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But thc RHS is eqr.ral to

l' t@') L''p(ti)o'' [' l(s)ds +
Jn.-' Jo

I. Nioclel EiiiPtic Problems

clonririatec] Convelgence, let'ting ,k + oQ, it follolvs that

r f rrn lr

- I,LII'(t'' ) p\r' \,lt' : - 
Jn^,uo'"') 

p(r') 
Jn 

ursl'lstl'r
JR'-l 

: [ [ u t."')A (,r(r') rl'(s)) rls ch:''

JR'-1 JR

[---,rrr'r e(r') ctr' 
1,,' 

r" l') u'
JR.- t

[ ,1"') L,,,,p(r') r-t,:r' '

JR"-'

It follori,s tli:rt U solves (8.1) ilr lR'-1 in the clisti'ibution sertse' ltenct itr tLc t litssicirl

s0nse (tliis i, u .,rrr..,q,i"rr.. of tl-ie bourrcle.dness of u anci of Rctlrarh '17 4) lfl c

lesult is therr a .o,t."q''"'-tt" of Theorem 8 l(i) tr

9. Positive raclial solutions of Au * LLP :0 in R"

L'r this section we st,udY positivc raclial classical soiutions of the eqr-ration

- Lu: uP, c € R'. (9 l)

fjirlcet}risproblelrrclot.,snotpossesspositir,eclassicalsolr.rtionsi|l<p{p5cltre
1,o Tlreorenr 8.1, u'e ';;ti:;;ttelt"'t 

to the case p> ps' Conseclticnth" rr' ) i]'

Positive raclial classlcal solutions of (9 1) can be rvt'ittetr irr the fot'rtr U(:u) : L'I(r')'

n,ltcLc t': Jrl anci U t- i;tiO'oo)) is a-positive classical solr'rtion of

,,, n ":)Ut a (JP :0, r e (0, co), U'(0) : 0 (9 2)

It is easilv seclr that plesclibing. initial values U(0) : cr ) 0' (J'('01 : 0' :lrt-'

eqr::rtlon in (9.2) has a uni<|-re sohition {o|t'snrall etroughhl fiicrt' tllis eclutltiolL

can be ri,r.itteil in t,he folm (r'"-iL-l)i : -/''- 1[/p allci' ]lY irltcg|ation rve obtaitr

tlie equivalent, integl'al eqr'lation

(-t\r) : o - f' /' (:)' 
-' 

ryo(tS cttrts'
J, Jt, '"'

rvhicit can be soh'ecl ll.v the Btrnach lixed poirrt theorerrt'

Let U-(r) : cr,t'-2t(p-1) be the singulal solution dcfineci

f *- ifn<10'
t,rL':\r_affif# ifn>lu

The nrain l'esult of this section is the following theolenr'

in (3.rJ) zrrrtl set

(s 3)
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(e 4)

Theorern g,\, Letp) ps. Gi,uena) 0, problem(g.2) possesses auni,qlrcposl,tr,ue
salr,ti,ctnl:J" e C'2(l0,cn)') sati,sfying U*(0) : a, This solution is d"ecreasi,ng and ue
lto.ur:.

LI.(r) : ab' 1(aG'-t) I z r7.

If p > 'ps, then r2/(r-r') t/.(r) - cp as r -, a:. If p: ps, then

/ n(rt - 2\ \tt'-2\/2
' .\,/ - l __--^ 

-=- 
j\//(n-2)+721

I'et a1 >' rr2 > 0. I:f p ) ptr, tlrcn Lt*(.r) > LI.,(r) > LI,,(r) .for aLl r > 0.
I:f ps < ]) < pJL, th,e,, L1,,, artd (Jo, intersec.t in.fintteLy nttr.,n,g tzrnes a,nd [J,,,,Li*
zntr:rsect inJin,itely nmn"u t'imes as uterl. I"f p: pg, iltenIJo,.ttn" interst:ct ortce alcr,
t-,, .LI , int, r..,r.l I.t rr.t.

Proof, iJsing tl-re trarlslorrriatlon

ut"1fiv'arn

rvherc

._1t ,= ;, (rr, - 2t1,, I l + 2)) > 0.
t'- t

(e 5)

tn(.s) : rz/(n-t)771, s:1ogr, (e.6)

- ^,,,1t :0, s € lR, (e 7)

(e.8)

(e e)

plolrlem,9.2) l..,ecomcs

anci rve ar:e loohing fbr solul,ioris u., satisfl.ing rr,(s),u,(.s) ___+ 0 as s + _co. Set

€tu t* tt,,..,tr,,:;,r'2 _ Ju.2 + 1 ,,,r-t.

lflLcn t is a Lyapnrrov furrctiona.l for (g.Z)l tnorc pr.ecisely,

jt 111,17: - o(.,(,,))'< o.

Denoting r:'.:'r) arcl g:: ur', probrem (g.7) can be written in the forrn

I("\':( ^ s )::F(r.,\'lJ/ '-Ag*.rP+)x
rvhc.tr t; ; 1t 

ancl (r,a) - (0,0) as s + -cx). p'oblem (g.g) possesses two eclnilibria,(0.0) arid (r:o,0) lyirrg in the h:rlf-space {(n, Il): r> 0}. Dcnote

utr1 :- VF(0.0) : (l -'r) A2::yF(ci,,0) : (_r,,1 _ r, l'.)
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Figulc 5: The flor'v gent:rated by (9.9) icr p5 ( P <'lt.1 r'

Filst cot'rsiclet' thc case P > f;rq,_}rgn 13 > 0 antl the matlix ;11 hus tu'c-r leai

eigenvalues vr.2 '.: -i@ + t/13'+ 41) with u1 1 0 1 u2 - 2l(p - 1)' Thc

co|r'esponclitrg cigenvectot's (ri,9i) satisfy '!li : uiri' 'i : I,2. The eigetn'alues

ilt.2 i: -)(p + \/F--feO of zl2 are real \fl 02 > 4^i0t - 1), that is iff

P 2 Ptr,.

Assnme ps < p l plr.In this case, the eigeuvaltrcs i1,lt,2 a"re coultlex arrcl their
1ca1 parts ale negative so that the clitical poirrt (cp,0) is a stable spilal. Thc flou'

fol the plarLar systetl (9.9) is illustrated in Figule 5.

\\re ale intelcstecl in the trajectoly 7 enat'ratirtg frorn thc oligirt 1,o thc Iiglrt
half-spacc, since it represents the griiph of an1, positive sohrtion of (9.7) itt thc iu-rt''

plarre. T|is tlajector'1' cannot hit the axis e : 0 again sitrcc lltcr crtle.rglr fr-trrctiorral

t is norutegative on this axis, t(0,0) : 0, lJ ) 0 alicl (9 8) is tt ne N'Ioreover''

the cor.r'eslronding soiutions ?u exists lbl all s € IR ancl tf .tN' rerr rain irotitrcicci

for all s € R chre to (9.8). Conseqr-rently, T l'ras to coltvt)rge 1o tfre clitit:al p,oitit

(co,0) rvhi<:h cot't'csponcls to the siugulnt' solutiollil*(s) : I''2/it)- t)U,0') =' (t)
Ti1rs, if U., is thc r-rnicpe locai solr.rtion of (9.2) sucli that [i,,(0) =. rr > 0. t]reri

its transfblrrt lro(s) :72/(p-111l.(r') exists globally arrd satislics rtr,'{,s) -- r'r, rt:'

s -) oc. Coriscquently, Uo exists gl_oba115'atrd r'2l(p-l)tl',r(t') - (r1, i--s ?'- co. It
is crasilv tr:rifiecl that the function 0,1r) ,: crUl(o,(t' t)/2r') is a solr.rtion of (9.2)

satisfying t7.10; : o, hence 0o : (J,, 1.,1, unicFreness. The gla,phs of u., attrl ttrl

in the u-,--, plane are ic,lentical, so that thc|e exists,so € R such llrat tio(t') :
tn.(s) : u,,1(s - so) for all s € R. Hence, givetl crl > a2 > 0' [/,,,(r') : t','r(r';
for some r > 0 iff rt(t - s.,r) :'iu1(s - sor) for sonio 's € IR T'hLs happt'trs ful
infinitely many s since 7 spirals around the point (.r,0).Sirnilall""'u.'.,''(s) : c7,

ti



9. Positive raclial solutions of Az4ar:g ir, pn

1or inflnitcly nranv s) hcnce Uo, ancl U_

Next ccrnsider the casc p ) ptr. On
lrave for srritable na € (t:,c:r):

-0 - !(rr-r _ 1) :

-a+fi*6-114-z

irrlelsect infirritt:lv many timcs.

fhe halflinc fi(r - cr,), ,

n,2r(L'P-t -"1,,)'___---
lJ\r - ce)

^28<-41 ,0.'-l)r < --,1 ', 2

53

< c",. we

o'/ - o

Figule G: The florv generatecl by (9.9) forp ) p,rr

conseclrreritl-v-, thc trajcctory T ends up at (cp,0) again but the z-coorcli':rteis increzrsin;3 alongT (see Figulc 6). Hcnce, the'sorutiri's u of (g.2) are or-dcreciacccrrclirrg trt tlicir values at r. : 0, U* > Ur,, ) Uo, if cr1 > a2.
Firiallv corrsidcr.tl-re case p: ps. Then p:0 ancl thc energy functiorral t isconstirrt :rlorrg arrl' sor'tion. sincc. t(co, 0) < 0 arrd t(0, y) > 0 for g f 0, rhetlirjcctorv 1- is a lionoclinic orbit (see Figure 7).
T'et wo,s- have thc sarne mca,ning as above. Given or1 f a2, Lher-e exists a,,,,;...,^ ^ - 

htrrlrLltte s t rK sltcil that t-l,r(s -,sor) : ,t(, - sor). Hence, thc corresporidingsolutions u,*,,Uo" of (g.2) intersect exactry once. simirarrv, giuen a ) 0, rve rravctrr.,(s) : r:, for tu'o valucs of s, so that u. and t/* intcrsect twice. one can easirychecl< that j,he function Ur definercl fry (g.S) is a solution of (9.2) satisfying theirritial conditiorr U1 (0) : 1. n
R.rnarks Et'2' (i)'rhe exponenL ptr, appeared for thc first time irr [2g3] rvheretlrr: attthors stuclierl rrrainly probl,.ms *iti. ttr. nonlirrearities ,f (u): .\(1 + au)Pan,li.l'(tt) : tre,,.,\,a > 0.

t@ - "r)



L \iode} trlliptic Problenis

Figure 7: The flow getrelated by (9 9) tor p: p".

(ii) Thc intelscction propct'ties of the solutiolls y in Thectt'ettt 9.1 p'lat'art ittl-
portaut lole itr the stucly of stability arrd asyntptotic behaviot of stllr.rtiorrs of thc

corlesponcling pru'abolic problem, see Sectiolls 22,23. I

Remark 9.3. Let p: ps and a > 0. For all c-r'> l'1e(o) $'ith -4'1s(.ii )' 0 i:r,rgc

enough, if I/ is a positive classical solr-rtion of

m--l
rlil '" :l/t _ l/p _ t\| -1_-r -rl -vr,r

U^(a,) and Iim.-*o 7rr) :
0<r'<o,,

oo, then \/ has to irrterscct tt'o insuclr that V (") :
(0, o).

In fact, clenoling tr',r(s) :: r'2/(p-r)tlr(r), s : logr', tlte tttscttlccl firrrctioti fiotti
the last proof, i1, suffices to chose A'Is(a) such that

w'L,ro(o)(logo) < 0 (9.10)

(hence'uri(1ogrz) < 0 for ali o > ,AfO(o)). Indccd the tlajector'1'of I{r("s) :-
rzl1-r)v(r), s € (-m,10ga,) , has to be a subsct of a pr:r'iodic olbit lr'ing iti-
sidc the tlajcctory 7 (sec FigLrre 7). Duc to (9.10) tlrelc r:xists so € ,-cc,loga;
sr-rch that'uro(sq) : i,lr-(ss), hencc, LL(e"r) : y(eso)

Note also that the|e exist irrfitritelv marry pe|iorlic or'bi1.s of (9.7) ,or p: ps,

correspoDcling to positive singular solutions ol u" * Llu' - 'ur' : [') forr r > 0' I

Remark 9.4. Let p ) Ittt.since the trajcctor;'7 apploa,ches the lirrrlf poirrt

(cp,0) belou'the dotted line with slope -012 ard i2 < -|l2 1l',1 .--0, it has ttr

converge along the eigenvector (1,i1) corresponcling to the eigenvalue /,, helice

?(s)_:-:---t,las,i-x
rlsJ - cp



10, A

IleLurning to tire

Priori bounds via the mcthod of Ilardy_sobolev inequalities

ol'igi1lzll variables ancl denotins y(r) :: U(r) _ LI.(r)

55

rve obtain

(e.1 1)

lbr sorne r: f 0 ancl

,. rV,(r)
''r'l [''d : Dt - m'

l'tl.." "l^,=: -21(p - 1). Assurning that v(.r) : cr_ u + h.o.t.cr -> ?/2, (9.i1) guar.auter:s r: < 0 zr,rrcl . : 14 f )-, rvher.e

A :: -Dr : ifo - rjzl;51)
:ia-2-2rn-vG=

'r trts expa'sion is indeecl true: I' fact, a more preclse asymptotic expansio' of 7u,as cstablished in [260] aud f3341. I

10. A priori bounds via the method of
Hardy- Sobolev inequalities

A llriori estinrates .f solutions ca'be usecl for the proof of existerrce ancl r'ulti-plicity resulbs. u'rike rhc r,:.riatio'ur 
"r"il-a, in sectiors 6 and 7, t.rris appro:rchcloes trot recluire ilnl/ variat orral sl,ructr-rre ui trr" problcr' ancl cnables one to p.o'ethc exisl,encr: of continuous branches of solutions.

Drte to T]reorcnr 7.E(ii) one cannot hopc for.a priori estimates of all so]ulions.The bifrrrcar'ion cliaLg.ar's i' FigLr.e 2 sLr''g;est that ther.e is sorle 5ope for sucircstllnates if 'wc rr:strict ottrselves to positiie"soiltions arrcl t. thc s'bcriticai casc.3
[rr tlle prcscrlt ancl thc_ follon,ing tirree sectiols rve irtroduce four clifi'erent rnet]r-orls rvhicl'r are often'secl in the-pl'oofs oiu p.ro.i bou'cls fo'' positivc solutio's ofsrrl,,erlineal clliptic lrroblcrns. We ,,r,ill stuc11. mainly the scalar problent

rcO \
I

r€o}, I (10'1)

"r'ht:r'e 
f) is bc,.ndecl nncl f is a suffi.iently smooth function rvith superrinear grorvthin the?r-variiellle. Son're o.f the possibl."g-.n..ulirutio's ancl moclifications r,vill bemcntio'ccl as rcrria.l<s, otircrs ca' t,e rouna rn tl-rc subseq'ent chapters.

llhis section is cle'otecl to the rnerthocr of lgg] , which is basecr o. zr Ha.d1,_t'Yp{r rlrcqu.iit' a.d er:rbres one to treat rather ge'crar 
'onri'ea'itics f. on thc

1, --:-_---t]] tact. in the srrbcr.il,:
r\,r.rsc incrice,. r,",ir,.,,,i.ii,j',1::?i,:,;:il:l,iitl,::':J',fii]lli|"]: or ail sor.tions rvith bo,r.crcd

_Atr, : f (:r,u,yu),
,.r-0,



for t ) O, which implies that
)\+/z

e g(t)

\ r /att1'/'
e s(t) ) g(0) > o

whJ-ch, j_n turn, implies that

is increasing and

fn- ^1 1rvr OII t>0

-r rt
g(t))e 2 g(O)Jco as t J .,

a contradiction. Therefore must be unstable.

rt i-s generally believed that the d'ffusi-on process is a
''Smoothing" and "stabir-izi-ng" process. Thus in a cl0sed
t;ystem it seems reasonable to expect that t,.e onrg srcrbre
s;teadg states o're constonts (i.e. sp.,ticr.Lru homogeneous ). rtturns .ut that this i-s indeed the case f or singre eqrlo:.tions
( rr ' 1 ) or (tr -2) prou ided" that the d-omain o t. s nLce, €. g.
corruex ' ( For systems of equations with dif f erent dif f usi.on
coefficients, this is generally not true and we shalr di.scuss
this irr 92') This result was proved fairly recently by
casten and Holland tcnl in Lg7B, and by Matano [Ma] in rgTg
i:ndependently. Matano also showed that this resur.t ar.iso
ho1ds for other domains such as annuLi {x e Rnl a < l,.l <
b)' and gave a counterexample showing that for ,.ert..,i,-
non- conuex domai'ns, nontri.uicrL s tobre s tead.g s tcttes of ( rr. 1 )or- (lr'"2) do exist. we shal' prove the result of tcHr and



Il'{a] and

convexity

Tf
t

Lemma, Let

Suppose thot

fi74

'l <:

shal l f ol l-ow Matano' s proof . The role
contained in the followinq

of

be a bounded smooth conuex d"omc-Ln i.n

v € c3(d) u.ri.th *F = O on d0. Then

+lnuP ( o on d0

Proof. Let p be a "defining', function of {1, i.e.
i-s; smooth in a neighborhood of CI with the for-rowinq
pr:opert:Les

I o < O in Q, p =
1

L vp never vanishes

[4, good example would be

the firs;t eigenfunction

cc,ndition. I Note that
anrd by our hypothesj-s on

(rr.7)

0 on AQ, p ) 0 outside CI, and

on AO.

smooth extension (beyond CIl of
A with zero Dirichlet boundary

vp
F;T- j-s the unit outer normal

o

^€

V

or,7Vpra, = lilT- ' vviao = 0'

whLj-ch impries that \zp-vv - o on do and thus there exists
1

g (' C*(C)) such that

o

VP'VV = gP

Differentiating (II.7 ) with respect to x- yj_e1ds

vp.-vv + vp.oti = giP + gpi.

-88



MuItiplyi

fv. )1L
j

ng by t'i and

oo'*Pi ivi +

summing over i, we obtain

v(vi) = riopi.vv + vp.(v,v.'r)

= P9.v-. + qP.v.rr-Al-

/ P:.iv*V_.t +aJ
ii

vp'vf lo,rl2l = pvg. vv + gvp. \/v

= pvg.vv + ggp

by (.II.7). Since EQ, conclude that on

Pi iv,.v,.J

1
2

wc

s.

L
LrJ

ao

1
T- vP'v ( lor,|2y =

Since:

a ' ,)
ar-( Invlz; = u.v(loul2l = -#r-.v(lovl2l.' lvv r

we herve, orl Ae, that

(rr.B) *(lo,rl2l=--1-"fo ) oijrirj.
irj

Now since o is oonvex, at each point p € d0, the ;natrix
(nt, ) is positi-ve semi-definite on the hyperprane t,angent to
Eo at P. For those v € c3(o) with # - o on ae, we
have vv. lr - O on Ae , i. e. vv is perpendicular to Lr

( the :normal to A0 ) and vv must t_ie on the tangenl: space
of dl). Thus

) Pr.vrv, > 0

i,j

ge



I
J

$
tl

,p

i

.!

on AQ and our proof is compl_ete.

We are now ready for the main resul-t.

Theorem. If
soLutions of (IT-I\

(? i. s corluex , then
Crre cons tct'nts.

the onlg stable

Our approach is; to show that if u is a non_constantsrcl-ution of (II.1), then \t (given by (II.5)) must benegative. we shall achieve this by choosing appropria:!e testfunctions in (rr.3). However, it is natural to questicln a

::.'":: 
':n:.n., this approach wourd work. For. it seems; thatr <. u on IR, then Jf (q ) is alwarr ^ I r's positive for a1I I= u l_n H*(O). It i:urns out that tf f , < O orl [R, then(II.1) hcrs no non_cons tcint soluttons. To prove this, w€ 1et

; .:", 
",::t".ton of ( rr.1 ). rntesratins the equation yietds

Jn" u(x' ,dx - 0 and thus there exists a unigue d sucrr that
f(a) = e (since f is monotonically decreasing). Withoutlos;s of <;enerality, we may assume that d. = O, i.e. f r,O) =o. (For,. we may set v =dv. 

€sL v=u_a, then Av+t(rr)_O 
ern,d--:-- 

= fl n^ r^oD v vrr utt, wnet:e f(v) = f(v+c). Thus ?fOl = f,(a) =0.) AssuLme u I O, then {x € Ol u(x) > Ol I O and {x €a lu(x) < oJ r 0' Let u(p) = ft€X u. Then u(p) > o an,' ,us
hav,= two cases:

(i) D . 
'

\4./ r L 0. Since f(u(p)) < O (f < O on R*) weAu(Ir) ) O. On the other hand, u assumes its maximum arso Au(P) ( O, a contriadiction.

have

p

-90



\^+

( ii; p € d0. Choose a
d0 at p wi.th u ) 0 on B.
Au(x))O onr B with u(p)

Point lemma, # > O at p,
condition ?udD- = 0 on AA.

Coming back to our proof
,ri. Then dif ferentiatj_ng the
:F'(u)u, = O, iand

balt B C 0 which is tangent to
Then f(u(x)) < C on E, and

= mgx u. by Hopf,s boundary
B

whj-ch contradicts the bounilary

of the theorem, we choose I =

equation in ( II.1 ) gives Ori +

r, r u lu?l

,iAri l

- ;n"rl2J

lorl2
(0

olf our lemma above. If one of the lf(ur), i = I,2,...,r\ isnergative, then, w€ are done since ,i e u11O;. T,herefore weonly have to deal with the case that tf(u.) = O, i _

7,2, .. . , D , an{1 Xt = e. We sha'l derive a contradiction.
First of all, vre note that under this assumpti-on each ,i is
an' eigenfuncti.n of 

^1. 
Since xr i-s si.mpte we see that

for each i, thLere exists .i such that ,i = ci,p, where
9r > 0 is the normali-zed eigenfunction corresponding to ),.
(i.e. ll9"ll n.^ - 1 ). Thus Du = B s" where il ='Lt(e) '1
("1, ",".). Thi-s impries that u is constant w^en

\:
,) ,f (u, ) =L- L'
:L

\-f^
2 J. 1 1n.-,, | '
l_

trl-
4 Jntln"rl'+
J-

rf^
) tJ"tlor.,rl'
i
1[a2 Jun a;

rt

q

t

D

qL

.f
"40

du.
rr 

-a 

',

I dD )



-)
.l

I

restricterl to the hyperplane which is perpendicular to
( by Mean-'Vaf ue Theorem ) ; i. e. u is a function of one

var:Labl-e on1y.

If we rotate the coordinate system so that the new

coordinat,e system, denoted by x' , has its xl -axis pointing
in 1-he di:rection of Z, then u is a function of xl only.
Sj-nce eve:rything i-nvol-ved here are invariant under rotatj-on,
fronn now (rn, w€ shall be working with the new coordinate

system x'. To keep the notations simple, w€ shal1 still_
denote th.is new coordinate by x, the domain by O. So vre

have u(x) = u(xr) where x = (x1,...,xn) and Du(x) =

(cqr_(x), (J,...,0) where c = l3l. From the picture,

$

{
:
')..

t.
1}:

i,
tt:

i

I
r:

we siee that on

and

-u'(a) =

That is,

r
I

{
t

I

(a,b), Lr" + f(u) = 0 since Au = ull- = u",

4Lrol = o and
OD

u'(bl = Stel = e.

r.l" + f(u) - 0 in

u'(a) = u'(b) = 0.

(a,b)

.i91, this implies that in particularRecilL l that

-92
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satisfies the homogeneous Neumann boundarv conditi.n

.du,
I^

-=U

ot)

AQ, which in turn implies

whj-ch is equival,ent to
have

that at point

= 0,

urr(a) = O, i.e. u"(a) = O. Now we

I u'+
(

I

L u'(a)

r\u\o,/,,

the un

+.'^*^9+Url5,

also a

is iden

!! rF

f(u) - 0

= u"(a)

1n (a,b),

Thus; at xl = d,l-

this; problem. B:f

differentiat equa

Ther:efore u is
i-mpJ-ies that u

our assumption ou

-0 and

iqueness

.. // ^ \u = u\o/

constant

tically a

hus 
^.J-

u = u(a) is a sol-ution of
of solutions of ordinary

is the only solution.
in the x. -directic,n whichI

constant, this cc,ntradicts
n

Remarks. (:L) A similar question may be asked for
solutions of Dir:Lchlet probrems. we know of rather littre
pro€Jress in this direction except Maginu' s paper t.Vgl for
l-dj-mensj-ona1 casie. rn tLNll this question was considered
and the following statement was conjectured:

Conjecture. A stable soLuti.on of the probLem
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On a conjccturc of Dc Giorgi and sourc rclatcd prc,blcrns

It iis well l<nown that (A) holds in bc,unded dornains of R,,, while (B) holds
whenever ,p is bounded away frorn 0 (i.e., p > d > 0 on R,).

In lB-c-N], l]erestycki, caffarelli and Nirenberg verify that conjectures (A)
and (El) hold in dimensions n:1.2 and inquire about their validity in higher
dimenr;ion. In the next section, we give counterexamples that show the followrng:

Theorenr 1.3: Cor1jecttrres (A) and (B) arefalsefor n ) 7.

we do not know the answer to the above conjectures in the intennediate
dimeni;ions n :3,...,6, thor.rgh we suspect that counterexarnples are also in
order.

2. The countcrexllnples

In [B-(J-N], conjccture (A) is deduccd fio'r (B) which is then proved in dimen-
sions I and 2. In this section, we include a dilect proof for a version of (A) that
rs also valid in dirnension 3 so that it can be applied in the proof of De Giorgi's
problern. Some aspects of the proof are also relevant for the understanding of the
countercxamples that will tbllow. The idea of using Ekeland's theorem to prove
(A) seems to origlinate rvith H. Beresrycki.

In the sequel, we shall let t: -A - V be a Schrodinger operator on R,l
with a smooth and bounded potential z. Associate to r, its energy functional

% (r,t) : J' (lv'rl' - vl{,l'z)ctx
; where 4' € Ctr or Hr(R').l* W'12d"

We start with the following observation

Lemma 2.1: I/ u € (..2 is u bounded solLttion of'Ltt:0, then )l(I) 
--< 

0.

ProoJ: Let I be any smooth function fiom R* to R such that l(/) =, I for 0 <
t < l, {,(t) : 0 for 2 < r and ll'(t)l < 2. For any R > 0, define on R, the
functions {^(,r): l(+)

Sincc /u + I/u :0, multiply by t?u and integrate by parts to get that:

J*,,(lv(€"r)i't - v 1q*u\21d.u

,[*,, l({-r)l2ax

"t"*,, lrltlve, lrd* . # .[r,*\r^lultd"

483

,. -.'- <
.10,, 114-r;12a.- 

j
I u^ lul'd*

Setting,((R): .lr,,lrl2dx, wc need to shrrw that the infimum of
o(R) :=. ^'tnlfifP is zero, since rhen

)t(v) < ti,\l{ t (u€^ ) : 0.

But if inf rr(R) > d > 0, ther.r K(2R) > d,R2K(R) and a straightforward iterarion
would tlren yield that for each integer m., K(2,"+t) > g5n-tp2(n -l). Frorn this
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follo',vs thar K(n) ) 1112tog,R, hence contradicting the fact that K(/?) < cR,,
and the proposir:ion is provcd.

Remark 2'2" Th,e above proposition rnay be extended as follows: rf u e c2
satisfies Lu:0 and lu(x)e-Al-'ll < cl;:1"' for some positive constants A,c,tn,
then )1(Z) < l. This upper estimate for )1(Z) is actually optimal,

The following proposition is part of'the folklore of the linear elliptic theory,

Proposition 2.3: Let L : -a - I/ bet a schrddinger operator on Rn witlt a
smooth and bounded pcttential v. Then' Ar(v) < 0 if anct onry if the equation
Lu = 0 lras no positive solutions.

Priroli Suppose first thar )r(V) = 0 and let (p,r, )f ) be rhe first eigenpair for.the
problr:rn

(L-Af)pn = oonBx

9n = 0onEBn.

wheli: Ba is the ball of radius R. The eigenfunctions can be chosen in such a
way that 9R > Ct on .Bp and nonnalized so that pne): L

Ncte that )f J ), = 0 as R + oo,.Harnack's inequality yields that for any
compact subset,(, #ffi < C(,f) wir:h thc latter constant being indepenclcnt
ot gn. Standard elliptic estimates also yield that the family (ga)a have arso
unifomily bounded derivatives on compa0t sets. It follows that for a subsequence
(rRa)a going to irrfinity, (gn*)l convergcs in C,r".(n,) to some g e Cz and that
p ) Cr on R" whLile satisfying Lp:0.

Fcrr the reverse irnplication, assume tltat Lg:0 for some p > 0 in C2. If
\r(V) < 0, tlrere exists then a bounded domain I/ such that )1(J-l) := A1(V , e) <
0. Moreover, there exists aa ) 0 such that

(L-41@\ee : oona
pn : 0on0Q.

Settinlg w = ff, one can irnmediately vr:rify thar

V(gzVtu) + e2 
^t(e)w 

: 0 on t-l

since u, ) 0 on,r/, this contradicts th" r.;,r; 
"i;\i)rr^,@tsatisnes 

the
maximum principle on f/.

Tlreorenr 2,4: L'et L= -a- v be a scltrc)dinger operotor onR'withasmootlt
and bc,unded potential v . suppose that u is a bounclecl ancl sign-changing solution
lbr Lu = Q.

(l) (the dinensiort n is either I or2, tlien,\l(Z) < 0.
(2) An --3 and,i.f lu(x)) ( (lg-ol.r3l for.r = (x1 ,x2,4) eR3 where C qnd a are

po:;itive constants, then A1(V) < 0.
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Remarks tl. (i) The constant C (N , p) is independent of both the given solution under considerarion and of the do-
mlin J.2. We also note that we do not assume any boundaly condition (actually, wc clo not require the,;xistence of u
on the boundary of ,Q).

(ii) Let f,2 be an'/ proper domain containing the origin of IRN. For any N >- 11 and every p 2 lt,(N ), the radial
functions

uo(xy -atr u(cvlxl). a > 0,

(u is defined iu Thec,rem 5) are stable solutions of Eq. ( I ) in O. On the other hand, a dircct computation y ields: ls (0) :
_2

op-r -> -loo as o -+ *oo. This proves that universal estimate (11.) cannot be true whcn N ) 1l and p)- pr(N),
hence the upper bou,nd on p in (10) is sharp.

(iii) In I I 5] N. Dancer proved a universal estimate similar to ( I 1 ) f or positive solutions of Eq. ( I ) in rhe subcritical
case 1 <,, . ffi,N ) 3 (withoutany sta.bility assumption).

Theorent I 3 can also be used to study tfre behaviour of stable solutions near an isolated s ingularity. I\4ore precisely
we have:

Corollary14.Assume R>0. Letg:B(0,2R)\{0}andletueC2@)beastablesolutiottof(l)with

Ir.r<*oo ,/N-<10,
[1'P<P,,(N) ifN>ll'

Then there exist.t a ltositive constant C (N , p), depending only on p and N , such thri

vx e B(0, R) lr(')l < C@, p)lxlh ,

v.r e B(0, R) lvul.rll < C(N, p)l.rl-t-;^r .

Remark 9. B. Gidas and J. Spruck[24],.M.-F. Bidaut-V6ron and L. V6ron [6] proved the behaviour (13), near an
isolated singularity, for positive solutions cl'Eq. (l) in the subcritical case 1 < p < ffi, ltt ) 3 (withorLt any stability
asriumpticrn).

2. Proofs of Proporsitions 4 and 6

This se:ction is devoted to the proof of P\"opositions 4 and 6. These results are crucial fbr the present rvork.

Proof of Proposition 4. We split the proof into four sreps:
Step l. For any q e C7({2) we have:

( l3)

(r4)

/1v11,,r441'p= -(v 
+ tt2 

[ pg*rr= +v:' [ ,,,,r',a(,p,)l, \' /' I 4y l, 4y l, \' /

Multiply Eq. (1) by lu(-r ug2 anc! inteigrare by parts ro fincl

f^f^l
I vlYul'lul''-'v'+ | vuv(q')lulY-'u: I lult'*Yqz.t" t, tt

therefbre

(2.1)
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Identitl' (2,1) then follorvs by rnultiplying the latter identity by the factor (#12 lv .

Step 2. For any ,p e C?@) we htwe:

/ (v+lr2\ r - r /.,-l, - " *.'.t'" \ | lr1,*,12 { | pty+ttv,ptz + (t!- +) / ttrr*t orr'r.\' 4y /1" ' -ln'-'' I rr \. +z ,)ln'"j -\') (2.2)

(2 3)

(2,4)

(2.s)

(2.7)

(2.8)

The furrction V ='lul| rte belongs to C:@),and thus it can be used as a test function in the QurrrJl;1tjg form e,,.
Hence, the stability assumption on u gives:

1, [ 1tr,r'+vpt * /iv(l&l+ ,,)12..2 * [(trl?,)2lv,pl2 * [ zr1,,fl t)v,pt,,l?,,,tI /t J J99aa

: l lr tt"t4 4l'q' + | vv+t:pt2 - I ),^,., n(er)
aaa

Using (2.1) in the. latter, wc obtain:

n Ilul,'*rez* 
(z+1t2 

[tt,tp+v,cz*,!t [,u,r*,n(pz)+ [ft,V*,lv,plr- ttr(ly-1^(e2).J 4y I 4y J" \'/ J Jeaaai2
which immediately g;ives idenrity (2,2).

Step3'ForanyyeU,2p+zaffi=$-l)aildanyinlegerm)nax{ffi,2}thereexistsaconstant
C(p, n,y), dependi,ng onl.y on p, m and y, .such that

| tu|,'-,',lr'"' ( c(p, 
^, i I (lv,l,l' + llrllll/)i+,

9s)

/lo{t,,t*u)l',1,'^ <c(r. *,r, I (lv,t,t2 +t,1,|^,t,Dffi
9a

for all tes,t.fttnctiont; rlr e CI(A) scrtisfyirtg lry'l < I in Q. Moreot,er, the constant C(p,nt,y) ctrtt bt: explicitll,
cor,npute d.

From (11.2), we otrtain that

1l'-"f^t
vtp eC',@) o 

J lule*vw' ( J lulv*'lvql' + F J lulY+'eLs.
aaa

wh,3re we have set a : p -
Z e, [1,2p+2ur1ttp - tl- tl.

For any Nr € C,?6D, with lrll
an ;integer', hence il. can be uscd in

(2.6)

(v*l\2 l-,
";, and p:#, Notice that cv>0 and B<0, since p>l and

( 1 in f,), we set g : tL"'. The function g belongs to C?.@), since ;n ) 2 and nt ts
(2.6). A rlirect computation gives:

( / lr,1r+r ,1r2"'-2l,n21vrlrl2 + P*(,r- l)lv,/12 + pntlrLlr),
I'L
{2

o | 1,,1t*r 62tttI
n

hen.ce

| tuf'+r l,l,l2'"
I

withcr:'ta#ur)>-(>0.
.An application of Holdcr's inequality yields:

f .. ^* at/ lrlr*'l,lrl'n'-'llvrlt12 + Ir2A/l].
I

r^/f--p+v'r*Y'^'t'-l
I lulr*r l'y'12"' < c,( I lt,rtr-r1pf,n-zlffi \'*' ( | ltrvlz +l,t^v,ll,"* ) "', ,r" ' / \J' /aaa

(2.9)
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At this point we norice that /,r > max{ #,rl implies (2m -D(H) )Znt and thus 1y.1(2"r-zttffit < 1,y'12,,
in .f2, since l/l < I everywhere in .f2.

Therefore. we obtain;

^\\L,^.r'l

I t,,1"'vt,L(''..,(/ tuttrvtLf"')- (fftvtt: + t,l^ut]U)-. 12,r0)
!2aa

The latter imrnediately irnplies:

f .., q+ f . ; t!-!-L

I lrl'*' l!/1" < c i'-' I (lv llf + ll/lll,bl) , a 
.t, t,

which proves inequality (2.4) with C(p, nt, D : Cfr
To prove (2.5) we combine (2.l) and (2t.6). This leads to

veecl@t Ilrfu,4dl'p'< (/i r)2 
1! [vr*'tVpr? + f [1,,1,-',p,.v]J' 4y LaJ uJ 'J

aQd,l
(y+l)[/, " f I* _ | I lulv*,lyVl, + | lrlv',VLpl2v tl' I ')

a9
L t ,: A I lulY "lYel' * B I ptlY*'eLg.

JJaa
'' t') ' +l) rlrw t t)2 r (y+l) c lRwltereA ==ui;" +''fi'' >0and n:uti;, 2y

Now, vre insefi the test function q: rlr"' in the latter inequality to find,

L y-t ,1 . f
/ lv(trt'. ,,)l'Vt' ( / lrr;r'+1 ,/r''"-2lArt2lvrl,l2 + BmQn - l)lv.2 l:z + I:m,y tp),
JJaa

and hence

L v | ,r r f ., ^

J lvUrl':,,)l',!""' aCz J lulv+tl,t'12^-2llvrl,12 + lr2ny;11,

aa
with C2 ='max{lAn;r2 * Bm(m - 1)1, lBrnl} > 0. Using Holder's inequality in (2.14) y:Lelds:

/ I 
o (,, t 

?, 
) | 

: p,2"' g cr( [ lvv *r,rp^-z1f,#) ;# 
f I lv,t' l'+ | v, ^r tl fi ) 

#---'

J \./' / \J' /A!2a
,\L, \P_I

. .r(/ tu(+vt,t,t'"')'.' lJ [tv,lt' + g/ 
^,t'l)5t'=1 S'12A

Finally, inserting (2.1 l) into the latter vre obrain:

f, . y*t ,) L:z f ^ .Lt-t-
/ lv(l,,ltu',tl'rlt2^ < cu cl'-' | (lv,trt'z+lrl/lll,l'l)T-i.
JJ
a9

(2.11\

(2,12)

(2.13)

(2.t4)

(2.ts)

which gives the desired inequality (2.5).
Step 4. End oJ' prooJ. The desired c)nclusion follows immediately by adding inequality (2.4) to inequal-

iti (2.5). tr

Proof of .Proposition 6. Since,f2 is smooth, u eC2191,andu vanishes ort 39 we can proceed as in the proof of
Proposition 4. Only some minor modifications are needed. Step I goes without any change if we rernark that, for any
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p € (1.2 (lRN 1K), the function lnlv -t ,rr' belongs to C1 (D \ K), has bounded support conti,rinecJ in D 1 x. and vanishes

on 3O, In the same way, Step 2 can be carried over since, for any <p e C.?1nN \ K), the function lu(-* u,p belongs
to Ct (D V,), has bounded support contained in D 1 K and vanishe, on AO. In parricula.r, it belongs ro H;l(;) a;;
hence it can be used as test functiotr in the quadratic form Q,,,The rest of the proof is unchangcd apcl lbr this reason
we omit the details. f

3. Stable solutions

kL this section we prove all the results concerning the classification of stable solutio;rs, i.e., Theorerns 1,7 and
Proposition 8. Let us start with:

Proc,fofTheoreml.ForeveryR>0,wer considerthefunctiontLaG):g(+),wh,3reg€C.2(lRl),0(p(1
everywhere on lR, and

,^,,r_lt iflrl(1.vt'z- 
f o if lrl22.

Lr:tusfix p>1.\\'efirstobservethatforanyyetl,2p+zJpb=T-1)andanyintegerm)max{ffi,2\,
Proposition ,4 yields,

r '-' ^ |. ; ttc/ (lv(t"t--u)l'*'uf-^r1( cp.,n.y | (lvVnt2 + lrlnlln/nl)HJ '' ) '',-','J',',
, (:0, R) RN

( C(p, y,m, N,dRN-2(ffi) vR r o, (3,1)

where B(0, R) denotes the open ball center,ld at the origin and with radius R, ancl C(p, y,ttt,N,g) is a positive
const.ant indr;pendent of R,

Next we claitl that, under the assumptions on the exponent p assumed in Theorem 1, we can always choose
y €11,2t, - 2,,[t,t ]*-ll - t) such that

(3.2)

To this end, we set yiylQ):2p l2J^=e=T - 1 and we consider separately the case i/ < 10 ard rhe case
N>n,

First case': l/ < i0 and D > 1. In this case we have:

r -r(,, _t-r) . o.

p * yu(0) > 3p - | +2(p - 1) > 5(p - 1)

u - z( t!-zalPt) . ru - ro < o.
\ p-t /

and therefori:

(3.3)

The latter inequalitll and the continuity of the function I + N -2\#) imrnedintely rnrply the existe:nce of y ,3

ll ,2 lt | 2J p(V=a -- 1 ) satisfyin g (3 .2) .

Se'condcosei.ll)llmd7<p<prQ,l).Inthiscaseweconsiderthereal-valuecl fgnction(1,+oo)>l->
f (t)',:21t!:tu-91. Since / is a strictly decreasing function satisfying lim,-1+ .f (t):*eo and liml-169 /(r) : i0,
there exists a unique po > l such rhat N :2(e#A). We claim that p6 : p.(N). Indecd,

u :2( p t vulpt )t o @ -z)(p- r) - ap:afr,r.p - i,\ p-t )'
which implies that p6 r;atisfies:

({w - zl{n - rol)p3 + ?2(N -2)2 +8N)po + (N - 2)2 :0, (3.4)
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(N - z)(po- 1) - 4ps > 4(po - 1).

(iY -D2 -4N + 8/Fll

(3.5 )

l'l -
:2"(N).

< P.(N),

(3.6)

(3.7)

(N-2)(N-r0)
(,N - 2)2 - 4N - 3uz1y -l

(N-2)(N-t0)
whrile (3.5) easily implics p0 - ffi : #+Hd : ffir## > p2. This provcs rhar ps: p.(/y'), as claimed

Since we have jur;t proven rhat /(p..(N)) : N ariO ; is a strictly'decreasing funcrion, it follows that

Y t.p.< p,(N) N < f(p):r(tj#P) (3.8)

Now we can conclude as in the first case. i.e, the continuity of I --+ N - 2(#) irnmcdiately implies thc existencc
of y e [1, 2p +2"4,@=T - 1) satisfyin,gC.2).

We have proven that, under the assumptions of Theorem l, there always exists a real y e ll ,2 p -t2"rt1, (1, -ll - I )
satisfying (3.2). Theretbre, by letting R -- +oo in (3.1), we deduce:

t' ,, v-l ,)

/ (lv(trt-; u)l' + lrrlf+r) : s.

R^

which yields rr:0.'rhis result concludes tlre first part of the proof of rheorem l.
To pror,'e the second claim of Theorem I we invoke Theorem 5 (see case (b)). tr

Proof of l'heorem 7'. Fix an integer m ) rnax{ffi, 2} and notice that, as in the proof of the firsr part of Theorern 1

we have (here, instead of Proposition 4 with test l-unctions ry'n, we use Proposition 6 with /n.ru(n) :== ca(#) ancl
K,= A):

(l'v (lu | "| ,,)l' * lttln+v1 { C p,n,y I (;v,y'n,.'.,,12 + 1,y'n,.,,,ll,\ /n,.,,, 17(t'+r) 
tr r'-tt

,5l QoB(-ut,ZR)

( c(p, y,m, N .,rrIcry(e 1311"' :ntt .1

L P-t;=' I

I
9f\B(xo

(3.9)

where B(Cl, t) denotcs the open ball centered at the origin and with radius l, and C(7,l. y,m. N) is a p,rsitive constanr
independent of R. Ttre desired conclusion then follows by letting R --- *oo in (3.9) and using the assunr;rtion (4). D

Proof of Proposition 8. A direct computation proves that any of the cases consiclered in the statement <lf Proposition 8
implies the volurne g,rowth condition (4). l

4. Non-negative solutions

Here w,a prove Theorems I I and 12.

Proof of Theorem lL1. We claim that u is a stable solution of (6). Indeed, by the strong minimun.r principle either
u == 0, and then u is stable, or ir > 0 in ^O. In the latter case, since f2 is a coercive epigraph, a result of M.J. Esteban
anclP.-L. l.ions (cf. l'roposition II.l on page8 of Il8l) implies rhat ff > 0 in.?. Therefore ff i*, positive solution
of Lhe linearized equrltion:

-A.s - puP-t s :0 in 12, (4.1)


