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December 18 20lB Math 400-101 Final Exam

1. This question contains two parts.

(a) Pind the general solutions to
ua*2rur:t1,

(b) Fincl the functio n h(r) so that the following probiem aclmits a solution:
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following quasi-linear partial differential equation

'ut* 
(1 - u)ur= 0, -co < fi <*oo,f
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2. Solve the20 points)
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(continuing blank page)
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14 points) 3. Solve the following fuily nonlinear partial differential equations
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s,01,

. uruy-t,:0,

u(r,-t):1, -m(r(*co,
Hint: You may Llse the Charpit's formula'listed on the last page,
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(6 points) 4. Solve the following heat equation

4u1 :'t'Laa1 -@ < r < foo' f > 0'

u(r,O) : e-2',-oo ( z ( *oo'

Hint: the sollrce function is given by
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(6 points)
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4. Solve the following heat equation

/", -IU7 :,LLaa1 -@ < f < *CO, d ) 0,

u(r,O): e-2',-oo ( r ( *oo.
Hint: the source ftrnction is given by
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(4 points)

(4 points)
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6. This problem contains two parts.

(a) Write the following eigenvalue problem into a standard Sturm-Liouviile eigenvaiue

problem
X" +2t:X' - rX * ,\X :0.

(b) Consider the following eigenvalue problem

X" +\X:0,0< r12,

X' (0) + 3X(0) : 0, X' (2) + 2X(2) = O'

Determine the number of negative eigbnvalues and write down the algebraic equation for

the negative eigenvalues.

Hint: You can use the formula sheet at the end of the exam paper.
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10 points) 7. Solve the following diffusion equation with source

't)t :'utn * 3e-tsin(22), 0 < r < r,t ) 0,

u(0, t) : r, 1t'(r,i) : 0,

u(r,O):0,0--'r{r'

Hint: yor-r may use the list of formula attached on the last page.

. f = 3 dt Srtl z{ ., .0,=Tl , l"=l , )'tl= T )
J
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61 :/inf)

u*gon0Q

where 0 is a smooth and'bounded domain in IR2.

Show that the soiution is unique.
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(6 points) B. Consider the following Laplace equation

ur-f
ur-3I

$o|'n , Let u,, ,1, b'Ldo SChr

[,4, ry
I=oo ;} n& DivfcoTt^obrew,

C, gL -- J\e*/\zJ* ?n -r-
".n- C '4- -O'q'r1- .= l- * ->'^ .

d.rL

Lat d=
IA
1

n\
0 -- \ "la.i :

O
Jl-

fi

? \t
<tr

4
e

d = Gr,"Sr4"-t
Utn afL

1yL*t'q\,,tg-.
I
I

ti^i. ca {- o

-fl"o- s a!''^ \c '

d=o

Ur -=Vz)o



December iB 2018 Iviath 400-101 Final Exam

10 points) 9. Use the method of separation of variables to solve the following Laplace equation
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10 points) 10. Use the method of separation of variables to solve the following diffusion equation

'*L :'tlrr *lu, +!ry, o ( r < 1, o < o <2tr,

u(7,0,t) :0,0<-0<2tr,
u(r,9,0) : 12 srn20, 0 ( r ( 1, 0 ( 0 <2tr.

Write your answer in terms of the Bessel function of order n:
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(continuing blank page)
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