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If the dornain f,) c IR is bounded, ttren Lq(o) C Lp" (o) fbr every q e [1,p-]. Using the
Gagliardo-Nirenberg inequality we obtain

Corollary 6.2 (embedding). Let e C IR" be a
and assume 7/-p 1n. Then, for euery q e [1,p-]
such that

ll/1h,,1r,1 < C llfllw,',tat

Pro-of' Lei fr - {r e IR."; d,(r,Q) < 1} be the open neighborhood of radius one around the
set 0' By Tireorem 4.3 there exists a bounded extension operator E I W|,p (n1 * Wrr 1n"1,with the propertv that Ef is supportecl i,side,fr, fb, 

"r"ry f e Wr,r@).'Apflying the
Gagliardo-Nirenbe,g i'equality to Ef , for suitabre constants cr,cz,c3 we obtain

ll/llr,,rol < QllJlft,".(o) s czllllllw.<m-) S csllf llw,,o@t.

6.3 High order Sobolev estimates

Letoc lR,nbeaboundedopensetwithclboundary,andlet LLe wk,p(a). Thenumber-

,rLl{,_-

will be cailed the net smoothness of z. As in Fig, 10, let rn be the integer part and let
0 < Z < 1 be the fractional part of this number, so that

k-! : m+t,
p

In the following, we say that a Banach space X is continuously
space Y if X g Y and there exists a constant C such that

ll"llv s c ll"llx forall u€X.

m+Y

Figure 10: Computing the ,,net smoothness,, of a function f e Wt",p C Cm,t

bounded, open d,omain wi,th Ct bound,arg,
ru'ith p* * ffi, there elists a constant C

for aLl f e Wr'n1A1 . (6.27)

(6.28)

embedded in a Banach

be a bouncl,ed open set with
(6.25). Then the fottouti,ng

p-[
p

Theorem 6.3 (general Sobolev embeddings), Let e C IRnL' bound,ary, and cons,ider the space Wk,p(e). Let rn,1 be as in
co nt'inuous embeddi,ng s ho ld,.
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(i,) If k-t.o then wk,p(e) c Ls(e), wlth [: ;_ * : *(;_r)
0,i,) A *-t:0, then Wk,p(O) c Lq(O) for euery 1( q < oo.

(i,i,r) If m)0 and,1)0, then Wk,o(e) g C*n(a).

(*)tf m27 and,7:Q, thenforeuery 0S7,< I onehas Wk,p(n) C Cm_t,t,1nr.

Remark 6'r F\rnction. 
ir 3 

soborev.pu:,:Tu onry defined np to a set of measure zero. Moreprecisely, by saying.that wh,p(a) s 
-;;"@).'" 

*uun iir. ioiro*rrrr. For every u € wk,p(e)there exists a function t e.C;,;@) rr"n ifrut a,l: 
"f-.1'io. u.u. z € O. Nloreover, thereexists a constant C, dependinS 

"" i,,p,),7 but not on z, such that

llullc*,.,tq < C lltllwr,o@) .

Proof of the theorem. 1- M/o oro-r r^-, -

since D*z e il;(";il; l.ffil?;1i:T:%:I,*xmi,;fff;il,r"J ue wkp(t,)

llD*"llu. p) S C llullwo*ol lc-l<k-1.
Therefore u € Wk*l,p.(e), where p* is the Sobolev conjugate of p.
This argumerit can be iterated. Set p1 : ?*, p2: pl, .,. tpi : p._r. By(6.17) this means

1:1_1. 1 1 jpt p n, d: ,-;,
provided that ip a 2" Usin8 the Gagliardo-Nirenberg inequality severar times, we obtain

wk'p(n)e wk-t,p'(cl)g *1,-z,nr(a)e Cwk-i,ni1g1. (6.29)

tii]j#:5s 
rvefind that.z ewio,pn(o):Loo(o), with f :1- *: * Hence pto* q and.

2' In the special case kp: ,,, repeating the above argument, after k - 1 steps we find
1 _ 1*k_r _ 1

p*_t p n -;
Therefore pk_t:nand.

wk'P(a) c wl,"(e) gwl,n-u(a)
fo, every e ) 0' using the Gagriardo-Nirenberg irruq,rriity or"" u*urrr, we obtain

u€14tt,n-.(Q) cLr(CI)
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4.3. THE spAcE H-l(o) sz

Thus the distribution f : D(a) -+ IR is bouncled with respect to the }1o1(f,))-norm
on the dense snbset 2(O). It therefore extends in a unique rva), to a bounded linear
functional on 1101(f,1), which we still clenote by./. Moreover, 

"

/ n n \t/2
ll./lla-,< [t I r?a"l\fit""1 I

which ploves inequality in the otlier direction of (a.g). tr

- The dual space of /11(Cl) cannot be identified with a space of distribrrtions on f)
because 2(o) is not a dense s*bspace. Any rinear functionar / €.gl(CI)- defines a
distribution by restriction to 2(0), but the same distribution arises from different
linear functionais. conversely, any distribution r € Dt (a) that is bounded with
respect to the fll-norm extends uniquely tt-r a bounded linear functional on 1101 , but
the extension of the functional to the orthogonal complement (Hj)l in 111 

"is 
ar_

bitlary (subject to maintaining its bouncredness). Roughly speakiig, distributions
are defined on functions whose boundary values or trace is zero, but general linear
functionals on .H1 depend on the trace of the function on the boundary 0o.

Ex,q.upr,p 4.8. The one-dimensionai sohorev space FIl(0, 1) is embedded in the
space C([0, 1]) of continuous functions, since p> nfor p:2and,n:L. In fact,
according to the Sobolev embedding theorem H1 (0, 1) .+ Co,r/z([0,1]), as can be
seen directly frorn the Cauchy-schwartz inequality:

lt@) - f@)l < l''' lf,Q)|,,,
Jy

/ tt ,7/2
< (/ tr'r,l f o') t* - yt'/'

As-usual, we identify an element of I11(0, 1) with its continuous representative in
C([0, 1J). By the trace theorem,

Hd(O, 1) : {" e rrt(0,1) I u(0) : 0, u(1) : g}.
The orthogonal complement is

1101(0,1)r : {u € H1(0,1) :such that (u,u)sr:0 for every u € -A01(0,1)}.
This condition implies that u € I/d(0, l)a if and only if

which means that u is a weak solution of the ODtr

-u" *u:0.
It follows that u(r) : ct€a -f cie-,, so

H1(0,1) : Hd(0,1)e E
where E is the two dimensional subspace of r/1 (0, 1) spanned by the orthogonal
vectors {e', e-,}. Thus,

111(0, 1). : FI-1(0,1) o.8..

. (/,. ,0,)''' (1"' v,atr' o,)'''

fo' {uu * u'u') d,r = o for ali u € Iiol(o, 1),
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If / € H1(0,1)* and 1r:'u,o * cte* + cze'* where uo € F101(0, 1), then

lf ,u\ : (/b, uo) * ap1 * a2c2

rvhele /s e I/-1(0,1) is the restriction of / to I$(0, t) and

a1= (J,,e*), a2= \f ,e-*).
The constants a1, a2 cletermine how the functional f € Ht(0,1)* acts on the

boundary values 'u,(0), u(1) of a function u € F/l (0,1)'

4.4. Tlne Poincar6 inequality for Ho1(Cl)

we cannot, in general, estimate a norm of a function in terms of a norm of its

derivative since constant functions have zero derivative. Such estimates are possible

if we add an ad.ditional condition that eiiminates non-zero constant functions' For

example, we can require that the function vanishes on the boundary of a domain, or

that it has zero mean. ,frre typically also need some sort of boundedness condition

on the domain of the function, since even if a function vanishes at some point we

cannot expect to estimate the size of a function over arbitrarily large distances by

the size of its derivative. The resulting inequalities are called Poincar6 inequaiities.

The inequality we prove iiere is a basic example of a Poincar6 inequality. We

say that an open set f,) in IR" is bounded in some direction if there is a unit vector

e € IRn and constants a, b snch that a ( r'e < b for all r e 0.

TsnoRpv 4.9. Suppose thatQ is an'open set tn,Rn that; is bounded'is some

d.irecti.on. Then therc i,s a cortstant C such that

(4.11)
fnu'a* =, l*lDulz 

d,r for attu € H01(c,).

Pnoor, since cf;(0) is dense in H;(o), it is sufficient to prove the inequality

for u € C"*(f,)). The inequality is invariant under rotations and translations, so

we can a.iu*" without loss of generality that the domain is bounded in the or-
direction and lies between 0 < rn < a.

Writing * : (*',rr) where r' : (ut,.'.,,frn-r), we have

lftn I fo
lu(r' ,r.)l: lJu 

1nu(r' ,t) ctLlS 
Jo la*u@' ,t)l at.

The Cauchy-Schwartz inequality implies that

lo" 
@*ulr' ,t)l dt: 

fo'" 

,'@*u1*' ,t)l dt 
= 

u'' ([ llnu(r' ,t)l' at)'/

Hence,
ra

ltt(r' ,rn)12 S a 
Jo lo*u(r' ,t)12 d.t.

Integrating this inequality with respect to r,, we get

fo" wt*' ,rn)12 drn , o' 
lo" 10,,u(r' ,t)12 dt'

A further integration with respect to r/ gives

lnw{*)l' 
d,r 1az 

fnla*u{dl' 
a*.

Since lE,ul 3lD"l, the result follows with C : a2. !
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