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Abstract

New developments of optical trapping techniques make it possible to confine atoms independently
of their spin orientation in experiments and thus result in spinor condensates. As a continuation of
our previous work [36], we investigate physical states as well as qualitative properties describing the
aggregation and extinction of atoms, of spin-1 Bose-Einstein condensate in Ioffe-Pritchard magnetic
field, through two conserved quantities, the number of atoms and the total magnetization. Unlike
the related free case which is well studied in [30, 36], the presence of the Ioffe-Pritchard magnetic
field, which competes dramatically with the harmonic trapping, requires new ideas to capture the
physical states and analyze their qualitative properties. Based on the ferromagnetic or antiferro-
magnetic characterization of spin-1 Bose-Einstein condensate, our results support some experimental
observations in [26,32] and some numerical analysis on ground states reported in [3-5].
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1 Introduction

Finstein predicted in 1925 that massive noninteracting bosons at low temperature could occupy the
same lowest energy single particle state and form the Bose-Einstein condensates (BEC). Until 1995,
this prediction was realized experimentally by laser cooling technique for several alkali atomic dilute
gases, such as 8'Rb [1], #Na [13], and 7Li [8]. In these earlier BEC experiments, atoms were confined
in a magnetic trap, where their spin degree of freedom was frozen. Later the developments of optical
trapping techniques enabled to confine atoms independently of their spin orientation and thus result in
so-called spinor condensates. Spinor BEC has been achieved experimentally and attracted considerable
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interest for providing a unique possibility of exploring fundamental concepts of quantum mechanics in
a remarkably controllable and tunable environment, see [25,41,42] for details.

Ioffe-Pritchard (IP) magnetic trap was introduced in [39] and then often used in spinor BEC exper-
iments. For example, in [33], Coreless vortices were created in F' = 1 spinor condensates held in a
IP magnetic trap by adiabatically reducing the magnetic bias field along the trap axis to zero. Cross
disgyration texture of spin-1 BEC of alkali-metal atoms appears in an IP trap, see [27] for details. For
a more detailed account of backgrounds on IP magnetic trap, we refer the reader to [15,39].

For bosonic atoms, the total spin number F' corresponding to the lowest energy has to be an integer
with 2F + 1 hyperfine states (mp = —F,—F + 1,...,F — 1, F). In the mean-field approximation, a
spin-F' (F' € N) condensate can be described by coupled Gross-Pitaevskii equations consisting of 2F + 1
equations, and each of them governs one of the 2F + 1 states. For the alkali atoms 8'Rb, 2*Na and "Li,
F = 1. In this paper, we will focus our study on physical states of spin-1 BEC with IP magnetic field,
which is described by the following Gross-Pitaevskii system

(—Auy + V(z)us = (p+ Nug + (co + cl)\u1]2u1 + (co — cl)ullug\Q
+ (co + ¢1)|uo|*uy + e1Toud + Bug,
—Aug + V(z)ug = (1 — Nug + (co + 1) |ua|*ug + (co — c1)|uz [Fuz
+ (co + c1)|uo|*ug + c1wud + Buo,
—Aug + V(z)ug = pug + coluo|*uo + (co + c1)(Jur]* + ua|*)uo
+ 2c1ugugty + B(ug + u2)

under the constraints
/d (Jur|* + |ug|? + |uo|*)dz = N, /d (Jur]* = ua|?)dz = M, (1.2)
R R

where N is the number of atoms and M denotes the total magnetization. u and A are the Lagrange
multipliers arising from the constraint (1.2). @; denotes the complex conjugate of u;(i = 0,1,2). The
parameters ¢g and ¢; describe the mean-field interaction and spin-exchange interaction, respectively and
they are both tunable in experiments. The mean-field interaction is attractive if ¢y > 0 and repulsive
if ¢g < 0. The spin-1 BEC system is called ferromagnetic if ¢; > 0 and antiferromagnetic if ¢; < 0.
V(z) = |z|? is a harmonic trapping in R?, real function B(x) denotes the external IP magnetic field.

For spin-1 BEC without IP magnetic field (i.e. B(x) = 0), according to the relations among cp, c1,
N and M, the existence, dynamics and numerical analysis of physical states of (1.1)-(1.2) have been
studied by many authors, see [10-12,30,35,36] and the references therein. For the one-dimensional (1D)
case, Cao, Chern and Wei in [10] proved the existence of ground states of (1.1)-(1.2) with V(z) =0, ¢o >
0, ¢; > 0, by minimizing the corresponding energy functional under (1.2). For the two-dimensional
(2D) case, motivated by the recent works [19,20] on two-component attractive BEC, Kong, Wang and
Zhao [30] gave the existence and detailed asymptotic behavior of ground states for (1.1)-(1.2) with
harmonic trapping potentials. Turning to the three-dimensional (3D) case, ground states for (1.1)-(1.2)
were investigated by Lin and Chern in [35], where V(z) is a harmonic potential with Zeeman effect
and cp < 0, ¢; < 0. Recently, in [36], we developed an exhaustive analysis on physical states for
(1.1)-(1.2) in R? in both ferromagnetic and antiferromagnetic cases. All these results together show
that the characteristics of spin-1 BEC are different in 1D, 2D and 3D.



When a negative constant IP magnetic field is involved, following [10], via approximation, Luo, Li
and Liu in [37] proved the existence of ground states in the 1D case and showed that under some
conditions, searching for ground states of ferromagnetic spin-1 BEC with an external IP magnetic field
can be reduced to a one-component minimisation problem. Bao, Chern and Zhang in [3] proposed
efficient numerical methods for computing ground states of spin-1 BEC with/without the IP magnetic
field in both 1D and 2D cases. This is the first numerical study on ground states of spin-1 BEC with
B(z) # 0. In addition, the authors in [3] also showed that ground states are always symmetric with
respect to = 0, which is the center of V', see Fig.1 there. Later, Hajaiej and Carles in [23] proved the
existence and stability of ground states for repulsive and antiferromagnetic (1.1)-(1.2) in R? (d = 1,2, 3),
where V' (z) is a harmonic potential and ¢y < 0, ¢; < 0.

In the 2D or 3D case, there is no study on attractive spin-1 BEC with IP magnetic field in the
literatures. In this case, the problem becomes more challenging. One reason is that, the energy
functional is sign-indefinite when ¢y > 0, while it is positive definite and coercive on related physical
mainifold, when ¢y < 0, ¢; < 0. The existence of physical states is related to the range of ¢y, ¢; and the
initial data, which determines the number of atoms N and the total magnetization M. Secondly, the
presence of the IP magnetic field, which competes dramatically with the harmonic trapping, requires
new ideas to study the physical states.

Another motivation of this paper comes from recent experimental and computational results. The
so-called single-mode approximation (SMA) phenomenon on spin-1 BEC with/without the IP magnetic
field has been known for many years from numerical simulations in [3-5] and was also observed exper-
imentally in [26,32]. The first rigorous mathematical justification of SMA was given by Lin and Chern
in [35] for repulsive spin-1 BEC, that is the case of ¢y < 0. The corresponding attractive case remains
open and challenging.

In this present paper, we investigate ground states and their qualitative properties for attractive
spin-1 BEC with IP magnetic field. Firstly, we introduce the working space and some notations. Let
H := H'(R?,C?) and we define

A= {u = (u1, ug,up) € H‘/ |z|?|u|?de = / 22 (Jur |* 4 Jug|? + |uo|?)dz < oo}7 (1.3)
R4 R4
then A is a Hilbert space equipped with the norm
2 2 20,12 3
s = (/ (IVul? + [uf? + |o|ul?)dz)? for Vu € A,
Rd
Denote
M(N) := {u = (u1,uz,ug) € Al /d (Jur|* + |uz|? + up|*)dz = N, /d (Jur|? = |uo|?)dz = M}, (1.4)
R R

then solutions to (1.1)-(1.2) can be found as critical points of the functional I(w) on the manifold
M(N), where

Iw) = 54w + 5 [ laPluPde - {E(w) - Flu),



with

( A(u) = / (’V’LL1|2 + |VUQ‘2 + |VUQ‘2)d:B
]Rd
B(u) ::/ ((eo +ex) (ur|* + Jual) + eoluo|* )
R4
C(u) ;:/ ((eo = ex)luaPlusf? + (co + 1) (jur [ + o ) o )
R4
D(u) := clRe/ Hlﬂgu%dx, Re/ B(z)(uup + woug)dz,
Rd Rd
{ E(u) := B(u) + 2C(u) + 4D (u).

Before introducing the main results, we recall some definitions ( [7,36]).

Definition. We say that (v1,vs,v0) is a ground state of (1.1)-(1.2) if I'| gy (v1, va, vo) = 0 with

I(vl,vg,vg) = inf {I(ul,u2,u0)} I’|M(N)(U1,UQ,U()) =0 and (ul,uQ,uo) S M(N)},
and (w1, wa,wo) is an excited state of (1.1)-(1.2) if I'| pq vy (w1, w2, wo) = 0 with

I(wl,wg,wo) > inf {I(ul,uz,UO)‘ I/’M(N)(Ul,UQ,UO) =0 and (ul,u2,uo) S M(N)}

Recall the following nonlinear equation in R¢ (d = 2, 3):
—Au+u=ud uec HY(R?), (1.5)

from [31], there exists a unique positive solution Q(x) for (1.5). By the related Pohozaev identity, we
get

ati= [ 1QPde =22 [ (voPds =2 [ jQrids (16)
Moreover, we obtain from [21] that Q(x) satisfies
Q). [VQ(x)| = O(ja| 3¢ ™), as [a] = co.

Based on the fact that the characteristics of spin-1 BEC are different in 2D and 3D, we deal with
them respectively. Firstly, we consider ground states of spin-1 BEC in 2D by the following minimization

problem

m(N) ::ulél'{/ll( u),

where M = M(N) is defined in (1.4) with d = 2. Suppose B(z) € Cf.(R?) is a function satisfying the
conditions

B
Bx)eL®, o (@) ¢ poo, (1.7)
T
or B(x) .
x
- 1.
22, <4 "
and
B(rxz) =" B(z), fort>0, pecRT. (1.9)



Set

) a* a*
N* = mln{ ,—},
co+c1 Co

we have the following

Theorem 1. Suppose co >0, co+c1 > 0, B(z) satisfies (1.7) or (1.8), then
(i) m(N) has at least one minimizer if 0 < N < N*;
(1i)) m(N) has no minimizer under one of the following three conditions

c1 >0,

#1 4 B(x) satisfies (1.8),
N > N*,
c <0,

#2 § B(x) satisfies (1.8),
M =0, N> N*,

c <0,
#3 2 * 2
M #0, ¢gN° —a*N + ¢y M= > 0;

(117) for any minimizer u = (u1, uz, ug) € M(N) of m(N),

22 22 22112
Hu — (lle_T,lge_T,loe_T) )A =O(N), as N —0%, (1.10)
where
1 22
l; = / uie” zdx, fori=1,2,0.
™ JR2

Remark 1.1. Theorem 1 gives the existence and nonexistence of ground states along with qualitative
properties describing extinction of atoms, of planar spin-1 BEC in IP magnetic field. Particularly, for
the antiferromagnetic case c1 < 0, if the total magnetization M # 0 with

* V2 — dege, M2
N2 — "N+ M2>0, ie. N> 2T V(@)? ~ deger :
200
then m(N) has no minimizer. Note that
* 2 —dega M2 a*
a* +/(a*) coC1 LS

)

2 Co Co

it remains open that whether there exists a minimizer for m(N) when

N a* + v/ (a*)% — 4dcoe; M2

N*

IN

2¢o

Precisely, on one hand, we don’t know that in this case whether m(N) is well defined, and on the other
hand, it seems difficult to find a suitable test function to prove that m(N) = —oco due to the competition
of the mean-field interaction and antiferromagnetic terms. We believe it is interesting to fulfill this gap.



In the following, C' and C" are indiscriminately used to denote various absolutely positive constants.
a ~ b means that Cb < a < C’b. Next, qualitative properties of ground states in 2D are analysed.

Theorem 2. Let ¢ > 0, ¢; > 0, N, /* N* as n — oo and up = (Uin, Uop, ton) € M(Ny) be a
minimizer of m(Ny,). We have
(i) if B(z) > 0 satisfies (1.8), then as n — oo,

m(Ny,) ~ (N* — N,,)z. (1.11)
(i1) if B(z) < 0 satisfies (1.8) and (1.9), then as n — oo,
m(N,) ~ (N* — N,,)72,  for0<p <2, (1.12)
and )
m(Ny) ~ (N* = Nyp)z, forp>2. (1.13)
In addition, u, satisfies
. N N*+ M
nl;ngo Enlin(En® + Z1p) = WQ@),
. ~ N* - M . 1 2
nh_)rgo Enlon (En + Zop) = WQ(@’ strongly in H* (R?), (1.14)
) ~ 1 (N*)2 — M?2
| A, Etton{En® - 20n) = R o ey @)
where Zip, (i = 0,1,2) is the unique mazximum point of w;y, with
. Zin — Zjn .. . . . ~
lim ‘7‘ =0(i,j=0,1,2,i#j), lim |Z,|=0
n—00 £ n—00
and
1
C(N* = Nyp)*, if B(x) >0,
1
en =1 C(N* = N,)»7,  if B(z) <0 and 0 <p <2, (1.15)
1
C(N* - N,)*, if B(z) <0 and p > 2.

Remark 1.2. The ground state energy is estimated accurately in Theorem 2 as atoms gather to a explicit
threshold value, and then a related qualitative property of ground states for planar ferromagnetic spin-1
BEC in IP magnetic field follows. Indeed, we could get estimate (1.11) by assuming

B(2)Q?*(x)dx > 0 instead of B(x) >0,
R2
while (1.12)-(1.13) yield when replace

B(x) <0 by /R? B(z)Q?*(x)dz < 0



with an additional condition

. B(z 4 22)Q*(z)dx < 0, for some point x5 € R?,

R

see (3.29) for the definition of xo. This extra condition guarantees a fine control of the linearly coupled
term involving the IP magnetic field in the corresponding energy functional, then consistent upper and
lower bound estimates (1.12)-(1.13) follows. Unfortunately, it seems difficult to determine the location
of x2, due to the presence of the abstract IP magnetic field. In particular, if xo is the origin, then
qualitative analysis (1.14) of ground states for ferromagnetic spin-1 BEC would hold for sign-changing
IP magnetic fields.

Next, we give the asymptotic behavior of ground states for the antiferromagnetic (¢; < 0) case.

Theorem 3. Let co+c¢1 >0, ¢ <0 and M =0. If N, /" N* asn — 0o and wn = (U1p, U2n, Uon) €
M(Ny,) is a minimizer of m(Ny,), then items (i)-(ii) of Theorem 2 hold. Moreover, un satisfies one of
the following cases:

(i) uon, = 0 in R? for n large enough, uin, ug, >0, and

] ~ 1
nh—g)lo Snuln(5n$ + Zln) = 20 Q(.T),
strongly in Hl(Rz),
) B 1
nh_}rgo Enlion(Ent + Z2n) = 7200 Q(x),

where Zy, (i = 1,2) is the unique maximum point of u, with
DR TR0 (6,5 =1,2,i £ 4), lim |z =0
n—oo

and ey, satisfies (1.15).
(ii) uin = 0, uz, =0 in R? for n large enough, ug, > 0, and

n—oo

1
lim e,uopn(ene + Zon) = MC—OQ(:L'), strongly in Hl(R2),

where Zoy, is the unique mazimum point of ug, with lm |Zy,| = 0 and e, satisfies (1.15).
n—o0

Remark 1.3. Theorem 2 shows that for the ferromagnetic case c1 > 0, if |M| € [0, N), any minimizer
u of m(N) in the case of N /* N* is nontrivial. While for the antiferromagnetic case ¢; < 0, Theorem
3 shows that when M = 0, the minimizers w of m(N) must be semi-trivial as N  N*, and it is
independent of c1. These results not only show that spin-1 BEC has independent characteristics in both
ferromagnetic and antiferromagnetic cases, but also support the so-called single-mode approximation
(SMA) in experimental observations [26, 32] and numerical simulations [3-5], that is, each component
of the ground state is a multiple of one single density function. For a related mathematical study on
SMA, we refer the reader to [35]. Together with Proposition 4.2, Theorems 2-3 also show that the
mp = +1 components in the ground states tend to have the same density functions when M = 0 in both
ferromagnetic and antiferromagnetic cases. In the ferromagnetic cases, the ground state can be always
described exactly by the SMA. While in the antiferromagnetic systems, the situations can be classified
into two types, single-mode or two-component systems. Rigorous mathematical justifications of these
conclusions are exactly what is expected in ( [3], Section 5).



Remark 1.4. The challenging point in analysing qualitative properties of ground states in the antifer-
romagnetic case, is to confirm that any minimizer of m(N) is semi-trivial as N  N*. When M is
non-zero, we fails to get a concentrated result like the case of M = 0 in Theorem 8 only depending upon
N, mainly because it seems difficult to get a consistent upper and lower bound on the energy m(N),
which is the key in getting semi-trivial property of ground states by using corresponding linearization
operators as in [30]. If we furthermore consider ¢ as a parameter and make it infinitesimal of the
same order as N* — N, after calculations similar to those in [30], we obtain some precise estimates
of the energy and the vanishing property of ground states, see Appendix for details. When B(z) = 0,
the related results established in Proposition 4.2 also show that different from that in ferromagnetic
cases, the ground state energy in an antiferromagnetic system depends on the constants cg, c¢1 and the
magnetization M. For fixed ¢y and ¢y, the ground state energy increases when the magnitude of M, i.e.
|M]|, increases, and the energy reaches its minimizer at M = 0. These have been observed numerically
in ([3], Fig.10). Therefore, All these elements reflect that the introduction of IP magnetic field term
brings difficulties to confirm that any ground states of antiferromagnetic spin-1 BEC is semi-trivial as
atoms gather to a threshold value.

Global minimizers obtained in Theorem 1 are obvious ground states for (1.1)-(1.2) in R?2. However, the
functional I(w) is no longer bounded from below on M(N) in 3D case. Hence, the global minimization
method does not work. Instead, we consider a local minimization problem. Let

Hu||i = A(u) +/ |z|? |u|*dz.
RS
For any r > 0 and N < %, we define

B(r) := {u = (u1,u2,up) € A|||u|]i < r} and m(r,N) := ueM(iJr\lfgmB(r)I u).

Our main results in this aspect are the following;:

Theorem 4. Suppose co > 0, co+ c1 > 0, B(z) satisfies the conditions (VB(z),z) € L* and one of
(1.7) and
H B(z)

22 HL°°

< (1.16)

1
87
then

(i) for any v >0 and 0 < N < g, m(r, N) has at least one minimizer;

(ii) for any r > 0, there exists a positive constant N** = N**(r), such that when 0 < N < N**, each
minimizer of m(r, N) is a solution to (1.1)-(1.2). In particular, the solution is a ground state if N is
sufficiently small;

(11i) suppose u = (uy,uz,up) € M(N)NB(r) is a minimizer of m(r, N), then

22 22 22112
Hu — (k1e” 7, koe™ 2 ,koe” 7)) ‘A =O(N), asN—0T,
where
1 2
ki = 3/ wie” zdx, fori=1,2,0.
T2 JR3



Remark 1.5. It is worth mentioning that our results in Theorem 4 are not perturbative, indeed for
any r > 0, the constant N** is determined by

2
| (VO FAIB@ peer—Cor? ,
min {( 0 8||B(a:)||LLoo 0 , 16HB(Z)”L°° , {—2 , if B(x) e L™,

E B(x 3 2
N = d e \/C2r3 416 BEL |2 r—Cor3 ar B if B ¢ oo
B(x B(z
64| 2212 o Te12) E 2, 7 12 v ’

(1812 e 2 . ,
mln{<7l) ,ﬁ}, if B(x) satisfies (1.16),
\ 4Cor?2
where Cy := max{cg, 3¢y + 4¢1}Cy and Cy = %;{? is the optimal constant of the Gagliardo-Nirenberg

type inequality (2.1) for d = 3.
Next, we give the symmetric property for the minimizers obtained in Theorems 1 and 4.

Theorem 5. Suppose ¢c1 > 0 and B(z) > 0, then every minimizer for m(N) (m(r,N)), denoted as
w = (w1, wa, wo) (which is in principle complex valued), is of the form

wj(z) =€ p;(x), j=1,2,0,

where 0; € R, 61 + 02 — 200 = 2kn (k € Z) and (p1,p2,p0) is a positive real valued minimizer.
Furthermore, if B(x) is symmetric-decreasing, then pj(x) is radial symmetric.

Remark 1.6. Theorem 5 supports some numerical results established in [3], that is the density functions
of ground states for ferromagnetic spin-1 BEC with nonnegative IP magnetic field are always symmetric
with respect to x = 0, which is the center of V(x) = |z|?, see Fig.1 there. In particular, if B(x) = B
is a mon-negative constant function, then the minimizers obtained in Theorems 1 and 4 are radial.
This indicates that the ground states of spin-1 BEC without IP magnetic field obtained in (Theorem
1.1, [30]) and (Theorem 1, [36]) are radial. As a special case, taking ¢y =0 and B =0, Theorem 5 also
shows that the ground states for three coupled Schridinger system considering in [29, 44] are radially
symmetric, some slight modifications may be needed. However, for the antiferromagnetic case ¢; < 0,
the method of Schwartz symmetrization fails, symmetric property of ground states for spin-1 BEC is
not clear in theory. In terms of numerical calculation, Bao, Chern and Zhang in [3] show that radial
ground states of spin-1 BEC with IP magnetic field exist in both ferromagnetic and antiferromagnetic
cases.

After finding ground states in the 3D case, we further search for an excited state, that is

Theorem 6. Under the conditions of Theorem 4, for any r > 0 and 0 < N < N**(r), there exists an
excited state @ = (Uy, U2, Ug) € M(N) to (1.1)-(1.2).

Remark 1.7. Compared with ground states, the results on excited states of spin-1 BEC are much
less in the literature. In the previous work [36], we prove the ezistence of a strongly unstable excited
state of attractive spin-1 BEC without IP magnetic field in both ferromagnetic and antiferromagnetic
cases. Numerical results on excited states and the corresponding energy of repulsive/attractive spin-1
BEC without IP magnetic field in both ferromagnetic and antiferromagnetic cases are presented in [11].
Furthermore, the authors in [11] reveal that the component separation and population transfer between
the different hyperfine states can only occur in excited states due to the spin exchange interactions.
We believe that theoretically proving similar qualitative and quantitative properties of excited states are
interesting and challenging problems. In the following work, we will focus on these issues.



Remark 1.8. As an example, we can take

+2 =2,
B(z) = 1

3 ’
1+|z|2

which satisfies the conditions in the above theorems. In addition, our results are also wvalid for a
remarkable logarithmic function model in physics B(x) = %ln(l + x2), which is commonly used in
charged particles transport and particularly in semiconductor physics, and with interesting mathematical
properties. For more information about constraint minimization problem with logarithmic type potential
functions, we refer the readers to some recent works [14, 18].

The paper is organized as follows. In section 2, some preliminary results are introduced. In section
3, we consider the 2D case and prove Theorems 1-3. Finally, Theorems 4-6 will be proved in section 4.

2 Preliminaries

In this section, we introduce some preliminary results.

Lemma 2.1. ( [45] Compact embedding) Let A be the space defined in (1.3), then A < L{(R%) x
LYRY) x LHRY) for any t € [2,2%).

Next, we give a Gagliardo-Nirenberg type inequality and the estimates of F(u) without details, the
proofs can be found in [30] and [36].

Lemma 2.2. Ford=2,3 and u = (u1,us,ug) € H, there holds

d 4—d

L Gl ol + oo < @) () - ([ Qual + ol + o)) T, 2)

where Cy(d) is the best constant.

In this paper, we just denote C\(d) as C, for simplicity. Particularly, for d = 2, we see from [30] that
Cy = C% is the best constant. Further, up to translations and suitable scalings, the equality holds only
at

(Qsin @1 cos 2, Qsin py sin o, Q cos 1),  for 1, ¢ € [0, g),
where Q(x) is the unique positive solution for (1.5).
Lemma 2.3. ( [36]) For d = 2,3, suppose co > 0, ¢o + c1 > 0, then for any u = (u1,uz,up) € M,
there holds

4—d

0 < E(u) < max {co, 3¢ + 4c1}c* (A(u)) N (2.2)

Finally, we give the pure point spectrum and the associated eigenvectors for harmonic oscillator
—A + |z|?, which is useful for us to study the qualitative properties of solutions.

Lemma 2.4. ( [2]) The pure point spectrum of the harmonic oscillator —A + |z|? is

o(—A+|z|*) = {& = d + 2k, k€ N},

10



and the corresponding eigenvectors are given by Hermite functions (denoted by Wy, associated to &),
2

which form an orthogonal basis of L?>(R%). Particularly, the first eigenvector is Wy = Le % and
1
further Wy satisfies the Pohozaev identity: "

(d—2)/ \V\IJO|2dw+(d+2)/ \a;|2xp§dx=d2/ Widzr,
R4 R4 R4

which follows that

d
/ \V\IIO|2da::/ 2|2 Vide = . (2.3)
R4 Rd 2

3 The 2D case

In this section, we are going to prove Theorems 1 to 3, where the 2D case is studied. Suppose ¢y >
0, co+c1 >0, | M| < N, we consider the following minimization problem

m(N) = ulél/{/[[(’u,),

where
M=M(N):= {u = (u1,u2,ug) € Al /2 (Jur|? + |ua|® + |ug|?)dz = N, /2 (Jur|* = Jua|?)dx = M}
R R

Let a* be the constant defined in (1.6) and set

* *
, a a

N* ::mln{ ,—}.
co+c1 co

3.1 Proof of Theorem 1

Lemma 3.1. Suppose cog > 0, co+c1 > 0 and B(z) satisfies (1.7) or (1.8), then m(N) has at least
one minimizer if 0 < N < N*.

Proof. We first suppose ¢; > 0. For any u = (uj,u2,up) € M, we get from (2.1) that if B(z) € L,
then

1 1 co+c
1w 2 jA@) + 5 [ lePluPde = O [ (P fusl + fuol? o
2 2 R2 4 R2
C
+ 5 (ol = 2 fua) e Fw)
R2
> s+ [ lePluPde - 5 [ (P fuaP + fuoPds
- 2 2 R2 4N* R2
C
+ 5 [ (ol = 2falfua]*de | B@)=N (31)
1 a* 1
> 5w = 5 [l + fuoPPde + 5 [ faPlufde — | Ba) =N
2 AN* Jgo 2 Jge
1 a* 2N 1
> —Au) — A - ?lul?dz — | B N
> 5AW) = 5 A+ [ ePluPde — B
1 * 1 2 2
~ s (N = MA@+ 5 [ ol ulde = | B(a)]= N

11



If @ € L, by Young’s inequality, we have for any ¢ > 0,

B(x
Pl < [ 8@+ awld < |22 T jal(ul + el ol
R R
l‘) 2 2 11 B(z) 2
Looe/ |2 |? (Ju| + |ugl) dl‘—i—4—€‘ e Jos |uo|“dx (3.2)

]x\Qlu\Qda: +
RQ

< 2H

.. e

Taking e small, such that for some positive constant C, there holds
1 2|12
|F(u)| < = |z|*|u|*dx + CN.
4 Jpe

Then similar to (3.1), we conclude

I(w) > 2;]* (N* — N)A(u) + i/RQ (¢[2[u|?dz — CN. (3.3)
Since
B
rwl <[22, [ ePrupas,
if [| 25| e < 5, we get
1 . 1 B(x)
rtw) 2 v = A + (5 - |22, ) - [ ePluPas, (3.4)

Let {uy,} C M be the minimizing sequence of m(N), then by (3.1), (3.3) and (3.4), {u} is bounded
in A if B(x) satisfies (1.7) or (1.8). Applying Lemma 2.1, there exists w = (w1, w2, wp) € H, such that
up to a subsequence, as n — 400,

U, — w, in H.
Uy, — w, in LY(R?) x LY(R?) x LY(R?), Vt € [2,+00).
Up — w, a.e.in R2.
Then w € M. Further, by the lower semi-continuity of the norm in H, there holds
m(N) < I[(w) < lim I(uy,) =m(N).
n—oo

It yields I(w) = m(N), that is, w € M is a minimizer of m(N) for any N € (0, N*).

12



Next, suppose ¢; < 0. For any u = (uq, ug,ug) € M, we conclude if B(xz) € L, then

1 1 a* c
I(w) > L AGu)+ 1 / 2/ ufdx — / (lunl? + fual? + fuol?)?dz — S / (lurf? — [ual?)?de
2 2 ]RZ 4N* ]RZ 4 ]R2

C
_ 51 (|u1|2 + |U2|2)|UO|2d.’E — clRe/ ﬂlﬂgu%dl’ — ||B(:E)||LooN
R2 Rd
1 * 1
> 5A(u) — 4CJL\7* /RQ(\UIP + |ug)? + |uol?)?dx + 3 /RQ |22 u|da (3.5)
C
=5 [ ul + fuaPuolde + er [ sl ool — | Ba) =N
R2 R2
1 a* 2N 1 0 o
> — . — — oo
> AW = 3 A+ [ ePlulde = 1BV
1 1
— eV = MA@ + 5 [ faPluPde — BN
R

Let {un} C M be the minimizing sequence of m(N), then {uy, } is bounded in A. Similarly, if @ € L™

or H 3 H Lo < %, the boundedness of {u,} can be obtained as well. Then some procedures as the case
of ¢; > 0 allow that there exists at least one minimizer for m(N) if N € (0, N*), we omit the details
here. O

In the following, we introduce a property of m(N) as N  N* and further give the nonexistence
results of minimizers for m(V).

Lemma 3.2. Suppose ¢c1 > 0 and B(x) satisfies (1.8), then

Nh/n]lV* m(N) = 0. (3.6)

Moreover, there has no minimizer for m(N) if N > N*.

Proof. We first prove (3.6) by choosing some proper test functions. If [, B (2)Q?(x)dx > 0, for 7 > 0
and 0 € [M, N], we define ® = (P, P2, Pg) € M as

9;4{”7@(”% Po(z) := G;GyTQ(Tx), Do (z) := N-6

O (z) := TQ(12), (3.7)

a*

where Q(z) is the unique positive solution of equation (1.5). By direct calculations, we get

1 a* 1 a* 2N2 2
—A(P) — ®? + B2 + B2)%dx = N2— =
G A®) = oy | (@F+ @34 0f)*de = 5 - N7 —— =0,
N —2
[ jaPwtds = [ jaPriQi(rads / Qe
R2 a*
and . N
a  cta 2 2 2,2 €1 2 _ 2
(o -5 )/R2(<15+<1>2+c1>0) dot g | (@8 = 20105
a* co+c1\ 2N2%72 12 2
= _ : N —0) - /o2 _ MQ)
(4N 4 ) a* * 2a* <( 9) 0
N N2 5\ 2
a a

13



Moreover, F(®) > 0 as [p. B(2)Q*(x)dz > 0. Denote

E_M+g

2
K = ((N_g)_ 02—M2),
2 2a* 2a*
then it follows that
1 *
I(2) = ;A(®) - - (<I>% 024 B2)2dr + L[ (D2 — 20,35)2da — F(P)
AN I
/ | <I>2dﬂc+ (— _ Q@ Z Cl) / (92 + B2 + B2)%dx (3.8)
RQ
Nr—2

/ |2]2Q*(2)dx + K72
R2

- 2a*

Taking 6 = M2+N , then N — 0 — /02 — M? = 0, we conclude for any 7 > 0,

mv) < 82 [ Qe+ (3 - @5 A

2 2a*

NT_2 N (3:9)

2 B 2

/ 2P Q@) + 5z (N = N)r2.

1
Taking 7 = (N {E{f (Lif?;()x)dx) !, we get
22 dr - (N* — N\ &

m(N) < N - (fR2 =I°Q (j); ( ))2 0, as N AN, (3.10)

that is, Nh/r?v m(N) < 0. On the other hand, when N € (0, N*), we obtain from (3.4) that I(u) > 0 for
any w = (u1,u2,up) € M, which implies Nl}r?w m(N) > 0. Hence, (3.6) holds if [, B (2)Q?(x)dx > 0.

If [p: B(z)Q*(x)dz < 0, the proof in this instant is similar to that of (B1), we just sketch the
dlfferences Let ® = (®1, Py, —Py) € M be the test function, where ®; (i = 1,2,0) has been defined in
(3.7), then F(®) > 0. It follows that there holds

2%* (N* — N)72. (3.11)

7_—2
m(N) < G [ | olQ¥a)da +

Then

—N) [ !wl2Q2(ﬂf)dw>§. (3.12)

*N*
Hence, together with (3.4), we obtain (3.6) if [z, B(z)Q*(z)dz < 0.
Next, we show that there has no minimizer for m( JIfN>N* If N > N* let 7 — oo in (3.9) and
(3.11) respectively, then m(N) — —oo. Thus, there has no minimizer for m(N).
If N = N*, we argue by contradiction to show that there has no minimizer for m(N*). Suppose
u* = (u},us, u) is a minimizer of m(N*). From the proof of (3.4), we have

m(N)§N-<(N

a*

* * * 2
i L Gl s o)
1 B
+(7—H (m)H )/ |2 |u*|2dz > 0.
2 2 L R2

14
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Together with (3.10) or (3.12), we get m(N*) = 0. As a consequence,

1 * a/* *12 * |2 %12\ 2
3A@) = 5 [ (0P + P + ) da (3.13)
and
/ |z|?|u*|?dz = 0. (3.14)
R2

From (3.13), u* is an optimal function of the Gagliardo-Nirenberg inequality (2.1) for d = 2. By Lemma
2.2, u* can be formed as a scaling of Q)(z). However, this contradicts to (3.14). Therefore, there has
no minimizer for m(N*) and we complete the proof. O

Lemma 3.3. Suppose ¢; < 0 and B(zx) satisfies (1.8), then
(i) if M =0, there holds Nli/r?\[* m(N) = 0. Moreover, there has no minimizer for m(N) if N > N*;

1) 1 , then there has no minimaizer for m , when co —a +c > 0.
i) if M # 0, then there h mimizer f N), when coN? — a*N M?>0

Proof. (i) if M =0 and [z, B(z)Q?*(x)dz > 0, we choose § = 0 in (3.7), then

Qi () = Po(x) =0 and Py(z) := \/CLW*TQ(T.%).

If M =0 and [z, B(z)Q*(z)dz <0, let

Oy (z) = Pa(x) =0 and Py(z) := —\/i\?’ (tx).

Noting that N* = % for ¢; < 0, similar to Lemma 3.2, we can show Nli/r?V m(N) = 0 and further if

N > N*, there has no minimizer for m(N).
(ii) We first suppose [ B (2)Q?(x)dx > 0, let ® = (B, Po, Pg) € M be the test function defined in
(3.7), then choose # = N in (3 8), we get

N -2 N2 M?
1(®) < L / |2[2Q%(z)da + <7_ o A )72. (3.15)

Now, we suppose [go B(2)Q?*(x)dx < 0 and let ® = (&1, Py, —P() € M be the test function, where
®, (i =1,2,0) has been defined in (3.7). Then (3.15) holds as well.

Hence, if cgN? — a*N + ¢;M? > 0, then m(N) — —oo when we take 7 — oo, which implies that
there has no minimizer for m(N). Therefore, we complete the proof. O

Proof of Theorem 1 (i)-(%). The conclusions follow immediately from Lemmas 3.1-3.3. O

Let w = (uy,u2,ug) € M(N) be a minimizer for m(N) obtained above. Suppose 0 < N < N*, we
then prove (iii) in Theorem 1. That is, we are going to show that

lu — (11 %0, 12W0,10%0) [} = O(N), as N — 07,

22

where Uy = ﬁe 2 is the first eigenvector of the harmonic oscillator —A + |x|? (see Lemma 2.4) and

li =1lo= fR2 u;Wodzx, for i = 1,2,0. Before that, we give an estimate for the least energy m(N).

15



Lemma 3.4. Suppose ¢y > 0 and ¢y + c¢1 > 0, then there holds m(N) < N, for N € (0, N*).

Proof. Since < N‘gM\PO, \/NEM\IIO,()) € M, we get

N+ M N —-—M
m(N) = inf I(u)§]<\/ i \1/0,\/ %,0)
ueM
N N
<5 [ (V9P + [2200? ) dz = (%0, 0,0)[; = N
R2

Proof of Theorem 1 (iii). Set l;, = fRQ u;Vidx, for i =1,2,0, then

o0 oo o
u= (Z WiV, Y 1ok T, Y l0k‘1’k>-
k=0 k=0 k=0

Moreover, we conclude

N = ||(uy, ug, uo)ll72 = Y (1% + 135 + B 1 Wkll72 = Y (13 + 134 + 15)
k=0 k=0
and -
lulf = Z(l T+ By + B Wk} = Zék (B + By + low):
k=0

If B(x) € L, denote M :=

5= (N* — N) € (0,3), then by (3.1), we get
m(N) = I(u) > MyA(u / |z|?u?dx — || B(z)|| g~ N

> Mol[ull — | B(@)l|=N = Mo - ng(l%k + 15, + 1) — |1B(2) | LN
k=0

= Mo~ Y (& — )3 + 13, + Iy) + Mo - Z&) (e + B3 + 1) — | B(x)
k=0

k=0

By Lemma 3.4 and (3.16), we have

(& — &) Z(l%k + 3+ 13) < Z & — &0) iy, + By, + Lop)
k=1 k=1
m(N) +[[B@)[lz=N < 1+ [|B(z)l e
< M Zfolk+l2k+l0k) <T_2)N’

then

- 1+ [|B(x)|[ £~ N
E I3 + By +13,) < -2)- .
— ( My ) &1 —&

16
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Thus

S G+ B +18) =D (G — L)y + By + 18) + &0 (1T + 13, + 153)
k=1 k=1 k=1
14 || B(@)] L= 1+ | B(z) e N
S< My _2)N+£0< My _2>.§1—§0
& 1+ IB@)|ze
Ca—& ( Moy Q)N‘

For N — 0T, we can see that

lu— (110, 12W0, 10 W0) |3 = H(lek‘pkazl2kq’k7250k‘11k>

(I + By + 1) = O(N)

[l
gk
Ay

and

[ = (1o, 15 Wo, lgWo)||72 = H (lek‘l’k,zl%%,ZZOk‘I’k>

sz+zk+z%) O(N).
=1

L2

Therefore, it is obvious that (1.10) is valid.

When B(‘T) € L™ or H < %, the conclusion holds as well if we set

g

1 1 1
My = min { ——(N* = N), 7} € (0, )
0 = min 2N*( )4 € 04

o =min {500 =305 - [Z2 f € (0.9)

Hence, we complete the proof of (iii) in Theorem 1.

or

3.2 Proof of Theorem 2

Next, we give the proof of Theorem 2. Assume ¢y > 0, ¢4 > 0 and N, / N* as n — oo, let
Up = (Uip, U2n, Uon) € M(N,) be a minimizer for m(N,). Then u,, satisfies the following Euler-

Lagrange system

(— Ay + |2 urn =(pin 4+ M) tin + (co + c1)|[uin|*urn + (co — ¢1)uin|uzn)?
+ (o + c1)|uon|*utn + c1lanud, + B(z)uoy,

—Augy, + |2 Pugn =it — M)tian + (co + c1)|uon|*uon + (co — c1)|u1n|*uzn
+ (co + 1) |[uon|Pugn + c1Tnud, + B(x)uon,

—Augy + |2[*uon =pntuon + colwon|*uon + (co + e1)(Jurnl® + [uzn]*)uon
+ 2c1uipu2nton + B(x)(u1y + uap),

17



where 1, and A, are the corresponding Lagrange multipliers. Similar to (3.4), we have

1 a* 1
Hun) 2 5AGun) = {30z [ (af? + s+ fuonf i+ 5 [ ol P
2 AN* Jgo 2 Jpe (3.18)
C
- 41/ (Jton|® = 2lt1n|[tzn])?dz — F(up) > 0.
R2
Combining with the fact that Nhfnj{f m(N) = 0, we can see that
. 1 2 2
lim (f 2|2 e |2 — F(un)> ~0 (3.19)
n—oo \ 2 R2
and Al .
. Un a
lim = . 3.20
n—oo fR2(|u1n’2 + "LLQn‘Q + ‘uOnP)Qd(E 2N* ( )
We claim

lim A(up) = lim (IVurn|® + [Vugn|* + |Vaugn|?)da = +oo.

n—oo n—oo [p2

Otherwise, suppose that there exists a positive constant C, such that A(u,) < C for large n. Then
{un} is a bounded sequence in A, which implies that there is a subsequence, still denoted by {uy},
such that

Up — w* = (uf,ud,ul) in LY(R?) x LY(R?) x L}(R?) with ¢ € [2, +00).

Hence, we get
0= lim I(un) > I(u*) >m(N*)=0.

n—o0

It shows that w* is a minimizer of m(/N*), which contradicts to Lemma 3.2. Thus, we obtain the claim.
Further, we conclude from (3.20) that

. 1 .
lim (\uln]4 + ]ugn\4 + \u0n\4)dx > — . lim (]uln]2 + \ugn\2 + \uonP)?dx = +o0.
n—oo Jp2 3 n—oo R2

Now, define

e i= VN (A(un) ) i W(/R (1Vt1n]? + | Vugn|? + yw%\?)dm)_%, (3.21)

then it is easy to see that €, — 0 as n — oc.

Proof of Theorem 2. First, suppose B(x) > 0 and N,, /* N*. On the one hand, we obtain from
(3.9) that

Ny,

() < T / 2 2Q? (x)da +
RZ

N,
= (N* — Np)72.

- 2a 2N

By (3.10), it follows that

i, —20) (N Jga ol P lo)dey &

. (3.22)
n—00 (N* _ Nn) a

[N

18



On the other hand, let Wy, = (Win, Wan, Won) With Wip () = epuin(enz) (i = 1,2,0), then A(w,) =
e2 A(un) = N* and from (3.20), we have

. A1) , Aluy,) a*
lim - - - = lim = , 3.23
o Toa (P + [l + [GonlP P — v Joa(un P+ uzn P + Juon P2z — 28+ 32
which yields that
~ ~ ~ 2 N* 2
lim [ (|Win]? + [Won|? 4 [on|?)?dz = ( *) . (3.24)
n—oo R2 a

We claim that there exist {y,} C R? and Ry, 1 > 0, such that at least one i € {0,1,2} satisfies
lirr_1>inf fBR () Wi |*dz > 1 > 0. Otherwise, suppose for any R > 0, there has a subsequence {W;y, } (i =
n—oo 0 \IT

0,1,2), such that lim sup [ |in, |*dz = 0. Then by Lion’s vanishing Lemma, we conclude that
k—o0 R2 R(y)

Win, — 0 (i =0,1,2) in L}(R?) for t € (2,00), which contradicts to (3.24). Hence, we obtain the claim.
Now we define wy, := (wip, way, wo,) With

wzn(x) = wzn(l' + yn) = Enuin(gnl‘ + Enyn)a 1=1,2,0, (325)
then
lim A(wn) = lim / (01 + wan]? + |won|?)dz = N*
n—o00 n—00 Jp2
and (V)2
. 2(N*
lim (|win|? 4 [wan|? + |won|?)?dz = —
n—0o0 R2 a
Moreover, there exists some ¢ € {0, 1,2}, such that
lim inf/ lwin|?dz > 1 > 0. (3.26)
n—oo BRO (0)

It follows that 4 9 2 2)4
L Awn) fR2(|12Uln| + !1202n| + |12002n| Jdw _a* (3.27)
n—roo fR2(‘wln’ + [wan]? + |won |?)*dz 2

By Lemma 2.2, {wy,} is a minimizing sequence for the following minimization problem:

) = inf J ) ) ’
J (O,O,S)I;éueH (U1 2 UO)

where
A(w) [po(lua]? + [ual® + |uo|?)dz

Jre (lun? + Jua? + Juo[?)?dx

J(Ul, u2, 'LL()) =

Applying the arguments in [16] and [17], the minimizer (w1, w2, wp) must be

N* . N* . .
wi(z) =1/ Q@)sinprcos gz, wy(w) =/ —-Q(z) sin ey sin ey

and wo(z) = 1/ Q(x) cos i, for p1,ps € [0,Z]. Since [po(lwi|? + |wa|? + |wo|?)dz = N*, we get
win — w; in L2(R?) for i = 1,2,0. Further, using the interpolation inequality, there holds w;, — w; in
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LA(R?) for i = 1,2,0. From (3.27), we obtain

a* %
T [ ol o do = N [ (uf + [Vl + [V )da
R R

*

. a .
< lim Nn/Q (’vwlnP + ’V’u}gn|2 + ]Vw0n|2)dx = — lim 2(’w1n’2 + ]w2n|2 + |won\2)2dx
R

n—00 2 n—oo R
a*

- / (w1l + [wal® + [wol?)?da,
2 Jgre

which gives that

lim ([Vwin|? + [Vwe,|* + |Vwe,|*)dz = / (IVw: 2 + |[Vws|? + |Vwg|?)d,
R2

n—oo R2

that is, wy, — (w1, ws,wp) in H as n — co. Therefore, there exists some 21 € R?, such that

N* N*
lim wi,(x) = —Q(x —w1)sinpcospz,  lim way,(z) = —Q(z — 1) sin 1 sin @2
n—o00 a n—oo a
and
. N+ -
Jgngowon(x) = ?Q(x —x1)cospy, for 1,9 €0, 5}

By direct calculations, we obtain from (3.25) that

2
1 — 2
[ =55 e o (2
R2 =0 R2 En En

2 2 ) (328)
_ 2/2 len + 2| win(2)[2da = 253/2 &4 v+ 1| i 4+ 1) P
i=0 /R i=0 R

We now claim lim |y,| < C for arbitrary positive C'. Otherwise, suppose that lim }yn + xl‘ = 400,
n—o0 n—oo

then it follows from (3.28) that for arbitrary Cy > 0, there holds [ |z[*|un|*dz > Ci2, as n — oc.
By (3.23), we get

1 a* 1
Hum) 2 5 AGun) = 5 [ (Qural? a4 Jaon PP+ 5 [ ol un P~ Plun)
2 4Nn R2 2 R2

a* co+c c
(e = ) [l sl P+ [ (Qaonf? = sz
AN, 4 2 4 Joo

2, |2 at  cta 2 5 .
9 | 2 L°°> /R? ||| wn|"dx + (4Nn i )/RQ(\Um\ + Jugn|* + |uon|*) dx
*

<
- (22, e (- 252) -0
<

2N, 2 a*

*

N
. 2 N* - N —2 1
po) O g (V= Nz 4 0(1),

where o(1) — 0 as n — oo. Taking the infimum with respect to €, > 0, then we conclude

> (a0 -2 22),0)"

lim
22
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However, it contradicts to (3.22). Thus, there exists x5 € R?, such that

Tim (yn n x1> = 2o, (3.29)

n—o0

which yields lim |y,| < C. Therefore, by (3.23), (3.28) and Fatou’s Lemma, we have
n—oo

tun) 2 (5= | 22 ) [ Pl 4 (55 = 250 [ Qunal? o+ s + oo s
> (%— HBQE?HLW)N; / 122Q2(x)da + ;X;n(zv* _ N+ o(1). (3.30)

Then taking

Al

e = < @ (N* = Ny) )
Na(1=2[| 22| o) iz l2Q2(2)d

we can see that

m(Ny) 2(

lim

)é _ (N* 2 IfﬂleQ(ﬂf)dfﬂ)é‘
Lo

a*

Combining (3.22), we conclude m(N,) ~ (N* — Nn)%, as n — oo.

Next, suppose B(z) < 0 satisfies (1.9) and N,, ,/* N*. The proof is similar to the case of B(x) > 0,
we just sketch the differences here.

Let & = (®1, Py, Pg) be the test function defined in (3.7), by (1.9) and direct calculations, we get

_ — B 0+ M N-0 202
Re R2B(az)(<1>1<1>0+<130<1>2)d:c—/RZB(QU)(\/ s \/ Q(ra)da

(5 W” s

Rz
0 M N — 0
- () VR e

Taking 6 = M2+N2 , then A := <\/9+M ) \/N g = Z(NQ* M) and thus
Nt—2 N
m(N) < u / |z|2Q? (x)dx + o (NF = N)7r2 — AT_p/ B(z)Q?(z)dzx. (3.31)
2@* R2 2N R2

For 0 < p < 2, we deduce

m(N) = 2%* (N* = N)r2 — Ar7P - B(z)Q*(z)dz + o(1),

where o(1) — 0 as 7 — oo. Taking

N*A [o B(z)Q*(z)dx\ 745
_(p Nf(N*—N) ) ’
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we get
p 2

m(N) < (p+2)(N(N*—N))m . (—A 5 B(x)QQ(x)da:)m, (3.32)

that is, lim m(N) < 0. For p = 2, denote
N N+
we have m(N) < 74=(N* — N)r% + S772. Taking 7 = (257]\[_*]\])) , then

IS

N(N*
2SN(N* — N)\ 3
< |({———— . .
m(N) < () (3.33)
For p > 2, there holds
m(N) < G [ oPQ¥a)dn + 3 (V= N+ o),
2N*
where o(1) — 0 as 7 — co. Then
N2(N* = N) [go |2[?Q*(x)d
< R .
m(N) < ( o ) (3.34)

On the one hand, from (3.32)-(3.34), we obtain

»_ 2
lim — M) (p + 2) <1> i ( —A B(m)Q2(az)dm) ofor0<p<2,  (3.35)
n=0o (N* — N, )42 2 P R2

lim % < (25)% for p=2 (3.36)
n—o0 (N* _ N )5

and

lim m(Ne) - < ( Jez ’$|*Q @) :c> ° forp>2. (3.37)
n—00 (N* _ Nn)§ a

On the other hand, let wy, := (w1, Wy, wo,) be the function defined in (3.25), then by (1.9) and some
direct calculations, we get

| 1B@)|(@ntion + Tontizn)dx

/ |B wln 8nyn)won(m_5nyn> _{_won(fx_5nyn)w2n(m_5nyn)>dx
“n en en en (3.38)

= Re . | B(en + enyn) |(Winwon, + Wonway, )dx
R

=P Re
R2

We now claim that lim |y,| < C for arbitrary positive C. Otherwise, suppose li_>m }yn + 331‘ = +4o00.
n—oo n o
Since B(x) satisfies (1.9), we get for arbitrary C; > 0, there holds

B(x+x1+yn>

(Win (2 + z1)won (z + 1) + Won (x + 1) wan(z + 21)).

, |B(z)|(@1nuon + Tonun)dr > Cieh,  as n — oo.
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Moreover, from (3.28), for arbitrary Cy > 0, there holds [go ||*|un|*dz > Che?, as n — co. Then we
get

*

a co+c 1
Hum) 2 ($57 = “02) [ Gl 4 JaaaP o+ fuonf?de 4 5 [ Lol un
4N, 4 R? 2 Jre

+ Re , |B(ZL‘) | (ﬂlnu(]n + ﬂon’LLQn)dl‘
R

> g\; (N* = Np)e 2 + %ei + C1el 4 o(1),
where o(1) — 0 as n — oo. Taking the infimum with respect to €, > 0, then we conclude for 0 < p < 2,
lim — M)
(N - ) P
and for p > 2,
lim m(Nn) - > Lo,

n—oo (N* _ Nn)§
for arbitrary large Ly, Lo > 0. However, it contradicts to (3.35), (3.36) or (3.37). Thus, there exists

x9 € R?, such that
lim (yn + x1> = X9,
n—oo

which yields lim |y,| < C. Therefore, we conclude from (3.38) that
n—oo

liminfe PRe [ |B(x)|(Uinuon + Tonuz,)dx
n—oo R2

> Re/ lim inf(
R2 n—oo

i sin(2¢1)(cos g2 + sin p9) /]R2 |B(z + 22)|Q*(z)dz.

B(m+x1+yn>

(Win (2 + 21)won (z + 1) + Won (@ + 1) wap (z + fc1))> dx

2a*

Denote

*

T :=

5o sin(2¢1)(cos @2 + sin p2) / |B(z + z2) |Q2(x)dx, (3.39)
R2
we get for n large enough,

ES

a ¢+ ¢ 1
Hum) 2 (53 = ) [ (nal? + s+ Juonf? o+ 5 [ oo
4N, 4 R? 2 Jre

+ Re 9 |B(‘r)|(ﬂ1nu0n + ﬂonu%)dx (340)
R
N* N*€2
> N*— N -2 n 9 9 - N
> 2Nn( n)En” + 50 /]R2 |22Q? (x)da + TeP + o(1)
Taking
1
<M$P_TNR)>H2’ f0<p<2
1
= (cotc1)N*(N*—Nn) )Z ifp=2
gn (Nn(fRQ ‘w|2Q2(Cﬂ)d"E+2T(Co+cl)) ’ 1 p )
1
(co+c1)N*(N*—N,,) \ 4 ‘
( 1\?71 fmjz [z]? Q2 (x)dx ) ) if p> 2,
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then we have for 0 < p < 2,

_p
i m(N,,) > <p+2) ‘ (1)”“%%,

n—o0 (N* _ Nn)p% 2 P
for p =2,
* 2M2 1
lim m(Ny,) s (N Jge |2[?Q%(x)dx +2T>5,
n—oo (N* o Nn)§ CL*
and for p > 2,

Nn
lim m(Nn) - >

n—o0 (N* _ Nn)E
Together with (3.35)-(3.37), we obtain the conclusion.
Now, we are ready to prove the limit behavior of {u,} as n — oco. Without loss of generality, we

may assume B(z) > 0, the proof for the case B(z) < 0 can be obtained through slight modifications.
By (3.18), (3.25) and the fact that Nli/n&f* m(N) =0, we get

(N e e @y

a*

1 .
lim / (|won|? = 2Jwin||wan|)?dz = lim / (|uon|? = 2|uin||ugn|)?dz = 0.
RQ n—oo RQ

n—00 g%

Since w;, — w; (i = 1,2,0) is strongly in H*(R?) and &, — 0 as n — 0o, we deduce

[ (P = 2l )z <o,
R

By some direct calculations, we get

N*+ M
lim wip(z) = —Q(x — x1),
A5, in(®) = 5 e e )
N*— M
lim wop(r) = ——=Q(x — x1), 3.41
i won(2) = 2@ — 21) (3.41)
. B (N*)Q_M2
rLh_)n(lowon(x) =\ " oa N Q(x — z1).

Noting that u,, satisfies the Euler-Lagrange system (3.17), then
Alup) + /R? 22 |un |*dz = o Ny + Ao M + E(up) + 2F (uy,),
which implies that
Ny 4+ A M = A(uy,) + /RQ |22 |t |?dx — E(un) — 2F (un)
— Alun) + /RQ |22 | |2da — 2(A(un) n /W |22 | 2dz — 2F (un) — 2[(un)) —2F(up)

=41 (un) — A(uy) — /R2 2 |un Pde + 2F (uy,).
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Hence, by (3.6), (3.19) and (3.21), we get

lim 2 (N + A M) = —N*. (3.42)

n—oo

By (3.17) and (3.25), wy, satisfies the following system

—Awiy 4 €2|en® + enynPwin = (n + An)e2win + (co + c1)|win)*win + (co — €1)win[wan|?
+ (o + ¢1)|won|?win + 1 Wonwd, + 2 Blen + £nYn)Won,

—Away + 2|en® 4 EnYnlPwon = (ftn — An)e2wan + (co + c1)|wan|*wan + (co — ¢1)|win]*wan (3.43)

+ (co + 1) |won|*wan + c1Wipwd, + €2 B(ent + £0Yn)Won, '

—Awoy, + 5%\%36 + Enyn‘QWOn = ,Ung?szn + Co\w(m!Qw(Jn + (co+ 01)(\w1n!2 + ’w2n|2)w0n

+ 21w W2 Worn + 5313(%!13 + enln) (W1n + wap).

Multiplying the first equation and the second equation in (3.43) by wg, and w;, respectively and then
integrating by parts, we get

0= 2)\n5i /2 WipWandr + c1 /2 (2\w1n|2w1nw2n — 2|w2n|2w2nw1n + |w2n\2w(2]n — |w1n\2w(2m> dx
R R
+ &2 /2 B(enx + enyn)won (way, — Wiy )dz. (3.44)
R

From (3.41), we obtain

lim wipwapdzr >0, lim <2|w1n\2w1nwgn — 2|wan Pwanwin + [wa, 2w}, — ]w1n|2w(2)n) dx = 0.
n—oo R2 n—oo R2
(3.45)
In addition, we drive from (1.9) that
| Blent + enyn)won (wan — win)dz
R
<eb /2 B(m +x1 + yn> (]wln(x + 21))? + |wan(z + 1) + |won(z + x1)|2)dx,
R
then
limsupe,? / B(enx + enyn)won (wayn — wip)dx
n—o0 R2
< hmsup/ B(.ZU +x1 + yn> (’wln(w + .le)’Q + ‘wgn(x + 1‘1)‘2 + ‘wOn($ -+ x1)|2)d$
n—o00 R2
< / lim sup (B (x + 21+ yn> (len(:v + m1)|2 + |wan(z + ;v1)|2 + |won (z + xl)’2)> dz
R2 n—oo
= — B(z + 22)Q*(x)dx.
a R2
It follows that
lim sup 531 / B(enx + epyn)won (way, — wiy)dx| = 0. (3.46)
n—oo R2
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Together with (3.42), (3.44), (3.45), we obtain lim \,e2 = 0 and hm pnel = —1. From (3.43), for
n—oo
sufficiently large n, there holds —Awj, < b, (z)win, + fin(z) for i = 1 2 0, where

bin(x) = (co + 1) (Jwin|* + [won|?) + (co — c1)|wan|?;
ban () = (co + 1) (Jwanl* + [won|*) + (co — e1)|winl?;
bon(z) = 0‘w0n| + (co + Cl)(|w1n‘2 + |wan| ) + 2¢1|win |[wan ;
fin(z) = 1‘w2n‘|w0n‘ +e B(gnl’ + €nYn)|Wonl;
fon(z) =
(x)

fOn

Hence, by (3.46), we get by, (x), fin(x) € LY(R?) for t > 2. Using the De Giorgi-Nash-Moser theory
(see for example Theorem 4.1 in [24] or Theorem 8.15 in [22]), we obtain for any ¢ € R?,

Cl‘wlnHwOn‘ +e€ B(5n$+5nyn)’w0n|

T

nB(en® + enyn) (|win] + |wanl).

sup Win < C(me||Lf(B2 + || finll 2t Bg(g)))
By ()

where C' > 0 is a constant. It follows that
Win(x) — 0, as |z| — oo uniformly on n, (3.47)

and {w;,} is bounded uniformly in L% (R?) for i = 1,2,0. Then there exists at least one global
maximum point for w;, and u;,.
Let Z;, be a global maximum point of u;, for ¢ = 1,2,0 and we define

. - Zin — €
Win (1) 1= entin(En® + Zin) = Win (w + mginyn), (3.48)
n
then x = EZ”;M is the global maximum point of w;,. Moreover, 5‘”@%‘ < (O, as n — oo. Thus,
lim |22 "5 <o G =1,2,0. (3.49)
n—00 En
From (3.41),
Win(z) = X;Q(x +y; — x1), strongly in H'(R?), (3.50)
where
N*+ M N*— M N*)2 — M2
X1:;7 Xo=""— Xy= #
2va*N* 2vVa*N* 2a* N*
and y; = lim @, i =1,2,0. Moreover, since B(x) € Cféc(RQ), we conclude by a standard elliptic
n—o0 n
regularity theory that
Win(2) = XiQ(z +y; — x1), in C%(R?). (3.51)
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Suppose z;;, is an arbitrary local maximum point of w;,, then by (3.43) and (3.48), we obtain

- . Zin — Zon )\ |2 N Zin — Zon \ |2
(co + Cl)|w1n($ln)|2 + (co — Cl)‘UJQn (xln + %)’ + (co + Cl)|w0n <561n + u))
n n
c — Zin — 2 5 Z1in — 2
4+ — 1 Do (l'ln + 1n 2n ) w(2]n (xln + 1n 0n>
wln(xln) En En
2 -
€ o~ Z1p — 2 1
+— B(gnxln + Zln)w0n (-Tln + Q) —
Win xln) En 2’
~ 2 ~ ~ Zon — Zon \ |2
(co + c1)[Won(220)]” + (co — c1)|Win | T2n + (co+ 1) |Won | x2n + ———
n
c — Zom — 2 5 — Zon
+ ~71w1n <x2n + M)wgn (xQn )
Wan (T2n) En
2 -
3 - N Zop — 2 1
+ —" B(5n$2n + Z2n)w0n <1L‘2n + M) > -,
Won xQn) En 2
~ ~ ZO - Zln — 22 2
CO|w0n($0n)2+(CO+01)(’w1n<x0n+ ”8 )‘ + ‘w2n<x ”)’ >
n
- Zon — 2 - Zon — 2 Won (T
T 2y, (330n 4 Zon 1n)w2n <$0n 4 Zon 2n> Won (Ton)
€n En Won (Ton)
2 ~ .
5 N N Zom — 2 5 Zon — 2 1
+ —"—B(enxon + Zon) <w1n (fUOn + M) + 1oy, <£L“0n + 0"2")) > -
Won (Ton) En En 2

From (3.26), (3.48) and (3.51), we deduce that lim w;,(z,) > 0. Further, by some similar arguments
n—oo

in [20], w;;, decays exponentially. It follows from (1.9) and (3.47)-(3.49) that {z;,} is bounded uniformly

as n — oo. Similar to Theorem 1.2 in [38], we obtain the uniqueness of maximum point for @w;, and the

uniqueness of maximum point for u;,. Noting that the origin is the unique maximum point of w;, and it

is also the unique maximum point of Q(z), then y; = 1 for i = 1,2,0. Moreover, for i,5 = 1,2,0,i # 7,

lim ‘M‘ =0, lim z, = lim e,y, =0.
n—00 En n—00 n—00
Therefore, by (3.48), (3.50) and the fact a* = (¢p + ¢1)N*, we complete the proof. O

3.3 Proof of Theorem 3

In this subsection, we consider the limit behavior of the minimizer w, = (U1, U2, ugy) for m(N,) as
n — oo when ¢; <0, N, /A N* and M = 0.

_1
4 In

Proof of Theorem 3. On the one hand, if B(xz) > 0, taking M = 0 and 7 = (2%’* (N* = Ny,))
(3.15), we obtain

m(N,) < I(®) < ( No e _ Nn))é (1

<1(®) < (g [ eP@@)dz) — 0.

as N, / N*. If B(xz) < 0, we can get the similar result. On the other hand, for any u € M(N,,), we
have

(N* — Ny)A(u) + (% - HBS) HLOO) /R |2 f2dz > 0.
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It follows that for ¢; <0 and M =0, lim m(N,) = 0. Then similar to (3.19) and (3.20), we get

Np /'N*
tim (5[ P un Pz~ Flun)) =0
n—oo \2 Jp2 n n
and
li Alun) a*
im — .
n=00 oo (Jurn|? + [uzn|? + [uon|?)2dz ~ 2N*
Moreover,

lim A(uy,) = lim (|Vu1n|2 + |Vugn|? + \Vu0n|2)dx = +o00.

n—o00 n—oo [p2

Let ey, wip and Wiy, (i =1,2,0) be defined as in Theorem 2, then since M = 0, we can deduce for some
x1 € R?, there holds

. : N*
Jim win(z) = lim wan(z) = /5 Q(r — 1) sing,
and
N*
lim wo,(x) = Q(:p — x1) cos 1, for 1 € [0, W}
n—00 2

By the fact that Nh/I?V _m(N) = 0 and the definition of w;,, we have

1
lim — /2 ((lwin]? = fw2n|*)? + 2(Jwin| + [w2n])?[won|?) da
R

n—o0 £2

— dim [ ((uaaf? = Jusal®)? + 2(jura] + luzal)uon|?) dz = 0,

n—oo R2

then it is easy to see that
/ (o = wa2)? + 2(ws ] + [wa])? o [*)da = 0,
R

where w;(z) = lim wi,(z) (i = 1,2,0). Hence, there are two cases to be discussed:
n—oo

lim wi,(x) = lim woy(z Q r —x1), hm wo, = 0, strongly in H'(R?), (3.52)
n— oo n—oo
or
lim wy, = hm wan, = 0, hm wop, (x \/ Q x — ), strongly in H*(R?). (3.53)
n—oo n—
If (3.52) holds, then similar to the proof of Theorem 2, we get lim A,e2 = 0 and lim p,e2 = —1.
n—oo n—oo

Further, let Z;, (i = 1,2) be the maximum point of w;,, then lim m’;iz"' =0 and
n—oo n

N*
lim Wy, (x) = lim wey,(z) = Q(x), lim @o, =0, strongly in H'(RR?).

n—00 n—00 2a* n—00

In addition, we conclude w1, and Wy, decay exponentially and thus for i =1, 2,

Enllin(EnT + Zin) = Win(z) — 5 -Q(z), uniformly in R2.
a
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We next argue by contradiction to show that if (3.52) holds, then ug, = 0 in R?. Otherwise, suppose

uon Z 0 in R?, we denote .

Qoo0On
where oy, = ||ugn|/Le > 0 and Qo = o= )”L > 0. By (3.17) and (3.48), we obtain

aOn(x) = uOn(gnl‘ + ZOn)a

~ 2 = 2~ 2~ 2 2| 2~
- Au()n + 5n|5nx + ZOn| Uop = UnEyUon + COEn(Qooan) ‘u0n| Uon
~ 2071 - gln 2 ~ 2071 - 5271 2 ~
+(Co+01)<‘w1n(fb‘+6>’ + |Wan £U+€7 Uon
n n

~ ZOn - 2ln ~ gOn - §2n =
+ 2c1W1n (m + 7)10271 (:17 + 7)%71
En En

En ~ ~ Zon — Z1n ~ 20n — Z2n
+ B(epz + Zon) (wm (:1: + 7) + Wy, <:c + )>
Qoogn En €n
Moreover, we deduce
. Zon — Zi .
lim M <C, 1=1,2,
n—»00 En
and further B B - 5
. Z0n — %ln . Z0n — %2n
lim —— = lim ——— = 7.
n—00 En n—00 En

It then yields that the limit dg(z) = H_)m Qion () satisfies
n o

2N* Cl

—Adig + fig = (1 n >Q2( iio

However, since ¢; < 0, the above equation contradicts to the fact (see [43]) that for any u € H'(R?),
there holds

/ (|Vu]2+\u|2)dx2/ Q2(ﬂs)]u|2daz. (3.54)

Hence, we have proved that ugp, = 0 in R2.
In the following, we consider the second case, that is if (3.53) holds, then by M = 0 and (3.42),

lim prpe? = —1, lim A,e2 is bounded. (3.55)

n—o0 n—o0

It yields that the limit wo(xz) = lim woy,(x) satisfies
n— o0

N*
_ 3 _ 3
—Awgy + wo = cowy = o wy.

Then we obtain

Q ), strongly in H'(R?).

lim W, = hm wWo, = 0, hm Won (z
n—oo

Moreover, 1y, decays exponentially and thus W, (z) — 4/ ];[: Q(z) uniformly in R
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Similarly, we argue by contradiction to show that if (3.53) holds, then u1,, = ug, = 0in R2. Otherwise,
suppose 1, # 0, ug, Z 0 in R? and define

1

O um(enzn—l—ém), 1=1,2,
0o Tin

’LALm(:L‘) =
where 04, = ||Uin ||z > 0. By (3.17) and (3.48), we get (t1p, Uon, Wop,) satisfies

- Aﬂln + 5%|5n37 + §1n|2ﬂ1n = (Mn + )‘n)siﬁln + (CO + Cl)E%(Qooaln)2|a1n’2ﬂ1n

.. Z1n — Zon |2 - Zin — Zon |2 .
+ (co — €1)€2(Quo02n ) 1 | lion ( + 2 Y+ (co+ 1) (x4 =2 ) d1n
n n
02n—~ Z1n — Zon -9 Z1n — Zon En ~ ~ Z1n — Zon
Cl—Uu X — W, X B End z w T —
+a O1n Qn( + e ) On( + e ) Qooaln ( nT + 1n) On( + e )’
— Adigy, + 5%|5n$ + 22n|2ﬂ2n = (Mn - )\n)gifmn + (CO + Cl)E%L(QOOO'Qn)2|a2n|2ﬂ2n
A Zon — Z1n |? ~ Zon — Zon |2 .
+ (co — c1)en(Quo01n) *fign [tn (z + =—")| + (co + 1) |Won(z + ———)| don
n n
Oln— Zon — Zin . - Fon — % £ o Bon — 7 (3.56)
+ ClﬂUIn(aj + 2n in )w[Q)n (.Z' + 2n OTL) + n B(Enx + Z2n)w0n (x + 2n 07’1)7
02n En En QOOUZn En

— Aoy, + 531|5n$ + ZOn‘QQI]On = Mneinn + CO|QDOTL‘2QDOTL
2071 - 2171) 2

20n - 2271)) ‘2 ~
En

Won
En

2 A~
+ UQn u2n(x +

+ (co + c1)Q% e <a%n Uin(x +
Z 20n — Zon «—

On — ln )UQn($ + Oon 2n )wOn
n n

_ . 20 A Z0n — 22
+ S%QOOB(en-T + ZOn) (Ulnuln(l' + - + 0'2n“2n(1' + %))7
n n

2 2 .
+2¢1Q%5. 501002 U1 (T +

n _gln)

where the Lagrange multipliers p,, and A, satisfy (3.55). Moreover, there exists nonnegative function
i; € H'(R?), such that i, — @; in CZQO’?(RQ) and 4;(0) = ||Q|| L~ for i =1, 2.
We now claim that A\ := lim \,e2 = 0. Indeed, suppose lim En=Zonl — 4 for j = 1,2, since
n—oo n—oo n
¢1 < 0, we obtain from (3.56) that

—Ady + (1= X)y <0 and  — Adg + (1 + Xg)tie <O0.

If A\g < 0, then @; = 0, which contradicts to the fact that 41(0) = ||@||p~ > 0. Similarly, if A\g > 0,
then us = 0, there is also a contradiction. Hence, without loss of generality, we may assume that

lim M = 400 and lim 1220 —Zon] < C for some C > 0, then up to a subsequence, there exists a
n—o00 En n—00 En

yo € R?, such that lim % = 19 and in this case, 1, U9 satisfies
n—oo

—Auq + (1 — )\0)’&1 <0 and — Adg+ (1 + /\0)’&2 < QQ(J' + yg)ﬂg

If \p <0, then 47 = 0, a contradiction. If Ay > 0, then by (1.5), we get
/ wQ(x + y2)dz < 0.
RQ

Since 4y € C>%(R?), then there exists a constant R > 0, such that 4 > 0 and Q(z 4 y2) > 0 in Bg,
which implies

/ wQ(z + y2)dx > / U2Q(x + y2)dz > 0,
R2

Bgr
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a contradiction as well. Suppose

lim 7‘ Zin — Zon| < (C and lim 7’2% — Zon|
n—o0 En n—oo En

< C for some C > 0,

then up to a subsequence, we may assume that there exist y;, y2, such that

. Zon — Z0n
=y and lim — = yo.
n—00 En

. gln - EOn
hm —_—

n—00 En

Under this circumstance, @; and gy satisfy
—Al7 + (1 — )\0)111 < Q2(CC + yl)ﬂl and — Aug + (1 + )\0)@2 < Qz(x + yg)ﬁg.
Similar to the above case, we can deduce a contradiction either Ag > 0 or Ay < 0. Hence,

o =0and lim 2=l c g1 e

n—00 En

Since {gmgfo"} is bounded uniformly in R? for i = 1,2, there exist yi, y2 € R?, such that up to a

subsequence,

. Zln - 2On . 22n - 2071
lim —— =y;, lim — =ys.
n—o0 En n—o0 En

Moreover, 4; (i = 1,2) satisfies
*

Q@ in= (14

a*

alN*

—Au; +1; < (Co -+ Cl) . pr

)@@ + )i,

which means that
/ (IVa;|* + 0] *)da </ Q°(x + yo) | da.
R?2 R2

It is a contradiction to (3.54). Therefore, uy, = ug, =0 in R? and we complete the proof. O

4 The 3D case

In this section, we are going to prove Theorems 4-6, where the 3D case of (1.1)-(1.2) is considered.
Define the Pohozaev manifold of (1.1)-(1.2) as

P = {u = (uq, ug, up) € M| P(u) = 0},
with

Plu) = A(u) — /R &2 [u[2dz — zE(u) + /RSWB(x),@(uluo + Tgus)da.

Lemma 4.1. Suppose u = (u1,u2,up) € A is a solution of (1.1)-(1.2), then P(u) = 0.

Proof. Since wu is a solution of (1.1)-(1.2), u satisfies the Pohozaev identity

Au) + 5/@ (o [2[uf2dz — gE(u) _ 6F(u) — 2/Rg<VB(m),:L‘>(u1u0 + Tgup)dz
= 3((u +A) /R3 lug [2dx + (1 — \) /RS lus|2da + ,u/IR3 |u0|2d:c>.
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Multiplying the three equations in (1.1) by @, Us, Wp and integrating by parts respectively, we then
obtain

Au) + / |z|?|u|?dx — E(u) — 2F(u) = (u + /\)/ up |*dx + (o — )\)/ lug|*dx + ,u/ luo|*dz,
R3 R3 R3 R3

which follows that P(u) = 0. Therefore, we have proved the lemma. O

In Theorems 4 and 6, we shall show the multiplicity of solutions to (1.1)-(1.2) with a local minimizer
and a mountain pass solution. For simplicity, we just denote M(N) as M. First of all, we prove a local
minima structure for I(u) on M. Define

lull = A(u) + | |of*|uf*dz,
A RS
then by Lemma 2.4, there holds
||u|\i > 3/ |u|?dz, for Vu € A.
R3

For any r > 0, let
B(r) := {u = (u1,u2,up) € A‘Hu”i < 1"}.

Lemma 4.2. Suppose cg > 0 and cg + c¢1 > 0, then for any r > 0, there holds
MNB(r) £, if N< % (4.1)

In addition, if we further assume B(x) satisfies one of (1.7) and (1.16), then I(u) is bounded from
below on M N B(r).

Proof. For any r > 0, by Lemma 2.4, it is easy to see that ( NJgM\IIO, v/ NEM\IJO, O) € M. Moreover,
if N < 3,

N+ M N-—-M 2
H(\/ : \1/0,\/ 5 %,o)HA:N/ (\wo|2+|x\2|\1u0y2)dx:N||(%,0,0)||2A:3N§r.
R3

Hence, <\/NJ5M\IIO, \/N;M\IIO,O) € MNB(r). For any u € MNB(r), by (2.2), we get if B(x) € L™,

Iw) = 54w + 5 [ faPluPde - 1B ) - F(a)

v

e o, 3e0 + e} () PV~ 1B@)N

v

1
~1 max {co, 3co + 461}0*7”%]\7% —|B(@)[|=N.

If @ € L™, taking ¢ = in (3.2), then we obtain

1
32| 22| oo
1 20,12 B(z)
Fu)| < — [ |2]?|ul da:+8H—H N, (4.2)
16 R3 xr

2
Lo
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which follows that

1 2
I(u) > —7 max {00,360—1-401}0* 2)

Lo

If B(z) satisfies (1.16), then

B
) < | B2, [ e
L> Jr3

22
further )
I(u) > —— max {co, 3co + 401}0*7‘%]\7%.
4
Therefore, I(u) is bounded from below on M N B(r) if B(z) satisfies one of (1.7) and (1.16). O

For any r > 0 and N < %, we consider the following local minimization problem:

N):= inf I(u).
m(r, N) weMNB(r) (u)

By Lemma 4.2, m(r, N) is well defined.

Lemma 4.3. Suppose ¢y > 0, co+c1 > 0 and B(z) € L™, then for any r > 0, there exists Nog = Ny(r),
such that ,
N) = inf [ N N, — ). 4.
m(r, N) ue/\itrrle(g) (u), for N € <0 min { No, — 12° 16]B(2) 1 }> (4.3)
Proof. For any r > 0, if M N (B(r)\ B(%)) = @, then (4.3) holds. If M N (B(r) \ B(%)) # @, then for
any u € M N (B(r) \B(g)), we have

Iw) = AW+ [ faPluPde - {B() - F(u)
1
5Huu2 - Zrm{co,gco +401}C | ur, uz, wo) [N? — [|B(@)| =N
1
> Z - Zmax{co,gco + 401}C*r§N5 —|IB()||z=N.

For N > 0, we define a function g(N) as

1
g(N) == % —  max {co, 3co + 4c1}c*r%N% —IB(x)|| = N,
then it is easy to see that there exists a constant Ny = Ny(r), such that g(N) > 13—67“ for 0 < N < Nj.
It follows that 3
inf I(u) > 6" for N € (0, No).
ueMn (B(r)\B(%))

For any r > 0, by (4.1),

- 12

Since N < for any u € M N B(%), we have

T T
_ i <
MOB(4>7&®, itN < -
OB i)

1 3r
I(u) < 5”“”?\ +[|B(z)[|LeN < 16 < inf I(u).
ueMn (B(r)\B(3))
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Hence, if
T T
0< N in< Ny, —, ————
< <mm{ 019’ 16||B(x)||Loo}’
we conclude
m(r,N) < inf I(u) < inf I(u).
ueMNB(3) weMn(B(r)\B(3))

Therefore, we complete the proof. O

Remark 4.1. Indeed, the constant Ny in Lemma 4.3 is defined by

N (¢cgr3+4y\3(x)umr—cori>2
0= ’
8| B(x)| o=

where Cy := max{cop, 3¢y + 4c1}Cy and Cy = A‘{JL/E is the optimal constant of the Gagliardo-Nirenberg

type inequality (2.1) for d = 3. Further, suppose cg > 0, c¢o + ¢1 > 0, then for any r > 0, there also
exists N1 = Ni(r), such that

m(r,N) = ueAi/lIgB(g)I(u)’ for N € (0, Ny).

Here, if @ € L, then

3
2

VG + 16| 2L 2 . — Cor >2
B(x :
64)| 22212

T 3r
Ny = min{No, —, } and Ny = Ny(r) = (
12512 22
If B(x) satisfies (1.16), then
1— 8] 28| 1o \ 2
Ny = min {No, L} and No = Ny(r) = Hm21HL> .
12 4Cyr2

The proofs are similar to Lemma 4.3, we omit the details here.

Lemma 4.4. Suppose ¢g > 0, ¢o + ¢1 > 0 and B(x) satisfies one of (1.7) and (1.16), then for any
r > 0, there exists N** = N**(r), such that

inf  I(u) < inf I(u), for N € (0, N*"). (4.4)
ueMNB(f) ueMn(B(r)\B(3))

Proof. From the proof of Lemma 4.3, it is sufficient to show that M N (B(r) \ B(%)) # @ for small N.
First, we assume B(x) € L. For any 7 > 0 and u € H'(R?), we define

Txu= e%Tu(eTx), (4.5)

then

N+ M N-M
U = (Ul,UQ,UQ) = T*( —|2_ \I’Q,\/ 5 \Ifo,()) S MQB(T),

and by direct calculations, we get from (2.3) that

3N

U} =¥ N / Vo [2da + e 2N / o Wo*de = =5
R3 R3

(62T + 6_2T) > 3N.
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Hence for any r > 0, if we choose N < 7, then there exists 7 > 0, such that HUH?\ = %r, that is
UeMn (B(r)\B(%)). Let

T r T T T
N*™ :=mi {N Y 10 40 } = mi {N ) 1o }7
PN 12 016 B(o) =)~ 0127 16([B(2) | 1

we get (4.4). If ( ) e L® or B(x) satisfies (1.16), we set

VRPN VN A (D QY SV N
12747512 52 17 12 512) 2 3.,

or

.
N = mi {N, }: ' {N,—},
min < Ny 15° 1 min 3 Ny 15

then we obtain the conclusion. ]

Lemma 4.5. Suppose ¢o > 0, c¢o + c¢1 > 0 and B(x) satisfies one of (1.7) and (1.16), then for any

r > 0, there holds
3N

mir, N) < =

for N € (0, N**).

Proof. From the proof of Lemma 4.2, we get ( N*Q'M Uy, \/NEM\IJO, ) e MNB(r). Thus

m(r, N) ue/\l/lrrl'wa I \ / \Ifo, \I/(),
3N
<5/ ww%mﬂw) —wwmmw—ga
R3

4.1 Proof of Theorem 4

Proof of Theorem 4. (i) Foranyr >0and0 < N < g, let {un} := {(%1n, U2n, Uon)} be a minimizing
sequence of m(r, N), i.e. I(upn) — m(r, N) as n — co. Then [[un|} = |[unl3 + [unll7. <7+ N, which
implies that {u,} is bounded in A. Therefore, there exists @ := (1,42, u9) € A, such that up to a
subsequence, as n — 00,

Uy — U, in A.
uy, — @, in LY(R3) x L}(R3) x LY(R3), Vt € [2,2%).

Up — @, a.e.in R3.
Then we get @ € M N B(r). Further, by the lower semi-continuity of the norm in A, there holds

m(r,N) < I(a) < lim I(uyp) =m(r,N).
n—oo
It yields that I(@) = m(r, N). Hence, m(r, N) has at least one minimizer for any 7 > 0 and N < %.
(ii) For any » > 0 and 0 < N < N**, by (4.3), we can see that @ € B(5), which follows that u stays
away from the boundary of B(r). Thus, @ is indeed a critical point of I(u) restricted to M and further
u is a weak solution of (1.1)-(1.2).

35



Next, we argue by contradiction to show that @ is a ground state solution of (1.1)-(1.2) when N is
sufficiently small. Let N, := min{%,No}, suppose there exist rg > 0 and {vn,} = {(vin, van, von)} C
M(N,,), such that

I'|m(vn) =0 and  I(vy) < m(rg, Ny). (4.6)

Then by Lemma 4.1, we get P(vy,) = 0 and further if B(z) € L™,
1 5 o1 _ _
I(vp) > ~A(vn) + = | |z]*|vnl’de — < [ (VB(x),2) (01,00 + Donvon)dz — || B(z)|| oo Ny
6 6 Jgs 3 Jgs

If B(z)

= € L>, we can show

B(x) 2
HU"HA — /3<VB(x)7x>(Uan0n+Uonvzn)d:c—8H ( )H
R

3 Np,

X L

and if B(z) satisfies (1.16), then
B 1
x(f) HLOO) [ lalon Pz — /R?)WB@), 2)(TinVon + Tonvan)de.

1 9
o> b+ (3|
Thus, by (4.6), Lemma 4.5 and the fact that N,, — 0 as n — oo, we conclude
[on]2 = A(vn) +/ 2 Ponl2dz — 0, asn — oo,
R3

then v, € M(N,,) N B(rp). We can see that I(vy) > m(rg, N,,), which is a contradiction. Therefore, @
is a ground state of (1.1)-(1.2).
(iii) Suppose B(z) € L, we shall show that

lw — (k1Wo, kaWo, koWo)||3 = O(N), as N — 07, (4.7)

[V

x

where k; = kig = [ps ui%odz for i = 1,2,0 and ¥y = L7, Set
T4

kij = / ui\Iljdx, for i = 1, 2, 0,
R3
then - - -
u = (Z klj\l’j7 Z kgj‘lfj, Z ki(]j‘l’j) .
7=0 7=0 7=0

Moreover, we conclude

oo [e.9]

N = ||(u1, uz,up)||72 = Z(k%] + k%j + kgj)H\I}jH%Q = Z(k%] + k%j + k(2)j) (4.8)
j=0 j=0
and - -
HUH?\ = Z(k% + k%j + kgj)H‘I’]Hi = Zﬁj(k’%j + k%j + k(%j)'
=0 =0
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By Lemma 4.1, we can see that
1 1 o, 1
m(r,N) =1(u) = fA(u) + = |x] |u|“dx — ZE(U) — F(u)
/ 22 yuPda;—/ (VB(x), 2) (o + Tous)da — F(u)

> ;- 5 [ (VB0 @+ mue)ds - Flu),

>—ACM

(@)

Then
w3 < 6m(r, N) + 2/ (VB(x), z) (T uo + Toun)dw + 6F (u)
RS

< (9+2)(VB(), 2] o + 61 B@) 12 ) N.

Together with (2.2), we get

1 1
(e, N) = 1) = Sl ~ 3 B(u) ~ Flu)
1, .o 1 :
> §HuHA — Zmax{00,3co +401}C*< )) Nz — | B(z)||nee N
1 1 1
> Ll mas {ep. 3 + der Ol [ B(@)] N

v

1 oo
B ij(k%j + k%j + ktz)j) — [|B(z)[[p= N
j=0

M o

3
! max {co, 3co + 4c1 }C, <9 +2|[(VB(z),z + 6HB(3:)HLO<>> *N?

4
1 1 &
=5 2(5 - 50)(]?%3' + k%j + k(Q)j) + 5 Z&](k%j + kgj + k(z)j) —|B(@)|[z= N
Jj=0 j=0
1

3
— J max {co, 3¢ + de1 }C. (9 +2|(VB(x),2)|| ;0 + 6|]B(:c)HLoo> 2 2.

Then by Lemma 4.5 and (4.8), we have

8

(& — 50)(’“%;' + k%j + kgj)

e

— &) ) _(k}; + k3; + kgj) <
j=1 J

1

(NI

—_

<~ max {co, 3co + 4e1 }Co (9 + 2|(VB(2), 2) | o + 6] B(2)[11 ) N?

2

- Zﬁo(k%j + k%j + kgj) +2[|B(x)| Lo N + 2m(r, N)
=0

3
< — max {co, 3co + 461}0* (9 + 2”(VB($),$>HLOO + 6||B(:1;)|\Loo) N2 4 2||B(z)|| e N.

N | —

Denote

Nl

1
My = 5 max {co, 3¢ + de1 }C. (9 +2|[(VB(2), 2, + 6||B(a:)||Loo) ,
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then
MyN? + 2||B(x)||pee N

Z(k%] + k%j + kgj) <
j=1

&1 —%
Thus
ij(k%j + k%j + k(Q)j) = Z(fj - 50)(143%]' + k?%j + kgj) +&o Z(k%j + k%j + k(2)j)
i— =1 =1
MyN? + 2||B(x)|| L N

< MoN? +2||B()|| =N + & -

_ &
& —&

&1 —&o

(MoN? + 2] B(@)l| 1N ).

For N — 0T, we can see that

lu — (k1Wo, kaWo, koWo) ||} = H(Zlﬁj J,Zkgj j,ZkOJ )

I
1M
I

and

lw — (k1 o, kaWo, ko o) |72 = H(Zlﬁg ;,Z/@J j,ZkOJ >

= (k}; + k3 + kg;) = O(N).
Jj=1

Therefore, it is obvious that (4.7) holds. If ( e L®or B (x) satisfies (1.16), we can prove (4.7) with
small modifications, here we omit the detaﬂs Hence, we complete the proof of Theorem 4 (iii). O

Next, we prove Theorem 5, that is the minimizers obtained in Theorems 1 and 4 are radial symmetric
if ¢; > 0 and B(x) > 0.

4.2 Proof of Theorem 5

Proof of Theorem 5. By a standard regularity bootstrap argument, we conclude w is of class C?.
For ¢; > 0 and B(x) > 0, it is easy to see that F(|w|) > F(w) and I(Jw|) < I(w). Hence, |w]| is also
a minimizer of m(N). Applying the maximum principle, |w| > 0. Since w and |w| are minimizers, we

conclude )

5 (Aw) — Auw)) + § (B(w)) - B@)) + (F(wl) - Fw)) =0,

which implies that A(|w|) = A(w). Using Theorem 5 of appendix B in [6], we get w;(z) = e p;(x), j =
1,2,0, where 6; € R is a constant and p = (p1, p2, po) is a real valued minimizer with p;(x) > 0 for
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every x € RY. Moreover, by direct calculations, we obtain
Re /Rd W Wowsdr = Re /Rd (Plpz cos(61 + 02) — ip1pasin(61 + b2) + pj cos(200) + ipy Sin(wo))dx
- /Rd p1p2p5 cos(20p — 01 — 02)dx
and
Re /Rd B(z)(wywo + Wows)dz = /Rd B(z) (Plﬂo cos(flo — 61) + p2po cos(tlo — 92)>dI'
It yields that

1 1 1
I(w) = S A(p) + / |$|2|P|2d$ - / ((Co + 01) (\P1|4 + |P2|4) + Co|/)0|4>df'3
2 2 Rd 4 Rd

1
- / <(CO —c)lp1Plo2l* + (co + 1) (|on|* + !P2!2)!P0\2)d5€
2 Rd
- /d p1p2pg cos(20 — 01 — 03)dx — /d B(x) (p1p0 cos(bp — 01) + p2po cos(6p — 02))d:v,
R R

by the fact that w is a minimizer, we then conclude
200 — 01 — 0y = 2k, 0y — 01 = 2kow and 6y — O = 2kgm for k?j €7 (] = 1,2,3),
which implies 6; 4 02 — 20y = 2kn (k € Z). Denote p* = (p7, p3, p§) as the Schwarz symmetrization of

p, by [34], we have
)

AN

()< Ap), [ JaP(e o< [ [ofpds,
R4 R4

(p;k)4dx = p;ldl', J=12,0,
Rd

d

—

PP [ pipda k=120

d

ol do = | mpagdda
\ JRd R4

Since B(x) > 0, again by [34

, we get

[ B+ pmds < [ B@)i + 3.
Rd Rd

Then, it is obvious that I(p*) < I(p) and as a consequence p* is also a minimizer. Since p is a

minimizer, it yields that
[ JaPtor o= [ ol pPa
Rd Rd

Applying Theorem 4 in appendix of [6] with V(z) = |z|?, then p = p* and hence the minimizer is
symmetric. Hence, we complete the proof. O
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4.3 Proof of Theorem 6

In the end of this section, we shall prove Theorem 6, that is there exists an excited state solution
@ = (fiy, Gg, Gp) € M(N) to system (1.1)-(1.2) with some /i, A as Lagrange multipliers.

For any r > 0 and 0 < N < N**  suppose @ = (U1, U2, up) € M N B(r) is the solution of (1.1)-(1.2)
obtained in Theorem 4 (ii), then @ € B(%). For any 7 > 0 and u € H'(R?), let 7 * u be the operation

defined in (4.5). Then for any u = (u1, u2,up) € M, when ¢y > 0 and ¢y +¢; > 0, we get if B(z) € L™,

Irxw) = Lo g % / ([2[ul2dz — 3TE( ) — Re/RBB(e—Tx)(uluoﬂouQ)dx
< 5 Aw + e [ folulds = 6 Blw) + | B@) =N,
1f 22 ¢ 2 then
I(rxw) < Se¥ Alu / ePluldr — ¢ B(u LwN.

If B(z) satisfies (1.16), then

I(r*u) < 5 2TA( )+ (1+HB($)HLOO>€_2T/R3 |x]2]u\2dx—ieBTE(u).

2 22

It means that for any u € M, there holds lim I(7*wu) = —oo if B(z) satisfies (1.7) or (1.16). Thus

T—r400

there exists a large 71 > 0, such that ||(71 x ﬁ)Hi > r and I(11 x @) < 0. We now define a path as

= {ge C([0,1], M)|g(0) = @, g(1) 271*11},

then for ¢ € [0,1], it is easy to see that g(t) := ((1 —t) 4+ ¢tr) x@ € I, that is I' # @. Hence, the
minimax value

= inf I(g(t
0= inf max I(g(t)

is well defined.

Proposition 4.1. Suppose ¢y > 0 and co+c¢1 > 0, then for anyr >0 and 0 < N < N**, there exists a
bounded Palais-Smale sequence {un} = {(u1n, Uzn, uon)} for I restricted to M at level o. In addition,

P(un) = A(uyn) — / |x|2|un|2dx — ZE(un) +/ (VB(z), z)(U1nton + Tonuzn)dzr = o(1), as n — oo.
R3 R3

Proof. First, we are going to prove the existence of Palais-Smale sequence {un} with P(upn) = o(1), as
n — oo. Now, we define an auxiliary functional as (7', u) =1 (T * u) Let

[ = {hec(0,1],Rx M)| h(0) = (0,@), h(1) = (0,71 +@) },
then it is easy to see that

& = inf max I(h(t)) = o.
ﬁefte[ovl] ( ())
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Taking a sequence {gn} := {(91n, 92n, gon)} C T, such that

1
1 t)) <o+ —.
max I(gn(t)) <o+
Let g,, := (0,g,) C T, then we get
max f(g (t)) = max I(gn(t)) <0—|—l:&+l.
tefo,] te[0,1] - n n

By Lemma 2.3 in [28], there exists a sequence {(Tn,&n)} = {(Tn, (ﬁln,ﬂgn,ﬁon))} C R x M, such
that

(1) ngrfwf(Tn, Up) =0 = 0;

(2) lim |7| + dist(tn,gn(t)) = 0;

n—-+o00

(3) let E:=R x H and E~! denote the dual space of E, then there holds

. ) 1
I/|RXH(Tmun)HE71 < 2\/;.

Kl:’(Tn,'&n), (7', u*)>‘ < 2\/5”(7’, u)| e,

for all (7,u*) := (7, (u},u}, uf)) € T(

That is,

T yitn)s Where

Tir i) = {(7‘, u*) € E’ /R3 (ﬂ“{aln + Uy tizn +ﬂ§ﬁ0n)d:v =0,

/ <ﬂ>{ﬂ1n — ﬂ§ﬂ2n> dr = 0}
R3

Let
Unp = (U1n7 U2, uOn) =Ty ok Up = (Tn * ﬂlna Tn * aQn; Tp * ﬂ/On)a

then by point (1), we obtain
I(wp) = I(Tn * Un) = I (15, Up) — 0, asn— oc. (4.9)

Further, by direct calculations, we conclude from (3) that

P(up) = P(1y % y) = 2™ A(tn) — %engE('&n) + / (VB(e ™), e ™) (Uinlon + Uonlzn)de
R3
= (I'(n,n), (1,(0,0,0))) = 0, asn — oo. (4.10)

Next, we are going to show that I’ ‘ M(un) — 0 as n — oo. For this purpose, it is sufficient to show
that there exists a certain constant C' > 0, such that

(0 (). )| < ], (4.11)
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for all

u* €Ty, = {u* € H‘ /3 (ﬂfuln + Usugp, +ﬂ$u0n) dx =0,
R

/ (H“{uln — ﬂqun> dx = 0}.
R3

For any u* € Ty,,, we set u* := (uj, 3, 4y) := (—75) * u*, then (0,u*) € T(Tmﬁn) and

(I (7o n), (0,27)) = (I'(un), u*).
By point (2), we may assume that 7,, — 0 as n — oo, then
081 = a1 = [ (Vuil + 1Vasl + 1VaiP)de+ [ (il + (a3 + i) da
= e 2™ /]RS (IVui]? + |Vus|® + [Vug|?) dx + /]RS (Juf? + |us)® + |ug|*) dz < 2[|u*|*.
For any u* € Ty, , set w* := (4}, U3, 4y) := (—7p) * u*, then
(0,%%) € Tir,y ) and (I (7, @), (0,%%)) = (I'(un), u*).
By point (2), we may assume that 7,, — 0 as n — oo, then
08 = 131 = [ (Vuil + 1Vasl + 1VeiP)de+ [ (G + |53 + a2 da
e [ (Vi £ 9P+ 9P da+ [ (il + P + ) de
< 2f|u*|f?.

Then by point (3), we get

(I (un), u*)| = [{I' (T, @), (0, 07))| < 2\/2”(1,11*)!\ < 2\/3\|U*|!7

thus (4.11) holds. Together with (4.9), (4.10), {uy} is a Palais-Smale sequence for I restricted to M.
Finally, we show {un,} C M is bounded in A. Indeed, direct calculation gives

5 Plun) +0(1)
1

1 5
= ~Aun) + = / |z|? |wp |2dz — / (VB(z), 2)(U1nton + Tonton)dz — F(ug) + o(1).
6 6 Jps 3 Jgs

Huyp) = I(un) —

It follows that if B(z) € L>, then
1 1 _ _
éHunH - < I(up)+ B (VB(x), x)(Uinuon + Toptzn)dx + F(uyn) + o(1)
R3

<0+ 2| (VB(), 2l N + [ B@)1=N + o1).
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1f 22 ¢ 2 then
1 9 1 B(x) 2
= . < - o =\
Slunll} < o+ SI(VB@), )= N +8| =2 N +o()
and if B(z) satisfies (1.16), then
1, o 1
gllunlli <o+ 3I(VB(@), )| =N + o(1).

Since {un} C M, then we get the boundedness of {uy,} in A. Therefore, we complete the proof. [

Lemma 4.6. Suppose cg >0 and co+c; > 0, for anyr >0 and 0 < N < N**, let {un} C M be the
Palais-Smale sequence obtained in Proposition 4.1, then there exists @ = (u1, U9, Ug) € M, such that
Uy, — U 18 strongly in A.

Proof. By Lemma 2.1 and Proposition 4.1, there exists & = (i, U2, o) € A, such that up to a subse-
quence, as n — 400,

Uy — @, in A.
un — 4, in LY(R3) x L}R3) x LY(R3), Vt € [2,2%). (4.12)

Up — @, a.e. in R3.

Since I"M(un) — 0, then there exist two sequences {u,}, {A\n} C R, such that

(34 () = 1B/ (un) = F' (), ) + [ Jol? (111 + 2B+ w0no) d

= un/ (Uln% + U2 o + uonao)dx + )\n/ (U1 By — Uony)dx (4.13)
R3 R3
= (,Un + )\n) / Uln&ldx + (i — )\n)/ u2n$2dx =+ Mn/ UOnaodx + 0(1)7
R3 R3 R3
for any ¢ = (¢1, ¢2, ¢0) € A. Since {un} C M is bounded in A by Proposition 4.1, taking ¢ = up in
(4.13), then {un}, {M\} are two bounded sequences in R. Suppose that p, — i, A, = X as n — oo.

Taking ¢ = u,, — @ in (4.13), we get

<1A/(’U/n) - iEl(Un) — F'(un), up — a>

2
+ /3 ’.’B‘Q(uln(ﬂln — ﬂl) + ’U,2n<ﬂ2n — 52) + U()n(ﬂon — ﬂo))dw (4.14)
R
= (,U/n + )\n) / Uln(aln - ﬂl)div + (/«Ln - )\n)/ u2n(ﬂ2n - EQ)dx
R3 R3

+ Mn/ uon (Ton, — to)dx + o(1).
RS

By (4.12), we get 4 satisfies (1.1)-(1.2). Thus using (w1, — @1, Uz, — @1, Uon — Uo) as a test function in
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(1.1), we then obtain

1 1 _ _ _
<§A’(ﬁ) — L E(@) = F(@), (1, — @, Tan — 1, Tion — a0)>
+ /3 |x|2<a1(ﬂln — @) + G2 (Tan — ) + tio(Top — 50))alilC
R
= (ﬂ + S\n)/ ﬂl(aln — ﬂl)dx + (ﬂ — 5\) / ’&Q(ﬂgn — ag)dib
R3 R3

+ [ o (Ton — ao)dx +o(1).
R3

Together with (4.12), (4.14), we can see that
A(uy —4) + /RS 2|ty — @)*dx = o(1),
which gives
A(un) = A(d) and /]R3 2|2 |t |2dr — /]R3 \z|?|@)?dz, asn — oco.
Therefore, we get the strong convergence of u, — @ in A as n — oco. O

Proof of Theorem 6. The proof follows from Proposition 4.1 and Lemma 4.6.

Appendix

In this section, suppose N, ' N*, ¢g + c1, > 0 and ¢y, " 0, then we investigate the limit behavior of
Up = (Uin, Ugn, Upp) S N — OO0.

Proposition 4.2. Suppose ¢y + ¢1, >0, c1n /0. Let N, /~ N*,

lim Cin
n—oo Npco(N* — Ny,)

=n<0asn—o00

and Uy, = (Uin, Uzn, Uon) € M(Ny) be a corresponding minimizer of m(Ny,), then
(i) if B(z) satisfies (1.8) with B(x) > 0, then

1 1
Mi(N* — Np)2 <m(N,) < My(N*— Np)2, asn— oo.
(i1) if B(z) satisfies (1.8) and (1.9) with B(x) < 0, then for 0 < p < 2,
_p_ _p_
M3(N* — Np)p+2 < m(N,,) < My(N* — N,)p+2,  as n — oo,

forp=2,
1 1
M5(N* — Np)2 <m(Ny,) < Mg(N*— N,)2, asn—

and for p > 2,

_m(Ne) (1
(N* = N2
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where

o L@ @ 1(1—77M2)%
- )

Mlz((

1

My = (610 [ lePQA @) (= nart),

2 /1 —nM? 2 /1 —nM?\ % 2
G M R R G I (Y MEEICRTD e
2 P 2 D R2

t\:b—'

Mz =

1 1
M — (/ 2P Q(w)de + 27" (1~ 2
Co JR2
and

Mg = (1/ 12]2Q%(x )dw—l—QA/ |B(z)|Q%(x )dx) (1—77M2)%

€0

here T has been defined in (3.39). In addition, if B(x) =0, then uy, satisfies

) ~ N*+ M
nlg]go Entin(en® + Z1p) = m@@)a
N*— M

lim epuon(en + Zon) = Q(x), strongly in H'(R?),
n—oo

2N* (&)
ugn = 0 in R%, when n > 0 is large enough,

where Ziy, (i =1,2) is the unique mazximum point of w;, with

lim ‘M‘ =0 (i
n—00 En

yj=1,2,i#7), lim |Z,| =0
n— o0

1

4

and €, :C'<N* —Nn>

Proof. Without loss of generality, we may assume B(x) > 0. Similar to (3.30), we can see that

1 a* ¢
I(un) > 5 / Pl P + (5 — ) / (urnl? + luzal? + luonl?)?dz — F(un)
RQ 4Nn 4 Rz
2 2 a* €0 2 2 2\2
> (5 5], [ el + (5 = ) /Rz('“ln' + [uzal” + luoa*)’de - (4.15)
1 | B(x) N*e2 2 a*  co\ (N*)2%e,?
= (5 a H x2 HLOO) a* / [2*Q* (@)da + (7 B 7>7n +o(l).

From (3.15), we have

1
22 I
Taking 7 = < Nﬁz (ﬁﬁ ‘_levnQ)—(Z)d;/ﬂ) " and noting that

. Cln
1 =n<0 4.16
I N =Ny 1< (4.16)
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then we get
N, 1 3
lim — V) (/ \m|2Q2(x)dm)2(1 —pM?)3.
n—o00 (N* _ Nn)§ co JR2
Therefore, lim m(N,) = 0, which implies that

n—oo

li Aluy) a*
im _ '
n—roo fR2(’u1n’2 + |ugn|? + |upn|?)2dz 2N*

Further, we also have

lim A(un) = lim [ (V| + [Vua|* + [Vugn|?)dz = +oo.

n— o0 n—o00 Jp2

Let €, wi, and Wy, (i = 1,2,0) be defined as Theorem 2, then by scaling, we conclude

lim (’V’wln’Q + ’Vw2n’2 + ]Vwonlz)dx =N*

n—oo R2
and )
. 2(N*
lim (|win|® 4 [wan|? + |won|?)?dz = ( ” ) )
n—00 Jp2 a
Moreover, there exists some z; € R?, such that
. N* . . N~
71113010 wip(z) = pe Q(x — x1) sin ¢1 cos pa, HILH;O wop(z) = S
and
. N* T
nh_}rrgo won(z) = ?Q(:c —x1)cospy, for @1, €0, 5}

Q(x — 1) sin ¢ sin g

(4.17)

Set t = sin¢; € [%, 1], then by the fact that u, € M, that is [uin||2s — [uzn|3. = M and some

direct calculations, we obtain

: N*t+M . N*t — M
nlggo win(z) = T@@ — 1), T}LH;O wap () = T@(ﬂf — 1)
and
. N*(1 -1t
lim woy,(x) = %Q(m — 1)
n—o00 a

are strongly convergent in H'(R?). Denote

N =

1 1
Myi= (o [ oPQ o) (1 mar)t,
Co JR2
then by (4.15) and (4.17), for n large enough, we have

-5

22 HLOO

[NIE

N*e? %
5 ) [ PP a)de < MoV - )

and
2 -2

a* €0 (N*) En * 1
— O\t~ _ )
(2]\7 2) g S MR(NT = Ny
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It follows that for n large enough,

My(N* — N,)2

(N*(N* - Nn)§>;
2N M,

Then up to a subsequence, we may assume that

En

Séen < -
<<; 2R ) L fe 22Q%(x

1
2

)dx) '

lim — =¢. (4.18)
n—o0 (N* _ Nn)z
By direct calculations, we get
) 1 a*
lim — {( - co) (Ju1n|? 4 Juzn|? + Juon|?)2dz — Cln/ (Jurn]? — |u2n]2)2das}
n—oe (N* — N,z N, R2 R2
. * 1 a*(Nin - ]\}*) 2 )
= Jlim (V" = Na)3{ =i | (feaanl? - fuzal? + fon?)
Cin 2 242
o em B i)
e o I
1 x( 1 1
L (NT =Nz pa (5 — wF) 2 2 212
= Jim T Ry (el fuml? o )Pz

C
ey el e}

S — N,z {a*(Nln — %) 2(N*)2 Cin 2M2}
= lim : — :
n—o00 E% (N* — Nn) a* N* — N, a*
2
= ?2(1 - 77M2)
Further
C
m(Ny,) > ( H x2 Loo / 2|2 [wn|2dz + (W — ZO) /RQ(!um’? + ugn|? + |uon|?)dx
Cin
= =2 (= Juzn|?)?da
4 ]R2

1B N*e2 -
> (= - N'en
o <2 H T2 HLOO) a* /]R2 |z[*Q"(z)dx

*

1 a
+ 7{(7 — Co) / (‘U1n|2 + |U2n|2 + |u0n|2)2dx - Cln/ (|U1n|2 - |’LL2n|2)2dl‘}
4 Nn R2 R?2

1 N*2 2 N* — N, 5
= (157107 [+ S me,

n
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Hence, it implies that

3o

. € 1 N*
lim inf T > 7;(* H 2 / |2[?Q*(x)dx
n—00 (N*—Nn)2 n—00 (N 5 \2 x L°°

1

2

(4.19)
x)dx + —(1 — nM?)

LJa [ |x|2c22<x>d:c> NIETaH

z((

On the other hand, by (4.17) and denote
e

Mi(N* — N,)

i [ eP@wr) o -k
)r )

we conclude that )
<m(Ny) < Ma(N* — N,)2 as n — o0.

=

If B(x) =0, then
m(Nn)

1 1
lim — ) (7 |:U|2Q2(x)d:n> 2(1 - nM?)3. (4.20)

n—o0 (N* _ Nn)§ Co R2
Now, we assume that B(z) < 0 and p > 2 in (1.9). By direct calculations, we obtain

N, 772 N, N2 ¢ M?
m(N,) < 5o / ,x‘2Q2(x)dx+<7—07_ 1 )T + AT~ p/ |B(2)|Q2(z)d

NT / |z*Q%( )d$+(—CON3—ClM2)72+0(1).

Then by (4.17),

On the other hand, similar to (3.40), we get

a* c 1
Hun) 2 (53 = 2) [ u1nP + fuanf? + Juon P+ 5 [ foPunde ~ F(un)
R R2

N* N* 2
(N*—Nn)sfl2 / || Q2 (x)dz + TeP + o(1)

N* . 3 N*2
— o W =N+ 2 [ aPQa)de +o(1),

Following the produces for B(z) > 0, we can deduce that

> (L[ e )5<1 STOH

(4.21)

M\»—‘
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That is, (4.20) holds as well in this case. In addition, if B(z) < 0 and 0 < p < 2in (1.9), we can similar
obtain the energy estimations. Precisely, for 0 < p < 2,

M3(N* — N,) 72 < m(N,) < My(N* — N,)72,  asn — 0o

and for p = 2,
1
<m(Ny,) < Mg(N* — N,)z, asn— oo.

N[

M5(N* — N,)

1
By (4.20), the inequalities (4.19) and (4.21) hold if and only if t =1 and £ = (%) *. Then
R

€n ( co(1 —nM?) )i

lim =
n—oo (N* — Nn)i Jge |22Q%(x)dx

Since t = 1, we have

N*+ M N*— M
lim wiy,(z) =14/ %Q(m — xl),nli_)rrolo wap(x) = TQ(J} —z1) and lim wop(z) = 0.

n—00 n—o0

In addition, similar to the proofs of Theorems 2 and 3, we conclude as n — oo,

N*+ M N*— M

o Q(x), Wap(z) — S Q(x) and wop(xz) — 0

ﬁ)ln(x) —
uniformly in R2.

To end the proof, we are going to show that ug, = 0 in R? by contradiction in the case of B(x) =0
or B(x) < 0 with p > 3 in (1.9). Indeed, the conclusion can be proved as Theorem 1.3 in [30] with
small modifications, we just sketch the differences here. Suppose ug, # 0 in R? and define

1 1

ZALm = Xé‘n’u,m(énl’ + 51n), 7= 1,2, ﬁon(.fc) = Q p
i ocolPn

UOn(gnw + gln)v

where 0, = |[uon||ze > 0, Qo = m > 0 and

Ay MM
2a* 2a*

Using the linearized operators defined as in [30] and some calculations, we can obtain

A A
Anera® + 2c1, M + c1p6%(Qoo0n)’a* <72 _ 71>

3+p

+ L"";g" /R ) B(gc)cf(gg)ozg:(j1 _ ;) _

and

* * * A *
)\neia + 201,16721(6200071)2@ + 2ci1p (M — N*) + QCMA—TSZ(QOOU”)QQ

3+p Al +A2)€}L+P

—4e1 A1 Aga” + QooTnén / B(2)Q*(z)dx — (
RN QRocon RN

A B(2)Q*(z)dx = 0.
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It follows that

A A
. 2 2 % * 2 2 % 2 A1
2¢1n85,(Qoo0n) @™ + 2¢1n N™ + c1n6;, (Qocon) a (—Al —AQ)
A2 2 2 x Qooan5131+p 2 1 1
e 22 Qe P = PRI | B Qa4 )
(A1 + Ap)en™

+ 41 Ay Aga™ + / B(2)Q*(z)dx = 0.
RN

Qocon
If B(z) =0 or B(z) < 0 satisfies (1.9) for p > 3, then it yields from (4.16), (4.18) and ¢, < 0 that
N* 4+ 2A;Asa* = 0. However, it is impossible as N* 4+ 24; Asa* > 0. Therefore, ug, = 0 in R? and we
complete the proof. O
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