
, | '.',Chapter I. The Direct Methods in the Calculus of Variations

shall see some examples and some rnole delicate ways of handling the possible
loss of cornpactness. See Section 4; see also Chapter III.

In applications, the conditions of the following special case of Theoren 1.1
can often be checked more easily.

1.2 Theorem, Su,ppose V is a re.fleri,ue Banach space wi,th norm l].11, and let
M cV be aueakLy closed subset of V. Suppose E: M - IRU*co zs coe.rci,ue
and (sequent;iaLLy) weaklll lower sem;i-cont'inuous on M wi,th respect to V, tho,t
'is, supltose the t'oLlowing conditio'ns are fuLlfi,lled:
(1") E(t)---' co tzs ll"ll - x>, u e M.
(P) For anu'u € M, an,y sequence (u",) i,n M such thatu^ - u, wea,klu in,V
th"ere hoLds:

E(u) S li,Tl'gf E(u*) .

Then, E is bounded from beLow on M and attains i.ts infimum in IuI 
"

'fhe concept of nrininrizing sequences offers a direct and (apparently) consl;r'uc-
tive proof.

Proof . I'et oo : inf nz E and lct (u-) be a minimizing sequence in M, that is,
satisfying E(u*) + o0. By coerciveness, (1-) is bounded in V. Since 1z is
leflexiw', by the Ehellein-Srnrrliarr rheorern (scc Dunford-SchwalLz l1 ; yr. ,l3U] 

)
we llray assume that u- - u weakly for sorne u e V. But M is weakly closecl.
therefole u e L/I , ancl by weak lower serni-continuity

E(") l lig'$ E(u,") - crs !
Examples. An impo''tant exan.rple of a sequentially rveakly lor,ve. serni-
continorrs functional is the norm irr a Banach space V. Closed and convex
subsets of Banach spaces ale impoltarrt cxarrples of rveakly closed sets. If v is
the dual of a selrarablc nolurcd t'e(:tor space, '-fhcorern 1.2 and its prosf r.erlain
valicl if ive leplace weak by rveak*-convergence.

\\i' prcsetrl sornc sirrrplc applicarions.

D eg enerate ElLi,ptic E qu ati,ons.

1.3 Tlreorem, Let ft be a bounded domai,n infr\n, p e l2,cnl utith r:onjtrgate
exponert,t q satzst'yinrt i* i: L, and tet f € H-r,s(e), the duaL of Hl'r(O),
be gi,uert . l'h.en therr,: eni,sts a weak soluti,ontt e rt],e(e) of the bounclnry ,,talue

7n'obLent

(1 2)

(1 3)

j;

-V'(lvula-'vu1: f in Q
tr:0 on09

in tlte sense th,o,t u sati,sfies th.e equati,ott
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f
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.f nFulvule-2ve - f e)dr :0 , ve e cf,(o) .

: - ",.r. Rematk that ther lcft':- llrnctional

E(u) :

.:- ilre Banach space V : H:
. .'i valiationa.l form.

\ote that F1ol,e(fZ) is refl

of (1.a) is the directional derivative of the

lVulpd,r - [ fuo,
Jo"

in direction g; that is, problem (1.2), (1,3)

MoLeoveL, E is coercive. In fa,ct, we have

part

7f-l
P Ja

'' ({))

exive

1E(u)> jilulrl,,l, - ,,flltr-,lxrlHJ" z )(t,r,,i,, "-cllurt..,.)P no ' * H,. p \ rr., 't|:,t 
)

>c_lllull|r, _ c.

l-lall1', E is (sequentially) rveakly lorver semi-continuous: It suffices to show-:-.it for urn - LL weakly ;n U]'e1q u,e have

ISr,^a, i I ruor.
J n J a"

:ince / € H-r's(n), howeveL, this folrou,s from tire very cref ition of wcak
'''1'el'gence. Flence Theorem 1.2 is npplicable ancl thele exists ti minimizer, a Hi'e@) of E, sorving (1.4). 

Glr. urrsrs E^lbLs 
!

ilemark that for p > 2 the p-Laplacian is strongly monotone in ther sense that

r

J n(lvulr-'zvu - lvuln-2yu) . (Vu _ Vr) ttr > cllu _ ullpn:,, .

In particular, tl:Le solution u to (1. ) is unique.

.If / is more regular, say / € Cm,aiD;, ove would expect the solution u of1.4) to be rnore regular.as well, This is irLre if p:2, see Appenclix B, but;rr the degene.aLe case p > 2, where the uniform elripticity of tr-rer p-Laplace
operator is lost at' zcros of lVul, the best that one c.rn hope for t, " u'"r,J1at),
see Uhlenbeck [1], Tolksdolf [2; p.128], Di Benedetto 11].

In Tlreorem 1.3 we have applied Theorem I.2 to a functional on a reflexivespace. An example in a non-reflexive setting is givcn next.



2. C)onstraints

:-:,.'. the sphere of ladir-rs 1 alound p lies in the convex hull of finitely many
rr'' -i\is Ql'Qr,.',tQnNt by continuity of F in u and convexity in p tlie right
:.:.,i sicle of this inequality felnains uniformly bouncled in a neighborhoocl of

.-; Heuce,F(.,.) is locally Lipsclrilz conlinous in p, locally uniformly in
- i. : R'\' x IR'N. Therefore, \f u- - u ,pm + p we have

5 rr,,,, L,,n) - F (u,p)l < lF (r^,p,n) - F Qt^,p)l + lF (u,,,p) - F (",p) 
|

< clp^ - pl + o(r) - o as ?7) - oo,

;":-"::e o(1) - 0 as m, + clo, as desiled.
i' In the scalar case (N:1), if -F is C2 for example, the existence of a minimizer'
:.r E irnplics that the Legendrc condition

i ,r.ro (r,u,,p)€o{B > o, fol aii { e IR'
a'P=r

:- ',,1s at all points (r,u: u(r),p: Vtl(z)), see fol irrstance Giaquinta 11; p.11
: This conclition in trrln irnplies the convexlty of F- in p.

The situation is quite differr:ut in lhe vector-valuecl case -l{ > 1. In this
;'.,./:. in getreral only the Lellendre-HarLamard cond,i,ti,orl

N

t L Fr;07@,u,P)€o€D1l'Tr > 0, fol all { € IR'n, 4 € RN
i,l:l a,0:l

=:li lioid at a minimizer'. which is muclr rveakor then convexitv. lGiaqrrinta [1;
-. i )l\
:'-l/'

In facrt, in Section 3 below rve shall see how, under certain additional
:':ucture r:onditions on F, the convexity assumptiou it.r Theorem 1.6 can be

".-errkened in the vector-valuccl case.

2. Constraints

.\pplying the direct methods often involves a delicate lntelplay between the
:unctional -8, the space of admissible functions .421, and the topology on M. In
-his section we will see how, by rneans of imposing constlaints on aclmissible
:unctions and/or by a suitable rnodificatlon of the valiatiotral ptoblern, tlte
.lilect metliods can be successfully ernployed also in situations rvhere their use

.eems highly unlikely at filst.
Note that we will not cor-rsider constraints that are dictatecl by the prob-

ierns themselves, suci.r as physical lestrictions on the lesponse of a mechanical
slstem. Constlaints of this tvpc in general lead to variational inequalitics, and
s'e lefer to I{inderlehrer'-Stampacchia [1] for a comprehensivc introcluction to
this field. Instead, we wili show how ceftain variational problerms can be solved
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14 Chapter l 'lhe Direct \4ethods in the Calculus of Variatious

by aclding virtual - that is' purely technical - constraints to the conditions

clefining the admissibt"-'"t, ittut singling out distingtiisheci solutions'

S emz- L inear Elli'pt Li'c B oun' d'ar E V alue P ro blems

We starl, by deriving the existence of positive solutions to non-coercive' setni-

ii"... JLioi,. t o.,,'au,v'i'i;: Y;;r:l:i::1,,';:';H,*ilii]ll1'.'ffi1';".'i?i;
Such probiems aI'€) motivated bY stucltes or

Gel'fancl [1; (15'5), t';;;i;; n'i" itt the context of the Yamabe plobiem (see

Chapter III.4)'

Let ebe a smootrr, bounclecr cromain in IR', ancl let p > 2' If n > 3 we also

assune that p satisfies the co*clition p -2* : :3. For \ e IR. consider the

&h',:+'

',;L *..'

,* .ffi'.49i

*...1

li*.'r.

.iit i!i.t*
' ..i ,:.*q:*'
jl'

rii4.sr:mg,

&fiti' r*1'ts

plobleur

(2.1)

(2.2)

(2 3)

_ Au -t Sy : u\u\e-2 in Q ,

u>0 inQ 
'

., - r) c.nL 0Q

Also let 0 < )t ( A2 ( )3 < " denote th':,eigenvalues of the operator -A on

Aj '?1lZ) Tltett rve llave the lollowing rcsrllr '

2.1 Theorem . For any )' > - A1 there erzsts a posi'ti'ue soLutzonu € C2(Q)'

Co(A) tut probtem (2.1)-(2'3)'

Proof. Observe that Equation (2'1) is the Euier-Laglange equation of the

funct'iorral I f
E(u): l /,('o''' I )lulz) dt - ! J,,lul" 

a'

on A,f '2 1fZ; rvhich is.neither bounclecl from above not'florn below on this space'

However, usins rire ;;;;;;;;;;i,y oi iz.rl a solurion of problem (2.1)-(2'3) can

also be obtainecl by ,";;;;-"fn.troir-t"a minirnization ploblem for the func>

t ional 1 t'
E(u) : i Jnt'' "f 

+ 11ujz) dr

on tlie Hilbert spac" Hl'2(fZ) ' restrictecl to the set

f_
I,r : {u € Hl''z @) ; 

J n\u\e 
dr : rl '

\Ve verifv that ,E : IvI - IR satisfies the hyp-o^thescs of Theorem l 2' l3y

tire Rellich-Konclrakov theor.em the injection 
"n[''zp\ 

'' L',(9) is complctely

conl;inuous to. p < i;,;;; t 3, r'espcctively fo' any 2 < T:,if n' : 1,2; see

Tlreolem A.5 of the appendix Hence N'I is #eakly cl'osi:d in nl''@)'

jfr{

ir,i{- :llJ{i

.;&:r iti

.. e,.



2. Constrai:rts
.. conditions
l:S.

-::ClYe) Selnl-
..i,, "ttt -, i.r'.,-jIt lliethOd.

f.j ".:,ti-example
.,i;":.r,:* :,;oblem (see

-. .: ' .> 3 rve also
I. ,nsicler the

' ' ji:or -4 on

= (:t(Q) t)

'; .,.-:oll of thc

: :. :his space.
/n | \iz.J/ call

" r.-.:: t : the func-

i..:l' 1.2. By
,r ontl)letely
. : 1,2; see

(u,(DE(u)

l:rsertingu*rrinto

2E(u)

u + 
^uu 

- ltttlule-2u) ttr

'att u er ni,t@) .

:rJnlu'lpdr:p.

Recall tlie Ravleigh_Ritz charactcrizatron

- -i ), : inf lnlvul2 dx
., u 

"ii*i",,,, 

-L l"l' oi
i :he s'rallest Diricirlet eige'value. 'Ihis gives the estimate

r r, E(tt) > ]mn{r, (r + }) }11u112,,,,,.2 , , nt ..o

::,,ui this, coerciveness of E for ,\ > _)1 is irnmediate.
\\:eak lorver semi-continuity of E follows from weak lower semi-co'tiruity-":_:lre norm in lfi,r@) and ihe Rellich_Korrdrakov theorem. By T.he.'em

- I rlrerefo.e E attains its infimum at a point 19 in M. Remark trrat since.i r,, : n(l"l) we may assume that u > 0.
To de.ive the variationar equation for -D fir.st 

'ote trrat E is conti'uouslyF:tn-het-differentiable ln H01,2(J7) wlth

(u.DE(u)) : [ 1vuv, + ),uu) ctn .Jo'
l.{;:eor,ef, letting

G(u): I l,f cLr-r,
JQ

rl nlr't@) - IR also is continuously Fr6chet-diffe,rentiable with

(u,DG(u)) : e I ulul'o-zuo, .

JN

L, riarticular, at an1, point u e M

(u,DG(u)) : rt [ fttle rtr : p + o,
,.1 Q

'::.llltlie implicit function theorern the set IvI : (]-r(0) is a c1-subrranif.ld: Fll'-( o\'"-']\""./.
Norv, by the Lagrange rnurtiplier ruie, the.e exists a parameter p € JII s.rch- i-.ri

f
- tLDG(u))): I (VtLY

Jo' *

: 0, for

this equation yields that

f-
= | (lVy.l'+ )1u12) rtr

.lQ



16 Chapter I. The Direct Methods in the Calculus of \/ariations

Since u € llzl cannot vanish identically, from (2.b) we irlfer that p > 0.
with a suitreble power of p, we obtain a weak solution 11 : 11;\- 1tr"-7 IL €of (2.1), (2.3) in the sense that

(2.6) u) dr : 0 , fol all u e, Ht,z @)

Scaling

uJ''@)

[^trrrr-t Auu - ululn-z
JQ

Moreovet', (2.2) holds in the lveak sense ?/ ) 0, u, l0 Tofinish rhe proof we usethe regularitv resurt Lem,li B_3. of.the appendix ancr the observ.ations fbllowingit to obtain that, e C2@). Finally, fry tf," strong *o*i*rr,,' p-rinciple u > 0in J-2 ; see'Ilheorem B.4, o ---.-^^'r'srrr y 
O

observe that, at least for the ki'd of 
'onrinear 

probrems considerecl here, byLenma B'3 of the appendix the regularity theory is taken ca'e of and in the fol-lowing we rnav concentrate on pr.oving existence of (weak) sor.tions. However,additional structure conditions rnay iinply furtrrer u."rut p.op"rii", or suitabiesolutions. An example is symmetri

2'2 Sy'rmetry. By a rcsurt of Gidas-Ni-Nirenberg l1; 
...heo'ern 

2.-r, p.216, andTheorem 1, p.20g] , if O is symmetric with respect to a hyperpia,ne) say ,,1 :0,any positive solution u of (2.I),, (2.3) is even in r1, that 
","r)6i,rij : u(_rr,r,)for all r : (at,r') e e,,.,].d # < b at anypointr : (rr, r,) e ewithrl ) 0.In pa'tic'lar,if e is a bail, Jn| positive *rrtion " r. rr.ri"ily svrnmetric. rneproof of this resurt lrses a variarrt of the Aiexandrov-Hopf ,"a..tior. principleand the rnaxitnutn plirlciple. Tliis method lencls itself to nurnerorrs applicationsitr tnanv c.lifferent contexts; in Chapte| III.4 belo$, n,e shall see that it is evenpossible to clelive a-priori bouucls fiom this methocl in the setting of a parabolicequattou on the sltherer.

Perron's A,lethocl. in a Vari,ationaL G,uzse

I' the p.e'i.us exa'rple trre const.aint buirt i'to the def ition of n1 had tireeffect of rnaki'g the .esrr.ictcd functio'al E : Ei;;" 
";"..i""l"ri".eover., thisconst.aint only cha'ged the Eurer-Lagra'ge equatio's by a facto. wrrich courdbe scaled arva.y using the homogeneiti of ihe right hand side of i2.l).In the 

'ext apprication rve wiil see trrat sornetirnes also iriequarity con_strair.rts car be irnposed rvithout changing trrc Eurer-Lag.."g"-r"rrtions at aurinimizer.

3.3.]y""k sub- and supcr-solutions. Sr-rppose J? is a smooth,
jn R'', and let g: Q x IR - jR tr" n Co.oth6o,ir.v function.
be given. Consicler the equation

l.i f":r.";r--

' .,' _ t-

bounded clomelin
Let ttg e U]'21n1

(2.7)

(2 8)
-Au": g(.,u)

,IT : 'IIO

ittQ,
on0Q.



:i:itl/>0 Scaling
E tr, € HJ''z@)

. n],2(Q) 
"

. . :he plottf we use
.-''.tior.rs lbllowing
::-ulirrcip,leu>0

!

...:,ieled here, by
-. : ,rnd in tlie fol-

.'.,rrs. I{owever,
- " ::res of suitable

.,:,-

. p. 216, and
". sa] ?]1 : Q,

: rL(-:tt,rt)
' -.'.'ith r1 ;' 0.

..inetlic. The
' ,n rrrinninlo
- .rrrr ieef inrrc

:, ,- il is cveu
: a palabolic

: -t.1 had the
, :':o,,'er'. this
" -.'rir:h could
...
..- -,illt\r con-
, " f-iolls at a.

- .,.i c[orlaiu
= rfr'2tot
- "q \"/

2. Constraints 17

'ju:hrrition u € Hr'2(Q) is a (weak) sub-solutiort to (2.7-g) if u ( us on i)J2

i_ _ f
/^VuV,ptlt- | g\..u),p d.r<0 f,-,r.atl p€Cf(J?) . f >0.
'.f .l 9

:-:----a:i' u € lrt'2(Q) is a (u,eak) super-solu.tion to (2.7-g) if in the abcive t,he
.r'-, :.:s.e i neclualities ]iolcl.

L{ Theorem, Su\tpose u e Hr,2()) is a sub-soLr"l.ion uhiLe u e Hr,2(e) i,r a
t"..;*'-:olution to problem (2 7-s) and assu,me that with constants c,z e ff|" tltzre
r,',,:,. -:c 1e. 1u < u <Z ( co, aLrnost euerywltl:rei,n Q. ,l.hentltere erists
,i i.,:l solution u € Itr'2G)) of (2.7 8), satt'fyzng tlte con,rlition, u. <- u .< u
ii-:,r-<i eueryuhere in f).

;r- ...', \\rith no loss of generaiity we may assLlnte u0 : 0. Let G(r,1) :
. ' . "i.r') du clenote a prirnitive of g. Note that (2.7 8) formally arc thc Euler-
-l;:.inge equations of the functional

E(u):I I lr"f o,- [ G@,,)d,r.
t JQ Jtt

F;*i'r'eL. our assurnptions do not allorv the conclusion that -o is finite or e.ven
:i-::entiable on 7:: nl'@) - the smallest space, ."vhcre we have any charLce
'i -rifting coerciveness. Instead we lestrict -B to

M : {" € H;,2@) ; u 1 u( Z almost everywhere}

'-i.,:.,,: rr.u € L* by assumption, also liI c L- ilrrd G(z,u(r)) S c for.all
r = -i1 trud almost et'ery r € J7.

\on'rve can verifv thc hypotheses of Tl.icorern 1.2: Clearlv, V : H,:,2 1,.O)
:- :*lexive. Iv{oreovet', M is closed and conl'ex, herLce wea,kly closed. Since M
s..-\rentially bouncled, our functional E(.u) > *llrll1,,,,,tnt - c is coercrve on
l"r Finally, to see that E is rvcakly lower semi-continuous on M, it suffices to
iir ,;.,' tllat

tf
| ,"rt, 

u,n ) d'r - JnG(t'. 
u) rtt

-i .*, - u weakly in Ho1'21f/), where u,,,,, u € NL Br-rt - passing to re srb-
i+'.i:iellce, if necessary - we may assume tliat ur, + r, polntwise almost t:v-
r:-.:r'hele; nloleovef) lG(r,u-(r)) ( c unifolrnly. Hcnce we may appeal to
:;i.€sgue's theorem on clominated convergence .

From l'heorern 1,2 rve infer the existence of a lelative
- :ee that u weakly solves (2.7), for ip € Cf (J7) and
:::,{t. tnax{u,'u + e,p}} :1t, I €g - g' + gu € IuI ,witlt

,n€

ge:-min{0,u+ep-u,}

( ^ -)rnaxtu,u+€tp-rLI

i":-':

,r.

!i;.

i;,

rii
[,

utt?

rin
€

\

5

m
€

lmrze
>0

r u, e l,I .

lct u. :

- t5[*")- ) $s6€
I uq+
\dat -- .

+(.$${g)

u+44



18 Chapter I T'he Direct lr4ethods in the Calculus of Variattons

Note tirat e,,e' e nt'' n L*@).
E is clifferentiabie iuclilection ue - u . Since u minirnizes E \n NI rve have

0 < ((r. - u),DE(.u)) : u\q,DE(u)) -- \9" 'DE(u)) 
t \e"DEQt')) '

so that 
1

\,p,LtE(u)) > i[(t', DE(u)) - (Q,,on(u))) '

Now, since Z is a supelsolution to (2'7), we have

\9',DE(u)) : (9',DE(tr)) + (e',DE(u) - DE(ii))

) (v' , DE(u) - DE(TL))

: / to(, - z)v(u -r ee - n)-
J9.

- (s(r, u) - e(r,t1)) (u -r ee - u)l dr

, ,' 
ln"V(, - 

u)Ye d,x - , Ir,ls(r,u) - s@,n)l lpl d* ,

where f2' : {r € J? ; u(r) +ep(u) 2z(") > u(r)}. Note that L"(Q') - 0 as

e -- 0, Hence by absoluie continuity of tlie Lebesgue integrai we obtain that

\p',DE(t')) > o(e )

where o(e)/e - 0 as e - 0. Simiially, rve conclude that

\Lp,,DE(u)) < o(e)

rvheuce
@,DE(u)) > 0

fol all tp € Cf(J?). Revet'sing the sign of I and since Cff(I?) is clense

Ut''@) *,e finally see that DE(u):0, as claimecl'

2.5 A special case. Let J? be a stlooth bounclecl clouaitl itt IR",rz 2 3' and

(2.9) .9(lr, u) : k(c)u - ulul?-2

whele p -- :h, ancl wirere k is a continuous function such that

lSk(r) <1(<oo

uniformlv in I-l. Suppose us € Ct(R) satisfies uo ) 1 on0Q'

Then u : 1 i, o sr.rb-solution rvhiie z = c for lalge c ) 1 is a supet'-solution to

equation (2.7-8). Cousecluently, (2'7 8) admits a solution u' ) 1'

2.6 Remark. The sub-supcr-solution rnethocl can aiso be appliecl to erquations

ou rnanifolds. In the corrtext of the Yamabe problem it has been used by

Loewner-Nirenber.g l1l ancl Kazclan-walneL [1]; see chalrterr III.4. lfhe non-

linear term ln this case is precisely (2'9)'

'--\i\
:i

\**-rl

,l*k -;.Lnsff;fi& ""sE#rr#il

- oi. .t :h,n l'l*,?il ;:. . '

f.* -...:,!n qr:i.ll-r.,.r i .
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n
r- ^2-\^ouLu= /- tii-ffi.

i'j=l ' J

a--(x) = a*..(x) is smooth andJr
such that .rj(*lfrfi > plfl2
Set the boundary operator to

exists a constant

all 5€Rn,anci

la
L

aro

or

\
L

L=I

th

f

where

v>0
x € 0. be

Bu=#*bu

on fz where b(x) > o on 12, u is the unit outer normar
to 12, do = 11 U 12,ft and lZ are disjoint and are both
crosed (one of them may be empty). Note that this inctudes
Dirichlet, Neumann (b = O) and regular oblique derivative
boundary conditions.

Consider the problem

(r.37) ILu+f(x'u)-o in Q'

L e., - g on ae,

where f is, sdy, c1 in u, (locarry) Horder continuous irr
(x,u) € 0 x 1ft. We say that 9 is a super-soluti.on (or an
upper-solution) of (I.37 ) if

r-
(r.38) ] 

Le + f(x'P) ( o in n'

Lnp)g on do;

and v'' j-s a sub-soruti.on (or a rower-solution) of (r.37) if:

| ^*,r. 
1 olrLl

Elr reg - u
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in

fn

on

monotonicLtA; j_.e.

Q nJ-{- i nn - TVvvverrrv w -

f ,-
| (l-A)w =

I

IBw=O

If we write

if u(v in 0,then

Tu, we have

f(x,u;+Au-f(x,v)-Av

Tu(Tv o

o

ao

I

I=l
L

,f (x,u) - f (x,v) + Al (u-v) if u * .v,L---v
f(x,u)+Au-f(x,v)-Av

then we see

( r.4r. )

since u-v

w(P) = mln
o

(i) P

0 > (L-A)w(P)

> o - Aw(P)

a contradiction.
(ii) P € a0.

0(Bw=w. So P

3r^rfore j;-(P) > 0.

min(-w) = (-w)(P)
o

n

choice of A, the followj-ng

A)w( 0 in O,

0 on AQ,

Now suppose that min w < 0.
o

< 0, P € O and we have two

that by the

I tt
1

Iew)

< 0 in o.

w, then w(P)

€ O. Then

i € rr4! g - v,

holds

Let

cases:

n
tr

-L
LtJ-L

> 0,

€

On

>0

^zowar.(P) (P)+0-Aw(P)dx, dx ,r-J

Clearly P e ft since on ft we

dwT2, and j (P) + b(P)w(P) > 0,

the other hand, sJ-nce ( L-A ) ( -w )

and -A < 0, the Hopf boundary

have

there-

> 0,

nni r {-
I/vrrJ v
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0

0 > ^1(V -

uaq+ 'Tn

'O ) (d'x)+ + d,1 =
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-[f(x,uU)
Schauder e

bounded in

pact and

that tk
.o in the

+ AunJ is also uniformry bounded in CL'a ' Now

stimates assure us that {Tuu} is uniformry

c},a. Since the embedding C2,a -, c2 is com-

rk converges to I pointwise a]ready' wo conclur1e

converges to u in c2(CI')' Now' retting k go to

f oIlowj-ng

{ 
(L-A)tn*L = -[f(x,un) + Aunl'

L Buk*l = 9,

we have

i.e. il =

is also a

SimilarIY, v

REIIARKS. ( i )

possible solutions

v ( u ( u.

(ii) The solutions tr' il are generally "stable" (u'' v

may coincide).
(iii) This theorem has had lots of applications' so€)'

e. g. [KW] .

(iv) We now tal<e up the existence question for the

oroblem (L3) in the Introduction' i'e' the problem

I tl-n1[ = -[f(x,il) + Au]'
1

Lef=n
Til and I is a solution of (I'37)'

solution and I ( ; < u ( e.

The above argument

u with V(u(e

also Proves that aIl

must also satisfY
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is also unique.

(v) Let us

Emden equatj_on ( I
have succeeded in
u of (I.1) and a

Since u-0 on

are strict super-soLut

sub-soLutions to ( I.34
(r.37).

Heuristically, it is easy to

our previous theorem, there exist

in this section. )

method to the L,arre-

that, somehow, hre

would have a sr:.Lution

in 0 of (I.:L).

AQ, we have

(pAu - uAq)

p-1.- u- ).

( See the l-ast theorem

now try to apply this
.1) (or (2)). Suppose

doing this. Then, w€

super-solution 9 ) u
F,,d0 and #<O onot)

,du0of(P-E6_-u-;-)ds=Jn

n n | , n-lu9!' - 9uY) = I qutp-
Jg

I

IJd0

n
Il(J0

This implies that I = u in Q; i. e. 9 was already ir

solution of ( r.l- ). or, equivalentry, this says that, r.rr

order to find a pair of super- and sub-sorutions with {:hre

correct order, one must first find a sol-ution. This irriti-
cates that this barrier method does not seem to be usei:uir- in
treating "super-Linear" Dirichlet problems.

The forrowing resurt gives the existence of murtj-nte
solutions which seems due to H. Amann [Am].

THEOREM. Suppose thot t1 ) uZ ) 13 ) 14 where u'1,

ions to (I.37) ond uZ, u4 o-r-e srtric

). Then there exi.st three sotuttons

t

to

"prove" this theorem. Frorn

two solutions u, I c,f
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( r.43 ) is decreosing in t > 0

then (I.4) hcts ctt most orle posiLLue solution'

Proof . Suppose that (I.4) has two solutions u antl v.

observe that by (I.43) we can choose e ) 0 so small thai:

.9L is a sub-solution of (I.4), and, tPL ( u and UPL ( v

6rr - dv(since +# and # never vanish on i,n by the Hopf

boundary point Iemma), where 9L > 0 j-s the first eigen-

function of A on O with 9L - 0 on 0O' Now we start

our monotone iteration at .9L and go up. Eventually we

reach a solutiOn w. Since u, v are alsO supersolutionS to

(I.4), we have u ) w and v ) w' Since u * v, we may

assume that u ) w in 0. Applying Green's identity, H€

have

f(t)
T

rrnd lim
l-lnU?V

€rl+\')"t X.,

n

a contradiction.

REMARKS.

(uAw - wAu) = Jnrtt,rr, - uf(w)l

- f(u) f(w) i / ^uvrrn---:-rtv'

IJg

f
IJg

( i ) rr l$l- j-s

Xl, then f(t) ( Xtt

decreasing in

in IR+. Then

^,-.tdt l\f

i*
!
&t

{
+

i
:t
I
6

g
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