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ABSTRACT. The elliptic sine-Gordon equation is a semilinear elliptic equation
with a special double well potential. It has a family of explicit multiple-end
solutions. We show that all finite Morse index solutions belong to this family. It
will also be proved that these solutions are nondegenerate, in the sense that the
corresponding linearized operators have no nontrivial bounded kernel. Finally,
we prove that the Morse index of 2n-end solutions is equal to n(n — 1) /2.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

This paper is concerned with the finite Morse index solutions to the elliptic
sine-Gordon equation in the plane. Before explicitly writing down the equation
and stating our results, let us briefly mention the classical sine-Gordon equation,
which originated from the study of surfaces with constant negative curvature in the
nineteenth century. We shall call it hyperbolic sine-Gordon equation throughout
the paper. The hyperbolic sine-Gordon equation also appears in various physical
contexts such as Josephson junction. It has been extensively studied partly due
to the facts that it is integrable and one can use the technique of inverse scatter-
ing transform to analyze its solutions. There exists vast literature on this subject.
To mention a few, we refer to the book [54] and the references therein for more
information about the background and detailed discussion for the hyperbolic sine-
Gordon equation.

In the laboratory coordinate, the hyperbolic sine-Gordon equation takes the
form:

(1.1) 02u— d%u+sinu = 0.

In this paper, the elliptic version of this equation will be investigated. More pre-
cisely, we shall consider the following elliptic sine-Gordon equation:

(1.2) —Au=sinu inR?, ju| <7

where A = 92 + ayz. The reason that we are interested in this equation stems from
the fact that (1.2) is actually a special case of the Allen-Cahn type equations

(1.3) Au=W'(u) in RV,

where W are double well potentials. This equation is the Euler-Lagrangian equa-
tion of the energy functional

1= [ <; |Vu|2—|—W(u)>.
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Choosing W = cosu, we obtain the equation (1.2). On the other hand, if W (u) =

i (u2 — 1)2 , then (1.3) reduces to the classical Allen-Cahn equation:

(1.4) —Au=u—u’ inR".

This is an important model in the phase transition theory.

A crucial property of Allen-Cahn type equations (1.3) is that they possess one-
dimensional monotone increasing heteroclinic solutions, which connect two sta-
ble states in the phase transition phenomenon. In the case of (1.2), the one-
dimensional heteroclinic solution is given explicitly by

H (x) = 4arctane” — .

The celebrated De Giorgi conjecture concerns the classification of monotone bounded
solutions of the Allen-Cahn type equation (1.3). Many works have been done to-
wards a complete resolution of this conjecture. In particular, it is known that in di-
mension two and three, monotone bounded solutions must be one dimensional. We
refer to [3, 13, 16, 17, 18, 24, 36, 43, 52] and the references cited there for results
in this direction. A natural generalization of the De Giorgi conjecture is to classify
those solutions not necessary monotone. This seems to be a difficult problem for
general nonlinearities W. In this paper, we are interested in those non-monotone
solutions in the plane for the special case of elliptic sine-Gordon equation.

Without any assumption on the asymptotic behavior of the solutions at infinity,
the structure of the solution set could be extremely complicated. To bypass this
difficulty, let us recall the following

Definition 1. (See [11, 12]) A solution u of (1.2) is called a multiple-end(2n-end)
solution, if outside a large ball, the nodal set of u is asymptotic to 2n half straight
lines.

These asymptotic half straight lines are called ends of the solution. One can
show that actually along these lines, the multiple-end solution u behaves like the
one dimensional solution H in the transverse direction. The set of 2r-end solution
will be denoted by .#5,. By the curvature decay estimates of Wang-Wei[56], a
solution is multiple-end if and only if it has finite Morse index.

In [12], the infinite dimensional Lyapunov-Schmidt reduction method has been
used to construct a family of 2n-end solutions for the Allen-Cahn equation (1.4).
The method there can also be applied to general double well potentials, including
the elliptic sine-Gordon equation (1.2). The nodal sets of these solutions consist of
almost parallel curves. In particular, the angles between consecutive ends are close
to 0 or . Actually, the nodal curves are given approximately by suitable rescaled
solutions of the Toda system. It is also known that locally around each 2n-end
solution, the moduli space of 2n-end solutions has the structure of a real analytic
variety. If the solution happens to be nondegenerate, then locally around it, the
moduli space is indeed a 2n-dimensional manifold[11]. For general nonlinearities,
little is known for the structure of the moduli space of 2n-end solutions, except in
the n = 2 case. In this case, a Hamiltonian identity has been used in [26, 27] to
study the symmetry properties of these solutions. It is now known[37, 38, 39] that



ELLIPTIC SINE-GORDON EQUATION 3

the space of four-end solutions is diffeomorphic to the open interval (0, 1), modulo
translation and rotation(they give 3 free parameters in the moduli space). Based on
these four-end solutions, an end-to-end construction for 2n-end solutions has been
carried out in [40]. Roughly speaking, solutions arising from this construction are
near the “boundary” of the moduli space.

The classification of .4, is still largely open for general double well nonlinear-
ities. Important open questions include: Are solutions in .#), nondegenerate? Is
M, connected? What is the Morse index of the solutions in .#5,? In a recent pa-
per [44], Mantoulidis proves a lower bound n — 1 on the Morse index of solutions
in .#>, for the Allen-Cahn equation. Here we shall give a complete answer to the
above questions in the case of the elliptic sine-Gordon equation (1.2).

It is well known that the classical sine-Gordon equation (1.1) is an integrable
system. Methods from the theory of integrable systems can be used to find solu-
tions of this system. In particular, it has soliton solutions. Note that (1.2) is elliptic,
while (1.1) is hyperbolic in nature. We show in this paper that the Hirota direct
method of integrable systems also gives us real nonsingular solutions of (1.2). Let
U, be the functions defined by (2.15). Then U, are solutions to (1.2). They depend
on 2n parameters, p;, n;’, j=1,...,n. We are interested in the spectral property of
these solutions and shall prove the following

Theorem 2. Each U, € #>, is L-nondegenerate in the following sense: If ¢ is a
bounded solution of the linearized equation

—Ap —@cosU, =0.

Then there exist constants cj, j = 1,...,n, such that

(0] :ji’l <Cjan;)Un) .

We remark that the nonlinear stability of 2-soliton solutions of the classical hy-
perbolic sine-Gordon equation (1.1) has been proved recently by Muiioz-Palacios
[45], also using Bicklund transformation. We refer to the references therein for
more discussion on the dynamical properties of the hyperbolic sine-Gordon equa-
tion. For general background and applications of Bicklund transformation, we
refer to [50, 51].

The Morse index of U, is by definition the number of negative eigenvalues of
the operator —A — cosU,,, in the space H' (Rz) , counted with multiplicity. The
Morse index can also be defined as the maximal dimension of the space of com-
pactly supported smooth functions where the associated quadratic form of the en-
ergy functional J is negative. Our next result is

Theorem 3. The set #>, of 2n-end solutions of the elliptic sine-Gordon equation
(1.2) is a 2n-dimensional connected smooth manifold. The Morse index of U, is
equal to @ Moreover, all the finite Morse index solutions of (1.2) are of the

Sform Uy, with suitable choice of the parameters p;,q;, n?,j =1,..,n.



4 YONG LIU AND JUNCHENG WEI

We emphasize that the parameters p; and g; are not independent. Actually they
have to satisfy p? + q? = 1. The classification result stated in this theorem fol-
lows from a direct application of the inverse scattering transform studied in [29].
Inverse scattering of elliptic sine-Gordon equation has also been used in [4, 5]
to study solutions with periodic asymptotic behavior or vortex type singularities.
Note that certain class of vortex type solutions were analyzed through Bécklund
transformation or direct method in [35, 42, 47, 53], and finite energy solutions
with point-like singularities have been studied in [58]. It is also worth mentioning
that more recently, some classes of quite involved boundary value problems of the
elliptic sine-Gordon equation have been investigated via Fokas’ direct method in
[19, 20, 48, 49].

Theorem 3 implies that in the special case n = 2, the four-end solutions of the
equation (1.2) have Morse index one. In the family of four-end solutions, there is
a special one, called saddle solution(see (2.16)), explicitly given by

cosh (L)
4 arctan A\ .

cosh (%)
The nodal set of this solution consists of two orthogonally intersected straight lines.
Saddle-shaped solutions of Allen-Cahn type equation Au =W’ (u) in R* with k > 2
have been studied by Cabré and Terra in a series of papers. In [6, 7, 8] it is proved
that in R* and R®, the saddle-shaped solutions are unstable, while in R?** with
k > 7, they are stable. It is also conjectured in [6] that for k > 4, the saddle-shaped
solution should be a global minimizer of the energy functional. However, the gen-
eralized elliptic sine-Gordon equation(—Au = sinu) in even dimension higher than
two is believed to be non-integrable, hence no explicit formulas are available for
these saddle-shaped solutions. We expect that our nondegeneracy results in this
paper will be useful in the construction of solutions of the generalized elliptic sine-
Gordon equation in higher dimensions.

It is worth pointing out that W (1) = 1 4 cosu is essentially the only double
well potential such that the corresponding equation is integrable[14]. Note that
sine nonlinearity also appears in the Pierls-Nabarro equation whose solutions have
been classified in [55]. A classification result like Theorem 3 for general double
well potentials could be very difficult.

Finally we mention that recently there have been some interesting works on
the construction of minimal surfaces using Allen-Cahn type equations. See, for
instances, [10, 21, 22, 25, 44]. Based on these links between minimal surfaces and
Allen-Cahn type equations, it is expected that the classification results obtained
in this paper could be used to provide another proof of the existence of infinitely
many closed geodesics on any given Riemann surface. Actually this is one of our
main motivations to study the elliptic sine-Gordon equation.

This paper is organized as follows. In Section 2, we write down an explicit
family of 2n-end solutions U, for the elliptic sine-Gordon equation. We investigate
the Béicklund transformation of these solutions in Section 3. The nondegeneracy
of U, and Theorem 2 will be proved in Section 4. In Section 5, we classify all
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the 2n-end solutions by their asymptotic behavior at infinity. Finally, in Section 6,
we compute the Morse index of these solutions using a deformation argument and
prove Theorem 3.
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tal Research Funds for the Central Universities(WK3470000014) and NSFC un-
der grant 11971026. The research of J. Wei is partially supported by NSERC
of Canada. Part of this work was finished while the first author was visiting the
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2. A FAMILY OF MULTIPLE-END SOLUTIONS OF THE ELLIPTIC SINE-GORDON
EQUATION

In this section, for each n € N, we would like to write down a family of explicit,
real valued, nonsingular solutions of the elliptic sine-Gordon equation:

(2.1) —d;u— dju = sinu, in R?.

We will see that these solutions are indeed 2n-ended, hence of finite Morse index.
It turns out that this family of solutions has 2n free parameters. This also means
that this set of solutions is a 2n-dimensional manifold.

Equation (2.1) has been studied by Leibbrandt in [42] using Bécklund trans-
formation, with an application to the Josephson effect. However, the solutions he
found are singular somewhere in the plane. Gutshabash-Lipovskii [29] studied
the boundary value problem of the elliptic sine-Gordon equation in the half plane
using inverse scattering transform and obtained mutli-soliton solutions in the de-
terminant form, with certain parameters. The question that for which parameters
will the solutions be real and nonsingular was not considered there. The boundary
problems of (2.1) in a half plane or a quarter have also been studied by the Fokas
direct method, see [19, 20, 48, 49].

The construction of explicit multi-soliton solutions of the hyperbolic(classical)
sine-Gordon equation (1.1) was carried out in [30], using the Hirota direct method.
It is worth mentioning that there are also related results on certain soliton solutions
in higher dimensions, we refer to [23, 31, 32, 53, 57] for more discussions in this
direction. Note that the solutions of the hyperbolic sine-Gordon equation obtained
in [30] contain free parameters. At this point, let us emphasize that for many
integrable systems, it is usually a delicate issue to determine, for which parameters,
the solutions are real and nonsingular. As we will see, this issue is actually closely
related with our analysis of the elliptic sine-Gordon equation (2.1) in this paper.

It turns out to be more convenient to replace u by u+ 7 in (2.1). The equation
then transforms to

(2.2) O u+ dyu=sinu.

Our first observation is the following: In the hyperbolic sine-Gordon equation
(1.1), if we introduce the changing of variable z = yi, where i will represent the
complex unit throughout the paper, then we arrive at the equation (2.2). Based on
this, by choosing certain complex parameters for the solutions of the hyperbolic
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sine-Gordon equation of [30], we then get multiple-end solutions of the elliptic
sine-Gordon equation. The case of 2-soliton has been studied in [53].

To obtain solutions in closed form, we shall write the sine-Gordon equation in
the bilinear form. Let D be the bilinear derivative operator(See [33], Page 27). For
any j,k € N, and two functions ¢, 1, we have

D)jC.Df’(P = [(6&— o)’ (9~ a}’/)k} [¢ (e (5")] Ly mwy=y-
For instance,
DDy -1 = N0y — 0 PIyn — 09N + §:9yM.

Throughout the paper, we use F to denote the complex conjugate of F. Let us take
the bi-logrithmic transformation:

F
=2iln—.
u lIlF

Note that the log function is multiple-valued. Here we can simply take the principle
branch. One can also choose other branches, which amounts to add 4kx, k € Z, to
the function u. We compute

eiu_efiu 1 F2 F2
sinu =" =75 <F2_F2>

PE 31_7‘15 _D§F-F '
x F? F?

Then equation (2.2) can be written as:

1, _ __ 1 _

2 2 2_ g2 2 2 2 2_ g2 2
(Dx+D5)F-F+2 (FF—F )] F?— [(DX+D},)F-F+2 (F*—F )] F*>=0.
We also refer to [33], Page 45, for the derivation of the bilinear form in the case
of hyperbolic sine-Gordon equation. We then get the following bilinear form of
equation (2.2):

1,_
2.2 2 g2y _gp2
(2.3) (DX +Dy) F-F+ 2 (F*—F*) =AF?,
where A is a real parameter. This means that if F' satisfies (2.3), then u will be
a solution to (2.2). On the other hand, if (2.2) is true, then we can consider the
function
(D2+D?)F-F+% (F>—F?)
F? ’
Writing p into the real and imaginary parts: p; (x,y)+ip2 (x,y), we see that p, = 0.
Hence necessary(at least when F # 0), there holds

p(x.y) =

(D§+D§)F-F+% (F*—F?*) =p/F*.
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Fix anintegern € N. Let pj,q;, j = 1,...,n, be real numbers satisfying pj —|—qj
1. Define
2 2
(Pj—pe)”+ (g9 — ax)
2 2"
(Pj+pe)”+(a;+ )
We will always assume throughout the paper that (p;,q;) # £(ps,qi), for j # L.
This assumption is consistent with our classification result in Section 4. Note that
o (j, k) = a(k,j) > 0. Moreover, since p? —|—q§ =1, we have
1
pjtiq;’

(2.4) o (j. k)=

(2.5 pj—igj=

Therefore, we can rewrite  in the form

o(j,k) = (pj = Pitia; — i) <1’f“% PH’%)
(Pj+ Pk +iqj+iqr) ( 7y pkﬂqk)
_ (Pj—PkJriéIj—lC]k)
(2.6) - e
(pj+ pi+iq;+iqi)
We then define
a(jiyeyjm):=1,ifm=0,1,
2.7) a(jiseenim) = 1 @Gsit), it m>2.

k<I<m

Let us introduce the notation 1; = p;x+¢q;y + n;-), j =1,...,n, where at this mo-
ment, n? are real parameters. Then we define

[n/2]
(28) fn: Z (Z [a(jl""ajZk)exp(njl+“'+nj2k)]>a
=

{n,2k}

L(n—1)/2]
(2.9) &n= Z (Z [a(jla--->j2k+l)exp(nj|+-"+njzk+1)]>'

k=0 {n,2k+1}

Here the notation ) means taking sum over all possible k different integers
{nk}
J1,---5 ik from the set of integers {1,...,n}. Moreover, the floor function | x| repre-

sents the greatest integer less than or equal to x.
In the special case n = 3, we have

1
k=0

(324}
=1+a(1,2)exp(m +m2)+a(l,3)exp (M +n3)+a(2,3)exp(n2+13)
=1+a(l,2)exp(n+mn2)+a(l,3)exp(n +n3)+a(2,3)exp(n2+1ns),
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:Z< Z ]la 7j2k+l)exp(nj1+"'+nj2k+l)>

k=0 \ {32k+1}
=exp (M) +exp(n2) +exp(n3) +a(1,2,3)exp (M +n2+ns)
=exp(n1) +exp(n2) +exp(n3) + o (1,2) o (1,3) o (2,3)exp (N1 + M2+ 13).-

It is worth mentioning that these solutions can also be written in the determi-
nant form([46]). Here we choose to use the form (2.8),(2.9), because it is more
convenient to check the positive condition of the function.

Theorem 4. For each fixed n, let f,, g, be defined by (2.8),(2.9) . Then the function
4arctan (g,/ fn) is a solution to the elliptic sine-Gordon equation (2.2) .

Proof. The proof is similar to that of [30]. We sketch it for completeness.

For fixed integer n, we would like to find explicit n-soliton solutions of the
bilinear equation (2.3), with the parameter A being zero. The equation to be solved
becomes

1,-
2 2 2 g2y
(2.10) (Dx+D3) F-F+ 2 (FF—F*) =0.
Note that the constant 1 is a solution to this equation. The key idea is to seek
solutions with formal expansion in powers of € :
2.11) F=1+eR+&FH+...

We will see that for the n-soliton solutions stated in Theorem 4, this power series
truncates into a polynomial of € with degree n.
Inserting (2.11) into (2.10), we find that for O (€) terms, there holds

1.
(2.12) (D§+D§)F1-1+§(F1—Fl):0.
For O (€?) terms:
2(D;+D})F-1+ (D} +D;)Fy - Fy
1

(2.13) == (F=F +2-2F).

The O (83) terms are:
| _
@14) (DY DY) Fs- 1+ (D34 DY) Fa- Fy = o (BoFy — BoFi + B — ).

The expansion can be further performed to any higher order.
Let us choose

Fi:=i) exp(n)).
=1

Since p% —|—q% = 1, we see that (2.12) is satisfied by this choice. Moreover, direct
computation shows that

(Dz—l-D2 Fl Fr=-2 Z [( Pj — pjz +(QJ'1_QJ'2)2) eXP(ﬂj1+77jz) .

1<j2
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We now define
F = Z [a (jlajZ) exXp (njl + ’712)} .
J1<j2
Here the index j, < n. Then we can compute
.. 2 2
(D)zc +D§) F-1= Z [a (J1,2) ((pjl +pj2) + (le +CIJ'2) ) eXP(’?jl + njz)} .
J1<j2
From this, using the definition (2.4) of a (1, j2), we find that
2(D;+D})F,- 1+ (D;+ D) Fi - F =0.

Hence equation (2.13) also holds.
To proceed, we define

Fyi=i Y, a(ji.jojs)exp(nj + 7 +1j,)]-
J1<)2<J3
We would like to show that with this choice, the €* order terms (2.14) sum up to

zero. Indeed, for fixed triple j; < j» < j3, direct computation tells us that in (2.14),
the coefficient J before iexp (nj, +nj, +nj,) is

.. 2 2
a(ji, j2) ((pjl +pp—Pi) (@5 +a5,—q;)" — 1)
.. 2 2
+a(j2,J3) ((pj2+pj3 —pj) +ap+ai—45) - 1)
.o 2 2
+a(]17]3) ((pjl +Djs _sz) + (Qh +qj; _QJz) - 1)
+a(j1,j2,j3) <(pj1 +Dj +pj3)2+ (QJ'l +4), +QJ'3)2 - 1) .
Using (2.5) and (2.6), setting v; := p; +igq;, we find that J is equal to
2
Vi —V; 1 1 1
( £ 12)2 (1_(vjl+vjz_vj3> <+_)>
(vji +vj,) Vii, Vo Vi
2
Y 1 1 1
¢ vi) V“)z <1 — itV —vi) ( +—- ))
(vj i) Vi Vis Vi
2
=V 1 1 1
T vi) v”)z <1 — (i Vi3 —vi) ( +—- >>
(vji +vjs) Viib2 Vis Vi
2 2 2
. ve — vV (v —v. 1 1 1
+( )2( J2 ]3)2( J1 ]3)2 <1_(V]1 +Vj2‘|‘Vj3) <_|__|_)> .
(vjl +Vj2) (Vj2 +Vj3) (le +vj3) Vie o Vi Vi

Multiplying it by (vj, +v;,)* (v, +vj3)> (vj, +vj3)*v;,vj,vjs, We obtain a homo-
geneous polynomial in v; ,vj,,v},, of degree 9. Let us denote this polynomial by

2
L(vj,vj,,vj;). Observe that (v%l — vi) is a factor of L. Due to symmetry, this

implies that L is a polynomial of degree at least 12. Hence L has to be identically
zero. Next we consider the special case that the triple (i, j2, j3) has repeated in-
dices, for instance, j; = j> < j3. Observe that L is continuous respect to v;,,vj,,Vj,.
Hence sending v, to v;,, we see that in this special case, we also have L = 0. This
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proves that (2.14) is zero. Note that the case of repeated indices can also be directly
proved in the same way as the general case, by regarding v;,,v;,,v;, as abstract
variables.
Now for 4 < j <n, let us define
T

Fj:=exp ((1 — (—l)j) 4>, Z,.< la(ly, ... lj)exp (, +...+11,)] -

In particular, this implies that for odd j,F; is purely imaginary; while for even j,
F is real valued. We also set F; = 0if j > n.

We claim that the O (£k) terms sum up to zero in the power series expansion
of € for each k > 4. We only consider the case of k being odd. The proof will be
similar if k is even.

For fixed indices j; < ... < ji, the coefficient before iexp (n;, +nj, +... +1j,)
is equal to }; G;, where

G, = Z [OC (jml7"'7jml)a (jml+l7"'7j’"k) (h_ 1)} :
m(l)

Here
hi=\vj, +..+vj —v, —..—V; Tt e

: Jmy Jmy Jmy g Jmy, Jmy Jmy Jmy g Jmy )7
Y (1) Mmeans summation over indices my, ..., my satisfying m; < k, and

mp <..<mp mgp <...<my.

k
Multiplying G; by <H % j,> < I (vj,+v j];)2> , we get a homogeneous polyno-
I=1

a<b<k

2
mial L with degree k. On the other hand, the function (v?l — v§m> is a factor of

L. Hence the degree of L is at least 2k (k— 1) . It follows that L is identically zero.
This finishes the proof of the claim.
Finally, we take € = 1 and set f,, = ReF, g, = ImF. Then we have

F
2iln — = 4arctan &n
F

Ja
The proof of the theorem is thereby completed. ([

Note that f, and g, are both positive functions. By Theorem 4, the function

(2.15) U, := 4arctan§—" -7

n
is a family of smooth solution to the elliptic sine-Gordon equation (2.1), with
P 4j n? being parameters. Note that — 7 < U, < 7.
Next, we would like to analyze the asymptotic behavior of U, at infinity. We
have the following

Lemma 5. Let ¢ € R be a fixed constant and k be a fixed index. Suppose (xj,y;)
is a sequence of points such that Ny (x;,y;) = ¢ and as j — oo, x? —I-yf — o0,
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Moreover, relabeling (pm,qm),m = 1,...,n if necessary, we can assume that as
j = oo,
N (xj,yj) — oo m=1,....k—1,
NMm (Xj,yj) = —o,m=k+1,....n.
Then we have

4 arctan (exp (Mx — Pr)) — &, if k is odd,

lim Un (xj,y5) = { 4arctan (exp (=1 — Br)) — 7, if k is even.

Jorteo
k-1
where By = Y. In(o (j,k)).
j=1

Proof. We first consider the case that k is odd. Then as j — +oo, the main order
term of f;, is

a(l,...,k— l)exp(m —I—...—l—T]k,l).
At the same time, the main order of g, is
a(l,...k)exp(Mi+...+M).

Hence along this sequence, U,, converges to

a(l,...k—1) .
4arctan <M€ > —-n
= 4arctan (exp (M — Br)) — 7.

If k is even, then as j — +-oo, the main order term of f;, is

a(l,...k)exp(Ni+...+M);

while the main order term of g, will be

a(l,..k—1)exp(M+...+M-1).
Hence in this case,

a(l,....k—1) _,
Lok ¢ > &

U, — 4arctan <
a
= 4arctan (exp (—nx — Br)) — 7.

O

By Lemma 5, away from the origin, the nodal set of the solutions U, is asymp-
totic to 2n half straight lines, each line is parallel to one of the lines n; =0, j =
1,...,n, with the phase shift determined by the constants f3; appeared in Lemma
5. Hence U, is a 2n-end solution. Note that U,, contains 2n free real parameters:
Dj n?, j=1,...,n. Hence this solution set is a 2n dimensional manifold. Note that
the dimension 27 is consistent with the prediction given by the moduli space theory
[11] of the Allen-Cahn type equation.
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In the special case of n = 2, if we choose p;y = p» = p and q; = —¢» = ¢,
n? = ng =1In g, then we get the solution

peosh(qy))
gcosh (px)

This corresponds to a 4-end solution of the elliptic sine-Gordon equation (1.2).
Note that on the lines px = £qy, @), = 4arctan§ — 7. In the special case p =g =

%, the solution is

@p 4 (x,y) := 4arctan <

cosh (\%)

cosh (%)
This is the classical saddle solution.

We remark that this family of 4-end solutions @), , has analogous in the minimal
surface theory. They are the so called Scherk second surface family, which are
embedded singly periodic minimal surfaces in R3. Explicitly, these surfaces can be
described by

(2.16) 4 arctan —T.

X

cos? 6 cosh Y
cos 0

— sin® O sinh - =CO0SZ.
sin 6

Here 0 is a parameter. Each of these surfaces has four wings, called ends of the sur-
faces. Geometrically, they are obtained by desingularizing two intersected planes
with intersection angle 6.

3. BACKLUND TRANSFORMATION OF THE MULTIPLE-END SOLUTIONS

Lamb[41] has established a superposition formula for the Béacklund transforma-
tion of the hyperbolic sine-Gordon equation. In particular, the formula enables us
to get multi-soliton solutions in an algebraic way. However, in this formulation, for
n-soliton solutions with n large, it will be quite tedious to write down the explicit
expressions for the solutions. Nevertheless, it turns out that the soliton solutions
in Theorem 4 can be obtained through Bicklund transformation. This will be dis-
cussed in more details in this section.

In the light-cone coordinate, the hyperbolic sine-Gordon equation has the form

(3.1) ds0u = sinu, (s,1) € R2.

Let k be a real parameter. The Bécklund transformation between two solutions u
and u, of (3.1) is given by(see for instance [51]):

o] = oty — 2ksin”‘T+”2,
Oy = —Juy — 2k 'sin 1512,

An interesting property of this transformation is the following: If two functions
up,up solve the system (3.2), then they satisfy (3.1) simultaneously.

Next we recall the bilinear form of the hyperbolic sine-Gordon equation([33]).
Let F = f+ig. We still write u in the bi-logrithmic form:

3.2)

F
u=2ln— = 4arctan§.
F

f
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Here the log and arctan function are also taken to be the principle branch. Then
(3.1) has the bilinear form

1 _
D,D,F -F = 3 (F*—F?).
The following result can be found in [33].

Lemma 6. Suppose u; = 2i1n§,u2 = 2ilng satisfy

D,G-F = —XGF,
3-3) { D,G-F = —j—kG‘F.

Assume k is real. Then uy,u, satisfy (3.2).

Proof. We sketch the proof for completeness. We have

Oty — Oty = 2i (as_F B 3SF> Y <8S_G B 8SG>

F F G G
Go,F —Fd,G . .Go,F —Fd,G
(3.4) =2 —2i— —.
FG FG
On the other hand,
. mtu . (. FG 1 (FG FG
(3-5) STy s (’ nFG) 2i <FG FG>
From (3.4) and (3.5), using (3.3) and the assumption that & is real, we deduce
FG | FG . u+u
o — dsity = —klﬁ —I—leG — _Dksin — 2 2.

Similarly, we have
up—up

oy + dur = —2k sin 5

Fix n € N. Letk;,0;,j = 1, ...,n, be real parameters. We now set
Bi=kjs+k;'t+8;,j=1,...n.

At this moment, they are regarded as functions of the real variables s and . We

define
Gu:i=) (exp [Z <821 (Bﬁ—?)) +”T] I (kj—gjelk,)> :

€ j=1 j<I<n
Here the summation ) is taken over all possible n-tuples (&i,...,&,) with &; =

€
+1,j=1,...,n. Note that G, is a complex-valued function. By this definition, we

have
G| =exp <—[;1> +iexp (@) ,
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(b~ k)exp (5 (B B) ) + G~ kyenp (5 (-1~ Bo) )
. 1 :
will-+ka)exp (58— B)) + il +kjexo (3 (<B4 ).

When n = 0, G, is understood to be 1.

Lemma 7. Assume that kj,8;,j = 1,...,n, are real numbers, kj # 0. Then G,
and G, are connected through the following Bdcklund transformation:

DGy, - (_;nfl = _%G_nénfla
DG, -Gy = _%@G"G”_l .

Proof. Results of this type for the KAV equation and certain superposition formulas
can be found in [34]. Since we are not able to locate the precise references for a
direct proof of this lemma, here we sketch the proof for the first identity. The
second one will follow from same arguments.

Fix the integer n and let us introduce the notation

e=(€1,....&.),& = (&],....6,_1).

To simplify notations, we also set

hy 1= exp [Z (82] <[3,+ 7;’)) + ”47”] I1 i —ejek),

=1 j<l<n

Using d;B; = k;, we can compute

2Dshy -hy = (i( v >h1h2
=1 1
n —1
(3.6) = (Z (gik;) — Y (€ik; )) [ (k; —ejenka) W.

j<n
Here

we= T[] [(km_eme,ko(km—eﬁnez’kl)}exp< <ﬁn ))

m<I<n—1

X exp

n_l (8 +8;) (2n—1)mi
j=1
With all these notations, we have

n—

(3.7  2DG,-Gp =Y, ([Z Zl gk; )] H(kjsjsnk,,)w> :

e j= j=1 j<n
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It turns out that this expression can be further simplified, due to cancellations be-
tween some terms. Observe that if for some index jo <n—1, g, = Ejo’ then the
corresponding term does not contribute to the coefficient

n—1

Y e) - X ()

To compute the right hand side of (3.7), first of all, let us consider the following
simplest case of the summation indices.

Case 1: In the summation, & = —g{ andfor2< j<n—1, ¢ = 8}.

Fixing the indices €; = 8} with j > 2. Then in this case, for different &, = —8{,
each term in the right hand side of (3.7) has the common factor

H (k%_klz) H (km_8m81k1)2 H (kj—eje,lkn)

1<i<n—1 l<m<I<n—1 2<j<n—2

o5 52) - Eol02))251%)

Taking out this common factor and freezing the indices &,...,€,, we are led to
compute

I .= Z [(Enkn +2£1k1) (kl — 818,,]{,,)] .

€]
Here the summation is over the index & = +1, since we impose the restriction that
€1 = —¢g|. Using the fact that 812 =1, we deduce

I =Y (€nkaki — €162 +281K3 — 2€,k1ky ) -
€

The summation over the second term is zero, since the terms with € = 1 and
€1 = —1 cancel each other. The same occurs for the third term. Hence we obtain
I} = —2¢,k1k,. On the other hand, we compute

Y [enkn (ki — €184kn)] = 284Kk .
€]
It then follows that
11 = —Z [Enkn (kl — Elgnkn)] .

€

Using this identity, we find that, when the indices €; = 8;-, Jj > 2, are fixed,

<[ i ] I1; —sjs,,k,,)W>
81:—81 =1 j=1 j<n
[e,,k [T (ki—eeka) [T [k —emsiki) (ki —&5,81k;)]

1<n—1 m<I<n—1

< exp (,sn m)y’i W(,gﬁm‘) L oDz

2 4
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Denote the right hand side by F;. On the other hand, for the same fixed indices
gj = ¢€},j>2,in G,G,_1, we have the term

Fir= Y [ [T (ki—eeka) [T [km—emeiki) (ki —&,81k1)]

1<n—1 m<I<n—1
/
& mi\ (81 + Sj) i (2n—1)mi
* exp 2<B” 2>+j21 - i3 4
Since & = —¢; and ¢; = €] for j > 2, we always have
n—1 , i

£,exXp 8n+j;(£j+8j)+2n—l > =1.
Hence
(3.8) Fi = —k,F}.

Next we consider the following

Case 2: The indices satisfy &) = —¢[,& = —¢&,andfor3 < j<n—1,¢; = ¢€].

In this case, for fixed indices €; = 8} with j > 3, terms in (3.7) have the common
factor

[T [(K-&)(-k)] I (m—enek)® T1 (kj—gekn)

2<i<n—1 2<m<I<n—1 2<j<n-2

X exp <82” <ﬁn+7;i> +’:_Z: <s,- (B,-Jrj;i)) +(2n_41>m>.

Taking out this common factor and freezing the indices &;,...,&,, in view of the

assumption £ = —¢| and & = —&}, we are led to compute
b= Z |:(8nkn + 281k1 + 282k2) (k1 — 818nkn) (]Q — 828nkn) (k] — 8182](2)2} .
1,82

To simplify I, let us first of all compute
1272 = Z |:(81k1 +82k2) (kl — 818,,](,,) (k2 — 828nkn) (kl — 8182](2)2} .
€1,&2

We can expand the bracket into individual terms. Observe that if a resulted term
has odd power of €; or &, than taking the summation over this term will yield zero,
due to cancellation between +1 and —1. Hence we obtain

ha=Y [(etki) ki (—&284kn) (—2€182k1K2) + (€1k1) (—€18ukn) 2 (KT +43) ]

£1,&2

+ Z [(82](2) ki (—828nkn) (k% +k§) + (82](2) (—81 Snkn) ko (—2k181 82](2)}
1,8

=Y [2&ikikoky — Eakikoky (K +13) — Enkikokn (kT +K3) + 2€ak1 K3k
£1,&

=0.
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Therefore,

— Z [Snkn (k] — & 8nkn) (/Q — 828nkn) (k] — & Szkz)z] .

£,

It follows from this identity that when the indices €; = 8}, Jj > 2, are fixed, we have

: (g Eofn o)

glzfg{”gz:fgé j=1 j<n

-

— / —
E1=—¢& ,827782

X exp z<ﬁ+7g>+§ (8J+8)<ﬁj > +(2n—41)7ri

Denote the right hand side by F,. On the other hand, for the same fixed indices
gj = ¢€},j>3,in G,G, 1, we have the term

Fz* = Z

£=—¢,6=—&

X exp (ﬁn_m>+nzl M(@—f) _(211—41)7ti

Since &) = —¢|,& = —&, and ¢; = ¢ for j > 3, we always have

n—1 .
<£,,+Z e,+e)+2n—1> 2] =—1.

j=1

&nkn [ (ki—&&nkn) [T [(kn—&m&iks) (ki — €,80k1)]

1<n—1 m<l<n—1

[T ki—eeakn) 1 [Com— emeikr) (ki — £5,81k1)]

1<n—1 m<I<n—1

£,€Xp

It follows that
3.9 F, = —k,F5.

Having understood Case 1 and Case 2, we proceed to consider the general case.
Assume without loss of generality that the indices satisfy, for some integer my,

£ = —8;,j =1,...,mp, and €; = ;,] =mgo+1,...,n—1.
Then we can compute (3.7) by separating these indices into pairs (&1, &), (€3,€4) , ...
Applying formula (3.9) for each pair and using (3.8) in case my is odd, we finally
deduce
2Dan Gp1 = _knGnanl
The proof is thus completed. (]

In view of the definition of G,, we now define w, to be

n ) (exp [Zn: ( ( 7Tl>> +n4m] H (kj—ejelkl)>,
& (—1)" = j<i<n

H Em=(—
m=1
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where €; = £1. Similarly, we define p, by

£ (oo[E (502 )

e [1 gn=(-1
Note that if k, §; are real numbers, and s, are real variables, then
w, =ReG,, p, =ImG,.
In particular, we have

a)():lap():o

e ﬁl) oo (%)

——(ta—kyexp (§ B+ B2) ) + (k —ke)exp (5 (- o))
pr =t +k)exp (3 (B Bo) ) + -+ ke (5 (- o) ).

Applying Lemma 6 and Lemma 7, we see that the real valued function &, :=
4arctan (p,/ @,) satisfies

{ Osiln_1 = Oyily — 2k, sin@,

a[ﬁn_] = —8;14,1 2k 7%’ 12 u".

(3.10)

For later applications, we would like to generalize this system to complex valued
functions(The function arctan is understood to be the principle branch). This is the
content of the following

Lemma 8. Assume kj,8; are complex numbers, and s,t are complex variables.
Then (3.10) is still true.

Proof. We already know that (3.10) is true for real parameters. The assertion of
the lemma then follows from the fact that the functions involved are analytic with
respect to those parameters and variables. U

Next, let us come back to the solutions U, of the elliptic sine-Gordon equation
appeared in Theorem 4. We would like to show that they are indeed Bicklund
transformation of certain (n — 1)-soliton type solutions. As we will see later, this
will be achieved by applying Lemma 8. To do this, first of all, we need to write the
functions f, and g, in a form adapted to Lemma 7.

Recall that pj,q; are parameters in U,. For j =1,...,n, let k; = p; +ig; and
choose a complex number 1; such that

ki+kj v kj+k

ol —
] H ka- ki

l<] JI>j

For instance, one can simply choose t; to be the principle value of the log function
evaluating at the right hand side.
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Since p? +¢% = 1, we know that k' = p; —iq; = k;. Recall that n; = px+
q;y+ n?. We emphasize that here x,y are regarded as real variables. Let us now
define

3.11) ﬁjlz nj—1;.
We then set
(3.12)
~ “le (. mi niwi
fn:: Z (exp [Z <2j (nj+2>)+4] H (kj—8j81k1)>7
€: ﬁ en=(—1)" J= j<lsn
m=1
where €; = £1. We also define
(3.13)
. g (. mi (n—2)mi
&n= Z exp Z 3 T[j—i-? +f H (kj—ejelkl) .
T e —(_ 1yl J=1 j<I<n
s.m[:[] en=(—1)
Lemma 9. Let f,, g, be defined by (2.8),(2.9). There holds
G _ &
oo Ja

Proof. Since n; = 7 +1;, f, can be written in the form:
/2] } _
Z Z [a(il,...,izm)exp (L, + ... + 1, ) exp (Ni, + .. + i, )] | -
m=0 \{n,2m}

For fixed indices (i1, ...,i2,) , using the definition (2.7) of a, we have

a(ll7712m)exp(lll + + liZm)

ki — ki \ 2
:(_1)m(2m71) H <M> exp(li,+...+li2m)

j<I<2m kij + ki,
. (_l)m(mel) kj — gjglkl
- 9
j<l<n kj —ki
where €; = 1 if j =1iy,...,izy; otherwise €; = —1. Note that in this case,
n
Z g =4m—n.
j=1

Hence the sign satisfies

(_l)m(szl) = exp (T (Zn: sj—i—n)) .
j=1
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It follows that

1
oLt )

! (g (L T ni
D RCE Z(l)n [eXp (; <2j (n1+2>) +4> j<ll—£n (kj—ejezkz)]

Jj<I<n €: ]:[l En=
1 _
O RCED

j<l<n

Similarly, we have

1, ~ 1 .
8neXp <—2 (M + ... ‘H]n)) = mgn-
j<I<n
As a consequence
8 _
oo T
This finishes the proof. ([

Letf);,j=1,...,n—1, be defined by (3.11). We define y = 7,_; to be

n—1 . .

Ei (. i n—1)mi
Z €xp Z - nj+ -+ +7( ) H (kj*gjglkl) .
. —=\2 2 4 . B
" n—1 J= J<l§n 1
e I1 en=(-1)
m=1

Moreover, we define T = 7,_ by

- )y (exp ril (82] <ﬁj+ 7;’)) + (”_43)7”] IT * —gje,k,)) _

Jj=1 j<i<n—1
e I1 &n=(—1)

m=1

We emphasize that 7};, j = 1,...,n — 1, actually also depends on k.

Lemma 10. The function t/Yy is purely imaginary.

Proof. For each fixed j, we choose n‘; such that

ki +k; ki +k;
exp (1) = exp () [T = Pt
I<j =% I —Kj

Jj<l<n—1

Note that there are infinitely many choices for such 1 ; We may just choose one
of them, for instance, the one arising from the principle branch of the log function.
Consider the function ¥, 7’ defined by

T (D)) )

J=1 j<i<n—1
IT en=(-1)

m=1
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7= N ) <exp <n§ <(‘;] <n;+7;>> +(n—43)77:1> I (kj—8j81k1)> :

j=1 j<i<n—1
e [1 en=(—1)

m=1

By the proof of Lemma 9, we have

1 1
Jn—1=exp ((’fl1+---+ﬁn1)>}/ —,
> ) Sy
ep(l(ﬁ+ +17 ))f’ I1 :
8n—1=¢€Xp | s \N1 ... n—1 .
2 j<i<n—1 kj—ki

Since 7); = n; — 1}, using the definition of n}, we find that

kj+ky,
/ 1= exp (n; + T];-O) .

exp (1) = exp (1})
Jj n

Then ¥ is equal to

) (exp [ng (82, <n}+n}0+7§)> +(n—41)m] 11 (kj—8j81k1>> .

Jj<l<n—1

n—1

eIl sm:(fl)nil
m=1

Therefore, still using the proof of Lemma 9(with the phase constant n;) replaced
by T[}) + T[}O), we can also write 73, as
(3.14)

2mtl g +k,

Zan(le)/ZJ ( Y [a(il,...,izmH) Hl k’;j’_fknexp (1‘[,-1 +...+17,'2m+1)]>
]:

{n—1,2m+1}

n— . . 2m ki*+kn
Z;Ef:ol)m ({ 122 } [a(ll,...,lzm) Hllc,;ﬁe"p(nil + . M)
n—1.2m j=

On the other hand, from the fact that
. @—@)2
a(jn)=—(—~+—1 ,
<] ) <k i+ ky,

kj+kny
kj—ky

we infer that is imaginary. This together with (3.14) tell us that 73/ is imagi-

nary. ]

n

Let us set u = 4arctan & = 4arctan ‘%, v = 4arctan % Here the arctan function
is still understood to be the principle value. Let us define

xX=s+t,
(3.15) { y=i(s—1).

A direct consequence of Lemma 8 is the following
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Lemma 11. The functions u and v are connected through the following Bdcklund
transformation:

(3.16)

Oxv = idyu — ky, sin 5 2 — k,, sin 54 oh
L8V—8u k51nv+”+k sin 5 ”

Proof. Applying Lemma 8, using the fact that k! = k,, we see that the functions
u,v satisfy

v =—oiu—
Note that dy = dy + idy, d; = dy — idy. Hence

Oxv+ idyv = Ayt + idyu — 2k, sin 5%,
O —idyv = —du +idyu — 2k, sin 5*.

{ dyv = dyu — 2k, s1n‘+”

The system (3.16) follows immediately. O

We point out that since the function f, is purely imaginary, sin 3,cos 5, should
be understood as

2 )
(3.17) sin | 2arctan i l, cos | 2arctan )= u
Y) r+7 vy) v+

4y¢9 T— r&x

Moreover, d,v = ¥ Hence sin ( ”j;’) cos (”jzw) are complex valued func-

tions, with possible smgulantles at those points where y? + 72 = 0. The analysis of
these singularities will be carried out in the next section.
Let n be fixed and 7; be defined as before. For 6 = 1,...,n —2, we now define

¥s to be
S e mi Smi
Z (exp [Z <2] <T]]+2l>>+4l H (kj—sjelkl) .
=1 j<I<d
( )5 J J<l>

e I1 en=(—

1

=5

Moreover, we define 75 by

Y 7 <exp [/i (ZJ <ﬁj+ 7;)) + (6—42)m] jgé(kj —gjglk[)) )

[
e I1 &n=(-1)
m=1
Moreover, we define y = 1 and 79 = 0. Let v = arctan . Arguing similarly as
Lemma 10, we know that for 6 = 1,..., the function ;"725 is real valued, while

;’1%2111 is purely imaginary(except %, which is always equal to 0).

A direct generalization of Lemma 11 is the following

Lemma 12. For 6 = 1,...,n— 1, the functions vg and vs_, are connected through
the following Bicklund transformation:

{ Orvs_| = idyvs — kgsin 2L — ks sin Yo-1Y8

3.18 k -
o i0yvs 1 = Oxvs — kg sin =58 4 kg sin Y58
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4. LINEARIZED BACKLUND TRANSFORMATION AND NONDEGENERACY OF
THE 2n-END SOLUTIONS

This section will be devoted to prove the nondegeneracy of the multiple-end
solutions. To state our result in a more precise way, let us recall that U, is the 2n-
end solution defined in (2.15), and n? are “phase” parameters in U,. Let u = U, +

T = 4arctan ch” = 4arctan i” In this section, the differentiation of u# with respect

to these parameters will be denoted by {;. That is, {; := d,, o, j=1,...,n. Since

for any nY 7» Un 1s a solution to the elliptic sine-Gordon equatlon, g autornatically
solves the linearized equation:

Ag; = jcosu.

For convenience, let us restate Theorem 2, which is already claimed in the first
section.

Theorem 13. Suppose 1 is bounded in R* and satisfies the linearized equation
A1 = ncosu.

Then there exist constants cy, ...,c, such that

n=1y ¢
=1

Roughly speaking, this result tells us that the solution U, is L™ nondegenerate.
The main idea of the proof is as follows. Using linearized Bicklund transforma-
tion, we transform 7 to a kernel x of the linearized operator at the trivial solution
0. Hence Ay — x = 0. The solutions to this equation can be classified. By analyz-
ing the reversed Bécklund transformation from the trivial solution O to u«, we then
conclude that 1 has to be the form stated in Theorem 13.

Linearizing the Bécklund transformation (3.16) at (v, u)(with perturbation of the
form (€¢,€n) and € tends to 0), we get the linearized system

S

+ E cos =y (921
o9 = idyn — ky cos ¥ —kycos '5¥ (5 ),

9+n
2
i0y9 = N — ky cos 5+ @ +kycos ¥ (51

S

Intuitively, given function 1), we would like to solve this system and find a solution
¢. For this purpose, we write it in the form:

@.1) { %i%g
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where

u+v - u—y
L¢;:8x¢+<kncos 2 + ky cos > >(2P

)

[\

u—v

To simplify the notation, we write f, as f, and g, as g. Using (3.17), we see
that explicitly, L¢ is equal to

2 —g1)* - 2(fy+gt)
0 ("” <<f2 e 1) o <<f2 R 1)) ;
= 0,0 +Re (I —ky) 9,
where the function I' is defined to be
o Fr=s1
() (P

—k, cos

?

T :=idy¢+ <kncosu; —ky cosu_v>

Mn :=idn — (kncos uty

[\

4
2
n
2
n
2

Nn:=9dmn— <k cos ; +ky, cos

4.2)

Similarly, we have

To=idy¢+iIlm(I"—k,) ¢.
Note that by Lemma 10, 7/7 is purely imaginary. As a consequence, the function
¥ 4+ 72 could be equal to zero somewhere in R?. We define this singular set to be

S =S (v —{xy YeR?: Y+ 12 —O}
To analyze ., we also define
So:={(x,y) e y=0},

S ={(x,y) €7 : y#0}.
The closure of S, will be denoted by S,. These sets depend on the function v, which
is determined by the parameters p;,q;, n?. Observe that S, is also a subset of .7.
Rotating the axis if necessary, we can assume p; # 0, for all j. By the classification
results to be proved in the next section, we actually can assume that p; < 0 for all
Jj- Using the identity

cos 0 +isin0; — (cos 6, +isin6,) . 6,—6,
=1
cos 0; +isin 0 + (cos 6, +isin6;) 2 7
we may further assume( by relabeling the indices if necessary) that
kj—
<0,ifj<l.
I+ i <0

This property together with an induction argument based on formula (3.14) ensure
that in the Bécklund transformation sequence {vy,...,v,—1 }, the functions v, _, are
real and nonsingular for 6 = 1,2, ....
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Lemma 14. Let Ry be a large constant and Bg, be the ball of radius Ry centered at
the origin. The set .’ \Bg, consists of 2n — 2 curves. Each curve is asymptotic to a
line which is parallel to one of the lines of the form pjx+q;y =0, j=1,...,n—1.

Proof. We first recall that 7y is the sum of all those terms of the form:

exp C_Zj (82’ <ﬁj+ 7;)) - (;1—41)71:) [T &—gek),

j<l<n—1

n—1
where [] € = (=)™, At the same time, 7 is the sum of terms
=1

J
o(B(3(05) ) 1 enn

j=1 Jj<I<n—1

n—1
where [ ;= (—1)".
=1
Let {(x;,y)) };: be a sequence of points in . such that x? + y? — +oo. Using
the fact that |y| = |t| in ., we infer that, up to a subsequence, there exists an index
Jjo and a universal constant C such that

Mo (cjy))| <Cy j=1,....

T

Otherwise, ‘3, will be tending to 40 or 0, depending on the parity of n. Then

without loss of generality, we can assume that as j — oo,

Nm — —oo, form=1,....jo—1,
M — +oo, form= jo+1,...,n.

Suppose n — jo = 2k + 1 is odd, then the main order term in 7 is

1 5 - - - -
AGXP<2(—771—---—77;'01+77j0+77j0+1+---+77n1)> H (kj—SJ’-S[kl),
j<i<n—1
where gj =...=¢] | =-1,¢ =..=¢ ;=1,and

+ [n—1
A =exp <T <Z£J’-+n—3>> = exp (k).
=1

On the other hand, the main order term in 7y is

1 ) L 3
Bexp <2(_n1_~-'_nj0—1_njo+njo+1+-"+nn—1)) [T ki—egak),

j<i<n—1

where gy =...=¢;,=—1,€,11=...=¢&_1=1,and

- (n—1
B =exp (T (Zeﬁ—n—l)) = exp (ki)
j=1
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It follows that as j — oo,

. iy P S ) B TR
(4.3) “Jte,y) — exp (i) [T 22 .
Y (x],yj) Jo jI:Il kj_kjo j=jo+1 ij +k]

Note that if n — jg is even, then (4.3) still holds. We know that T = £7i. Let 1, be
the complex number defined by

_ o ki+kj, "ok, —kj
exp (i) = Fiexp(—1,) ]I:Il ﬁjzmﬂ ﬁ
Note that uj, is real. Then using the fact that 7}, = nj, — 1j, and (4.3) , we find that
exp (nj, + Ljy) \(m,j) — 1.
This implies (x;,y;) is on the curve in . which is asymptotic to the line
Pin¥+ iy +1M5 + 1jy = 0.
This finishes the proof. O
Lemma 15. Asmin;— _, ‘pijrqjy’ — +oo, we have
I'(x,y) =0, if pux+qny — +eo,
I (x,y) = 2ky, if pux—+ gny — —oo.

Proof. Suppose min;—y, ., ‘pjx+qjy‘ — 400 and p,x + g,y — +oo. Without loss
of generality, we assume that 1) (x,y) — —co for j = 1,...,mq, and 1 (x,y) — +oo
for j=my+1,...,n.

If n —my is even, then the main order term(up to a coefficient) in f is

1
exp <2 (=M = e = Ny + Nimgt1 + . +nn)> :

This implies that g/f — 0. On the other hand, the main order term(up to a coeffi-
cient) in T is

1
exp <2 (_rll — oo = Mg +nm0+1 +.. +nn—1)> :

Hence y/t — 0. It follows that for each fixed y,
G-3)
72 / ; —0
(1 () (= 0)

If n — my is odd, then the main order term(up to a coefficient) in g is

n

1
exp (3 (=10 = o= oy H i 4.

Hence f/g — 0. Similarly, the main order term in ¥ is

1
exp <2 (=M1 — oo = Ny + M1 + . +n”1)> ’
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and 7/y — 0. Therefore, we still have

(2-5)
—0
¢\ 7\2
<1+(f) ) (1+(7)
Next, we suppose min;— ., ’pjx—l—qjy} — +oo and p,x+ g,y — —oo. We may
assume that for some index my, there holds n; (x,y) — oo for j =1,...,mo, and

n;(x,y) = —cofor j=mo+1,...,n.
If my is even, then the main order term(up to a coefficient) in f is

AR
~lo

n

1
exp <2 (M + oo 4 Mg — Mg 1 — - — nn)> .
As a consequence, g/ f — 0. The main order term(up to a coefficient) in 7 is
1
exp <2 (M4 oo 4 Ny — Mg 1 — - — nn_1)> ,
which implies that 7/y — 0. We then deduce that
2
(%)
= 2k, U 2%,
8 z
(14—(f) ) (1+—<y) )

If my is odd, then the main order term(up to a coefficient) in g is

1
exp (2 (M + oo 4 Ny — Mg 1 — - — nn)> .

Hence f/g — 0. Similarly, v/t — 0. We then deduce that

(o) N
(1+(§) ) (1+(2))

This finishes the proof. U

I' =2k,

For each fixed y, let us consider the homogeneous first order ODE LE = 0, that
18,

(4.4) O +Re (T —ky) E =0,

If T were a smooth function, then Lemma 15 tells us that the integral [*_T'(,y)dl
is well defined and (4.4) has a solution of the form

€ (x,y) :=exp (pnerqny— /:;Re (F(l,y))dl) .
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However, since in reality I" has singularities, we need to define £ in a rigorous way.
To do this, it will be important to understand the function
o=k (fy_ g,L_)Z
=k, .
(fZ +g2) (}’as}’—i- Tasr)

Let us first of all consider the simple case of n =2. We then have Yy = exp (—%ﬁ 1) ,T=

exp (%ﬁl) 3
f=—exp <; (7 + ﬁ2)> (k1 —k2) +exp <; (=T — ﬁz)) (ki —k2),
e=exp (5 (M=) ) (k) +exp (3 (- 2) ) (o)

By definition, y*> 4 72 = 0 on S,, which implies that 1 +exp (27);) = 0. If exp (7};) =
i, then

g exp (5 (M —)) (ki +ka)+exp (5 (=1 + 7)) (ki +k2)
(h +12)) (k1 — ko) +exp (5 (=T — T12)) (k1 —k2)

f —exp (l fi
k1 + k2
ki — k2
Moreover, recalling the relation (3.15) between (x,y) and (s,#), we get
oY +idsT
GITIOE k.
Y

If follows that

2
k2 <1+k1+k2>
9=—23 "2/ 1 ons,.

kl 1— (k1 +ky > 2
—ky
One can show that if exp () = —i, we still have ¥ = 1 on S,.. We would like to
prove that this identity is true for all #. For this purpose, we first show the following

Lemma 16. Let (xj,y;) be a sequence of points in S, such that x? + y? — o0, as
Jj — 4oo. Then

(4.5) O (xj,y;) = 1, as j — oo
Proof. As in the proof of Lemma 14, we still assume that as j — 4o,
Mm — —oo, form=1,...,jo—1,
Nm — +oo, form= jo+1,....n
It follows that as j — oo,
Bk +kj, " kj,—k;

T
4.6 — — exp (7 | | -
(4.6) y’(xj:yj) P(Mn) =1 kj—kj, j:j0+1kj0 +k;j
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Similarly, we have

Jo—1 n
g _ kj—kj kjo +kj
4.7) 2 — —exp(—1j,) - e
f % Jl:ll kj =+ kjq j=jo+1 kjo —k;
Since y = it at (x;,y;), from (4.6) and (4.7), we get
2 2
8 kjo + kn
48 S (ST
(4.8) Iz (kj %,
We also have
8T _ _kjo +k,
fy k]o _kn

Hence as j — +oo, at (xj>yj),

G-t (%) ()
" g?) n (1+g2) "1_(k,-0+kn)2

r* Kjop—Fn

—kj,.

(4.5) then follows from the fact that

Yoy + TIsT

Lemma17. 9 =1o0nS,.

Proof. Before starting the proof, we point out that a simplified proof of this result
will be sketched in the proof of Lemma 21. However, the proof given below may
be also of independent interest.

On S,, T = +£iy. We may assume without loss of generality that T = yi.The case
of T = —vi is similar. We then would like to prove that

(4.9) kY (f — 8i)* = (f* +8%) (97 +id57) =0, on ..

Let us consider the case of n = 3. The idea for the general case is same, but the
notations would be heavy. We denote

s kij - k3
j=1 ki + ks

a* (i1yeeeyim) = a(ityeeeyim)

Recall that(see (3.14))
y=1+a"(1,2)exp(m +m2).
T=a" (1)exp(m)+a"(2)exp(n2).

On S, from T = i, we get

_i—a'()exp(m)
(4.10) exp(12) = a*(2) —ia*(1,2) ex;(fh)'
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It follows that

Y=1+4+a"(1,2)exp(m) a (g)__a:ail()le,);r; (CZ;)(]WI )

a*(2) —ia* (1,2)exp (m)+a" (1,2)exp (mi)[i —a* (1) exp (m1)]
a*(2) —ia*(1,2)exp(m)

Ji
a*(2) —ia* (1,2)exp(n1)’
Similarly,
f=1+a(1,3)exp(ni+n3)+[a(1,2)exp(m)+a(2,3)exp(n3)|exp(n2)
_ [1+a(1,3)exp(m+nz)] [a" (2) —ia* (1,2)exp (m)]
)
(

a* (2) —ia* (1,2)exp (s
L la(t, 2)exp(m) a2 3>ex m)]li—a

a(2) —ia* (1,2)exp (1)
T @@ —ia (1,2)exp(m)’

g =exp(m) +exp(n2) +exp(n3) +a(1,2,3)exp (M +n2+13)
_ lexp(m) +exp(m3)][a” (2) —ia" (1,2) exp ()]
a*(2) —ia*(1,2)exp (M)
[1+a(1,2,3)exp(m +n3)][i —a” (1) exp (M)
a*(2) —ia* (1,2)exp (M)
J3
a*(2) —ia* (1,2)exp(m)
We also have

oY +idsT = (ki +k2)a” (1,2)exp(n1) +ia” (2) k]

“(1)exp (m)]

[l—a (1) exp (m)]
a*(2) —ia*(1,2)exp (m)
[a*(2) —ia” (1,2) exp ()]
a*(2) —ia*(1,2)exp (m)

+ikia* (1)exp(n)
Ja
a*(2)—ia" (1,2)exp (M)’
We then get

kn (f — 8i)* = (f* +&°) (Ay +ids7)
_ kaJ1 (12 —J3i)* — (B+73) Ja
la* (2) —ia* (1,2)exp (m)]*

Let us write

knJi (]2 —J3i> (J2 +J3 Jy = ZAJkexp (]T]] +k7’]3)

We would like to show that A = 0. To see thls, we assume without loss of gener-
ality that along a sequence (x;,y;) with |n2| bounded, both 1, and 13 tend to 4o,
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and 171 > 13. Observe that the main order term is Ag » exp (611 +213) . By Lemma
16, along this sequence, ¥ — 1. This implies that Ag > has to be zero, otherwise
the limit of ¥ will not be equal to 1. Once we know Ag > is zero, the main order
term becomes Ag ; exp (67 +13) . Using again the fact that ¥ — 1 along (x;,y;),
we deduce that Ag 1 is 0. Repeating this argument, we see that A;; = 0 for all j, k.
The identity (4.9) is then proved.

We remark that, in the case of n = 3, one can also explicitly compute A; ;. For
instance, Ao o is

ksa* (2) (a* (2) — i (i)? — (a* 22+ iz) 2a* (2)ky

s (2ky)? C(etk)? )|
=a"(2) [k3 (kz—k3)2 +ky <1 )] =0.

The coefficient Ag o of exp (67m;) is equal to

—ksa* (1,2)a* (1) [—a(1,2)a* (1) —i(—ia* (1,2))]
- ((_a(l,z)a* (1))* + (—ia* (1,2))2) (ki + ko) a* (1,2) (—a* (1)) +kya* (1) a* (1,2)]

=a* (1,2)a" (1) (a(1,2)a" (1))’ [~k (1+a* (2))" k2 (1- (@ (2))?) | =0,

For general n, this computation would be tedious. U

At this stage, we emphasize that the function ¥ is not well defined on the set
So (v). For given function v with parameters p;,q;, T];-), it is not clear whether the
corresponding set Sy (v) is empty or only consists of finitely many points. In prin-
ciple, it is even possible that Sy contains a smooth curve. The following result deals
with some special cases of parameters, but it will not be relevant to our later proof
in this section.

Lemma 18. There exist parameters pj,qj,n;-),j =1,...,n— 1, such that for the
corresponding solution v, the set Sy is empty.

Proof. Let § be a small positive number to be determined later on. Let us denote

the lines n; = 0 by /;. For j =1,...,n, we choose p; = ﬁ, q;j =4/1 —p? and
n;) = j2 In . Note that for this choice, when & is small, no three lines [ ; intersect at
same point. Moreover, as 6 — 0, the distance between the intersection points tend
to infinity. We also remark that there are many other different choices.

Let M > 0 be a constant independent of &, also to be determined later on. Con-
sider the region Q which consists of those points (x,y) satisfying: There exists at
most one 7; such that ‘nj (x,y)} <M.
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In view of (3.14), % H , Where
[(n—2)/2] 2m+1 k +ky,
Hl = Z Z a(il,...,i2m+1) H k —k eXp (77:1 + .. +n12m+1) )
m=0 {n—1,2m+1}

?\7.

[(n—1)/2] 2m . 4k,
H2 = Z Z a(ila"'7i2m)l_lk exp(nll + . +n127‘ﬂ)
{n—1,2m}

m=0
l
k ky
mo:=  min a(ju, - H(”’Jr ) ,
(Jl*,"'m]l)vlgn*l b=1 n
1
kj, +ky, >
mp = max oo
: (117»---,1'1),1511—1{ a1 H< kj, —kn

b=1
We claim that if exp (M /4) > 12", then QN Sy = &. Indeed, suppose (xo, o) is a
point in Q. Assume without loss of generality that |1; (xo,y0)| < M. We can also
assume that for some kg,

) |

Let

n; > M, for j=2,..., ko,
n;<—M,for j=ko+1,...,n
We consider two different cases.
Case 1. kg is even.
If 11 (x0,y0) > M /2. Then the main order term in H; is
exp (M + ... + M) -

This term dominates the sum of other terms in H;. More precisely, since exp (M /4) >
%2”, we have

1
|Hi (x0,y0)| > exp (M1 + ...+ M) (1 _ 2> < 0.

Hence 7 (x0,y0) # 0. On the other hand, if 1; (xp,y0) < M/2. Then the main order
term in H, is

exp (M2 + ... + M) -
This term dominates the sum of other terms in H,. Hence ¥ (xo,y0) # 0.

Case 2. kg is odd.
If 11 (x0,y0) > M /2. Then the main order term in H, is

exp (N1 + ... + M, ) -

This term dominates the sum of other terms in H, hence ¥ (xo,y0) # 0. If 11 (x0,y0) <
M /2. Then the main order term in Hj is

eXp (Mot 4TIk -

This term dominates the sum of other terms in H;. Hence 7 (xg, yp) does not vanish.
The claim is thus proved.
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Now fix an M satisfying exp (M /4) > 712", Consider (xo,y0) € R*\Q. If § is
sufficiently small, then by the choice of p;,q;, n;), there exist precisely two 1; such

that their absolute value at (xp,yo) is not larger than M. Assume they are 1, 1».
The function H; has the form

kl +kn e
ki —k,
The function H, has the form
. <k1 —k2)2k1+kn katha
ki+ky) ki —knky—ky

kZ + kn
k2 - kn

xp (m) + exp (12) +C1(8),

xp (M +n2)+C2(0).

Here C;(8),C;(8) tend to zero as 6 — 0. Note that ijfﬁ: is purely imaginary.

Hence for 0 sufficiently small, either the equation H; = 0 has no solution, or the
equation H, = 0 has no solution. Hence the set Sy is empty. Actually, in this case,
by our choice of k;, necessarily the equation H; = 0 has no solution. The proof is
completed. (|

Throughout the section, we shall use B (xg,yo) to denote the open ball of radius
€ centered at (xo,yo) . Roughly speaking, the following lemma states that the set S,
can’t contain several curves intersect at one point.

Lemma 19. Suppose (xo,yo) G_S*, and So N Bg (x0,y0) = {(x0,y0)} for some € > 0.
Then locally around (xo,yo), S« is a smooth curve. More precisely, there exists
0 > 0, such that either

S0 {(x,y) - [x—x0| < 8,[y—yo| <8} ={(F(¥),y),y€ (yo— 8,50+ )},

where F is a smooth function, or

g*ﬂ{(x,y) : _y()’ < 6} = {(X7F* (x))vx € (yO_ 5,y0—|—5)},

where F, is a smooth function.

Proof. Without loss of generality, we can assume that 7y is real valued and 7 is
purely imaginary. Hence T = it*, where 7* is real valued.
If (x0,y0) € S«, then |y| = |t| # 0 and by (4.9), we have

kn (fY—gT)z
2(/2+8%)

This implies that as a complex valued function, at (xq, o),

a2y =

2

YOsY+ TOsT =

This also means that

v (-] = L o

Note that the function ¥> — 7*? can be regarded as a map from R? to R. There-
fore, by the implicit function theorem, the result of the lemma is true in the case
that (xo,y0) € Ss. In the rest of the proof we may assume that (xo,yo) € S, \S.. In
particular, (xo,y0) € So.

*2
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Since ¥, T* are real analytic functions, for & small, the set
S« ﬂ{(x,y) : |)C*)C()’ < 67 ‘y7y0| < 6}

consists of finitely many disjoint smooth curves, ci,...,¢,. Each curve ¢; is deter-
mined by a smooth map 9%, : (0,1) — R2, where lim,_,o9; (r) = (x0,y0) . The
direction of these curves at (xo, o) will be denoted by e; := 7’ (0) . We also write
ej = (ej1,ej2). To prove the lemma, it will be suffice to show that m = 2 and
e1 = —cep, for some ¢ > 0.

We define a, B by exp (i) = p, + ign,
P8 . 2fg
exp (i) = —i .
p(icx) g Py
« is indeed a function of x,y. Since f,g > 0, we can choose & to be taking values
in (—m,0).On S,, if y= 7, we have

—Wexp(i(ﬁ+a)).

If y=—1%, then
U= as(?,zy_f*z)e)(p(i(ﬁ —a)).
To avoid confusion, we call the restriction of & on the curve ¢; to be «; := a|c;.
The key observation of the proof is the following: The fact that u,v are con-
nected through the Bécklund transformation does not depend on the choice of the
coordinate system. Hence if we rotate the coordinate system by an angle 6, then
the corresponding function

(f7—2g7)’

dy (7’2 - 72)
in the new coordinate system is still equal to 1. That is, if we denote the new
coordinate system by (x’,y’), then on S,, if y = 7%,

¥ :=exp((0+P)i)

2

(4.11) 6’=exp((9+ﬁ+a)i)a,(3g_rz)=17

if y= —1*, then

(4.12) ¥ =exp((6+B—a)i) ro
’ P as’ (yz Tz) '

We split the proof into two different cases.

Case 1. f(x0,y0) # & (x0,0) -

Since we have the freedom of choosing different coordinate system, we may
choose 6; = —f3. We set

¢ tieio=(ej1+iejn)exp(i6y),j=1,...,m.

We claim that there exist at most one j such that e’j_z > 0. Assume to the contrary

that 0 < ¢ , <..<¢ ,, where [ > 2. Since f(xd,yo) # g(x0,Y0), we find that

if (x,y) is close to (xo,y0), then cos o (x,y) # 0. On the other hand, since So N
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Be (x0,y0) = {(x0,¥0)}, the function dy (y* — 7*?) will have different signs on the
curves ¢, and c;,. This contradicts with the identity (4.11) and (4.12) . This proves
the claim. Similarly, there is at most one direction with €/;, < 0. We can then
assume, by relabeling the indices if necessary, that 6/1’2 >0, 6/272 <0, and e’j72 =
0,j=3,...,m.

Next we choose 6, = 0; + o, with || being small. We denote the new coordi-
nate system by (x,y’) . Assume Y= t* on ¢; and ¥ = —7* on c3. Then

(4.13) exp(i(c+a)) =1, oncy,

95 (¥ =72
7

8{ (yz - T*z)
Observe that o and a3 tend to & (xo,y0) # — 75, as (x,y) — (xo,y0) . Hence cos (0 4 o)
and cos (0 — a3) have the same sign when |o| is small. On the other hand, since
the direction of ¢3 is parallel to the X’ coordinate axis, the function d,- (}/2 — 72) has
different sign on c¢3, for the two different choices of 0 = £0y, where oy is a fixed
small positive constant. This contradicts with (4.13) and (4.14). Hence m has to

be equal to 2. Note that this argument also tells us that there at most two indices of

Jj such that 6972 = 0. Now we deduce that the function y7* has same sign on ¢; and

¢z (otherwise, m > 3). We only consider the case ¥ = 7*. Then

(4.14) exp(i(c—a3)) =1, on cs.

.
8= oAy e (B +). o and e

If ey # —ey, we can always rotate the coordinate system (x,y) into a new one
(x*,y"), such that d.# (> — ) has different sign on ¢; and c3. This is a contra-
diction.

Case 2. f (x0,y0) = g (x0,Y0) -

In this case, the proof is similar to Case 1, with minor modifications. More
precisely, in Case 1, we have taken 8; = —f3. Now we take 8; = —f3 + &), where
€ > 0 is a small constant. Observe that for (x,y) close to (xop,y0), cos (& + o)
and cos (& — ;) have the the sign. The rest of the proof is same as that of Case
1. O

At this moment, we remark that without the assumption that Sy N Bg (x0,y0) =
{(x0,¥0)}, Lemma 19 is still true. This generalization will be proved in Lemma 21.

Lemma 20. Suppose (xo,y0) € So and |y| > |t| in Bgs(x0,Y0), for some & > 0.
Then (xo,y0) is a removable singularity of . That is, the limit

lim I'(x,
(x,9) = (x0,30),(x.y) 7 (x.)

exists.
Proof. Lemma 11 tells us that

Iy = idyu — ky, sin”T” —k, sin =,
i0yv = Oyt — kyy sin F2 + ky, sin Y5,
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The first equation in this system can be written as

RO 0)

1+ (;)2 1+ (5)2

pn +gnl

< 2yt fP-¢* ¥ -7 2fg )
»}/+72f2+g2 ;}/2+T2f2_|_g2
( 2yt fP-g* V-1 2fg )

r}/2_|_f2f2+g2 y2+T2f2+g2
Still setting T = it*, we get
(4.15)

()= ()t (1 (2 et
\y 1+(§)2 Y Ty fPtg v) ) fF+g*

Similarly, the second equation of the system has the form
(4.16)

* 8x<5) %\ 2 %\ 2 2
()= (2 Yo (1 (5)) e
y(?’ 1+<§>2< v) )Ty ) e 7f2+g

Differentiating the equation (4.15) with respect to x and equation (4.16) with y, we
get

s 2L T* T*
8(5) =52 (5)a(5)-2(5)2(5))
!
% fg fg
(1 (5) ) (e (2e) ra(222))
2fg T* T /8
R (q”ay <Y> _p”ax<f2+g2>>
X 2 22
-5 (po(f55) roor(755:))
f2_ T T
_ﬂ+f<m%<7>+%&<Y>>

Inserting (4.15) and (4.16) into this equation, we find that % satisfies an equation
of the form

@.17) A(Zj) —§<aj(x,y) (Ty>]>

where a; are smooth functions determined by f, g. Since y and 7* are both real an-
alytic and |7*/y| < 1, the function 7* /7y can be smoothly extended to the punctured
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ball Bs (x0,y0) \ {(x0,y0)}. Since |7*/y| < 1, elliptic regularity and removable sin-
gularity theorem of harmonic functions tell us that actually T—; can be regarded as
a smooth function in Bg (xo, o) -

Now we distinguish two cases.

Case 1. lim, y), (xy.y0) 77 =Ap € (—1,1).

In this case, we have

i : kn(f?’—igf*)z
lim I X, = lim
(x,y)=(x0.y0) (v.7) ()= (oyo) (F2+82) (Y2 — 1*2)

kn (f — igAo)* |
(fz +g2) (1 —A(Z)) (x.y)=(x0,50)

*

Case 2. lim(x,y)%(xo,yo) 77 ==+1.
We first consider the case that limit is equal 1. From (4.15),(4.16), we deduce
that at the point (xo,yo),

T* -8 2qufg
4.18 ol —)=-p, =,
(19 ( ) u f2+g2+f2+g2 ¢

Y
T 18 fF-g
9 ” (7) T g g T
Observe that ¢2 +d? = 1. Hence
T*

5= 14c(x—x0)+d(y—y0)+0 ((x—x0)*+ (y—0)?),

as (x,y) — (xo0,y0). But this contradicts with the assumption that |y| > || in
B (x0,y0) - Hence the limit can’t be 1. Similarly, it can’t be —1. Therefore Case 2
will not happen. U

:1},

Lemma 21. Suppose (xo,yo) € S. Then locally around (xo,yo), S is a smooth curve.
Moreover; there exist real numbers c,d, with ¢* +d*> = 1, such that as (x, y) —

(XOJO),

In view of the proof this lemma, we now define

*

. T
s={taon) €74 tim| = o)

By this definition, automatically we have S, C S.

c+di+ O (Jx—xo[+[y—ol) .
¢(x—=x0) +d (y=30) + O ((x =20 +(y—0)’)

F(xvy) =

Proof. If (x0,y0) € S, then the result follows from the implicit function theorem
and the fact that 3 = 1 on S,.
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If (x0,v0) € S« \Sx. Then for § small, the set S, N Bs (xo,y0) separates B (xo, o)
into several disjoint connected open components Q;, j = 1,.... Since

A

Y i
we find that ,
A(P-12) . .
8 L* _ _%7 lf)/: T ?é 0’
S y - 85(}/271*2) f _ «
—p s ify=—1 #0.

Hence using equations (4.15) and (4.16) , we deduce that for any (x,y;) € S, there
holds

(4.20) O (x,y1) = 1, asx — xj.

We observe that the proof of Lemma 20 yields that any point (x;,y;) € S is not
isolated in S(T—; satisfies equation (4.17) and is smooth around (x;,y;)). We also
observe that if (x2,y2) € ;N (Sp\S), then in a small neighborhood of (x2,y2),
either y> > 7°2, or > < 7*2. Now with (4.20) at hand, we can deal with the arcs
contained Q) NS in a similar way as that of S*. Hence we can apply arguments
of Lemma 19 to infer that Q; NS = &. At this point, we emphasize that in prin-
ciple, 1 NSy could be nonempty. Note that this argument also tells us that the
set S, N B (xo,y0) separates B (xo,yo) precisely into two disjoint connected open
components 1,2, each component is diffeomorphic to a half ball.

Now we can assume without loss of generality that at some points in €1, there

holds 17 < 1. Since QNS = &, we must have |7*| < |y| in ;. Note that the

function % still satisfies equation (4.17) . That is,

2 (%)- g (aJ.(x,y) (j)]‘) Q.

Elliptic regularity and

77 < 1 imply that % is smooth and the limit Ag = limy. ) (x, o) 77

exists. Since Bg(xp,y0) N Ss is not empty, there holds |[Ag| = 1. Hence it follows
from same arguments as that of the previous lemma that as (x,y) — (xo,y0), if
Ap =1, then

T; = Ao +c(x—x0) +d(y—y0) + 0 ((x—x0)* + (v = y0)?),

where c¢,d are defined in (4.18),(4.19). As a consequence, in a small neighbor-
hood of (xg,yo),

¢+di+ O (]x —xo| + |y —yol)
c(x—x0)+d(y—yo)+0O ((X—X0)2+ (y—)’o)z)

A similar formula holds in the case of Ag = —1.
Finally, suppose (xo,y0) € - \Ss. By Lemma 20, if

F(x,y) =

4.21) |Y] > ||, or |y] < ||, in Bs (x0,y0), for some & > 0.
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Then the limit lim(, y)_, (x, v,) [ (x,¥) # £1 and (xo,y0) ¢ S. On the other hand, if
(4.21) does not hold, then by the previous arguments, one can show that (xg,yo) €
S, and the set Bg (xp,y0) NS is a smooth curve. Moreover, one still has

c+di+O0(]x—xo|+ |y —yol)

F(x’ ) =
" elmx0) +d-30)+0 (20 + 6 -30))

)

for some constants ¢,d with ¢ +d? = 1. [l

Recall that we have defined
X
£t =0 (pr+anr— [ Re(Cy)ar).

Let (x0,y0) € S. By Lemma 21, we may assume that around this point, S is the
graph of a smooth function x = F (y)(The case that S is the graph of a function
y = F.(x) can be handled in a similar way). Then we can define the integral in & in
the principle value sense. Applying Lemma 21 and using the fact that 72/ is real
valued, we find that in a small neighborhood Q of (xp,yo),

G(xy)
(4.22) S () = 2R
where G is a function smooth in Q.

At this moment, & only satisfies the first equation of (4.1) . However, it “asymp-
totically” satisfies the second equation of (4.1), which means that E~'T& — 0
as x — —oo. Later on we shall prove that indeed & satisfies the second equation of
(4.1), in certain sense. On the other hand, with the help of the function &, for given
1N, we can solve the first equation in (4.1) using the variation of parameter formula.
However, to simultaneously solve the system (4.1), we need the following

Lemma 22. Let u,v be functions defined in Lemma 11. Suppose that two functions
@, n satisfy L¢ = Mn and

An —ncosu=0.
Let ® :=T¢ — Nn. Then ® satisfies the following ODE:
k v+u k v—u
(4.23) P =— (2 cos ——+ Encos 5 ) ®.

Proof. Lemma 11 tells us that u, v satisfy

{ — 0w+ idyu—ky, sin%“ —k, sin 5% =0,

—idyv + u — ky sin *F* 4k, sin *5* = 0.
We denote the left hand side of the first equation by A;, and that of the second
equation by A;. Then we compute
v+u @ V—u

. ki
idyA1 — 0yAr = —Au— > (dyv + dyu) cos 5 (Jyv — dyu) cos =

k
v E" (Jyv — dyut) sin

2

vV—u

kn
t5 (Oyv + dyut) cos



40 YONG LIU AND JUNCHENG WEI

In view of the identities:

—ow+idu=A4A; +knsinv—{2_u —H_c,,sinv

—idyv + deut = Ay + ky sin V—I_Tu —k, sin

we find that id,A| — dyA; is equal to

v\ (ke v—u k
Au+<A1+knsinv+2u+knsinvu> <ncosv u"cosv+u>

. — k —u k
+ <A2+knsinv+2u—knsinvzu> ("cosv - +"cosv+u>.

Using the fact that |k,| = 1, we obtain

idyA1 — 0yAr = —Au+sinu+A <2 ~3 cos 3

k, v—u k, v+u
4.24) +A2<2cos 2 +E 2 >

Note that the linearization of —Au +sinu = 0 is

An —ncosu=0.

Moreover, the linearization of A} =0 is L = Mn; while that of the equation A =0
is T¢ = Nn. Hence differentiating the equation (4.24) in u,v, we get the desired
identity (4.23). O

With Lemma 22 at hand, we proceed to prove
Lemma 23. T& =0 in R?\S.

Proof. For each fixed yg € R, we consider the set
Ey, :={x:(x,y0) €S}.

Observe that the functions ¥ and 7 are explicitly given by suitable combination of
exponential functions. Hence S is the zero set of a real analytic function. This
together with Lemma 14 tell us that for fixed yo, the set Ey, has no accumu-
lation points(the existence of an accumulation point would imply that Ey, con-
tains a whole straight line). Hence E,, has finitely many elements, denoted by
&i(yo),j=1,..., in increasing order.

We claim that T& = 0, if x € (—0,&; (y9)) -

To see this, let € > 0 be a small constant. We choose xy € (—0,&; (y0)) and let
p (y) be a function to be determined, with the initial condition p (yp) = 1 and

(4.25) T (p&) (x0,y) =0, for y € (yo,y0 +€).
This equation can be written as
(4.26) p'+ (&0 —Im(T—k,)) p =0.

This is an ODE for p and can be locally solved, yielding a solution for (4.25).



ELLIPTIC SINE-GORDON EQUATION 41

Since p only depends on y, the function p& satisfies the first equation of (4.1).
Hence by Lemma 22, the function 7 (p&) satisfies the ODE

v+u k V—

2 (T (p8)) = - (2 ! +2"cos2”> (T (p8)).

for x € (—e0,x9),y € (Yo,y0+ €). It then follows from (4.25) and the uniqueness
of solutions to ODE that

4.27) T (p&) =0, forx € (—e0,x9),y € (yo,yo+€).

In this equation, let us send x to —eo. Then from (4.26) and the asymptotic behavior
of & and I that

p/(y) :an € ()’07)’0+£)~

This together with the initial condition p (yo) = 1 tell us that indeed p = 1. In view
of (4.27),

T(E)=0, x€ (—o0,x0),y € (Yo,y0+€).

The claim is then proved.
Next let us choose x; € (&1 (y0),&2 (o)) - Let py (y) be the function with initial
condition p; (yo) = 1 and

T(plg)(xlvy) =0, for y€ (yl)yl Jrg)'
Then same arguments as before tell us that
(428) T(plé) = Oa forx € (51 (yO) ,Xl), yE ()710’1 +8)

We would like to show that pj = 0. To do this, we will send x to &; (yo) in the
equation (4.28). We have, for y € (yo,y0 + €),

(4.29) pi+(E70E —Im(L—ky)) pr =0, x> & (v0).-
On the other hand, we already know that T (§) = 0 for x < &; (yo) . This means
E719,& —Im (T —k,) =0, forx < & (yo).

Denote I1:= £719,& — Im (T —k,). The asymptotic behavior (4.22) of & near
(&1 (o) ,¥0) implies that

(4.30) lim II(x,y0)= lim II(x,y0).
161 (0))" x=(&1(30))”

Combining this with (4.29), we find that p; = 0. Hence p; is a constant and
T (6) =0,xe (él (yO) ’52 (yo)) yY = Y0-

Repeating these arguments in the interval (§; (yo),&+1 (v0)),Jj =2, ..., we see that
T(8)=0,x#&;(v),y=o.

Since yy is arbitrary chosen, the lemma is then proved. (|
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Let 1 be a bounded kernel of the linearized elliptic sine-Gordon equation. That
is,
(4.31) —An+mncosu = 0.

For each fixed y, variation of parameter formula tells us that the first equation in
(4.1) has a solution of the form

(4.32) ¢ (x,y) =& (x,y) /_ xmé*andl,

where the function £ ~'Mn is evaluated at (/,y). Note that £~'Mn is smooth in
R?. This together with the assumption that p, < 0 imply that the integral is well
defined. However, since & has singularities on S, ¢ is also singular along S, but
the singular behavior is well controlled. The following result can be regarded as a
generalization of Lemma 23.

Lemma 24. Let 1 be a bounded solution of (4.31). The function ¢ defined by
(4.32) satisfies system (4.1) in R2\S. As a consequence, ¢ is a kernel of the lin-
earized elliptic sine-Gordon equation at v in the following sense:

(4.33) —A¢ +¢cosv=0inR?\S.

Proof. We follow the same idea as the proof of Lemma 23.
We wish to show that

(4.34) T¢ =Nn inR%\S.

Choose xo € (—o0,&1 (y9)) and let p (y) be the function satisfying the initial
condition p (yp) = 0 and

(4.35) T (p&+¢)(x0,y) =Nn, for y € (yo,y0+€).
Then the function 4 :=T (p&+¢) —Nn

Y = — <k"cosv+u—|—k"cosv_u>%,

2 2 2 2

for x € (—e0,x0),y € (yo,y0+ €). The initial condition (4.35) then implies that
¢ = 0 and hence

T(p§+¢) :Nn’ RS (—°°,X()),y€ ()’07)’04'8)-

Sending x to —oo, using the fact that N — 0 as x — —oo, we find that p’ = 0. Thus
p = 0. We deduce that

T =Nn, x € (—o0,x),y € (yo,yo+E).

Next we choose x; € (&1 (yo),&2 (y0)). Let p; (v) be the function with initial
condition p; (yp) = 0 and

T (p1& +0) (x1,y) = Nn, for y € (y1,y1 +¢€).

Then same arguments as before tell us that

T (p1&+¢)=Nn, forxe (& (y),x1), y € (V1,1 +€).
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Sending x to &; (yo), we have, for y € (yo,yo + €),
436)  pi+(E7'RE-Im(T—ky))p1 +E'To=E'Nn, x> & ().
Denote IT; := &~ (N — T'¢) . The asymptotic behavior (4.22) of & near (&; (o) ,y0)
again implies that
lim IT, (xvyO) = lim IT, (xay()) :
x=(&1(v)" x—=(&1(3v0))~
This combined with (4.30) and (4.36) yields p; = 0. Hence p; =0 and

T¢ =Nn,x€ (& (),8 (¥)),y = o
Once (4.34) is proved, it then follows from the linearization of the Bicklund
transformation that ¢ satisfies (4.33). The proof is completed. (]

Now we are ready to prove Theorem 13(Theorem 2). That is, the nondegeneracy
of 2n-end solution(it can be regarded as an n-soliton).

Proof of Theorem 13. Let us fix a solution u = U,, + . Suppose 7 is a nontrivial
bounded kernel of the corresponding linearized operator:

AN = ncosu.

By the Linear Decomposition Lemma of [11] and the asymptotic behavior of {;,
there exist ¢y, ..., ¢, such that the function

n*=n-Y ¢
j=1

decays exponentially fast to 0 as x — —oo, uniformly in y. That is, there exist con-
stants C, 8 > 0 such that

In*(x, )| < Cexp(—3d|x|),x <O0.

We point out that for each fixed y, 1 always decays to zero as |x| — co. Note that at
this moment, we don’t know whether n* decays to zero as x — oo, uniformly in
y. Nevertheless, we would like to prove that n* = 0.

Applying Lemma 24 to the function n*, we get a corresponding kernel ¢ of the
linearized operator at the function v = 4 arctan % That is,

AP = ¢ cosv.
Explicitly,

@37) 6 ey) =& () [ & mmra.

Here the function £ ~'Mn* in the integral is evaluated at (/,y). Since n* decays
exponentially fast to 0 as x tends to —oo, ¢ also decays to zero as x — —oo. Note
that ¢ is singular at S. However, the singular behavior of ¢ is well controlled.

Let us write T as 7,_, and Y as J,—;. By Lemma 12, the function v,,_; :=v =
4 arctan % is the Backlund transformation of v,,_;. That is, v,_, and v, satisfy

{ OxVn—2 = i0yVp_1 — ky_1 sin “1’27?”" — ky—1 sin =25l

(4.38) . . S 2,
i0yVp_2 = OxVy—1 — kp_1 sin ”1’27?”" + ky— sin =25t
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Recall that 7, /7,—» is a real valued function.
Let us write the function ¢ by ¢,_;. Linearizing system (4.38) and denoting

(Yn717n72 - Tn717n72)2
() (o +1,)

we get the following equation to be solved for the unknown function ¢, :

(4 39) ax(})n—2 +Re (Fn—l - kn—l ) ¢n—2 = iay¢n—1 - i¢n—1 Im (Fn—l - kn—l) )
' i&y(Pn—Z +ilm (Fn—l - kn—l) ¢n—2 = ax¢n—1 - ¢n—l Re (Fn—l - kn—l) .

Since T,_»/¥,—2 is real valued, the function I',,_; has the same singular set S
as I',. Indeed, if P is a point outside S such that 7, »(P) = ¥%,—2(P) = 0, then by
dividing the numerator and denominator of I',,_; by 7,_2(P) or %,_2(P), we see
that P is actually a removable singularity. The explicit formula (4.37) of ¢, tells
us that near a singular point (xp,yp) € S, there exist smooth functions F, G, such

L1 =2k,

)

that ¢, — G0) s smooth. As a consequence, near (xp,yo), for some function

x—F(y)
G,
. G i
(4.40) My-19n-1:= i[Oyt = 1 Im (Dt — k)] ~ %
Define

X
En2(x,y) :=exp (Pn—]x+qn—1y+/ | PP (17)’)dl> .

By Lemma 24, the system (4.39) has a solution

(441) on2(e) = G2 (ry) [0

—oo §n72

Note that &,_» (x,y) = O (x — F (y)) around the singular set S. Here one need to be
careful about the definition of ¢,_,. More precisely, suppose (xo,yo) € S, then for
x > xp, wWith x — xo small, the right hand side of (4.41) is defined to be

. Xo—€ * Mn—l ¢n—1
1 n— ) dl .
ggg+ I:é 2(5) (/—"“ " x0+8> &2 :l

Using (4.40), we find that ¢, » is continuous in R?. We would like to show that
¢, is actually smooth. To see this, we use the fact that ¢, satisfies the linearized
equation away from the singular set S. That is,

(4.42) AQp2 = ¢p2c08Vv, 2.

dl.

Let (x0,y0) € S. From (4.41), we see that there exists smooth function g, such that
near (xp,yo), the function

Pn2—g(y) (x—F (y))In|x—F (y)]

is smooth. Inserting it into (4.42), we find that the function g = 0. As a conse-
quence, ¢,_ is smooth.
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With the function ¢,_, at hand, now let us consider the linearized Bicklund

transformation between v,,_3 = 4 arctan ;”*i and v,_, = 4arctan ;"*i :
n—. n—.

ax(pn—3 + Re (Fn—Z - kn—l) ¢n—3 - iay¢n—2 - i¢n—2 Im (rn—Z - kn—l) 5
i10y¢p—3+iIm (T2 —ky—2) 3 = P2 — Pp2Re (T2 —k,—2).

Here
(’}/n72’)/n73 - Tn72Tn73)2
(M2t ) (st Tis)
Note that the function 7,_3/%,—3 is purely imaginary. Hence it is now singular at
the set

[ho=2k, >

3= {(x,y) € R? : Yr%—3+fr%—3 :0}

We can also define the set So ,—3, S+ ,—3,5,—3. Following the same proof as that of
Lemma 17, one can show that on S, ,_3, there still holds

(%172 Yn—3 — Tn—2Tp-3 )2

=1.
(’yr%—Z + 73—2) (%173()?'}/1173 + Tn73acfn73)

Op3:=ky2

Hence the same arguments as above tell us that the corresponding function &,_3 has
similar asymptotic behavior near the singular set S, _3 as the function &, | near S.
Using this information, we can further analyze the linearized Bécklund transfor-
mation between v,_4 and v,,_3 and get a smooth solution ¢,_4 of the equation

AQp—4 = Qp_4c08V, 4.

Repeating the above procedure, we may consider the Biacklund transformation

Tj Tj— . . ..
between v; = 4arctan ;> and v;_| = 4arctan 7{—:,] =n—4,...,1. Linearizing these
i

Y
Biécklund transformati(j)n and solving them similarly as in Lemma 24(One also
need to be careful about the point singularities in these systems), we finally get a

solution @y of the equation

A¢p — cos(vo) o = 0.

Observe that whether or not 7; /¥; is real valued, the function vy = 4arctan 1y /7y is
always equal to 0. Hence from the previous argument, one can actually show that
¢p is smooth.

We claim that ¢g is bounded in R2. To see this, let us first estimate ¢,—1, which
is defined by (4.37). In view of this definition, we need to analyze the function &.
Observe that by Lemma 15, the function I" tends to the limit O or 2k, away from the

ends. Moreover, since we have assumed that p, < 0, in the region E_ := {(x,y) :
PnX + gy > 0}, this limit is 0; while in £ := {(x,y) : ppx+ ¢,y < 0}, the limit is
2ky,.

Let us define
O_ :={(x,y) € E_ :dist ((x,y),S) > 1}.

Recall that by Lemma 14, outside a large ball, the set S consists of finitely many
curves asymptotic to rays, with each ray being parallel to one of the ends. In ®_,
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using the exponential decay of I away from the ends, we have

X
@) eopx-ami—ew(- [ ReTup)a) <c
Therefore, in ®_, we can estimate

¢n,1=§1 EMmrdl < C.

This estimate can be refined. Indeed, since n* — 0 as x — —oo, uniformly in y, we
have, in =_ :

(4.44) ¢n—1 — 0, as x — —oo, uniformly in y.
Similarly, we define
®+ = {(x,y) S ‘E+ : dist((x,y) 7S) > 1}

In @, since I converges to 2k, away from the ends, we have

/_wae(F(l,y))dl —2p, <x+ Z:y> +o(1).

Therefore, in @, there holds

(4.45) exp (pux+qny) & = exp <2pnx+2qny—/ Re (F(l,y))dl) <C.

To estimate ¢, in ®, we define

B(y) = /+m§_1Mn*dl.
Note that this is well defined, because & is exponential growing as x — +oo. We
have ¢,_1 — & (x,y) Z(y), as x — +oo. Inserting this into the equation
AP +Im(T' —k,) 1 = —INT",
Using the fact that & also solves the equation
& +1Im (I —k,) & =0,

we infer that d%% = 0 and hence 4 is a constant. Using the estimates (4.43),
(4.45) of &, and the fact that n* converges to 0 as |y| — oo for all x < 0, we find
that, if ¢, > 0, then Z (y) — 0 as y — —oo, and if ¢, < 0, then Z(y) > 0asy —
+o0. As a consequence, Z = (. Then in @, we can write

oa = [ & Mmral=¢ / &l

This together with the estimate (4.45) of £ imply that ¢,_; < C. Note that in the
region {(x,y) : dist ((x,y),S) < 1}, the asymptotic behavior of ¢,_; is determined
by that of &, and we can estimate

‘¢n71| <

c
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,if Sis
locally determined by y = F, (y) . With this information at hand, we can proceed to
estimate ¢,_» using similar arguments as for ¢,,_;. Recall that ¢,_» is smooth. One
then can show that actually |¢, »| < C in R%. Repeating this arguments, we finally
deduce that ¢y is also bounded.

Having proved that ¢y is bounded, we can use Liouville theorem to conclude
that @9 = 0.

Up to now, we have defined ¢;,j = 1,...,n— 1, and proved that ¢y is zero. We
would like to show that ¢; = 0. To see this, we analyze the reverse linearized
Bicklund transformation from vy to vy :

{ o +Re ('t — k1) o = idyd1 — iy Im (T'y —ky),
iay(])o—l-l'lm(rl —kl)(PQ = 8X¢1 —¢1Re(1"1 —kl).

Since @y = 0, we see that necessarily, ¢; = ¢&*, for some constant ¢, where
X
& i=exp <—P1X—41y+/ I (ZJ)dl) :

Note that §* = &~ !. By the asymptotic behavior of I';, £* does not decay to zero
along the line p;x+ g1y = 0. But on the other hand, estimate of form (4.44) also
hold for the function ¢; in the region

{(x,y) : prx+q1y > 0},
Hence necessarily there holds ¢ = 0 and ¢; = 0. Here we also remark that the
function &£* arises from differentiating the function v with the phase parameter
n?. That is, &* = co8n?v1, where cg is a constant. Repeating the above arguments,

we see that ¢, = 0, and n* = 0. Hence by the definition of n*, we obtain ] =
Y'i_1 ¢;C;. This finishes the proof. O

provided that S is locally determined by x = F (y); and |@,_1| < ‘ﬁ

5. INVERSE SCATTERING TRANSFORM AND THE CLASSIFICATION OF
MULTIPLE-END SOLUTIONS

We consider the elliptic sine-Gordon equation in the form
5.1 Au=sinu, 0 < u < 27.

Under the correspondence ¢ + 7 <+ u, multiple-end solutions of the equation —A¢ =
sin¢ are corresponding to those solutions of (5.1) whose 7 level sets are asymp-

totic to finitely many half straight lines at infinity. Along these rays, the solutions

u resemble the one dimensional heteroclinic solution 4arctane”* in the transverse

direction. In this section, we would like to classify these solutions using the in-

verse scattering transform of the elliptic sine-Gordon equation, developed in [29].

For inverse scattering of the classical hyperbolic sine-Gordon equation, we refer to

[1,9, 15].

The main result of this section is the following

Proposition 25. Suppose ¢ is a 2n-end solution of the equation —A@ = sin@. Then
there exist parameters p,q;, n‘?,j =1,...,n, such that ¢ = U,, where U, is defined
in (2.15).
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Let us denote ¢ + 7 by u and use I to denote the 2 by 2 identity matrix. Let A
be a complex spectral parameter, and o; be the Pauli spin matrices:

o]0 1] O =] __[1 0
1t o012 i o "3 0 -1 |

Note that sz =1, 0301 =i0), = —0103;, 030, = —i0] = —0203; 00| = —i03 =
—010,. Equation (5.1) has a Lax pair

5.2) D, =AP,

(5.3) @, = B,

Here & is vector valued or 2 by 2 matrix valued, depending on the contexts. More-
over, the matrices A, B are defined by

] cos sin
A= ! [(A— u) 63—(ux—iuy)62—lucl] ,

4 A A
1 cosu . sinu
B:4|:— ()u‘i‘ ﬂ, >G3+(Mx_luy)62—l61:|.

Indeed, the compatibility of (5.2) and (5.3) yields
Ay+AB =B, +BA.

Direct computation shows that this is equivalent to equation (5.1).

Define K (A) := A — ;. For each fixed y € R, as x — oo, due to the exponential
decay of u to 0 or 27, we see that

A— ZG}

We would like to investigate the existence of matrix valued solutions @ of (5.2)
such that 4 (x,y) — exp (%63)6) ,as x — too, using Picard iteration under certain
assumptions on A. It turns out that different columns of @, have different analytic
properties(with respect to A). This is the content of the following

Lemma 26. Assume ImA > 0 and A # 0. There exists a solution ®, ; to the
equation 0, ®, | = A, ;, satisfying ® jexp(—Kix/4) — (1,0)" = 0, as x —
+oo. There also exists a solution ®_ 5 to the equation oyP_ » = AD_ ,, satisfying
®_,exp(Kix/4)—(0,1)" =0, as x — —oo. Moreover, &, 1 and _ » are analytic
with respect to A in the region {A : ImA > 0,4 #0}.
Proof. Let us define

Kios

(5.4) AT () = A, 2) = =2

A7, AT
A* — 1 412 ) '
( A3 Ay

Note that each entry of A* tends to 0 as |x| — +oo. Let us introduce the column
vector

We write

Kix
0.1 =Dy 1exp <—4> = ((P+711,(P+,21)T-
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For each fixed (y,A), we consider the integral equation
(5.5) { Qi1 (63, A) =1+ [{, [1‘};161 @111+ AL Q1] (5,0, 4) ds,
. X i * *
@01 (0, 3,4) = [{oexp (5 (s —x)) [A3, 0411 +A5 04 21] (5,3, 4) ds.
If @, | satisfies (5.5), then P, ;| = AD, ;.
Now suppose ImA > 0 and we impose the boundary condition @4 ; (x,y,A) —
(1,0)", as x — +oo. Under this boundary condition, the system (5.5) has a unique

solution. This can be proved by Picard iteration, starting from the constant vector

1,0 T More precisel , we define the sequence (m) , (n) in the followin
p Y q ?® 1Py 2 g

way. Let (q)_(lr)H (pfL )21) (1,0) and

(pJ(rn,)n (3, A) =1+ [, |:A>i<1(p—(F 11 : +A12(P4(r 21 )} (s,y,A)ds,
‘PJ(rn,)zl (6,3, 4) = [exp (B (s —x)) [Aﬁl‘/’i 1 3 +‘422‘/’4(r 21 )] (s,y,4)ds.

If ImA >0 and A # 0, then

Ki 1 1
(5.6) Re <2> <1+|M> ImA <0.

This condition ensures that the integral

X Ki « (n— x (n—
/ exp <2 (S—x)) [A21‘P4(r7111) +A22‘PJ(“211)} (s,y,4)ds

oo

is well defined. Note that the integrand depending analytically on A.
To simplify the notation, let us suppress the y and A dependence of these func-
tions. We have the following estimate:

(1) T s (1 e
‘(p+711(x)‘§1+ i AT} (5)] ds, “P+,21(x)‘§ i A3y (5)] ds.
Let us define
o0
(5.7) 0 (x) = /x (JAT1 ()] +[AT2 ()| + 1A% (s)| + 1A% (5)]) ds.

Then
‘(P+11 ‘<1+Q “P+21 ’<Q()

Inserting these estimates into the integral equation defining (pf)j1 and integrating
by parts, we obtain

1 2
EQ (X),

‘(p+11 ’<1+Q(x)+
1
Q0 (x).

“P+21 ’<Q()+

Using an induction argument, we get

n i
(5.8) \ﬁMMsZQ@
=0

2

IS e
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It follows that (q)J(r".)“ , (pJ(r")ZJ converges to a solution (¢ 11, ¢4 21), which is ana-
Iytic in A in the region {A : ImA > 0,4 # 0} . By (5.8), we also have

(5.9) @11 (X)) <exp(Q(x)), [@4.12(x)] <exp(Q(x))—1.

Observe that since the integral in (pi")1 is from oo to x, we have (@, 11,04 21) —

(1,0), as x — +oo. We also have 0, P, | = AP, ;. We emphasize that if the lower
limit +oo in the integrand defining ¢ »; is replaced by other numbers, then @, »;
will not have the desired asymptotic behavior.

Same arguments as above yield a solution (¢_ 12, ¢_ 2) satisfying ¢_ 5 (x,y, A1) —
(0,1)", as x — —oo, and the integral equation

{ Q_12(x,y,A) = [ exp (=5 (s—x)) [A]; 0 12 + A3, 90— 2] (5,,4) ds,
02 xyA) =1+ [* [A5 012 +A50_2n](s,y,A)ds.

This solution is also analytic in {A : ImA > 0,A # 0} . This finishes the proof. [J

For each fixed y € R, & and ®_ are solutions of the same ODE system. Hence
they are related by

(5.10) D (x,y,A) =P_(x,y,4) ;‘((;fl,,yy)) ab*(&,yy)) ’

for some functions a,b,a”,b*, which are independent of x. We emphasize that the
function a defined here is not the same one as defined in Section 2.

Lemma 27. For each A € C\{0} withImA > 0, there holds
D, (x,0,4) =i00 P2 (x,y,—A).

Similarly, for each A € C\{0} withImA < 0, there holds
D_(x,p,A) =i ®_ 5 (x,y,—A).

Proof. Let us write @, into columns: &1 = [®, ;, P, 5], where

For j = 1,2, we define

Oy )= [ —¢;71j ] =i0yP+ ;.
By the symmetry of A, we know that ®, ; satisfies
ax@-‘n] (x,y,?L) =A (Ma _A')@-hl (X,y,/’L) .

It follows from the asymptotic behavior of ®. ; at infinity and the uniqueness of
solutions to the ODE that

(511) ®+,1 (X,y,k) = _q)-i-,Z('xvya _;L)
Similarly, ©@_ ; (x,y,A) = —®_, (x,y,—4). O
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Lemma 28. Suppose A € R\ {0}. We have a* (A,y) =a(—A,y),b* (A,y)=—b(—1,y).
As a consequence,

D, (x,y,A) =P_ (x,y,A) [ _Zgﬂ_yi)y) ab((—/l){?)))))

Proof. By definition, ® and ®_ are related by

¢+71 = aCID,J —|—b*‘b772,
(512) { CI)+72 — bq),J +Cl*q)772.

From the second equation of (5.12), we get
O 2 =00_,+ad"0O_,.
Using this and Lemma 27, we obtain
(5.13) @y (xy,—A)==b(A,y)P 2 (x,y,—A)+a" (A,y) P (x,y,—2).
On the other hand, by the first equation of (5.12),
(5.14) @ (xy,—A) =a(=24,y)P_1(x,5,=4)+b" (—A,y) P2 (x,y,—4).
Comparing (5.13) with (5.14), we finally deduce
a*(A,y) =a(=2,y),b" (A,y) = =b(=4.y).
U

The functions a(A4,y),b(A,y) are a priori depending on y and the spectral pa-
rameter A. Nevertheless, we have the following

Lemma 29. Suppose u is a solution to (5.1) . Assume A € R\{0}. Then a(L,y) =
a(A,0), and
1
(5.15) b(A,y) =b(A,0)exp (—2(A+Al)y>.
Proof. Recall that @ satisfies (5.2), but it does not satisfy (5.3). However, the
function @* := @, exp (—§ (A + 1) o3y) satisfies the equation
9" = BD*.

Inserting (5.10) into this equation, we get

do | gt O e (<4 (24 7))
v [ Gt O Jew (<5 (2 7) o)

o [ 80 Jo

4
1
4
s [0 ) Jen (4
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Sending x to —oo and using the fact that d_ tends exponentially fast to exp (%ng) ,
we obtain

[ o) aaA ] * [ A alo) } <_411 (’L i i) "3>
(i) Gt 2.

It follows that
1
(9 =0, 8 b=—— <7L + l)

The assertion of the lemma follows immediately from these two equations. O

Without loss of generality, we may assume that ¢ is rotated so that no end is
parallel to the x-axis. Since ¢ is a multiple-end solution of (1.2), there exists a
choice of parameters p;,g j,n}), with p; >0, j = 1,...,n, such that the zero level
set of the corresponding solution U, has the same asymptotic lines as that of ¢, as
y — +oo. We denote the a part of the scattering data of U, + m by d(A,y).

Lemma 30. Assume A € R\ {0}. We have a(A,y) =a(i,y),b(A,y) =0
Proof. By (5.12),

(5]6) (I)-i-,l (X,y,)b) - a(lay) q)—,l (X,y,k) - b(-l,y) CD—.,Z (X%/U :
We rewrite @, = exp (K’Gg ) @’ . Then @7 satisfies

Ki Ki
(5.17) AP’ = exp (- ’23") A*exp < ’Z”) @

. 2 . .
Consider the norm ||M|| := /¥, x |mjx|”, where m; are entries of a matrix M. We
have, by (5.17), for some constant Cp,

(5.18) or || @3] < CollA*||||®7 |-

Applying the refined asymptotics theorem(Theorem 2.1 of [11]), we deduce that A*
decays exponentially fast to 0 away from each end. It then follows from (5.18) and
the Gronwall inequality that |7 || < C in R?, for a universal constant C. Hence
|®, || < C. Similarly, ||®_|| <C. Then in view of the relation (5.16), by sending
x to —eo, we see that for each fixed A, [b(A,y)] is uniformly bounded with respect
to y. ThlS together with (5.15) 1mp11es b(A,y) =

We use A to denote the matrix obtained from replacmg uby U, in A. Let d,. be
the matrix valued solutions of the equation o,®. = Ad., , with the same asymptotic
behavior as that of ®_. To compare &, with d_, we write

D, =AD, + (A—A)D,.

By the variation of parameter formula, we have

oo

(519) (I)+ = (AI)+ <I+/x (é+)71 (A—A) ®+ds> .
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By the choice of U,, there exists 8 > 0 such that

(5.20) 10— Uy| < Cexp (—5\/x2—1—y2)7 for y > 0.

Similar estimates hold for the derivatives of ¢ — U,,. Hence from (5.19) , we deduce

|@s & || < Cexp(~8V2+37), v >0.

Arguing in the same manner,

|o —& || <cexp(-8V2+)7), v >0.

Now in view of the relation

cI)-hl (xvy’}t') = Cl()l,,y) cb—,l (x7y72~) ,

we conclude that for fixed A,

lim (a(A,y)—ad(A,y))=0.

y—>+oo

This together with Lemma 29 implies that forany y € R, a(4,y) =d(A,y). O

ImK = 1+% ImA.
A

By Lemma 26, we now know that the functions &, ;, ®_, are analytic in the
upper half A-plane R>; while ®, »,P_ are analytic in the lower half A-plane.
We use W (P 1,P_ ) to denote the Wronskian determinant of &, ; and &_ ».
That is, W (D4 1, P_ ) = [Py, P_»|. Note that for A € R\{0}, we have & | =
a(A)®_ | —b(—A)P_ ,, hence we obtain

w (‘D+,1,‘b—,2) =W (a()t)@_’]’q)_g) —-W (b(—l)q)_z’q)_g)

=aW (q)—-,l ,‘I)__rz) .

Observe that

Using the asymptotic behavior of ®_ |, ®_ 5 as x — —oo, we have W (®_ |, P_,) =
1. This then implies that for A € R\ {0},

(5.21) a(Ay) =W (@1, @ ).

Hence a can be analytically extended into R>* using (5.21). By the asymptotic
behavior of @, |,®_, as A — 0, a will be continuous up to the boundary of R?+.
We also remark that if A is in the lower half plane, then the behavior of &, ;
is much more delicate, because in general, solutions with the desired asymptotic
behavior at 4+-cc may not be unique.

We have the following generalization of Lemma 30.

Lemma 31. Assume ImA > 0and A # 0. Let a be defined by (5.21) . Thena(A,y) =
a(d,y).
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Proof. Recall that by Lemma 26, the function ¢, ; = &, ;exp (—%) satisfies the
integral equation

{ P+ 11 (x,y,l) =1 +fioo [AT_l(P-‘m]l +A31‘P+,21] (s,y,k)ds,
@121 (x,y,4) = [Lexp (5 (s —x)) [A3, @4 11 +A5,04 21] (5,5, 4) ds.

This solution is analytic in the upper half A-plane. Similarly, for the corresponding
functions @, ; associated with the potential U,,, we have

{ ¢+,11 (xay)l) - 1+fioo [Ai_kl(p+7ll +14jz(p+721] (sv’\yuﬂ')dsv
P21 (4, 0,4) = [Lexp (5 (s —x)) [A3 94 11 +A5 04 01] (5,7, 1) ds.
If weset pj := @4 j1 (x,y,A) — @4 j1 (x,y,A), j=1,2, then
(5.22) { p1= [ [AT1p1 + A5 02+ £1] (5,5, 4) ds,
P2 = [fnexp (3 (s=x)) [A3 o1+ A% + 6] ds,

where

fi:= (A7 =A%) @1+ (A1, —AT) 91 21,

f2:= (A3 —A3) @10+ (A5 —43) @121
Due to the estimate (5.9), @, 1, @, | are uniformly bounded for (x,y) in the whole
plane. Similarly, using the decay estimate (5.20), we infer from (5.22) and the
Picard iteration of (p;,p) that

+o0

Pr @< [ (I ]+ (5)Ddsexp (@),

+o0
P2 < [ (I 9]+ £ (5) D dsexp (@)
Here Q (x) is defined by (5.7) . It follows that

[(p+,l (anvl)_(er,l (07y>l)] 0.

lim
y—+too

Similarly, letting ¢_ » = ®_ s exp (£2), we have

[(P7,2 (Ovyaﬂ') - @7,2 (O,y,l)] =0.
Using the definition of a, we then deduce
lim [a(%,y)—a(A,y)] = 0.

yﬁ—}—oo

On the other hand, we can still prove that dya (y,A) = 0. Hence a(A,y) =a(A,y).
This finishes the proof. (]

lim
Yoo

LetA;j,j=1,...,m, be the zeros of a in R?>*. At these points, by the definition of
a, there holds W (®, ;,®P_,) = 0. Hence the vectors ® ; and ®_ , are co-linear
to each other. Let us define ¢; by the formula

CI)-‘r,l (X,)% a‘J) =Cj (y) q)—,Z (xayu A’]) .

Then ¢; = —3 (Aj+1/A;) c; and therefore c; (y) = c; (0)exp (=5 (4;+1/4;)y) .
It is worth pointing out that unlike b, the function c; is in general not uniformly
bounded with respect to y. Let us use ¢; (y) to denote the corresponding function
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of U,. It is a natural question that whether one can prove c¢; (y) = ¢; (y), following
similar idea as that of Lemma 30. It turns out that, to do this, one need to directly
analyze the precise asymptotic behavior of ® | as y — co. While in principle this
can be done, we choose to bypass this difficulty and verify it a posteriori, after we
prove that ¢ = U,,.

Now we have all the necessary scattering data at hand, which are a,b,A;,c¢;.

Lemma 32. Suppose all the zeros of a in the upper half A-plane are simple. Then
u=U,+m.

Before proceeding to the proof, we emphasize that the result proved in this
lemma is proved under the additional assumption that all the zeros of a in the
upper half A-plane are simple. However, we will show in the next lemma(Lemma
33) that for the standard solution U, + &, the corresponding scattering data @ only
has simple zeros, whicn in turn implies that a only has simple zeros. The proof of
Lemma 33 does not depend on the result of Lemma 32, however, the construction
of explicit Jost functions in Lemma 33 is inspired by the formula (5.25) of the
proof of Lemma 32.

Proof of Lemma 32. We would like to carry out a simplified version of the inverse
scattering procedure to construct the potential u from the scattering data, following
[29]. Part of the arguments here are more or less standard. Since it is not easy to
locate the precise references, we sketch the proof below for completeness.

For fixed y € R, by (5.16), we have, for A € R,

@ A
(5.23) ¢_J¢n%1):'2633;).

Consider the operator

(#1)(€)= o [ f{(_’%dx.

Let us rewrite the equation (5.23) as
(5.24)

P_ (x,y,A)exp <—K(j)ix> —(1,00" = q)t’ll((;:;};l) exp <—K(j)ix> —(1,0)".

The left hand side is analytic in the lower half A plane, while the right hand side

is meromorphic in the upper half plane with simple poles A;,j = 1,...,m. Here

ImA; > 0. Note that the function exp (—%x) has two essential singularities:

A = and A = 0. However, one can show that

®_ (x,y,A)exp <—K(;L)i

O—ﬂﬂf%O%l%w
Moreover, ®_ ; (x,y,A)exp (—%x) can be continued to the origin. We refer

to [15](P. 396) for related discussion on this issue for the hyperbolic sine-Gordon
equation. For each fixed & € C with Im& < 0, applying the operator & to both
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sides of the equation (5.24), using the residue theorem and the fact that @, ; (4;) =
c;®P_>(A;), we obtain

(5.25) d_; (x,,&)exp <—I(fﬁx> —(I,O)T
= 3 ) ex —Mx X,V A;
j;|:§_kj p( 4 >(I)—72( »Ys J):|7
where
(5.26) Giy) = =1 0)

~ a(Any)

On the other hand, by Lemma 27, ®_ , (x,y, —&) = —ico®_ ; (x,y,&) . Hence tak-
ing & = —A;in (5.25), we get

i3 (x,3, M) exp (K(jl)ix> — (1,0

- i [/11 C:ijl exp <—K(f:j)iX> D_5(x,y, %‘)] :

=1

This is a system of m equations for the functions ®_5 (x,y,A;),j=1,...,m. Let M
be the matrix with entries

e KA).
mlj'_ll+2,jeXp< 5 i)

Let 1) := (N1,...,Mam)" , where

exXp W) @_’22 (x')yaa‘l)u ifl = 17"'7m’
exp M) (I)7712 (xayvﬂ‘l—m)a ifl=m+1,...2m.

Then we get

(5.27) ( _IM 1\14 )n =ey,

where [ is the m by m identity matrix and e; = (1,...,1,0, ...,O)T . Observe that

(e )G ) (7))

Defining

. (1 0 e (1 0N, , _(1+iM M
W=\ _y )=\ iy 1 )%= 0 I—iM )’

we can transform equation (5.27) into Z, 1} = e, It follows that for j = 1,...,m,

. detH+7]‘

(5.28) = ez
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where the matrix H, ; is obtained from replacing the j-th column of Z, by the
vector e, . Similarly, we have

detH_ ;
= detZ, T

. (10 , _(1-iM M
=\ 1 )04~ 0 I+iM )’

and H_ ; is obtained from replacing the j-th column of Z_ by e* .

Inserting (5.25) into the vector equation d,®_ ; = AP_ |, expanding both sides
in terms of & (for & large), and comparing the O (1) term in the second component,
we get

where

=i =2, [es e (5 2) @ m ().
=1
Hence by (5.28),

' omr iK(A; detH J
Uy — ity = ZlZ [Cj (v)exp <_ (2 J)x> detZiJ} .

We would like to simplify this expression. To do this, let us set

vji=¢;(y)exp <—iK(2;LJ)X) :

Note that in terms of V;, the entries of M are of the form v;/ (A, + ;) . We use Z,
to represent the matrix obtained from Z, by multiplying the / and / + m-th rows of
Zy by v, =1,...,m. For each fixed j = 1,...,m, applying the same operation to
the matrix H, j, we get the corresponding matrix A ,j- Then

Vi detH+
5.29 M)
629 i =2
Similarly, we also have

videtH_;
5.30 —iuy = L
(30 i =203, I

Observe that (dy —idy) (V;v;) = —i (A4 + A;) v;v;. We define the matrix M whose
entries are (A4; + A j)fl v;v;. Let I be the diagonal matrix whose entries on the di-
agonal is v;,j = 1,...,m. For fixed j, observe that in detI:Iﬁj + detI:I,J, terms
involving the last m components of the j-th column of det . ;and detH_ ; cancel.
Hence we have

m

Y (videtA, j+v;deth ;) = 2det (T+iM) (3, — idy) det (T — il1)

j=1

—2det (I —iM) (9, —idy) det (I +iM) .
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In view of the fact that detZy = det (74 iM) det (I —iM) , we infer
det (7— if)
det (7+iM)
N det (il +M)
det(—il + M)’
Next we show that u can be written in the Hirota form appeared in Section 2.

Indeed, if we define vi = A;"'v;, then the entries of M become (4, +4,)7! ng
and there holds

Uy — iny = 2i(dy —idy)In

= 2i(J—idy)]

m

(5.31) det(il—l—M):Z( y [i’"J'b(zl,...,zj)v;...v,j),
h<..<lj

j=1

where

2
A, — M
b(li,..l;)= ]I (B> .
1<a<pss \ et
This precisely means that u has the Hirota form given in Section 2. The identity

(5.31) can be proved by considering the coefficients of the polynomial

g(r) :=det|irl+M|.

For instance, since the determinant of the matrix ( fi’i_
nTAj

Ao — g\’
1<a<B<m <}”0‘ +7Ll3> 7

£ (0) can be explicitly computed and is equal to
detM =b(1,...m)v{---v,

m>

> _is equal to
n.j

while the coefficient of ir is the sum of all the (m — 1)-th order principle minors

M:
Y [bd) ViV

h<..<lp—y
Now we would like to compare u with U, + 7. Recall that in the expression of
U, + m = 4arctan &, there are parameters Dj4qj n?,j =1,...,m,and p; are chosen

fa
... . . . K(Aj) . .
to be positive. On the other hand, in v]’f, the coefficient before x is — (2 i) i, which

is equal to

ImA, 1 Re,; 1
1+ 3 5 | —i 1— 3 5 |-
2 (Red;)”+ (ImA;) 2 (ReA;)” + (ImA))

The coefficient before y is —% (/lj + lj_l) , which is equal to

Re?Lj 1 ,Imlj 1
— 1+ 5 5 | —i 1— 5 5 |-
2 (ReA;)” + (ImA)) 2 (ReA;)” + (ImA))
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Since u is real valued and has the same asymptotic behavior as U, + & as y — oo,
it then follows from the Hirota form of u, that (Re?tj)2 + (Im/lj)2 =1, m=n.
Moreover,

(532) Imlj:pj,Re).j:—qj, fOI‘j: 1,...,7’]’1,
andu=U,+m,cj(0)=¢;(0).
We would like to point out that for A € C with ImA > 0,

(5.33) aM)=a(2)=]]

Indeed, for A € R\ {0}, from (5.23) and det®, = 1,and b =0, we geta(A)a(—1) =
1. Let us define

The function f is analytic in the upper half A-plane R>*. By (5.23) and (5.25),
using the asymptotic behavior of @ j(as x — +o0), we find that for some constants
dj
1 O dj
=1+ I if A eR.
a(l) ,;1 A=A

Now in view of a (A)a(—A) = 1, we deduce that

m QL—AJ' .

That is, B (A) = 1 for A € R. Hence by the Liouville theorem, B (1) = 1 in R>+,
We then get (5.33) . The proof is completed. O

Next, we proceed to compute the scattering data of the “standard” solution U, +
7. We first point out that the scattering data d,B,lj,é j of U, + 7 is well defined
through functions & , which are solutions of ODEs in the Lax pair. We have the
following

Lemma 33. Let p;,q; be the parameters appearing in the solution U, + Tt and let
Aj be defined through (5.32) . Then the scattering data d of U, + 7 is given by

~ _ - )L_)Lj 2,+
a(/l)—jl;lll_i_lj,forle]l% .

Proof. Before proceeding to the details, which requires tedious computation, let
us sketch the main idea of the proof. The proof has two main steps. In the first
step, we compute the scattering data of the simplest two-end solution U; + @ by
finding the explicit form of the corresponding & (The so called Jost function). In
the second step, for n > 1, we analyze the behavior of & for y — oo, using the
asymptotic behavior of U, 4 7. The reason we can do this is that g is independent
of y. Now our key observation is that as y tends to o, U, + 7 asymptotically splits
into n heteroclinic solutions(U; + 7 with suitable parameters), passing each one of
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these heteroclinic solutions along the x direction, we gain a factor % in a(for
]

A € R\ {0}), because a is the “ratio” between &, ; and &_ ;.

Step 1. Compute d for U; + 7.

We shall define Ci>_71 directly. The definition given below is inspired by (5.25).
More precisely, define

& (x,y,A) =exp (K(Mlx> (1,07

(5.34) +exp (

>
>~

|
~_

Here

l/lj)y) HAj‘FA]

(5.35) = ,
A~ M

¢;(0) are parameters, and D_ 5 (x,y,4;) = (P_ 12 (x,3,4;) , D_ 2 (x,3, 1)) "is given
by

2 K(Aj)ix\ detH, ;j+idetH, ;
D_ 15 (x,y,Aj) =exp <_ (41) ) +,Jdetz+ +,J+n7

. K(A;)ix\ [detH, ;
D22 (x,7,4)) = exp (‘ (4]) > ( detzij>'

With the definition of ¢; given by (5.35), my; is defined by

i £10) o (500,

We emphasize that in this lemma, ¢; (y) is not defined through (5.26), and actu-
ally defined by (5.35). Hence the definition of ¢;(y) here does not require any
assumption of simpleness of the zeros of 4.

Intuitively, the function &),71 should satisfy

(5.36) b =Ad_ .

However, a direct proof of this fact for general n seems to be quite tedious. Never-
theless, in what follows, we will see that in the case of n = 1, we can verify (5.36)
by direct computation. Indeed, in this case, we have

i+myp

U +r=2iln———.
—I1+myq
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We also have
1 . 2 . 2
(5.37) sinlUy = — (l+ml1> _ <l+m“> ]
2i —i+my I+myg
1 . 2 . 2
(5.38) cosUy = —= <’+m“> +<l+m“> .
2 |\ —i+my i+my
Moreover,
u K(A)i
&1t —ex <4) ) >T
K l K(A)i .
+exp (1) X ex - (l)lx D_,(x,n,A1)],
4 4 '
where &_ 2 (M) = (CiD 12 (xy, A1), Ci> 2 (x, y,)Ll)) ,
~ (l])lx mj
b )L = )
12 (%,y,41) P< 4 1+m%1
K (A)ix 1
D M) = — .
,22(%)’; 1) eXp( 4 1+m%1
Recall that
na ] U inU X
ACP,]:i A,-FCOS ! Gg—[(&x—iay)Ul]Gz-l-Sln 101 (13,71.
' 4 A A
The first component J; of the vector AQD,J is
i COSU[ K(A)l @1 (y) K()Ll)i mj
(A 1 tYV7 _
4< T >eXP< ;" +2(7Lf/11);ue"p > )T me,
ox K(?Ll)ix 1
x /11 AP 2 ) Teml,

+ 103 0] exp(
e <K(Mix>[ (xé z?)xlep< = >1+1m%1]

! 4
Recall that the function my; is defined by
_ay) (M)i
mp; = 4112 eXp ( 5 .

Using this, we find that J; exp ( (f) x) is equal to

i cosU 24 my,
4<7L+ p) ><”A—xl1+mﬁ

1 . 211 mip i SiIlU] 2&1 mi
+4[(ax_lay)U1]</l—7Ll1+m%1> 4 A (/I—)Llu—m%l)
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On the other hand, the first component J; of d,®_ | has the form:

K(A)i K(/l)i)( 20 m%1>
4 eXp< Y A g

K(A)i \ 2A4 —K(A)im?,
—i—exp( 4 x)l?tl (1+m%1)2'

Now we can compute
K(A)i 1+4cosU, 241 m3
45 —JF - = 1
(‘1 1)exp< 1 x) i— +)L—?ql+m%l
,sinUl 27L] mip 8i m%l
i - .
A k—)bll—l—m%l 1—11 (1—1—1’11%1)2

Inserting (5.37), (5.38) into the right hand, we see that it is identically zero. There-
fore, the first component of 8)@771 —ACTLJ vanishes. Similarly, its second com-
ponent is 0. We then obtain 8x<i>,,1 = ACTD,J. We also observe that <i>,1 has the
required asymptotic behavior:

&_jexp(—Kix/4) — (1,0), as x — —oo.

With the explicit form of the function <i>,71 at hand, using the relation Ci>+71 =
ad_ | for A € R\ {0}, we directly compute that

f ANl d
(5.39) a(2)" =1+ 2 A e R\{0,

for some constant d; (actually one can calculate directly that d; = 2A;). In view of

a(A)a(—A)=1for A € R\ {0}, we deduce from (5.39) that

A
1

We should point out that at this moment we still don’t know whether A, is a zero

of d. Hence we can’t use the argument of the last paragraph in the proof of Lemma

32 to conclude that @ (A1) = i;ﬁ in R%*. To bypass this difficulty, we would like

to show that @ cannot have repeated zeros in R>*. Indeed, suppose to the contrary
that A] is a zero of d in the upper half A plane with multiplity k¥ > 1. Then using

(5.40) a

if 2 € R\ {0}.

the residue theorem as that of (5.25), we find that in ®_ ; (x,y,&), there are terms
like
(I)-h] <x7y7 A;) exp (_K(/lj)lx>

(6-%)"

This together with the relation CTDJ“[ = a<i>,,1 implies that @~! will not have the
form %fﬁ on R, which is a contradiction. Hence all the zeros of @ has to be simple
and then by Lemma 32, the scattering data of U; + 7 is given by

A=A
A+A

a(k)=a(r) =

L for A € R>T.
1
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Step 2. Compute a4 for U, + w,n > 1.

Let us first compute the scattering data d of the four-end solution U, 4+ . To
carry out the analysis in full details, we need to introduce some additional nota-
tions. U, + 7 has two ends in the upper half x-y plane, which are two half straight
lines denoted by L, L;. Along each end, as y — 4o, it converges to the one dimen-
sional solution U; + 7 with suitable parameters, p;,q;,M;0. Let us denote the one
dimensional solution around L; by Uj o + &, and the one around L, by U g + 7.
We also assume without loss of generality that L; is at the left of L, in the upper
half plane.

For Uy o + 7 and Ui p+m,we have corresponding Jost functions ‘i’al,a’ ﬁ)_’l,ﬁ,
defined in the first step. Hence

KD 1 a=Agd 10,0D 1 5=Apd_,p.

Moreover, ®_ | 5 exp (—Kix/4) — (1,0)" , and d_ | pexp(—Kix/4) — (1,0)", as
x — —oo. We emphasize that <i>_17a and (i)—h p also depend on the y variable.

a

The Jost function of U, + 7 will still be denoted by ®_ 1, but at this moment we
don’t have explicit formula for it(although it is expected to be of the form (5.34),
we didn’t prove that, because the computation is tedious). We also have

9b_ | —Ad_,
and & exp (—Kix/4) — (1,0)", as x — —oo. Recall that for A € R\ {0}, a@(A)
is defined by the relation
(5.41) b, =ad_,

where @, ; is the Jost function with &, jexp(—Kix/4) — (1,0)", as x — ~oo.
Hence computing @ amounts to analyzing the asymptotic behavior of CiD,,l as x —
o0,

In the following, we consider the relevant functions in the upper half plane. The
half straight lines L; and L, form an angle. Let us denote its angular bisector as
L*. Since U, + 7 tends to U o + 7 along the end L; exponentially fast, the proof
of Lemma 30 tells us that for some positive constant Jy,

(5.42)

|D_ 1 —d_ 1 q] <Cexp (—51\/x2 +y2) , if y > 0and (x,y) is at the left of L*.

We remark that although Lemma 30 deals with matrix valued solutions, the argu-
ment also can be applied to vector valued solutions with straightforward changes.
On the other hand, by the explicit formula of ®_; 4(or using the fact that the scat-

tering data d of U ¢ is %), we have, if (x,y) lies in the right of L;, then
A+M
A—A
where &, > 0 is a small positive constant and d (x, ) is the distance of (x,y) to L;.
Combining (5.42) and (5.43), we find that on the line L*,

A+
A—A

(5.43) ‘él,a(x,y)exp(—mx/zt)— (1,0)"| < Cexp(—&d (x,y)).

(5.44) ]é,ux,y)exp(—mxm)— (1,0)"| < Cexp(~8d(x.y)).
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for some small positive constant §.
Next let us consider the function ®* | B defined by

- A+ ll N
@7’173 = m®_717ﬁ.
Note that &* 1.8 still satisfies the equation d,®* 1B

’&*M exp (—Kix/4) — ift (1,0)7

ﬁci> 18" We have

=A
<Cexp< 5d ),onL*,

for some positive constant &, and d (x,y) is the distance of (x,y) to L,. Hence by
(5.44), reducing 9§ if necessary, we get, for (x,y) € L* in the upper half plane,

‘43—1 (x,y) — 15’<CCXP( 5y).
Again by the proof of Lemma 30, we find that for (x,y) at the left of L*
(5.45) ‘cp_] x,y) — 13‘ < Cexp(— 5y)+Cexp( &/W)

Here we emphasize that in the right hand side of the above inequality, we have the
term Cexp (—0y). The reason is that ®_ ; (x,y) and ®* | p are not identical on the

line L*. Nevertheless, we also know that solution 17 of the equation d;) = An with
initial condition n = ®_ ; (x,y) — ®* 1,p at L* is bounded by C exp (—dy) at the
right of L*. This fact again follows from the proof of Lemma 30, which using the
assumption A € R in an essential way.

Now by the asymptotic behavior of &_ 1,8 @S X — oo, (5.45) implies that

. A+MA+A
Jim_ (& (y)exp (—Kiv/4) = 5751752 (1,0)7 | < Cexp(=8y).
Sending y to +eo and using (5.41), we deduce

R A—MA—A
a(d) = :
A+MA+A
For general U, + m,n > 2, we can repeat the above arguments as we passing
across each end along the x direction, and conclude that

.
a(d) = )
1557

for A € R\ {0}.

Then we can use the arguments in the last paragraph of Step 1 to conclude that all
the zeros of @ are simple and

Hl A forAE]Rz+

This finishes the proof. U

With these preparations, we are now ready to prove the main result of this sec-
tion.
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Proof of Proposition 25. Recall that a is the scattering data of our original solution
u. Lemma 31 tells us that # and U, 4+ 7 have the same a part of the scattering data.
Hence

My yyy

A1) = , for L e R*T,
a(l) JI;I1 Py or
In particular, all the zeros of a in the upper half A-plane are simple. We then apply
Lemma 32 to conclude that u = U,, + 7. The proof is completed. U

6. MORSE INDEX OF THE MULTIPLE-END SOLUTIONS

In this section, we shall compute the Morse index of the multiple-end solu-
tions U, of the elliptic sine-Gordon equation —Au = sinu through a deformation
argument. By definition, the Morse index of U, is the total number of negative
eigenvalues of the operator ) — —An — 1 cosU, defined on L? (R?). The main
result of this section is the following

Proposition 34. The Morse index of the 2n-end solutions to the elliptic sine-
Gordon equation is equal ton(n—1) /2.

We shall split the proof of this result into several lemmas. Before proceeding,
let us first of all briefly recall the so called end-to-end construction of multiple-end
solutions of the Allen-Cahn type equation, developed in [40]. Roughly speaking,
for each n > 2, we can glue n(n— 1) /2 number of four-end solutions together by
matching their ends and obtain a solution with 2n ends.

To explain the construction in a more precise way, we choose n straight lines
Ly,...,L, such that these lines intersect at n(n — 1) /2 distinct points. The intersec-
tion point of L; with L; will be denoted by @; ;. We assume the minimal distance
between those points @; ; is equal to 2.

For each k large, the end-to-end construction in [40] tells us that we can “desin-
gularize” the configuration of n rescaled lines kL1,...,kL,. Actually, we can put
four-end solutions g; ; near each rescaled intersection point k@; ; at a distance of
O (1) order in a suitable way and match their ends to form an approximate solution
iix. The center of g; ; will be denoted by z; j = z; j (ux) . Around each z; j, i is equal
to g; ;. By slightly adjusting their ends, we can perturb the approximate solution i
into a true solution u; of the Allen-Cahn type equation.

Throughout this section, we shall use B, (p) to denote be the ball of radius r
centered at the point p. Let ¢y be a fixed large constant. The following estimate is
a direct byproduct of the end-to-end construction: There exists 6 > 0 such that

6.1) |ug — iix] < Cexp(—06k), in By (0).

This essentially follows from the fact that the error Ay, + sin i of the approximate
solution iy, is of the order O (e*‘Sk) )

Lemma 35. Let uy be a solution obtained from the end-to-end construction dis-
cussed above. The Morse index of uy is at least n(n— 1) /2 for k large.
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Proof. For each index pair (i, ),i,j = 1,...,n,i < j, we use n;; with ||;|,.. =
1 to denote a choice of the negative eigenfunction of the operator —A —cosg; ;,
corresponding to the (unique) negative eigenvalue o; ;. That is,

—An;,j — Mi,jCosgij = i jNi;-
The total number of such functions is n(n— 1) /2.
Let p; ; be cutoff function localized near z; ;, such that

‘ { 1,in B k(ZiJ),
Pii= 0, in R\B, 4 (zi))-
We can also assume that p; ; and its first derivatives are uniformly bounded with
respect to k. Let 1)’ := p; j7;,j. Since the mutual distance between those point z;
are of the order O (k), we see that n;; have disjoint supports. Using the fact that
n;,; decays exponentially fast to zero away from z; ;, we can show that for k large,

/]1%2 (‘ana:JlZ - (n:j)zCOSMk)
= R2 <<|Vﬂi,j‘2 — TIl%j cos uk> Piz,j +2pijNi,;VPijVNij+ nl%j ’pr_ ’2>
<0.

Hence the Morse index of uy is at least n(n—1) /2. O

Before proceeding, we need to introduce some notations. Let .4 (uy) be the
nodal set of u; and let d (p, .4 (1)) be the distance of a point p to the set A (i)
Let ry be a large constant, we set

Q= Qro = U Bro (Z,‘J (I/lk)) .
i,j,i<j
We use H to denote the one dimensional heteroclinic solution. Explicitly,
H (s) = 4arctan (¢’) — 7.
Throughout the section, we use C to denote a universal constant. One of the main

ingredients in the proof of Proposition 34 is the following

Lemma 36. Let —kkz( with Ay > 0) be a negative eigenvalue of the operator —A —
cosuy. Then there exists a constant ¥ < 0 independent of k, such that —lkz < O for
all k.

Proof. Let ¢ be the corresponding eigenfunction of the eigenvalue —7Lk2, normal-
ized such that || @, = 1.
First of all, we would like to prove that if r is a fixed constant chosen to be large
enough, then
19¢l,-a, ) >

where ¢ is some positive constant independent of k.
Be definition, ¢ satisfies

(6.2) —Ad — Prcosuy = — Aoy
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As d(p, A (ug)) — oo, there holds |ux| — 7 and cosuy — —1. It follows that
when d (p, .4 (u)) is sufficiently large, —cosu; + A2 > 1/2. Hence by construct-
ing suitable barrier functions of exponential type, we find that for some positive
constant & > 0,

(6.3) |0« (p)| < Cexp(—8d(p,. A (), for p € R,

Let us estimate ¢ in the region R?\Q. To be more specific, we focus on the
region around the the nodal line [*, which connects two adjacent four-end solutions,
say g1 and g 3. Without loss of generality, using (6.1), we may assume that
this nodal line is given by the graph of the function y = w(x), and reducing 0 if
necessary,

w ()] < Cexp(—Smin{lx—n],[x—1a]}) ¥ € [r,12],

with (tl,w<l1)) S aB,O (21’2 (uk)), (Z‘Q,W(lz)) € 88,0 (Z1,3 (uk)) . Note the |l‘1 —l‘2| 18
of the order O (k) , and 11,1, actually also depend on k.
Let us define the function

nw = [ o) B )y

Since ¢ satisfies (6.2), for x € [t1,1;], h satisfies
—h" (x) = —A2h(x) + O (exp (— S min {|x — x|, |x — x2|})).

p(x)

Variation of parameter formula then tells us that for some constants a, b,

h(x) = aexp (Mx) + bexp (—Axx)

1 X
+ ——exp (lkx)/ exp (—Axs) u (s)ds
24

1

1 X
(6.4) - 57 P (A / exp (Jus) 1 (s) ds.

51

Let us define

S

fs)= ﬁu(S)dS-
By the estimate of ut, we have
|[f (s)] < Cexp(=dmin{|x—n],|x—1nl}).

Integrating by parts leads to

= 2;Lkexp (Ax) /” " exp (—us) p (5) ds — Z}Lkexp(—lkx) /[l " exp (Aes) 1 (s) ds
1 X 1 x
= S exp(A) /[1 F ($)exp (~s) s+ 3 exp(—ha) /tl £ (s) exp (Aus) ds.

Then I can be estimated by
[I| < Cexp(—0min{|x—1],|x—1]}).
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Let Iy (x) := aexp (A4x) + bexp (—Axx) . By maximum principle, we have
[Io (x)| <max{|lo(t1)],|lo(r2)|}, forx € [t;,12].

Therefore,

()] < C([h(11)]+|h(22)| +exp(=dmin{lx—11],|x—naf})).
In particular, this implies that
©6.5)  |h(x)] <Cl =) +Cexp(=min{|x—11],[x—12]}), x € [t1,12].
On the other hand, we define

V"= g (x,y) —h(x)H' (v).

Let 0p > 0 be a fixed small constant and yo (x) := cpmin{|x —1|,|x — 12|} + 10.
Consider the region

E:={(x,y):x € (11,02),y € (=yo0(x),y0(x))}.
Let p be a cutoff function such that p = 0 in R?\E, and p = 1 in
{(xy):xe(m+1,n-1),y€(=yo(x)+1,y0(x) - 1)}.

Define v = pv*. Observe that although v is not necessary orthogonal to H’', we
still have

Lo@n# 0)dy= [ [oc(xy) ~h@H 0)] pdy
=0 (exp(—0min{|x—1|,|x—12[})).
By the decay estimate (6.3) of ¢, we have
—Av —vcosH (y) = O(exp(—dmin{|x—11|,|x—12|})).

Applying the estimates established in Lemma 3.5 of [12], reducing 6 if necessary,
we get

(6.6) |v] < Cexp(—0min{|x—1|,|x—1|}).
Estimates (6.3),(6.5) and (6.6) tell us that(enlarging the constant r if necessary)

19kl =) = s

where o is some positive constant independent of k.

To prove the lemma, we assume to the contrary that for a sequence k,, — oo,
the eigenvalues Ay, (ux,) were tending to 0. We still denote &, by k and Ay, (u, ) by
Ai (ug) -

Suppose for some constant ¢ > 0, an index pair (7, j) satisfies

19l (3, (=,,)) = @& > O for all k.

Then the function ¢ (Z - Zi,f) converges to a nontrivial bounded kernel f3; ; of the
operator —A — cos g; 5, where g; 5 is the four-end solution centered at the origin
obtained from suitable translation of g; ;. We would like to analyze the asymptotic
behavior of ¢ around z; ; in a more precise way.
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To simplify the notation, we assume z; ; = 0. After a possible rotation, the four-
end solution g; ; has the form

h
4 arctan M —T,

gcosh (px)

where p, g are positive constants with p> + ¢> = 1. Then by the L*-nondegeneracy
of four-end solutions, f3; ; = 7 8xgl-7 tn 8y &i 5 for some constants 7y, 7,. The nodal
curve of g; 7 in the first quadrant is asymptotic to the line

[ :qy—pleng.
p

The ends in the second, third and fourth quadrants are asymptotic to Ip,/3,l4 re-
spectively, where

bigy+pr=mn,
p
bi:—qy—px=In",
p
, .4
lg: —qy+px=1In—.
p

Without loss of generality, we assume p < g. The case of p > ¢ is similar. The
line /; intersects with the y-axis at the point <O, éln %) . This point will be denoted
by P.. The intersection point of the line /3 with the y axis will be denoted by
P_ = (O, —éln%) . We also introduce the coordinate system (x,y;) adapted to

the end in the first quadrant, where the x; axis is on /1, and the y; axis is orthogonal
to /;. Hence the angle between x and x; axes is equal to arctanZ, which is also

equal to the angle between the y and y; axis. The origin of the (xj,y;) coordinate
system will be the point P;.. Similarly, for j =2,3,4, we have the coordinate system
(xj,y;) corresponding to the end in the j-th quadrant, where the x; axis is on /;. The
origin of (x,y,)-system is Py, while the origin of (x3,y3) and (x4,y4) systems is
P_.

By the linear decomposition lemma(Lemma 4.2 of [11]), or using the explicit
formula of the four-end solutions, there exists constant 6 > 0, such that

‘8xg;7f+qH’ (yl)‘ + ‘8ygl-,;—pH’ (yl)} < Cexp(—06x1), in the first quadrant.
Hence in this region,
(6.7) B:;= (—tig+mp)H (y1)+ O (exp(—0x1)).

Similar asymptotic behavior holds in other quadrants. Let us list them below for
later purpose.

B:;= (tig+1p)H' (y2) + O (exp(—dx2)), in second quadrant,
B:;= (tig—p) H' (y3) + O (exp(—0x3)), in third quadrant,
B.;= (—Tig—12p) H' (y4) + O (exp(—38x4)), in fourth quadrant.

We also setaj := —T1g+ Tap, az :=T1q+ Top, a3 := T1q — Tap, a4 := —T1q — T2 P.
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By the end-to-end construction(see the construction of the kernel & at the end
of the proof of this lemma), there exists a solution y; solving

(6.8) —A’}’k — Yk CoSu, = 0,

— B, 7| < Cexp(—8k) in By (z; 7) - The bound
exp (—Ok) essentially follows from the estimate (6.1). Recall that

(6.9) —Ad — Prcosuy = —A2 oy

If we denote the outward normal derivative with respect to the boundary of the ball
By := By, (zl-.j) by dy, then from (6.8) and (6.9), we deduce

faBk (Ykavq)k - ¢kav7k)

(6.10) AP =
¢ J, (D)
For j =1,...,4, in the j-th quadrant, by (6.4) and (6.6),
6.11) O = [ka exp (—Axx;j) +my jexp (lkxj)] H (y))+ & (x,y),

where by ;, my ; are constants depending on k and
‘Cj‘ < Cexp(—¥0x;), in j-th quadrant.

We emphasize that in the decomposition of the form (6.11), the constants by ;,my ;
may not be uniquely determined and may not be uniformly bounded with respect
to k. However, we know that as k — oo, around z; 7, ¢ — B; ; and A4 — 0. This
implies that as k — +oo,

bi,j+myj— aj, for j=1,....4.

Recall that the minimal distance between points k®; ; is equal to 2k. Using the
asymptotic behavior of 8; 7 and (6.11), we have

(6.12)
4

/aB (WO Ok — Qv 1) = Y (@jAx [—brjexp (—Auk) +my jexp (k)] ) +O (exp (—6k)) .

k j=1
On the other hand, still by (6.7) and (6.11), we have
(6.13)

4

/ (%) = Z (aj [—br,; (exp (—Ack) — 1) +my j (exp (Aek) —1)]) +O(1).

To simplify the notation, let us set

4
= Z (aj [—brjexp (—Ak) +my jexp (Ak)])
=1
and

4
(6.14) N:=Y (aj(br;—mij)).
j=1
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Using these notations and (6.12),(6.13), we see from the identity (6.10) that
12— MM + O (exp (—6k))
A MAATINFO(1)

This implies that
(6.15) N =20 (exp(—8k)) +o(1).

Claim: Ak — 0 as k — +oo.

To prove this claim, we assume to the contrary that the claim were not true.
Then we can find a subsequence, still denoted by Ay, such that A; > ¢k~ for some
fixed positive constant ¢;. Then by (6.15),

(6.16) N — 0, as k — oo,

Note that for each index pair (ig, jo), we can associate to it the corresponding
quantity N, which satisfies (6.16) . To make things more rigorous, let us introduce
some notations.

For any index pair (i, j), we have the rescaled lines kL;,kL; introduced at the
beginning of this section. They intersect at the point kw; ;. We also designate a
direction for each of these lines. We know that around the point z; ;, we have
put the four-end solution g; ;, as a building block for the approximate solution for
up. As k — +oo, ¢y (z—z;j) tends to a kernel B; ; of the operator —A —cos g; ;.
Previous analysis tells us that along the four ends of g; ;, we can associate the data
aj,by j,my ;. To distinguish between different intersection points, we write those
“a” part of the data as a; , ; and a; _ ;. More precisely, a; | ; will be the “a” along
the end of g; ; correspondmg to the pos1t1ve direction of kL;, while a; _ ; will be the
“a” along the end of g; j corresponding to the negative direction of kL Similarly,
we have b} and b; _ ;,m; _ ;, which actually depend on k. We also point
out that some of a; , ; could be zero/

i+,j? t+ J —J
For each fixed j = 1,...,n, we associate the following quantities to the line kL; :
Pj = Z |:a77+7i (b;7+7i J =+, l) +a 71 (b; 71 m;*vi)] ’
i#]j
Qji= Y [aiy; (biyj—miy ;) +ai_; (bi_j—mi_ ;)]
i#]j
Summing up the identities (6.16) for all index pairs (i, j), we find that as k — oo,

Y 01 —o.
=1

There are two possible cases.

Case 1. There exist constant o > 0, and index jy, both independent of k, such
that Q;, > o for all k large.

In this case, summing up the identities (6.16) for all index pairs of the form
(i, jo), we find that

(6.17) P, < —%, for k large.
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We can relabel the indices such that jo = n, and the intersection points @i p, ..., Wy—1 .,
are in the order consistent with the positive kL, direction. Fix an index i and write
the line segment connecting k®; , with k@; , as L*. For the four-end solution g; ,,
the coordinate system adapted to its end corresponding to L* will be written as
(x;,Yi) . For the four-end solution g; ,, the coordinate system adapted to its end
corresponding to L* will be written as (X;+1,yi+1)- As we have analyzed above,
around L*, the main order(the part parallel to H') of ¢ in the (x;,y;)-coordinate
has the form

[bfl#_iexp (—Ax;) +m;+7iexp (lkxi)] H (yi);
while the main order of ¢ in (X;+1,y;+1)-coordinate has the form
[bfz.,—.,iﬂ exp (—AXiy1) + mZZ,_,m exp (Akxiﬂ)} H' (yis1).

Choose any point on L* and let d; be the sum of its x; and x;,| coordinates. Note
that d; = O (k) . Then we have the following relation:

(6.18) by i =my, _i1exp(dily).
Similarly,
by ip1=my 1 iexp (did).
It follows that
b=y by =
(6.19) = (m2 it i) (exp (2didy) = 1).

In view of the fact that by, | ;+m, . ; =a, , ;+o0(1), we obtain

)
)

* * * _1x2 *2 * *
an,+,i (bn,+,i - mn,+,i) - bn,+,i - mn,+,i +o (‘bn,Jr,i - mn,+,i

= by =m0 (1) (14 |m)

and

i (b= ) = by =2 o (1) (1 |my, ) .
Here we remark that under the assumption that A;, > c1k~!, we can actually show
that m; jare uniformly bounded with respect to k. But the proof below does not

need this.
Now by (6.19), for the line kL,,, we have

Py = Z [a2,+,i (b:,+,i - m:,+,i) +a, _; ( i mjzfz)}

\1:\.
N

2

n

g

—

[(mft,zﬂ +m2,2—,i+1) (exp (2d;iAy) — 1)}

,2—,1 _m;kz72—71) + ( :,2+,n—l _m;fl?-i-,n—l)

o

+

S %

n—1
(6.20) +o() Y (14 |m; | +|m; ]
i=1
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Due to the fact that ¢ decays to zero at infinity, there holds m, _ | =m, 0.

It follows that

n,+,n— 1=

*2
bn—] n—l+bn+n 1 n7+7n—1
= an,—,l +an,+,n—1 +0(1) .

Therefore using the assumption that A, > ¢k~ !, we get
exp (261',‘2//{) —1 Z exp (2C1d,‘k_1) —1 Z cy) > 0

for some fixed constant ¢, and thus liminfy_, ., B, > 0. This contradicts with (6.17)
and hence Case 1 can’t happen.

Case 2. For any index [, Q; — 0 as k — +-oo.

In this case, we should have

(6.21) lim P, = 0,for any fixed index /.
k—>—o0

On the other hand, we still have identities similar to the form (6.20), for any line
kL;. In view of the assumption that |||/~ = 1, we know that for at least one index
pair (i, jo) , the constant a;, | ;, is nonzero. Without loss of generality, we assume
Jo=n.

If a; _1 is nonzero, by (6.20), we have liminfy_, ;. P, > 0, which contradicts
with (6 21) If a; | =0, then we consider m, , ;. There are two possible sub-
cases.

Subcase 1. Up to a subsequence, ‘ > ay > 0, where q is a constant

i
independent of k.

In this subcase, still by (6.20), we have liminfy_, ; « P, > 0, which again contra-
dicts with (6.21).

Subcase 2. m,, , | — 0 as k — oo.

In this subcase, using the fact that @, . | =a, _ | =0, we have b:‘z 41— 0as

k — +oco. Hence m,, _ , also tends to 0, by (6. 18) Now instead of a, _ 1, we can
consider a, _,. If a _ o is nonzero, then we again get a contradlctlon by using
(6.20).

This procedure can be repeated until we arrive at a, _ ;, and get a contradiction.
Hence Case 2 can’t happen. The Claim is then proved.

Let ¢ be a fixed large constant. With the information on A; at hand, next we
would like to prove: there exists a function & satisfying || ||~ < oo,

16k = Okl =5, = 0 (1),
and
(6.22) —Aék — ék cosuy = 0.

The proof of this fact will be based on the end-to-end construction. Let us explain
it in the sequel. More details about the end-to-end construction can be found in
Section 3 of [40].
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We recall that around each z; ;, the sequence of functions ¢ (z—z; ;) converges
to B3 j, where f3; j is bounded and

—Aﬁm‘ — ﬁw' COSgl’J = O

Up to a rotation of the coordinate system, we can choose positive direction e; =
(ej,1,€j2) for each line kL; such that e ; > 0. We also assume |e;| =1 and e, <
ejr1, forall j. For each fixed index j, the line kL; intersects with other n — 1 lines.
The one with the rightmost intersection point with kL; will be denoted by kL;;. The
ends of uy in the right half plane are asymptotic to the lines kL;, j = 1,...,n. For
the functions B, ;, recall that we have introduced the constants a; y ;.

Let € > 0 be a small parameter. Let kL; ¢ be the line obtained by parallel trans-
lation of kL; in the direction orthogonal to e; with a distance equal to € |a.,-,+,lj‘ .
If aj+1 is positive, then kL; . is above kL;, and if aj+ is negative, then kL; .
will be below kL;. By the end-to-end construction, there exists a solution uy ¢ to
the equation —Auy ¢ = sinuy ¢, whose ends in the right half plane are asymptotic to
the lines kL; ¢, j = 1,...,n. This construction relies on the fact that we can consec-
utively adjust the centers of the four-end solutions according to the new set of lines
kL;j ¢, from right to left. Let us define

. U e — Uk

S = llg% e
Then & is the desired function. To see this, we first observe that by the construc-
tion, & satisfies (6.22) and has the same asymptotic behavior as 3;; ; along the end
kL; in the positive kL; direction. Note that for any bounded kernel of the four-
end solution, its asymptotic behavior(the part parallel to H’) at infinity is deter-
mined by its asymptotic behavior along two of its ends. The estimate 4, = o (k_l)
tells us that away from the centers of g; ;, the projection of ¢ onto H' is not too
far from a constant, indeed, its error is of the order o(1). We then deduce that
10k — &kl 1= 8,) = 0 (1) It remains to prove that & is bounded. To show this, let

us recall that uy is equal to U, with suitable parameters p;,q;, n}). We then con-

sider the solutions U, ¢ with the same p;,q; as U,, and with nﬁg being close to n;),
chosen in such a way that the ends of U, ¢ in the right half plane is asymptotic to
kL; ¢. Then we define the function
T Un,e - Un
S 1= lim e

Since the ends of U, ¢ in the left half plane is also parallel to kL;, j =1, ...,n, we see
that Hé,:‘ HLDQ < 4-o0. Now we consider the function ® := & — &. Then ® (x,y) — 0,
along the ends of u; in the right half plane. Then by the proof of nondegener-
acy in Section 4, ® = (. The fact that ® = 0 can also be proved in the following
way. We know that the dimension of the kernel of the operator —A — cosuy in
the space of functions with at most linearly growing rate along each end is equal
to 2n, which follows from the nondegeneracy of U,. On the other hand, differen-
tiating U, with respect to g; yields a kernel linearly growing along kL;, both in
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the positive and negative directions. These provides us with n-linearly indepen-
dent unbounded kernels. We also observe that differentiating U, with respect to n;-)
yields bounded kernel which does not decay to zero along kL ;, both in the posi-
tive and negative directions. Hence @ has to be zero. We then conclude that & is
bounded and hence is the desired function. Note that there is a delicate issue here.
Namely we are not choosing & to be & directly, because at the beginning we don’t
have very precise asymptotic behavior of £ and we can’t immediately infer that
H(‘,‘Ij - ¢kH ;- = 0(1). This is why we use the end-to-end construction to get better
asymptotic behavior of .

Along each end, ¢y decays to zero, let (x,y) be the coordinate adapted to this
end, then ¢ has the form

O = brexp (—x) H' (y) + 0 (d (z,Uz)) -
Along this same end,
& = axH' (y) + 0 (d (z,Uzi,;))

Moreover, using the properties of &, we have by — a; — 0. We also know that
there exists at least one end such that the corresponding |a| is bounded away from
0 uniformly with respect to k. We then compute that [, (Ex¢) > 0, which implies
Ar = 0. We remark that one can also use similar arguments as that of the proof
of the claim proved above to conclude directly that A; = O(here one uses the fact
that along each end, the m* part of the function ¢, vanishes). In any case, this
contradicts with —7Lk2 < 0. Hence the lemma is proved. ]

Lemma 37. The Morse index of uy is at most n(n—1) /2 for k large.

Proof. Suppose to the contrary that there were n(n— 1) /2 + 1 negative eigenval-
ues(counted with multiplicity), with corresponding eigenfunctions ¢ ;,j = 1,...,
n(n—1)/2+ 1, normalized such that H‘PkJHB(RZ) =1, and [p> (¢,ifx,;) = O for
i .

For each index / and index pair (i, jo), as k — +oo, the sequence @ (-) :=
Ox1 (- — ziy,j,) converges, up to a subsequence, to a function .., satisfying

—AQo — Pos COS §iy) iy = iy jy P
where o;; j, is the unique negative eigenvalue of the operator —A — cos g;, j,- Note
that ¢., could be the trivial zero function. However, for at least one index pair, it
will be nontrivial.

Let n/'; be the function introduced in Lemma 35. Letd (p, Uz;, ;) be the distance
of a point p to the set of all points z; j,i, j = 1,...,n,i # j. For each fixed index [, up
to a subsequence, we can assume that for some constants o; j;,i,j = 1,...,n,i # j,
independent of k, and some & > 0,

Oi(2) =Y (aijum;;)+ @ (z)exp(—6d(z,Uzi))
it
where ||@)| = (g2) — 0 as k — 0. Observe that there exist constants ¢, s = 1,...,
n(n—1)/2+1, at least one of them being nonzero, such that for each fixed index
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pair (i, ) ,
n(n—1)/2+1
Z aiJ’SCS =0.
s=1
Hence
n(n—1)/2+1 n(n—1)/2+1
Z CsPrs = Z (cs@; (z) exp (—6d (z,Uz; ) -
s=1 s=1

Since ¢ ; and ¢y ; are L?-orthogonal to each other for i # j, the L? norm of the left

n(n—1)/2+1
Z 2 > 0; while the L? norm of the right hand side
s=1
tends to 0 as k — +oo. This is a contradiction. Hence the Morse index of u; can’t
be greater than n(n— 1) /2 for k large.

We remark that from technical point of view, there is an alternative way to prove
this lemma. That is, firstly, one can perturb the function 7);; into a true eigen-
function 7; ; using implicit function theorem. Then one can show that any eigen-
function corresponding to a negative eigenvalue can’t be orthogonal to all these
eigenfunctions f; ;. O

hand side is equal to

Proof of Proposition 34. We have proved that the Morse index of u is equal to
n(n—1)/2if kis large. Now observe that any 2n-end solution U, can be deformed
to a solution of the above form, through a family of 2n-end solutions. As we
proved in Section 4, all the solutions in this family are L”-nondegenerate. Due to
the continuous dependence of the eigenfunction upon this deformation, the Morse
indices of all these solutions have to be same. This implies that the Morse index of
any 2n-end solutions is equal ton (n—1) /2. O

Proof of Theorem 3. Proposition 25 tells us that any 2n-end solution is belong to
the family U,,. All solutions in this family are L™-nondegenerate and this family has
2n free parameters. Hence the set .45, of the 2n-end solutions is a 2n dimensional
manifold. Proposition 34 tells us that their Morse index is equal to n(n—1) /2.
This finishes the proof of Theorem 3. (]
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