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4. The Concentration-Compactness principie

As we have seen in our analysis of the prateau probrem, section 2.7. a very r;e_rtous complication for the direct methods to be appricabre arises in the presenceof non-compact group actions.
If, in a terneinoiogy borrowed from physics which we *ill try to make moreprecise later, the action is a "maaifest" sy,mmetry - as in the case of the con_formal group of the disc acting on Dirich-let,s integral for minimar surfaces _we may be able to elminate the action by a suitablu oor-rr,,r"tion. This wasthe purpose for introducing the three-point-cond"ition on admissible functionsfor 

th9 Plateau problem in tue p.oof of Theorem 2.g. H;"er. if the acti.nis "hidden" such a norma.rization is not possible and there is no hope thata// minimizing sequences converge- to a minimizer. Even .,rrorr", trre variation,llproblem r:ray not have a sorutiori. 
-For 

such probrems, p_r,.iioo, deveroped hisconcentration-compactness principle. On the ba^.is of tUi, pri".iple. for manyconstrained minimization problems it is possible to state ou.urr-r. and suffi_cient conditions for the convergence of ali mirri_irirg .;;,r;;;es satisfying thegiven constra-int. These cond-itions invorve a delicaie-co*p-rroo of the gi'eafunctional in variation and a (family of) functionars ,,at indnity,, (on rvhich triegroup action is manifest).

Rather than dwen on abstract notions we prefer to give an exampre _ a variantof problem (2.1)' (2.3) - rvhich will bring out the ma.rn ideas immediate11,.

4'1 Exampre' Let c': rR' - R. be a continuous function o > 0 and suppose tha:
a\.1 ) - aa

We look for positivr: solrrtions u of

(4.r)

decaying at infinity, that is

(4.2)

> 0' (lz1 - oo)

the equation

-Au -r a\r)u = uluf -2 in IRn ,

u(r) -0 aslcl *ee
Here p > 2 may be an arbitrary number, if n : I,2.If n )
e < :3. This guarantees that the imbeddine 

-1-' -' '"'- 3 we suppose that

Hr't@).- LP(n)

is compact for any I7 CC R".
Note that (a.1) is the Eurer-Lagrange equation of the functional

oa I/1'2([tn), restricted to the unit sphere

E(u) = | [_"U""t2 + o1r)1u1,) ar
" JIR"

ii
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M : {u€ f/1'2(R-") ; / l'ulprlr = 1}
Jn-.

,= trp(IR").Moreover, if a(r) 3 o.o, E is invariani under tralsiations

'i:t -+ltrto@) : u(, - to) '

ir general, for any u e -I/1'2(1R"), after a substitution of variables

1 r 1 f ,,- .n

E(u,o) =: [ (lvul2 -f a( ' + rs)lul2) d.x - ! L- (lv'lt + a*lulz) dx
z Jw-^ L JIP-^

;s irol + €, whence it may seem appropriate to call

1l

E*(u),:: | (lv"lt + a*lul2) dx
! JIR"

:.:e iunctional at infini,tE associated with E. The following result is due to Lions
-'l: 

Theorem I.2].

4-l Theorem, SuPPose

1 := inf E < inf E* :" I* ,
\.f

))f

-:;t:t there exzsts. a pos,itiue solution u e Hr'z(R") of equation (J.1)'

-i"i:"to,er, con,d,itdon (/t.3) is necessary and sufficient t'or the relatiue compac-

:::ss o/ all minimizing sequences for E i'n IvL

i-c/. clearly, (a.3) is necessary for rhe convelgence of a-ll minimizing sequences

:- -';^r'. Indeed, suppose /€ ( / and iet (u-) be a mrniroizing sequence for E-
I:ec also (ri-), given Av "^ - u*('* nm), is a minimizing sequence for E-'
i- "ot 

r..1u.tt."lz-) in IR". Choosing Ir*l large enough such that

1

lE(r*) - E-(fr*)l s;,
Ecreover, (u-) is a minimizing sequence for E' In additiou' \ee can achieve

::a: 
i* -o locallY in' L2 

'

xience (fr-) cannot be relatively compact'

Note that this argument also proves that the weak inequality f < 'I*
r;e;avsholdstrue,t"g"-rdl.rroftheparticularchoiceofthefunctiona'

\\re now show tf,at condition (a.3) is also sufrcient. The existence of a

:,a=irive soiution to (4.1) then follows as in the proof of Theorem 2'1'

Let (u-) be a miniuuzing sequence for -U in tVl such that

E('u*) - 1 '

11e nay assume that u* * u weakly in trP(R") ' By continurty' a is uniformly

:.xi:ive on lRt ' Hence we also have
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llu*11211,," < c E(u^) ( C < co,

and in addition we may assume that u- .-- z weakll' in I11'2 (IR" ) aod pointu'is:
rlmost everywhere. Denote um = em * u. Observe that by Vita-li's theorem

(J 4\

I wA, d" - | tu^ - ut' d.r : - II,' *lu^ - sulp dt) d.r

tft
= , 

J J, 
u(u^ - rtu)lu- - Suln-z OO O,

- , llr' 
u(u - Bu) u - grlf -2 d.f d.r -- | vr o, ,

where / ... dr denotes integration over IR"; that is

t fuf dr+ [ fu^f d.r-1.
J]R" /IR"

Similariy

E(u^) : E(u^ + u) :
1f: ; | {(lv"l' * 2YuYu^+ lVu-12)
' JP,"

+ o(r) (l"lt + 2uu^ * lu^12)j dr

: E(u) + E(u*) + [ (vrvu- + a(r)uu^) d.t
JIR"

\ +.0,1

and the last term converges to zero by weak convergence am : um - u .-- 0 in
rll,3 /rp n rJt \!L ,/,

\'Ioreover, ietting

n. : {r€ lR" ; lo(r) - a*l) e} CC IR",

.i-^6.' n l^^^11'. i. f2 the intporel)uLtr Um ...- U ruudly LLL D \ Lu! ruLu6r(J

f
| {ot:,,") - a*)lu^12 dr <

J]R.

fi^12 d"r

Here and in the following, o(1) denotes error terms such that o(1) - 0 a,s

m + co. Hence tlLis integral can be made arbitrarily small if *'e first choose
e ) 0 and then let m > mg(€) be suficiently large. That is, we have

E(u^) : E(u) + E@ (u-) + o(t) .

s' I b^3 +sup la(o)l /.,/IR" J O,

<c€+o(1).

li
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81 homogeneity, if we denote ) = 'in'" iuip dc'

E(u) = ),2lPE (,1-11t") > 
^2lPI' 

if '\ > o 
'

5-(r*) :(1 - \)ztpE*(tt-^r-"0'-) t(1 -'l;z/r1-+o(1)' if )<I '

gence we obtain the estimate for 'X € [0' 1]

1 = E(u-)+ o(1) : E(u) + E-(r-) + o(1)

>_ 

^2tpI 
+ (1 - \)2lpI* + o(1)

z (.1'ro + (1 - r)'?/e) r + o(i) '

!.iace p ) 2 this implies that '\ € {0'1}' But if ) = 0' we obiain that

I>I*+o(1)>r

::l iarge rnl a contradiction'
Therefore ):1; that is' 1tm'u\t Lp'and u € NI'By convexity of E'

Soieover' tr( tt\ lljm inf E(u^) = I '"\-/ _- nr_co

l:,: u minimizes E in '\4' Hence also E(u-) - E(u) Finaili" bv (l'5)

-,,11?-, ^1cE(u*-u)I'Am

: c(E(u-) - E(")) + o(1) - 0'

=i u* --) u strongly in Hl'?(trr")' The proof is complete'

:;r oll rn-

i=) (Vanishing) For atl

i:garding \u*\p d: as a measure on R'' a systematic approach to such pro-

:i:ss is possibte utuin" following lemma pi' ii""' [1; p' 115 tr'1)'

r.3concentration-comP::t"T',i"il"oi,;!-"{";;,1:n}".,"i1'";::"2tff :;

'r:,;":n:":#':;'i:ff ,,;i"i";'i"!T""a;it'""shotds:

;'I (Compactness) There ensts a sequencer* C B'^ such' that for any e ) 0

-;ere is a rad,tus R > 0 with the property that

I or^2r - e

J E alxm )

R>0 th'ereh'olds

u* (rtp t
m--co \c€IR" J Bn(c ,dr*) 

= o
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,;i /Pl /Dinhntn^n,I Thgyg erists A nUrnber ),, 0

there is a nurnberR > 0 and a sequence (r^)
R' > R th,ere are non-negatiue measures pl,

< ) < I, such th.at for any € > 0

wzth the following property: Giuen

p.i suclL. that

Proof . The proof is based on the notion of concentration function

OIr) : qrtn
ICTPN

of a non-negative measure) introduced by P' L6vy [1].
Let Q^ be the concentration functions associated rvith p,',' Note that (Q'")

is a sequence of non-decreasing, non-negative bounded functions ou [0, mI wi :h

lirnn-*Q^(R) : 1. Hence, (Q-) is locally bounded in BV on [0, cof and

there exists a subsequence (p*) and a bounded. non-negative, non-decreasilrg

fulction Q such that

Q^@) * Q(E) (m * m) .

for almost every -R > 0. Let

,r = 
"LJL 

Q@) .

Cleariy 0 < ) < 1. If ) :0, we have "vanishing'', case (2o). Suppose ): 1.

Then for some Rs ) 0 we have Q(fts)> +.For any m € N let.r- satisfv

Nowfor0<e< ^'.J l^!,, -^+:^t-,duu rgL gm JdurJlJ

Q^@)

Then for large m we have

0 3 Itt^ * tt'* I p* ,

supp(pl") C Bp(r*), supp(pi-) c R-" \ Bn'(r*) ,

/l f I I tiimsup(lr-/ ap'^l+l(1 -A) -/ afil)se
m+&, \l ,/rR" I I JlR" l/

(1",,.,0r)

a*@')s I aP^+!' 
J noo(z^1 m

,i fi* -R such that Q(l?) > 1 - t > *

t
I aP^

J Bn(y^)
r: I dp^

J IRN

liS I dt-t^ *-
J noe-) nL

f+ | dl-t^ >
J Bao@^)

It follows that for such rn

Bn(y*) n BRo @^) * 0

That is, Bn(a^) C B2p."po(r-) and hence



4'TheConcentration-CompactnessPrinciple 
39

t-r1[ or'^
JB'n+"'0("-)

mr ;ge rn. crroosing R even larger, if necessary' we can acb'reve that (1o) holds

*r i?. ,:-,en6 > 0 choose Randasequence ("-) -dependingona

--.J<\(1'grr
--: ?-suchthat'>.*-! t 'or^>)-6'J 17 s\xm )

t n Zrno(')' Enlarging -o(e )' if necessary' we can aLso find a sequence R* u

:c :::ll thal

.; -. ) m6(e ). Now

!".-r^ti:', define P;

g,,"(R) <Q^(R^) <I+6'

Iet pl,, = 1l*-Bnl,l-):,'h1,":::t:::"" 
of tt^ to 6t(rm)'

l',i"Lt*t' \ Bn- 1z*))' obvioustY

0 < pr]" + Lt2^ 3 Lt* '

x;:. given R' > R'for large rn we afso have

=upp(pl") 
t 6"(r-)' supp(p2-) c R" \ Bn^(n^) C

J:a:ir'. for m Z mo(e) we can achieve

r - 'f arl"\ + \'- ^ I* a';\ =

JF." I I 1 li
= \^ - I- - , 

or*\* \J",-,"^,
| r' DR\rm /

gr.ich conclud'es the Proof'

tr" \ Bn'(t-) '

),,u Pfn <2e,
I

.1
i

0

i: ;he .o"l':',of rheorem 4'2 Lemma i:.#]{"''j-i1t'jj1Hl*'F:1"fr
- n nf . Dichotomy in this case is -"ot;i";ionUound"d 

loro u, the IocaIIy
-.;;J.,.""ru:={::,""t"&.".-"f IJf H.'#1ill-i.'"t""a
? < Pt the situatton utra! "'--- 

^:^...1 a" invaria.nt under the
:or/lpact case- nt, in particular invz

If a problem rs confor*txl t:r"fft"t 
acting via

ron-compact group of dilatations ot lrt

u-un(r) =ultfR)' P20'

ro! everl I'ocal compactness can hold'


