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(12 points) 1. This question has three parts.

(4 points) (a) Find the general solutions to
Ug + 2TYUy = U.

(6 points) (b) Solve the following problem and find the domain of existence
Ug + 2TYUy = U,
u(z,1) = egm, —00 < z < +o0.
(2 points) (c) Find the function h(z) so that the following problem admits a solution:
Ug + 2TYUy = u,

u(w,e“’z) = h(z), —o0 < & < +o00.
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'(20 points) 2. Solve the following quasi-linear partial differential equation

ut + (4 — 2u)ug =0, —00 < x < +00,t > 0,

: 2, £<0; -
w(z,0)=< 1, 0<z<2;

2, 2< < +o0o,

(2 points) (a) Find the expansion fan solution.
(13 points) (b) Find the solution before the characteristic curve hits the expansion fan.
(5 points)  (c) .Find the solution after the characteristic curve hits the expansion fan.
.
(&)‘ 4 -2 U= 3 = UF 2~ 2{3 _

. L N
(?0) @pewﬂm\ §Q,Q,yx& o€

ot an €7
Betweon (D ﬁéﬁb tisert 2%
msert o Shode TR

@-@;&M}@@\ @éﬂ; Cinnd LT (ii) g 4s (Q (W o ) -3 (@@w) g = (M?ﬁ{’ m““"”)' = 4 w{‘«z “{”ﬂ)

S —S
m—

Qwy=4u-v®, G S o
Stoy= 2-
$ = {42 = 2€ = =2, 0 “
g\/\@@;k C@W‘Q e lats €F~’?M\5@M Y%W\ @J‘fyj %

o=kt

- 9L a0
“

- <0
i, t) = 'zw%;r o e
4, <X & Ete

. X7 b2,



December 14 2019

(continuing blank page)

Math 400-101 Final Exam

wsert o Shocke curie.

) for k> 2,
S
K w2 T
P e 227 o
u} - ‘Z;a ﬁzwt“ %-
i U&“’" - 27

. Page 6 of 17



December 14 2019 Math 400-101 Final Exam Page 7 of 17
(8 points) 3. This problem has two parts.
(2 points) . (a) Determine the type of the following second order PDE
Ugg — 2Ugy + Uyy — Uz — Uy = 0

(6 points) (b) Find a linear transformation so that the PDE becomes one of the following standard

form:
Ugg + Uny = 0; tge — Uy = 0; Uge — Uy =0
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(6 points)
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4. Solve the following heat equation

1
U = Zum,—oo <z < +oo,t>0,
' 1, z<0;
uwz,0)=4¢ 2, 0<z<1;
0, >1

Write your solution in terms of the error function Erf(z) = % I5 e~ dp. Hint: the source
function i$ given by

22
S(z,1) = -——————\/Z%_te“m
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(8 points) 5. This problem has two parts.

(2 points) (a) Find the general solutions to
Ut = dugy

(6 points) (b) Solve the following wave equation for u(z,t)
Ut = dUgg, 0 < & < 400,t > 0,

w(0,8) =t%,0 < t < +00
u(z,0) = 0,u(2,0) = 0,0 < = < +oo.
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(6 points) 6. This problem contains two parts.

(2 points) (a) Write the following eigenvalue problem into a standard Sturm-Liouville eigenvalue
problem

X"+ %X' ~ 22X + X =0.
(4 points) (b) Consider the following eigenvalue problem
X' 40X =00<e<?,

X'(0) +4X(0) = 0,X'(2) + X(2) = 0.

Determine the number of negative eigenvalues and write down the algebraic equation for
the negative eigenvalues.

Hint: You can use the formula sheet at the end of the exam paper.
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(8 points) 7. Consider the following wave equation
u(0,¢) =0, u(2,t) =0,
u(z,0) =0, u(z,0)=1,0<z < 2.

(4-points) (a) Use the method of reflection to find w(1,1).
(4 points) (b) Use the method of separation of variables to find u(1,1).
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(8 points) 8. Consider the following Laplace equation

1
UTT+;uT+y7‘i2G'=O7OST<1’OS()<27T

ur(1,0) +u(1,8) = cos(20)

(4 points) (a) Use the method of separation of variables to find a solution.
(4 points) (b) Show that the solution is unique. Hint: you may use the following divergence theorem
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(8 points) 9. Use the method of separation of variables to solve the following Laplace equation
AU =Uge + Uyy = 0,0 <z < +00,0 <y <

u(z,0) = uy(z,m) = 0,0 <z < +00
u(0,y) =y,0 <y <m
u(z,y) is bounded

Hint: f ysin(ay)dy = —¥ cos(ay) + 2 sin(ay) + C.
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(16 points) 10. Use the method of separation of variables to solve the following diffusion equation
1 Ugo
utzurr—l—;ur+—;—2—+uzz, 0<r<l,0<l0<2r,0<z<

u(1,0,2,t) =0, 0<0<2m,0< 2z <,
u(r,0,0,t) = 0,u(r,0,7,t) =0,0<r<1,0< 0 < 2m,
u(r,0,2,0) =rcosfsin(2z), 0<r<1,0<f0<2r,0<2z< .

(6 points) (a) Let u(r,6,2,t) = R(r)©(0)Z(2)T'(t). Find the corresponding eigenvalue problems and
' ODE. : :

(7 points) (b) Solve the corresponding eigenvalue problems and ODE. You may use the Bessel function
of order n:

Jn+§Jn—Z‘/‘§Jn+Jn=O,Jn(Q)Nyn asy — 0.~

"The zeroes of Jy,(y) are denoted by zmn, m = 1,..., 400

(3 points) (c) Sum-up and find the corresponding coefficients.
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Some formulas

1. Algebralc equations for negative and positive eigenvalues for Robm boundary conditions:
X'(0) — agX(0) =0, X’ O+aXl)=0

Equation for negative eigenvalues:

' + ap)y ap .
A= —y% <0, tanh(yl) = LX—cosh z) + — sinh(yz
T <G b == (ye) + 7 sinh(yz)
Equation for zero eigenvalue

ap+ar+apal =0, =0,X =1+ agz

Equation for positive eigenvalues

(ao —}- al)ﬂ

A=p2>0, tan(Bl) = 82 _ a0

, X =cos(Bz) + %sin(ﬂm)

+ 2. d’Alembert’s formula for wave equation

T+tct z+c(t—s)
w(o,t) = —[gb(:v o) + ¢z — ct)] + — / iy / / il cley gl

2c —ct —c( t—s

3. Eigenvalue problems for periodic boundary conditions:
0" +20=0,0< 6 < 2r,0(0) = ©(21),0'(0) = ' (2).

An=n%n=0,1,2,..,0(0) = acos(nf) + bsin(nd)



