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Remarks 8. (i) The constant C (N , p) is independent of both the given solution under consideration and of the do-
main O. Vy'e also note that we do not assume any boundary condition (actually, we do not require the existence of u
on the boundary of J2).

(ii) Let f,2 be any proper domain containing the origin of IRN. For any N > 1l and every p 2 p"(N), the radial
functions

uo(x):oIru(olxl), a > 0,

(u is defined in Theorem 5) arc stablc solutions of Eq. ( I ) in O. On the othcr hand, a direct computation yields: r.rcr (0) :
J-qp-t --> *oo as cr --+ +oo. This proves that universal estimatc (11) cannot be true when N ) ll and p) pc@),

hence the upper bound on p in (10) is sharp.
(iii)ln[15] N.Dancerprovedauniversal estimatesimilarto(ll) I'orpositivesolutionsof Eq.(1)inthesubcritical

case I < p. ffi,N ) 3 (without any stabiliry assumption).

Theorern 1 3 can also be used to study the behaviour of stable solutions near an isolated singularity. N{ore precisely
we have:

Corollary14.Assurne R>0. Letg:B(0,2R)\{0}andlettreC2(A)bectstablesolutiottof(l)with

It.p<+oo r/N<, 10,

It.p<p,(N) ifN>ll.
The.n there exists a positive constant c(N, p), tlepending onll,on p eutd N, such that

vr e B(0, R) lr(')l < c@, pllxlh ,

v.y e B(0, R) lvrfxll < C(N, p)l.rl-r-#.

Remark 9. B. Gidas and J. Spruck [24]. M.-F. Bidaut-V6ron and L. V6ron [6] proved the behaviour (13), near an
isolatedsingularity,forpositivesolutionsol'Eq.(l)inthgsubcriticalcasel<p<ffi,N)3(withoutanystability
assumption).

2. Proofs of Propositions 4 and 6

This section is devoted to the proof of Propositions 4 and 6. These results are crucial for the present work.

Proof of Proposition 4. We split the proof into four steps:
Step l. ,Pbr any g e C? @) we hat,e:

( l3)

(14)

f ,-r ^ 1.,- 't ^ | | f
/ 1v11,,1* ull2q2 - 

(v + r)' I g1,'-r rt +v : I l' 1u1r*'n(,oz\.J' "' 4Y J'' 4Y J'' \r/
9aa

Multiply Eq. (l ) by lulv-t uq2 ancl inregrate by parts ro find

(2.1)

I vN,,l2l,,V-t,p2 + | vrv1,t')1,,1'-', : I lult'+v rz.
aaa

v f . v-t ,1 - f /lrtlY+t\
#. / lv(t,,t= u)l'e' + / v( :r-- )v(r')(--)-r J \y+t/

a
v f , Y-t,,) . f ltrlY+l f -,- ": At/ lv(l,l-t u)l'v' - J, u ^(q') 

: 
J lulP"vv'.

aasz

therefore
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Identity (.2.1) then follows by multiplying the latter identity by the Iactor (*>, tv,
Step 2. F,rLr any rp e Czrp7 we hctve:

Thefunction V:lul?.ugbelongstocj (J2),andthusitcanbeusedasatestfunctioninthequadraticformp,,.
Hence, the stability assumption on u gives:

p I lule*v,p' < / | 
v(1,14,,)12q2 + [ {t,1#,,)tlv,pl, + [ zv6t? 4vgtul? ^pJ J' ,t J J9aaQ

: Il,{t,t4 4l'q'+ | wv*'tvpt2 - I ),,0.'t(er).aoiz
Using (2.1) in the latter, we obrain:

f ^ (tt-L1\2 f
nllute*r,tz<\v!-t)' llt,[+v,t2*+ l,rO,'n(pr) + 

lt,,ly+,lv,plr_ [),,,0.,n(pr).aaa"at,
which immediately gives identity (2,2).

step3'I7oranyyefr,2pl24r/(p-5-lanct atryitttegerm)nax{ffi,2}thereexistsqconstanl
L \p,m,y), depending only on p, m and y, such that

f L a P-Y
I lult' 'v tyt'" < C(p. n,, y) | (tv,tttz + l,l'lllrlrl)f+ ,J J'rza

/ loirrt 4,)l',t'^ ( ctp, ^,yt [ (lvlt12 + 1,1,1x.,1,11*,H .

" l'
for all test Jimctionr u € c?ral satisfying l/l < 1 in !2. Moreovet the constant c(p,m,y)
computed.

From (2.2,), we obtain that

.-1 lfrvgeC!(a) a ll,.le*vv'" lru,r*tlVplz+ F llrlr*,pn,p.JJJaaa

545

(2.2)

(2.3)

(2.4)

/t (\
\-.J )

can be explicitly

t) A\

B<0,sincep>|and

C?fAl, since rn ) 2 and, m js

(2.7 )

(2.8)

;I; ;;:;'ffi+:-',,,- # anc) B: + Notice that a > o and

For any V e C3@), with lrll ( 1 in O, we set g: rlr,,', The functron <p belongs to
an integer, hence it can be used in (2.6). A clirect computation gives:

f^t^l
a J lulp+v l/L't' < | luy+tV2,n-Ilmzlvr4l2 + fm(m - t)lvVf + Bm{ngl,

vJ

OA
hence

I-

I lulP-vl.ltlt", {Ct
t,

n2+A,n(n -1\with C1 - In-+PI!\m-t) , -ff >- O.

An application of Holder's inequality yields:

I tr,r*'lrlrl2*-2llvrlr12 + lrL n.,lrl),
a

n- |
\ J-

lrl, Lrl'llffi 1'*'"/l,ur,*,ltL12" <r,([ [lrrIr'*I 1r1,lnt-zl*)* (lrr"r, *
i, 'r, o

(2.9)
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At this point we notice rhat rrt ) maxlffi,2) implies (2m - 2,\(ffi) ) 2nr and rhus lry'l(2"'-27''ffit < 1,y'12,,
in J?. sinc,: l,/l < I everywhere in J2.

Therefcrre, we obtain:

f ^ / r \tr*.r^ .P-r

I lrl"*' l./t2'< ,t(.1 wt,''rl,l,t"')'.' (l lv,l't2 +1,t,^\trl]H)"-' .

asza
(2. l0)

(2.11)

(2.12)

() t4\

(2.15 )

The latter immediately implies:

f ... ++ f . ; .r!-L
I lult'*,1.y'1,', < Ci'-' | (lv,lr( + lf llA12l);:T.i, l

which pro,res inequality (2.4) with C (p. nt, n : CF .

To prove (2.5) we combine (2.1) and (2.6). This leads to

v,p ecl@) [ lv(1,t4,,)12p2< 
(/ I l)' l! [ l,,ln*'lv,pl, *L I py+r,pn,p]J' 4y lcrJ al ')

a9a
+ 

(Yi r)l 
It,,,rrttv,ptr+ [wf*tvn,tf2y LJ' J raa

r . f ..: A I lulY*'lYvl' + B I lulY+'gLg.t, t,

where A =, W " +> oand B : ry#+ $/ e n.
Now, we inserl the test function q: r1,,, in the latter inequality to find,

and hence

l', )-l ,r ^ f
/ lv{trl- ,,)l',,'r2"' < Cz I lnlv*tl,!.,12"'-2llvrlt l2 + l,/nf ll"t, t,

with C2 :naxllAm2 * Bnt(nt - 1)l,lBnrl) > 0. Using Holder's inequality in (2.14) yields:

f, v:J \,2 ),,, ^/fr ..,, r-, 11 t-t"\i+/f. 1 ar-r*f#
/ lv(trl'r,,)l',!""' < cr( / [l',ln*' tf tz''-z]fi l' | | llv*12 +lrl'trl,llfr l" '
r \J' ' / \J. /Qa9

,W, ^ .p-rt t ....\t'+v I l - tL\P-v
< c:( / lulr'+rll'l'"'l I lllv,l'l'+ll/Ll/ ll;='t Ir/,\tn/

Finally, inserting (2.1 I ) into rhe latrer we obtain:

I l, {1"1"} u)l' v'^ < c, c,* | t, r lt + t,t n t,tt)H 
"

aa

f , v-t.,? f
/ lv(trl'- u)l-rl,'"' ( / l' v+l rFttt-zlAr,z1vry12 4- BmQn - t)lvltf + Bm{Lgf, e.t3)JJ

9e

which gives the desired inequality (2.5).
Step 4. End oJ prooJ'. The desired conclusion follows immediately by adding inequality (2.4) to inequal-

iry (2.5). tr

Proof of P'roposition 6. Since ^f2 is smooth, u e Cz141, and tt tartishes on 0Q we can proceed as irn the proof of
Proposition 4. Only some minor modifications are needed. Step I goes without any change if we remark that, for any
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p € cl (R'v \ K), the function lulv - t urz belongs ro c I (J? \ rc), has bounded supporr conrained in o- 1lc and vanishes
on 0g' In the same way, step 2 can be carried over since, for any 92 € c.2(RN \ K), the function lui,1t*rrbelongsto ct(DlT), has bounded support contained in D 1rc ."a"""ir'rr., on aa. In particular, it belongs to H'l(o) andhenceitcanbeusedastestfunctioninthequadraticform 

Q,,,Therestoftheproofisunchangedandforthisreason
we omit thLe details, O

3. Stable solutions

In this section we prove all the results concerning tire classification of stable solutions, i.e., Theorems 1,7 andPropositio:n 8. Let us start with:

Proof of rheorern l. Forevery R > 0, we considerthe function tn(x):g(.Lf;), where g€ c3(R),0(p ( 1everywher,: on lR, and

,^r,r_ll iflrl(1"
'"'- l0 itlrl22.

,."i::ii"ii^rorij;,*' 
firsr observe that for anv v € rt,2p * z.v,Rp -Tt - r) and any inreger m 2 nax{ffi,2},

ft ., v*t t .

J (lv(trt'. r)l' --luf'-v1( c2,,r,y | {lv,trol2 +lrbnll1.1 n9H
B(o,R) d"

( C(P, Y,rtt,N,@nN-z(ffi) vR t 0,
where B(0, R) denotes the open ball centereci at the origin ancl with raclius R, and C(p, y,tn,N,p) is a positiveconstant inrlependent of R.

Next we claim that, ulder. the assumptions on the exponent p assumed in Theorem l, we can always choosey eLl,2p.+ZJ pQ=a - 1) such that

/ n-Ltt\
\f .l Y I r It\-zl _ -T,<u,

\y - | /
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(3.1)

(3.3)

(3.2)

To this end, we setyu@):2p 1-2J|G=T - I and we consider separarely the case N < l0 and the caseN>11,
First case: N < 10 and p > l. In this casc we have:

and therefore

p + ylr(p) > 3p - 1 +2(p - l) .' 5(p - 1)

A/ n( p+yu(il\rv-z[-- l.N-i0<0.
\ y- L ./

The latter inequality and the continuity of the function r -+ N - 2(H) immediately imply the existence of y e|,2p *2.!rp1p=T - l) satisfying (3,2).
Secondc'ase:N)llandT<p<Pr@).Inthiscaseweconsiderthereal-valuedfunctron(1,*oo)>r--+

f (t) := Z(-ttu!|!. Since / is a strictly aecieaslng function satisfying lim,_ 1+ f (t) :*oo and lim;-_p,o ,f (r) : 10,
there exists a unique po > I such rhar N :z(.rc!r-u$a). we clairn that p6 = pc(N).Indeed,

x :2(p +-vu!t't ) o (N -2)(p- 1) - 4p:4Jp(1_ g,\ p-r /
which implies that ps satisfies:

(flv -zlfrv- to))p3 +ez(N -2)2 +Sru)po+ (N- 2)2:0, (3.4)
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The roc,ts of Eq. (3.4) are
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(N - 2)(ps- 1) - 4ps > 4(po - 1).

(N-D2-4N+8/Nr

(3.s)

(3.6)

(3 7)

t't - (N-2)(N-10)
(N-D2-4N-8/NL

:7r.(N),

< Pr(N)'

while (3'5) easily implies p0 > ffi : #ffi : ffirnfl# > p2. This proves that p6: p.(l/), as claimed.
Since u'e have just proven that "/ ip. (N).) : N ariA 7 is aitiictly'clecreasing function, it follows that

v l<7,<p.(N) N. f(p):r(tj#?)

(N-2)(N-r0)

(3.8)

Now we can conclude as in the first case, i.e, thc continuity of / --+ N - 2(H) immediately implies the existence
of y e [,'.zp a21tp1, -\ - l) srtisfyins (3.2).

We havr: proven that, under the assumptions of Theorem l, there always exists a real y etl ,2p+2Jpb=T - l)
satisfying ti3.2). Therefbre, by lerting R -- *oo in (3.1), we dcducc:

/ tlotr, l4 4l' * lrrl/'+)') :6,
]RN

which yielcs u : 0. This result concludes the first part of the proof o1'Theorem 1.

To prove the second claim ofTheorem I we invoke Theorem 5 (see case (b)). D

Proof of T'heorem 7. Fix an integer m )- nax{ffi,2} and notice that, as in the proof of the first part of Theorem 1

we have (here, instead of Proposition 4 u,ith test flnctions ,lrn,we use Proposition 6 with fn,ru(x) :: g1J1fl) and
K: A):

f , y.t ,r I'
/ (lo(trt'- u)l' * lrrl/'ty} {C1,,ttt..r | (trvo.,,,lr + l,y'n...,,11AfR.,,,;)ti'+r')'rr'-ttJ'J

anB\o,+) Qou(r11,2R)

(3.e)

where B(0, l) denotes the open ball centered at the origin and with radius t, and C(7r, y,m, N) is a positive constant
independent of R. The desired conclusion then fbllows by letting R - +oo in (3.9) and using the assumption (4). !

Proof of Proposition 8. A direct cornputation proves that any of the cases considered in the statement of Proposition 8

implies the' volume growth condition (4). n

4. Non-negative solutions

Here we prove Theorems I I and 12.

Proof of Theorem 11. We claim that u is a starble solution of (6). Indeed, by the strong minimum principle either
a=0,andthenuisstable,ora>0in^f2. lnthelattercase,sinceJ2isacoerciveepigraph,aresultofM.J.Esteban
and P.-L. L,ions (cf. Proposirion ILI on page 8 of [18]t implies rhat *!- > 0 in O. Therefore ff ir u positive solurion
of the linearized equation:

.l LN@ fl B(x6, 2R)) I(C(p,y.trr.N.q)l -,"- l,L R-\7:T' J

-A.r - puP-t,s :0 in 9, (4.1)
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241 to study semilinear phase transitions problems. Farina [15], and later Farina,
Sciunzi, and valdinoci I l6] fbr more general quasi-linear operators, have also used
this method to establish sorne Liouville{ype results.

In next section we prove our main estimate, Theorem l.l. In Section 3 we
establish Theorem 1.4 and, as a simple consequence. Theorem 1.2.

2 Proof of the Main Estimate

In this section we prove our main estimate, estimate (1.4) of Theorem Ll. For
this, we will use the following remarkable result. lt is a Sobolev inequality due to
Allard [] and Michael and Simon [20]. It holds on every compact hypersurface
of Rm + I without boundary, and its constant is independent of the geometry of the
hypersurface.

TuEoREv 2.1 (Allard [l1, Michael and Simon l20l) Let r14' q pru+l be aC@-
immersed, m-climen,siorxtl compac't hypersurfttce witlrcut boundary. Then, frtr ev-
ery- p e ll ,nt), there exists a constarlt C : CQn, p) depending onlyonthe dimen-
sion m and exponent p suclt thet, for every C@-function u : M -+ lR,

(2.1)

where H is the meun curvoture of M und p* : mp1(rn - p).

This inequality is stated in proposition 5.2 of [9], where references for it and
related results are mentioned. In [5, sec.28.5.2] it is stated and proved for p : 1.

The geometric Sobolev inequality (2.1) has been used in the PDE literature to
obtain estimates for the extinction time of some geometric evolution flows; see, fbr
instance, section F.2 of [4] and also [9].

In the proof of our main estirnare in Theorem l.l we will use (2.1) with M :
{u : s} (a level set of u), x : lVultlz, and p : 2. The level sets of a solution
u and their curvature appear in the tbllowing result of Sternberg and Zumbrun [23,
241. lts statement is an inequality that follows from the senistability hypothesis
(1.3) on the solution.

PRopostttoN 2.2 (Sternberg and Zumbrun t23,241) Let Q c IR.n be a smooth,
botrnded domain qndu o smooth, positi,t,e, semistqble solutiott of (1 .2). Then,for
every Lipschitzftutt:tictn 4 in Q rllr/r 4139 = 0,

(2.2)

where Y7 denotes the tongential or Riemannian grarlient along a level .tet of u (il
is thus the orthogortal projectiort of the ./iill graclient in R"n along a level set oJ u)

(l ,n. rr)'''. < C(rn,^(lrVurp * tHurp or)''',
MM

I (lvTlvul l'+lAl'lvrl'tn',t* s I tvut2tynt2 ttx.
Jan{lVul>0} a
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and where
n-7

lAl2:lA(*ll2:Dr7.
/:1

with rc1 being the principal cutn'atures of the level set of u passing through x for a
givenxeQl{lvul >0}.

This result (stated for a Neumann problem instead of a Dirichlet problem) is
lemma 2.1 of [23] and theorem 4.1 of 1241. The authors conceived and used the
result to study qualitative properties of phase transitions in Allen-Cahn equations.
For the sake of completeness, we give an elementary proof of it here. see theo-
rem 2,5 of [6] for a quasi-linear extension.

PRooF op PRoposrrroN 2.2: The sernistabilitl, ssrd1,i.n (1.3) also holds, by
approximation, for every Lipschitz function f in O with f 169 = 0. Now, take
E : cn in (1.3), where c,is a smooth firnction. 4 is Lipschitz in Q, and 4139 : 0.
A simple integration by parts gives thar

(2,3) Q"Gn) - (Ac + fl(u)c)c42 dx, 0.

In contrast with [23,24] (where they took 6 : lVul) and to avoid some consider-
ations on the set {lVul : 0}, we take

c:{v;p+s2
for a given e > 0. Note that c is smooth.

Since Au + f(u) = 0 in Q, wehave Lui * ftQr)u1 : 0in Q. Weusethe
notation uj : 3*til and also u;1 : 0r,a,u. Using these equations, we can easily
verify that

^ 
I ( ^'. .- .. /::_-;-;i 1 

-

t': ,-|a rrl-f 'a,)ivrr12 {v;P-+-P + )- al; {viV +7
t,l

-(rl,r,,,,')')+l\?\?"'t"r) I 11v;77p1'.
and thus

(L+ f'(u))c: f'(u)
^2c

n€ il,\/lvul- + €-

X, CABRE

: | "1vnl'O
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Using this equality in (2.3), we deduce

t^(2.4) / tlvrrl2 + illvttl2 d.r
J
a

(2 s)

(2.6)

The

: | ,,t1vrtf a.,

o

'- | O, * .f'(.u)c)cnz dx

f2

: 
| .f '{u)u',t' ,J,

f2

- /{f ,,7i -L(r,,,, -L\21'
6 'i.i , \+"" {wl.-* e) ln- 'tx'

integrand in the last integral is nonnegative. Thus, we have

t l>.,,?i -L()-,,,, -L)'r'6'i,i ,'?"'iffi)ln-u't

From this and (2.4), (2.5), and (2.6), we arrive ar

t^
/ tlv,,12 + ,2 11Vry;2,.rr

J
O

r,l f'w1e2r72rl.t
J
f2

+ t lr,,?,-t/r-,, uj \'l-',
J \/-,'ii - L.\l-,,ii Il|) ln- 

ax.

Qn{lvui>O} t'r ' l

We now let e ] 0 to obtain

f ,-,..-.a. f
/ lvttl'lvll',1.r > |JJ

O ON{IVU ,,,, 
{ } "?' - \(+",, #,)' lrr 

(t x
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we conclude the claimed inequaliry (2.2) of the proposition since

(2.7) D,?,- T(? 
,,,#,)': lvTlvul l2 + 1a1zyvu12

ar every poinr x € o n {lvul > 0}, This rast equarity can easily be checked
assuming that Vu (x) :_ (0, . . . ,0, u *,,(.r)) and looking ai the quantities in (2.7) in
the orthonormal basis {ur,...,€n_I, (0,. . . ,0, 1)}, where {e1,, . , ,en_L) are the
principal directions of the level set of u through x, see also lemma 2.1 of [23] for
a detailed proof of (2.7). n

using Proposition 2.2 and rheorem 2.1 , we can now establish rheorem l.l.
PRoop or THEonnn 1.1: By elriptic regurarity, the solurion u is smooth, that

is, u e C-(O). Recall rhat u > 0 in d. Let us define

Z ;: n1{x, : llrrllr-rnl

and, for s e (0, Z),

fr::{x€Q:u(x):5}.
By Sard's theorem, aimost every r e (0, r) is a regular value of u. By definition,
if s is aregular vaiue of u, then lvu(x)l > 0 for utt, e o such that u(x) : s
(i.e., for all x e f"). In pzulicular, if s is a regular value, f, is a C@ immersed
compact hypersurface of R." without boundary. Later we will apply Theorem 2.1
with M : fs, Note that fs could have a finite number of conne.t"i components.
Horyever' inequality (2.1) for connected manifolds M ieads to the same inequality
(and with the same constant) for M with more than one component.

Since u is a semistable solution, we can use propositi on 2'.2. rn (2.2) we take

rt!) : p(u(x)) forx e e,
where p is a Lipschitz functron in f0, Zl with

9(0) : 0'

The righrhand side of (2.2) becomes

by the coarea formula. we have denoted by crv, the vorune element in fr. The
integral in ds is over the regular values of u, whose complement is of zero measure
in (0,7).

I lvrl'tvnl2,tr: I lvrlo,t'{D, a*
slo

: 
lo' (/ rv,r, ,tv,),t,{s)2 rts



Connectivity of Phase Boundaries

d(r, S) to denote the Euclidean distance frorn a point.r € R/r to a set ,S C R,'. We
generally use C to denote any constant arising in an estimate which is independent
of the small parametcr s.

we first establish two general identities. As was mentioned earlier, we have nor
encountered the first one befbre.

379

Lemma 2,1.

(I
(2.r) \ 't: I

:

R' bc on1, o[rcn set. Thenfor any C2 function f : IJ -> R,

- lvlv/ll2

Il:,' 'l) + lvrlv,f l12 /br x < {lv/l > 0}n u,

0 fitr a.e..i e {lvl l : 0} n U,

where 11 are the principal c'ut'valut'es oJ'the levcl set of J- ar x unrl y1 clenores the
orthctgctnal projection o/'the grqtlient ultng this let,el set.

Proof' Since / is of class c2, we know that lv/l is Lipschitz continuous and there-
fore differentiable a.e. in u. Restricting our attention to the set of ijiff'erentiability
of lV/1, we note that on the set E : {x e (} : lV/l = 0}, thc co-area formula
([F]) yields

LeIU C

to.rr l')

{rvrr,(

Vl,,:y.f.., tu+

for each .i , j : 1,. . . , n, we find using (2

/n \
( f 1vr., l' I - rvrvl1, :\-' "'rt I

(2.3)

fn

/ tvtvrtr + | lv 1',, | ,i.rIE
J:I

r! 1l

: | - H,,-, r{lvll:s}nE) = Lr"-t({/;,:s}nf)/s:0.J -@ 
'/=l

Hence, the lelt-hand side of (2.1) vanishes a.e. in g.
Now suppose that lv/(,fg)l > 0 for some -r'0 e u. For ail x in a neighborhood

of x6 rve denote by r,, the unit vecror field t,(x) : V.f (,r)llV,f (x)l and then
introducen- I vectors [ri(x)],i: 1.. ..,rt_ l forninganofihonormal basisfbr
the tangent plane of the levcl ser {_v : ,f (y) : /(_r)) at,r.

Near.r"g we have

(2.2) (v(lv/l));:vf,,.t,
for each 7. By writing

tr- |

\-rv/-.r,)r.
/,\ J,J -t/'l

.2) that

I lol,lt - (v 1,,.,,,)'

n-l il

\-\-tvt .,12
L,1-t'Lt, 't)
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Observe that

(2.4)

P. Srpnxnrlnc & I{. ZurvrsRutJ

a
Y J,i 'ri = _ (lV/l t,1l .ri : lV/l (r,1 ):, . rr.' dxj

Without loss of generality, we now assume that V/(xe) = (0, 0, , . . , .fr,,(.rs)) and
that ri(x0) points in the direction of the coordinoi.,, fo, I : l, . ,.,"n"_ i.'it 

"n(2.4) implies rhat at xe we have

D (v f', '',)'
(2.5) i'j=l

: lv f 12 L @,,r, .ri)2
i,j=1

n_l n_l: lv -ff L, ls,il' = lv fl2 D*i
i,j=\ /:l

where B = (Bii denotes the second fundarnental forrn at x0 associated with the
level set lx: f(x): ,f(xo)).

We now evaluate (2.3) trt.r : .r0 and use (2.5) to obtain

/ :_. " \ 
n_l n_l n_l

( Ilor,rl' J - rvtvrl, : I f {v1, .,)2+f (vr,,, .,;2
() 6\ \,r=r r i=l j=l r:l

- tv f P'F"' *'S.., '\2'"ot,''' 't',"'''"'
Finally note that at xo we ltave

n- I n_l
VrIv/t) = f rVrlV/,r r;rri : f (Vrtv/lr)i ri,

l=l i=t
so (2.2) gives

n-l
lvr.(lv/l)12 : I rvr tv f Dt

n-l l- I

= f :17, .r,,)l: f,,,;,,,,):
i=l /-l

Substituting this into (2.6) yields (2.1). rl

Lemma 2,2, (cf, [CHo]) I et U C R, be any open set with C2 bounclary ancl
t>uter unit norntal v ' Then for any fwtctio, u e c2 (u) satisfying o horrogon"ot s
Neumann condition yu . v :0 on 0IJ,

(2.7) dullvul2) = [-'u"' 
r) lVrrl2 on llvul > 0]n au,

[ 0 on {lYul:0}n 0U
where t - VLt(xil/lVu(16)l antt B(., .) clenotes the secontl ftutdantental formussociated with 3U at xs.
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1. Introduction

we study the following mocrer biharrrronic superlinear elliptic equation

L2u: lrlo-1u in (2, (1.1)

where J? c IR" is a smoothly bounded domain or the entire space and p ) 1 is a realnumber' Inspired by the tangent cone analysis in minimal surface theory, more precisely
Fle,ming's l<ey observation that the cxistence of an i3ntir.e nonplanar rninimal graph im_plies that of a singular area-minirnizing cone (see his work on the Bernstein theorem [1 ,l l),we derive zr monotonicity formula for solutions of ( l .1 ) to reduce the non-existence ofnontriviai entire solutions for the problem (1.1), to that of nontrivial homogeneous so-lutions' Through this approach we give a complete classification of stable soluri'ns andthose of finite Morse index, whetlier positive or sign changing, when .o : IR, is thewhole Euclidean space. This in turn enables ns to obtain partial regularity a,s well asan estimate of the Hausdorff ditnension of the singr:lar set of the extremal solutions i'
bouLnded domains.

Let us first describe the monotonicity formula. E<1. ( t . l) has two important features,It is variational, with energy functional given by

- 
1 l",lp*7

p + 7t*l

and it is inrariant under the scaling transformation

u^(r) : )t5 u(Ar),

This suggests that the variatiorrs of the rescaled energy

.[ ]ro"t,

,.4fi_,., tI
",/ct

with respect to the scaling para,meter
boundary telms, the above quantity
wf;i'@). L\J,(I?), fix z € 12, rcr o
define

|e"y - #,1,1',*']

r are meaningful. Augmented
is in fact nonincrcasing. More
< r < R be such that B,(r)

by the appropriate
precisely, take tr €
C Bp(r) C I2, and

- 1 
lrp+r-lP+I' J

I 11

/ l; (Lu)'
J LZ
.(31r2

,/
+-lm-)-

?l- l\ +)r,rh+l-,, tu2P_ I/ J
08,\r)
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. h(" -, h) # (,*.,-,, 
o"{,o,,)

. +#f",r'*'-" | (;\,-'" - #)'l
08"(r)

+

wher,: derivatives are takerr
monc)tonicity formula.

Theorem l.I. Assume that

P5\n') :

clenote the Sobolev exponent. When 1

classilied: if p < ps(n), tlien u : 0; if p
form u: c,(r-z=#;p)-# for some cn

n)5, pr'J7_:a
n.-+

Letu €Wi;!1a1nfTJ'@) bc a,rLteak sotu"tion of tt.t). Thc,n, E(r;r,u)
in r t (0, R) . Furtherntore the,e is a r:onstant c(n,p) ), 0 suclr. that

Remerk 1.2. Monotonicity fbrrnulae have a long history tirat
Lct us simply' mentiorr tu,o earlier results that seeur ciosest to
of Pacard i:0 for thc classical LzLnc-Erndcn cclu:rtion ancl thcr
Yirrrg I fol lriharurorric rriirps.

Consider again Eq i.t.l) irr the case where J-l: IR',,, i.e.,,

L2u: lulo-'u i' R",

[,et

#un,,,,,) ) c:(rt,p)r '""'** 
of.(;\,-'". #)' (1.3)

l')l

in the sense of distributions. Thcn, we have the following

(1.2)

is nort-decreasirry

we r,vill not describe here.

our findings: the f,rlniula
onc of Chang, \\Iang aud

(1.4)

,4,

5,

zrll positive solutions to ( L.'l) are
tu,ll solutions can be written in the
€ R", see the work of Xu ancl one

l#7,*.^" |(to,r'-l#
0 8",(r)

f,#"*,-" | (to,t, -l#l),
08,.(r)

l*,o ifn(
I "5 

irn')

< p < ps(r,),
: Ps(rt), then

.>0,,\)0,26
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Solving the corresponding quartic equation, i 1.7) holds if and only if p 2 p.(n) where

P.(n) 2 ps(n) is the fourth-orcler Joseph-Lundgren exponent computed by Gazzola anci
Grunau f llr:

f+crc ifn(12,
t_IJc\tL) 
I ,r-?-r,r,r1i t ,rr,/n-u on:ll i{.rr ) 13.
\ n-o-v tt-+4- nv n- -(n+,tt

Equi'valently, for fixed p > ps(n), define no to be the smallest dimension such that (1.7)
holdsr. Then,

{ 1.7r p ) p,(n) n)np.

Tlie existence, uniqueuess and stability
is by now well understood (see the works
authors) and of Karageolgis l:J. Ir;. l.:i): fbr
positive solut;ion ""(l"l) to r l.l ) with 2,,(0)
and only if ( 1.7) holds.

In our second result, rvhich is a Liouvillc-type theorern, rve give a complete charac-
terization of all finite Ntlorse inderx solntions (whether radial or not, whether positive or
not).

Theorem L.3. Let u be a srnooth solution of (.1.,1) usith, finite Xtlorse inder.

I.l' p € (I,p"(r)), p I psfu,), th,en u = 0;
I.l'p: ps(n), the,n u h,as firr,ite en,argy i.e.

Ir,;n+t ( *oc.

I"l''irt, addition u is stable, then in fact u: tJ.

Remark 1.4. According to the prcceding cliscussions, 'i'irt,olcrri l.i.i is sharp: on the one
hand, in the critical casep : ps(rt), Guo, Li ancl one of the authors i1."ri have corstructed
a large class of solutions to il. ) i rvith finite energy. Since in this 

"ur" 
@;l& : p * 1, by

a resuit of Rozenblurn l2til, such soiutions have finite Molse index. On the other hand,
for p ,) p.(n), all radial solutiorrs are stable (see 1t;.111).

Remark 1.5. The above theorern generalizes a sirnilar result of Farina ii ltl for the classical
Lane-Emden eouation.

Now consider (1.I I when f) is a smoothly bor.urded domain of IR" arrd supplement it
rvith Navier boundary conditions:

of regular radial positive solutiorrs to (1. 1)

of Gazzola-Glunau, of Guo and one of the
each o ) 0 there exists a unique entire ladial
: a. This radial positive solution is stable if

a

a

rr
| (L,'\2: IJ' ,J

RN R.''



of l;he authors f3l]' However, there can be many sig'-changing solutions to the equation(se: the work by Guo, Li and one of the authors i1i;l for the critical case p:ps(r)).
'Llere' we allow z to be sign-changing ancl p to be supercritical. Instead, we restrict

||t#;,y:i: 
to stable and finite lvlorse index sorutions. A solution u to (r..r) is said to

J tnOf dr ) p I k4o-'0, ar, for au Q e H2(R,).
Rn Rn

Mole generallv, the lrzlorse index of a solution is clefirred as the maximal dimension of allsubspaces E of 112(R') such that

for any 4 e E \ {0} No assumption on the grorvth of u is neecled in these definitions.clearly' a solution is stable if and only if its Morser index is equal to zero. It is alsostandard knowledge that if a solution to (1.4) has finite Morse ipdex, then there is acompact set /C C Rn such that

Y4; e H2 (R"\rc).

,J, Driuila et at. ,/ Aduances in lt|atlremct,tdcs ZEg (g014) e4|_Zgs n/a

p-I , I{o: ^t(j +Z)(t,*n } l)(t _n1 2), (1.5)

fr
J l\al'z t|r { p I 'rlr-1,!2 ctr,

I\" RN

t_r
J ILdl' dr ) p I luf-102 ar.
lRn r{-

Recall that if

then

is a singular solution
constrent l2b]

z"('r) : Kt / tP-r) r-a/(P- r)

to (1.4) in R', \ {0}. By the Hardy_Relich

(1.6)

inequality with best

12 d,r 2I lxa
.l

nRr

solution z"

I#^,
IS

[ta

stable if and only if

pKo ( 4+-t

n2 (n - 412

the singular

vs e H2 (R"),

(1,7)
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( 1,10)
/ ,', \I/2Au-(+_) ,"#go inrRn
\P+ r/

As observed in L9] for a similar cquation, the use of the ir,bove inequality can be completely
avoided.

In this paper we take a completely new approach, rvhich also avoids the use of (1.1t))
and requires minimal integrability. One of our motivations is Fleming's proof of the
Bernstein theorem for minimal surfaces in dimension 3. Fleming used a monotonicity
formula for minimal surfaces together with a compactncss result to blow down the min-
imal surface. It turns out that thc blow-dor,vn limit is a rninimal cone. This is because
the noonotonic quantity is constant only for minimizing cones. Then, he provecl that
minirnizing cones are flat, which implies in turn the flatness of the original milimal
surfa,:e.

At last, Iet us sketch the proof of 'I'hct-,r'cnr l.l]: lve first derive a monotonicity for-
mula for our equation (1.l). Then, we classifl, stable solutions: this is '.1'ht:Lrlcrnr 4.,1

in Section 4. To do this, we estimate solutions in the .Lp*1 norm, utilizing the afore-
mentioned methods available ir-r the litcrature, and then show that the blow-downIimit
u*(z) : lim)--+"o A#u()z) satisfies E(r): const. Then,'lllreor*:;rn 1.1 implies that u@
is a tromogeneous stable solution, and we sholv in'1'hr,'r-rrcrn ll.1 that such solutions are
trivial if p < p.(n). Then similar to Fleming's proof, the triviality of the blow-dou,n \imit
implies that the original entire solution is also trivial. In Section 5, we extend our result
to so.lutions of finite Morse index. Finally, in Section 6 rve prove an e-regu).arity' result
and use the Federer's dimension reduction principle t,o obtain the partial regularity of
extre:mal solutions. This approach r.vas used in lt)01 for'(1.9), see also [t;1.

2. Proof of the monotonicity formula

In this section we derive a monotonicitl, fernlula for functions u e Wa,2(B11(O)) n
Ln+t(,Bp(O)) solving (t l) in Bn(O) C.Q. \\re assLlme that p , #,

Prooll of Theorem 1.1,. Since the boundary integrals in E(r; r,u) only involve sercond

order derivatives of u, the boundary integrals 1" #(r;r,u) only involve thircl ,rrcler

derivatives of z. By our assumption u e w4,2(Bp(0)) n trn+L(Bp(0)), for each B,(.r) c
Bn(O), u e W3'2(08,(r)). Thus, the following calculations can be rigorously verified,
Assume that r : 0 and that the balls Br are all centered at 0. Take

1^1-1A,,)2
o\-*i _ r r l*l. P-T rI

Br

Define

E1.l; ,: saf!,-"

u:: LLt
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and
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u^(r) ;:1fi rr()r). u^(ir) :: )lr+2r,()r).

\Vc still have ul - Ar^, Autr: ,)1r-1r.,), and by cliflerentiating in ),

n dr,^ dt;\
- d) d)'

Note that differentiatiott itr .\ conrrnutes rvith cli{lererntitrtion and intcgration in z.
A rescaling shorvs

r1.r; : I io^l'_ ;-|,^lu*'
Br

Hencc

d - f 't"^ ' du^*st,tt : /,'^ + - lrrlr-t,rr -d .l d^,, dI
B1

I r.du^ .,dr^- / r'^A ^ -Au'' ^.l oA 0A
B1

f , 0 tlu^ 0,u^ du^: .l u"ui -1t.1) Q't)
oBt

Irt what follorvs, we express:rll derivatives of u^ in the r : lzl variable in terrns of
derivzr,tives in the ) variable. In 1,he <lefinition of 'u^ ancl u^, directly differentiating in )
gives

clu^,, I( f ,,, t)u^,,\

^ 
(r) =' ,l (, _ r 

u^(.r) * r-* l.r:) ), (2.2)

dt'o, J(2(P+1) lzr, 0u^, \

^ 
(r) : ) (ff u"(r) +,iQ) ). (2.3)

In ii.l). taking derivatives in ) once agairr, we get

, d2 tr.^ ,ltr^ 4 du^ . 0 ciu^ .

^aN 
(.) +Zre): o_t a(z)*rDr. r(r). (2.4)

Substituting i2.:J) and i!.'il inl,o iJ.l) we obtain

* : l .^ (^# .'##) # (^# -'r1,""^)
oBt
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/ ,'t \ 1/2
^ I L \ pala\u*[ * I uz(0 in]R"

\P + 1,/ ( 1.10)

As observed in i9l for a similar equation, the use of the above inequality can be completely
avoicled.

In this paper we take a cotnpletely new approach, which also avoids the use of (1,10)
and requires minimal integrabiiity. one of our motivations is Fleming,s proo{. of the
Bernstein theorem for nrinitnal surfaces in dimensiorr 3. Fleming used a monotonicity
formrrla for minimal surfaces together with a compactness result to blow down the min-
imal surfacc. It turns out that the blow-dorvn limit is a minimal cone. This is because
the rnonotonic quantity is cotrst,ant only for minimizing cones. Then, he provecl that
minimizing cones are flat, which implies in turn ther flatness of the original minimal
surfa,ce.

At last, let us sketch the proof of 'I'hr:t.rlcrrr l l]: we first derive a monotonicity for-
mula for our equation (l.l). Then, rve classif;, stable solr,rtions: this is,l'li.r.rr:cnr rl.l
in Section '1' To clo this, we estimate solutions in the -Lp*1 norm, utilizing the afore-
ment:ioned methods available in the literature, and then show that the blow-down limitu*(r) : limtr4"o,\#u()r) satisfies E(r): const. Then,'flu:6r:grrr 1.1 implies that u*
is a h'omogeneous stable solution, and rve show in'I'hr,rr3lclrr ll.1 that such solutions are
trivial if p < p.(n), Then similar to Flcming's proof, the triviality of the blow-d,ownlimit
irnplies that the original entire solution is also trivial. [n Section rr, we extencl our resu]t
to solutions of finite Morse inclex. Finally, in Section [i we prove an e-regularity result
and u'se the lrederer's dimension reduction principle to obtain the partial regularity of
extrernal solutions. This approach was used in filt)] for (1,g), see also ftil

2. Proof of the monotonicity forrnula

In this section we derive a mrrnotonicity
trn+r(F17(0)) solving (t,1) in Bn(0) c J2. \ve

formr:la fbr functions z € W4,2 @ n(\) a
assLrlnethatprm.

Proof of Theorem L.1. Since the bounclary integrals in E(r;r, u) oniy involve second
order derivatives of z, the boundary integrals i" #(r;r,u) only involve third 

'rclerderiva,tives of u. By o'r assumption u e wa,2(Bp1oi) n trn+r(Bp(0)), for each B.(r) c
Bn(O), u € W3'2(08,(r)). Thus, the following calcula.tions can be rigorously verified,
Assunre that :r : 0 and that the bails 81 are all centered at 0. Take

1^1- /  ..\l rn*l.,\a'.// - -;lzl.e p-T LI
Bs

Define

E1t; ,: Aa,?,!-"

u::Lu
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[ ,,,x d2u^ , n^.^ du\ , clux clu^: I AU __-:;_lJu.' 
^_-_J (rA. ' ,lA - " ,A d,\'

0Bt

Observe that o^ is expressed as a combination of ,r derivatives of ur. So we also transfbrm
u) in.to ) derivatives of z). By taking derivatives in r in (2.2) and noting (2.;l), we get
on d.8,.

,0 du^ pl-30u4''^^--------;--;-01'dA p-I dr

,"d2u\ n-5 cLu^A--- *--_),d\z p-1 dA

,zd2uA 8 , du^
^ ,tA, - n-^ ^

Then on d.81,

",^_0'u^ , n-I7uA 1 ^ \' - aZ * " a, -,^e'"
,.d2u\ _8 ,du^ a(, **r^ 

+ (n _ t)( >du^ 4 ,\: 
^'z^2 - F) d) 

* 
d- ,)" \ ; - ;1* )* Aeu"

-,d2u\ (n_r_ 8 )^44 + 4 (_l_ _\ \:o--tt;+\ 
p*r/ clA p-1\p-1 n+2)u^+Leu^'

Here '\e is the Beltrami-Laplace operator ort 0Bl ancl bclorv Vp represents the tangential
derivautive on 081. For notational convenience, rve also clefine the constants

I/,1 \0:---,(--+_n+2).p-j\r-t /

249

(2.5 )

^t\o-u"
0r2

:

:

p-1 3(,du^ 4 ,\_ I _ _1t.' ip-1\ dA p-I* )
a(p+3)":,
;------;; r,
(p - rl'

.8
v-tL-l---:-r p- r

Now (1.5) reads

a i,"
UA

: I ^e#+*^#.p"^)#0Bt

+,(.r'#."^#.0*)#
. du^ d /."cl2u\ clu\-^;#(^, ffi+"^;;*9"^)

+ | xx,,^#*3ABu^ 1* -^#o,*,
0Bt

:Rr*Rz.
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For l?1, after some sinrplificatiorrs r re obtain

250

Inteppating try parts on dB1, \\,e get

or: 
^,[ 

-AV6u^ve# _3Veu^VB #.^lo, #l'
0Bt

: -)#(,[,1y,,*t') - i#,(,{,lvprr^ r') * r^ 

ul ,1", 
#l'

: -;#0 
"tlv,,,)l,) 

- ;#,( llV,,^l') * ,^ llr,#l't ,6. ' ,u, oBr

, -;#(^ f tvo,,l,) - ;:r( / to,,,^I,)
\^J_/

JUt }ljt

*r(^'# r"^#*r*^)@o^

-.,#(^' # + e+ ^)^#+ (a+ 
^#)

: 
uf,,^' 

(#)' * 
^' # # + t)ru^ # - tg,^ ff

+ (2a *2t3)^(#)'

. * #rr(,^)'t - ;* [^' *(#)' ). 5

used tlre relations (rvriting y, : Sy erc)

fi{"^)'

Rr : [ 
^( ^, 

o',!.) 
-.,) dL^ * or^) 4'4- 

^J^ \ d\2 . d^ "" ) d^2
0Br

+(2a- o)^(,#)'-),##
: 
u/),'^'(#)'*^^'#*

\f f ,, :, ()r,)" - rf f, - x(f ,), ,

Here lve have

: -[+((/')')'] +:l),21' y" + lt (,f',)'_^t f,f,,,

and
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In pu,rticular, if E();0. u): const. for ull ) e (r, R),, is homogeneous iTL 86 \ 8.:

u(r) : l,l-*',,(-1)\ lrll
W: end this section rvith the follorving obserrvation: in the above computations we

just rreed the ineqttality (2.(;) to hold. In perrticular tlie formula can be easily extended
to biirarmonic equations rvith negative exponents. We state the following monotonicity
formula for solutions of

A',r: -1, u ) 0 in f/ C IR.". (2.8)
,I,LI'

Lern:na 2.2. Assume that p so"tisfies

R 4 /+ \rt-2+o+r'o,l(r.t +n-z)' (2's)

Letut, be a clLt"ssical sol,ution, fo iJ.S) ,in B,(t;) C Bp(r;) c Q. Tltert the following quanti,ty

E(r;r,u) :: 7.affi -n I *t^r)2 - -]-,r-p
u!,,,'' P-|

-h(,_ r.#)r 'i'1-,, I u2

08,(n)

- -2 (' - z* -f ) +( '-vP'+z-" t ")t)t l\ t)ll/r|r\ 
u"J,.r", /

7.3*, ;[.-n*,-,, I (#r,_,"*#)')
A 8,.(r)

' n-I, fi+'r-' t (lvul'- l3l')l* tTl' P-! 
uul,,,\' 

" ", larl )l

,'r, -rln :r-n 
I (torl'-

a" l'\
orl )

OB, Q:)

is 'in':reasing in r " Furth,errnor-e there eri,sts cs ) 0 sur:h, that

/'1

#un,,.u) ) c,rr-,,,.2-* I (,-1,-' ,.#) (2 r0)

08,

In the rest of the paper. sometimes we use E(r;r) or E(r) if no confusion occurs.
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/ r \/./e" \
P (. J l,lo*' * ) \ J ,-' ,t,Q )'z ar 

)
S.-1 . 0 /

. ( [ (,o,,t2 +'!!-:\ lVou,t'. 4(,,/:--') -)(*i,-,r"1,r u,)
\J \s,,-r ' '\6

l/*r \
", | ( l rq',(r)' + r:\r7',!(r)2 + Vi,@l'i.(") *,rr7,e)l,l:@ldr)

L\6 /
/ t \l' (^ / -(0), * lv, u.(o\l' ut 

))
S7r-l

Note that

*'x'
f
| 

,-'4,1r)2 dr ) loge I,

.i 
rrr(r)' + r'n!'!(,)' + lr/,(r)ln,(r) * r'r1,(r)l,t'!(r)lar < c,

0

for some constant C inclependcnt of e . By letting s -+ 0, u'e obtain

t'r, J lt l"*'da < J t^,,*l' *']!#lY,,ul2 * "("-- 
4)' *'.

s._1 s"_1

Substituting i.l.2i into this we get

' uf + (p,t,- '(":9)lvrrl' + (pJr-n2(n,:4)2 )r'<,.J b-t)lA6r \. 2 /, \. _ t6 )_
S"- 1

rf #i < p <. p"(n),then p - 1 > 0, pJt - 'o;4) > 0 and pJz - X\Elt > 0 (cf. :1,i.

I), :t;lxl), so ?rr :0 and then z = 0. f]

For applications in Section rj. lve record the form of E(/?;0, u) for a homogeneous
solution u.

Remia.rk 3.2. Suppose u,(t',0):'r-;\.@) is a homogeneous solution, rvhere p > TY^
arrd u.' €W'2'2(S"-l; a Lp+r(g',-t). In this case, fol any r ) 0,

l' lAul2 + lrrln*t ( cr''-a#1.
.t

B.\B-/2
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4. The blow down analvsis

InL this sec,tion we use the blorv-down analysis to prove the Liouville theorem for stable
solut;ions. Throughout this section u, always denotes a smooth stable solution of ( L l )
in R".

Theorem 4,1. Let u be a srnooth, stable solution of i1.1) on IR'. If r < p < p.(rt), then
?/ = i0.

The follorving lernmtr zipl)eirrs in i,l2i for positivc solution. It remains valid for sign-
changirrg solutions, see also ll7i.

Lem:ma 4.2. Let u be a smooth, stable solut,ion of tl l j and let u : Au. The.n for some C
we haue

Lrt

(4.1)

) vryl + (Ary)'+ l^(lvryl'?)l) a"

l'd,Y?l

fr
I lr' * lr,1i'-1),t' < C' I u2lV(

J
IRN IRN

f
+ C I luull

lR."

for all 17 € Cf (R").

Proc'f. For completerress u.e givcr the proof. We have r:he iclentity

l', -, ^ f ) |
| (L'€)€n' ,t, : | (at€'r))' + | (-ltve - V'i)' + 2(A{lYal') ,ttJJ.J

RD R,,, RN

l'
I^* 

J €' (zv(r41 .V,/ r (Ar7)2) dz,

Rn

for ( e Ct(R") ancl 4 € Cf (1R."), see fol examplt' :il. 1.,'rrrrrrl.2.iJ.
T.rking €.= z yields

l' f. .') l'.
| ,rl'-' ,t' ,lt: / (A1,,,1))' + | (-a1Vu .Ylt)' + 2uulVrl2) drJJ.I

R2 Rn Rn

r
+ | "' (zV(Aa) .V'i + (Lq)2) dr.

d",

Using the stabilitf inequtrlity v,'it,h .ur7 yields

l'lo
1t I trlt'+''ri' tl.r a / (A(u/i))'.

JJ
RN RN
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Sirrce p , #, direct calcuiations show that

a-p:(n-1- 8 \\ p-1/

zol

Thus,

Thr'.

4 ( 4 \- pl \r-t -n+')"'

"'' u{,9#f^(u^) 
't-;*f^' *Wl

/ s2^.), x, 2

2^'(d:.!:) * a,r2 
d2u^ du^

\ (tA' ./ dA2 d^

_n,(,dztL\ du)\2:z^[^ 
* * 

^ ) +(z

>0.

* (2a _ 2t3)^(#)'

a-2p-2)^ (#)'

(2.6)

(, 7\

. 
E *,@^),

Nor'r', rescaling back, we can write those ,\ derivatives in R1 and .R2 as follows.

/ #,(,^)':fr(^**'-" [ ,'),oBt ' ,h^ ./

| #lr(,,^,r ''. : #(rn-',-" I u\,
oBt t 

otg^ /

f dl,ra/au^\21 dl^
,1",#l^' # (;r) ] : * l^' *(^'= *'-"^f (*)-', + #)')]

itB \

{o0^[,1V,,^l') : #l^rr-;g-z+r- " 

^{ 
(,r,,,_ l#l')],Bt 

aBx

*( | lyou^l') : # i^,= 
L2+,-n 

[ (v,t _ l*l')l'08,, / u.., 
,/^t l0rl)l

Substituting these into ;it(A;0, z) rve finish the proof. rl
Denote 

"(n,,p) 
:2a _ 20 _ Z > 0. By (2.7), we have

Corollary 2.1.

#nn,o,u) ) c(n p)r-n+,-* 
,!-(*,- 

,, * #)
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dx

d2) ar.

dr.

vnl')

l+(l

') a,

An)2)

and hence

f . r

J 
(1,'lr*'+r')n, dz ( (r 

J *Uv(Aq) v?l + @d, + la(1v41,)l)a,
N' Rn 

r+C lluullVql2dr,
J

Rn

))') d, < c [(lv,l, lvrl]2 - luullJ ''
R',

Iluln'r' + (A(u4
.,/ ''

Rn

Usirrg L(n") : un + 2Yr1 .yu

f.
J (l"l'-' + u')'f

lRn

The,refore

But

n

,ll

+ c [,'z(lv1na; .vJ
lRn

)- uLq we obtain

f
,1.r' ( c | (lv"l'lvnl' + luullVr

,]
IRA

* c Iu2(lv1A,7) . vnl -
J \I

Rn

. f , ^ f ^ rz 

! lvul'lYryl''z dr: 
J 

t("')ivll' clt: -2 J uulvnl2 d"r
Rn 

:o" I u, o(rvnrr) ar, - ,fr^ [ tr,ulyrlrz d,r,
J , l| / 

J
IRn IRn

This proves (.1.1) fl

Corollary 4.3. There erists a constant C such that

t| ,' -F lzlr-t < CR-+ | ,, + CR-2 l' r",.,1J " tut- \Ln J J fuul, (4.2)
Bp(:c) r26(z)\r4(c) B2r.1ziqro1o;

and

I u2 + fuf+t < cri"-'91,
Ba(')

(4.3)

f or aLtl B n@) .



258 ,L Dduila et al. / Aduances.itt Mathem.atics p|g (20j/+) 24t0-2gs

Proof. Thelirstinequalitvisadirectconsequenceof {,1.1),bychoosingacut-offfulction
q e Cf (B2n(r)), such that q = 7 in 86(r), and for /c _( 3, lv*r/l < #.

E.xactly the same argunent as in i;J:i or it?i provides the second estirnate. Iror com_
plete'ness, we record the proof hcre. R.eplace 17 in i,l.lj by ?-, where rn is a large ilteger
and ry is a cut-off function as before. Then

f' 1,,r1lvtf l2 : 1,,2 t ,,,1tr'2"'-'z1yr12JJI
Brn (:r)\Ba (r)

lrt'
< 2c J u"'- *' J u'nt--nlvqln'

Substituting this into i4.I ), we obtairr

f 1r,'*lrlr*'),i,"'a C'R-r t ,,2r2n,-4
J .l -t

Bzn(r)

/
< CR '( t lrin*' Ito'I -2)(P+r)) # 

6"t'-;ftr\r,1,., /

Tliis gives (,1.:J). Here rve hzrve used the fact q2r,. )>- q("r-2)(a+1) because 0 ( T ( 1. m is
Iargc, and p > 1. !

Proof of Theorem 4.1 for L 1p < ;+i. tr'orp . Tll we can let R -+ *oo in (,1 jlj to
get u:0 directly. If p : ffi, this gives

So

f
| ,tt + lri'" ( *co.

,I
al"

^lirri t u2+lulz-rr-0.o'*'' 
u,ro(,(r",,,

Then by (4.2), and noting that, now n:4f!,

t[ u2+lul"'<cR-4 t u2+c l' 1,,1,Jl.l
Ba(r) B2p(r)\t36(r) Bz6(rjqBa(r)

/r.z(CR-,( | lrln*,)'*'*,,,t-ifi)+C f 1,,1,\J)_J
826 (r)\Bp(r) B2p(z)\Bp1c7
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.2 \:I I , , \ r,T, t<c( | lulP+, ) +c I trt'.\ / ) .l '-'
B2p(r)\Bn(n) B2p(z)\B71(o)

This goes to 0 as R -+ *cor and we still get u: 0. fl

Next we concentrate on the case p , #. we first use (4.i)) to show

Lemma 4,4.limr__r.;* E(r;0, z) < +oo.

Proof. Let us write E(r) : E(r;O,2,). Since E(r) is nc,n-decreasing in r, rve have

21 2t.tlr
Il' 1f IE(') ( - | E(t)dr ( - | | atsl.t^(tt.rJ r.J. I

By (.1 ;t),

2r t{r

J t t ( 
^^#-" [ :(A,)2 - -1-tulr+r),r.ra, < c.r"J / \ J'2'--"' p+1'-' /

Ne>ct 

r t Bs

2r tlr
\ f t(ro\*'-' I u,\ asa,,2 I J \ J /

' }Bs

r'f r .: i J J lrl;3'+t-"u(r)2 d"rrLt
,.Bt+r\Bt
2r

1r/r:tZr2

< j / ( I trr(;h r-n)#+ 
) 

"-' ( [ V@)1,",)-r,?.J \_J / \"/' /r Bs"1rr. B,l,

<c.

The sa,me estimate holds for thc term in E(r) containing

| (tr"t, -
0Bx

a" l'\
arl )

For this we need to note the follorving estimate

f . f - / r \th
llvul''{cr2 l(Lu\2ny-,'-z+nffi( f fu1,', )"'< cr,-f,-2. e.4)J J \/ '''' /B" Bz, - 

Bz.
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Now consider

Thc rcuiaining tcrrls in d(r) carr bc trcatcd sirnilarly

For any 
^ 

> 0, define

'r,.^1r1,: )tl ,u()r), ?r)(r) :: 
^t5+2u()u).

u^ is also a smooth stable solution of (l.ll on R',.
Bl.rescalirrg i.t..t), for all I > 0 and balls B,(r') c lR",

n -4u]t (,'^)'+ lr^1"' < c,
,l /tl

Il. (z)

In pzr,rticular, u) are u'ifonnly bourrcled in lrijl(]R..,) zrnd u) : Aur are
bounded in tril"(R"). By elliptic estirnates, u,) arc also uniforrnly bounded in
Henc,e, up to a subseque'cer clf ) -+ +oo, \\re can assunle that z^ --| t_t*
Wi:'(re") a LfJt(R"). By compactness crnbc.dcling lbr Soboln, functions,
strongly inwr,f(R'). Therr for any trall 86(0), by interpolation between Ls
noting (.1.3), for ariy g e 11,p* 1), a-s ) -+ +oo,

2r t*rr t r 
^3 

d [, _1*r_,, [ ( _L^_t ut 1)'l ,^r,,"J I , n^Lo' J \p-r .),/ lr t ?Bx

zf'
1 f (: # | {r, I r)"h-a-" I (-a,-'(z+r)-', *#)

-,**^-,, I (ho),., * #)'j *
0Bt

2r tlr
_3 f /,,,,;.s_,, [(_L^,u+!)'r^r,-2,"1 JAI" J(r-r' i)r/

, t )Bx

Cfs(- I lrl,-i*'-"(#,r, 'r*#)
Br,\8.

<C,

uniformly
w'?;3 (w").
r.veakly in
IL\ *, r/n
spaces and

ll"^ -'-ll'ta*(o;y ( llur - "-ll:'(r"(o))llt"'
where t € (0, 1] satisfies i : t*j;{. Tnat is, u^ -+ uo,

,,1-f

- '* 11.," '16"10t) 
+ o' (4'5)

in trfl,.(lR") for any q € 11,Ir+ 1).
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For any function p € Cf (R"),

I nr* no - @*), p- , liry [ m^ t, - (u^), e : o,J \ '/' I;+;
Rft Rn

I fn*l' - p(.,-) '-'p': . Iim [ {na' - r(rr^)p- 'e' > 0.J 
^-+-ro.JPn!\ lRn

Tlrusr u* etV,2;l@laLfj.'(R',) is a stable solution of (t.l) irr IR",.

Lemma 4.5, u* is homogeneous.

Proof. For any 0 < r < R < *oo, by the monotonicity of E(r;0,u) and Lr,lnrla.]..J,

^IT_ 
E().R;0, u) - E(\r;0, u) - 0.

Therefore, by the scaling invariance of E

^IT; 
n(ft;o, r^) - E(r;o,r^) : 0.

We note that ,O(r; 0, r^) is absolutely continuous r,vith respect to r, since we assurne uA
smooth. This still holds if we assume u e w4'2(rn(o)) ) Lp+1(ga(0)), since boundary
integrals onlv involve second order derivatives of u and so for each B"(0) C Bn(O),
u eW3,2(AB,(0)). Then bv C,rr:ollarv 2,1 we see that

0 : , lim_- e(n;0,,,^) - E(r;0, z^)
A-+ + ro

) c(r",p) Iim t (# l"l-'"^(l I #@)' d,' " ' .r *-"o I l'ltt -2-;:r
Bn\4"

r (+lrl-1u-(r) + Q;f r-tv
2c(n,p) l#a",.t lrl"-'- u1

Bn\8,

Note that in the last inequality we only used the u'eak convergence of u) to u,- in
t41,;21n"). Now

-!-','-tu- + *1 : o, a,e. in IR,'.p- r or

Integrating iri r shows that

u-(c) :lrl-#u*(fr)
That is, u- is hornogeneous. !
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By'l'lrcoli:nl l].1,1tr* z 0. Since this holds for the limit of any sequerlce 
^ 

_+ +oo,
by (,1.5) we get

,IT_ u\ : 0 strongly in t2 (84(0)).

Now we show

Lenr:ma 4.6. limr_-1,- E(r';0, t) : 6.

Proof. For all 
^ 

-+ +oo,

f.-

^I'l'' J ('^)': tt

aa (o)

Because u) a're uniformly boundecl rn L2(84(0)), by the Cauchy inequality we also have

By (.t.2),

^ll1-_ I,^.n^r'+ i,,^lo*' < c^IT"" ( J" {,^)'* | t"^,^l)
as (0) aa (0) rrn (ol

-n (4.6)

By tire interior ,L2 estinrate, rve get

In particular, we can choose

. tirrr l' f lvu r^ lt == o.tr-*:o I Z-t t

rr"1o; t's2

a sequence ,\; -+ *oo such thtrt

/-.,.,t| > lV"u"' l" < 2-'
v l-/-

Bzl0) ^r'

By this choice rve have

27+i r 
- 

^ +a ', ,.

/ I I !,lvr,t'l'a, < >. I I >,lVAa)'l'a, tr r.
i i:rA"B, k<2 t:t ! Uru. i<.2

Tliat is, thc function
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+oo f
/(r) ::f / )--lvku^'12 eLI((1,2)).!\ / 

?ulu.?u'' 
* i -" \\'

Ther,: exists an 16 € (1,2) sucli that /(16) ( *oo. From this we get

,jfLllr^, ll,r,,pe,o) : o.

combining this with (,1.t') and the scaling invariance of E(r), we get

,jl.* E()1rs;0' u) : ,jfL E(ro;0, z^') : g.

Since );16 4 *oo and E(r10, tl) is non-decreasing in ?., we get

"ill.. 
E(r;o'u) : o' !

By the smoothness of u, limr-e E(r;O,u) : 0. Then again by the monotonicity of
E(r;0,u) and the previous lemma, we obtain

E(r;O,u):0 forallr)0.

Then again by C)orolltrrl'2.1, z is homogeneous) and then u = 0 by'.lhtrolr.'rlr,i.1 (or by
the srnoothness of u). This finishes the proof of 'l'lr.,r',r'rrr rr.l.

5. Finite Morse index solutions

in this section we prove Tlrc,:rlcrrr 1,ll and we ah'rays assume that z is a smooth
solution' First;, by the doubling lemrna l22l and orrr Liouville theorem for stable solutions,
'1'ir<rorcrrr .1.1, we have

Lemrna 5.'1. Let u be a smooth, Jinitet. lvlorse inrJer (positiue or sign cha,nging) sohttion
o/ (l.l). Tlr"ere eri,st a constant () ancl, Ro such tltut fc,r all r € Bno(0)",

l"(")l < clzl-a5.

Proof, Assume that u is stable outside B6u. For r e BCR., ret M(r) : lu(r)l? u,ra
d(n) == lzl - 116, the distance to -Bsu, Assume that there exists a sequence of na e B"oo
such that

X,I(np)d(rp) >- Zk. (b,1)

Since z is bounded on any compa,ct set of R., d(26) -+ +oo.

263
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consider r\p :: sgn(?p)x for I < k < rr, where again sgn(x) is the Sign function.'lhe
geometric Poincar6 inequality (32) yields

819

I
An \ B,zn

F lvr,12lvyt2 t Y1-t - .Z_- .l (lvuil2r? + lvz' lvuitl2) x2

lVr; ll0

+> | (Vri . Yu j- sgn(0)ssn(0)lyuillVr;l) H,,,u,x2
I *./RN

: It I Iz. (38)

l{ote that 11 is clearly nonnegative. Moreover, (37) yields that Hr,,,,sgn(0;)sgn(d;) < 0 for
all i < 7, and therefore, 12 can be written as

r
1z: I I Fr,r(H,,,,,) Vr,.Yu1*lYu;llYnll) H,,,u,sgn(H,,u,) xr,i*iix

rvhich is also nonnegative.
On the other hand, srnce

l-1-. irN:2,
I los R'

I nN-: + RtN:)/2

t x1,-r1a;p'it'tt +z'
I I 1v,,, t2tv xtz . c

Bn\Br? |

one can see that in dirnension two the left hand side of (38) goes to zero as R --+ co. Since
1r : 0, one concludes that all u; fbr i : l, ...,m are one-dimensional and fiom the fact
tltat 12: 0, provided Huiut is not identically zero, we obtain that for all.r e R2,

-sgtt(Hu,,, )Vui "yu1 - lyuillVull,
v"hich completes the proof of the theorem. !

Now, we are ready to state and prove the main result of this paper.

1'heorem 5 Conjectut'a (2) holds for N < 3.

I'ntof Let again @; i:,3,1ir/; and y'; ..- Vui. 4 for any fixed q : (4,,0) e Rlr-t x {0} in
such a way that oi :: fi; is a solurion of systern (13) fbr hi,ie) : HuiuteiG)Ql(,r) and /
to be the identity. Since lVrr; I e L- (RN), we have llflioillr-1a"y . oo.

In dimension N : 2, assumption (12) holds and Proposltion 1 then yielcls that o1 is
constant, which finishes the proof as iugued before.

In dimension N : 3, we shall follow ideas used by Ambrosio and Cabr6 [4] and Alberti et
al. [2] in the case of a single equation. We first note that rr being F/-monotone means that u rs
a stable solution of (6). Moreover, the function u(x1, x) :: limr.,-- tt(x1, x2, x3) is also a
bounded stable solution for (6) in R2. Indeed, it suffices ro tesr ( I 0) on (p (,r) : rlt,6,) Xne u )
vzhere qk € Cl(Rrv-t, and xa e cl (n) is delinecl as

ll, it'R+t<r<2R+1,
'"trt:: Io. ifl < R or r > 2R+2,

forR>1,0<XR<
the system (6) is then

I and 0 . X'R .2. Note also that since u is an ill-monotone solution,
rurientable. It lbllows fl'orn Theolern 4 that u is one dimensional and

Q Springer
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consequently the energy of u in a two-climensional ball of radius R is bounded by a multiple
of R, which yields thar

lirn sup ElutS < C R2,
I-+oo

wherehereut(x'):=,(x',x,, *r) forr e Rand En@): Iurlrvurz + H(u) - cucrxfor
c,, :: inf H (u).

To finish the proof, we shall show that

t"^
.l lrul' < CR'. (40)

Bp

Notethatshiftedfunctiona/isalsoaboundeclsolurionof (6)withlVa!l eZ€1RN;,i.e.,

Lut :vH(ut) in RN, (41)

and also

(42)

forall /€R+,(43)

functional along the

0,uti > 0 > 07ut, forall i e I and,/ € ./ andinRN

Since a! converges to u, in C/I.,.,(RN) for ail I - 1, ,.., ri?, we have

,1t* r(rt) : E(u).

Now, we claim that the following upper bound for the energy holds.

,/ \En(u).nn(r,)*r l^" (:(u,i -ui) +:(rr_ri) )r,/ nDR 
\l€l jeJ ' 

/
where M : rnaxi llVa;ll1-111,v;.Incleed, by differentiating the energy
path t', one gets

(3e)

(44)

(45)

(46)

olEp (rr,) : I v,,,.v (a, r,) + [ y u (t/) a,ur .!^ \ ' !,, \ /

where Y H(ut)\ut : Zi H,,,(ut)D1ut,. Now, multiply (al) with 01ur, to obtain

- [rr'.v(a/&/) + [u,,to1rt: Irr(u,)o1ut.J ' J J "\
Bp eBn bR

From (45) and (44) we obtain

ol E p Qtt) : .[,,r' r,rrI - f f u,u,,r,u,,.

oBn t aBo

Note that -M < \rut < M anrl 01t/, > 0 > \1ut,fbri e 1 and 7 e ./. Therefore,

,l \
), Ep (u') z tur I (2a,,,,, -la,u,,l cts.

a"Bo \; i /

(h Springer

(47)
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On the other hand.

En@): En(t,') - f ,t,u*(a')ds,
0

lim llvu',12r/x-0.r- oc ./
Bp

<Ep(u,).ri l,;ir,ilf --r,,1) ,rr,
oitBn \r i /

, I .\: En\tt') + u I l>(t/, -u;)*I(r, - r',)lds (48)

ntB* \i 'r '/

llofinishtheproof of thetheorem justnotethat ui l uti ant)ut, < ui for all i e I, j e J
and / e Rr. Moreover, frorn (39) we have liml-o. E n@') < c R2. Therefore, (48) yields

Enfu) <ClaBRl .CR2,

and we are done. rl

The above proof'suggests that-just as in the case of a single equation-any 11-monotone
solution a o1'(6) must satisly the tbllowinq estintate

I lrrl's cn;-r forany R > t, (1g)
Bp

for some constant c > 0. This can be done in the foliou,ing particular case.

llheorem 6 If u is abounded H-ntonotone soltilioncf (6)suchthutfor i : 1, ...,m,

,Jtlk ,, (*'. rru) : ai, V* : (*', trv) € RN-l x R

v",here o; are constttttts, tlrcn

t9p(u): [:lVrrl2* H(u)-H(a)ctxscRrs-r, (50)

lo "

v:here a : {oi}'i:'{' cuttl C is rt positive constant inclependenr of R.

f'roof We first note the following decay on the energy of the shifted function rr as defined
above,

,l1tl E^ (rr') : g. (51)

Indeed, since ut is r:onvergent to a pointwise, one can see that

.lirn | 1u 1t/) - u ru)) ./x - g.
l*m /

it*

T'herefore, we need to prove that

Q Springer
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To do so, multipl)' both sides of (41) with u| - ai and integrate by parts to get

ffr
- ltvt/,12* | a,,1, (u', -ai)= lvu(t/)(u',-n,).,t ' .t J /\

I)n 1Bn Bp

which yields (51 )
To get the energy bound in (50), one can follow the proof of the previous theorem to end

up with

Ea@) .. no (r') + ]PBRI for all r e R+"

To conclude, it su1'fices to send I -+ oo and to use the fact that liml--- E n@,) : 0 to finally
obtain that

En!t)<Cl}Bnl .CRN-t,

Remark 2 Using .Pohozaev type arguments one can see that

rp : ffi is increasing (52)

provided the following pointwise estimare holds:

lYul2 t 2LI(u)' (53)

Note that this is arr extension of the pointwise estimate that Modica [ 14] proved in the case of
a single equation. It is still not known for systems, though Caffarelli and Lin in [10] and later,
Alikakos in [3] have shown, in the case where H > 0, the following weaker monotonicity
formula, namely that

An : #9 ir increasing in R. (54)

Remsrki The.F1-monotonicity assumption seems to be crucial for concluding that the
solutions are one-dimensional. Indeed, it was shown in [1] that when l/ is a multiple-well
potential on R2, the system has entire heteroclinic solutions (Lt,u), meaning that for each
fixed.r2 € R, the1, connect (when x1 + *oo) a pair o1'constant global minima of W, while
if x2 --+ *oo, they connect a pair of distinct one dirnensional stationary wave solutions
ztQt) and zz?t). Notc that thcse convergence are even uniform, which means that the cor-
responding Gibbons conjecture for systems of equations is not valid in general, without the
assumption of H-monotonicity'.
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