), then by the continuity, there exists t, € [0,,] such that {un(ta, )} C
0B(r). Hence by the conversation laws of the energy and mass (see [12]), Lemma 6.2 and (6.4), we see
that

I(un(0,)) = I({un(tn,)}) > inf E()> inf E(u)>my,
( ) ({ }) ueMm(B(r)\B(g)) ueMNB(7) N

which contradicts to (6.17). Then {un(tn,-)} is a minimizing sequence of m/. Similarly to the proof

of Theorem 1.7 (i), there exists v = (va,v1,v0,v—1,v_2) € MY, such that uy(tn,:) = v as n — oo in
A, which contradicts to (6.18). Therefore, we complete the proof of (iv) in Theorem 1.7. O
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7 Proof of Theorem 1.8

For any r > 0 and 0 < N < Ny, suppose i € M N B(r) is the solution of (1.4)-(1.5) obtained in
Theorem 1.7 (ii), then we see that t € B(5). Let & xu be the operator defined in (6.5), by direct

calculations, we get
2

[ exwiae= [ (30 o

j=—2

and

1 & 1 1

E(xu) = 625/ ( Z |Vu,|?)dx + 625/ |lz|2p?dx + 63£/ (rp* + 1 F? 4+ 0?)dz.
2 R3 A 2 ]R3 4 R3
j=—2

Then for any u € M, there holds lim; 4o F (§ * u) = —o0. Hence there exists a large £ > 0, such
that

@)} >r and E(gxa) <o.

We now define a path as
ri={geC(0,1,M)] 9(0) = & g(1) = &1 +},

then for ¢ € [0, 1], it is easy to see that g(¢) := ((1—1t)+t&) «a € I, that is I' # (). Hence, the minimax
value

= inf El(qg(t
o= inf max E(g(1))

is well defined. Further, we can deduce
o > max {E(a), E(& *a)} > 0. (7.1)

Indeed, for any g € I', we have g(0) = @ € B(3) and g(1) = & * @ with [|(§ *Q)Hi > r, then there
exists to € (0, 1), such that g(tg) € B(r). Then by (6.2) and (6.4), we get

max E(g(t)) > E(g(to)) > inf E(u)
tef0,1] ueMn(Br)\B(%))

> inf E(u)> inf FE(u)
ueMNB(L) ueMNB(3)

N3

=miy =E(a) > 0> E(§ ),
which implies (7.1).
Defining the Pohozaev manifold of system (1.4) as

P = {ue M| Pu) =0}, (7.2)

where P(u) is the corresponding Pohozaev identity of system (1.4) defined in (6.6), then we get following
Lemmas. The proofs are similar to Lemma Lemma 3.5 in [44], we omit the details here.

Lemma 7.1. E(u) is bounded from below and coercive on P. Moreover, there exists a positive constant
C, such that E(u) > C for any u € P.
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Lemma 7.2. P is a C! submanifold in M with codimension 3.

Lemma 7.3. Suppose 7 < 0, 11 <0 and 190 < 0, then for any r > 0 and 0 < N < Ny, there exists a
bounded Palais-Smale sequence {u,} for E restricted to M at level o. In addition,

2 2 3 2 9

37 3T
+ Tl . (2(u_2nti—1n + Ugnt1n) + V6(u_1nuon + uintion)) da + —1 ( Z Jud, >
R? =
50 (2u2nu_2n — 2UipU_1p + Uon) dx = on(1), asn — oo.
3

where o, (1) — 0 as n — oo.

Proof. The existence of Palais-Smale sequence {un} for E at level o with P(up) = 0,(1) is similar to
the proof of Proposition 3.1 in [44], we omit the details here. We only show {un} C M is bounded in
A. Indeed, direct calculation gives

F(un) = E(uy) — %P(un) +on(1)

1 2 5 2
— 6/}}@ (j:ZZ\VujnP)der 6/R$ (!xR(jZ u?n))dx—i-on(l).

=—2

Since {up} C M and E(uyp) — o as n — oo, then we get the boundedness of {u,} in A. Therefore, we
complete the proof. O

Lemma 7.4. Suppose 7 <0, 71 <0 and 72 <0, for any r > 0 and 0 < N < Ny, let {un} C M be
the Palais-Smale sequence obtained in Proposition 7.3, then there exists u € M, such that u, — U is
strongly in A as n — oo.

Proof. By Lemma 2.1 and Proposition 7.3, there exists a = (g, 11, Ug, U—1,U—2) € A, such that up to
a subsequence, as n — +00,

u, — 1, inA.
u, — 1, in LY(R3 R?), Vt € [2,2%). (7.3)

up — 1, a.e.in R3.

Since E"M(un) — 0, then there exist two sequences {\,}, {n} C R, such that
2 2
[ 3 @unor [ (3 (006 do + Alun, ) + Blun, 8) + Clutn, 9
j==2 j==2

= O+ 20) [

UgpPodr + ()‘n + Un) /
R3

UipPrde + )\n/ U Podx
R3

R3

+ (A — n) / U—1pd—1dx + (N — 2,un)/ U_ond—odx + 0 (1),
R3 R3
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where
2

A(un, @) = /R Z u,m ujnqﬁj))dx

k=-2 Jj=—2

B(un, ¢) =11 / (4u3, b2 + uf, o1 + v 1,01 + 4u’ 5, 0_9)dx
R?)

(dugnui, d2 + durnus, ¢1 + du_onu® 1,02 + du_1,u’y, 0 1)da

+
il

w

(2uanu? 1,02 + 2u_1,u3,d—1 + dusnu® o, B2 + du_o,u3,d_2)dx

|
i
w

(ulnu%lnqh + u_lnu%n¢_1 + 2u1nu2,2n¢1 + 2u_2nu%n¢_2)daz

|
=

+
e
T~ —r— T — T

w

(3u_1nu3n¢_1 + 3u0nu2_1n¢o + 3u1nu(2)n¢1 + 3u0nu%nq§0)dx

+
il

w

+
oy

(2u_1puonUin®—2 + 2U_2UopU1nP—1 + 2U—_2pU_1nUIRP2 + 2U_2pU_1nU2nP1 )d

w

(3u1nu%n¢—1 + 3U—1nu%n¢1 + 6U—1nulnuOn¢0)daj

w

+7 3(\/6U0nuz—1n¢—2 + V6u_2,u” 1, d0 + 2V6u_2nu_1,u0nd—1)dz
+ 71 S(ﬁufanOnuanSfQ + V6u_antontind—1 + V6u_2pu_1,u1n,00 + V6U_2,u_1nU0nP1 )dT
+7 3(\f6U1nu—1nU0n¢2 + V6unt_1nond1 + V6uznuintond—1 + V6ua,uint_1,¢0)dx
+ 7 3(\/6u0nu%n¢2 + V6ugnu?, ¢ + 2V 6usnuonuind1 )dr
and
C(u (]5)—B Quant? o o + 2u_onu, d_o + 2uinul |, d1 + 2u_1pu’, b +u3¢>)d$
- / (QU—znmnu_mqf?z + 2U2p U1 U—1nP—2 + 2U1pU2RU—2p D1 + 2U_1U2pU—2,P1)dT
g / (u 2nugn¢2 + u2nugn¢—2 + 2u2nu—2nu0n¢0)dx
2 2 2
-5 / (u U @1 + U1n UG, O—1 + 2U1pU_1pUon o) dx
for any ¢ = (¢2, ¢1,¢0,0—1,0_2) € A. Since {u,} C M is bounded in A by Proposition 7.3, taking

¢ = uy, in (7.4), then it is easy to see that {u,}, {\n} are two bounded sequences in R. Suppose that
tn — [ty Ay — A as n — oo. Choosing ¢ = un — t in (7.4), then we get

2

. — 2 . 4
/]R3 Z Vujn - V(ujn u]))alnr:—i—/R3 EI Z Wjn (Ujn — U;))da

j=—2 Jj==2
+ A'(up,uy — 1) + B'(up, uy —0) + C’'(up, uy, — 0) (7.5)
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— O+ 2010) / o (i — f12)d + (A + i) / i (i — 1)+ A / o (ti0m — i) da
R3 R3 R3

+ (A — in) / U—1p(U—1p — U—1)dx + (Ap — 2pn) / U—opn(U—_2y — U_2)dx + 0,(1),
R3 R3

where A’, B', C" are obtained by replacing ¢ with u, — 0 in A(un, @), B(upn, @), C(uy, ¢).
By (7.3), we get a1 satisfies (1.4). Thus using u, — 0 as a text function in (1.4), we then obtain

2 2
/R3 jgz (Viij - V(ujp — 05))dz + /R3 || Z (wjn — 1)) dx

+ A"(4,uy — 0) + B"(4,u, — 1) + C" (G, up — 0)

= (5\ + 2[&)/ ﬂg(Ugn — ’[Lz)dl‘ + (5\ + ,a) / ’&1(%1,1 — al)dl‘ + 5\ ao(u(m — ao)dl‘
R3 R3 R3

+(A=p) / o1 (u—1n — _1)dz + (A — 2;1)/ _g(u_on — 4_o)dz,
R3 R3
where A” B, C" are obtained by replacing u,, with @t in A(uy, u, — 1), B(up,u, — 1), C(uy,uy, — ).
Together with (7.3), (7.5), (7.6), we can see that

2 2

L O 19 = apP)dot [ ( 3 i) de = 0,(0),

j=—2

which gives

2 2
/Rﬂ(z Vugn| d$—>/ Z Vﬁj|2)d:c, as n — 00
Jj==2 =—2

and
2 2
/ \$\2< Z u%n>dx —>/ \x!2< Z ﬁ%)dm, as n — oo.
R3 ; R3 ;
Jj=-2 j=—2
Therefore, we get the strong convergence of u, — 0 in A as n — oo and we complete the proof. O

By some similar arguments as the proof of Lemma 3.10 in [44], we have

Lemma 7.5. Let m = inf E(u), then
ucP

P(u) < 0= P(u) < E(u) —m.

Proof of Theorem 1.8. (i) By Lemma 7.3 and Lemma 7.4, t € M is a mountain pass type solution
o (1.4)-(1.5). Moreover, by (7.1),

o >max {E(u), E(§ )} > 0.

Therefore, i € M is indeed an excited state solution to (1.4)-(1.5).
(i)-

(ii) Let @ be the solution to (1.4)-(1.5) obtained in Theorem 1.8 (i). For any £ > 0, denote fi¢ := {x1,
then P(fig) < 0 since @t € P. Let ®¢ = (@g,@ﬁ,@g,@él,qﬁ_ﬁ be the solution of system (1.3) with
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initial datum @¢ defined on the maximal interval (Tinin, Tmax). By the continuity of P, provided ||
is sufficiently small we have P(®%(t)) < 0. Therefore, by Lemma 7.5 and recalling that the energy is
conserved along trajectories of system (1.3), we have

P(®4(t)) < BE(®4(t)) —1h = E(fig) —m =: =4 < 0.

For any such ¢, by continuity again we infer that P(®%(t)) < —6 < 0 for every ¢t € (Twin, Tmax)- To
obtain a contradiction, we define

/ o2 Z 5 (1, 2)
Jj=—2
then
fit) =2 Z Im ]:U| <I>§(t x)z@th)E(t x)dr =4 Z Im 3<}T§(t,x)x : Vfbﬁ(t,x)dx.
J==2 Jj==2 R
Indeed, we use the fact that

Z Im/ || ®§(|z]2®§+7p2®£)d =0, Z 2]7'11111/ || <I>€F <I>§da:—0
Jj=-2 J=—2,j#0

Tllm/ 22(F_ 050 + F\ 05d8)dz = 0,

§ _ _
‘gﬁlm/ |22 (F_ 0505 + F, ®5%)dx = 0,
R3

6 —_— [
\gnlm/ |22 (F_®50° | + F &% ®F)dx = 0,
R3

7Im /Rg z)2(F_9° 8%, + F 9% ,0° )dz =0

and
—2

Zm [ |22o2e5e¢, — 20¢ 0%, + @f )dz = 0.

Vb Jrs
Thus

=4 Z Im (8,5%(75, x)T - v@ﬁ(t, x) + gﬁ(t, x)x - V&@ﬁ(t x))dx
Jj=—2

Since

4ZIm <I>5tm)x v&tfbgtxda:—élzzml/ @gtxack 00y P ( x)dx
j—*Q j=—2k=1

— 4 Z ZIm atqﬁ (t,2) 9 (D¢ S(t, 2)a)da

J=—2k=1
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2

- _4< Y Im [ 905t a)x vcbf(t z)dz + 3 Z Im [ 9,5(¢, x)cbf(t m)dx)

j=—2 B =2 K

we have
=4 Z Im (8tg§(t, x)T - V¢§(ta x) + gg(t, x)T - V8t¢§(t, x))da:
2
= —4( Z Im 8t<1)5(t x)2x - V@S(t x)dx + 3 Z Im [ 0;® (t x)tl)g(t x)dx)

R3 J* 9 R3
_ 4<

Since i@gﬁ?(t,x) satisfies (1.3) and Re(uVu) = 1V|u|?, through some lengthy and basic calculations,
we have

2 2 2
2
12 ):8/]1{3 ( S Ves? — 22 Y |<b§|2>dx—|—67/R3 ( 3 yc1>§|2) dz
j=—2 j=—2

j=—2

j——z

Z Re/ z&@f (t,z)2x - vcl)g(t x)dx + 3 Z Re/

10,05 (1, )8 (¢, x)da:) .
j=—2 j=—2 IR

2
2
+6ﬁ/ (2(<I>£_2<I>£_1+<I>§<I>§)+\/5(<I>£_1<I>§+<I>§q>§))2dx+6n/ (Z(j|q>§|2)) dz
R3 R3 N !
Jj=-2

6
2 (20588, — 2050° | + (®5)?) da.
R3

Indeed,

8 Z Re/ ACDE t,x))x - v@g(t x)dr + 12 Z Re/ A@ﬁ(t,x))gg(t, x)dx

J——2 j==2

=8 Z Re/ —div V¢£ (t,z))x - V@g(t x)dx + 12 Z Re/ —div chf(t 3:))<I>£(t x)dz

J——Q 7__2

=8 Z Re/ (VS (t,2)V(x - vcbf(t x))dz + 12 Z Re/ (VeS¢ m)vqﬁ(t z)dzx
j=—2 Jj=-2

—82/ \Vfbétx 2dx
j=—2
and

8 Z Re/ ]x\2<I>5x v@g(t z)dr + 12 Z Re/ || ¢'€<I>§(t,:v)d:):

Jj=—2 Jj=-2

:—82/ 8 Pdiv(jo L) dx+12z/ 2[21 S 2

j=—2
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= —20 Z/ ||| @5z + 12 Z/ ||| @5 da

Jj=-2 Jj==2
sy [ JaP1os .
j=—2"R

The integrals of other terms can be calculated similarly, we omit the details here. Since

P(®(1) / (Z VOS2 — | Z 5 ) da +3T/ (Z @) )

3 5 ‘ i

+ 2 (288,88 | + B50%) + VB(D,0f + BEDS)) 2da + Tl/ ( > (]@5"2)) da
4 R3 4 R? Jj=-2 ’

0 [ g, a0fed, + (05

we have f¢(t) = 8P(®(t)) < —85 < 0, and as a consequence
0< fe(t) < —6t> + O(t), for all t € (—Tmin, Trmax)-

Since the right hand side becomes negative for |t| sufficiently large, it is necessary that both 71, and
Thax are bounded. This proves that, for a sequence of initial data arbitrarily close to @1, we have
blow-up in finite time, which implies the instability. Therefore, we complete the proof. O
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