MATH 516-101, 2019-2020 Homework Five
Due Date: By 6pm on December 3rd,, 2019

10pts each unless otherwise stated.
1. Consider the following convection-diffusion problem

—Au—l—ij@ju—l—cu:finQ
j=1
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Assume that f € L*(Q),b; € C'(Q), ¢ € L. Show that if ¢ — $ 37, ;(b;) > 0 then the above problem has a unique
weak solution.
2. (20pts) Let © be a bounded domain in R?. Consider the following minimization problem
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Show that ¢ can be attained and its minimizer is a weak solution
Au=u?+ f(z), in Q;u =0 on 9N
Show that the weak solution is also unique.
3. Let u € HY(R"™) have compact support and be a weak solution of the semilinear PDE
Au=u®—fin R"

where f S L2. Prove that ||D2UHL2(RW) < C”fHLZ(R'")
Hint: mimic the proof of H?—estimates but without the cut-off function.
4. Assume that u € H'(() is a bounded weak solution of

—Za a9;u) =0 in Q
3,j=1

Show that u? is a weak sub-solution.
5. (20pts) Let u be a weak sub-solution of

—Z@xj Jﬁzlu +e(x)u=f

where < (a') < C < +oo. Suppose that c(z) € L% (By), f € LY(B;) where ¢ > %. Show that there exists a generic
constant €y > 0 such that if fBl |c| 2 dz < g, then

sup u” < C(l[ut|2(s,) + | Flloes))

By /2

Hint: following the Moser’s iteration procedure.
6. Show that u = log |z| is in H*(B;), where B; = B;1(0) C R® and that it is a weak solution of

—Au+c(z)u=0

for some ¢(z) € L (B;) but u is not bounded.



7. Let u € H}(Q) be a weak solution of
—Au = |u|?'u in Q;u =0 on 0Q

where g < Z—'_"g Without using Moser’s iteration Lemma, use the W?2P?— theory only to show that u € L.
8. Let u be a smooth solution of Lu = =3, - a”uy,,; = 0 in U and a” are C' and uniformly elliptic. Set v :=

u .
D + Au Sh()w ‘ha‘
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Deduce, by Maximum Principle that
[ Dull ey < CllDul[ L~ a0y + CllullL=(a0)
9. Let u be a smooth function satisfying
—Au+u= f(z),|ul <1, in R"

where

/(@) < Ce™ !

Deduce from maximum principle that u actually decays

u(z)| < Ce 3l



