6o

1If the domain © C IR"™ is bounded, then LI(Q) C LP(Q) for every q € [1,p*]. Using the
Gagliardo-Nirenberg inequality we obtain

Corollary 6.2 (embedding). Let O C R™ be a bounded open domain with Cl boundary,
and assume 1 < p < n. Then, for every q € [1,p*] with p* = ﬁ’lf;, there exists a constant C
such that

[flla@) < Clifllwrngg for all few'r(@Q). (6.27)

Proof. Let ) = {z € R™; d(z,Q) < 1} be the open neighborhood of radius one around the
set 2. By Theorem 4.3 there exists a bounded extension operator £ : WIP(Q) s W1P(RM),
with the property that Ef is supported inside ﬁ, for every f € W 1’7’( ). Applying the
Gagliardo-Nirenberg inequality to Ef, for suitable constants C1,Cy,C3 we obtain

Iflla@)y < CLllfllper gy < Ca IEfllLor (mmy < Call fllwrmay -

6.3 High order Sobolev estimates

Let £ C IR™ be a bounded open set with (1 boundary, and let u € W*?(Q). The number

o™
p

will be called the net smoothness of w. As in Fig. 10, let m be the integer part and let
0 <7 < 1 be the fractional part of this number, so that

k—g = m+r. (6.28)

In the following, we say that a Banach space X is continuously embedded in a Banach
space Y if X C Y and there exists a constant C' such that

lully < Clullx for all e X.
k-1
p k
— { | | | | r;\/\/\r\r\/\g L
0 1 2 m
m+ Y

Figure 10: Computing the “net smoothness” of a function f € Wk» < cm,

Theorem 6.3 (general Sobolev embeddings). Let Q C IR" be q bounded open set with
gl boundary, and consider the space T/I/’C’p(ﬂ). Let m,y be as in (6.28). Then the following
continuous embeddings hold.
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() If k=2<0 then Whr() C LoQ), with 1 = 1_& - Lz ).

(i) If k — =0, then W’c’p(ﬂ) C LYQ) for every 1 < g < oo,

(1) If m >0 andy >0, then WP (Q) C c™(Q).

(W) If m>1 and v=0, then for every 0 <Y <1 onehgs W’“’P(Q) C Cm“l"YI(Q) .

Remark 6.1 Functions in a Soboley Space are only defined up to a set of measure zero. More
precisely, by saying that Wk» Q) c C™Y(Q) we mean the following. For every v ¢ Whe ()
there exists a function i ¢ C™7(82) such that U(z) = u(z) for ae. z € 0, Moreover, there
exists a constant C, depending on k,p,m,~ but not on u, such that

lullemy ) < C”@”me)-

Proof of the theorem. 1. We start by proving (i). Assume & — 2 <0andletue Whe(Q).
Since D%y ¢ Wiw (Q) for every o] <k~ 1, the Gagliardo-Nirenberg inequality yields

”Dau”LP*(Q) < C”U”ka(n) o] <k -—1.

Therefore w € Wk—1p* (Q), where p* is the Sobolev conjugate of P.

This argument can be iterated. Set p; = p* py=pk, L. »Pj = DPj_1. By (6.17) this means
11 1 1 g
pmop n T pi p n’

provided that jp < n. Using the Gagliardo—Nirenberg Inequality severa] times, we obtain

WEQ) € whtm) ¢ wheig) ¢ L o Wh=ins(q) (6.29)

After k steps we find that 4 € WPk (Q) = s (©2), with ;11'9- = % -k % Hence p; = ¢ and
(i) is proved. ;

2. In the special case kp =n, repeating the above argument, after k£ — 1 steps we find

=~

-1

I
S|+

Therefore Pk—1 = n and
Wh(Q) ¢ win) ¢ whn=e(q)

for every e > 0, Using the Gagliardo-Nirenberg inequality once again, we obtain

u € Whn=e() ¢ LY(Q) g = —_% _
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4.3. THE SPACE H~}(Q) 97

Thus the distribution f : D() — R is bounded with respect to the H}(92)-norm
on the dense subset D(§2). It therefore extends in a unique way to a bounded linear
functional on H}(£2), which we still denote by f. Moreover,

n 1/2
2
[Fllg-1 < (;/Qf drc) ,

which proves inequality in the other direction of (4.9). ‘ a

The dual space of H!(£2) cannot be identified with a space of distributions on Q
because D(2) is not a dense subspace. Any linear functional f € HY()* defines a
distribution by restriction to D(f2), but the same distribution arises from different
linear functionals. Conversely, any distribution T' € D’(Q) that is bounded with
respect to the H'-norm extends uniquely to a bounded linear functional on H}, but
the extension of the functional to the orthogonal complement (H})* in H! is ar-
bitrary (subject to maintaining its boundedness). Roughly speaking, distributions
are defined on functions whose boundary values or trace is zero, but general linear
functionals on H! depend on the trace of the function on the boundary 69.

EXAMPLE 4.8. The one-dimensional Sobolev space H'(0,1) is embedded in the
space C([0, 1]) of continuous functions, since p > n for p=2and n = 1. In fact,
according to the Sobolev embedding theorem H'(0,1) < CO1/2(|, 1]), as can be
seen directly from the Cauchy-Schwartz inequality:

7@ - 1)l < / ()] @t

x 1/2 @ 1/2
< 1dt ’tzdt)
(/ ) ( 120

i 1/2
< ’tzd) -
_(/ FOP dt) oyl

As usual, we identify an element of H! (0,1) with its continuous representative in
C([0,1]). By the trace theorem,

Hg(0,1) = {u € H'(0,1) : u(0) = 0, u(1) = 0}.
The orthogonal complement is
H;(0,1)* = {u € H'(0,1) : such that (u,v): = 0 for every v € H}(0,1)}.
This condition implies that v € H}(0,1)L if and only if

1
/0 (w+u'v')de=0  forallve H}(0,1),

which means that u is a weak solution of the ODE
—u" +u =0,
It follows that u(z) = c1e® + cpe™?, so
HY(0,1)= H}0,1)® E

where E is the two dimensional subspace of H'(0,1) spanned by the orthogonal
vectors {e®, e~*}. Thus,

H'Y0,1)* = H™Y(0,1) ® E*.



98 4. ELLIPTIC PDES

If f € H*(0,1)* and u = ug + c1e® + coe™® where ug € Hg(0,1), then
(f,w) = {fo, uo) + a1c1 + azca
where fo € H1(0,1) is the restriction of f to Hg(0,1) and

a1 = <f) €m>a az = <f16—m>'
The constants a1, ap determine how the functional f € H'(0,1)* acts on the
boundary values %(0), u(1) of a function v € H(0,1).

4.4. The Poincaré inequality for H}(f)

We cannot, in general, estimate a norm of a function in terms of a norm of its
derivative since constant functions have zero derivative. Such estimates are possible
if we add an additional condition that eliminates non-zero constant functions. For
example, we can require that the function vanishes on the boundary of a domain, or
that it has zero mean. We typically also need some sort of boundedness condition
on the domain of the function, since even if a function vanishes at some point we
cannot expect to estimate the size of a function over arbitrarily large distances by
the size of its derivative. The resulting inequalities are called Poincaré inequalities.

The inequality we prove here is a basic example of a Poincaré inequality. We
say that an open set Q in R” is bounded in some direction if there is a unit vector
e € R™ and constants a, b such that a < z-e < b for all x € Q.

THEOREM 4.9. Suppose that Q is an open set in R™ tha! is bounded is some
direction. Then therc is a constant C such that-

(4.11) / u? dz < C/ |Dul®* dz  for allu € HE(Q).
Q Q

PROOF. Since C(Q) is dense in HE (1), it is sufficient to prove the inequality
for w € C®(Q). The inequality is invariant under rotations and translations, so
we can assume without loss of generality that the domain is bounded in the zp-
direction and lies between 0 < z,, < a.

Writing z = (2, z,) where 2’ = (21, ...,,%n-1), we have

/ Onu(z’,t) d / |Onu(z’, t|dt

The Cauchy-Schwartz inequality implies that

/ |Onu(z’, )] dt :/ 1-|Bpu(x’,t)| dt < al/? </ lanu(a:',t)|2 dt)
0 _ 0 0

Hence,

u(a’, zn)| =

1/2

a
|11,(.'1:',a:n)[2 < a/ |8nu(m',t)|2 dt.
0

Integrating this inequality with respect to z,, we get

a a
[ et el don < a2 [ jputal, o at
0 0

A further integration with respect to z’ gives

/ )| do < / 1Ontu()|? da.
9] Q

Since |8nu| < |Dul, the result follows with C' = a?. O
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