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10 points) 1. This question contains two parts.

(5 points) (a) Find the general solutions to
Ug + 2TUy = U.

(5 points) (b) Find the function h(x) so that the following problem admits a solution:

Ug + 2TUy = U,

u(z, z?) = h(z), —00 < T < +00.
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20 points) 2. Solve the following quasi-linear partial differential equation
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14 points) 3. Solve the following fully nonlinear partial differential equations
u(z, —z) = 1, —oo < z < +co0.

Hint: You may use the ’C‘harpit’é formula. listed on the last page.
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(6 points) 4. Solve the following heat equation
4y = Ugg, —00 < m‘ < +oo,t >0,
u(z,0) =e ¥, —c0 <z < +o0.

Hint: the source function is given by
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(6 points) 4. Solve the following heat equation

dug = Uggz, —00 < T < +00,t > 0,

w(z,0) = e %, —00 < 7 < +0o.

Hint: the source function is given by
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(8 points) 6. This problem contains two parts.

(4 points) (a) Write the following eigenvalue problem into a standard Sturm-Liouville eigenvalue

problem
X +2z2X —a2X+ XX =0.

(4 points) (b) Consider the following eigenvalue problem
X' +)MX=00<z<2,

X'(0) +3X(0) =0, X (2) +2X(2) =0.

Determine the number of ﬁegative eig'enivalues and write down the algebraic equation for
the negative eigenvalues.

Hint: You can use the formula sheet at the end of the exam paper.
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10 points) 7. Solve the following diffusion equation with source
Up = Ugg + 3@"tsin(21),0 <z < mt>0,

w(0,t) =, u(m t) =0,
u(z,0) =0, 0<z <.

Hint: you may use the list of formula attached on the last page.
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(6 points) 8. Consider the following Laplace equation
Au = fin Q

u =g on 0f)

where ) is a smooth and bounded domain in R

Show that the solution is unique.
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9. Use the method of separation of variables to solve the following Laplace equation

10 points)
Sl
At =ty + ~up + 2 = 0,1<7r<2,0<0< 2,
. T T 2
u(1,8) = 2cos(8), u(2,0) =0, 0< 8 < -723

up(r,0) = 0, u(r, g) =0, 1<r <2
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10 points) 10. Use the method of separation of variables to solve the following diffusion equation
1
'U:L:ur'r—"'_ur"f’%‘ez_e, OST'<1, OSQ<27T,
r

u(1,6,t) =0, 0 <0 < 2m,
wir, 8,0} = r?sin20, 0<r <1, 0<0 < 2r.
Write your answer in terms of the Bessel function of order n:
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(continuing blank page)
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