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Ma:ximum Principles

7 .1 Irrtloduction

7.2 \\reak \{axirnurn Principle

7.3 The Hopf Lcmrna ancl Strong Nlaxinrurn Principlc

7.4 Nl:rximrrm Plinciplc Bascd on Cornparisott

7.5 A Nlaxitnnrn Plirrciplc lbr Irrtegral Etpatious

7.1 [ntroduction

As a sirnple examllle of ma:<imrun pririciple, let's cotrsirler a(12 firrrction u(r)
of orie independent variable r. It is rvell-knou'n in caiculus that tr,t a local
rrrtrxirrmrrr poirrt rro of rr, wt: tuttst havc

'u"(ro) ( o.

Baserl on this obsen'atiot.r, then rve have the fbllorving sirnplest version of
maxirlnrn principle:

Assttnt,c: t,h,at, u't(r) > 0 rln 0,n, ope.n, i,nt,r:rt'ol' (n, b), th,cn, tt c'an. n,ot, hot'r:

antl interior rnaritnunt in the interual.
One catr also see this geornetrically. Sirit;e urtcler the conclition u"(r) > 0,

the graph is concnve tt1l, it can trot have anr' local tnaxilntltl
\l.orc geucrally, for a (12 function u(r) ol tt-iudependelrt','ariables r:

(,r'r,...,r:,,), nt a loc:al utaxitrtuttt:rn, wc llat'c

D2 u.(t") :: ('u,";, i(r')) -< 
0 ,

that is. the syrnmetric mntrix is uon-positivc clefinite at poitrt zo. Corresponcl-
ingly, thc simplest version maximum principle reads:
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rf
(o,i(")) ) D o,n,tl I a;r(r)tr",,,(r) > 0 (7.1)

IJ

1n urt cpert, bo'u'nrlerl dorrt,uirt Q, tlt,ert tt cart not aclt'ieue its rrtatimurn' in th'e

irfterior of the domazn.

An interesting special cast: is r']ren (oir(r)) is an identity matrix, in which

cu[drll()lr ( /.IJ Dccon]cs 
Au > 0.

Unlike its one-dinrcnsiorra,l countetpatt, conditiou (7.f) no longel implies

that the graph of u(r) is corlcave up. A simple counter example is

u(t1,x2) : ,? -;rZ

Orrc catr casily scc fionr thc graph of this function that (0,0) is a saddle point.

In this case, the validity c,f the maximurn principle comes frorn the simple

algebra,ic fact:
For any tuto nx'n mat'rices A and' B, rf A) 0 o,nd B <0, th'en AB <0'
In r,his chapter, we will introduce various maximurn principles, and most

of thern rvill be used i1 the method of rtloving planes irr the rtexL cliapter.

Besicles this, there al'e numet ous other applications. \\/e r.vill list some belorv.

i) Prouiding Estimates
Corrsider thc boundary vir,lrle problcrn

(7 r\

If (t < f (r) 3 L,in Br(0;, then we can compare the solutionTr with the

t'*'o f.Lrctiotts 
gir - rn-r2) a'cr 3(t - i"rr)2rt 'ztt

rvhich satisfy the equation rvith /(r) replaced by o and b, respect:ively, and

rvhicit vanisir on the boundary as Ti, does. Norv, applying the tnaximurn prin-

ciple f,tr A operator (see Thcorem 7.1.1 in the follorving), rve obtain

o (1 -l r'12) < tr(r\ 1I(t - l'.ltt.
2n'' l:q\*t-2n'

r\) Prouirtg Unirluertess ol SttLutzorts

In thc above example, it f (") = 0, then \\re call choose a': b:0, and

this irnplies that u = 0. In other words, bhe soiution of the bounclary value

proble m (7.2) is uniquc.
iii) Establi,shtng the Eristence of Soluti'ons
(a) For a linear equation such as (7.2) in any bounded open donLain f/, Iet

"(") 
: sup @(r)

|-Lu:/(z) ,r€B1(0) cR'
\u(r) :6, c€aB1(0).
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whele the sup is taken anong all the functions tirat satisfy the corresp<tnding

<liflereutial inequalitv

( [s,p < f(r) ,.rr !)

1P(") :0, t€oQ'

Tlrcrr u is a solutiotr ctt (7.2).
(b't Norv consicler the nonlinear probleur

l--Arr:f(u) ,t€Q
t;Ai: t' ,']'.'ao (7 3)

Assume that /(.) is a srnooth lirnction ii,ith //(.) ) 0. Srrppose tliat there

exist 1,lvo functions q(z) I ii(:r), such that

-ATr(/(q) </(a)!-Atr.
f-hesc trvo fitnctions are callecl slb (or lorvcr) and sr.rper (or upper') soltttions

respectively.
T9 sccl< a scllutiou of prolrlcrn (7.3), rl,'c usc succcssivc apprclxittra,tiorrs' Lct

-Au1 :/(u) and -Atti"'1 -f@'i).

Thcn by maxitnttm principie, rve have

rt ! u,1 1 rr,,z ! " I rr, ! "' ( 11

Lc.t u be tlie limit of the seqr.rence {ui}:

u(t) : lim u; (r),

thcrr u is a soltttion of thc pr-oblcm (7.3).

fu. scctiol 7.2 , rve intrc,duce arid prove thc lcak tntLxitnuln pr.inciples.

Therrrem 7.LL (We.ak Llorimum Principle for -ts.)
i) If

-Au(r) > 0, r:. Q.

then
rnin u ) Tli,

ii) If
-Au(r) 50, t€Q,

thc.'n

nlax u(max u.
n -aa
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lfjris result can be extr:nded to general r.rniformly elliptic operators. Let

-_a_a2la

0rt' - tJ 0"c,0xi'

Dcfine
L : -L ",i@) 

Do, * 
T 

bi@) Di + c(r)'

Hert: rve always assume that aii(r), bi(r), and c(r) are bounded. continuous
functions in .0. We say that tr is uniformly elliptic if

crilQ;){iQ >dl{l' forany r€Q, any (e ,R'anclforsom,:d>0,

Therorern 7.7.2 (weak Ivlaximum PrincipLe for L) Let L be the uni,formlll
ellzptic operator rlefined altoue, Assu'me that c(n) : 0.

i) ff Lu> 0 i,n 9, thet't

m.1nt ) Brtu

ii) If Lu < 0 in Q, thert,

rnaxz ( max "n -aa

llhese Weak Nlaximurrr Principles irrfer that the minirna, or maxirna of u
attain at some points on the boundary Dfl. Horvever, they do not exclucle
thc possibility that the minima or maxima may also occur in thr: interior of
J-l..'\ctually this can not happen r"urless'u is constant. as rvc will see irr the
follorving.

The,orem 7.1.3 (Strong l\laximum Principle for L uith c(r):0) Assume
th,at Q is an open, bounde'l, and connected domatn in I?' with smooth bound-
o,ry 0t). Let u he o, .frmction tn Cz(f)) a C@). AsstLme that r(:t) : 0 in
n

1) II
Lu(r)>0, r€n,

thcn u attains its minimu'm ualue only on 0Q unless tr, is constan,t.
i,z) If

Lu(r)<0, r€Q,
then tt, attains its marimurn ualue onl11 on 0Q unless u is constant.

llhis rnaximurn principle (as rvcll as thc rvcak onc) can also br: applied to
the case u'hen c(r) > 0 rvibh slight rnodifications.
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Theor:em 7.L,4 (Strortg Mrtrimutn Prit't'ciple Jor L w'ith, c(r) > 0) Assurne

th,ot fz' i,.s o,n, open,, horr,n,tlcd,, an'(l con'n'ccted' d'orrt,o,i,n i'n, R rui'tlt' sm'or'tt'h' hotnt'r|-

o,ry 0t2. Let u be a functiort in C2(A) a C@). Assurrte thrtt c(t:) 2 0 in
a.

i) If
lu(r) >0, r€Q,

its n,on-positiue rninirrutrn in the interior of {) unless tt

tru(r) <0, r€Q,
LlrcrL tr rtnL rtpt s,tttrurt'its rxtrrrrerluttue rrt,u:L:irrturtrurt Llt,e'i'rt'Lr:'rt,rtr oJ f) u,riless

u, is ccnstant.

\\i: rvill prove these Theorerns in Sectiot'r 7.3 by usirrg the Hopf Lernma.

Notice tltat in the prcvious Tite<trems, $'c all require t,hat r:j(r) > 0.

R,orrghlv speaking, rnaximrrm priticiples holrl lor 'positive' operators. -A is
,positive" ancl obviously so cloes -A + c(r) if c(r) ) 0. However. as we will
scc irr t[c rrcxt chtrptcr, irr prtrctical problcrns it clccurs fi'cqucrltl'y t]rat thc

corrclition c(r\ > 0 can not be met. Do rvc really need c(")> 0? The answer

is ,no'. Actually, if c(r) is not'too negaLivc" then the operator'-A+ c1x)'

can shill rctnain 'positivc' t,o cnsrttc thc uraxirntrm principlc. Thcsc rvill bc

studiccl irr Sectiou 7.,1, ',vhcre we plove the 'Nlaximurn Pritl':iples Based on

('t,rrrpaLisons' .

Let ci be a positive firnction on f/ satisff iug

-Ad+I(r)q,>o
Lr:L u, be a fuuctiou sr.rch that

(7-1)

(7 5)

Theorem 7.I.5 (Mar,irnurn Princt'ple Basecl ctn Compttrzsrtr'':')

ll.sstLrtt,r: t,h.at, t) r,s o. bottn,d,ed, domo'i,n'. If

c(r) > )(r) .Vr; e O.

tlr.enu>0i,nQ.

AIso irr Scctiorr 7.4, as colrscquouccs of Thcolctl 7.1.5, lvc dcrivrl Lhtl 'Nar'-

rorv lR-egion Principle' ancl the 'Decay at hifinity Principle'. 'Ihese principles

can l>e trpplied very conveniently i1 the '\'Icthod of Nloving Planes' to estab-

lisli thc synrnctry of solutions for serni-lincar clliptic trqtrations, as rvc rvill srrrr

iu la"er sectious.
Lr Scctiorr 7.5, n'e estatrlish a maxinruur plirrciple fbr irrtegral ineclralities.

f Arrrr{ r)tr)0"r'.--O)'-
Iti>0 ot)Q
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7.2 ril/eak Maximum Principles

In this section, we prove the weak rnaxirnurn principles.

Theorem 7,2.L (Weak Matimum Pr"rncipLe for -A,)
i) rf

-Au(z) >0, r€Q,
Lhen

"Hn 
u > Hrii"

ii) rf
--Au(r;) <0, r€O,

th.en

Inax ?.1, { trtax r.r,n -ao

Figure 2

To prove the above observation r.igorously, u,'e first carry it out
stroriger assuurption that

-u"(r) > a.

(7.6)

(7.7)

(7 8)

(7.e)

Proof. Here we onll, plesent thc ploof of part i). The entirely similar proof
aiso rvorl<s for pait ii).

To better illustrate the iclea, we l'ill cleal ."vith one climensional case ancl
higher dirnensional case sepiirately.

First, Ict f/ be the interval (o,b) . Thcn conclition (7.6) becomes u,t(x) I
0. This implies that the graph of u(z) on (o, b) is concave clownrvard, and
tlrelefirle olle can ror.rghly see that the values of. u(x) in (o, b) arr: large or
equal bo the minimurn value of u at the end points (See Figure 2),

under the

(7.10)

Let rn : min5p u. Suppose in contrary b (7 .7), ther.e is a urinimurn sco e (a,b)
of u, such that u(co) ( m. Ihen by the second order Taylor expansion of u
aroun<l co, tve must have -u."(xo) < 0. This contradicts lvith l;he assumption
(7.10),

Now for u only satisfyinq- the weaker condition (7.6), we r:onsicler a per-
turbabion of u:

u,(r) : u(.r) - er2 '

Obviously, for each e ) 0, tr.(r) satisfies bhe stronger condition (?',10), and
hcnce
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tttin tr,,
!l

Norv L:tting €+0, we arrive at (7.7).

Tq provc thc thcorcnr in rlimcnsions highcr thtln ontr, t'\'c ttocd thc following

Lemr:na 7.2.1 (MeanValue Inequality) Letru be apoi'ntinQ. Let B'(r') c
Q be. tl,h,e balL of radius r cen,ter at to, and' 08,(zo) be its boundary.

i) If Arr(:r;) > (-) 0.for t: € 8.,,(t:") uri,lLt sornl lo ) l). t'h'r:n.for a'nt1

r'r)r)0,
(7.11 )

-Au(r') S 0. (7.r2)

ii) If -Au(r) < 0 for t € B,-,,(ro) uith.totne ro ] 0, then for ang rn ]
r') 0,

(7.1 3)

-Au(z") > 0. (7.1-l)

\\'c postpone t,he proof of the Lemma for a moment. This Lemnla tell
rrs th:rt, ii -Au(r) ) 0, thrcn thc va|rc of z at thc ccntcr of thc srnall bali

B,(r") is larger than its average value ort tlle bou[dary dI],(r'o',t' Roughly

syrcakiug, the grapli oi'ri is locally sorne*'ltat collcave dorvttrvtr,r'd. l\orv l.rased

on tliis Lcnrma. to pt'ove tLLe theorent, rve first cortsider u.(Lr) : u(r) - elxlt.

Obvior,rslv.
Arr. Ait 2r rr - ( i.1 5)

Flcncr rvc nttst havc
tninu. ) rninu. (7.16)

Othcrnise, if there exists a minimum xo o[ u itr f), then by l,elnura 7.2.1. \\'e:

havc -Au.(r') ( 0. This contraclicts rvirh (7.11-r). Norv in (7.16),lctting r-0.
rve arrive at the deslred conclusion (7.7).

This cotlpletes the prclttf of tlLe Theoreru.

T'he Proof of Lerrtrn:t 7.2.1. Bv thc Divrrrgcncc I-ltcor''ut,

I tu(r),l.r': | !u5-r'" '[ *,r'Ir'a)ctS''. (7 17)

.l tt,rr"t .l 0o,,,",0, .l 5" ' ut'

rvhclc ds, is the area elel]relrt of the n - 1 climensiona,] u[il sphere 5'?r-r -
{t,' jt"'l :l}.

) nrin u.

,(:r;u) > (-) Fr;"1 .[ru,,,,,,tt,(:r)r1,s

It foLlows that,, if ru is a minirnum of u ut Q, tltett'

1f
'tr(z') '< I tt{r)dS

' - 
1d B,1ro ) | .l ,,r,, t.,., ,

It Jollouts th.at, if ru is ct, marinrutn of u in Q ' tJr'en
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If Au < 0, then by (7.17),

*t I u(xo + ru)dS,] < o. (7.18)dr ' 
J s,,-t

Integrating both sides of (7.18) from 0 to z'yields

fI u(xo * ra)dS. - u(r")lS"- tl < 0,
J s,"_l

where l,S"-11 is the area of 5zr-1" 1tr fbllorvs that

u(f)> r-*^ [ u@)d,s.r.n-rlSn-rl Jae,.rr")

This verifies (7.11).
To t;cc (7.12), wc slrl)l)os(, irr torrrlaly thlt -Arr(r'") > 0. Thcu by tLe

continuity of Au, thele erists a d > 0, sr.rch that

-Au(r) ) 0, Vo e B6(x").

Conseq,rently, (7.11) holcls for any 0 < r I 5. This contraclicts rvith the
assurnpLion that ro is a tlinirnum of u.

Thir; cornplctes thc proclf ,tf the Lernma.

Frorn the proof of Theorem 7.2.I, one can see that if we replace -A op-
erator by -A * c(r) with c(r) ) 0, then thc conclusion of Thr:orerrL 7.2.1 is
still true (with slight modifi.cations). Furthermore) we can replace the Laplace
opct':rtor -A with gerrcral r-rnifolrnll, clliptic opcrators. Lcl

na^a2"'-- or,' "tr o.r;ori'
Dcfine

L : - f Qzj (r)D,, +Lbt(o)Dt * c(r). (2,19)
iji

I{erc rvt: ahvays assumc that uir(z), b,(:r'), ancl c(r) arc bounclecl continuous
functions in O. We say that J. is unifolmly elliptic if

airt:.r:,)€i€r > dl€l' for anl, r € Q, any { e R' ancl for some d > 0.

Theor<rm 7,2.2 (Weak Marimurn Princr.ple for L wi,th c(c) =, 0). Let L be

Lhe uni,,tormLy eLlipti,c operato'- defined aboue. Assume that c(x):0.
z) IJ'Lu> 0 i,n Q, then

rninz ) tntnu. (7.20)

ii) lf Lu. < 0 i,n Q, th,en

maxt ( maxu.
a dlr
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For r:(:r;) ) 0, t,he principle still applies rvitli slight modificatiorrs.

Thcorcm 7.2.3 (Wcok Mrt,:nmnnn. Prt,nc.i4tl,e.for L ui'th, r:("r.) > 0)' Lct
tlLe urn"fonnLy ettiptic operator defined abo'ue, Assum,e th'at c:(r) > 0. Let.

z- (z) : rnin{u(z),0} antl zr 1z; : max{'tr(r),0}'

'i) IJ Lu 2 0 't'rt 9, tlrcrt

u(r) > u(ro), Vr: €' B.

71rsv', for ang outtuord direction,al deriuatiue rtt' ru ,

rninu ) minzr-n -aQ
ii) If LtL 3 0 in Q, the.n

Interestecl readers may find its proof in many standard bool<s, sav in ftrv] ,

p:rgc j27"

7.3 'Ihe Hopf Lemma and Strong Maximum Principles

|t thr: plevious section, $'e prove a vu'eak forrn of maxitnum ltrinciple. Iu the

cirsc tlrr > 0, it ccrrrcludcs tirat thc urirrirrurrt oi'u att,aitrs ilt soltlt: poirrt on tht:

boun,:lar.l' dO. However it does not exclude thc possibility that the'rninimtln
rrrtry trlso att,ain at some point in the interior of 9.In this secliorr, r,v,: will shorv

that r.his can not actuallr'' happcri, that is. thc rrtinlmtrtn valttc of u can only

be trchieved ou the boundary unless u is cottstartt' This is called t]re "Strong

\Iaxinrum Principle". \\re v,"ill prove it by usiug the folklrving

Lemma 7.3.1 (flopf Lernma/. A'sstttn'r t,h,at. t) I,s ot1 oIn"n,. ttott'nd'etl, ond'

c.orrne,cterl domain in Rn uritLt srnooth boundar'11 0Q. Let u lte a 1'urtct'io'n in
c2 ((,t) ., c (n). Let

L = )'r,,\rtD,, ttl,,(r)D; t r(.r')
iJx

be ttr'.ifonnh1 elliptic ut Q uith "(r) 
: 0. Assu'rn'e tlmt

Lu> 0 t'n' Q. (7.21)

Supltose th.eTe is a balt B contain'ed itt' Q u:'ith, o" poirt'\, L:" '= dQ o 0B and

sltppt) se

maxu ( lnaxu-n -aa

183

Lbc

(7 11.l

(7.23)dujr') . o
OU
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In tlre case c(r) > 0, if rve require additionally that u(r")
sane conclusion of the Hopf Lernma holds.

Proof. Without loss of gt:nerality, lvc may assttnle that B
the orig,in with radius r. Define

( 0, then the

is centered at

(7.26)

(7.27)

tu(r) : e-o" - e-alxl2 .

Consider u(n) : u(r) +eTr.,(r,t on the set D : Bt@") ) B (See Figurc 3).

Figure 3

We rvill choose cv and e appropriately so that we can apply the \Veak
N,Iaximrrm Principle to u(c) and arlivc at

u(:r) > u(r') Yr e D, (7.24)

\1'c postporre lhe proof of (7.2a) for a momcnt. Norv fronr (2.24; , we have

Ftt,

#(r') < o, (7.25)
ou

Noticing that
0w, ^

,(.r") > o

Wc arrive al, bhe clesired ineqLrality

t)t t

,(r') < o

Nov,' lo complete the proof of the Lemma, u'hal lefb to verify is (7.24). $/e
rvill carrl'this out in trvo steps. First we shorv that

Lu>0.

Hence'i/e can apply the Weak Maximun-r Principle to conclude that

miuu ) min.D -AD
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Tlten rve shorv that the rninirnr.rm of u on the boundary dD is actualiy
attairred at r':

r'(r) > u(r') Yr e 0D.

Olrvicusly, (7.27) and (7.28) imply (7.24).
'I'r, scc (7.26), u,c clircctlv calcrrlate

(7.28)

Lru: e "'1'{4a2 i o,r1r';r', ri _ 2ai,u,,(r;) -tri(r)rr] -c(r)J +c(r)e-"'''
x,-7:1 z-1

TLN

) 6-n r'12is"' 
I u,r(t)L';.ti - 2n f [o,,(rt [,;(r)r,l - r(.r')l \7.2g\
i,l-l r: I

Bv the ellipticity assnrnption, rve have

n

I alr(z)r; r, - dlrl'2 > d(;)' t o in D. (7.30)
1.j:l

Ilcrxrc wc can chot-rsc rr suflicicrttly largc, sut:h that,Lu; ) 0,'fhiri, togcthcr'
rvith the assumptiorr Lu > (l implies Lu 2 0, and (7.27) follorvs fiom the \Veak
NIaxirnum Principle.

To vclify (7.28), rvc consiclcr two parts of thc borrnclary DD scJralatcil'.
(i) Orr dD a B, since u,(r) ) u(ro), there exists d co ) 0, such that

rr(r) > ir(1") +co. Take e stuall euclugh such that e ltt,l < 6 ot 0D []8. Herrtltr

u(r) > 'u'(ro) : u(r'') Vr € 0D 
' 

B'

(ii) Ou ADaAB. 'u(r) == 0. ancl by the assrttrrption rr(:r;) )"tr(;r"'), rve have

t'(lr;) .z r-,(2;").

T[is r:oniplctcs thc proof of thc Lcmma.
Ncu'r'"'e are ready to prove

Thccrrcm 7.3.L (Strong ll[uttrrt'urrt Pr"Lrtcuplc |or I' utitlt, r:(t:) = A.) Ass'unu:

thot !') is an. open, bourt,ded, and connectecl dorrt,ttin i,n R" uiti't smaoth bound'

ar"g c)Q. LeL u be a function in C2(Q) a C'@). ,l,ssirne tt'tat r'(r) =- 0 in
Q.

i) If
tru(r) > 0, :r € {),

tlu:lt, u, u,ttui'rts'its rn'irt'irrt'u,rrt onlu orL i)!) urtluss'tt, t's cttrt"sturtt.

i.i ) rJ
tru(z) <0, r€Q,

Lhen u attains its marimunt onl11 on DQ u,nk:ss u is constan"L,

Proof. We prove part i) hele. The plt-rof ol part ii) is siurilar. Let rrl be
thc urininrurn value of tl in f/. Set .D : {t e f/ | 'u(r) : rii,} It is relativell'
close,-l irr f/. We shou' that either I is ernlttl' or E : Q.
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we argue by contradiction. suppose x is a nonempty proper siubset of
J7. Thcn we can finr-l an ope. ball B c e \ r with a point on its bounclary
belo'ging to x. Actually, we can first find a point p € a \ x such that
d(?'D) < d(p,dJ-l), then increrase the radius of a small ball ce'ter at p until
it hits .D (before hitting 0A). Letzo be the point at AB a D. Obvirrusly we
havc in B

Lu,>;0 and u(z) > r,(ro).

Norv 
'vt: 

can apply the Hopf Lemma to concrucle that the normal outward
deriv:rtive

$1,'; . o.
ot,/

(7 31)

on the other hand, c' is an interior rninimurn of u in f/, ancl rve must haveDu(xo): 0. This contradicts rvith (7.31) a'd hence completes the proof of
thc'Ilrc,orem.

In tle case '"vhe. c(u) > 0, the strorg pri'ciple still applies wit;h slight
modificiltions,

Theorerm 7.3.2 (Strong Mau:imum principLe Jor L wi.thc(") > 0,) Assume
th'ot Q 

"l's 
an open, bou,nded, and connectcd, riomain ln R uiti smootri bou,nd"-

ary 0Q. Let u be a function in C2(0) aC@). Assume that c(x) > 0 i,n
a.

i) rl
Lu(r)>0, x€A,

then u" can not o,tt,o,i,n, i,ts non-positiue minirnu,m in the interior of e u.nLess u
is const,tnt.

i,i,) Ir,

Zu(r) <0, r€Q,
tlrcrt' u" r:o,rr rt,ot cr,ttairt 'ils non-negatiue rrruxirnum in tlte irtter.io,," of e unless
u r,s constant.

Remarl< 7.3'r In order th.at the marimu,m pri,nctple to ltold,, wt. assu,me that
tlt,r: domo,i,n Q be bou,nded. Th,is i,s essent,ial, since it guar-antees the erzstence
of naritntLm and minimum oJ' tr t,t e. A simpre counter erampLe is when e
is tlte lt,c,lJ'space {:r € fi" lz, > 0}, anr)u(r,U)::rn. Obuiously, Au,.=0, but
u does r,:,ot obey the marzmum principLe:

maxu ( \T".
Equally importan,t i,s th,e non-negatireness of the cofficicnt c(r). For exam-

pLe, set.Q: {(r,y) e R, | -t <, < t, -i <y < []. Then u: corsrcosg
so,tisfies

inQ
on 0!).

[ -Lsu - 2u:0,
Iz=.0,



7.3 'I'lie llopf Lemma and Strong N'Iaximuur Principles i87

[]u"t, obuiously, there are sorne points in Q at' whiclt u ( 0.

Ilotur'.uer, i,,f tue i,m,pose som,e si,qn, r'e.stri,r:ti'ort, on, u, .so,!J u ) 0, t'h'en hoth'

corLrlitions can be relared. A si,mple uersiott of ,such resu'lt wi'Ll be present in
t,lte rtett Llteorern.

Alt;o, as one will see in the nert section, c(r) is actu,allq allowed to be

nego,tiue, bu,t not 'too negatiue'.

Thco:rerrr 7.3.3 (Ma,r|mttpr, Prin,ci'pl'e a,n,d, IIop.f Lem,m,o' .for rt'ot' r,'eces'sa'ri'l'tJ

bou'ntlerl rlomain o,nd not rtecessarilg n'on"-negtt'tiue c(r). )
Lr:t {) be u tl,orrtairt'i'rt R" 'uitlt srrtor,ttlL btt'urulu"11. '4ss'urrt'e t,ltutu c C'')@))

C(Q) and satisJies

! -L"+ I;:, b"(r)Diu+c(r)u > 0, u(t) > 0. r e {)

fr(") :o 
tur\r/triLtrL\L)u'-' 

L:€df) ('32)

tnt.t,h. Lott,rt,d.ed, .ftr,nct,i,on,s biQ:) a,n,d, r:(t:). Th'e'n

t) if rt uanzshes at sonte point i,n Q, tlt'en, tt = 0 tt, Q: and

i,i) if u f0 irt Q. then ort 0Q, tlte er'terio'r rlorrnal tle'r'iuatiue3l'O

ftr prove t|e Theoreur, rve need the follorving Lernrna conc,:rning eigenval-

ltcs.

Lernrna 7.3.2 Let \1 be the fi'rst posztzue eigenrtaLue of

| -tt,t, : )r,l(r) r € B1(0)

t or:j : 0 
"' r € aBtQ) (7 33)

'utr,t,h, i,h,e r:orrespon,d,i,n,q erqcn1ftt'n,r:tton r!(t:) > 0' Th,an.fo'r a'rt't1 p > t)' the first

po,sit.i.ue. eil1enuo,l,trc o.f th,e Ttrobl,ern, on, Bo(0) i.* \. /,In,' 1trtcrsel41, i'.f ue Let

'ur(r:) : 0()), then
( )r
I -^r' : 

"r'(r) 
r € Bp(0) (7.34))/,

Iu"r) :o L'€i)Br(o)

The lrroof is straight fort'arci, ancl '"r'ill be left fbl thc reaclcrs'

The Proof of Theorern 7'3'3.
i) Suppostr tltat ii - 0 at scluic lloiut irr f/, lrr-lt u ftO ott i'l' Lcl

f),,: {r e 17 lu(r) > 0}.

Ther b5,the r.eguiaritl,assumption on u, f/.' is aD open set wibh c2 boundary.

Obviously,
u'(t):0, Vr€AQ+'

Let lo be a point on 0Q1, but not on 0Q. Thcn for p > 0 sufficientll'srnall,
orlc (ian choose aball Bplz(i) C 9+ rvitli ro as its boundary poinb. Let ry' be
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the por;itive eigenfunction of the eigenvalue problem (7.34) on Bo(aro) corre-

sponcling to the eigenvalue l;. Ot ulo.,,Iy, Br(r") corrpletely covers Bplz@).
p"

Let r,r == ]. fn"n from (7.32,i, it is easy to cleduce that
u)

0<: -^t, 
n / n -/. ?l n-r. \

-n,,- cn",.YV -\-r 
/-\n.. , l-t:tu \-- ''P ' ^r,.' \ ..-d(-LVL'---, -) )i\.t)Uiu+l , -2 ----;-fC(.r"JlU

tp-\vr-tpll:t \ l=1 /
n

- Arr r \- i.r-r n ,, -t*-' ./- ,' ''i('r')u'
;-l

Lct / be the positive cigcnt\urctiorr of tlre cigenvaluc probleur (7.31i) on .B1,
then

\1ntrA1 I s- rlid(:(t'J i 
,,r4;,L A +c(l'J'
'' ' t I

This tr,llorvs us to c]toose p sulllciently smali so that -(r) ) 0. Norv lve carl
apply Hopf Lemma to conclude that, the outwald normal derivatiire at the
boundrrrl, point ro of Brlz(i),

fltt
#("') < o,
ou

(7.35 )

because

u(r)>0Vre

Ou tlrc utlrcr lrarrd, sincc
rve mur;t have

Bolz@) a'c1 u(zo) : -('o) : g.
t!\ro )

ro is also Ll Ininirnuul c,f o in thc interiol of J?,

!u(r') : g

This contradicts r'r'ith (7.35) and hence ploves palt i) of the Theore:n.

ii) Ihc ploof gocs altnost the sarnc as in part i) except, rvc cousidcl the
point iro on 0Q and the ball Brlz@) is in O rvith a:o e 0Bp1z@).Then for
thc our,rvard normal derivative of u, rve have

?tt ^. 0u . )tl, 0,'-'l-o) -:(r,)r!(r")+ u(..,)*(r'): ^ (r,),bj") <0.Dv\" ) - i), ou ou

Here ue have used a ri'ell-knorvn fact that the eigenfunction f on Br(ro) is ra-
dially r;ymmetric abor"rt the center.l', and hence yry'(ro) :0. ilhis completes
tl-re proof of the Theorem.

7.4 N4aximum Principles Based on Comparisons

In the plevious section, we slLow that if (-A+ c(r))u ) 0, then the rnaximurn
princitrrle, i.e. (7.20), applies. There, rve required c(r) > 0. We can think -A
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as a 'tr)ositive' operator, ancl the maximurn principler holcls for any 'positive'
opelatols. For c(r) > 0, -A f c(r) is also 'positive'. Do we really need c(r) > 0

hcre? 'fo alrswer the question. let us c:onsider the Dirichlet, eigerrvalue problem
of -A:

[-,\O-^6@):or€Q
fo(.r,) :0 te0{) (7 36)

Wc noticc that tlrc cigcnfrurction ry' corrcsprurdiug to thc first llositivc cigt:rr-
value )r is either positive or negative in f/. That is, the solutions of (7.36)
rvitir ), : .\r obey Nlaximunr Principle, that is. the rriaxirna or rnirrima of /
are atl;aiuecl onlv on the bounrlarv EO. This strggests tha,t, to ensllre the Max-
irrrum Principle, c(:u) rreecl rrot be nonuegative, it is allorvccl to be as negative
trs -) 1. ],Icl'c prccisclv, we (iiur cstablisli thc lbllolvirrg rllorc gcrlcri:rl rttaxirtrurrt
plirrt illlc l-iasetl orr colnparisulr.

Theor:em 7.4.L Ass'urrte tlt,ut Q is u bourttletl tlorrm'irt. Let 'f
fu,nction on A sahsfyirr"g

Ad+^(r)@>0.
Assurne that u is a solution oJ

[ - Ar, 1 ('(,1.)l/ ) U .r. ,. J1)"-
lu>0 on)Q.

IJ

c(r;) >)(r) , Vre f/,
tlLen u: > 0 irt Q.

be u pr,tsit'i'ue

(7.37)

(7.38)

( 7.3e)

(7.40)

(7.41)

Proof. \\rc ar-guc b5' corrtracliction. Stqrpose that u(r) < 0 sonrcrvhcrc itt

J2. Lc. r'(.r') : '\t/.11t"r. since o(r) ) 0. rve ltlust llave o(-r') < 0 sotncrvhere
<b( ri

irr O. Let ro e Q be a minirrnul of u(z). By a clirect, calctrlati,rn, it is eiLst'to
r.erifr, that

-Au : 2su'Y! a 1 1-nr1 44,.,1
" 6 d' o

Orr orrtr hand, sincc :i;n is a, rninirnrtm, u,c ]tavc

-Au,a;") (0 and 17u(r:n) :t).

\\:]rile on the other hancl, b1'(7.37) , (7.38), aud (7.139), and takirrg into
acrcourrt that z(r') ( (1. we have, at poiut r',

-Ati 1L 41,|,(",) ) -Au t.\(r.)tr,(:u,)
a'

) -Au * c(r")tr(c") ) 0.

This is au obvious contradiction l'ith (7.40) aud (7.41). arrd thus completes
the ploof of the Theorem.
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Rernark 7.4,'J. From th"e proof, lne can see that condi,tzons (7,37) and (7,39)
o,re re,qtr"ired onLy at the Ttoir-tts uthere u attains 'its minimnt"m, or at points where
u r,s negat'iue.

T'he Theorem is also valid on an unbounded domains if u .is "nc,nnegative"
at infinity:

Theorem 7,4.2 If Q is utt unbou,nded tlornaz'n, besi,des conLl'iti,on (7.38), we
assu'ne further that

liminf u,(r) > 0.
Itl+m

Thert u. > 0 in Q.

F'roof. Still consider thc same'u(z) as in the proof of Theorem 7.4.1. Now
condition (7.42) guarantees that the minima of u(r) do not "leak" away to
infinity. Then the rest of the arguments ale exactly the same as in the proof
of Theorem 7.4.1.

Fbr convenience in applications, rve provide two typical situations where
thcrt: exist such Iunctions ry' and c(r) satisfying corrdition (7.37) and (7.39),
so th.at the Maximurn Principie Based on Comparison appliers:

i\ t\'^-..^,., *^-,^.. - andrr l\olruw rcSrutti,

ii) c(r;) decays fast enough at oo.

i,) Narrow Regions. When

Q:{rl0<r1 <l}

is a rrarlorv rcoiorr rvitlr rvi,lth 1 as shown:

(7 /.)\

\I/. . 
" '. ni. nnca ,4 / o' )

to see that -Ad =

: sln(=T-). Ilten lL ls easy

/ l\t , -1\i )'4.\!herc A(r) : 
-

can be very negative rvhen I is su{Iiciently smali.

Cor,clfaly 7.4.1 (l\arrorv Region Plinciple.) If u satisfies (7 38) ati,th bounded

functiort c(r). Then when lhe width L of the region Q is suffic,;,entLt1 smalL, c(r)

satisfies (7.39), i,.e. c(:t:) > )(r) : T Hence we r:urt, directly u'pplu Theorern

7.J.)' to concLude that u) 0 in Q, prouzded liminf1r1-- r(c) > 0.

ii) Decay at Inf,nity. In climension n 2 3, one can choose some positive
nrrnrbcr q < n - 2, and lct r,i(z) : fr Thcn it is easy to vcrify that
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^ q(tt-2-,t) " ,/.-A.1 - W -.

In the case r:(r) decays fast enough near iniliity, we can adapt the proof of
Theorr:rn 7.4.1 to derive

Corollary 7.4.2 (Decay at Infirritv/ Assurne t,here e't'ist ft ) 0, suclt, tlmt

c(z) > -ql" --'?-- d, vlrl > -R

Su,ppo se

lim IL |'z'l : o.
irl+x lrlq

Lct, {) be o, reqi,on, cont,ai,ni,n,t1 i,'n B'RQ) = J?" \ An(O). If rt, .so,t.is.fir:.s ('/..?S) on,

f), tlr.rtt
u(r) >0 foralLre Q.

Remzrrk 7.4.2 Frorn Rentrtrk 7.J.1, one can see tlto,t actuallu condition
('/.13) is only required at points where u 'is negatiue.

Rerntrrk 7.4.3 Although Th,eorern 7.1.1 as well as i.ts Corollaries are slated
t.n, Li,rr,ao,r' .forrns, t.h,et1 cn,n be t asi,l,q o,ppl,i,al t,o o, non,l,i.n,a.a,r aqtt,o,t'i,o'n,, .for eto,m.pl,a..

-A'u-lsll 11:g r€R". (7.44)

Assume that the soLutiort u cLecays near i,nJtnitu at llrc rate of )- wittt
irl'

s(p - 1) > 2. Let c(r) : -lu(r)1t'-t. Then for R sufliciently larg'e, and for
tlte re'7i,on, Q os sto.t,ed, i,n Corol,l,o,ru 7.1.2, c(r) so,li,.s.fies (7.4,?) i,n Q. If furth,er
asstLrn,e that

ir l6e ) 0,

then ue can deri,ue from Corollarg 7.1.2 thttt 'u ) 0 irt tlrc enttre re.qton Q.

7.5 A Maximum Principle for Integral Equations

Irr thir; scction. r,l'c introrhrcc a rnaxirnrun prirrciplc fbr intr:gral cqtta,tious.
Let Q bc a regiou in R', rnay or rna)'not br: bounded. Assurne

K(r,g) >0, V(r,y) €QxQ.

Dcfine tLe irrtegral operator 7 by

(7.43)

L
/?.r\i -\ -\r..,.i\a/- I( (x, y) f (y)dy .
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or nrore gellerally, the integral inequality

f <Tf in o. (7.50)

Further assume that

Tf l r,' q < C l'(v)ll"'tt,,if llr"ot' (7 51)

fbl sorne p,r ) I.
If ',r'c have sotne t'iglit integrability condition ori c(y). thel lve cau derived,

ficrrrr'flrccrrcrrr 7.5.1, rt, tunxittttutt prirrc:i1rlc tlitrt rvili irc a,pplicd Lct "Narrou
Regions" and ".ly'eor I'nfinitu". N{ore precisely. rve have

Corollary 7.5.7 Ass'urrrc tlLo,t c(y) ) 0 utLlc(y) € L'(17"). Let f e Lp(R")
be a n,onrtegotiue function sutisfyi,ng (7.,50) antl (7.51). Then t'h'ere etist posi-

t'iur: rntrnbe,r's Ro and eo rlepending ort c(y) only. such tlt'a,t

f 1t(t) n nn,,(0)) S c,, tlt'ut .l'+ - 0 zrt {)"

uthere SL(D) ts the rneo.sure of the set D.

Proof. Sirrcc r:(y) e L'(R"), b1'Lcbcsguc irrtcgral tht:or'}'. rvltcrr thc lllcasurc
of tlicr intersection of f/ rn'ith Bn,,(0) is sufficicntly srnall, \ve call rnakc the

iritegral Ialc(A)l'da as small as u'e wish, and tlrus to obtain

Cllc(u)lly"6/) < 1.

Now it fbllorvs frotn Theorern 7.5.1 that

,f*(t) =0.Vref/.
firis ,.:omplctcs thr: Proof oi thc Colollary.

Remark 7.5.1 Ortc (:(uL scc tlt"ut t,ltc corul'itiorL 1t({) f) tn, (tl)) 1 ro ut tlrc
Co'rollary r,s satzsfied tn the ,following two situ'at'irtns'

l/ Nattorv Regiclrrs; Tlte 'uitltlt, ttJ' Q 'r,s uer-g srrru'll.

zz,) Near Infinity; So,u, f): Bg(0), the corn'plernutt o.f the baLl Elp(0), wtth

suJJicienLly large R.

As an immediate application of this "Motirntnrt" PTin'ct'ple",1v'3 study an

irrtcgt:al cquatiorr iu thc rrcxt scctiorr. \\re till nsc thc rncthod of rtlor''ilrg plancs

to obtain the radial syrnrnetry aucl rnouotonicil,y of tire posit.ive solutions,
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Methods of Moving Planes and of Movingl
Spheres

8.1 Outline of the trtlethod of Nloviug Planes
8.2 Applications of Nlaxirnum Principles Bascd orr Comparisorr

8.2.1 Svmmetrv of Solutions on a Unit Bail
8.2.2 S1'rnmctry of Sohrt,ions of *A'u:'up it R.".
8 , :l Srrrnmetlv of Solutions of -Au,: e:" in R2

8.:J lvlcthr"rd of l{<-rvirrg Platrcs irr a Loca,l Way

8.3.1 Thc Backgrourrd
8.3.2 The A Priori Estirnates

8.4 l\{et}iod of N{ovirrg Splieres

8.4,.1 The Background
8.4,.2 Ncccssary Conclitions

8.5 l\Iethocl of I\'{oving Plaues irt ati Integrai Fortn and
S)'urur.ctly of Solutiorrs fbr Lrtcgra,l Equatiorts

TlLe \{ethod of Nloving Planes (N'IN'IP) rvas invented bv t}rc Soviet urath-
crnati,.ian Alexancleroff in the earlr. 191-r0s. Decades later. it 'ivas fr.rrthor (le-

r.elopecl by Scrrin lSe] . Gidas. Ni, and Nirenberg [GNN] . Caffarelli, Gidas,

and Spmck ICGS], Li lli], Chcrt aud Li ICL] lCLl]. Charrg aud Yang ICY],
ancl rriany others. This rnethocl lias been appliecl to frerc bourlclary problems,
seuri-liuear partial differential equations, ancl other problerns. Parti,:ularly for
scnri-lirrcal partial diflcrcrrtirrl cquatiotrs, thcrc ltavc sccll lllzrlIY sigrtillczurt cotr-

tributions. \\'e refer to the paper of Frenkel lF] for rrtort,' descriptions on the
met,hod.

Thc \{ctiiod of Nlovins Plalcs iurcl its v:rriant-the tr4cthocl of Nloving
Spheres-h.trvc becorne pou,'erful tools in establishiug sytrtrnctries and rnono-

torricity lbl soluticlrrs ol partial diftelentitrl eqnatiorts. They carr also be used

to obr,ain a priori estirnates, to derive useful incqualities, and to J)rovc non-

existence of solutions.
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Ftonr the previous chapter, we have seen the beauty and power of maxi-
murn principles. The MMP greatly enhances the power of maximum principles.
Roughll' speaking, the MN,IP is a continuous way of repeated appliceutions of
tnaxitnurn principles. Duling this ploctss, the maximr.rm prirrciple has been
uscd infinltely many times; and the advantage is that each tirne we only need
Lo use the maximrrm principle in a very narrow region. From the previous
chapter, one can see that, in such a narlow region, even if the r:oefficients of
the equation are not 'good,' the maximum principle can still be applied. In the
authors research practice, we also introduced a form of maximum principle
at infinity to thc IvIMP and therefoLe sinrplificcl many proofs and extended
the results in more natural wilys. We recommeud the readers study this part
carcfr-rllv, so th:rt thcy lvill bc nble to apply it to their own rescarcir.

Tt is rvcll-l<norvn that by usirrg a Gleerr's function, one can charrgc a dif-
ferential eqr.tation into an int,egral equation, and under certain corrditions,
they arc cqrrivalent. To invesl;igate thc symmetly ancl monotonicity of inte-
gral equations, the authors, l,ogether rvith Ou, created an irrtegral form of
N,IN,IP. Instead of using Iocai ploperties (say dift'erentiability) of a rlifferen-
tial ecluation, they ernployecl the global properties of the solutions of integral
equations.

In tlils chapter, we rvill apply thc l\4cthod of Nloving Planes and thcir
variant-.the lvlethod of NlovirLg Spheres- to study semi-linear elliptic equa-
tior.rs arLd integral equations. trVe rvill establish symmetry, mcrnotonicity, a
priori er;tirlatcs, and rrorr-cxistcncc of the solutious. During t)re proccss of
Nlovirrg Plancs. the \Iaxirnrrrrr Plirrciples intlodrrced in thc ple',,ious challlel
rre appJied in innovative way$.

In Sr:ction 8.2, rve rvill csbablish racliai symmetry ancl monotc'nicitv for the
soltttiorrs of r hc follorving thlco serni-liuear elliptic ploblems

[-L:u:f(")reBrQ)
| , =. 0 on 0-81(0);

-Ati,: uIlS@) reRn n)3;
ancl

-,\Tr,: e"(') x, € R2.

Dru-ing thc ruoving of plancs, the N4:Lxirnurn Principlcs Base on Comparison
rvill play a major lole. In palticular, lhe Narrorv Region Prin,:iple and the
Decay a,t Infinity Principle rvill be used repeatedly in dealing n'ith tlhe three
cxample:s.

In Section 8.3, lve rvill apply the Nlethod of Nioving Planes in a 'local way'
to obtain a pliori estirnatcs on the solr.rtions of the prescribing scarlar curvature
equation on a corrpact Riemannian rnanifold M

l-(n -1\ Aoi, t- R"(..-)u : R(x)ut2,u, in M
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\\Ie alorv the function R(z) to charrge sigrrs. In this situation, the traditional
bkxr,itt,{-rrp analysis fails rreal the set rvhere R(r) - 0. \Ve',vill rrse the Method
of Nloviug Plaues iu an innor,ative rvay to clbtain a priori estitnates. Since the
Nlcthol ol Nlovirrg Plarrcs ciirr rrot bc a1;piicd to thc sr,rlutiorr rt, dlcctlv, wc
iutroduce an auxiliary fiurction to circ:urnvent this clifficulty.

In Section 8.4, '"ve use tlie Method ol N,Ioving Spheres to prol'e a notl-
cxistcr.cc of sohrtiorrs for thc prcscribing Gaussian ancl scalal crrrvatrtrc cqtra-
tions

--Au,F2:R(r)e",

and

-Au * 
nlrt - 2) u: '," -') , R1r1,,#-!4 a(n-I)

orr 52 arrcl on 5'' (n > 3), respecrtivell'. We prove that if the fitrrct,iorr R(r)
is rotatiorrally syrnuretric arrd lnonotone in the regiorr rvhere it is positive,
thcrr lroth cquaticlrrs adruit rro scllutiorr. This proviclcs a stlortgcr lrcccssary
condit-.on than the rvcll knorvn I(azdan-Wamer cotrditiott, and it alsc, becornes

a sufficient condition for the existence of solutions irt rnost cases.

In Scction 8.5, as an application of thc tnaxirltrrn principlc fbr intcgral
cquations introduced in Section 7.5, we study the integral equation in R'

Ilrr(.r') 
l^ ,, ,Jl^'1^ (t1\rlt1'

lbl irnl'real nurnbet'o betrvecn 0 ancl n.It alises as an Buler-Lagrange ecluatiorr

for tr {unclional in t,he contcxl of the Hardy-Littlcrvoocl-Sobol,:v inequalities.
Drro to tlut cliffcrcnt natrrrc of thc intcgral cqrration, tlx: trarlition:rl l'lcthod of
\Ioving Planes does not work. Hence n'e exploit its global ploperty and develop
a nerv idea-the Integral Fortn of the N{ethod of \Ioving Irlanes to c,btain t}re
s\.rnrnr:trv ancl rnonotonicitv of the solutions. The l\Iaxitntun Principle fbr'

Iutegrrrl Equatious established in Cliapter 7 is courbittecl t'ith the estitnates

ol viLrious iutcgrtrl llolllrs to calr'1'orr thc tttovirtg o1 pltrrrt.rs.

8.1 Outline of the Method of Moving Plarres

To orlt,line horv the Nlethod of Nlovilg Planes norks, rve tal<c the Etrclidian
spacc .R" for an exarnple. ],et u be a positive solution of a certain partial
clillcrctrtial cquaticxr. If rvc warrt to plt-rvc that it is syrutttctric attcl ttrortotcxtc

in a givcrr direction, \\'e Inay assign that clirectiott as /1 axis. For an1' real

numbt:r .\, Iet

Ts - tt: - (:r:1,.1:,2:' rn) € R" l,r'1 : tr;.

'fhis ir; a ltlane irer'trlendicular to r1-axis and the platre that v,'e rvill rnove rvith.
Let 11 denote the region to the lcft of the plarre, i.er.
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Ds:{r€R"lzr<)}.
Let

i == (2^ - rt,n2,, . . ,r,,),
the reflection of the point r : (rr,...,r,,) about the plane [ (See Figure 1).

We compare the values ol the solution r at point r and rl , and we tvant
to sho,,v that u is syn'rmetric aborit some plane fi". To this encl, let

w{t):u(r^)-us1.
Iu order to shotv that, there cxists some Ao, such that

w^"(r):0, Vu € Ds",

n'e genr:rally go through the lbllorving trvo steps.
Step 1. We first shorv tira1, for ,\ sufficiently negative, tve have

z'r(r) >0,Vr;€11 
"

(8.1)

'Ihen u'c are ablc to start off from this ncighborhood of rt : , oo, ancl move
tl.re pla:rc I along thc r1 dilr.ction to the right as iong as the inequality (8.1)
holds.

Step 2. We continuously tlove the plane this rvzr,y up to its lin-iiting positiol.
N'lore plecisely, we define

)o : sup{) | tur(r) ) 0,Vr 6 f.r}.
\Ve prove that u is symmetri<t about the piane I1., that is u1. (r) : 0 for all
r € X;,. This is usually carried out by a contracliction argumcnt.,r\Ie shorv
that if u)"(r) f 0, then therr: rvould exist ) ) ),, such that (8.1) holds, and
this corrtradicts with the definition of )o.

Frorn the above illustration, one can see that the key to the Method of
r'foving Planes is to establish ineqr-rality (8.1), and for partial differential equa-
tiotts, ntaximurn priuciples are porvelful tools fol this tasl<. \\/hile for intergt'al
eqr.rations, we use a different idea. We estimate a certain norm of rur on the
set

If .=, {z e f.r | 'ur;(z) < 0}

rvhere the inequality (8.1) is violated. we show that this norm must be zero,
and hetrce I! is emptl'.

Figure 1
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8.2 lt pplications of the Maximum Principles lJased on
Comparisons

In thisi section. rl'e study sorne semi-linear elliptic equations. \Ve rvill apply
thc mcthod of moving planes to estabiish tlte svmme[r]' of the soluti<tns. The
csscrrc3 of thc mctho<l of rnoving plancs is thc application of va,r'iotrs Inaximtrrn
principles. In the proof of ezLch theorern, the rcaders rvill see l'ividlll ho'"v the
Nlaxinrrrrn Principles Based on Comparisons are applied t<t narrow regions and
t,o sol,tt/ions tuith, d,ec.o,t1 a,t i,n."li,ni,tu.

8.2.1 Symmetry of Solutions in a Unit Ball

\\rc first bcgirr with arr clcgaut, rcsr.rlt of Giclas, ,\i, arrcl Nircnbcrg [t1NN1]:

Theo:rem 8.2.1 Ass'urrte t,lt.at ./(.) i, u Llpsclri'tz t:ort't'irtrtnrts J:urt'cl"iorL s'uclt'

tha,t

l/(p) - /(q)l < c" p - q1 (8 2)

for sorne r:onstant Co. Then eueru pos'itiue sohftio'n u. of

! -L.u: J@):r; e B1(0)

I":0 on081(0).

is radially sgmmetric and rrt,onotone decreasing about the origitt.

Proof.

(8.3)

those on its reflection.

rr (,r; ) .

As shorvrr orr Figure 4 belol'. Iet ?1 : {t I ,r : )} be t1rc platLe ])erpell-
rlicular to the r;1 axis. Let ))1 be the part of 131(0) $.hich is on the left of the
plarre I1. Fol each z € fr, let r) bc thc reflection of thc po.Lnt r about tlie
plarrc fi. tucrLc lncciscll', .r:) : (2) rlr1.:t'2. " . ri.,).

,r
\ \

:i.'A \

(
0 .1. I

Figurtr 4

\\e cornpare thc values of the solution ?/ on f; rvith
Let

,1(:l) : rr,(:r'^), and rrrl(:r) - ,1 (:r;) -
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Then it is easy to see that u1 satisfies the same equation as u does. Applying
the lvlean Valrre Theorem to.f (u), one can verify that ?r) satisfies

rvltere

and by condition (8.2).

lC(x, ))l < C". (8.4)

Stcp 1: Sto,r.t Mouing th,c plane.
We s;tart from the near. lcfl, end of the regior.r. Obviously, for ,\ sufficiently

close to *1, I.r is a narrorv (in 11 clirection) region, and on DX.1 , tu1 (r) > 0.
( On 4, us@):0; rvhile on thc curve part of lDs, tul(c) > u since u > 0
in 81(0) .)

N<r'nv we carr apply the "Nar,ow Region prirr,cipre" (cor.olary 7.4.1 )toconcludt: that, for ,\ close to -,1,

'u1 (z) ) 0, Yr e Es. (8.5 )

This prcrvides a starting point for us to move the planc I
Step 2: Moue th,e Planc to Its Right Lzm,it.
wc rrorv i'crease the value of ) continr,rously, that is, we rnove thLe plane'r1 to th: right as longas the inequality (g b) holcls. we show tha.t, by moving

this way, the plane will not st.p before hittirig the origin. More precirsery, ret

) : sLrp{) | ur1(r) ) 0, Vz € f.r},

rve first ,:laim that
I>o (8.6)

otherrvise, rve rvill show that the prane can be further movecx to the right
by a smell distance, and this r,vould contr.aclicts ri,ith the definition of A. In
fa.ct, if ), < 0, the' thc inrage of lhc cu^,ecl sr.rrftice part of dJ); under the
reflection about 7; lies inside ll1 (0), rvhere,(r) > 0 by assumprirrn. It follows
tlrat, on this part of 0D;, tl;(;z) > 0. By the Strong N4aximum princi.ple, we
cleclucc that

u;(r) > o

lll t,lte llt[cllor ol )'r .

LeL ai o be the maximum lvidth of narrow regio's that we can apply the
'.',1'larrow-Region PrincipLe". choose a smal positive number d, such that d <
?,-^. I,\Ie co'sider the f'nction tu;n6(r) on the narl'orv region (Sec Figure5): 

)
eo:D^+an{zlc1 tf-T}.

ATrl + C(r,))r.u;(r) : 0, r € Xq,

/1t _ \, _ /(u.r(r)) - /(u(r))
v \4, /,/ 

- 
-_-/---i--

' us(r) - u(r) )
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It satis{ies

(8.7)

I f ll+a

Figr"rre 5

The etluation is obvious. To see the bouudary r:onciition, rve first notice
that, it is satisfiecl orr the trvr-r culved parts alil one llat palt u'here .rr : ) + d

of the boundary 0Q5 clue to the definition of u1*5. To see that it is also true
on thr: rest of the boundar5'where rr : I - *,*. use continuity argument.
Noticr: that orr this part, ur; is positive arrcl bourrded irwalr fi'utlt 0. N{t-n'er

precisell'and rnore generally, there exists a constatrt cu ) 0, such that

uI(r,) >cn, Yre D;_*.

Since u'; is contirruous in ), for rI sufficiently small. rve still have

L'lra(z) > 0, Vz e E;,4.

Hencr: irr parlicular, the boundary condition in (8.7) holds fc.rr sr-tch srrrall d.

Non"vc can applr' thc "y'y'ornrzt R.eqi,ort, Pri.nc:i,pl,r:'' to conclttrlc that

ur;*r(r) ) 0, Vr € f/,;.

Aud t,hcrcfbrc,
ur1n5(r) > 0, Vr € Xtn5.

Tliis,:ontradicts u'itir the clefinition of ) aucl thr-rs establishes (8.6).
(8.6) implies that

ti(-r;1,2') ( u(ry,r'),Vr1 2 0, (8 8)

I A.^*u1- C(r.) + d)ur;*o - 0 r € f),i
\Tr';*6(;r) >0 r€0t25.

\ L6

\

0 Ll

,)
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.where e/ .= (:L2,..,,rn).
We then start from ) close t,o 1 a.d move the plane fi toward the left

Similarly, lve obtain

u(-rt,r') ) u(rt,r') ,Vrr ) 0, (8.e)

Combining two opposite inequalities (8,8) and (8.9), we see that u(r) is
rsymmetrir: about the plane ?e. Since rve can place 11 axis in any dircction,
'we conclude that u(z) must be radially symmetric about the origin. AIso the
rnonotonir:ity easily follows fronr the argument. This cornpletes the ploof.

13.2.2 Syr:rmetry of Solutions of -Au : up in Rn

In an elegant paper of Giclas, Ni, and Nirenberg 12] , an interesting results is
t;]re symmetry of the positive solutions of the semi-linear elliptic equation:

Au*uP:0, r€R",nlJ. (8.10)

They proved

'rheorerr:L 8.2.2 For p: i#, all the positiue solutions of (8.t0) with rea-
,sonabLe beho.uior at infinitg, narneLy

u : o(t.h),
t-l

ore radiaLt'y symmetric and monotone decreasing about some point, and hertce
ttssi-Lrne the form

l"(" - 2)^21+
for A > 0 and for some no e Rn()2+lr -r'lz)!*

This uniclueness result, as wils pointed out by R" schoen, is in fact r:quiv-
alent to the geometlic result due to obata fo] : A Riemannian metric ,ln ,9,
rvhich is cotiforrnal to the starrdard orie arrcl havirrg the sami: constarrt scalar
curvature is the pull back of the stanclard one under a conformal map of
.9" to itself. Recently, Caffarellr, Gidas and Spruck [CGS] removed the de-
cay assrrmption u : Cl(ltl'-"),rncl proverl the same result. In thc casr: that
.L < p < **, Gia*. and Spruck [GS] showed that the only non-negative solu-
tion of (8.10) is identically zero, Then, in the authors paper [CL1 , a simpler
and morc elementary pt'oof was given for. almost the sante result:

llheorem 8.2.3 i) For p: f3, euery positiue Cz soLuti,o,n of (5.10) must
be ra,a:ially symmet.ric and monotone decreasing ahout soma po'int., and
h,ence assumes th,e form

l"(" - 4^21"f
(.\2+lr_ r'12)-* forsomeA>0 andro€Rn
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ii) F,rr p < #, the only n,onnegat'iue solution oJ (8'10) is identi'caLly zero'

Thc ploof of Thcorcui 8.2.2 is actually inclr.rdcd itr tlrr: utorc gcricral proclf

of the first part of Thcorem 8.2.3. However, to better illustrate the idea, u'e

u,ill fir'st present the proof of Theoretn 8.2.2 (nrostly in our own idea) ' And
tirc rcadcrs rvill scc vividly, horv thc "Dr:cult ut lr(-trrit'u" priuciplc is applicd

here.

Proof of Theorern 8.2.2.
Defiue

I1 :{r:(rr,....r,) €rq"lz1 (.\}, Tx-?Dx

arid lct :r;) llc tltc lcllcctiou pclirtt of r about t,ltc plarrc 7\, i c,

.r):12.\-Lr,L2,

(Scc the plevious Figure 1.)

Let

,Jr,)

'u,^\rJ : 'u(r^), and tul(e;) : u,r,('r;) - u(e;)'

T|c ploclf consists of tlucc stcps. Irr tlic first stcp. rvtr stalt fiotrr tltc vcry

left encl of our region R', lhat is near 11 : oo' \[re wil] shorv that' for )
sufficiently negative,

rrrl(:r;) ) 0, Vrr; € 11.

Hcrc, tltc "DeutLt at hLlirilt'11" is applicd.

(8 11)

Then ir-r the seconcl step, \\,e rvill move our ltlanc I irr the bhe z1 direction
tonard the right as long as inequality (8.11) holcts. The plane rvill stop at

sornc'lirniting llosition, sav at ) = )o. Wc rvill shorv that

tu;,,(r) :0, Vr € L>,,,.

This i.mpiies that the solution u is symmetric arrd rnonotoue ciecreasing about

t,he plane fi,,. Since nl-axis can be chosen in any direction, r'"'e corrclude that
u tnrist be racliallv sYmrnetric and monotone allotrt some point'

Finally, iD the third stel). using the uniclueness theory in Ordinary Differ-

crrtial Equaticlrrs, rvc rvill slrr,lv"' tltat thc soluliorrs citlI ollllr assulllc tlic givclt

folm.

Step 1. Prepare to llloue the Plane from l\'e'ar' -rn.
To verify (8.11) fbr,\ sufficiently negative, \lrc app]y the maximum principle

to ur;,(z). Writc r : 13 Bv thc clcfinition of u1, it is casv to strc that.'u1
satisfies the same equation as 1 does. Then by the X,lean, VaLue Th'eorern, it is

easy l(J verily tliat

--Atul - "\(t) 'u'(:r:) : rdri-l(r;tt'l(r')' (8'12)

ivher,: {,1(r) is some nurnber bet'nveeu ul(r) and z(r). RecalliDg t}ie "Maxi-
mum Princzple Based on Oornparison" (Theorcm T.'1.1), wc see here c(r) :
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-r11,\ 
L(").By the "Decay at Infi.ntt!'argument (Coroliary 7,4.'2), it suffice

to c.b.ecl< the decay rate oi rl,Tt(r), and more precisely, only at the points i
where tll is negative (see Rernalk 7.4.2), Apparently at these points,

u;(r) < u(i),

and hence

0<u;(i) !t>,@)3u(i).
By t;he clecay assumption of the solution

z(z) :, (#=) ,

rve clerive imrncdiately that

,1,; '(i):, (f frl:) :,(#)
'l

Hertt thc power of ] is orpaipl fhen fws, which is 'lvhat (act;ually morelrl '" "^"*""
tharL) we clesire for. Therefore, we can apply ihe "Mari,mum, Priruciple Based
on Comparison" to conclude that for ) sufficiently negative ( lil sufficiently
largr: ), rve must have (8.1f). This completes thc preparation for the moving
of planes.

iitep 2, Moue tlte PLane to tl'te Lzmi,ttng Position to Deri,ue Symmetry,
l,lorv rve can move the plane ?1 toward right, i"e., increase ther vaiue of ,\,

as long as the inequality (8.11) holds. Define

)o : sup{) ,.r(") > o, vr e tr1}.

Obviously, .\o < +oo, clue lo the asymptotic behavior of u near zr : *oo. We
clairn that

,.r"(") :0, Vr € I1. (8 13)

Oth,:11yiss, by thc "Strong Mo,rin'ntm Pri,nci,ple" on unboundcd domains (see
The,trem 7.3.3 ), rve have

r,'.r, (,,) > 0 in the irrtcrior oI Es" (8.14)

W'e show that the plane ?1. can still be moved a small distance t,o the right.
Nlore precisely, there exists a do ) 0 such that, for all 0 ( d ( do, rve have

'u.r.,+o(u) ) 0, Vo € f.r"+a. (8.15)

This rvor.rld contradict tvith the deljnition of )o, arrd hence (8.13) rnust hol.d.
Itecall that in the last section, we use the "Narcow Region Principle " to

deri're (E.15). Unfortunately, it can not be applied in this srtuation, because
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the "narrow region" here is r-Lnbounded, and tve are not able to guarantee that
tr1., is bouncled awav from 0 on the left borurclarv o{' the "Ilarrow regiou".

To overcome tliis difficulty, rn'e introduce a new fuuction

- / \ l^u'\(r)
il'^(.r'J - 

,r(r)

rvhere

o(r) 'I- *'itlr 0<q l-tt-'2-
lrlq

Then it is a straiglrt forrvarcl caiculaticin to verifl' thab

-Ar-'r :2vD.r' V'* (-^r'.r * &r^) I (8.16)
d \ rit /rtt

Wr have

Lemrna 8.2.L There erists a R, ) 0 ( zndepert"d'cnt of ),), su'clt that if ro is
a rninimum point of ws and, u,.r("u) 10, then lzol < Ro

\Ve pc,stpone the proof of tht: Lemrna for a montent. Norv suppose that (8.15) is

violatecl fbr any d > 0. Thel there exists a sequcnce of ttumbers {d,} tending
to 0 rLrrd fbr cach ti, thc corrcsportdirrg rtcgativc tltitrirrmrrl r'' of ttttr,,1; ' By
LemtrLa 8.2.1, 

"l'e 
have

lr'l < 1?u , vi = r,2,.. .

Theu, thcre is a subseqr.rcnc'e of {;ri} (still derroted by {r;'}) rvhic}r convcrges

fo sorne poi't ;ro 
' 

;:i;':",]: Vrr,-r,,+ii, (r;,) : 0 (8 17)
7--

and
a s. (,'o) :,!,I u-'\,,- o, (r' ) S o.

However, u'e aiready kuolv 1u1,, ) 0, therefore, we must irave urr.,(r') : g' 11

firllol's that

V?r'^,,(u 
u) : V'u-r^,, (r")6(x') i u.1,,(r')yd == 0 + il : O. (8.18)

Ou the other hand, b-v (8.14), since ,rr'q,,(r') :0, ro tnust be on the

boun,lary of 8s,,. Then b1'the Hopf Lemma (see Theorem 7.3.3), u'e have,

the outrvard normal clerivative

0w,'i)" (r") < o

Ttris contraclicts rvith (S.18). Norv, to verify (8.15), rvhat left is tc, prove the

Lenrrna.
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Prroof of Lemma 8.2.1. Assume that ro is a negative minimum of tl;).
Then

-AD.r(r') < 0 and [D1(ro) :9. (8,1e)

On the other hand, as we algucd in Step -1, by thc asymptotic b,ehavior of
u at infinity, if lro is sufrflcit'rrtly Iarge.

c(ro) :: *7lf -r("o) > -q(n 
* 2 - q) 

= 
A!,@i) 

.l*"1 ,b(r") '

It, foljori's from (8.i2) rhat

(-o',' * *r^) ("') > o
\p/

This, together with (8.19) ,;6p11adicts with (8.16), and hence coru.pletes the
proof of thc Lemma.

Step 3. In the previous two steps, we shorv that bhe positiver soh_rtions
of (8.10) must be radially symrnetric and monotone decreasing about some
point in R". since the equation is invariant under translation, without loss of
generillity, rve may assLlme that the solutions are symmetric about bhe origin"
Then they satisfics the follorving orclinary differential equation

fol so:me A > 0. one can verify that u(r) : fu!:r- 
''=L',): is a solurion, and

( A" t r. )---
b)' th,: uniqueness of the ODE ploblenr. Lhis is Lhc only solrrt,iorr. Iherefole,
rve conclucle that evely positive solr.rtion of (8.10) musl assumc the form

tntn -?t 't 4
L "\'" -/" 1

/\o ^ o\-t^"+ r-r"l') 2

for' ) > 0 zrnd sorne 'to € R". This corupletes the proof of the Theorern.

Pr-oof of Theorem 8.2.3.
i) Thc general idea in proving this palt of the Theorem is a,lmost the

same as that for Theorerr 8 2.2. The main difference is that we havr: no decay
assutLption on the solution tr at irilinity, herrce the method o1 moving planes
can nttt be applied clirectly tn ti,. So rve first rnake a l{elvin transform to define
a ncw function 

,,/".) - 
I ,,( x 

,ulllrl : 
lr;-r\k1rl.
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'Ihen obviouslv, u(:r) has tht' desirecl clecay latc j- at irrfinitv, brrt has a

possib.le singularity at the origin. It is easy to','erify that u satisfies the sarne
equatirru as u does, except at the origirr:

Au*u'(z) : 0 z € R" \{0},n ) 3. (8 20)

\tr'c rvill applv the method of rnoving pianes to the firrrction t', ancl shorv
that tr is radially symtnetric and rnonotoue decreasing about some point. If
tltc cctttcr poitrt is thc crrigirr, thcrr by thc dcfiuil,iou of rr, z is also syrnrnctric:
ancl rnonotone decreasing about the origin. If the center point of u is not the
origin, lhen u has no singularity at the origin, arid hence u has thLe desired
clccay at infinity. Therr thc sarrc ru'gllmcnt in thc ploof of Thcorcrn 8.2.2 rvorrld
irnply that u is syrnmetric atid rnonotone declcasiug about sorne point.

De.trne

u1(r) : "("^), tr'q(r) : trl(.r) - rr(:r).

Because o(r) may Lie singulirr at the origin, corresporrdingly u.'1 rnay' br: sin-
grtlar rrt thc point r1 : (2),0,...,0). Hcncc instcad of on 11, rvc considcr u'q
on f1 : Ir \ {e:1}. And in our proof, wc trerat thc singular point carefully.
Each tirne rve shorv thtlt the points of interest zrre a\\ray from the sirrgnlarities,
so tltal, wc can carl'y on the rncthocl of rnoving _plaues lo tlre enci to shou' the
exlstctLce of a )n sucir that u:s,,(:r) - 0 for x € Es,, iutd u is strictly increasirig
itt thc ;r1 dircctiorr iu X1.,.

As in the prooi of Theorent 8.2.2, rve see that u; satisfics thc saure ecluation
as u docs. and

-Atr'.\ : r4,\-' (r),ur1 (r).

rvhele 11(r) is some riumbel betweerr u; (r) ancl u(z).

Step 1. \Ve sho'lv that. for ) sufficiently negative, rve have

tL';(r) > 0, Vz e fr.

Ilv thc asyurptotic bchaviot'

(8.21)

/\1u(r.J a 
kr ,

rvc clcrivc irnmcdiatclt. that, at a rrr:gativc rninirtnrtl ltoint l;o of urtr,

' I '-1 1.'l''(r") - (__)'' A \" ' \ ,,ultt 2, ,,u,1.

1
the porvt.r of ,.-, is greater than trvo, and rve have the desired clecay rate for

l4 I

c(z) :=. -rrl,,;-'(r). as mentioned in Corollary 7.4.2.Hence we can apply the
"Dec.a',:1 at Infinity" to ur1 (;r). The diflerence here is thab, ,rr'tr has a siLngularity
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at e1 , hence rve need to show that, the minimum of tr.'1 is away liom 21.
Actuaily, lve rvill shou' that,

If inf5^ ?r)(r) < 0, then the infirnum is achieved in X; \ Br(rr) (8.22)

To see this, we first note that for r € Br(0),

u(e) 2 
utf,tll, 

,(t) : €o ) o

due to l;he fact that u(r) > 0 arrd Au < 0.
Then let.\ be so negative, that u(r) ( es for r € 81(r1). This is possible

because t,(r) -- 0 as lrl - co.
For such ), obviously ?r.\(n) > 0 on Br(rr) \ {"r}.This implies (8.22).

Norv sirnilar to the Step l irr the proof of Theorem 8.2.2,we can deduce that
tu,r(z) ): 0 for ,\ sufficiently negative.

Step 2. Again, define

)o : sup{.\ tul(r) 2 0, Vz € i1}.

We rvi]l show that

If )o < 0, then ur;,(") : 0, Yr e Dn.

Dcfirrc u.r : ? tLe sarlt' wa), as in tlre prool of Theolem b.2.2. Srrppose
hY

that tr.r1., (r) 80, then b5' Ivla:imum Principle rve have

D1-(r) > 0, for z e 11".

Thc rcst of thc proof is sirniltr,r to thc step 2 iri the proof of Tlheorr:rri 8.2,2
except 1,hat uorv we neecl to take care of the singularities. Again let .\s \ ),
be a secluence sr:ch that ri.r1u (:r) < 0 for some r € !;u. We need to show that
for cacf,.,k, irrf ;. T.,.1.(r) can be achicvecl at somc point r;k € i1u and that

4 .\1.

the seqrrenc" {ro} is bounclerl arvay from the singrrlarities rlu of tuqu. This
can be r;een from the follorvinl- facts

a) T'hcre exists e > 0 ar.rcl d > 0suchthat

a>,"(r) ) e tol z € 86(r1") \ {e.r"}.

b) limr-r,, infce 16 1c1;,n,.1 (") > inf,66, 1,^,1ur;,(z) > e ,

Fact (a) can be shorvn by notilrg that r-u;" (r) > 0 or i;" ancl Ar,u1. ( 0,
rvhile fact (b) is obvious.

Now through a similal argument as in the proof of Theorem 8.2.2 one can
easily arrive at a contradiction. Therefore rI1"(c) : 0.
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If ,\,, : 0, then \\re can cilJry out the above procedure iu the opposite di-
t'ecliotr. namely. we move the plane in the negative r1 direction frorn positive
infinit'y torvard the origitr. If our plaues ?1 stop sornewhere befbre the origin,
rvc clcr:ivc thc syrlurctrv arrr-l rnorrotorricity iu n1 dircctiorr by' thc trbovc ar-
gurnerLt. If they stop at thc origirr again, we also obtain the syrnmetry and
monotonicitf in r1 clirection by, combining the two ineclualities obtained in
thc tno oppositc dircctiorrs. Sincc thc :r:1 ciircctiort can bc r:hoscn arbitrarily,
rve corrclude that the solution u rnust be radially sytlmetric about some point.

ii) 'lo shorv the tton-exisl.ence of solutions in the crase p < I-, 'lve notice
that after the Kelvin transfcrrrn. u satisfies

Auf u|(.r):0, r€n"\{0}.
lt n+2-n(n-2)

Dr.re tr the singularity of the coeflicient of ll at the c;t-igil, one carr easily
scc tliat u can only bc synimctric aborrt thc oligin ii it is not idcntically
zero. ]fence u must also be syrnmetric about the origin. Norv given any two
poiuts rr aud r,2 \r R", sirrce eqnatiou (8.-1"0) is invariarrt uucler trarrslations
and rotations, we malr assurne that the origin is at the rnicl point of the line
segrrrent r1r2. Thcn frorn tlLe above argumentr $,e nust ha\re u(r1): u(r2).
It fbllr."r's that z is corrstzurl,. Firrally, fiour thc cqr.ratiotr (8.10), rvc cotrcludc
that rr : 0. This cornpletes the proof of the Theorcn'r.

8.2.3 Symmetry of Solutions for -Au : eu irt R2

\\therr considering pre'scribirrg Gaussian curvature r.rtt tlo dirncusi,rnal cotn-
pact r.rauilblds. iI thc scqucrrcc of uplrloxiruatc solutit-rtts "blor','s r-rp", tltcrt by
lescaling ancl taking lirnit. orre would arrivc at the fbllorving r:cluation in the
errtirc space -R2:

(8 23)

Thc c.[i-ssification of the sohitions for this lirniting cqlliltiorr n'orrlrl p,rovirlc cs-

sentiaL inforrnatiorr on the original problelns orr rnanifblds, also it is interesting
in its ou'n right.

It is l<norvn that

32^"
@r.,,, l.r) : 1n (4+)2lr -r,t'2)2

lbr arrl' ) > 0 and arn' point :rn € R,2 is a faruily of cxplicit solntior.s.
\\r,: rvill use the rnethocl of moving planes to prove:

Thcorem 8.2.4 Euertl sol,tt,ti,on, of (8 23) i,.s radi.o,l,l,t1 st1m,m.et,rr,c tui.th, resytcct.

to sorre point irl R2 and he'rtce assurnes th.e forrn of ,/,1.r,,(e').

To this end, lve first need to obtain sorne decay rate of the solutions near
infinity.

lAu+expr:0. r:€R2
\ /", "*n 

u(r)dr, ( loo
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Some Global and Asyrntrrtotic Behavior of the Solutions

Thc following Theorcm givr:s the asymptotic behavior of thc solut,rons near
infinity, which is essentiai to the application of the method of moving planes.

Theo:rem 8.2.5 If u(r) is o solution of (8.23), then as l"l - +*,
/\

## '-*l*exPu(r)d'r<-4
uniformly.

This Theorem is a direct consequence of the following two Lemmas.

Lemnra 8.2.2 (W. Di,ng) If u. is a solution of

-Au:e", reR2
and

Jo, exp u(r)dr ( -|@,

then

l-, exo u(r)d.r ) 8zr..' n-

Proof. For -oo ( I ( co, Iet Q1 : {z lu(r) ) t}, otre carr obtain

In,cxp u(t:)d,r : - I n,ou 
: 

Iun,lyulds

-d n,- [ ds

dL)""t1 - Jan, lyul
By thi: Schwartz inequality and the isoperimetric inerqr,tality,

t 3 t lv,l 2loe,'>anla1l.
JAQt Vill JAa,

Hence
,l(frln,D .fr,exp u(r)t1.r' > anPl

and so

r1 ^d
;(1". cxp u(.c)'1,r')2 - 2exn t '(+lQt l) /rr, cxp ,t(t:),tL'S _8rl.Q,'ct.
dt ""' rll'

Integrating from -co to co 11ives

-( [ exp,:.t(r)dn)2 < _.u* [ exp u(r)cLr
JR2 JR2

rvlriclr implies /r, exp u(r)dr ) 8r as desired.
Lernma 8.2.2 enables us to obtain the asymptotic behavior of the solutions

at infinitl'.
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Lemrna 8.2.3 . If u(r) is a soluLion of (8.23), th,en. as 1rl - +-,,

4") lr^..^..t 
..

lt l.r1 - 2n Jn' cxp rr( r')d:r u'nr'for-ml't1'

Proof.
B1' a rcsult o[ Brczis ir.rrd N{crlc [tsNrl] , ivc sct: that thc corrditiorr J",, cxl-r u(r)dx <

oo irnclies that the solutiorr ,u, is boundecl frorn above.
Li:t

tu(r) - !.\r,(lnlr - y - ln|lyl * 1))exp u(y)rt,y.
z1f""

Then it is easy to see that

Atr,(r) :expz(r) , r€R2

and we rvill show

u(r) _ 1 | ^..._.,/_.\r-..._;i
In lrl 2n Jn' exp u(e')dr uniforrnly as ln] + ne6' (8'24)

To see this. we need only to verify that

I ,: I ln lr - sl - ln(lyl + 1) - ln lr 
"u\a)40--.-sJ n" ln lrl

as l:irl--cp. Writc 1- 1r + I,st Is, rvlicrc 11 ,12 arrd 13 iuc tllo iutcglzrls r,rtr thc
three regions

Dr:1rllr:-y1 <i),
Dz: {u l, - yl > I and lV :, 1i}

ancl

Dz - {g t: 11 ) 1 anrl lV >'1f }
lcspcc:tivcly. Wc tna1, asslil]tc that l:r:l > 3.

a) To estimate 11 , rve sirnply notice that

fltIt<C | ,"(v)rlr1 
= 

| hrr--'!llou(a)(l'e
.l 1'-y1<t - lll l"t.l ./lr-ul<1

Therr by the bourrdedness of 
""(v) on4 [nre"(a)d!, wc see t]rat .Ir-0 as

:1;l+CO.

b) For each fixed K, in region D2, we havc, as l"l-o",
Inlr-y In( y +I) hrlrl

hpttre f^-.O

Ln lrl
+0



2I2 8 Methods of N,loving Planes and of Moving Spheres

c)ifo see 1e-0, we use the fact that for l" - g] > i

,hrlr - yl - ln( yl + l)- lnltl, - nr_ h/i t\v

Then let K-cp. This verifies f 8.24).
Ccnsider the function u(r) = u(r) + u.r(z). Then Au = 0 and

u(r) SCiCrln(lrl +1)

for sorne constant C and C1 . Therefore o must be a constant. This completes
the proof of our Lemma.

Combining Lemtra 8.2.2 ancl Lernrna 8.2.3, rve obtain our Theorem 8.2.5.

The Method of Moving Planes and Syrnmetry

In this srrbsection, we apply the method of moving planes 1;o establish the
symmetry of the solutions. For a given solution, we lrrove the family of lines
rvhich are orthogonal to a giverr direction from negative irrfi,nity to a critical
position and then show that the solution is symrnetric in that direction about
the critical position. We also show that the solution is strictiy increasing before
the critical position. Since the dircction can be chosen arbitrarily, wel conclude
that the solu.tion must be radially symmetric about some point. Ilinally by
the ur.iqueness of the solr"rtion of the follorving O.D.E. problenr

wc see fhat the sohrLions of (8.23) rnusL assunre the form 6s,r,(r).
Assrrme that u(z) is a solution of (8.23). Without loss o{'generraiity, we

shorv 1;he monotonicity and syrnmetry of the solution in thc r1 dir.ection,
Fo.: .\ € Rl, let

X1 :{(21,12) i11 <)}
and

Ts : ?Ds: {(rr ,r2) | x1 : )}.
Let

gA:(2)-rt,rz)
be the' reflection point of r: (xt,r2) about the line 71. (See ther previous
Figure 1.)

Definc
tirl(r) :u(r^)-u(r).

A ,.1 raiqlrr: forrvnr.d calcuLation shows

Au1(r) * (expr/r(r))'u'1(z) :3 (8,25)

(r"(,')+]u'(r') :1fu)
{ u'(0) : 0

l."tbl :r
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r,,'here l.r(z) is sonre lnlmllcl Lretrveen u(r) and u^(r) "

St=p 1, As in the previous exarnples, we shorv that, ft-rr ) sufficiently neg-
ative. rve have

r.L')(r) > 0, Ve; € 11.

Bv thc "Deca'y of InJtni,tti'irrgrrment, thc kcy is to chccl< thc dccay ratc of
c(:l) :.= -"d.r(r) at points r"'where tul(r) is negative. At such point

,r(r")) 1u(r"), and hence ,ltx("') ( u(r').

By viltue of Theorern 8.2.5, rve have

st,x(r") - o(h) (8.26)

Notice that tve are in ciimension trvo, rvhile tl're key 1\rrrction d : fp given
irr Cor:ollary 7.4.2 rcqrrircs (l { 17 I rt - 2, hcnc,: il rlocs not lvorl< hcrc. As a
rnoclifLcation, we choose

Q@) :1rr(lzl - 1).

Thur it is casy to vcrify that

Arlt -l
-\t't-u,.1,"lyl'u'1_9

It foll,rrvs frorn this and (8.26) that

,ilt(r") | $1r'; . , fbl suffir:ierrtly lalge lr,]. (g.27)o'
This is rvhat we clesire for.

TlLen similar to the argument in Subsection 5.2, rve introcl.uce the function

- / \ ?l',\(z)
u,1(r I : 

,r(r)

It satisfics

A,r1 * 2yr-,,rYe (.,'','' r 49) D.x : 0. (s.28)d \ o/
N{oreover, by the asyrnptotic behavior of thc solution ?r near infinity (see

Lcrrurrn 8.2.3), wc hnvc, fbr cach fixcd ),

t1-r1(-1) : ultiL .,9.r0 , as lrj-oe. (8.29)*t h(lrl - 1)

Now, if ?r)(lr) < 0 soruervhere, therr by (8"29). there t:xists a pclirrt zo,
rvhich is a negative urinimurn of url(r). At this point, one can. easily derive a
contrcrdiction from (8.27) arLd (8.28). This cornpletes Step 1.
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Step 2 . Define

)o : sup{) I ,.1(") ) 0, Vr e X.ri"

We rihorv that

If )o < 0, then tu;"(r) :0, Yr e Ds".

The algurncnt is cntirely similar to that in the Steyt 2 of the proof of
Theorern 8.2.2 except that rve use /(r) : ln(-or + 2). This completes the
proof o1 llre Theolern.

8"3 Method of Moving Planes in a Local Way

8.3.1 T'he Background

Let M tre a Riemannian manifolcl of dimension n ) 3 rvitir met,ric A,,. Given
a functicn R(c) on M, one iurclesting problern in differential geometry is to
firtd a rLetric g that is point-u,ise confbrmal to thc origirral metric ao and has
scalar crlrvature R(x) . This is eqr-rivalent to finding a positive solution of the
semi-lin:ar elliptic equation

-a(n --1)o 
out R"(x)u: R(qu,+* , r e A,I, (8.30)n-l

rvhcre I'o is the Beltrami-Laplace operator of (lvl, g,) and Ro(r') is thLe scalar.
curvatur:e of go.

In recent years, there have seen a lot of progrcss in undcrstanrling erquation
(8.30). \lrhen (M,9o) is tlie standard sphere S", the equation becomes

^ rt(rt-2) n-2 h, \:Auf !:5_1": 
^#O@)ui3, 

u ) 0, r €.9,., (8.31)

It is bhe so-callecl clitical ca.se rvhere the lack of compactness occursi. In this
case, tht: r,,'ell-knorvn I{azdan-warner condition gives rise to rnanv exa:nples of
R iri which thcre is no solution. Irr the la.st ferv years, a trernendous amount of
effort he,s been put to find the existence of the solutions ancl many interesting
lesults have been obtained ( see [Ba] [BC] [Bi] [BE] lcl,ll [CL3l [CL,4] lCL6l
[CY1] lCY2l ltrS] ll(Wll [Li2] lli3l lSZl llintl and the refererrces thcrcin).

Oue rnain ingredient in the ploof of existence is to obtairr a priori estimates
on the srolutions. For equation (8.31) on,9", to establish a priori esbimates,
a useful technique employecl by most authors was a 'blowing-up' zr,nalysis.
Howevel, it does not work tieal the points where /?(r) : 0. Due to this
lirritatiorr, people had to assutne tliat R rvas positive and bounded away fronr
0. This technical assumption becarne sorllewhat standard and has beren used
by man'y authors for quite a few years. For example, see articles by Bahri


