
 Iunapter 111

Limit Cases of the Palais-Smale Conditio,n

condition (p.-s,) may seem rather restricr;ive. Actualry, as Hildebrandt [4; p.324] records, for quite a while many mat.hematicians'fert convincecr that in_spite of its success in dealing with one_djraensional uu.riutioout problems Ikegeodesics (see Birkhoff's Theorem I.4.4-for .."""0r.,;;"r*r, [3] work onciosed geodesics), the pala,is-sma.reconditio., 
courd 

"";.r^play a rc,re in thesolution of ,,interesting,, variational problero, io r;;;';;ensions.
Recent advances in the calcurus of .y'ariatioi, 

r.aue .nangec!. this viewaad it has become apparent that the metrrods of pala.is aad smare appry tomany probrems of physical aad/or geomerrric interest aad _ in particuJar _that the palais-Smare condition wix ii general hord true for such pr.btems in abroad range of energies. IVforeover, th" t?:t*" of (p.-s.) at certain le'els reflectshighly interesting pheuomena related to i'ternar symmetries of ttre systemsunder studv, rvhich geometricalJy can be described *it.ou,"iron of spheres,,, ormathematicallt' as "singdarities", respectiv,:ly as,,.n*f.-i' topororry,,. Aga,inspealing in physicar terms, we mrght obser.re ,,phase transitions,, o. ,,palticrecreation" at the energ-y levels where (p._S.) fails.
such phenomena seem to have first been observed by sacks-uhlenbeck 

[1rand - independently - by wente [5] in the context of harmonic maps oi surfaces.respectively in the context of srifac"s of prescribed .";;;;; mean curvature.(see Sections 4 and 5 berow.) In these cases tt,e term ,,separrrr", 
or spheres,, hasa clear geometric meaning. More recently, Siedlacek [1] has uncovered. similar

:-":Y::,1_r" 
for yang-ivl'ls connections. Iiioterpreted'roo-rlor,"r.iy, ,recy earr1.rndlcatlons of such phenomena already may be found io tn-u-*ort-o:[ Dougias[2], Morse-Tompkini 

frr ":.0 
snin'-*'121 on minimai surfaces of higlrer genusand/or connectivity. In this case) a ,,Jntg,, rn topology,, in fact sometimesmay be observed even physicany as one tries to rea.rize a -urriot, c'nnecreior higher genus minimar surface in a soap fi'n experimeni. s.. .rorr_struwe ir..for a modern approach to these resu]ts. 

- --4ru v^psrluc.,L' De(

MathematicalJy, it seems that non_col
effects. I" p;;ri;r;id g.o",ut,y, "r.;;,;;:li,itr1"#ill:ll'"?,:: ::L::r:}.:"svmmetries" from the requirements of scaJe_or [uugi i;;;;l;;., in parricuJa:.

il":H;J:-pies 
of Sacks-Uhlenbeck aJ Wente cited. above, from cc,nforn:.

_,, ..Y^"_1"::er, 
a sy'metry may be ,,manifest,, or ,,broken,,, that is, pr-"r!urbe:oy rnteraction terms; surprisingly, existence results for problems w'th no_-
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1. PohoZaev's Non-Existence Result

-'ompact interniil symmetries seem to depend on the extent to rvhich the sym-
:netry is broken or perturbed. As in the case of non-compact minimization
'rroblems studied in Seciion I.4, sometimes the perturbation from symmetry
-'an be measured by comparing with a suitable (family of.) limitiing problem(s)
;r.here the symmeiry is aciing. Existence resuLts - for examplel in the line of
Theorem II.6.1 - therefore will sirongly depend on energ-y estim,ates for critical
','alues,

We start with a simole ex:mDle.

1. PohoZaev's Non-Existence Result

Let Q be a dornain in IR', n > 2. Colsider the limit case p == )' :
Theorem I.2.1. Given ) e R. we would Like to solve the probierrL

-Au : ,\u + ulul2'-2 in A ,

z)0 iaQ,
u:0 on Ofl

Note that in order to be consistent with the literature, in this section we reverse

rire sign of ) as compared with section i.2.1 or section iI.5.8.) .As in Theorem

i2.1 rve can aprlroach this problem by a direct method and attempl to obtain
rron-trivial solutions of (1.1), (1.3) as relative minima of the furLctiona.l

11(.u) :

)n the uait sphere tn L2'(Q),

- ),lul2) dz

M = {u €.Elot':(J2) ; llull2r'.,.: 1} .

lquivalently, 1ve may seek to minimize the Sobolev quotient

q. /,,. o\ - Inlvul2 - slul2) ax 
tt 1oeA\u,JL) 

- ,/a. ) - / -

Unlul2' dx)"''

-';ote that for ) : 0, as in Section I.4.4,

)n

r.1)
lt\

r 3)

', [ ,t,"rt Jn

S'(n) = inf 
" 

Ss(u;J2) :
u e H;'-

u*o

is related. to the (best) Lipschitz constant for the Sobolev embedding Ut'' @) -
r,2'@).

Recai] thal; for any u € ni''@) c D1'2(tr") the ratio.ge(t:;lR") is invari-

anr under scali:eg u - u6(c) : u(xlR); thar is. we have

(]_.4) 5s(u;lR") :50(un;lR"), for all R > 0

l^lvul2 dx._ a rll ' '

".ii.' t l.,ul2' d.x)z/z'

Hence, in particular, we have (see Remark I.4.5):
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1.1 Lemrna. .S(J?) = S is itt'dependent of Q'

lvioreover, this implies (see Remark l'4'7):

1.2 Theorem. S ss neaer attained' on a domain O q R'' Q '*fr\"'

Hence, for ) = 0, the proof of Theorem I.2.1 necessarily {aLis in the iimit

case p = 2*. N4ore g"o"ru^Uy, we have the foilowing uniqueness result' due to

- f r lyonozaev I I l:

1.3 Theorem . suppose Q + R" ,is o. srnootlt (possiblg unbounded) dorna'in in

IR', n ) 3, wh,ich is strictlg star-shaped witl't' respect to tlt'e onigin inF)tn, ana

Iet ) < 0. Then any solutionu € Ht'\@) of tlt'e boundary ual'ue problem (1'1)

( 1. 3 ) uantslt'e s identicallY'

The proof is based on the foilowing "PohoZaev identity":

1.4 Lemrna. Let g:F"-- R be continuous wzth pnmitzue G(u) = IJ S@) a'

and let u e. C2("0) a CI 1rt! Ue a solt"t'tion of tl'te equatt'on

- Au : g(u) i,n Q

u=C on)Q

in a domain Q cc R" . T|'t'en there holds

at2oul
^ I r.vao=v I

ovl

Proof of Tl-teorem 1.3. Let g(u) : )'u' * ululz' -2 rvith primitive

Gtu): llrl'* ltul'''2' '2'

By Theorem I.2.2 afi, Lemma B.3 of the appendix, any solulioo of (1.1)' (1 3

is smooth on D. Hence from PohoZzrev's identity we infer thra't;

oul
;-i x'irao
oul

(1 5)

(1 6)

+ lrlYul2 
dr - n lrct*) 

d'r +tu l*
wl-tere u d'ettotes the exterior unit nc'r'mal'

I tvrl' dr-2- [ cald"+ :, I
ln Jn IL-'J1Q

= [ lvutz -lzl]')dc* "l)l I p( a,,
ln'' n- z Jt)

1t-r;- 
lan

a12oul
;-l c'uao:u-
ovl

However, testing the equation (1'1) with z' we infer that
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52. Non-existence and ReIlich-pohozaev i<lentitv

In the previous section, we see that if f(u) = uP,

1 < p ( n*, then (I.,1) possesses a solution. It j_s natural
to ask, "whrat happen:s if p ) n*?" Unfortunately, w€ do not

have a comprlete answ(3r up to now. We onl1,r know, for
instance, that for f(u) = uP, p > L,

(A) (I.4) has no solution for p ) n* if CI is star-

shaped,

(B) (I.4) has a radial
j-s an annulus,

solution for every p > 1 if

(C) (I.4) has a solution if p = n*, n - 3 and 0 i.s

r:ot contractiable to a poi-nt.

(A) is an easy consequence of the following wel-I-knowrr

Rellich-Pohozaev identitv.

LEMMA. Let CI be a bounded smooth rd.omcrin i.n Rn otn.cL

soluti.on of the equo"tio;n Au + f(x,u) =' 0.u be o clossiccrl

Then

(r.L5) Jnt"t(x,u) -

('-| . orl- I l(x.vu)#-l^^-' 'oL'
" o\t

ffut(x,u) + *' F*(x,u)ldx

, t2I vrr I- (x.")? + (x'u)F(x,u) n-2 ilu.,.
T u iil;los

uhere

F(x,u) = Jrt,x,t)dt,

-34



F _ is the grodi.ent of
X

uolume el"ement of AO

no

Proof. Let

F uri th respec t to

ond u i. s the uni. t

x, ds is tlre

outer normrrlL Lo

v(x) ." (x'vu(x))vu(x) - lo;l'* * xF*(x,u(x)) * fu(x)vu(x)

We compute, using the equation,

di',2 V = nF(x,u(x)) - *"(x)f(x,u(x)) + x'F*(x,u(x)).

Our asrsertion then follows from the Divergence Theorem,,

Note that no boundary condition is imposed in thei above

Iemma. Applying this lemma to soluti.ons of (I'4), wre r:btain

I n-? f- [ ''(r.16) J"[nF(u) - 
n;t ur(u)ldx = jfjun(*'u ) lvul'd=

since L) = vu/lvul on 40. Now if o is star-shap€cl, then

x'rr > O and I O on AO. Moreover, if f (O) > 0, then

lo"l > o on ao by Hopf ,s boundary point lemma. ltlrus the

right-hand side of (I.L6) is strictly positive' If in

addition, f(u) = uP, then reft-hand side of (r'16) becomes

n-2.-.P+1- 
---)u

which is non-Positive if p ) n*, thus (A) follows'

A dif f erent way to derive ( r ' 1-6 ) is to

J,

REMARKS. /i \

-35



1. PohoZaev's Non-Existence Result t57

l r{to"f - 
)l,l' - l"l'') dr = o'

the iimit
it, due to

'.omain in
B.', and
em (1.1).

Ur'
I g\u) d.1

whence r f l0ul2 , n
zl\l 

J nlutz 
dx * Jur\*\ ", 

. v d,o : u

Nloreover' since O is strictly star-shaped with respect to 0 € iR^' we have

.r.v )0 for all " a aA,."iirl # = 0 in 0A, a*d. hence u :0 by the pr:irLciple

of unique continuatron' fl

Proof of Lemma l.l. Muitiply (1 5) by c'Vu and compute

g = (tu + g(u))(r ' vu) =

: div (Vu(r ' v,)) - lv'l' - :r 'v (ry) + r 'v G(u)

= aiu (vu(r 'Vu) -'y{ * xGt:"'') * !-}1vul2 - n5t(tt'\t '

\
this identit.v over J? and ta}:ing account of the fact that by

frr
r.Vu -- r u+ on dJ7 ')v

;he lemma folloq's' 
!

1,5 lnterpreiation' Theorem 1'3 goes beyond Theorem 1'2' as the former ap-

plies to any soiution,-*i"'uut thelatter is [mrted to minima of 56(';CI)' )Jow-

iol.r, rn.o.em 1.2 appiies to ary domain'

The connection i.t*..n the scale invarian.ce of 5 = ss and Theorem ['3 is

gven by the fact ,nuiint i""ction r 'Vu 

=,4':^"t:1-in 

the.Proof of Lemma

1.1 is the generator oi ,n. ru*il, of scaled-:cnaps {up ; 0 ( ft 4 '>o}' we

interpret Theorem i.i-u, ,.a..ting the ooo-.,rrop".iness of the multiplicative

group IR1 = trR ; 0 < R ( co) acting on '9 'ria sca'Iing' Note that this p;roup

;i* is manrrest,", ]^ i,,zi.i"l' t.l ;llg,f ,;,1";"1,:A: ;:,: ]'"T5;i

lffiTli illsJ:l#"i; :i::': lT;r 1 oi; ;i1,- u{',@) 1o3s 
1e'l

admit any of these ttJiog' 35 5vmmetries' (In t:t'|"" i ^Ie 
will see that in this

case (1.1)_(l.l) ao..Tr.i" *rir,*rt solution.s.) However,.if .J? 
is sta:c-t;haped

with respect to the origin, all scalings^u'- "*''' 
R < 1 will'be symrrtetries of

Hl''@),"rrd.o-p"-t-tiess is iost a'rR - O' fUe effect is shown in'Iheorem

t''' 
*.*urk that it is also possible to characteri" '")lr',t"rT 

u e H1\'2 (O) of

equation (1.1) as t'ititJ po*ts of a function'a] Er on H;'"(n) given bv'

Upon integrating
(1.6) rve have

ir.1l E.x(,) = i lr(1v,,1' 
- ^l,l') 

d" - + lnW:' 
a' '
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By continuity of the embedding.fli't@l + f,|'(Q) * Lt@), the functional
,4l rs Fr6chet diff'erentiable on I{;'"@).Idoreover, for ) < ,\1, the fir;t Dirichjet
eigenvaJue of the operator -A, Es satisfies the conditions (1")-(3o) of the
mountain pass lem-a Theorem II.6.1; crlmpare the proof of Theorem i.2.1. In
view of rheorem II.6.1, the absence of a critjcal point u ) 0 of -E1for any ) ( 0
proves that E1 for such,\ caanot satisfy the Pa.lais-sma.le condition (p.-s.) on
a star-shaped domain. Again the non-compact action R,-- un(x) == z(Es) can
be held responsible.

2. The Brezis-Nirenberg Result

In contrast to Theorem 1.3, for ) > 0 problem (t.1)-(1.3) may adnr-il non-trivial
solutions, However. a subtle dependence on the dimension n is observed.

The first result in this direction is ciue to Brezis and Nirenberr' [2]: fhpir
approach is relared to ideas of tudinger Ii] ana Aubin [2].

2.1 Theorem. Suppose Q is a domain inB', n ) 3, and let )r >, 0 denote
the f'rst e'igenualue of tl'te operator -A urith homogeneous Diric,hl,z1, boundaru
conditions.
(1') Ifn ) 4, then for any A e)0,A11 the,e exists a (positiue) sorutio, of (1.J)-
(1.s)
(f) It' n = 3, there exists.\. e [0, \11 such tl-tat for any ), e1),.,\.J. probtem
(1.1)-(1.3) admzts a solution.
(f) If n=3 and Q = Bt(O) C IR3, ther,. )- = * andfor ) S ii thereisno
solution to (1.1)-(1.3). -

As we have seen in Section 1, there are (at least) iwo different approaches to this
theorem. The firsr. which is the one prirrLarly chosen by Brezis a-nc. Nirenberg
[2], involves the quotient

c. t.,. o\_ /n(lv"l - )lui2) dr

(In 1"1:' o'r" '"'
A second proof can be given along the Iles of Theorem IL6.1, aprrlied io tire
"free" functional E;

Fl. /",\ -

defiaed earlier. Recall that El e cr(u!'2(a)). as we shall see, whli,: it is not
true that El satisfies the Pala.is-Smale condition "giobally,', some cc)rapactness
will hold in an spgsgy range determined by the best Sobolev const;aunt .9; see
Lemma 2.3 below. A similar compactness property holds for the flnctional Sr.
!\re wiil fi.rst pursue the approach involvirrg 51.

', frtlra' - ^lu') 
o, - *. f ntur' 

o,



C on strain ed Min'imizatt on

Den.te sr(n) : ,.";,tfrlilorsr(u;fi)) 
.

Nore rhar sr(r?) s s ror *l ::i",n;:;t].tr5l.i"t 
5^(a) in generar

i;;;;;;;,'";d' Similar to rheorem r'+'z

2.2 Lemma' If Q t's a bounded' d'ornain rla JR" ' nZ3' and if

,9,r(J2) < 5 
'

tlten there efizsts u e Ht!(o)' ' > 0' sucl'tthai 51rio) = 5r(';o)'

f l, { -. T.i 
o 

il. i J. #T:' t?,"i51 l,'i ; Hl, i: l'.'; 
j; "fiii l# "J : il 1i

[ll!';t itoia.,;' t"uq*utltY r . .

s.x(u-; n): 
In(lVu-l2 

- 'r1'*1') o"- 
JnlVu-l- 

dr - c 
'

wealsomayassunethat,|!m-,uweak]yin,dg1,2(1?)andstronglyin,L2(())as
n[+@'

To proceed, observe that ,,ke (].4.4) by vit'li's convergence theorern s'e

b ave

2. The Brezis-Nirenberg Resuit r59

._t -udx'dt

dt a-s7n-+6)

\Yu\2 d't + o(1) 
'

(lV.rl' - )l"lt) clc -'. o(1')

9 t\

[ 11u^\'' - \u^ - u\2') dr :
J n'

= t [' +1'* * (t - t)u12 dt dr

JnJo dL 
,z

- ," [' [ (u^+ (i - 1)u)\u* + it - 1)u\

Jo Jn r ^.

- '^ 
[' I tultu\2'-zu dt d't' == Jn\u|
Jo J n

Ilso note that f

trt\ [ \vu*\'a'= [^\v(u- -")\2 dx-r 
Jn

''''t Jn rtt

where o(r; -* 0 as rn + co' Hence we obta'in:

r u)\2 dr +
ir(J?) : 5r(,*; O) + o(1) = /n 

lV(u- -

Z 51lr'. - u\\'r'' + s>'(a)\1"1i?'' + o(r)

> 5l\',' - u\\'"'' + sr(J?)l1"il"'' + o(t)

z (s - 5r(a))li'.'* - u11"'' + 5r(J?) + o(1)

t,
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Since ,9 > Sr(J?) by assumpiion, this implies that u,," ___+ u in, l,z- @);that r.

io|*t,and 
by wea-k lower semi-continuity of the norm in //j,-,(o) it fo,os.s

Sl(u;9) S J,15 S.r(r_; e) = Ss(e) ,

as desired.
computing the. first variation of ^91(z; f/), * in ihe proof o:i rheorem I.2..,we see that a positive multipre of u s;atisfier'(r.t;, (i.:f 

-iioc., 
) Q, u * 0.from the strong m=mum-principre (Theorem n.a 

"r 
tn" 

"ppe'dix) we infe:that z ) 0 in A. The proof is complete. :
The Unconstra,ined, Case: Local Compactness

Postponing the complete proof of Theorem 2.1 for a moment, we now a.iscindicate the second approach, based on u .-uru- rr;ar; t,hr: compactnes:properties of the free functional E1 . Note that in the case oi-Theorem 2.1both approaches a-re compretery equiv'lent - and the final step in the proof o:Theorem 2.1 actualiy is ideniicar in uotu cases. However, for more generar non_Iinearities with critical growth it is not aJrvays possibie'* r.0u,,, a boundarr.value..probiem iike (Ii.6.1),(II.6.2) to a constrained -ioi*ir"Jor;'o;";;;;;we will have to use the free functional instead. Moreover, this second approactwill bring out the pecuiiarities of the rirniting case more'.r.rir,. cur presenra-tion follows cerami-Fortunaro-struwe 
[1J. An indicatror. oii'.-ora 2.3 bero*.is a"lso given by Brezis-Nirenberg [2; p.+O'S1.

2,.3 Lemma. Let A be a-bound,ed, d,omaon,inp,,, n ) 3. Then for any ) e 8".any sequence (u*) rn A]'2@1 such thot

Es(u^) - P < *r",r, DEs(u^) -- Q,

as m + x, zs relatiuely compact.

Proof. To show bounded.ness of (z_), crjmpure

^11\/1 , | 2 ^^u[]/t 1 -,lu^ilst.z )t;5" > 2Es(u^) _ (u,,, DEle^))

where c > 0 and o(1) --l 0 as m* oo. Hence

and it foilows that (u_) is bounded.

= (t - *) /,,,tu*t'' dr ) g (/,o^, o,)'' '' 
,

llu^ll'ai., = 27x(u*) * 
^ [^tu^lz dr . + [!J/ . Jn

<C+o(t)llu^Ijp.,,,,
lu^12' d.:c



2' The l3rezis-Nirenberg Result 1{i1

Hence we may assume that um - u weakly in Ai'2(J?)' *d there{bre

rLlso strongly in Ir1J?) for all p < 2* by the R€'llch-Kondraliov theorem; see

f heorem A.5 of the aPPendix'

In particula', f";"";;;€ Cf (o) we obtairL that

asTn + co. Hence, u e H|3(O) weakly solves (1'1)' Nloreover' choosinlg ==u'

r I 12' -2, ^\ A+

\,p,Dls(u^)) -- -.r(Vu*V'p 
- \u^9 - uml"tLmt Y ) *-

"- / 1o'o e - \ue - u\'\2' -'q) d' -- (v'DEx(u)) = 0'

Jn

that is

foilows

m I.2.1
u+0,
re infer

D

rw also
raCtneSS

:em 2.1
^-^ ^f ^f

ral non-
-..'..t^-,.
J UUU4.\

lem and
^'.-^^^1.PPr u4lu

3 beloti'

r)etr

9 = (r,PEr(u)) = lrlv'\' - )l"l'- lui2') dr 
'

rve have

Lnd hence

Er(u) = (; - +) l,1ut2' 
dx =l L\u\z' 

dt zo '

To proceed, note that by (2'1) and' (2'2) rve ha've

| .n .

l'^"vu^t' 
o': lriV('- 

- u)12 a" + 
JnlVul: 

dr + o(1; 
'

Ja i' .^.

l'-,u*\r'o,= Ini(u--r)1'' 
d" '' Jrt"\'' 

dt-o(r) '

Jn

ud similarlY, again using (2'1)'

[ (,, ^1,,r^l:'-: - u@1" -'rlu* - u) dt
I \ @ml@ml

ln' /r\
= [ 16^\T - u^\u*\z -'u) dr + o(r)

"j 
n{r'*r'' 

- 1,1'' ) d'r +o(r; = l r'"^ - 
ulz' f,s v c'(t)

vhere o(1) * 0 (ra * co)' Hence

g^(u-) = El(u) * Es(u* - u) + o(t; 
'

o(1) = \u* - u' DEs(u^)) = (u^ - u'DEs(u) - DE{u)1

= | nl' l'* - u)\2 - \u* - u\2') dt -t oil) '

ln particular' irom the last equation

Eo(u^ - u) = | Ir'o'"* - ")12 'cc * o(1) 
'

vhile



162 ChapteriII. Limit Cases of ihe Palais-Smale Condiiion

Eo(u- - u) = Es@i - Ex(u) + o(1)

<Ex@^)+o(1) (c( trn,' form)m,s
n

Therefore

llu^-ullzu,,"1c-'0

But then Sobolev's inequality

0 : inf supEr(u) < 15"t 
,p€P ue'p n

q 5n/2t for m 2 ms

s

- ul- ) ax : o\t)

^L^,,.- +L^+ ., --trnnolw \n H!,- ( O\ aS deSired.JUU\YJ tudt Um ..- U JLIUUSTJ ru rr0 \J.lt

Lemma 2.3 motivates to introduce the following variant of (P.-S.), rvtLi :h seems
t^ .nna^r fi".t i. R"p"ic-f-nrnn-\irenhers [] I

"^""""-b L^l'

2.4 Definition. Let V be a Banach spacet. E e C\(VS, be € tr. It satisfies
condition (P -5.)a, if any sequence (u^) in V such that E(u^) -. B while
DE(u^) - 0 as m - oo is relatiuely compact. (Such sequences in the sequel

for breuity will be referred to as (P.-5.)B-sequences.)

\-^-. ,^-^rl +i.^+ E-. f^- \ / \ ^^.:-4^^ ^^rdirinnc i I o\_1?o) .,f Theorem II.6.1.l\U\v lvLilll LLidL lil) lUI /^ \ n1 )@lrJrIEJ LU!.ulLrvu) \r /-\u / Ur

By Lem-a 2.3, therefore, the proof of the first two parts of f he'trem 2.1

wiLl be complete if we can show that for ) > 0 (respectively ) > ),,) there
holds

(2.3 )

ri'here, for a suitable function u1 satisfyin€l E(u1) ( 0, we let

p -- {p € c0(10,11 ; Hj''(n)) ; p(0) :0, p(1) : z1} ,

as in Theorem 6.1.
Of course, (2.3) and the condition .91(J7) < S of Le-ma 2.2 ate related.

--12,^. ,

Given u e H['"(Q ), lluilrr. : 1, rve may let p(t): tu. u1 : tLu for sufficientil'
I^--^ + r^ ^L+^i-r4r5s Ll !u uuudu

/+2 r2'\ 1

PS sup E;(tu) : sup (i-S^(,r' a)-;)::Si/2(u:tt1 .

o(t(oo 0(l(e\z ! / tL

Like*'ise, for p € P there exists u € p such that z I 0 and

f
(u, DE1(u)) : / (1vul2 - .rlzl2 - l"l'') dx : o

JA

ilr- - ull'o , (t - s-''t'llu^ - "ltTt:)
f

s Jnlvt"^ - dl2 - lu*



2' The Brezis-Nirenberg Result

Indeed, since .\ ( )1, for u= p(t)with t close to 0 we have (u'DEl(u);

while for u : p(1) = u1 we have

(u1,DEs(u1)) < 281(u1) < 0'

andbytheintermediateva]uetheoremthereexistsu,asclaimed.Butfcrrs.ucb
u we easilY comPute

S;(u;O) =

IOJ

)0,

(/ ro,i'- rl'i' o*)'-'''' 
6,^

, ,^,,,,"" . ('1".? E^('))

:

1 Seelo:

;atisfie:
3 uhiit
e seque,

r I1.6.
LCU -.-

\ .L-- -.l Lu(::

, I o"721 61
6 = inf-.suP El(u) = ;"^ \J' i
- p€P u€p

and (2'3) and the condition S^ < 5 are in fact equivalent'

ProofofTheorem2.l(1.).Itsuficestoshowt'hatSl(S.ConsiderttLef.amily
t^r- -o1o2l5j,,./,\ = l/'\'' 

-1-:: ;=:-,(2.5) LL'\L)- 
[er+]:ri2l'f'

of functions ui Q Drj(R")' Note that z'(Lt) =

the equation

That is'

(2.4)

(2 6)

:>0,

,Tui(:), ""a 
ul :;a'tisfies

- A"i = ui\ui:f'-t in IR"

=a:a-:.-

\'/'\)) 
ion' we clarm that so(u!;)R"") = s;

as is easiiv verifi'ed bv a direct::?::'i::"ert 
bv the familv u;i"| 0' Indeed'

nJ;:Ti:;""','ft :JJJ:Ji:*;T'?'fi;;3:i,*4.'ffi i.'J;;-,i.?;,1liX';';that is, the- bes-t. Sobolev coostdu! '" *Ia1n. 
exrstence of such a functrotr u c

;;;;'rr':1n") satisfv s-ot';{,) ^1j: 
t;', 

q ) Usine schwarz-s3-mr'et;rizati
f : ffi "'J 

('Y 
I i.*:i ? :i t ; ; iti: i,".:' x : iY r i iff ill :fiTlbe deduced for instance irom roeur"* ^ 

J,r,'inrt ii "(o) 
: u(irl). )]-cte,over,

;. ;;;;;ume that u is radiall^v tt"Tl,ll.,.., 
- u(0). Then u *a ": ,'bcth 

are

;',f,:J, ffift'iJi.: :' 
j"f'T"iT, 

il51;I="J,!'J":'"',il ili ii rli'o 
-'

; t;t;t (2.6)' Cho.ose € > 0 sucn t""' "').,'o of-sitnd order in t -'l"l'
*irrri*r'"f the o'dina'y d-ifierential equal

a / n \ .tf.-z forr>0,
,'-" * ('"-'; )u: 

ult

,,' ;''' I I ;: f |. *;I ? ;?*',f,)- ;.1, ll f 
'11* 

l,'=';:
;;;;;n; this initial value problem admrl

wbich implies rou'''oiJ;'n") = 5o(u;F-"') = '9'

In Particuiar
,, .,'t rt- *rr2' - q"12. for aLl e > U '
tlurt\;''' * llu5ll L2' - v
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€ Q. Let n € Cf; (J?) be a fixed cut'

) of 0. Lel u, = q u; and comPute

| " ^ ?(t"-')- I lYui\'n' dx + (

J9
f - ..,c , nt-n-2\ - 

qn/z
= | lvr'l"dr+u\€ )-r

JIR'

= [ w:ft' d, + o(t") = snt2 +
- | l*61

J ]R'

: I tu:12 dx + o('"-')
-I J B p(o)

f lrtln'2)"\* ,^
Z I L--e76=r- --

JB.(o) t"" I 
^. -_2| / o\-zl-f ln\n-Lt' )J I -- t;;C\*,

JB,(o)rB.(o)

- n. . 12 1- ct€n-2 [' ,t-" dr + o
JE

( ce2 _ro(e"-21, tf n> 4

= l.s2li:rel+O(e2) , tf n=4
frr- o(t'), ifn:3

.ts c, c1 , c2 )' 0' Thus' if n Z 5

(qn12-c\e2+O(s"-2)).-ffiDtr\uel - 
1s"lz + u\.'.))-'-
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We maY suPpose ihat 0

i:r a neighborhood Br(0

t^|,a t.dx
I lvucl

JN

f ,^, 0' dr/luel
JA

f^

I l",l- a*
lo

(2 7)

with Positive constan

oll tuncu

+-O(s"-2) '

o ('")

1 , A/-^-?\
c!.r -f u \. )

i -n-2\

=S'-c\e2+O(e"-2)<S '

if a ) 0 is sufficiently small' SiuLilarly' if n:4' we have

S,x(r.) S S - c)e2lln e\+ O(t')''S

lor e ) 0 suficientlY small'

Remark on rtteorem 2' 1' (f )' (f,/'tl: i^l:,,"rl,Til:,!ll]":t"J:Jl:'J:;
i'edl" .due 

to t|3,i1"'j"rl"o?;; ?^".;; ";i;1. 
;)(nec r€:d to be sma-Iler than

be of the same order - \ ^"^::^"rt.o €rst eris.enfunctioD u - r,a1 ()1

3;,:: :ffi :ri 1:':JJ,i''lT:: 
"ilffi 

::: :":: l ; l::"i;T 1:?,1 1 ? 
jl

on,4 = I

,'r$*. :: : : :i: T, :;: 1ii,: t. "'5 " 
:f ';. t'" li, I lT T i" :; : ; : :

i-53'.-"1J;trfi:il*-''"-o"-"i'"'"'"=**:ill'1,i;,";!lii'i5",1( ./) 1cornl'::'^::i::"::;il;;"'"#u, * i"--a 1 4;,;ee Brezis-Nirenberg
foliows from a weign r , !,- !D
i;|iem,o" i.4l' w; omit the cletails'

Theorem 2'1 sbould be viewed together wilh the

"tit""-t"lf 
; p' f S5 f'l' Intu:itively' Theorem 2'1

elobal bifurcation result o{

iid.ica,tes that the branch oi
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We claim that

rl rl(1,37) | u'(t ,lt'+I(t\rz a, =t I u6V(t -r',1,') dr r-llr'(t)|'?,1(t)
Js J6

for every smooth function ry' such that r/(0) = 0.5 Indeed, we first multiply (1.35)
by r2pu'and obtain

tl
I lu'l'(\r',1,' - rQ) dr -Llu'(l)l',t'$)
Jo(1'38) 

= -* i ' u"12r,1, + r',1,') ar -iI It u'(zr1 + r',1,'y d,r.
Jo Jq

Next we multiply (1.35) by (*r',lt' - rQ\u and obtain

!"' lr'l'{ir' ,r,' - r{) a, - i !r' u' ,',p"' d,

= | ,"f\r',t' - nli dr * A Io 
,'{tr "f' - r(r) dr.

(1.3e)

Combining (1,38) and (1.39) we obtain (1.37). We already know that there is

no solution of (1.23) for A s 0; thus we may assume that 0 < A = io'. In (1.37)
we choose QU):sin ((44)1/2r) so that ,/(1)>0,

At!' +f,r1r"' - 6,

and

n, - 12q'= r sin ((4r)r/2r) - r'(4I)t/2 cos ((4A )t/2r) > 0 on (0, 1]

(since sin d -d cos d >0 for all 0 e(0, z]) and we obtainr a contradiction.

Proof of Theorem 1.2 concluded: If A > *i r we knovv that S^ < S (see Lemma
1.3). We may proceed exactly as in the proof of Theorerm 1.1 (Lemma 1.2) and
conclude that the infimum in (1.24) is achieved, Thus we obtain some ueFll
with r *0 on O, llullu= L and

-L,u - )tu = ,S^4 
s.

If, in addition, A (,1.r, then S^ >0 and after stretching, we obtain a solution of
(1.23).

1.3. Additional propertles, mlscellaneous remarks and open problems.

(1). REGULARTTy oF soLUTroNs. The solutiorr u of (1.1) given by'

Theore:m 1.1 (respectively Theorem 1.2) lies in H;(0,). In fact, a belongs to

t Not,: that Pohozaev's identity corresponds to the case where ry'(r) =;



A Global ComPactness Result

Rem:uk that by Theorem 1'2' for '\ = 0 no non-trivial solution u € I{J'2(J?)

of (1 1) can satisfv ;;i'CI : S 
,H:.it-t 

the local compactness of Lemma 2'l]

rvill not suffice to pt'ot"tt" such solutions and we must study the compactness

properties of E^, ";;;;S^' 
ut higher energ-y levels as well' The next re-

.,rti .- be viewed ;";;;it;ito or i'-L' Lioos' concentration-compactness

method for minimiz?t;;;""t.-t. ("." Sectioo L4) to proble"'s of minima'x

tvpe. The idea of analyzing tfe.belavio,;;i; (P'-S')-sequence near points of

concentration by "blowing uP" the- singularities seems to ap-peax first in papers

by Sacks and uhteob"e.r.liil"a wente [Siwhere variants of the local compact-

ness conditioo i'"*i"u'i''i'-t "o"u"td'iil 
s;L'-uut"utck [1; Lemma a'2])'

In the next result';;t";;;**t fat' *" 'yt"toutically 'emplov 
the blow-up

technique to thu'uciJ'l 
""J 

Ji-" "'w't"r*t B "r 
a variationai problern where

(P -S )B mav faii t"';;; oi "ttiti"tuf points at infinitv"'

3. The Effect of ToPologY lov

B"). Ttt en there ett'st o'n'

|uo.) be a (p.-s.)-sequence lir,"i ::,"o., )'i'ilr. of'rad.ii Rk - co (m - c.o)

index k € No, sequences \It )' \rn-) ',)r,i,'n, - 
'ni,:11p"1 to (1.1), (1'3) ane'ind,es 

k € No, sequ^ences \Hrn), \rk)' i i(;ic pi',21p"; ti 11.11, (l.S).ano,l,'"irirroitt rle n, o:oI"'::.*5,"{ ". ; < k. to trre "t*,tir,s probletn"ancL points rh.e n, :;"':":lri,*:,li i';27, ,o tL,, "tirnitins probletn"

non-triaial solutions rrJ e u \rr /'

associater| with (1'1) and (1'3)'

(3.r)
,r. - 

) TD;1

-du = ulul' -- ln ln-

su,:h, that a subsequence (u^) sat'r'sfies

*0.

Here ul denotes the rescaled functton

ur*(r) : \Rh)? ui (Rt*(r - rt*))', r :1 j ( fr' rn € N

3.1 Theorem . suppose a is a u:*o'1,1?{3t-"rfr,,4 ?r.t;t!l{;*:Xt'::3.1 Theorem ' Suppose A is a t":"!'1,1?{ain'tn tL''n '-l

(un,) be a (P''s')'se*'"": t:;:ll : $.'f ,) t !.')',(*o)

,, & ll

ll". -,,0-1"'-llll.- " L,',.llpr,:1n")
ll J=!

N.[oreoaer,

-zor $'',',;t
Er(u^) - fl1(uu) + LLc'\u') '

3.2 Remark. In particuiT'il Q \s a?*::,3;i3l'ff,;rf'l:::iii:i::il'l;
t.2 Remark. In particuiTl '*r,o l'"i :#,; *t"J;r!'r"'i:.r) -'i;; tu. proo{' or

'.,oiq,r"o"r, 
of the tamiiv,jull':,0^lt^t"il'?r"r. 

"ill. rorm (i.s) with Eo(ur). =l*|u"o"" of the fa'milv.{ul)':' 3t lil'i;"; ";;;: i"'[ ti-sl with Eo(uj) =
;il;;* 2.r.(1") - it follows,o1,,:lc|:. ;:,:" i"; ;^ ro, .u teveis B whicb

-ilill":'rlllrl;i"ftil'#l'ri'i3);;il i"; t^ r- 'u 
leveis p which

,roanoot be decomPosed
0:Ao+kP',
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where k > 1 ard 0o : Er(r0) is the energy of some radial solutiou of (l'1),
(1.3). simiiariy, if o is an arbitrary boul1dr:d domain and u- ) 0 for all m,

then also uj > O for al-i J, and by a result of Gidas-Ni-Nirenberg [1; p. 210 f.]

and Obata [f] again each function ur will be radially symmetric about some

point cr. Therefore a.lso in this case each ui is of the form ur : ri(' -- tr) for

some 6 ) 0, and (P.-S.)B holds for all B whi,:h are not of the form

0=ao+kp,,
where h ) 1 ar.d ao = Ex(uo) is the energ-y of some non-negative srLlulion u0

of (1.1), (1.3).
For some time it was beueved that thr: family (2.5) gives all non-trivial

solutions of (3.1). Surprisingly. Ding 11] was able to establish that (i}.1) also

admits infiuitely many solutions of changir'g sign wb-ich are.distinct rnoduJo

scaling.
In general. decomposing a soiution u of (3.1) into positive a:rd a':gative

parts t-r : ?+ * u-, where u! = -max{*T.',0}, upon testing (3'1) with u- from

Sobolev's inequality we infer that

Henceur-0or

En(u+) : lllr*112,-,'., > r 5n/2 : g',
n

and therefore any solution o of (3.1) that cltanges siSn satisfies

Es(tr) : Eo(r-+) * Egt!,u-) > 2P' .

ln fact, Eo(r) > 2B*; otherwise 5 wou-ld be a,chieved at uy ard o-. whict' wou-ld

contradict Theorem 1.2. Thus, in Theorem 3.1 we can assert that fis(ui) e

{B') o)20-,cn1.
In particular, if (1.1), (1.3) does not admjt any solution but the triviai

solution u:0, the loca.l Palais-Smale condition (p-S )B wil-l hold for a.l1 p <
26'. excent for B : B'.t

ProoJ of Tlteorem 3.-1. First reca]I that as i:: the proof of Lemma 2.i3 any (P.-

S )-senrrence for Er is bounded. Hence we may assume that u- .--- u0 weak11'

in Hoi'2(O), and z0 solves (i.1). (1.3). Moreover, if we iet lm: utn - u0 r"e

have o* ---r 0 strongly in L2(A), and by (2.L), (2.2) also that

lu^l''

lVr-

o -- [ ? Au - ulul2' -2)uy dr
.,/IR"

= [ (lv,*], - lr*l'') d' > (r - s-2'tzllr*ll'r;,') llu=i12p,.,
Jn. '

o" - lrluol2' 
dr+ o(1) .

l' d, - lnlr"of dr * o(r) ,

[ fu^l' ar: IJn Jn

I vr^l' d.' = [Jn Je



!L^t

' /1\ ' A /rn - co)' Hence' in particulart we obtaln Lu.

where o\r) - v 1"' r -/1 \

P^(u-) = Er('o) + Eo(r-) + o(1)

R*dist(t*'7Q)'m '

Also note th^,r*, 
: 

'E^(u') 
+ DEo(,,') + o(1) = pgro(um) + o(1) 

'

where ,(1) - 0 in.'I{..1(A) ('n - co)'Using the following lemma' we carl now

;;:;;i& induction: 
^^^a,onrp ror Et -- Es in Hlr,l?) :r\

3.3Lemma.^s'r::,:o'f 
Q,n:,!i,i j';':X\:ii*1,a4:;:in*15:5t

':,i:,:,:,,1;: :;?;:r:':n; ,; fi;,i,|',,-t ^) ror Es

timiti'ts Problem 
':":! (;;in'u, nita'

that Jor a subseque 

wm = rm - n7'0 (E*(' - "*)) '- 
o(1) 

'

wtt'ere o(l) ' 0 in'r'z(F'") as nL + a' In parl:tcular' 1nm - 0 weakly'

Furthennore, go(Lu_) = Es(u*) - Eo(ro) + o(r) '

. . !'* rl'""'r'rli"'*"t'(u-) m relatiuels compact and'h'en'ct:'

Fi.r,alLY, ril lo(u-) - : -{ 
.L Lttu.'J, r - r n n

u- - 0. Eo(o"') - 17 = v'

i,i,," "," ;:,,:,, - s t t ; 
o n!fi'j, oj 

1[ I Tfi' : ; :" J H.,:"e 
n c € S 1r m

i / _\ - r ni \"? ui 1R;(r - ,;))u;\r) = \tLtn)

:i-I

. ; \ i t,, r -Er(uo)- tEo(*')F^(ttJ \ = L\\uf,7)l-O\eml i=I

NIoreot'er,

By inductton

liince the latter wili

lerminate after some

,,kt1 = 1)m-u
"f,

^r 1/rDn\, and
stronglY in 

'''-\tr\ 
/

ir,
f"

3. The Effect of ToPologY

1

<B^(u*) -U-l)P''
be negative *tl*r" J;,i:,"f,, *:f J:i"Ti"ctior.virr
i"a"ihZo'Nloreov

k

\-/' 0,1 -0
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r -,or +- irExlu^) - Er(u") - ),|e(ur; - g,
l=1

as desired. !

Proof of Lemma 3.3. If. Eo(u^) --+ p < 0- , by Lemma 2.3 the serlrence (o-)
is strongiy relaiively compact alrd henc,: 1)m - 0, 0 :0. Theref,lre, we mav

assume tb,at Es(u^) - 0 ) C' : lS^'2. Moreover, since DEs(i.r,') * ! e7s

also have

1 r np^(", \\-A>f:-<', lz: I lyu^2 t* - tr^(,, ) -' (u^,DEs(u-)) - 0 >
n J nt " "^ uL - uu\wm/ 

2- \"m1 ' - r,.

and hence that

/a .)\

Denote
n /-\-u{m\Il -

the concentration function of u*,
and scale

I)m + t^(s)

nr -- .+.J. LilOCSe rm t Jt

such that

;. /<\ [ tn- t2,t 
| '

e-(rI : sup / lvr-l! cb - | lvt^12 d,: ;; S"l' ,

"€iRn -^JB|(z) ,/A1(0) .L
./Rm+.nEtt

where tr is a number such that 82(0) is,:overed by tr balls of radju.s 1. Cleariy,
by (3.2) we have R* ) fto > 0. uniformiy in m.

Considering Q^: {r e R" ; rf }l^ + r^ € O}, we mar-regard i- €

ni'2(n^). ,t'21tr")
Moreover' 

l6*ll2p,,r: llu,,,,ll:f,,,, .-- np < oo

and we may assume that r)- - u0 weakl:r in D1'2(lR"). We cla-im t,hat fr^ - Da

strongly io HL'Z|A'), for any Q' CC IR". It sufices to consider t7'= Br1r|)
for any ca € IRn. (For brevity B"("0) -,8,.) Indeed, by Fubini'r,r ttLeorem and

since 12/ r ^ \ f
| ( | lyil^12 ao) a, 3 | lvi-12 dt 1nB + o(11

J t \/ar" / ,t' B"

where o(r) --* 0 (rn * co), there is a raclius p e11,2] such that

Iiminf I Fr*l' d.r: ng ] Sn/z
m*@ J f)

f ,- ,1 .sup / lvuml- dr,
reQ J B"(c)

introduced in Section I
2-rt^.--_\

- JLm um\LlrLm -.Lm)

I lvrt^12 do < 2np
JO6p



!

,e (t,*)
/e may

'0we

cim!,-

2

rlCdl\.

. vm !

f:

Br(ro
lm atc
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for infinitely many rn € N' (Relabelling' we may assume that this eslimate

holdsforallrn€n'{')Bycompactot"oltheembeddingHr'z(lfl')'-*
,1tlz,z(0Be), we dealcJ'nut a subsequen"'""i^i 

T''0 strongiy io gtlz'2(DB');

see Theorem A'8 "i;;t;n;ndix' 
Ivloreout''' 'iote'also^the 

trace op*rator

Hr,2(Bz) -- L2(0Bp)is compact' we conclude that u0 : uo ' Now let

*h".u ti,- denotesnthe solution to the Diri':hlet problem A{D^ = 0,irr 83 \

Bp, u^ : tr _^l-."" 
"a", 

:,. : r.,":,1ftfl;i"1il:lrJj Ltfiir;il::fi
e 
J"' i,".' :, I 1: :", :f,_T,lJ:l]:t :I Jli,;;,, 2r ), we have

(see for instance IJIons-tvrd6cuLJ L^! ^--

lltl-llsr'r1ar\8p) < c\lt^ -'u0llJrl/'''?(sB') - 0'

(fr^-uo inBo
g*= \w^ in 83\8,

l,',1':';; rq r (il: \' :'-"1'f 4ni'

\tp *, D E 0('i- ; ts-" )) = \Q ^' D Er(i) ^;l?*)) 
+ o(r) -0"

Ontheotherhand,usingconvergenceargureentsfemiliarbynowan<liioboiev's
inequaiity, we obta"in

o(rJ =

(3.3 )

where o(1) + 0 as p + 6' But now we rLote that

ctx + o(l) <

sLQ*0)=lsntz

,r,:(F-"),rvhere ,?* € Hl''117-; ana

- 0 in ,r,z1n-"); that is, i-

1r*, D EoQ-; R")) =

- I \ "-
JR."

= [ (lv(t'' - ''o)it - \fr^ - uolz') dx +.0(1)

JB,

= [ (lv'P*l' '- \q^\'' ) dc + o(1)

JR' 4 
.\

> llq^l\'r,,,to*"1 (t - s-2' t2119 *ll"o'''\R" ) /'

f n.,,
= | lv(t* - u" )l'

J Dp

[ \vu^l'dic-1- o(1)
JBz

l, i,, . r 
'1" ,. l--i('- /".r \ .{'('i \)

1.,

--+ t)o

Lbat g^

In particu-iar, I s'/2>0,
'2 lJ/ 

'o'o 
12 d* ==

J Er(0)

I .: \ \

\ . , .' i ' ,r \\.r,,'t "t' \\' ,

\ \!i rl1" '\ -, , ,r' '). f,- it\.7 \'a'
\l

)< r. ,')\



174 Chapterill' Limit Cases of the Palais-Smaule Condiiion

and s0 I 0. Since the original sequence l)rn -- 0 weakly' thus it also fcrllows

that R* --+ oo as m -' oo' Now we distinguish two cases:

(t") n*dzst(n^,\Q) S c < oo, uniformly, i:n -which case (after rotation of

coord.inates) we may 
""r'u*. 

that the sequence O- exhausts the half-spa'ce

fr*: IRi = {r: (r1, "',rn); 11 ) 0} 
'

OI

(2") E- d,ist(r^,AQ) -' oo, in which i*? lf * i*: F"
since in each case for aay g e cf;(z-) *" have that cp € cf (o'") for

Iarge m, there holds

\e,DE6(uo;O*)) : J31(t' D)Is(i*;i-)) :0 
'

for all such p, and u0 e Hl'2Q*) is^a wea.k solution of (3.1) oo.dlo,. But

ii A- = R";, by Theorem-l.3 then u0 must vaaish identically. Thur; ('lo) is

impossible, and we are left with (2")'

To conclude the proof, let p € Cf (IR") siitisfy 0 < rp ( 7' 9= 1ir:L E1(0)'

I : 0 outside 82(0), and let

w^(r) : u^(r) - RT uo (R*(' - "-)) ' v(E^(t - '*)) € H01'2(J?) 
'

n'here the sequence (E"') is chosen such that R-^ t= R*(R*) -1 _-'rc while

E* d'ist(z- ,0Q) ' co as m - oo; that is'

6*(x) : R? w*(t f R* J- c- ) : il,n(t) - u0 (')9@ I if^) '

Set,p-(r) = q(rlR*)' Note that

/ to (,0(p^ - t))\'z ar <
J IR"

< c I lvrol' (p^ - 1.)2 d.r * c I lroltlv(p- - 1)12 dlc_ - Jn^ ,*:
< c I lVrol' d.r+ cR',] | l,ol2 dt: '

Jm" 1.a6- (o) J 8"6- (o)\aa- (o)

But Vt,o € ,2(n"). Therefore the first term tends to 0 as m + @) while by

Holder's inequality also the second terrc

/^
n:r[ tuofd.xsc(l luol2'd.r"' J Pra^(o)\Bn- (0J \J B=,i- (0)\BE- (0)

as m -+ oo. Thus we have {r)* = i^ - u0 + o(1), where o(1) -* g

Hence, as in the proof of Lemma 2'3, also

)"'' -,0

in I)12(IR").



3. The Effect of 'IoPologY

Eo(.*) = Eo('\^) = E-o(6^) - Eo('o) * o(1) 
'

llD Er1@^;J?)ll = liDEs(u-; o-)ll
< llDE0@^;n,'ll + liDEs(u0;lR")ll +-o(t;

= llDEs(u*;O)il + o(r) -' 0 (- --' m) '

This concludes the Proof'

Q:{x€lR";Er<l"l aRz)

T7{r€lR";ltl <Eti'

rro

ufl "concenttates" at o

D

P ositiu e S olu;\ions on Annular- Shaped Regzons

With the aid of Theorem 3'2 we can now show tbe existence of solutions to

ii.iitill on perturbed' annular domains for ) = 0'

The following resuit is due to Coron [2]:

3.4 Theorem. suppose Q is a bound.ed. domain in IR" satisflling th'e following

cond'ition: Tl'tere eclst constants 0 < Rr 1 Rz 1 a such th'at

(1" )
/,je )la J

Then, if Rz,tRt zs sufficiently^l.arge' problem (1'1)' (1'3) for )' = 0 admits a

posttiue solution to tL e Hd -(If )'

Aea.inremalkthatrhesoiurionumusthaveanenergyabovethecompactness
th-reshold given by Lemma 2'3' ,: !:^- ^nA tr

The idera of the;roof is to argue by contradiction and to use a mlrumtux

method for 5 : 5o(';O) based on a set -4 of non-negatire functions which is

homeomorphic to.arlP;"it t utorrod O.in O' Note that '4 is contractible in the

positive corle ln r:r'''(J?i' Nlottout'' if (1'1)' (t 
1l^1:::-"^";! ,"0*t 

a positive

soiution. then under..,,.o conditions such a contraction o1. A in a]'21t2; w'it

induceacontractionoflinl?'andthedesiredcontradictionwill'resuit'

Proof.'uYernay assume 'Ri : (4.R')-t < 1< 4R= P"z' Consider the unit sphere

t={t:€lR";lrl =li'

Fora € D, r elR', 0 ( t < 1 }et

,i(") : 
I

5 is attained on any such function uf ' 
and

ldoreover, letting I + 0 we have

^-:f1l:ulnus: l;-r;Fl '
Lr -r l'l I

_t
z)+ -l_ LUIT+

1

T

^-2=-
- 

-1 
t/'f,n\

=u \"" /

(1 * r)

Note that
asl-+1.


