SOLUTION TO MATH 256 ASSIGNMENT 1

e Full mark: 80.
e Warning: When f is a trig function, say cos(wx), the Fourier coefficient must be dealt with separately, in this
case a1. This is a common mistake in Q7.

(1) (a) As before, y = y5 + y, = Cy cos(v/2z) + Oz sin(v/2z) + sinz. Boundary conditions implies C; = Cy = 0, so
(b) Here y, = Cy cosx + Cysinw. Let y, = x(Acosz + Bsinx) and plugging in we have y, +y, = 2(—Asinz +
Bcosz). So A= —%, B=0,y=Cicosz+ Cysinz — 23300830 From y(0) = 0, C; = 0. However, from y(7) = 0,

we get 5 = 0, which is impossible. ’Therefore this problem has no solution. ‘

Alternatively, you can multiply both sides of the equation by sinz and integrate from 0 to 7. You will get a
contradiction because [ sin®z da # 0.

(c) Asin (b), yp = Cy cosz+ Cysinz. Try y, = 2(Acosz + Bsinz) + C to get y, = —3xcosz — 5. Then, from

y(0) =0,C; = 0. Buty = Cysin x—%x cos :c—% is not consistent with y(7) = 0. ’ So this problem has no solution.

(d) As in (b), yp, = Cycosz + Cosinz and y, = x(Acosz + Bsinz). This time we get A =0 and B = 1, so
y = Cicosz+Cysinz+ Sasinz. Now y(0) = 0 implies C; = 0 and we see that y(m) = 0 is automatically satisfied.

Therefore we have a family of solutions |y = Cysinx + %x sin .
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(2) (a) We compute ag = f_ vdr=-% ap, =1 f zeoskrdr = L [z smbr 1. _C;;Sk”]o_ﬂ =

b = %f ;vsmkxdx—( 1 . So

T~ (1D (=1*
ac)~—4+k2_:1< o coskx + k sinkzx | .
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(b) Similarly, using ag = %fil f(z)dz and a; = f f(x) cos(kmz) dx etc. we have

fz) ~ z, i (2(_1)k coskrz + <1 —2-) 1o (_1)k> sin km> .

3 k272 km k373
k=1

(c) We can combine the z integrals which is odd: ag = %(fixdm + f02 dz) = 3, ap = %IQQCUCOS Luty

f02 cos ’”TT dx = 0, by is computed as usual. These yield

oo

Z 1_9 ))sinlm—x
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(3) (1)(a) ap = fol sinTz dr = 2, a; = 0 by orthogonality, for k > 2 using product-to-sum we have

k+1 1 1
N*-i-z <k+1—k_l>cosk7mc.

(1)(b) Since sine is odd the odd extension has Fourier series

f(z) ~ sinme.
(2)(a) Again cosine is even so the even extension has Fourier series

f(z) ~ cosmx.
1
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(2)(b) by, is computed similarly as the ay in (1)(a). Hence

1 (=) 1 1 )
f(x)N,;Q - kz—|—1+k:—1 sin kmz.

(3)(a) By direct computations

% _9(_1)k
flx) ~ Z 2(127(1))&11 krx.

(4) (a) Direct computations yield |ag = 3, a1 = 5, by = 2.
(b) Denote the Fourier series of f(z) by Sf(x

Sf(=5)=—3,8f(0)=3(0+1) =3, Sf(3) = 1.
(5) Let u(z,t) = X(2)T(t). Then from XTN = L. = —\% we first have X" + A2X = 0, X(0) = X(%) = 0 =
X =sin2kz, A = 2k, as well as T/ +2)\2T = 0 = T = Ce~8%"t. Now a superposition u = > orey C sin(2ka)e 8kt
matches the initial condition by Cy =1, Cy = 4, C = 0 otherwise. Hence

—~

). Then we have
1

’ u(z,t) = sin(2x)e ™5 + 4sin(8z)e 125",

(6) We consider a function w linear in z such that w(0) = 1 and w(r) = —1, i.e. w(z) =1— 2z. Then u = v+ w,
where v satisfies vy = 2vy4, v(2,0) = 0, v(0,t) =0, v(m,t) =0 for 0 < x <7 and ¢t > 0. Let v(z,t) = X (z)T'(t).

Then X = sin(kz), T = Ce 2Kty = e Cr sin(kz)e~2¥°t. The initial condition implies Cy = 0 for all k, i.e.

v=0. So|u(z,t)=1— %x As t — 400, u stays the same as 1 — %x

(7) Put u(x,t) = X(«)T(t). Then X solves the Neumann problem on (0, ), i.e. the eigenvalues are k = 0,1,... and
X = cos(kx). Then the superposition gives

u(x,t) = Ag + Bot + Z cos(kx)(Ay cos(kt) + By sin(kt)).
k=1

When t = 0, we have As = 1 and A; = 0 for any other k. Differentiating and put ¢ = 0 we have By = 1 and
By, = 0 for other k’s. Thus

’ u(z,t) =t + cos(2x) cos(2t). ‘

(8) Put u(x,y) = X(z)Y (y). Taking into account the Dirichlet boundary conditions when z = 0 and z = 1, we have

)g(” = —3;” = —-\2, 50 A = km and X = sin(kmrx), k = 1,2,.... The Y-equation Y” — (k7)?Y = 0 has solution

Y = Acosh(kry) + Bsinh(kry). (Note that this is preferred over Ape*™ + Bre™*™Y because it is simpler when
you put y = 0.) Now the superposition

u(z,y) = Z sin(kmwx)(Ay, cosh(kmy) + By sinh(kmy))
k=1

is to be matched with the boundary conditions on y. On the set y = 0, we have

Z Ap sin(knz) = .

k=1

As coefficients of a Fourier sine series,

1 ; 1 k+1
_ —cos(kmx)  —sin(knz) 2(=1)k+
Ap = 2/0 zsin(kre) dr =2 {z - e, ==
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Finally we put y = 1 and require that Ay cosh(km) + By sinh(k7) = 0. Our final solution is

k+1 cosh(kr)

u(z,y) = Z % sin(kmz) <cosh(k7ry) -

b (k) sinh(kﬂ'y)) .
k=1

Note: An even better way is to use the solution Y = A’ cosh(kn(y — 1)) + B’ sinh(kn(y — 1)) instead. When
we put y = 1 we get A’ =0, for any k. In this way the final solution reads:

oo _1\k
u(z,y) = Z l<:7r2s<1nﬁzk7r) sin(kmx) sinh(km(y — 1)).
k=1

as seen using the corresponding “compound angle formula” for sinh.



