
t.t

equations in Banach spaces, namely the Contraction Mapping Principle and the

Fredholm alternattve'

5.1. The Contraction Mapping Principle

AmappingTfromanormedlinearspaceT.intoitselfiscalledacontrac|ion.mgp-
pi"etih.;. exists a number g< I such that

(5.1) llrx - rvll <Ollx -vll for all x' v e {

Theorem5.l , Ac,ontraclionmappingTin^aBanachspaceohasauniquefxedpoint'

that is there exists a';;;;;; t;'''bn"x e I of the equution Tx:x'

Proof.(Methodofsuccessiueapproximatiorrs.)Letxoe:QanddefineaSequence
\x,\cTby xn= r"'"'-':t'2':: Then if n>m'wehave

11x" - x' ll ( i llx, - x; - r ll by the triangle inequality

J=fr+ |

: i ll?ni-rx,-Ii-txoli
i=7+ r

n-

j=n+ t

*llxr:xnllo',- o as,??+ co'
L-V

Consequently{x"}isaCauchysequence-and'sinceAiscomplete'convergestoan
element x e A 'Clearly 7 is also u tont'nuous mapping and hence we have

jtr : lim T.x' = lim X,* t : x

sothatxisafixedpointofl'Theuniquenessof::followsimmediatelyfrom
(5.1).0

IntheStatementoITheorem5.l,thespaceacanobviouslybereplacedbyany
closed subset'

5.2. The Method of ContinuitY

Lel{tand{ zbe normed lindar spaces' A linear mapping l" 1/'' + l"tsbounded

if the quantitY
lll"x Iiy,

(5.2) llrll:,.*up*o l;[
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Banach and Hilbcrt Spaces

'ping Principle and the

:ao a contra(,tionmap-

;s a uniquefixedpoint,

ind defrne a sequence

.:.: uality

.:it. converges tO an
::-ce *'e ha,ye

::mediately from

:c rrplaced by any

't , is bounded

5.3. The Fredholm Altemative 1'5

is finite. It is easy to show that a linear mapping T is bounded if and only if it is

continuous. The invertibility of a bounded linear mapping may sometimes be

deduced from the invertibility of a similar mapping through the following theorent,

which is known in applications as the method of ctttttinuity'

Theorenr 5.2. Ler fi be a Banach space,'lr (t normed linear space and let Lo, L,

be bounded linear operators from I into t/ ' For each t e [0' l]' sal

L,=(l - t)Lo+ tLl

and suppose lhat there is a conslant C such that

{ 5.3) llxlle ( CllL,xll"

for r e [0, l]. Then L, maps I onto "l/ if and only if Lo maps 0 onto'/''

Proof. Suppose that l" is onto for some s € [0, l]' By (5'3)' L, is one'to'one and

henCe the inverse ,,,upplng L,t t y' --+ 9. exists, For t e [0. l] and y e'/^, the

equation L,x=y is equivalent to the equatlon

L"(x):.y *(L,- L,)x

.: Y + (t - s)to)s- (t - s)L tx

*'hich in turn. is equivalent to the equation

,= L:'y+ (l -s)Lf .t1Lo- Lr)x

The mapping I from 0 into itself given by Ix= L,'y+(l-s)L,-t(lo-1,)x is

clearly a contraction maPPing if

ls- rl <6: [c( IlLoll + llL, ll)] - 
1

andhencethemappirrgl,isonto,forallle[0,]:l.satisfying|s-r|.<6.Bydividlrng
the interval [0, t j rnto*su'bintervals of length less than 6, we see that the mapp:ing

{ is onto foi all I e t0, 1l provided it is onto'for lrny fixed I e [0' l]' in particular

fort:0ort=1. 0

5.3. The Fredholm Alternative

lrt {r and {rbe normed linear spaces' A mapping T:'l'r ' { is callecl comp4sl

tx compteteli.continuous) if Imaps bounded 5s15 in ^y''t.into relatively compact sets

i "', 
orequivalently Trmaps bounded sequences in "/', into sequences in { rvhich

mtain convergent subseque.nces. lt foilows that a compact linear mapping is illso

Enotinuous but the,converse is not true ln general unless /, is finite dimensional"



Banach and Hilbert lipaces

The Fredholm alternative (or Riesz-schaudbr theory) concerns compact linear
operators from a space { into itself and is an extension of the theorv of linear
mappings in finite dimensional spaces.

Theorem 5.3. Let T be arryWllinear mapping of a normed linear space !". into
itself. Then either'(i) the fromogeneous equation

x - Txa0

has a nontriuial solution x e "/' or (ii) for each 1t e'{' the equation

x-Tx:y

has a uniquell' determineQ solution x e 7.. Furthermore, in case (ii), the opera'tor
(l - T)- r whose existence is asserted tltere is a/so bounded.

The proof of rheorem 5.3 depends upon the following simple result of Fliesz.

r.cmma 5.4. Let !" be a normed linear space ond.fi)o proper closed subspace of
^/'. Then for any 0<r, there exists an elem<:nt i-re7-:msffiif1l1ll=1-and
dist (x, , .// )> e .

Proof. Let x e 7' --//. Sinie .// is ctosed, we have

dist (x, ,//): inf llx -yll : d>0.
YeM

Consequently there exists an element h e / such that

d
llx_.yell(8,

so that, defining

x_ls
^8 -;-'. 11 x-)'6,r

we have llxrll = I and for any y e Jl,

tix _ ye _ ll ye _ xll rllilx,_rll :_.i#?1::!_

>,, d ,,,>e.
ll 'Ya-xll

The lemma is thus proved. D
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82 5. Banach and Hilberr Spaces

The element y is called the orthogonul pro,iec'tion of x on .,// . Theorem 5 6 also
shows that any closed proper subspace of ./( is orthogonal to some element of ,/f .

5.7. The Riesz Representation Theorem

The Riesz representation theorem provides an extremely useful characterization
of the bounded linear functionals on a Hilbert space.as inner products.

Theorem 5.7. For ecery bounded lineur.funt'tionul F on a Hilbert spat'e .f . there
is u urtiquely determined element.f e tr such that F(x)= (x,-f \ for all x e i( und

llrll: il,rlt,

Proof. Let -,{: {.xl^F(.x):0} be the nullspace of F. lf l{: tr,rhe result is proved
by taking/':0, Otherwise, since -{ is a closed subspace of .#, there exists by
Theorem 5.6 an element z*O,e /f such that (x. z):0 for all xetf. Hence
F(z)+O and moreover for any x e .f,

/ pr'r \ F/vt
P{y -l'^l z I :I (x) - + F(e) : 0
\ I'(z) J t'lz)

so that the element r -:l z e .{.This'means that
f t:l

/ rixt \^I Y- z.z l:U,\ rt:l /

that is, that

F(x)
(x. z): 

-- 1t711'r \;)

and hence F(x):(1, x)where f:zF(zlllizll2. The uniqueness of/ is easily proved
and is leit to the reader. To show that llf ll==ll/ll, we have first. by the Scrhwarz

inequality.

lrl: llf [#,t*::f 1'+#:l/l;
and secondly.

ll"f ll2: (f'f \: r(,f )< llrli ll/ll.

so that lL./ll< llFll, and hence llI ll= 11lli C

Theorem 5.7 shows that the dual space of a Hilbert space may be identified with
the space itself and consequcntly that Hilbert spact "are reflexive,

tritr
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/. Theorem 5.6 also
;ome element of ./f .

r:l characterization
products.

.er! sparc ,tf . there
for all x e lf and

:he result is proved

"t'. there exists by
all .x e .{. Hence

'/ is easily proved
t. by the Sc-hwarz

be identified with
e.

*:rllmrem 5.8.

,i:ffun for euery

haof.
&fined
o that
to that
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S.IK The Lax-Milgram Theorem

'Ihe Ricsz representation theorem suffices for the treatment of linear elliptic equa-

thuss that are variational, that is, they are the Euler-Lagrange equations of certain
dnfuple integrals. For general divergencetstructure equations we will require a

ftbt extension of Theorem 5.7 due to Lax and Milgram. A bilinear form B on a
ffihert space ,t is called bourtded if there exists a constant K such that

S l0l 1B(x, r)l<Klixtl llyrl for all x, y e X

w! coerciue if there exists a number v > 0 such that

t$-l I ) B(x, x) ) vllxll2 for all x e ;f .

iA particular example of a bounded, coercive bilinear form is the inn:r product

Hilbert space ./f .

a unijue element

i, ge.t such that

B(x,f 7= P1v) for all x e :/f .

virtue of Theorem 5.7, there exists a linear mapping ?n: ,lf -- ff
B(x,/):(*,7f) forall xe,ff. Furthermore ll4f ll<,(lllil by (5.10)

bounded. By.(5,1l) w.e obtain vll"f ll' (B(,[/;:1f, rf )<llf ll lTf ll,

v ll,f ll < llTf ll < Kll "f ll for att f e ./f .

This estimate implies that ?n is.one-to-one, has closed range (see Problem 5.3) and
that T- 1 is bounded. Suppose that inis not onto tr .Thenthere exists an element z# 0
satisfying (2, Tf ):Q for all/e ./. ChoosinE.f:2, we obtain (2, Tz):812, z)=0
implying z:0 by (5.11). Consequently 7-t is a bounded linear mappingon,tf .

We then have F(x):(x, g)-B(x, I-tg) for all x e ,* and some unique g e,ff
and the result is proved withf=T-tg. D

The Fredholm Alternative Hllbert Spaces

Theorems. 5.3 and 5.5 are of course applicable to compact operators in Hilbert
spaces. Let us derive now for Hilbert spaces our earlier remarks concerning adjoints
in Banach spaces. In light of Theorem 5.7, we define the adjoint slightly differcntl.,'

Let B be a bounded, coerciue bilinear form on a
bounded linear functional F e ,/f *, there exists

ey
by
?' is

ln
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rt I* js also a

ded. I-Ience,
assume that

cornpact, D

t of the null

r! we have
ce,,,{*r is

, Theorem
'*)2, x):0
ft1'r ll2 and

:ombining
following

into itself.
ib11, A:0,

ht

$-I0. Weak Compactness

*G r-be a normed linear space. A sequence {x^} c,onuerges weaklyto an element
,!€ t' if .f(x^) - "f(x) for all/in the dual space y''*. By the Riesz representation
fur€m. Theorem 5.7, a sequence {x,} in a Hilbert space,f will converge weakly
if* re sf if (x^,.v) - (x, y) for all y e,#. The following result is useiur in the
ffi&en space approach to differential equations.

85

* ryn::ly ^d-etermined 
solutions x e ff for euery y e ff, and the inuerse mappings

ffi - 17-1 
- t, (il - T*)- L are bounded. If ), e. A, the null spaces o.f the mapping s AI --7.,fitr* 1- have positiue finite dimension and the equatiins 1s.il; are s-o'lraile y ani

& g v is orthogonal to the null space of AI - T* in thefirst case and AI - T in*rrivr.

kem 5.12. A bounded sequence inct Hilbert space contains a weakly conuergenl
&quence.

.enof. Let us assume initially that ff is separable and suppose that the sequence
'lo4,.cJf satisfies llx,ll( M. Let {y.} be a dense subset of ,tr. By the canror
d*gsnal process wb obtain a subsequence {x* } of our original sequence satisfying

i., €x- . l.) ;- a, e R as k -, w. The mapping _f: { y 
^\ - R defined by l'( y 

^) 
*qa may

. ',wsequently be extended to a bounded linear functional/on .f and trJnce by ttrl
lgsz representation theorem. there exists an element x e Jf satisfying (xnu, 

'y) -
u14i!=(x, y) as k - co, for all y e,tr,Hence the subsequence {x"*} conve.ges
atly to x.:' To extend the result to an arbitrary Hilbert space ,ff,welet * obe the closure of
Sr linear hu.ll of the sequence {x,}. Then by our previous argument there exists a
ntscquence t"*]'. .//'oand an element x e .i( o satisfying (xnu, y)- (x. 1') for all
F.fo.But by Theorem 5,$, we have for arbitrary yeff',.)r:.vet1,,, where

, rr*€ {0,./te trt'Hence (xn*,.y)=(X,*,)'o)- (x, /o)=(x, 1,) for all ye,ff so

, *t {xn*}converges weakly to x, as required. !
l The first part of the proof of Theorem 5.12 extends automatically to reflexive

lmach spaces with separable dual spaces (see problem 5.4). The result js true
;, bos'ever for arbitrary reflexive Banach spaces (see IyO]).

: S$otes

ILc material in this chapter is standard and can be found in texts on functional
nalysis such as [DS], [Ewl airO JVO1.
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general reference [o t,'

Soboleu SPaces

Ler r/ I","..ffi"]ililfi ='31], l,''i";lf]'il't?;hil*l;i"3:;':";

'#'; :-il*- #"bv ie.ting

(A.1) l rP''Dout: / t-tl\"\uDo'P 
clr'

for all 'p e Cf,\A)' We say Dou € Lp(Q)'rf ther-e is a function q' e Le\Q)

srrtisfying 1,p,Dor"2=1 e,9o )= Inrn-.|'' _ ,n

'"' "Lffi ?ff.:* rjm:T?Tl's' H';i*:f ::: : -,
tr',r(f?) : {u € ff@);Dou e L' Yt' 1

r.espectively, 
witir norm 

\\r\\wu,_ 
: pg1\\D",r\\r,-.

Notetiratthedistrtbutionaiclerivative(A.1)isr:oritinuouslvithr.especttoweak
:::;"J**ililn!3} Li,(o) ca,rv oveL to tr'r(o)

A. I r h3or em . 
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A.2 Theorem, For an11 k € Ne,1 ( p 1@, the subspaceWk'p n C-(J?) i.'

dense i.nwk'F'(O).

The completirx of Wk,p aC-(Q) \\ Wkr'(Q) is denoted by llk'e(O). B\-
'Iheorem A.2,Wk,p(Q): Hk,p(Q). In particular, if p:2 it is customaLl'to
use the Iatter notatiorr.

Finaliy, w:''(O) is the closure of Cf(O) io Wk'p(Q); in palticuiar.

nt''@) is the closure of Cfl(J7) in Hk'z(Q), with clual F/-k(o). Dk'p(Q't
is the closure of Cf (J7) in the norm

ll"ll?., : I llD'ulle}'
lal:/c

Holder Spaces

A function u:Q C IR'- lR is Holder continuous with exponent,6 > 0 if

lu)tot - sup
rlgeQ

Fol rn € Ns, 0 < p <1, cleuote

C-'B(A): {" a C"'(Q); Dou is Holder contintrous

lvith exponent P for all o: lo-l : m\

If J7 is relatively conlpact, C^'P (n) becotnes a Banach space in the norm

ll"llc-, : I IID'"'I]"* + t lo"u1rat .

lol<m lal:m

The space C'"'{J (Q) on an open dornain f/ c IR" cari'ies a Fr6cheb space topol-
ogy, induced by the C'''F-nolms on compact sets exhausting J2. Finally, we

rray set C""'o(Q):: C^(Q).Observe that for 0 < P < 1 smooth functions at'e

not dense in C*'P (A).

Imbeddzng TJ'L,eorems

Let (X,ll ll;r), (y, ll lly) be Banach spaces. X is (continuously) embedded
into Y (denoted X .- Y) if there exists an injective linear map 'r,: X n Y and
a coustant C such that

llr(z)llv SCllr y, forall e e X.

In this case we rvill often simply itlentify X with the subspacc: i(X) c Y .

X is compactly embedded into Y if i maps bor-rnded sLtbsets of X into
relatively compact subsets of Y.

Fol the spaces that we are plirnalily interested in we have the fol.lowing results.
Filst, flom Flol<ler"s inequalily wc obtairr:

lu(r) - u(u)l
' , '"'' <6

lr - ul"

A.3 ilheoreur. --

&, 'It)r? ltaue L:

For I{older s1' . -
pactness Lest::- '

A.4 llheoreu:-
m€lNo,0s

Fina.lly, foi : '

A.5 llheorelr, :

uith LzPs'; ': "
(1') .tf k i'
is crt',nPc',:. '

g) tf o': '
k-n1-: :": ':"

Con't1)ar{::.-=' "' r'

quel:lce ,, : ':." lot''

'lheote::-:-lr?

Dert,;it - - 
"r'r:?ir-s'

BY 1i:.' .'-'-r r-*
an1'cit::-'' #i;i

the lli' ,:, ---. Y'r'

A.6 Tb*.:ft:sl-
N. l.- r l'

trIor. :"'-.:r. *i; rl

Acla:--. , I itsgl

Tt'rt.., --..: i'il. ill

Fo:- -. . t::r"tl lS!

II-"- - :ro{l
il-'- - '' -- r','ffi
et,,i ";,-: *a**lti

.pl4i
-. ]::

:-r.:-*'ff'.|ffil
r '*-$fe

,:&ni:;rryi

'l::! *,
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A.3 Theorem. For f/ CIR' wi'th' LebesguemeasureL"@) ( oo' 1<p<q<
@,'u)e haue Lq(Q) '- Lp(Q). Ttr'is ceases to Lte true if L"(Q): @'

For Holcler spaces) by tlie theoreni of Arz6la-A.scoli we have the follolving com-

pactness r."rult; see Aciams [1; Theolems 1'30' 1'311'

A.4Theorem'Su'pposeQisarelatiueL1lC|ornpactdomaininR,,,andlet
nz € 1N6,0 ( o ( 0 <I' ThenC*'1(Q) -' C-'"(O) compactly'

Finallv, fol sobolcv sl)a('cs wt'have Isee '\tlatrts Il: Theorem 5 41):

A.5 Theorem (SoboLeu embecLclzng theorem)' I'et Q c[In be abounded domain

wi,th Li'pschitz boundary, fu e N' I 5 p S co' Then' th'e t'ollowing h'olds:

(f) If kp < r-t, ,r,, hourWk'P(Q) * Lq(Q) J'or I l q 3 ffi; the embedrling

is compact, tl I < ffi
(s') IfQ ( rn < k - 7' < rn* L, we lnu^ewk'p(Q)'' c""'o(Q)''for 0 ( rr (

L : ; - ;, rn" embeldzng is cornytact' r'f ct < k - m - i'

Compactncss of the cmbedding nx'n(A) '- Lq(A) for q ( ;+ \' 
? 

conse-

quence of the Reilich-Konclrakov theorem; see Aclams 11; Theorem 6'21'

Theorem A.5 is valicl ror wf'e(c)-spaces o' arbitra.y bounded domains I/.

Densi,ty Theorem

By Theorem A.2, Sobolev functions catl ber allpt'oxinated by fuuctions en3oying

any dcgree of snootl.rness in the it'rtelior of o. some |egulality conditio:r on

the bounda|y EO is n.."rrury if smoothness up to the bouncla|y is |equir':d:

A.6 Theorem. Let Q C [\n be a bouncl,eil t]omai'n of class ct ', and let k e

N, 1 < p < oo. Then C*(A) is dense ?nWk'e@)'

Ivloregenerally,itsufficesthatf)hasthesegmentpropelty;seefblitlstance
Aclarns Il I l'heorem 3.i81.

Tlace and Er,tension Theorerns

For a domain f/ rvith Ch-boundaly AQ: l, lr € N' 1 < P 1@' deno;e by

ir:+;1r; ,n" space of "traces" ulr of functions u e Wk'p(Q)' $re think of

Wk-+'"i;) ; the set of equivalence cla'sses {{"} + Iu:'e@);" vtx'n1'Q)}'

endowed with the tlace norm

llrlrllw*-,r,,,(") : inf{llulllaz*'"1p); u - u € W:" (O)}

By tlris rlefinition, ,ut"'| 'n Q) is a Banach sptrce' Nloreover ' 
in case k : I 

' 
p :

2 tlre trace operator u n ulan is a lineerr isometly of the (closecl) orthc'gonal

"ornpl"m"',t 
it rrJ't(a) 6 H1'2(o) onto r/i'2(f)' By the open mapping the-

orem this provides a bouncled ,,extension ,)peLator" H4'2|l7.) - H1'2(f))' In

general, we have:
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A.7 Theorem, For o,ny e utdth Ck _bound,aryl, A e IN,a continu,ou; lin,ear e,rtenszon operator 
"*, 1,1ru_,i"ifj(ext(u))!r: u, for att u e wk-i,pe) 
*"

See .4.dams [1; Thcorenr 7.53 and 7.55].
coverins a{2 : I by coordinoi'" put.t.s.-an! dgfining soborev spaceswk'F'(r) as L"fore,riorr.i. iJil'ffi.{o.,n., l1; 7.biJ), an equivalenr,or'rfor W",p(f), where,k < s <,t+ 1, s : k+o,rs grven b1,

(
llullri,., : { ull;-, + | t t P:!@ - D,,ur,y1ln, n,,l'",t ,f=ol, J r T-tl;:Ea= d' da 

] 
;

see Adams [i; Theorem 7.4gJ.
I'rom this, the following may be cleclucecl:

A.8 flheorem. Suppose e i,s a bound,e. domai,n with Ck _boundary l, k €
H;i,i",ii";;"T* wk''Q) '- 'r:!;rr) '+ i4rx-r"e;;;i both ernbed,-

In particular, we have

l<pqcnthereet:ists

- VVk,eG2) such that
$

By honrol

But then 
'

NIore over'.

by (A.2) r

But r

L2 (,.A A). l

But iltullT,

In the sant

A.10 Thec
R. 'in [1" .

u € H't'

Wll( I'e I

Proo.f :
it suffi, .'-

have

b1''1-l---
CorL::.

(A.2)

compactly, fot

(A.4)

Poinca:,r6 Inequalzty

For a bounded dornain J2 of ciiamete. d ancl u e U],r1fl1there holds

(A 3) 
f^fuf 0, < o, [ lyul2 d,r .

J!2
'rhis follorvs immediately from H_c'der,s i'equarity a'cl the nnean varue theorem.
$::ift:*",:riin* Qc[0d] ;R;-i:s,u€ cf;@)ccf(,') ) More

A'9 Theorem ' For o,ny boun.ecr .omai,n e of crass cr there erists a constantc: c(Q) such that for any ,, e Ur,r(il)" r" hou,

I n,e d,r .c I lvrl, ar + c [ tup d,o .Jn Ja *r 
Jaa

Proof''rhe argument is mocrerecr-on Nedas [1; 1r 1g f.]. sup,pose by co'tradic_tion that for a sequence (u,,,,) , ;i,;1a)'ihtere holds

Ht''(a)'- L2@a)

any borrnded domain of class Cl.

ll"-ll7,ot r ,n (llvu-llzp,p; * 11u^ll2p,pnt)
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By homogeneity, we may normalize

llu^\\22,1s., : I .

But then (u-) is bouncied 1n 1{1'2(C), and we may assume that u- + u weaklY'

Moreover, by Theorem A.5.(1'), it follor'vs that tl,' + u strongly in tr2(J7) and

by (A.2) also u., laa - ulaa tn L2(0A).'But 
(A.4) also implies that Vu- - 0 in il({)), and z-laa - 0 in

L2@0). H".,"", u € Ht'z@); moreover, Vu: 0' 81' (A'3) therefore, u:0"
eLii l1u11r,q,r) : limm--@ llu,.llr,tal:1. Contradictic'' n

In the same spirit the foliotving variant of Poincar'6's incquality may be derived.

A'10 Theorem' Let Ap: Bzn(O) \Bn((]) CF"n denote the annulus of sr'ze

R inFn. I'here eri,sts a constant c: c(n,It) suclt' '.h'at for anE R > 0' any

u e Hl'p(An) there holds

I w - ulle tn < 
" 

Ro I lYull' clr 
'LJAtt rAR

where up d,enotes the mean of u ouer tl^t'e annulus A6"

Prool, Scaling with R, we may assume that il : l, t\n : At :" A' Mot'eovet''

it suffices to consicler u:0. If fol asequence (u,,,) in Hr"(A) rvith u-:0 we

fl
r : / lr",l, dr) m I lY'u",le dr ,

Ja JA

we conclude that u'. + LL = cortst' : u : 0 in Lp(A)'
!

hr:r.ve

by 'I'heorern A.5
Clontradiction.



Appendix B

(8.1)

or in divergence form

(B 2)

f,

H

I;
$
*1

I
J

J

(

I
s

In this appendlx we recail some fundamentar estimates for eiliptic equations,A basic reference is Gilbarg-T).udinger [1].on a domain g c IR'we consider second older elliptic differentiar oper.a-tors of the form

tu:-ooiLu+brfl-u+cu,

. al a '\u':-r,,\o"u''")*cu'
u'ith bounded coefficients aij : ait,bi, and c satisfying the ellipticity condition

air€,€r : 
^l€12with a uniform constant ) > 0, for alr { e IR". By convention, repeated indecesare summed fi'om 1to n. The standarcl example is the operator Z,: _A. If

7rr_r_"L:'en 
any operator of type (B.2) also falts into category (8.1) with

"t - - aiuis'

Schauder Estimates

Let us first co'sider the (classical) co-setting; se,: Gilbarg-Tl.ucringer [1; The-orems 6.2, 6.6].

B.1 Theorem. Let L be^an elLi,ptic operator of-type (8.1), w1tfi, coeffici,ents ofclass Co, and letu e C2(n). Suppoie Lu: f ;'g;1n)'.'in"""e C2,o(e),and for any e, cc e we haue

1

:

(B 3) llullsz,-@,) s c (llulll-ic1 + ll.f 11"",,r,) .

If in addi'tion e is of crass c2+o,^and,_if u e c'(fi) coinci,d.es wirt a functionuo e C2+o (Q) on 0e , then u e C2," (rtj ana
(8.4) llull6,: .1n; < C (ll"llr-r at + llf llc.tnl + llu.llg," (t))
ui,tlt constants c possibry aependi,ng on L,f),n,a, and,, i.n the f,rst case - or.t{), .

Lr'-Theory

For solutions i.r Sobolev spaces the carcrer6n-Z1,gmund inequarity is the coun_terpa.t of the Schaucrer estimates for cltr.ssical sorur:ions; ,u"'ciirro.g_.ftudinger
[1; Theorems 9.11, g.13].



8.2 Tlreorem. Let L be eUiptic of type (B-'1) with

;;r;;;;. u?;!@l sat'isf'es Lu: f i'n Q with f

for an,y Q' cc Q we haue
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cont'in'uous coeffic'Lents a;t '

, 7r'(Q), 1. < P < a' Then

H-r@).lr function u € Hlz @)

- 0, fol all g e C?@)'

(B 5)

IJ in
such

(B 6)

The

\iuliil:,,14'; S C (ii'ilrt'rl + II/J1r'tnl)

ad,diiion Q is of Class Cr'r ' and' i'f there erists o' fnnctr'on uo e H2'n 1Q)

that u - u" e H:'e (Q), then

llulls,,,1ny < o (11u11r''tal + ll/Jlr'"ta; + ilu'lla' "1c1)

constantsc may d,epend on L,Q,t't,p, And' - zrt'tl'te first case - on !)' '

Weak Solutions

Let L be elliptic of <livergence type (B. -2) ' / e

*"of.fy soives the equation 7Y: J \f'

lg(r,,r)\ < C (\ + \'ti'\e)t

L(",'*"*,- * "") a" - | nr 
va'

-t The integra 
| ( 6 ^, 

3_*+ 
",r9) 

a"L(u,q): J, \o0,5",u Ar'' -' )

continuously extends to a symmetric bilinear form 4 o'n al'2 1C;' the Dirichlet

ior* u"ro.iltecl with the operator 'L'

A Regularitg Result

As an application we consider the equation

(B.7) -Au:g(''u) in J-l'

on a domain (? c IR', with a Caratheoclory function 5"1" T - *' that is'

assuming g(r,u)i' '";;;*ble 
in r € A a"a continuous iu u € IR' Nloreover'

u'e will assume that g satisfies the growth condition

:

(B 8)

whele p S #, if n ) 3' By (B'8) and Theorern A'l-r' for any u e Hl'2(0) the

;";0"."; ffirion g(','(')) e u-r(a-)-; see also Tlteorem C'2' 'fhe following

estimate is essentially'ar-,"'to Brezis-Kato [1], base,d on Moser's [1] ite'ation

tecirnique.
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B.3 Lemma. Let e be a clrmaininRn ancl, let g I n xIR _ nl be acarathlorlnry fu,ncti,on suclt that for almost euerlt r e g there hold,s
(f) Is@,")l<a(r)(t+1u1)

where

lcmarins uu

that is, z €
Norv it

the conclLrs

u. e Lq(Q)

To appiv L

Carath6orl

ancl if 2 < -

rvith

with a functi,on a € L?!: @). Atso tet u € Hl;:@) be a weak sotuti,on ofequatzon (8.7). Th.en u-,e^.L,L.(A) for any q < ca. If u € Hi:;(;;: 
"r;;

a e L./2 (e), then u € Ls @) io!' ory" q < *.
Proof. Choose4 € Ctr@) andfor, r 0, L > Iletg:.p",1 :zrni,nJlul2',L2jn2 e H;'2@), with supp I cc e. Testing (B.7) with p,we obtain

f
Jnlv"l' min{lul2", L'}q' dr + g 

Iorn ,lu(z)r"<r}lvrr 
r) 

l'rurr,-rrt, d,
t

< -, 
J nVu 

u min{ lulz" , L2}Vqr1 d,r

+ [ .3+2luJ2)min{lul2,, Lz}qz arJn
.t"

< ; JrlVulz 
mirr{, tl2'. L2ln, ,t,

+" I pfmin{lulz", rz}lvq1z axJn,

*t 
/rlollulrmin{luj2", Lr}n, o, * 

lnlalnz 
ch .

Suppose ue rTi2(tt)" Then we may concrude that with constants depenclingon the tr2"+2-n6irn of tr, , restricted to supp(4), there holds
f l 12

J,,lrfu min{lul",r}a)l rir <

6(,

Fix .I( sucl
above) l','e i

I
J {r,e{.

{ c * c 
lr,r^lul2 min{lui2", L2}r72 dr

1c*cI{ 
IrnU, 

min{lulz,, t-z}n2 dr

*" Il {xqr) ;/a(o)r>K} 
loll"it min{i'u12" L2}r72 d'n

/ ' x2/n
< c(1 * xt + (, I lop/, ar\

1 ;{r€I?jla(c)l>K} 
/

/ rt t:+ \'+
(/rlu'rin{lul'' t}17l.tx 

)
< c(1 + 1() + €(1{) lrlr r"mi.{lrzl", 4n1l' a, ,



(
trt be o,

sohttion, of
'-ll1), aILd

3 I) n'ith rp.

_.,2r,,2 6,
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where.

/r
u(r{)=(/ \o\"t'

\Ji'ea i la'c)lZKi

Fix K such that e(K) : j and observe

above) we now maY conclude that
. ., ,. -) rl2 trntlul",Lln)l ur

+ oo to derive that

(2s+2)n

that is, u Q Lroi-' (,0).
Now iterate, Ietting s0:0, si*1: (s,-t +1)h, if i > 1, to obtain

the conclusion of the lemma. If u e Hi'2(I2), we may let ?i:1to obtain that

u e Lq (Q) foL all q < co.

To apply Lemma B.3, note that, if tt e ffi;:(O) weakly solves (B'?) with a

Calath6odo'-y function g with polynomial grrlwth

s(r,u) S C(l * \u\e-l) ,

ancl if p S # fol t-t. ) 2, ihen u weakly solves the ecluation

-Au : a(r)(i -r ul)

wilh 
a(r' uirl) ' r n/2 r r->'d(J') : 
I ; [r(r) 

<: L1o, \)t )

By Lemrna B.3, therefore, u € Lnr".(Q), for any q < oo. In view of our grovrtll

conclition for g this implies that /u : -S\,u) e L?'.(A) for any g < co'

Tlrus, by the Cald6r'on-Zygmuncl inecluality, Theorem B'2, u e Hi;!@)' for

arly q < oo, r.r,hence also,u. e Ci;i@) by'tlLre Sobolev embedding theorem,

Theorem A.5, tbr any a ( 1. Moreovet, if u €. !tt'' C), and if 0Q € ''12,

by the sarne roken it follows that u € H2,s atHi''(J7) - C''"(A). Now we

rnay procced usiug Schauder tireory. In particular', if g is Holder coritinuous,

tiren z € C2@) and is a non-constant, classic,al C2-solution of equation (B.7).

Finally, if g and 0Q arc smooth, highcr leguia,rity (up to the boundary) can. be

obtained by iterating the Schauder estitnates

XIatimum PrincipLe

A basic tool for proving cxistence of soluti,rns to elliptic boundary value prob-

lerns in Hoider spaces is the maximum principle.
We state this in a fortn due to Walter'[l; Theol'em 2] , allowing fol ntore

general coefficients c ln the operator tr than in classical velsions.

1 2/n

ar\ -.0 (K -' m) '

)
that for this choice of I{ (and s as

i iv(1,1"*'q)12 ar:. /lv(,*
J {rea i lu(r)1"<r} 

a .i'. _._ ,a,

retnains uniformly bounciecl in -L. Hence we rnrry let 'L

lrl'*t? € H:i.,'z@)'. 1,2'(Q)

'rr< rlorrerrrlins

-)f dt

.ln
i
I

tl .t'
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8.4 Tbeorem. suppose L is eLliptic of type (8.1) on a d,oma.in e and suppose
u € C2(A) nCr(n) sati.sfies

Lu> 0 in O, and u) 0 on EQ,

Moreouer, suppose there eri;sts tt a Cz (A) a Co (n) such that

Lh>O in J'l, and h > tJ on O"

Then either u ) 0 in {), or u: Bh for some B --Q.

In particular, let I be given by (8.2) with coefficients o.;i € Cl,"(n),c e
c"@)" lhpn r is self-adjoint and possesses a complete set of eigenfunctions
(p,) \n u!'(n) n C2'' (n) with eigenvalues .\1 < lz S .\3 < .... Mor.eover, cp1

has constant sign, say, gr ) 0 in J-l. Suppose that the first Dirichlet eigenvalue

(Lu,u\r,ot: 
J+to ?^"5* 

,ttt'

Then in Theorem B.4 we may choose h : gr, and the theorem implies that
any solution u e C2(0)acr(n) of Lu) 0 in I?, and sucli that u ) 0 on f/
either is positive throughout J-l or vanishes identically.

The strong maximum principle is based on tfLe Hopf boundary maximum
principle; see Walter [1; p, 294]:

B.5 Theorem. Let L be eltiptic of type (8.1) on the balt B: Bn(0) C R',
withc> 0. Supposeue Cz(B)aCr(B) sati,sfiesLu> 0 inB, u) 0 on
08, andu> 1> 0 inBoQ) for some p < R,7 > 0. I.ltenth,ere er.tsts
6 : 6(L,^y, p,R) > 0 such that

u(r) > 6(n - l0l) in B 
"

In particular, if u(ro) : 0 for sorne ro € aB, tllen, the i,nteri,or normal d.erzua-
ti,ue of u at the poi,nt rs is strictLy posi,ti,ue.

Weak M ari,mum Princiy.tle

For weak solutions of elliptic equations rve have the following analogue of rhe-
olem B.4.

8'6 Theorem. suppose L is eili,ptic of type (B.Lr) anrl suppose the Diricltlet
form of L is posittue d,ef.ntte on U],2(n) tn the sc:nse that

L(u,u) >0 forail u€ Ui't@),u+0.
Then, if u€ H1'2$4 ueakly satisfi,es Lu> 0.irt th.e sense that

L(u,g) > 0 for aII non-negatiue g e H;,2(A),

1
o

I
I
I

l
(,

€

']

t

I

.:
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:1 Q arld sult"pose

e cr,'((i),c e

^f ..icanfrrnnfinrrc

. . .. N,loreorreL, rpr

'irichlet eigenvairre

ofem implies that
rthatu>0onf/

)imclaly maximum

l:Bn(0) CR.",
) in, B, u ,> 0 on
'I'h,en there eri,sts

tor normaL der'ha-

4 analogue of The-

tpose the L)zricltlet

anrl, u )- 0 on 0Q, tt Joilows tlt'at u 2 0 t'n Q'

ProoJ. Ciroose I - u-: max {-t,0} € Hl''(f2)' Then

01f,(u,u-): -C(tr-,u-) S 0

with equality if and only if u- = 0; that is u 2 0'

Theorem B.6 can be used to strengthen the bounclary maximum principie The-

orem B.5:

B.7 Theorem. Let L satisfy the hypotheses of I'heorery B'6'" q.=.Brr(0)^:
B c IR" wi,th coefficzrntr"Lrs e Ct' Suytpose u € Cz(B) n Cr(B) sct'ti"sfies

Lu> 0 zn B, u) 0 on 0B and'u) ^t )0 zn Bo(0) t'oT;!-",P,< R"v > 0'

Then there etists 6:6(L,'l,p,R) > 0 suclr thatu(r) > 6(n -lrl) in B'

Proof. We aclapt the proof of Waiter' [1; p 29 l' For iarge q t 0 the function

, : 
""p(C(R'?'- lrl'?i) - 1 satisfies Lu 3 0 in B \Bo(0) Moreover, for small

e ) 0 the function ,': r, satisfies w 1u for lrl ( p and lrl : R' Flence'

in"ot"- 8.6 - applied to u-?, on B\Bp(O) - shows that u )'tr in B\Bp(0)'

Applicati,on

As an application, consicler the opet'ator L : -A - 6' rvhere 6 ( '\r' the

first Dirichlet eigenvalue of _ Aon f/. l,et lLe Ht'2@) or u € 92@)nC'(q)
rveaklysatisfy f u<C"inQ,u(0onl)J2, anclthoot" u(r):"^(" - lt-"of)
witlrzg€J./andCsufficientlylargetoaclrievethato)0onf/andLll)C6,
Thenr.u:1)-u satisfies

Lw>0tnQ,w>0onEf2,

and hence ti.r is non-negative throughor'rt '0' Thus

ulu in f/.

N4lore generally, results like Theorem 8.4 or B.5 can be used to obtain .L*- or

even Lipschitz a priori bounds of solutiorr to clliptic boundary vaiue problems

by cornparing with suitably constructed "barriers" '

hat

2),



CHAPTER 4

Weak Solutions, Part II

4.t. Guide

This chapter col,ers the well-known theory of De Giorgi-Nash-Moser. We
presen.t both the approach of De Giorgi and of Moser so students can make com-
parisons and can see that the ideas involved are essentially the same. The classical
paper [12] is certainly very nice material for further reading. One may also wish to
compare the results in [12] and [7].

4.2. Local Boundedness

In the following three sections we will discuss the De Giorgi-Nash-Moser the-
ory forr linear elliptic equations. In this section we will prove the local boundedness
of solutions. In the next section we will prove Holder continuity. Then in Section
4.4 wr:- will discuss the Harnack inequality. For ail results in these three sections
there is n<l regularity assurnption of coefficients.

The main theorem of this section is the following boundedness result.

TuBoRena 4.1. Suppose ai1 e L@(B) and c e Ls(81) forsome q > nf2
satisfy the following assumptions

aiiQ)Ei€i>Xl€ ,z foranyx€81,6 e Rn and lai.ilr* +llcllro <A

for some positive constants )" and t\. Sttppose that u e H '(Ar) is a subsoltilion in
the fol'low,ing sense

aij DiuDlg * ctrcp f q foranyA e H;(B) andg > Oin 81(x) =l
B1

I
B1

If f e, La (B), then
anyp>0

sup
Bs

where C - C(n,X,

In the following
Giorg,l and the other

L, p, il is a positive constant.

we use two approaches to prove
by Moser.

1

ll"f llr' tr,, i

this theorem, the one by De

ur e Zff"(Br). Moreover there holds for any 0 e (0, l) and

,* =c{ (1 - 0;'tn llr+ ll rtla; I

P.noop. We first prove for 0 : I/2 and p :2.

MterHoo 1. Approach by De Giorgi.
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Consider u - (u - D+ for k z 0 and ( € cJ(Br). Set p - u(2 as the test
function. Note u: Lt-k,Du: Du a.e.in {u > k}andu: rJ, Du:0a.e.
in {u = 

k}. Hence if we substitute such ciefined g in (x), we integrate in the set
{u > k}.

By Hrilder inequality we have

rr
I o,,DiuDi<p - I o,,D;uD;u(2 +2aiiDiuDllu(Jrrr

=^ J lDul'('-rn J lDullDe lu|

^ 
r 17'z f

-2J ' 
^ J

tf
=rlJu?lD(l'+(k'+
\\vt+ol\ is s"-'q,11

Hence we obtain

I,o,t'q' . r{ l u2tDef * I bb'r' + k2 | vt(2 + I,^,,;,}
frorn which the estimate

.[ ,r@t)12 
= 

r{ | ,'tD(f . I ptuzs, +k, I vt* + 
J' ,tr,e,,l

follows.
Recall the Sobolev inequality for uq e Hj (Br)

/ ^ \i f

| | r,ef. | .,,{,,) | tD@()tz
\;, / E,

where 2* - 2n /(n - 2) for n
inequality implies that with 6 > 0 small and ( < 1

f ^ / r :,i r r -r*
J t'rtu(' = (/ trt' ) (/ t'rt'. ) t{u( +0}l'-+-+

< c(n)1f 1r, (f ,o(u(,,') ' t{u( *011i**-}

= 
u I lD @il 12 + cet, 6)ll f ll'r,l{u( * 0} I '* i-; .

Note I+1- ? - I - j"if q > n/2.Thereforewehavethefollowingesrimare:

I ,"@()t2 = 
t{ I ,'tD(a * I kb'* +k2 | vtr2 + p,t{"( +o}, -+}

where F : ll -f llr.r1p,1.
\\'e claim that there holds

Frl{u( + o}''-+ 
}I ,"@r)tz(4.1)



4.2, LOCAL BOUNDEDNESS

It is obvious if c : 0. In fact, in this special case there is
set {u( # 0I.In general, H6lder inequality implies that

A(k, r) : {x € B,; tt > k}.

0<r<R<1andk>0

69

no restriction on the

I vtu'* = (1,,,,) 
r (l r,e),.) uq *0)l'-+-;

l{u( #0}13-},
ancl

r /. '.]
I vte'= ( I vr )'ttu( + o)l'- +"

J\_'/
Therefore we have

I

I lo@ol2 <

( r ^ ,) f ^. ,),, ^,,2_ t .-,i *. - , r Icl | ,'lD(a + | lD@()trl{r( +o}ti-,' + (k2 + F\l{u( f0}1,-, ltJ J l
This implies (4.1) if l{u( f 0}l is small.

To continue we obtain by Sobolev inequality

I ,,rr' = (f @e)2.) 
* 

, {uc *o}r,-#
Therefore we have

f " f r
Jnt)2. clJ *tD(:t{u( #0}ti + (k+ F)2 {ut *0}t'*3-+}

l
if l{u( * 0\l is smali. Hence rhere exists an r > 0 such t}rat

f. .) ^t f 1,- ...),. " , I

J @()'= c11 ,'lD(l'l{rt +o}l'+ (r + F)2tu( * o}l'"'}
if l{uf * 0}l is small. Choose the cut-off function in the following way. For any
fixed 0 < r < R 

-< 
1 choose ( e ctr(Bn) such that ( = 1 in 8,. and 0 = { s t

and lD(l < 2(R -. r)-r in ^B1. Set

IIIt

-L
q

< c(n) I ,r@()tz (f ,,r)

< c(n) I ,"@()lzl{uq t' otft

We conclude that {br any
,

Î(4.2) I fu - k)' .
T

,4(k, r)

frc,l ,^ ."lA(k,[\^-r)"
tf lA(k, R) | is small. Note

fIR)l' I f, - k)'+ (k + F)2.AG,
,

J

A(k, R)

ol t'*' l

I
S ;lltt-llyz

lfr
E I LI'

A (k, R)

lA(k, R) | <
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Hence (4.2) holds if ft 
= 

ko : Cllu+lllz for some large C depending only on,l. erncl
n.

Next we would show that there exists some k - C (ko + F) such that

f
| \u-k).-0.

a,*i t tzt

To continue we take any h > k - ko and an1,0 < r < 1. It is obrzisus th.1
A(k, r) > A(h, r). Hence we have

f-f
I ru-h)2< | ru-D2

et/, .,7 urto., ,

and

tA(h,r)l : lB,o{u -k > h-k}l 
= #W I @ _ k)2,

A(k,r)
'fhereforeby @.2) wehaveforany h > k > ke and I/2 < r < R < 1

f -r f I r a , . I

J tu -h)'<c t*; J Qt-h)z +@+ F)zlA(h,R)lllA(ft,R)l'
A(lt,r) A(h, R)

='{"+ . F#ln_* ( I @ - k),,)
Vti, nr /

0r

(4.3) ll(u - h)*llL2\u,) s C{ l- +4.+ ! I 1

rR -r' h - k I @: kYll@ -ft)+ll""iu-''
Now we carry out the iteration. Set rp(k,r) : ll(.u - ft)+llrz<n,t For | === l/2 and
somefr > 0 tobe determined. Define for { : 0, 1,2, " .,

kt:ko-F kQ_ +) (<ko-Fk)
t-(:r++(i-z).

Obviously we have

kr. - kt-r: h, r(.-t - re-- *Q - z).
'fherefore we have for L : 0, 1 ,2, . . .

e(kt,ri <, {:- *2t(ko + p + k) | 2't
Ir- r k | 

"l'P(ke-t'rt-t)l'*"
=, 

C . ko t .l + k . 2o+t)t . lq(kut, r(_r)lt+, .l_r kr+€

Next we prove inductively for any n : 0, 1

r4

e(kt, re) < YS* for some y > I
)

(,4.4)



4.2. LOCAL BOUNDEDNESS

if k is sufficiently large. Obviously it is true for { ,- 0. Suppose it is true for (. - L

We write

lp(kut, rt-,)1,*, . Iq(ko,'d ]t*' - 
9Vo, rd' . Q(ko,.ro)

I yr-t J V1e-(l+.e) y(
Then we obtain

e(fu, rt) < 9/:: &-t F + k ,., .2t("" g(ko, ro)
--: I-r kt+, 'I?(ko,rilf"'-/t;

Choose y first such that yt : 2r+e.Note y > ! . Next, weneed

?:'(q(ko'ril\''oo* F+k
1-r \ k ) k -<l'

Therefore we choose

k-C*{ko* F*p(ko,rd}
for C* large. Let [. -> *oo in (4.4). We conclude

A(ko * k, t) - 0.
Hence we have

sup r.r+ < (C* + 1){ko + F + g(ko, ro)} .

Bt/z

Recall ko: cllu*ll116,1 and g(ko, rd = llr,* llilG). This finishes the proof.

Next we give the second proof of Theorem 4.L

Meruon 2. Approach by Moser.

First we explain the idea. By choosing the test function appropriately, we will
estimette the Lpt norrn of ll in a smaller ball by the Lp2 norrr of l.l for pt > p2 in a
larger bal[, that is,

llttll yn (B.r ) S Cllull Lp2(B,z)

fot p1 > Pz and 11 < 12. This is a reversed Holder inequality. As a sacrifice C
behaves tike ,f . By iteration and careful choice of {r;} and {pi},we will obtain
the result.

Fclr somek > 0 andm > 0, set u : u* * k and

,,,-l- rfu<m
lk+m iftt>m.

Then'nehave Du^ == 0in {u .0} and {rt > m} andlt,, K 17. Setthetestfunction

e:n2e1fu-k?+t)en]6ry
for some F Z O and some nonnegative function rl € Cj{Br). Direct calculation
yields

Dg - pn'"f,-t Dlr,,u + qznf,Dil * Zrt Dn@f," - lr7+r,

: n'uf,,(F Dil,, * Dil) * 2nDrt@P*l1 - kP-|) .
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