ON EXTREMUM OF QUOTIENT OF THETA AND ZETA FUNCTIONS AND
THEIR APPLICATIONS

SENPING LUO AND JUNCHENG WEI

ABSTRACT. We consider the minimization (or maximization) of quotients of two classical mod-
ular invariant functions. Let z € H := {z € C : Im(z) > 0} and 0(8, z) and ((s, z) be the Theta
and Epstein Zeta functions associated with a two-dimensional lattice:

Im(z)S Cra- \mz+n|2
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(m,n)€z2\{0} (m,n)ez?

We completely classify the optimal shape for
052 s2)
0k (o, 2)’ =z€H Ok (a, 2)
These results have direct applications to conformal and Liouville filed theory, and string
theory via the partition functions. Besides, these results yield extremum of differences of modular

invariant functions, which have applications to mathematics of crystallization and interacting
particle theory.

min(max), ey for a,B8,k > 0,5 > 1.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the minimum or maximum of quotients of modular invariant functions.
A function W is called modular invariant if

W(v(2)) = W(z), Vv € SL(2,Z), (1.1)

where the modular group SL(2,2) is finitely generated by z — f% and z — z + 1.

In Subsection 1.1, we first introduce our main mathematical results. In Subsection 1.2, we
introduce the physical background of quotients of modular invariant functions, and then state
their applications in conformal field theory, string theory and physics. As one can see below,
in many cases the minima are hexagonal patterns, which shadows light on why hexagonal shape
prevails in nature.

1.1. Brief introduction to our main results. Let z € H := {# € C : Im(z) > 0} and A =
ﬁ (Z @ zZ) be the lattice in R? with area of unit cell and parameter z. The Epstein Zeta
and Theta functions associated with the lattice A are defined as
1 2
R - R —ma|P|
(M) = > B O, A): =D e :
PeA\{0} PeA

Using the parametrization z of A, one has

(s2) = h) = S 2 gy pan = Y T gy

2s”
(m,n)ez?\{0} |mz T n‘ (m,n)€Z2

In 1950s, in a series of work in number theory, Rankin [12], Cassels [10], Ennola [17], Diamond
[16] established that

Theorem A (Rankin, Cassels, Ennola, Diamonda 1950-1960s). For s > 1, up to rotations and
translations,

Minima,cu((s, z) = €'3.
1
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The higher dimensional Epstein Zeta becomes much more difficult. The first rigorous theorem
appeared in 2006 by Sarnak-Strombergsson [37].
Motivated by Theorem A, Montgomery [29] further proved that

Theorem B (Montgomery 1988). For a > 0, up to rotations and translations
Minima,cpf(a, 2) = €'5.

Note that by Mellin transform, Zeta functions can be expressed by Theta functions, i.e., {(s,z) =
% 155 (6(ct, 2)—1) " 'dor. Hence Theorem B implies Theorem A. Theorems A and B have become
classic results in number theory, and have deep applications in other fields.

Theorems A and B laid down the foundations to the optimality of triangular(hexagonal) vor-
tices in Ginzburg-Landau theory (Abrikosov [1], Sandier-Serfaty [36, 38]). Theorem B has direct
applications to crystallization among lattices (Bétermin [6]), Ohta-Kawasaki models in di-block
copolymers (Chen-Oshita [9], Goldman-Muratov-Serfaty [20]), Bose-Einstein condensates ([21]),
crystallization of particle interactions (Blanc-Lewin [8], Luo-Wei [23]), minimal frame operator
norms (Faulhuber [18]) and many others. Furthermore, Theta functions are deeply connected
to string theory (Alvarez-Gaumé-Moore-Vafa [2]), Gauss core model (Cohn and Courcy-Ireland
[11], Prestipino-Saija-Giaquinta [33]), sphere packings (Conway-Sloane [12], Viazovska [39]), the
reverse Minkowski inequality (Regev and Stephens-Davidowitz [34], Regev [35]), and communica-
tions (Barreal-Damir-Freij-Hollanti [4]).

In this paper, we consider quotients of special modular invariant functions. The Epstein Zeta
function and Theta function in Theorems A and B are two most important modular invariant
functions. As Mumford [30] commented ”The theory of theta functions is far from a finished
polished topic”), the Theta and Zeta functions have rich inner structures and deep applications.
Note that a power of modular invariant function is still modular invariant. Motivated by Theorems
A and B, it is natural to consider the following problem:

Problem 1.1. Assume that o, 3,b,a > 0,5 > 1. Find the optimal lattice for

9b b
(6.2) o Cs2)
0 (e, z) 0 (a, z)
In this paper we give a complete answer to Problem 1.1 in Corollary 1.1 and Theorem 1.2. Our
first theorem concerns the quotient of Theta functions.

Minima(Maxima) ey

Theorem 1.1 (Quotient of Theta functions). Assume that o > 0,8 > 0. Then, up to rotations
and translations

(a) if B>a,Ba>1or B < a,fa<1, then
0 o
MaXimaze]}]}T =€ §7 (13)

and Minimazeﬂzgg’g does not exist.

(b) f B<a,fa>1o0rf>ala<l, then

D
I\
~

Minima,, ¢

and Maximazeﬂzgfé’g does not exist.

See the illustration of the regions in Figure 1.

Note that the four regions 8 > a,Ba >1lor < a,fa<lor f<a,fa>1lorf>a,fa<l
are determined by a line f = « and a curve a8 = 1 in the first quadrant, see Picture 1.

Note that neither Theorem B implies Theorem 1.1 nor Theorem 1.1 implies Theorem B, while
Theorem 1.1 reveals the inner structure of Theorem B. In fact, through the simple deformation

O(a,z) = 22‘52 -0(B,2) and Theorem 1.1, one infers that if Minima,cg6(3,z) = e'5 for some
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FIGURE 1. (a, 3) plane for extremes of 2 ( 3

B > 1, then Minima,cgf(a, z) = €5 for any 1 < a < f3; roughly speaking, the minima of 3 > 1 in
0(B, z) implies the same minima of smaller 3.

: i ; e 20082 _ (_0(B.2) b
Next we consider general quotients of two powers of Theta functions. Since Pilaz) = ( 97 Z))

it is enough to consider Minima(Maxima).,cp Ty ( y for k& > 0. By Theorem 1.1 we have the
following two corollaries.

Corollary 1.1 (Quotient of Theta functions with different powers). Assume that 8 > a > 1.
Then, up to rotations and translations

(1) for all k € [1,00), Maxima,cp eek((ﬁ’Z)) .=

(2) for ke (0,1), Max1mazeH% does not ezists.

Corollary 1.1 provides a complete new perspective on quotient of Theta functions with different
powers. Corollary 1.1 shows that the form in Theorem 1.1 is critical.
Theorem 1.1 can be generalized to sums of Theta functions.

Corollary 1.2 (Quotient of sum of Theta functions). Let minj<;<x 8; > maxi<j<kx a; > 1 and
any a;,b; >0, wherei,j =1---K and K > 2 is arbitrary. Then, up to rotations and translations

Y88 2)

. pusy
Maxima,cg————— = ¢€'3.

S ab(ay,2)

Next, we shall consider the quotient of Zeta and Theta functions, namely,

¢(s,2)
. 1.5
O(a, 2) (15)
In general, when we consider the quotient form (1.5) with a parameter k, i.e., ei(( , we find that

there is a threshold k = 2s in the classification of the minimum. Precisely,

Theorem 1.2 (Quotient of Zeta and Theta functions). Assume that s > 1, > 3s. Then up to
rotations and translations

(a) if k < 2s(independent of «), then

Minima,, ey 7«8’ ?) = ¢

0%(a, 2)

(b) if k > 2s(independent of «), then Minima, ey egk(( 2y does not exist.

@l

(1.6)

With some extra lower bound of the minimum value of the quotient form, we could deduce that
the minimizer of the quotient form implies the minimum of difference form. Precisely, we have the
following
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FIGURE 2. Hexagonal and rhombic lattices.
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FIGURE 3. Square and rectangular lattices.

Corollary 1.3 (Differences of Zeta and Theta functions with different powers). Assume that
s € (1,12], a > 3s. Then up to rotations and translations

(a) if k < 2s(independent of a), then
Minima,en (¢(s, 2) — 0% (a, 2)) = €'5. (1.7)
(b) if k > 2s(independent of o), then Minima.cx (((s,2) — 0%(a, 2)) does not exist.

The minimum of differences of Zeta and Theta functions with different powers given by Corollary
1.3 have many applications in the mathematics of crystallization and lattice minimization problems.
In particular, for k = 1, it yields that Minima.cp ({(s, 2) — 6(c, 2)) = €5 whenever s € (1,12] and
a > 3s. This implies hexagonal crystallization under one-well potentials.

1.2. Quotients of modular invariant functions: background and applications. Let L be
a n—dimensional lattice spanned by the basis {vi,vs, - ,v,}. Denote that Y .., F(8 - |P?)
and Y pc; (B - |P|?) be the summations on the lattice L with respect to the background poten-
tials(functions) F and H respectively, here usually a, 8 > 0 are the free parameters representing
some physical quantity(like temperature or its variant). In this paper, we propose and consider
the min(max) problem of the quotient of summations on the lattice as follows

2 2

S FBPP) S F(BPP)

L) perp Hia- [P?) L Y per Hia- [PP?)

As we can see below problem (1.8) arises naturally in physical and number theoretical problems.

To the best of our knowledge, this paper is the first time to consider to the min(max) problem

of quotient of summations on the lattice(1.8). Denote that p = |L| := det{vy,va, -+ ,v,} be the

density of the lattice L, it is straightforward to show that between different densities, one has the
following relation

(1.8)

S FG-R = Y FG D). 1.9

PeL, |L|=p PeL, |L|=1
Therefore, one usually normalizes the density of the lattice to be 1. The summation on the lattice
enjoys another important property: it is invariant under special linear group SL(n,Z) of degree n
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FIGURE 4. Fundamental domain and hexagonal point.

over a field Z which is the set of n x n matrices with determinant 1. It is ready to check that
S F@-PP) = > F(B-|P]*), where A€ SL(n,Z).
PeL, |L|=1 PeAL, |L|=1

In this paper, we are interested in dimension n = 2, since the two-dimensional theories capture
many essential features of higher dimensions, without sharing the complexities of higher dimensions
(Alvarez-Gaumé-Moore-Vafa [2]). In this case, the lattice L spanned by {v1, va}(see Figures 2 and
3) can be determined by a complex variable z defined as follows

V2
Z=—, 0r Vg = 2Vj.
Vi
In this way, a lattice with density 1 can be parameterized by L = ﬁ (ZEBZZ), where z belongs
to the upper half plane H := {z = z + iy € C: y > 0}. In this way, we define
Sr(8,2)=SF(8,L):= Y F(B-IPP).
PeL, |L|=1
Then as in (1.9) or check directly, S(3, z) is modular invariant, i.e.,
Sr(B,7(2)) = S#(B,2), Vv €SL(2,Z). (1.10)

The fundamental domain associated to the group SL(2,7Z) is

Do:={z€H:|z| >1, |Re(z)] < %} (1.11)

We also note that Sz(8, z) is symmetric about the y—axis, i.e.,
Then the fundamental domain associated to the symmetries of Sz(5,2) in (1.10) and (1.12) is

1
Dg:={z€H:|z| > 1, 0 <Re(z) < 3}, (1.13)

see an illustration in Figure 4.

When the background potential F takes the forms of Gaussian(exponential) and Riesz (inverse
power) respectively, one gets the Theta and Zeta functions (1.2) respectively.

The Theta, Zeta functions and their variants play a fundamental role in number theory and
statistical physics. They still provide many insights to many more abstract theories and have
many new applications to newly developed physical problems/theories(see detailed description in
the previous Subsection). In many references and textbooks (see e.g. Cohen [15]), Zeta functions
defined above are also called as real analytic Eisenstein series and denoted by E(s, 7). There is a
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third type of basic modular invariant functions (besides Theta and Zeta functions) that appeared

VIm(7T)|n(T) 2. (1.14)

Here the Dedekind eta function n(7) is defined by
a n .
n(t) =q2 H(l —q"), q=exp(2mir).
=1

The modular invariant function (1.14) has applications to minimal frame operator norms and Ohta-~
Kawasaki models in di-block copolymers(Chen-Oshita [9]), and Ginzburg-Landau theory (Sandier-
Serfaty [36]). In fact, \/Im(7)|n(7)|? is a variant of Zeta function (or real analytical Eisenstein
series). Indeed, their relation are included in Kronecker first limit formula, which states that

(s, T) = S—Ll + 27 (y — log(2) — log(y/Im(7)|n(7)|?)) + O(s — 1), s — 17, (1.15)

here ~ is the Euler-Mascheroni constant. On the other hand, the Dedekind eta functions still can
be expressed by Theta functions, it can be found in the book by Nakayama [31](page 233). We
state it as follows

Proposition 1.1 (Dedekind 7 functions in terms of Theta functions: Nakayama [31]). For T € H,

it holds that i
Vi@ ==Y (05, 7) - 206.7)).

On locating the extremals of determinants of Laplacians, in 1988, Osgood-Phillips-Sarnak found
that

Proposition 1.2 (Maximum of Dedekind eta function, Osgood—PhillipS—Samak [32], page 206).

Maxima, e/ Im(7)|n(T ', (1.16)

Due the deep applications in various fields, Chen-Oshita [9]) and Sandier-Serfaty [36] encoun-
tered Dedekind eta function in their problems, provide completely different proofs of Proposition
1.2 in their papers. An alternatively proof can also be obtained by Proposition 1.1 and Theorem
1 in our paper (Luo-Wei [26]).

The min(max) problem of a single form of Theta, Zeta, eta functions and their variants are
well studied(Theorems A, B and Proposition 1.2). In this paper, we study the min(max) problem
of quotients of Theta, and Zeta functions and their variants. Namely, by studying them serving
as model cases, we get a better understanding of quotients of modular invariant functions or the
general problem (1.8). This looks like a purely mathematical problem, while it turns out that
quotients of Theta, Zeta functions, and their variants appear naturally in conformal field theory,
statistical field theory, and string theory, as we shall see below.

In the classical book of conformal field theory (Francesco-Mathieu-Sénéchal [10]), the free-boson
partition function(without zero-mode) is

1
Zyos(7) = == .
bos(7) = R ()
see Section 10.2 in [10].

When the free bosonic theory compactified in a circle with radius R, the corresponding partition
function on the torus is

TR2|mt —m'|?
Z(R,T) = Zbos Z exp( T(T)) (1.18)
See Section 10.4 in Francesco-Mathieu-Sénéchal [ ], Bershadsky-Klebanov [7] and Alvarez-Gaum-

Moore-Vafa [2](page 28). By the definition of Theta function given by (1.2), the widely used
partition function (1.18) can be rewritten as
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(£,
2poy =L D
V2 \/Tm(7) (1) ?
which is quotient form of Theta and eta functions (up to a power and scaling). See (1.17) and

(1.19) also in the classical book of statistical field theory (Mussardo [41], chapter 12, pages 404-408)
for the free energy.

(1.19)

When R = ,/%, with p’ > p two coprime integers, the partition function for the O(n) model

of the Ay 1, A,—1 minimal theory is (Francesco-Mathieu-Sénéchal [10])

Za, ,4,.(7)= %(Z(\/2pp/77) - Z(\/%, 7)). (1.20)

In the ADE classification, one of the partition functions is

o Dyain(T) = ;(Z<\/§, ) - mﬁ, r) - 2(/22 1) + 20,/ 7)).

The others have the familiar forms and we omit them here. See more in pages 406-407 in [40].
They are still the quotient form of Theta, eta and their variants. For example, by (1.19), the
partition function in (1.20) can be deformed as

Zy, a,,(T)= V20 [ppbpp’ T) — 9(%,7)
2 P

Besides, the quotients of modular invariant functions play a key role in two-dimensional confor-
mal field theory. The holographic correspondence between topological gravity coupled to an average
of Narain’s family of massless free bosons in two dimensions, discovered by Maloney-Witten [28]
and by Afhkami-Jeddi et al. [22], involves the quotients of Epstein Zeta and eta functions.

The real analytic Eisenstein series E(s, 7) is defined as

(Im(7))*

| mrT+m' |25

E(s,7):=
m,m’€Z2\{0}
The average of partition functions of ¢ massless free bosons in two dimensions over Narain
moduli space and a U(1)¢ x U(1)¢ Chern-Simons gauge in three dimensions coupled to topological
gravity. The three quantities are the same (as summarized by Benjamin-Keller-Ooguri-Zadeh [5]):
1: The average partition function of ¢ free bosons(Afhkami-Jeddi et al. [22]) or the average of
the genus 1 partition function over the Narain moduli space(Maloney-Witten [28]).

o dmdeZw) - E(5.7)
2 = e T (mm R

2. The Poincaré sum of a U(1)¢ vacuum character.

M =0(c,¢;Z) \ O(c,c)/O(c) x O(c). (1.21)

E(<,7) vac 1
? 2 . X (T):n(T)c (1.22)

Lre(T) = vac (- _
7 vermé:m)x o = o

3: An exotic 3d gravity computation of a sum over geometries of a U(1)¢ x U(1)¢ abelian Chern-
Stmons theory:

E(5,7)

Zpe(T) = e~ S0s = .
0 2 (VIR () P)* 123

3-manifold geometries
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In the purely mathematical side, the explicit expression Zr.(7) appeared items 1,2,3 above
is a reformulation of an argument originally by Siegel, and is known as the Siegel-Weil formula
(Benjamin-Keller-Ooguri-Zadeh [5]).

In the physical and applied side, the explicit expressions Zr(7) and Z(R, ) (given by (1.18)
or (1.19)) and many others have appeared as partition functions in physical systems. Partition
function plays fundamental role in statistical physics: the total energy, free energy, entropy, and
pressure, can all be expressed in terms of the partition function or its derivatives. In particular,
the Helmholtz free energy(F') and the partition function(Z) have the following relation

F = —kgTlog(Z).

Here kp is Boltzmann’s constant and T is the temperature. Therefore, at a given temperature,
locating the min(max) of the partition functions is equivalent to finding the max(min) of the
Helmholtz free energy. In this line, since the partition function determines many basic physical
quantities, we are led to the following problem

Problem A (Torus geometry and max(min) partition functions). How does the geometry of the
torus affect the value of partition functions in various physical models? In particular, what kind of
geometry of torus such that the partition functions achieve the extreme values?

Regarding Zr-(7)(given by (1.21),(1.22), or (1.23)) and Z(R, 7)(given by (1.18) or (1.19)), we
have the following corollary which follows from Theorems A, B and Proposition 1.2.

Corollary 1.4. Assume that ¢ > 2,a > 0. Then

(a) Minima, cyZy(7) = €5,

(b) Minima,euZ(R, T) = €'5.
Note that Z(R, 7) denotes the partition function of free bosonic theory compactified in a circle
with radius R. Considering the effect of the value of the circle radius to partition functions, one

would ask the following question

Problem 1.2. Assume that Ry, Ry > 0. Classify
Z(RQ, T)

Inin(maX)TeH Z(Th'r)

By (1.18) or (1.19), one has
2
Z(Ry,7) _ 0(F,7)

Z(Ry,7) 0(%%,7').
As a result, Problem 1.2 is completely solved in Theorem 1.1. A similar problem to Problem 1.2

is the following

Problem 1.3. Assume that R > 0,c > 2. Classify

By (1.22) or (1.23) and (1.18) or (1.19), one has
Zre(T) _ (ﬁ)( ¢(
(Z(Rv T))c R 06(777—)
Problem 1.3 is solved by Theorem 1.2.
The paper is organized as follows: In Section 2, we give the proof of Theorem 1.1 and Corollaries
1.1 and 1.2. In Section 3, we establish a minimum principle for modular invariant functions and

collect some summation formulas for Zeta functions. Finally, we give the proof of Theorem 1.2
and Corollary 1.3 in Section 4.
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2. PROOF OF THEOREM 1.1 AND ITS COROLLARIES

Recall that the fundamental domain associated to the group G is given by
1
Dg:={zeH:|z|>1, 0<Re(z)<§}.

For convenience, we define

I':={z€H:Re(z) = %, Im(z) > ?} (2.1)

First we show that by deformation Theorem 1.1 follows from the following

Theorem 2.1. Assume that 8 > a > 1. Then

(1) Maxima,epy gggz; =€'5.

3552 does not ezxist.

(2) Minima,ep

In fact, in the case (a) of Theorem 1.1: 8 > «, S > 1, we consider two subcases, (al): 8 > a >1
and (a2): B> 1 > 1. The subcases (al) are exactly proved in Theorem 2.1. For subcases (a2), we

use the deformation zggzg = ag((f’zz)), then it reduces to Theorem 2.1. The case (b): 8 < «, Ba < 1

in Theorem 1.1 contains two subcases, (bl): 5 > & > 1 and (b2): 5 > « > 1. In subcases (b1)

1 z 1 z
and (b2), one uses the deformations 3252 = %ZEQ’Z; and 2553 = %Z((g’z)) respectively, then they

are reduced to Theorem 2.1. The case (c): § < a, fa > 1 in Theorem 1.1 contains two subcases,
(cl): @ > B >1and (c2): a > £ > 1. In subcases (cl1) and (c2), one uses the deformations

B
0(8,z) _ 1 0Bz) _ 1 __ 1
0(a,z) —  0(a:2)

and == respectively, then they are reduced to Theorem 2.1. Similar
0(8,2) 9(%@)

0(c,z) B 0(a;z)
analysis applied to case (d): 8 > «,Ba < 1 in Theorem 1.1, we omit the details here.
We now prove Theorem 2.1. The proof consists of two main steps.
In Step One we show that the maximizer can be reduced to the vertical line I'. We shall prove

that
0(8,2) _ 0(8,2) _ (8, 2)

Len O(a,z)  zepg O, 2) =€l O(a,2)

for B >a>1 (2.2)

This is a consequence of Proposition 2.1. Proposition 2.1 also implies that assuming the existence
of the minimizers, one has

0(8,2) . 0(8,2)

min = min = min 9(6. 2)
zel O(a, 2)  zepg O0(a,2)  z=iyy>16(a, 2)

for f>a>1. (2.3)

In Step Two, we show that the maximizer is located on z = % + 2@ = ¢'5. We shall prove that

0 1
nay 9?32 is achieved at 3 + z? for B >a>1. (2.4)
This follows from Proposition 2.2. By Proposition 2.3 we have
0
(8,2) does not exist for 8>« > 1. (2.5)

z=iy,y>1 0(0&, Z)
Combining Step One and Two we complete the proof of Theorem 2.1.
In the remaining part we prove these Propositions.

2.1. Transversal monotonicity. In this subsection, we aim to prove a transversal monotonicity
on quotient of theta functions. It is stated as follows
Proposition 2.1. Assume that 8 > o > 1. Then

0 0(8,2)
0z O(a, 2

>0 for z € Dg.

~—
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The proof of Proposition 2.1 will be given at the end of this subsection. Before that we shall

prove some preliminary lemma first.

In terms of one dimensional Theta function, one has an alternative expression of Theta functions.

Lemma 2.1. Assume that z € H and o > 0. Then

Z e_my"219(g;nm) =,/—0(a,2).

& Y

nez

Here the classical one-dimensional theta function is given by
IXY) =Y e ™ X2 ¥ 50, Y eR.
neZ
Recall that

Lemma 2.2 (Montgomery's first Lemma [29]). Assume that « > 1. Then

0
%9((){,2) <0 for z € Dg.

Or equivalently,
0
p nEEZ e_”“ynzﬁ(%;mc) <0 for z € Dg.

In our previous work [24], we have established that

Lemma 2.3 (Corollary of Theorem 3.4 in [24]). Assume that s > 1. Then
99
Ox O0s

Using Lemma 2.3 and fundamental theorem of calculus, one has

L)
VB0(82) — Vab(a, z) = / - (/36(s, 2))ds.

(Vs0(s,2)) >0 for z € Dg.

Then 5
0 o 0
5 (VB03.2) = Vav(a,2)) = [ JL (a5, )i
Therefore, by Lemma 2.3 and (2.8), it holds that

Lemma 2.4. Assume that 3 > o > 1. Then

%(ﬂe(ﬂ,z) — \/Ea(mz)) >0 for z € Dg.

Or equivalently,
0 _ 2y 3 2y
TLByn J. _ Tayn g
ax(%e y 19(6,111:) nEGZe Y ﬂ(amx)) >0 for z € Dg.

We shall also prove that

Lemma 2.5. Assume that 3>« > 1. Then

VBO(B, 2) > ab(a, z) for z € Dg.
Or equivalently,

Ze‘”ﬂynzﬂ(%;nx) > Ze‘mynzﬂ(%;nx) for z € Dg.

ne”Z neZ

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

By Lemma 2.4, to prove Lemma 2.5, it suffices to prove that /B6(3,2) > \/af(«, z) on the left

boundary of half fundamental domain Dg. These are done in Lemmas 2.6 and 2.7.
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Lemma 2.6. Assume that >« > 1. Then

\/Bg(ﬂaz) |Re(z)=02 \/ae(avz) |Re(z)=0 fOT Im(z) > 1

Lemma 2.7. Assume that 8 > a > 1. Then
VBO(B, z) ) l121=1,0<Re(z)< 1 = VaO(, 2) |12 1=1 0<Re(z)<1 -

2

By Lemma 2.1,

E e_”“y”219(y;mc) le=0= ﬁg(ay)ﬁg(g).
« o
neZ
Then we have

Lemma 2.8 (Evaluation of theta function on z—axis).
oy y y .
O(a,iy) = | =V3(ay)d3(=) for = has a positive lower bound,
o o o
«
= 193(0431)193(5

Here V3 is the Jacobi theta function of third type and defined as

x) = Z e

ne”Z

) for ¢ has a positive lower bound.
Y

By Lemma 2.8, Lemma 2.6 is equivalent to

Lemma 2.9 (=Lemma 2.6). Assume that 5> o > 1. Then

193(53/)193(%) > Dg(ay)ds(2) for y > 1.

To prove Lemma 2.9, it suffices to prove that

Lemma 2.10. Assume that o > 1. Then

%(ﬁg(ay)ﬁg(%)) >0 for y>1.

By symmetry, Lemma 2.10 is equivalent to

Lemma 2.11. Assume that o > 1. Then

5 (1a(0a(®) 20 for y = 1.

By Lemma 2.8, Lemma 2.11 is equivalent to following Montegomery’s Lemma [29].

Lemma 2.12 (Montegomery’s second Lemma [29]). Assume that o > 1. Then

(%H(mz) >0 for z € Dg.

Therefore, Lemma 2.6 is proved. It remains to prove Lemma 2.7. By the group invariance(z

L), one has

11—z

Lemma 2.13 (From arc to %—Vertical line). Assume that o, 8 > 0, it holds that

1 V3
\/Bg(ﬂvz) - \/ag(avz) |\z\:1,Rc(z)€[O,%]* f@ ﬂa Jrzy \/>0( Jr Wy ) y/ € [ia 7}’
explicitly, y' = 3 }tﬁzgg In particular,
VBO(B, 1) — Vab(a,i) = feﬁ, —Vab(a, 5 +ig). (2.12)

In fact, one has
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Lemma 2.14. Assume that o, 5 > 0, it holds that

V3

a;,(feﬂ’ +iy) — Vab(a, +Zy))20 foryé[;?l

Lemma 2.14 is proved by fundamental theorem of calculus

VB0, i) s, S vin = [ 2 (Vatta, S i)
and Lemma 2.15 as follows

Lemma 2.15 ((2) of Lemma 2.17). For s > 1,

1 V3
> -, —].
5o (Va5 i) 20 for ye 5,5
On the other hand, by Lemma 2.6,
VBO(B, i) — ab(a,i) >0 for f>a>1. (2.13)

This and (2.12) in Lemma 2.13 implies that

VB0(53, % —l—z%) — Vab(a, 5 T >0 for B>a>1. (2.14)

1
3)
Therefore, (2.14) and Lemmas 2.13, 2.14 yield Lemma 2.7.

We are in a position to prove the main result(Proposition 2.1) in this subsection.

Proof. Proof of Proposition 2.1. The key is to use a new but equivalent quotient form,

VBO(B, 2)
vab(a,z)
It suffices to prove that
0 VBB, 2)
Oz \/ab(a, 2)

>0 for z € Dg.

A direct calculation shows that

9 VBB, 2) _ g (VBB 2)Vab(a, 2) — g (Vab(a, 2))VBI(B, 2)
Oz v/ab(a, z) ab?(a, z) '

Then it is also equivalent to proving that

f 0(8,2))vVab(a, z) — x(ﬁ@(mz))ﬂew,z) >0 for z € Dg. (2.15)

Regrouping the terms, we get that
fw feaz>——(foaz )\/BO(B, 2)
fw )Wab(a,2) — - fw )V/BO(5, 2)
+ %(\/59(6, 2)VBOB, z) - %wae(a, 2)V/BI(B, 2)

Then it holds

f@ﬂ, ﬂ)az%—(f@azﬂw,
—f ) (Vabla,2) = V/EO(B.2)) +V/BO(B, )5 (feaz VB(B.2)).
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To simplify the expression, let

Bu(e,5,2) : = /B (008, 2) (Vabla, 2) — /0I5, )

By(a,B,2) : = \/39(/3,@%(\/&9(%2) —V/B0(5,2)).

Then

S (/BO(5, 2)Vab(0,2) — 2= (Vabla, )VEO(B,2) = Bal 5o2) + By(en ). (216)
On the other hand, by Lemmas 2.2 and 2.5

Ba(a, B,2) > 0. (2.17)
And similarly by Lemma 2.4

By(a, B,2z) > 0. (2.18)
(2.16), (2.17) and (2.18) yield (2.15). These complete the proof.

2.2. Monotonicity on the %—Vertical line. In this subsection, we aim to prove that

Proposition 2.2. Assume that 5 > a > 1. Then

9 0(8,2)
Ay 0(a, 2)

w\&

|Rc(z):%S 0 fOT’ Im( )>

To prove Proposition 2.2, we establish one more auxiliary lemma except those in previous
subsection.

Lemma 2.16. Assume that 8 > o > 1. Then

w\%

%(\/BG(@Z) - \/59(04,2)) Re(z)=1 < 0 for Im(z) >

Via the deformation,

55 (VB0(B.) — vabta) = o1 [ "0 (a5,
B 92

= | g5 (Va0(s, s

Lemma 2.16 is deduced by item (1) in Lemma 2.17, which is proved by our previous paper [24].
In fact, item (1) in Lemma 2.17 is followed by Proposition 4.1 in [24], the proof of items (2), (3)
is similar, hence we omit the detail here.

Lemma 2.17 ([24]). Assume that s > 1. Then
(1) %;(\/59(5 Z)) [Re(z)=1< 0 for Im(z) = 3
(2) ayaé (fﬁ(& )) lRe()=2> 0 for Tm(z) € [§, %3],
(3) ayas (\[Q(Saz)) |Re(2)=0< 0 for Im(z) > 1.

Proof. Proof of Proposition 2.2. Using the deformation,

B 00(B,2) 0 VBI@B,2)

o Oyb(a,z) Oy ab(a,z)
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A direct calculation and deformation show that

(Vabta, 2 5 YD

=§y<ﬂa<5,z>>-<¢a@<a,z>> 5 (Va(a,2) - (VA5 2)

(5, (VB8(5.2) - (Vabla,2) - —wae(a,z)) - waa(a,z)))
+(—<\/ae<a,z>>o<¢ao<a,z>> M 60 2)) - (V/BO(B,2))
—Vab(a, z) (f 56(8, =) \/ae(a,@) + 8—y<¢ao<a,z>> (Vabla, 2) — V/30(5,2)).

For convenience, we denote that

Hala, B,2) : = Vab(a, z) - (feﬁ, - Vab(a, ),

Hy(a, 8,2) : = aﬁy(\/aH(a,z)) (f& o, 2) —/BO(B, z )
Then

(Vab(a,z))*- gy% =Hala, B, 2) + Hpla, B, 2).

By Lemma item (1) of Lemma 2.17, if § > « > 1, then

Ha(Ol7B,Z) ‘Re(z)zég 0 for Im( )2

By Lemmas 2.5 and 2.12, if 8 > «a > 1, then

ol%

MES

Hp(at, B,2) |Re(z)=1 < 0 for Im(z) >
O

Similar to the proof of Proposition 2.2, using Lemmas 2.5, 2.12 and 2.17(item (3)), we have

Proposition 2.3. Assume that 8 > a > 1. Then
0 0(8,2)
Ay 0(a, 2)
2.3. Proof of Corollaries 1.1 and 1.2. Proof of Corollary 1.1. For & > 1, we use the deformation

as follows
0(3.2) _0(8,2) 1
0% (o, z)  O(a,2) OF1(a,z2)
Here k — 1 > 0, the desired result follows from Theorem 1.1 and Montgomery’s Theorem A.
For k < 1, by Lemmas 2.1 and 2.8, we have the asymptotic

|z:iy7 y>1< 0.

06 VB W, e
Hk(a,z)_)( ST Vy) ™% = 4oo, y — +o00.

«

This proves the nonexistence of the maximum.
For Corollary 1.2, we follow the steps of proof of Theorem 1.1. Namely, Corollary 1.2 yielded

by Propositions 2.4 and 2.5 in the following.

Proposition 2.4. If mini<j<g f; > maxi<j<g a; > 1 and any a;,b; > 0, where i,j =1--- K
and K > 2 1s arbitrary. Then

8 Yo b;0(85,2)

— >0 for z € Dg.
Oz Zf:l aje(ajaz)



QUOTIENT OF MODULAR INVARIANT FUNCTIONS 15

Proof. It is shown that the derivative of quotient of sum of Theta functions can be decomposed
into sum of derivative of quotient of Theta functions. In fact, a direct calculation shows that

Z b 0 BJ’ /ij (ai7z) - 9(6]'72)017(0‘2'72)
Os Zz a;f az» Z b (Zkake(akﬁz))2

ocz,z) 0(8;,2)
‘Zal 5, anblon )2 P B(asz)

That is, there exists non-negative functlons ¢ij such that

> 00(85,2) 0(B5,2)
s ZZ aifl(oi,z) ZCU .a$9(04jiaz)'

(2.19) and Proposition 2.1 yield the result.

(2.19)

O

Proposition 2.5. If mini<j<g f; > maxi<j<g a; > 1 and any a;,b; > 0, where i,j =1--- K
and K > 2 1s arbitrary. Then

K
2 Zj:l b;0(B;, 2)
K
0y 37521 aj0(ay, 2)
Proof. The idea of the proof is similar to that of Proposition 2.4. We compute that

>, b;0( 5]7 0y(8),2)0(c, z) — 0(B;, 2)0y (i, 2)
ayz a;f Oél, Z b (Zk ake(akvz))g

OZ“ ) . a(ﬁjaz)
_Zal ZkakQ ag, z))? ayQ(ai,z)'

Then there exists non-negative functlons ci;j such that it holds the following kind of linear relation

> 00(85,2) 0(8;,2)
O ZZ al(oi,z) 2 'ayewi, z)’

One then restricts the relation on the %—vertical line,

b 0 ﬂ s 0 j 5
Z ( & ) Zcij ’ ayagfé]“z; |Re(z):% : (220)

|Re(z):%S 0 fOT Im( )Z

[ %

6@12 a; (az ) Re(z)*%

2%

The sign of 0, 95? z) |Re (2)=1 is non-positive by Proposition 2.2. Then the result follows by (2.20).
O

3. MINIMUM PRINCIPLES AND SUMMATION FORMULAS

There are some nice structures in gg’g 2y as shown in the proof of Theorem 1.1. While to prove

Theorem 1.2, we need some minimum principles. In the latter part of this section, we collect some
summation formulas and lower, upper-bounds estimates of one-dimensional Theta functions.

3.1. Minimum princples. The first minimum principle(inspired by Rankin [12]) is a baby version
of the general ones. It concludes that for any symmetric modular invariant functions satisfying
two monotonicity conditions admit the minimum at hexagonal point(e’?).

Proposition 3.1 (A minimum principle). Assume that W is modular invariant, i.e.,

W( ) =W(z), for all ( ‘C‘ Z > € SLy(Z), (3.1)

az+b
cz+d
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and
W(=z) = W(2)
If
2VV(Z) >0, z€DgN{y>a} for some a> ﬁ
9y 2 (3.2)
d V3
%W(z) <0, z€DgnN{y>b} for some b< >
and
_ Sy
i+a2 = (33)

Here Dg is the fundamental domain corresponding to modular group SLo(Z), explicitly, Dg =
{zeH:|z|>1, 0<x < 3} Then

min W(z) = min W(z) is attained at e'% (hexagonal point).
z€eH ZG'Dig

Proof. By the first part of (3.2), we have

min W(z) = _min ()
z€Dg z€DgN{y<a}

We then assume min, 7, <, W(2) is attained at z1 := (21,y1). Then y; < a. Since b < a, by
the second part of (3.2), we have

T = (3.4)

1
2
. 0 1 0 1 .
Taking ( ;| | € SL2(Z), we define zy := 1 q Aot follows that

and
W(ZQ) = W(Zl)

This implies that z» still attains the minimum of min_z-W(z). Now we need an elementary
inequality, namely,
us (5] 1
> if — <wup <.
as T

From this equality, one has Im(z2) > b. In fact,

Y1 a
Tty T 1+a?

1
Im(zo) = if 3 <y <a.

By (3.3), we have 2z € Dg N {y > b}. Still by the second part of (3.2) and 2, is the minimum

point, there must has Re(z;) = 3, i.e., Tip = 3. It yields that y; = § This and (3.4) yield the
4 1

ho|—

result. These complete the proof.
O

In many cases, the monotonicity estimates in (3.2) may not hold for such a large domain
(cylinder, y > or y > b). In fact, we can replace such a large domain (an infinite cylinder) to a
finite rectangle domain. While we should add a comparison inequality as

W(z) > W(zp) for some zg € Dg N{y < ¢}, and any z € Dg N {y > c}.

1 T
3

In practice, such a point zg can be choose to very special and easily calculated points like ¢ or e’
We state it precisely for application as follows.
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Proposition 3.2 (A refined minimum principle). Assume that W is modular invariant, i.e.,

W(Zzzj——z) =W(z), for all ( (cl Z ) € SLy(Z),
and
W(=2) = W(2).
If
(1) 3% (2) >0, ze DgN{c>y>a} for some a>§;

W(z)
(2) ZW(z) <0, zeDgn{c>y>b} for some b< @;

8

(3) W(z) > W(zo) for some zo € Dg N{y < ¢}, and any z € Dg N {y > c} where ¢ > a.
Here
a
— >
1+a®

and Dg is the fundamental domain corresponding to modular group SLs(Z), explicitly, Dg = {z €
H:|z]>1,0<z <3} Then

min W(z) = min W(z) is attained at e'% (hexagonal point).
z€eH 2€Dg

Proof. Ttem (3) implies that
min W(z) = _min  W(z).
2€Dg 2€DgN{y<c}
The rest of the proof is similar to the proof of Proposition 3.1, hence we omit the details here.
O

We shall use Proposition 3.2 to prove Theorem 1.2. To Proposition 3.2, we shall select suitably

of the pair (a,b) satisfying "> > b and a > ? It is crucial to select the pair (a,b). In the
4

following, we choose (a,b) = (3,23) and ¢ = 2. The corresponding estimates of (1), (2) and (3)
are established in Lemmas 3.1-3.3 respectively.

We have the following computation at some particular point.

Lemma 3.1. Assume that s > 1, > 2s. Then

(s ¢
Hk(( )) |Im(z)>2 /Qk ZLZZ)) |z et §> 1.

This implies that for o > s 4+ 10,s > 2, it holds that
¢(s,2) - ((s,2) ¢(s,2)

min = min = min < —=
z€H 0F (o, z)  zepg 0% (o, 2)  .eDgniy<ey 0F(a,z)’

Lemma 3.2. Assume that s > 1, > 2s. Then

0 ((s.2)
Oz 0% (a, 2)

48
<0 for ZEng{22y2%}.
Lemma 3.3. Assume that s > 1,a > 2s. Then

0 ((s,2)
Ay 0% (a, 2)

4
>0 forzeDgﬂ{22y2§}.
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3.2. Summation formulas. To prove Lemmas 3.1-3.3, we need some preliminary and auxiliary
tools.

We first recall some basic estimates. By skilfully using of the Euler-Maclaurin summation
formula, Rankin deduced that in his paper implicitly

Lemma 3.4 (A summation formula, Rankin 1953 [12]). Assume that z € H and s > 1. Then

1 1
L _TQM-g . L s@sA DR oy 1
|mz + n|25 I‘(s) m2s—1 2 (2 + 2)s+1 m2s+1’ ,

Here z = x + iy is an complex number in the upper half plane.

It looks that there is no exact and explicit summation formula for BE hence Lemma

1
n€Z |mz+n
3.4 is the best available one to use. In Lemma 3.4, one can see that

1
Z m = approximate part + error part.

At least for large y, we get

approximate part :=

error part :=o

By Lemma 3.4, one has

Lemma 3.5. Assume that z € H and s > 1. Then

> INEDA 1
Z ZW{(Qsl)Wyl 25 4 g €25 +1)= ((22=9'—||‘_12))s+1y(25+1)’ oel-1,1].

Finally, one obtains the approximate and error part of Zeta functions ((s, 2).

Lemma 3.6. Assume that z € H and s > 1. Then

S

y
(s, )= Y. [mz £ nf?

(m,n)ez?\{0}

1 _1 s+3
= 2¢(2s)y® + 2€(2s — 1)F(2)II:((SS) 2)yl_s +o-£(2s+ 1)3((222_:_12))5+1 Gt 5 e[-1,1].
Proof. Recall that
ys
C(s,2) = Z Imz + n|2s (3.5)

(m,n)ez?\{0}
We split the summation in terms of m into m =0, m > 0, m < 0. Note that when m = 0, the
double summation in (3.5) becomes
s oo

> |5|25 =2y" ) n% = 26(2s)y°

neZ\{0} n=1

Then it holds that

(s.2)= ) m: 259+Zz|mz+n\25 Zz|mz+n|2s

(m,n)€ez2\{0} m=1ncZ m=—oo neZ

=2¢(2s)y° +ZZZ ‘mz+n|28

m=1n€eZ

(3.6)
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Therefore, by Lemma 3.5, we have

L(3)T(s — 3)
I'(s)

(25 +1)°+=

) (st _
(2s+2)5+1y , o€l-1,1].

C(s,2) =2£(28)y° +26(2s — 1) Y o €25+ 1)s

O

There is another useful tool. Rankin deduced that in his paper implicitly
Lemma 3.7 (A summation formula, Rankin 1953 [42]). Assume that z € H and s > 1. Then

Gy(5,) =25 €(25)y" " - %6(25 - 1)%)5((;_2) -
(25 +1)5*t2

ls (25 +3)°F
2% (25 + 2)*+1

(2s + 4)st

l\’) m\u

+ €25+ 1)(0 tog-(s+1) )y*<s+2>}, 01,09 € |1, 1].

Proof. Recall that

S

(m,n)€Z2\{0}
A direct calculation yields that
s—1

¢ (s,2) = Z sY 28y

(m,n)€z2\{0} |mz +n|?*  |mz+ nl26tD)”

s+1m2

Splitting the summation in terms of m into m =0, m > 0, m < 0, and by symmetry, we get that

Cy(s,2) = 2s€(2s)y* 1 + 2sy° ! Z Z \mz+n|25 — 4y Tt Z Z

2(s+1
m=1n€eZ nez |mz—|—n| st

Note that the summation )
by Lemmas 3.4 and 3.5.

is studied in Lemma 3.4. The rest of the proof followed

1
n€Z |mz+nl|?s
O

At the end of this section, we recall some estimates on one-dimensional Theta functions. Recall

that in (2.7)
) _ Z 677Tn2X62n7TiY,
neZ

where X >0 and Y € R.
The following Lemmas 3.8 and 3.9 are proved in [25].

Lemma 3.8. [25]. Assume X > 1. Ifsin(27Y) > 0, then
—9(X)sin(27Y) < 8%19()(;}/) < —9(X)sin(27Y).
If sin(27Y) < 0, then

—9(X)sin(27Y) < i19(X;Y) < —¥(X)sin(27Y).

- oY
Here
I(X) 1= dme ™ (1 = p(X)), D(X) = dme~ (1 + (X)),
and
p(X) = Zn%*”("%l)x. (3.7)

n=2



20 SENPING LUO AND JUNCHENG WEI

Lemma 3.9. [25]. Assume X < min{-T5 = If sin(27Y) > 0, then

T+27 4log T } 7r+2
—9(X)sin(27Y) < 8%19()(;}/) < —9(X)sin(27Y).

If sin(27Y) < 0, then

—9(X)sin(27Y) < aiyﬁ(X;Y) < —9(X)sin(27Y).
Here

3

I(X) :=me XX 3; 9(X):=X"2.

4. PROOF OF THEOREM 1.2 AND ITS COROLLARY

In this section, we give the proof of Theorem 1.2. By the minimum principle given by Proposition
3.2, it suffices to prove Lemmas 3.1-3.3. We prove Lemmas 3.2, 3.3, and 3.1 in Subsections 4.1, 4.2
and 4.3 respectively. In Subsection 4.4, we give the proof of Corollary 1.3.

4.1. 0, estimates. By a direct computation and deformation, we have

(57)  C5,2) (Gl5,2)  Bul2)
Oa 0k (o, z) Ok (a, 2) (((s,z) b 0(a, 2) )
:_C(s,z) sin(27z) - —Ga(52) k (. 2) )

0k (a, z) (sin(27m:)§(s, z) sin(2nz)0(a, 2)
Lemma 3.2 is equivalent to

Lemma 4.1. Assume that o > 2s,s > 1. Then

—Ca(5,2) —0y(cv, 2) 48
-2 >0 €eDgN{2>y> -}
sin(27wx)((s, z) Ssin(27rx)9(oz,z) for = gNi2zy= 73}
In the rest of this subsection, we prove Lemma 4.1. To prove it, we estimate m(;f:wi% and

—0x(5,2) —0x(5,2)
sin(27wx)6(s,z) sin(27x)0(s,z)’
and 3.9. While for %, getting a lower bound of it directly becomes complicated. To
overcome it, we use a relation between ((s, z) and 6(a, z). Namely, we use the identity

(s,2) =

separately. For we use lower and upper bounds given by Lemmas 3.8

LSOO a,z) —1)a* tda
F(g)/o (8(a, =) — 1)a"da

Then by taking derivative with respect to x, we get an identity of (. (s, z) in terms of 6, («, z)

7T o0

Cals
(s) Jo
Using (4.1), we can get the bounds of (;(s,z) by bounds of 6, («, z). Together with summation
formula (3.6), we can bound m

We now start the detailed proof. With the expression of theta function in Lemma 2.1, namely,

(a, 2) \/> > e y(Lina). (4.2)

neL
Using bounds of 1-d Theta functions((X;Y)) given by Lemmas 3.8 and 3.9, one has

0.(a, 2)a tda. (4.1)

_91 (Ot,Z)
sin(27wx)

—0,(a, 2) Y \/Z 21
2\ < 8n(l Z kA my(nZot ).
sin(2rz) — m(l+ 'u(a)) @ nz::l ne

Lemma 4.2 (An upper bound of

¥y>1
o for & =3,

). Depending on the value of £, it holds that
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_0 ( = 77rayn
sm(27rx - zzj

Here we denote
oo

w(X) = Zn2e_”(”2_1)x.

n=2

With Lemma 4.2, to bound %, we need a lower bound of 6(«, z). By (4.2), we have

Lemma 4.3 (Lower bounds of 0(«, z)). Assume that o,y > 0. It holds that

o for £ >1, then 0(a,z) > /Z.
o for £ <1, then 0(a, z) > 1.

Proof. The first part is trivial. The second part based on a duahty formula of J acobi theta function
of third type. Recall that ¥3(z) = > ., e=™"% Then 6(a, z) > JIyx = VZ3(%) =
193( ) > 1.

O

Combining Lemma 4.2 with Lemma 4.3, we get an upper bound of m.

Lemma 4.4 (An upper bound of %). Depending on the value of £, it holds that

o for L > %,
0D gr1 4 ) 3 me e,
sin(2mz)0(a, z) ol i~
o fort< i,
sin(2€rrx()a9’(2,z) < 2(%)7% nZ ne~moun’
Here

Zn2 —m(n? —1)X

We proceed to get the lower bound of % Using (4.1), we first estimate the lower
bound of 0, (a, z). By (4.2) and bounds of 1-d Theta functions(¢(X;Y")) given by Lemmas 3.8 and
3.9, we have

Lemma 4.5 (A lower bound of = )) Depending on the value of L, it holds that

sm(27rx)

_OI a,Z) y y i . 2 1
.<7 ZSW(l_M(a))\/;Zne y(n a+a);
n=1

sin(27x)
o for L < 75,
0u(@2) Y AN iy
“balan2) o ¥ m(n?y+)a
sin(2rzx) — ﬂ(a) Zne
Here

w(X) = ane’”(”2’1)x.
n=2
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Proceeding by (4.1),
—Sz\o, 5 o 70.% ’ —
I
0

sin(2rz)  T(s sin(2mx)
s Y —0,(0,2) 4 /°° —0.(0,2) 4
7 ————a’"d )
T'(s) (/0 sin(2mx) “ ot y sin(2mz) “ “ (4.3)
> T / 7_0I(a’z)a571da.
I'(s) J, sin(27z)
Using the incomplete gamma function I'(s, z), which is defined as

F(s,x):/ t>Le~tat,

together with Lemma 4.5 and (4.3), we have

Lemma 4.6 (A lower bound of =52(52)) For s > 1,y > 0, it holds that

sin(27x)
—Ca(s,2) < T 2m i U(s +1,m(n’y® + 1))
sin(2r) = T(s) ¥ (g + L)
Now we need a lower bound of the incomplete gamma function I'(s, z).
Integrating by parts, one has the recursion in s, i.e.,
I'(s,z) =2te™ 4+ (s —1)['(s — 1,z) for s> 2. (4.4)

n=1

We need a lower bound for incomplete gamma function I'(s, ). By using the recursion formula
given by (4.4) and some monotonicity properties, Pinelis [27] deduced that

Lemma 4.7 (Lower-bound functions of incomplete gamma function T'(s,z)). The incomplete
gamma function T'(s,x) has the following

> (("Jc+2)27;9072 + I‘(s))e’z for s> 3;

= (22 + 22 +2)e"® for s =3;

> (I+2)571+5571_2571 + F(s))e‘x for s € (2,3);

I(s,z)

=(z+1)e® for s =2;

> (M% + F(s))e’z for s € (1,2);
e " for s =1.

Using Lemmas 4.7 and 4.6, we have
Lemma 4.8 (A lower bound of wﬁz?(fr;))) For s> 1,z €10,3] and y > 0, it holds that
“Crlonz) 25 L Lyl ),

sin(2rx) ~ y 4y

Now we are ready to obtain an effective lower bound of % By Lemma 4.8 and the

upper bound of {(s, z) given by the summation formula in Lemma 3.5, we obtain that

—6:(2) ) pors > 1,2 €0, 3] and y > 0, it holds that

Lemma 4.9 (A lower bound of TG

s —(s+1) —r(y?+1
—CI(S,Z) - ;(y+ ﬁ) e (v"+3)
sin(2mx)((s,2) —

S s s+1 :
26 (2s)y* + 26(2s — 1) TEEETD 1= 425 4 1)s LT~

Lemma 4.9 is quite useful when the parameter s is large, while when s is small, we have a more
precise bound(Lemma 4.11). By Lemmas 4.2 and 4.9, to prove the main Lemma 4.1 for the cases
s > 4, it suffices to prove that
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Lemma 4.10 (An elementary inequality). Assume that s > 4, > 3s. Then for y € |
holds that

7372]

2 (y 4 L) emr D)
26(28)y* + 26(25 — 1) NELETD) s | (95 4 1)sZHDTE Y —(s41)

T'(s) (2s+2)s+1
3(3)_56_”% for £
2\ gro-mylatl) v
9me o) for

<1
>1

Since a > 2s > 8, the proof of Lemma 4.10 is trivial, hence we omit the details here.
It remains to prove the main Lemma 4.1 for the cases s € (1,4]. When s is small, we could

deduce a precise lower bound for W%)m) We first have

Lemma 4.11 (A lower bound of =282+ g < 4). Assume that s € (1,4],z € [0,]. Then for

sin(27z) * 2
y >4 73, it holds that

—Co(8,2) _ 16 _mstt
m > *\/YJF(S) s——(27ry)

Here K4(z) is the modified Bessel function of the second kind and is defined as

1 o0
Koy =5 /O e Dy,

or
K (y) :/ e~Yosh(®) cosh(st)d. (4.5)
0

See more details for K;(y) in Watson [13]. To keep the structure clear, we postpone the proof
of Lemma 4.11 to the end of this subsection.

By Lemma 4.11 and the upper bound of (s, z) given by the summation formula in Lemma 3.5,
we obtain that

Lemma 4 12 (A lower bound of WSEQM) : s < 4). Assume that s € (1,4],z € [0, 3]. Then
fory> 2 73, it holds that

7_{_54»1
_CI(sz) > ?\/37 T(s) Ks—%(27ry)
¢(s, z) sin(2mx) 2(28)y® + 26(2s — l)F(%)FF((;;*%)yks €25+ 1)8((228;12);? y—(s+1)

By Lemmas 4.2 and 4.11, to prove the main Lemma 4.1 for the cases s € (1,4], it suffices to
prove that

Lemma 4.13 (An elementary inequality: (b)). Assume that s € (1,4],a > 3s. Then fory € [15,2],
1t holds that
16 atl
2 K, 1(2
3 VITEH sfé( Ty) ZS(E)_%GZ_WOW.
)

S s S+l
28(2s)y® +2£(2s — 1)% 1=s + (25 + 1)s%y*(s+l) @

Note that K% (2my) = %6_2‘“/ and K(2my) is increasing with respect to s by the expression

given by (4.5). The proof of Lemma 4.13 is straightforward and elementary, we then omit the
details here.
We now give the proof of Lemma 4.11. We use the Chowla-Selberg formula [14, 13].

Lemma 4.14 (Chowla-Selberg formula). For s > 1,y > 0, it holds that

C(sa Z) = aO(s’ y) +2 Z an(sv y) COS(QWTL:E),

n=1
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where
T(H0(s—3) 1,

ao(s,y) : = 2(2s)y” + 26(2s = 1)—F y
s (s) (4.6)
T
an(svy) L= ( ) Si%gl_QS(n)Ks—%(zﬂ.ny)'
Here 01-25(n) = X4, d*=25, and K4(y) is the modified Bessel function.
By Chowla-Selberg formula(Lemma 4.14), using |S:n(227;";) | <nforn € Z" and x € R, one has
—Cals, 2 14 Z an s y sin(2mna)
dmray(s,y)si 27rm ) sin(27z)
(4.7)
an(s,y)
>1-— n2Z> 7
nz::z a1(s,y)
To prove Lemma 4.11, by (4.7), it suffices to prove that
oo
2an(s,y) _ 2 48
S <2 for se (1,4], y> —. .
nz::zn ar(sy) =3 Preed vy (4.8)
By (4.6), (4.8) is equivalent to
X L K, 1(2mny) 2 48
s+3 CsTe T 2 g 1.4 > 2°
Zn o1-25(n) K_10my) =3 or s€(1,4], y=> =3 (4.9)

Now we need an estimate on quotient of modified Bessel function K;(y). This is done by the
following

Lemma 4.15 (Baricz [3]). If v > %. Then fory >z > 0, it holds that
KV(y) —(y—=x) Yy,_1
- —_ 2
Ko (2) <e (x) .
By Lemma 4.15, to prove (4.9), it suffices to prove that

48
Zn 01 9s(n)e 2™y < g for s € (1,4, y> . (4.10)

The proof of (4.10) is elementary, hence we omit the detail here. The proof is complete.

4.2. 0, estimates. By a direct calculation

((s,2) _ ((s,2) . Cy(s,2) _ 0y(a, z)
YOk(a,2)  0%(a, 2) (((s,z) K 0(a, 2) )

Lemma 3.3 is equivalent to

Lemma 4.16. Assume that s > 1, > 3s. Then

Cy(s,2) Oy(a, 2) 4
-2 >0 eDgnN{2>y>=-}
(2)  PBan) O zePenzzyzg)
To prove Lemma 4.16, we estimate CE’((SSZ)) and % ((a ’z)) respectively. For %‘((SS’ZZ)), we use the

summation formulas in Lemmas 3.6 and 3.7. For Gé(fzz)) , we deduce by a careful study of properties

of 0(a, 2).
By Lemmas 3.6 and 3.7, we have
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Lemma 4.17 (A lower bound of Cy ) Assume that s > 1. Then

%/((jj))z;(l—As(y))-

Here As(y) is small and explicitly,

ot 3
28;1&-(23 )F( )1}(‘; z) 1 S+£(2S+ )(3 (25+1)° +2 +(8+1)M)y—(5+1)

(2s42)s+1 (25+4)5+2
Asly) = PAITG-1), 15 o 1 1) (o
5(2s)y5 + 5(28 — 1) 2F(s) 22q91-s | 56(23 + 1)8 o) y—(s+ )
(4.11)
TaBLE 1. Evaluation of A,(3)[Taking six digital numbers].
s=1 5=2 s=3 s=4 $§=05 s=06 s=17 5s=8

0.886729 | 0.772190 | 0.517878 | 0.324054 | 0.194742 | 0.114367 | 0.066316 | 0.038192

For the function A(y) appeared in the lower bound of %’(S;), we have the following basic

properties, whose proof is elementary hence we omit the details here.

Lemma 4.18. o For s> 1, As(y) is decreasing for y > 1.
o Fory>1, As(y) is decreasing for s > 1.
e maxy>q As(y) = As(a) fora > 1.

Oy (r,2)
s > We have

For the upper bound of

Lemma 4.19 (An upper bound of Gy(;;) ). Assume that o > 1. Then
(1) For £>1,

1
0(a, 2) ~ 2y
(2) For £ <1,
Oy(a,z) _ 2ma
0(a,2) — 42
We postpone the proof of Lemma 4.19 to the end of this subsection and give the proof of Lemma
4.16. By Lemmas 4.17 and 4.19, to prove Lemma 4.16, it suffices to the following

—ra

e v.

Lemma 4.20. Assume that s > 1. Then
4
1— A (3) > dmwse” "0,
Here As(y) is defined in (4.11).

Now the proof of Lemma 4.20 is elementary hence we omit the details here.
It remains to prove Lemma 4.19.

Proof. Recall that 6(«, 2) \/> Y onez € g=moyn® Y(£;nx). By a direct calculation

—TTx n —TTx n2 y
0y(a, 2) Y ) —m/a Zn2 Y ﬁ(a;nx)

neEZ

) (4.12)
11N oramty (Y,
a\/;Ze X(a,nx).

nez

In the expression of 0, (c, z) given by (4.12), we have
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2 77rayn2 g >
>_ne o ine) =0 (4.13)
nez
and
Z e_”o‘y"219x(g' nx) < 0.
—~ o = (4.14)

Note that 9(X;Y)=1+2>° e~ ™" X ¢os(2nmY’). By the Poisson summation formula, one has

_znov)? Y)"’
IX;V)=X"2) e (4.15)
neL
It follows by (4.15) that
HX;Y) >0 for X >0,Y eR. (4.16)

This proves (4.13). To prove (4.14), we first notice that [0x(X;Y)| < 27y 0 1n26*“” X =
—1¥x(X;0). Splitting the summation to n = 0 and n # 0, one gets that

rayn®a Y y rayn®q Y
o mayn® g J. -9 Z.0)—2 mayn® g J.
E e X(a,n:c) X(a, ) E e X(a,nx)

neEZ n=1

y moyn? y
Ox(0) =23 e (—ox(f0)

- —ﬂx(%; 0)(1 —9 i e*my"z)

n=1

> 0.

Combining (4.12) with (4.13) and with (4.14), one gets

9 ( _2\/7 nez x)
\/72 —rayn? Z‘)
nez
ﬂe(a ,2).

This proves item (1) of Lemma 4.19.
It remains to prove item (2) of Lemma 4.19. Splitting the summation by n = 0 and n # 0, one

has
« Yy > _ 2 Yy
O(a,y) =93(—) +24/= e T Y (= nx).
(o) =955+ 22 (%in2)
Using (4.16), one has
[0 o
0(a,y) > 193(5) > 142", (4.17)

While for 6, (c, y), we have

Oy y) = Dy(9s()) + 2@(@ > e y(Lina)). (4.18)
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To deal with the second term in 6, (c, y), a direct calculation and regrouping the terms, one gets

g = —mayn? g — 1 S 2 -1 —mayn? g
ay(\/;ge ﬁ(a,nx)) 2\/@71:1( may — 1)e ﬁ(a,nw)

1 [y~ —ragn?y (Y
+ - a,;:le Y ﬂx(a,m;).
By (4.16), we have

\/> Z e’y \/> Z emmoun’ g (2 nsc) (4.19)

On the other hand, using the Jacobi Theta function, we get

|\/72@—7”W” Zinax)| < |\/72 e=moyn’ 19X \/72 e’ g 193(%))

(4.20)
By the transformation formula, \/gﬁ:g(%) = 193(%). By taking derivative with respect to y, one
has

Y Y 1 « «
]2 Iy = —pq(2) — . 4.21
L0, = Lou®) - 3,052 (421
Since 8, (93(2)) = 28 3, ;%™ ¥ > 0, then we have
Y Y 1 a
-4 Z)) < —95(=). 4.22
Lo, < o) (1.22)
Combining (4.18) with (4.19)-(4.22), we have
a s 2
0,(c,y) < 0,(93(%)) + fﬁg = Z —man’y, (4.23)
yooay Tyl e
y (4.17) and (4.23), one gets
By(a2) _ O(Ds(5) + ¥s(§) oty ™" 4y + 4y (4.24)
O(a,z) — 14277 " Bi+ By’
where
2T _za - —7'r’n, < —TI'TL «
R L P R B
By :=1, By = 2¢~ %

By direct computation, one has
Ay Ay

A2 _ A1 4.25
By < B: ( )
Then by an elementary inequality, it follows by (4.25) that
A+ 4y A
<4 4.26
Bi1+By, B (4.26)

Noting that % = 2;2’1 =%, (4.23) and (4.26) yield the desired result. O
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4.3. Proof of Lemma 3.1. Since

(s, / ¢(s,2) | ae ¢(s,2) (9(0[,@%))1f
0F(a, ) OF (v, 2) '2=¢"% " ((s,€'%) O(a,2z) /
we shall estimate g(i(spz %)) and 0(9‘?’;,3) respectively.

To estimate 95;;(’;?)), we already have lower bounds of 6(«, z) in Lemma 4.3. Using the Jacobi
Theta function of the third type, we have an upper bound of («, 2), i.e.,

Lemma 4.21. For any o > 0,y > 0, it holds that 6(«, z) < 0(«, iy) = 193( Y3 (ay).

Proof. By (4.2), 0(02) = \/E- 3,0 ™0 9(%in2) < /T3, 00"V 0(410) = T05(2):
Yeze ™ *193( )ﬂs(ay) O

By Lemmas 4.3 and 4.28, one has

G(Q,Si%)

Lemma 4.22. Assume that o,y > 0. It holds that ez = 9(aliy) = 03(3)193(%).
For C(C(S %) Due to its difficulty, we divide it into two cases, i.e., (1): s € (1,4] and (2): s > 4.
s,e

For case (1), we use Chowla-Selberg formula given by Lemma 4.14, while for case (2), we use
summation formula for ((s, z) given by Lemma 3.6.
We first have

Lemma 4.23. For s € (1,4] and y > 2, it holds that <(C(S Z)) > ao(s’y)(fzjg)(s’y). Or equivalently,
ag S’T

il Z > Ba(s,y),
((s,€'5)
where
s r(iHr(s-1 _s ™
2£(25)y" +26(2s — 1) TRy 1m0 ST e (2y)
Ba(s7y) = f F( )F(b 2) \/3 1—s N
26(25)(91)* + 26(2s — 1) =252 (%)
Proof. We first use Rankin’s Lemma(or Montegomery’s Lemma [29, 12]), i.e., 2((s,z) < 0 for

{Im(z) > @}ﬂz € D and s > 1. Then ((s, 2) > ((s, 3 +iy). We then use Chowla-Selberg formula
given by Lemma 4.14. Indeed,

C(sr = +iy) = ao(s,9) +2 (=) an(s, ). (4.27)

2

n=1

See ag, a, in Lemma 4.14. Using Lemma 4.15, one has

an1(¥) _ gy Lyegqiza(nt 1) Koy (2m(n + 1)y)
QA (y) n 01-2s (n) Ks—% (27T7’Ly)
1 1 O’l_gs(ﬂ+ 1) _o
+ —\s = e Try.
( n) 01— QS(TL)
f ant1(y) n V3 g
In the range s € (1,4] and y > then =52 <1 for all n > 1. Hence S (1) an(s, %) is

an alternating series. Then ((s, ) > ao(s,y) — 2a1(s,y). For ((s,e'5), still using (4.27) and the
series is alternating, then ((s, %) < ap(s,y). These yield the result.
d

The lower bound function B,(s,y) is monotone on s and y directions. It follows that
Lemma 4.24. It holds that min,e[y 4),y>2 Ba(8,y) = Ba(1,2). Here B,(1,2) = 1.133290376 - - -

Now we are ready to prove the case s € (1,4] of Lemma 3.1. Namely,
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Lemma 4.25. For s € (1,4],y > 2, > 3s and k < 2s, it holds that

((5,2)  (BlayeF)\k
o.on) oty ) 27
Proof. By Lemmas 4.22, 4.23 and 4.24,
C(S’Z)) . (o(a’ei%>>k ZBa(s,y)(ia(a’ei%))% > Ba(s,y)(ie( : ))28

((s,e'5 35,1y

2
: ) — 1.093639371--- > 1.
21

O

For large s, the Chowla-Selberg formula given by Lemma 4.14 does not work well due to the
property of K (y). Instead, we use summation formula by Lemma 3.6. A direct consequence of
Lemma 3.6 gives that

Lemma 4.26. For s > 4 and y > 2, it holds that

((s,2)
= > By(s,
o o5 = )
Here
s D(HT(s—3% —s S oty —(s
Byio.) 2£(25)y° + 26(2s — 1) PSRy — (25 4+ 1) By~ (4D
(S, Y) ‘=

r(L)r(s—1 s+1)°+3 '
2(25)(4)* + 26(25 — 1)TEREE ()10 1 g(25 + 1)s EEYT () -+

Now we are ready to prove the case s > 4 of Lemma 3.1. Namely,

Lemma 4.27. For s > 4,y > 2, > 3s and k < 2s, it holds that

((s,2) (9(04,61%))16 > 1.

((s,ei5) \ O(a,2)
Proof. For s > 4 and y > 2, one trivially has By(s,y) > (\}iis)ﬂ By Lemmas 4.22 and 4.26,
s(57)°
(s, 2) O(a, e'5)\* 1 2s y* 1 8
“ . > By (s, : > : 3.
C(s,e'3) ( 0(a, 2) ) Z By(s y)(9(3s,zy)) - 8(@)%1 (9(3,22)) >3

By Lemmas 4.25 and 4.27, we complete the proof of Lemma 3.1.

4.4. Proof of Corollary 1.3. By a deformation

_ (s,2)
Clo2) = 0¥(a02) = 04(0,2) - (s = 1)

Theorem 1.2 and Montgomery’s Theorem B([29]), to prove the first part of Corollary 1.3, it suffices
to prove that

Lemma 4.28. Assume that s € (1,12], « > 3s. Then for k € (0,2s], it holds that Llse’5) >,

Qk(aﬁi%)

Since 6(«, z) > 1 by Lemma 4.3, to prove Lemma 4.28, it suffices to prove that

s,ei%
Lemma 4.29. Assume that s € (1,12]. Then we have ((193(2\55(5)19(#3)))23 >1
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Note that (193(2\/33)19(32£s)) is very close to 1, and (19;;(2\/5)19(%)) = 1.000112671--- for
s > 1. To prove Lemma 4.29, we use Chowla-Selberg formula given by Lemma 4.14. The proof is
similar to that in Lemma 4.23, we omit the details here.
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