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ABSTRACT. In this paper, we consider the magnetic Ginzburg-Landau equa-
tion:

A
—Aay+ (WP -1y =0 inR?,
VXVXA+Im(@Vah) =0 inR?,
Y] =1 as |z| = 4oo,
where A > 1 is a coupling parameter, V4 =V —iA and Ay =V, - V4 are,
respectively, the covariant gradient and Laplacian. We prove, by perturbation

arguments, that the only possible minimizer of the magnetic Ginzburg-Landau
functional with degree 1 is the radial solution for A sufficiently close to 1.
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1. INTRODUCTION

In this paper, we consider the magnetic Ginzburg-Landau equation:

A .
—Aay+ (WP -1 =0 inR?
VXV xA+Im@Va)) =0 inR2, (1.1)
[] =1 as |z| = +oo,
where A > 1 is a coupling parameter, V4 = V —iA4 and Ay = V4 - V4 are,
respectively, the covariant gradient and Laplacian, and V x is the curl operator in
R2 so that for a vector function A, V x A = 9, A5 — 9> A; while for a scalar function

A, VXxA=(-02A,0,A). Tt is well known that (1.1) is the Euler-Lagrange equation
of the following Ginzburg-Landau energy functional in H} (R?;C) x H} (R?;R?):
1 A
5 [ IVl 19 x AP+ (- 1)
2 Jge 4

That is, critical points of £x(¢, A) in H} (R?%* C) x H} _(R?; R?) are equivalent to
weak solutions of (1.1).

g)\ (% A) =

The Ginzburg-Landau energy functional £y (1), A) has a rich physical background.

It models the difference in free energy between the superconducting and normal

states near the transition temperature in the Ginzburg-Landau theory. In that

theory, ¥ : R? — C is called the order parameter, whose modulus (the density of
1
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Cooper pairs of superconducting electrons in the BCS theory) indicates the local
state of the material: If |¢)| &~ 1 then the material is in the superconducting phase
while if |¢| &~ 0 then the material is in the normal phase. A is the vector potential
where V X A is the induced magnetic field. The parameter X is a material constant,
corresponding to the ratio between characteristic lengthscales of the material: If
A < 1 then the material is of type I superconductor while if A > 1 then the material
is of type II superconductor. A = 1 is the critical case of these two types. The
Ginzburg-Landau energy functional €y (1, A) can also arise as the energy of a static
configuration in the Yang-Mills-Higgs classical gauge theory on the plane, with
abelian gauge group U(1). In this theory, the Ginzburg-Landau energy functional
Ex(¥, A) is often written as

Ex(,A) = % g Fa AxFq+ Dath AxD ) + % * (J9)* — 1),
where * is the Hodge duality operator, iF, is the curvature of an S' connection 74
and 1 is a section of the associated complex line bundle. The induced connection
couples A and v via the covariant derivative D4 = d — iA. A is a real one-form
and F4 = dA is a real two-form. The function B = xF4 is known as the magnetic
field, while % is called either the order parameter or the Higgs field. We refer the
readers to [11,17,20] for more details of the physical backgrounds of &, (v, A).

As usual problems in the whole space R?, the Ginzburg-Landau energy functional
Ex(1, A) (and also the equation (1.1)) is invariant under translations and rotations
which are given by

(¥(2), A(z)) = (¥(g™"2), gA(g™'x)) for all g € SO(2).

Besides these geometric invariance, the significant feature of the Ginzburg-Landau
energy functional £, (¢, A) (and the equation (1.1)), which is well known nowadays,
is that they are invariant under the gauge transformations:

(¥, A) = (YeX, A+ Vx) for all x € C*(R?),
which generates an infinite dimensional symmetry group of (1, A) and (1.1).
For physical reasons, it is natural to consider solutions of (1.1) with finite en-

ergy values. It has been proved in [11] that these solutions satisfy the boundary
condition:

(|], IV a®],|V x A]) = (1,0,0) as || = +o0, (1.2)

which leads one to define the topological degree or winding number or vortex num-
ber of 1 as follows:

deg (i) = deg(ﬁwﬂ_R) !

= —/ d(arg(¢y)) for R sufficiently large.
2 |z|=R

Applying the Stokes theorem yields that this degree of 1) satisfies

2rdeg(v) = V x A.
R2

Indeed, let us rewrite (1, A) = (we', A), where (w(a;)e?9(%), A(a;)) should be
understood as the limit at the zeros a;. Since (¢, A) has finite energy, fR2 w?| Vg —
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Al* < +00. Thus, by (1.2) there exists p, — 400 such that p,, [, [Vg—A> =0
as n — o0o. It follows from the Stokes theorem and the Hoélder inequality that

VxA = lim A
Rz n—oo aBpn
= lim Vg + lim (Vg —A)
n—oo 8Bpn n— o0 aBpn
= 2mwdeg(v)).

So that, deg(v)) is nothing but just the flux quantization of the magnetic field
B =V x A. In the Yang-Mills-Higgs theory, the degree deg(v) is also known as
the first chern number of the complex line bundle in which A is a connection and
commonly, is called charges (cf. [19]).

It is well known that the degree deg(v)) is an integer and is invariant under small
and finite-energy perturbations. Thus, solutions of the magnetic Ginzburg-Landau
equation (1.1) can be classified by the degree deg(v)). By integrations by parts as
that in [19,20], we have

Ex(p,A) = %/RZ[(@% + A1the) F (Oaths — Astpy)?
43 [ @1+ Avvz) £ (9rva — AP
R2

1 1
+§/R2[V><Ai(|w|2—1)]2i§/RzV><A

Ll IR (13)

where ¢ = 1 + i1)5. Here, the upper sign corresponds to positive degrees and
the lower sign to negative degrees. Thus, for those (i, A) such that the degree
deg(¢)) # 0, we must have (¢, A) > . It follows that the global minimizers of
Ex(, A) in HE (R*C) x H} (R%*R?) must have degree zero and satisfy |¢| = 1
in R2. Hence, we may assume the global minimizers to be ¥ = €%. By (1.1), we

know that
—Ag=0, inRZ2

By the gauge invariance, we can choose ¥y = 1 and by (1.1) once more, A = 0.
It follows that all global minimizers of £x(¢, A4) in H (R* C) x H\ (R?;R?) are
given by {(e%, Vg)}, where g is a harmonic function and thus, up to gauge trans-
lations, (1, A) = (1,0) is the unique global minimizer of £, (1, A) in H} (R?* C) x
H} .(R%R?). Clearly, these degree zero solutions are all stable. For other solutions
with deg(y) # 0, 1» must have zeros. These zeros are often called vortices of
and so that, the word “vortex” will be used to refer to a zero of ¥ as well as to
a solution. A multi-vortex solution refers to the case in which 1 has at least two
zeros. Solutions with deg(1)) # 0 are only well understood in the critical case A = 1,
thanks to classical results of Jaffe and Taubes [11,19,20]. In this case, all solutions
with deg(v)) # 0 can be classified by its vortices and they are all local minimizers
of £x(¢, A) in H} (R%*C) x H} (R?*R?) and thus, they are all stable. To our
best knowledge, very few is known for the cases A # 1, except the so-called radial
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solutions:
oAnN(z) = f,\(r)eiNQ; By n(z) = Nax(r)Vé,

where |[N| > 1 is its degree deg(¢). We remark that the discrete symmetry ¢ — v
and A — —A of (1.1) interchanges the negative degrees to the positive degrees.
Thus, we can assume the degrees of solutions to be nonnegative in what follows.
The existence of these radial solutions is established in [4] by variational arguments.
The uniqueness of these radial solutions is proved in [1] and [6], respectively for
A > 0 sufficiently large and A sufficiently close to 1 (including A = 1). The stability
of these radial solutions is also studied in the literature. It has been proved in [9]
that (¢x,n, Ba,n) are all stable for A < 1 while for A > 1, (¢ 1, Bx,1) is stable and
(¢x,n, Ba,n) are unstable for N > 2.

Under suitable boundary conditions, the existence of non-radial solutions was
first established in bounded domains for A sufficiently large, see, for example, [2,3]
for the non-magnetic case and [5, 18] for the magnetic case. This is due to the
boundary forces which keep repelling vortices within the bounded domain. In the
case of the Ginzburg-Landau equation on unbounded domains, it is conjectured
in [12] by numerical evidence that for the non-magnetic Ginzburg-Landau equations
on the whole plane, non-radial solutions do exist, while the studies in [10] suggest
that for magnetic vortices, stationary multi-vortex configurations of degrees +1
occur with discrete symmetry group. The later conjecture was proved in [21] by
reduction arguments for large degrees and large number vortices. It is also worth
pointing out the work [14], which proved that (¢x1,Bx1) is the unique global
minimizer of (¢, A) in the degree 1 class (the definition is given below) for A
sufficiently large, while there is no global minimizers of £x(1, A) in the degree
N(N > 2) class (the definitions are also given below) for A sufficiently large. These
results partially prove a conjecture in [11].

Thus, to our best knowledge, whether the magnetic Ginzburg-Landau equa-
tion (1.1) have non-radial solutions or not is still unknown for A # 1 and not
sufficiently large. Since the critical case A\ = 1 is well understood, it seems reson-
able to study the case when A sufficiently close to 1. Therefore, the main purpose
of this paper is to investigate the magnetic Ginzburg-Landau equation (1.1) for A
sufficiently close to 1 by perturbation arguments.

We shall mainly consider stable solutions of (1.1). For this, it is natural to
consider the minimizers of (1, A) in the following sense: (g, Ag) is a minimizer
of Ex(¥, A) if Ex(vo, Ag) < Ex(tbo + ¢, Ag + B) for all (¢, B) € C§°(R?*;C x R?).
However, we remark that in this sense, the word “minimizer” is dependent on the
degree of (19, Ag). Indeed, if (1o, Ag) and (1)1, A1) are two minimizers of £, (¢, A)
in the above sense, respectively with degrees k and [ such that & # [. Then the
energy values & (v¥o, Ag) and Ex (11, A1) are incomparable in the above sense since
owing to their different degrees, one can not write (¢, Ag) = (¢1 + ¢, A1 + B) for
some (¢, B) € C§°(R?*;C x R?). Thus, a more precise definition of minimizers in
the above sense is the following (cf. [14, Definition II.1}):

Definition 1.1. We say (1o, Ao) is a minimizer of Ex(v, A) with degree k # 0 if
deg(1o) = k and Ex (Yo, Ag) < Ex(tbo + ¢, Ao + B) for all (¢, B) € C§°(R?; C x R?).
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To make the minimizers of £y (1, A) with different degrees to be comparable, we
shall also introduce the following definition:

Definition 1.2. We say (1o, Ao) is a nontrivial least-energy minimizer of Ex (¢, A)
if
(2) Exltho, Ao) < Ex(to + b, Ao + B) for all (¢, B) € C3°(R?*; C x R?);
(3) Ex(to, Ag) < Ex(W1, Ay) for all other minimizers (11, A1) in the sense of
Definition 1.1.

Our main result in this paper now can be stated as follows.

Theorem 1.1. Let (1, Ax) be a classical solution of (1.1) which is also a nontriv-
ial least-energy minimizer of Ex(1v, A). Then for X sufficiently close to 1, (x, Ax)
must be the unique radial solution of (1.1) with degree one.

Let us briefly sketch our strategy in proving Theorem 1.1. Our start point is the
potential energy

He) = [ (1oP 1%

where ¢ is a solution of (1.1) with A = 1. Now, if (5, A)) is a classical solu-
tion of (1.1) which is also a nontrivial least-energy minimizer of £y(1, A), then
the upper-bound of (i, A))’s energy values, generated by the potential energy
H(p), will impose the degree of (1), Ay) to be 1 for A sufficiently close to 1. Since
the potential energy is well understood for degree one solutions (see, for exam-
ple Proposition 2.1 below for more details), we can follow the plans in [5, 14] to
choose suitable gauges such that (1, Ay) could weakly converge to some (¢, B) in
H} (R%C) x H} (R?);R?) as A — 1 in a suitable sense. By comparing the energy
values carefully, this weak convergence could lead us to say that the weak limit
(¢, B) must be the unique radial solution with degree 1 for A = 1 and so that we
could further say that (¢, Ay) only has one vortex for A\ sufficiently close to 1.
Next, we obtain some strong convergence of energy values as A — 1, which, to-
gether with regularity arguments in [13] and the decaying estimates in [11], implies
that (Ja], [Va,¥al, [V x Ax]) — (1,0,0) exponentially as |z| — +oo, uniformly for
A sufficiently close to 1. Thus, we could say that (¢, A)) strongly converges to
(¢, B) in H*(R?;C) x H'(R?;R?) as A — 1. After doing this, we are in the position
to expand (15, Ay) at the unique radial solution by its H' x H!'-kernel, which is
well understood (cf. [9,16]). Then the analysis on the possible errors yields that
(¥x, Ay) is the unique radial solution with degree 1 for A sufficiently close to 1.

Since the potential energy is not very clear for solutions with A = 1 and higher
degrees > 2 (see [7, 16] for more discussions), our strategy seems to be invalid for
discussing these cases. For example, let () 2, Ax2) be a classical solution of (1.1)
which is also a minimizer of £,(1¢), A) in the sense of Definition 1.1 with degree 2.
Then the energy of (¢ 2,4 2) can be bounded from above by 27 + %H(goa),
where ¢, is any solution of (1.1) for A = 1 with degree 2 and «a is the distance of
the two vortices. The numerical computations in [15] yield that H(yp,) is a strictly
decreasing function of @ > 0 such that H(p,) — 0 as a — +oo. Thus, the minimum
can not be attained, in general. It is worth pointing out that the potential energy
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H(pq) also plays an important role in studying the magnetic Ginzburg-Landau
gradient flows, see, for example [7, 10].

Notations. Throughout this paper, C and C’ are indiscriminately used to denote
various absolutely positive constants. a ~ b means that C'db < a < Cb and a < b
means that a < Cb.

2. PrROOF OF THEOREM 1.1

Let (¢, Ax) be a classical solution of (1.1) which is also a nontrivial least-
energy minimizer of £,(¢, A). For the sake of convenience, we shall sometimes
write (¢, Ay) = (wxe'9>, A,) in what follows. We remark that g, (a;) makes no
sense when a; is a vortex of (i, Ay). Thus, (wy(a;)e?9*(@), Ay(a;)) should be
understood as the limit.

Lemma 2.1. We have 0 < wy <1 for all A > 1.

Proof. The main idea of this proof comes from [20]. Under the notation (1, Ayx) =
(wxe*9*; Ay), the magnetic Ginzburg-Landau functional can be rewritten as follows:

1 A
5)\(¢A,A)\) = 5/ |Vw,\|2+w§|Vg,\—A,\\2+\V><A,\|2+Z(w,2\—1)2. (2.1)
R2

Let Oy be the singular set of (5, Ay), that is, O, is the set of vortices of the con-
figuration (i, Ax). Then, by the first equation in (1.1), we can write an equation
of w) as follows:

A
—Aw,\—&—g(w)\—kl)w)\(w)\—l) = —‘Vg)\—A)\F’IU)\, in RQ\O)\,

wy =0, on 00,.

(2.2)

Since wy — 1 as |z| = +oo (cf. [11]), Oy C Bpg,(0) with some Ry > 0. Let R > 2R,
and 7r(s) : [0,400) — [0,1] be a smooth cut-off function such that 75(s) = 1 for
s < Rand 7(s) = 0 for s > 2R. Clearly, by (2.1), wy — 1 € H'(R?) and thus,
(wy — 1)*7r € HY(R?) for all R > 2R,. Since w)y > 0, ‘?9%* < 0 on HO,, where 7
is the unit out normal on dO0,. Now, multiplying (2.2) with (wy — 1)*7g on both
sides and integrating by parts yield that

1 1
1 2 2
/ |v<wx—1>+|2s( / |wa|2) ( / <wA—1>+|2). (2.3)
Br(0) R\ JByr(0) Bar(0)

Here, we use the fact that (wy — 1)"7r = 0 for x sufficiently close to the closure
of Oy. Since wy — 1 € HY(R?), by letting R — +oco in (2.3), we know that
(wy —1)* =0 in R? and thus, wy < 1 in R?. O

As we stated in the introduction, we shall use the perturbation argument to
prove Theorem 1.1. Thus, we need the following information on the limit case
A=1.

Proposition 2.1. Let (¢, B) be a solution of (1.1) with A =1. Then its degree is
N is equivalent to that it has N wvortices.

Remark 2.1. (1) Proposition 2.1 was pointed out by Taubes in [19], without
a proof. For the convenience of the readers, we would like sketch its proof
in the appendiz.
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(2) Proposition 2.1 tells us that vortices and anti-vortices can not co-exist for
(1.1) with A = 1. In particular, up to gauge translations, the radial solution
is the unique solution of (1.1) in the degree 1 class for A = 1.

In what follows, we shall denote the radial solution of (1.1) in the degree 1 class
for A\ =1 by
(. B) = (f(r)e”,a(r)V0).

Since it is well known that £ (1), A) is gauge invariance (cf. [9]), (pe'X, B+ V) for
all Y € C%(R?) are also solutions of (1.1) with A = 1 and share the same energy
value & (¢, B) in H} . (R?%;C) x H} (R?);R?). We also remark that the properties
of (p, B) is well known, see, for example, [4].

Lemma 2.2. For )\ sufficiently close to 1, the degree of (5, Ax) is equal to one.
Moreover,

B\ AN < 2 [ (=12 4 (24

Proof. Since (15, Ay) be a classical solution of (1.1) which is also a nontrivial least-
energy minimizer of £y (1, A),

/ VXA,\ZQTF.
R2

Thus, (¢x, Ax) has at least one vortex. Since (1.1) is invariant under translations,
we may always assume that 0 is a vortex of (¢, Ay). Suppose that the degree
of (¢, Ay) is equal to ky + 1 for some k5 € N. Now, we rewrite (¢, Ay) =
(wxet9r, Ay). Since (1y, Ay) is a classical solution of (1.1) with wy — 1 as |z| —
+00, for sufficiently large R > 0, g) = —iln(ﬁ’)—i) is C? in R?\Bg(0). Thus, g\ —
(kx + 1) is also C? in R?\Bg(0) and satisfies

9A(R, 0+ 2m) — (kx +1)(0 +27) = a(R,0) — (k + 1)6

for all . It follows that gy — (kx + 1)6 is a single-valued function on dBr(0) and
so that, we can harmonically extend gy — (kx + 1) from 0Br(0) into Br(0). We
denote this extension by vy, that is, vy satisfies

A’U)\ = O, in BR(O),
vy = ga(R,0) — (kx + 1), on 0Br(0).

By classical regularity theorems, vy € C?(Bg). We extend vy to R? such that
vy = gx — (kx +1)0 in R?\ Bg(0). Then, vy € C?(R?). Now, by gauge invariance,

(w/\ei(gx—vx),A/\ —Vuy)

is also a nontrivial least-energy minimizer of £5(¢, A). Let «, be a smooth cut-off
function such that o, =1 for |z| < p and a, = 0 for |z| > 2p. Then

(d)pa Bp) = <ap(ka+16i(k’\+l)0 _ w}\ei(gxfux))v

tpans 41 (ks + 1)V0 — (Ay w»)
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belong to CZ(R?;C x R?), where (fg, 1¢"F3tD9 ap 11 (ky + 1)V0) is the radial
solution of (1.1) with degree kx + 1 for A = 1. It follows from the density of C§° in
C? and the definition (1.2) that

Ex(¥a, AN) Ex(wxe' 7 Ay — Vuy)
< En(wre' PN £ g, Ay — Vs + B,). (2.5)
By the constructions, for p > max{1, R},
(wre!=vN) g Ay — Vouy + B,)
(fra1€" ™V ap, 1V (kx +1)0)

+(1 _ ap) ((w)\ei(kx%*lw _ fk>\+1€i(k)‘+1)0),

(Ax — Vagr + (1 — apy 1) (br + 1)V9))
- <((1 — ap)wx + O‘pkaﬂ)ei(kk‘*‘l)g’

(1 —0a,)(Ax — Vo) + (1 — o, + apar, +1)(kx + 1)Vt9).

Note that under the notation (15, Ay) = (wxe'*, A)) and the choice of R, gy
satisfies
—wyAgy = 2(Vgx — Ay)Vw, in R*\Bg(0).

Thus, by the results in [11], that is,

(Al [Va¥al, [V x Ax]) = (1,0,0)  as || = 400,
exponentially (see also [7]), we have

(W = fryr1)e’ ™% e HY(R*\BR(0), C),

(Ax — Vgr + (1 — ag, 11)(kx +1)V0) € L*(R*\Bg(0),R?),

V x (Ax — Vgr + (1 — ag, 11)(kx +1)V0O) € L*(R*\Bg(0)).
Here, we also use the well-known facts of (fx, 11e?® 19 ap, 1 (ky + 1)V6), that
is, 1 — fr,+1,1 — ag,+1 — 0 exponentially as |z| — 400 and %TH € L%(rdr) =

L2(R?) (cf. [4,9]). Since under the notation (5, Ay) = (wxe™*, Ay), the magnetic
Ginzburg-Landau functional £, (¢y, Ay) can be rewritten as

Ex(n, Ay) = %/]R? (Vs |? +wi[Vgn — A? + [V x Ay + %(wi 1% (2:6)
Thus, by letting p — 400 in (2.5), we have
Ex(r, 4x) < lim gx(fkwlei(k”l)e + Gpy k41 (kxy + 1)VO + D,)
= fk 11"V a1 (ks + 1) V)
- / (fena? = 17+ (hr + D, (27)

where (¢, D) = ((1—%)(UJA—fkwl)ez(k”l)&, (1=0p) (A =Vgr+(1—ag,41)(kr+
1)V6)). Thus, for ky = 0, we have £ (1, Ax) < 37 for A sufficiently close to 1.
By the computations in (1.3), we know that the nontrivial least-energy minimizer
of (¥, A) must have ky = 0 for A sufficiently close to 1. That is, it has degree
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one for A sufficiently close to 1. The estimate of (2.7) also give us an upper-bound
of the energy value of the nontrivial least-energy minimizer (¢, Ay ):

A—1

ENr AN < &, B) = S [ (fF -1+
R
It completes the proof. O
As in [14], we also need to recall a standard terminology in functional analysis

for gauge theory.

Definition 2.1. A sequence of configurations connection-section (V,, Ay) is said
that it converges in some function space F to a limiting configuration (Yo, Ag) if
there exists a change of gauge (YneXn, A, + Vxy) such that this sequence of pairs
form-function converges to (o, Ag) in the function space F.

Lemma 2.3. Up to translations, (1x, Ax) — (¢, B) strongly in CL%(R2;C) x

loc
C’l’a(Rz; R?) as A — 1 in the sense of Definition 2.1 for some o € (0,1).

loc

Proof. The main ideas of this proof come from [5] (see also [14]). Let us first
consider the following equation:
—Axar = divAy, in Br(0);
0 (2.8)
%ﬁ =—A, -z, on dBr(0),

where 77 is the unit out normal of Bg(0). Since Ay is of class C2, the above
equation is unique solvable up to constants. Let X r be a solution of (2.8), we

—~ J5. Xx.r
choose XA,r = XA\,rR — B&T. Then

Ayxp=Ar+ Var

satisfies divﬁA,R = 0 in Br(0) and AXR -2 = 0 on 0BR(0). In this situation,
Axr = (—026\ g, 01\ r) in Br(0), where up to constants, &x g € C3(Bgr(0)) and
satisfies

{A&\,R =V x Ay, in Bg(0); 2.9

&xr =0, on 0Bg(0).
Classical elliptic estimates then yield that
[ (9Anl +1AaP) = [ (VP + [V6nP) < Cr [ IV x AP,
Br(0) Br(0) R2
which implies that {Ay g} is bounded in H'(Bg(0); R?) for A sufficiently close to
1. Here, Cr > 0 is a constant only dependent on R. Let 9\ r = WreX* R, Then
Vi Uk = (Va,n)e®™ " and ¢y gl* = [a]>  in Br(0). (2.10)

Recall that {V 4,9} and {|x|? — 1} are, respectively, bounded in L?(R?;C?) and
L?(R?) for A sufficiently close to 1. Since

V{/;)\,R = VgA,R%Z,\,R + igA,R{/;)\,Ra

by (2.10) and Lemma 2.1, {JA7R} is also bounded in H'(Bg(0);C) for A suffi-
ciently close to 1. Without loss of generality, we may assume that (¢ g, Ax,r) —
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(Yo,r, Ao,r) weakly in H'(Br(0);C) x H'(Br(0);R?) as A — 1 up to a subse-
quence. By (2.8), for R > R, the difference between (iyeX* % A\ + Vxa r)
and (Yae™> 7 Ay 4+ Vxar) in Br(0) is a gauge xa .z — X,z Which is harmonic
in Br(0). Moreover, by the boundedness of {A) + Vxa g} and {Ax + VX r'} in
H'(Bg(0)) for A sufficiently close to 1 and the Poincaré inequality, {xx r' — Xz} is
bounded in H?(Br(0)) for X sufficiently close to 1 and so that xx g/ — XAz — )ZR’R/
weakly in H?(Bgr(0)) as A — 1 up to a subsequence. It follows that (¢ g, Ao.r) =
(wO,R/e*i%R'R/ Ao R fVXR’R') in Br(0) for all R’ > R. Let us define the equivalent
classes as follows:

[(¢0,r, Ao,r)] = {(Vo,re™, Ao,r + VX) | x € H*(Br(0))}.

Then in every class, we can re-choose (Yo r, Ao r) if necessary such that if R’ > R
then (Yo, Ao,r’) = (%o,r,Ao.r) in Br(0). Hence, we can use these re-chosen
{(4p0.r, Ao.r)} to define a configuration (g, Ag) in the whole R? by setting

(Y0, Ao) |Br(0y= (Yo,r, Ao,R)

in every Bgr(0). It follows that (¢, Ay) — (¢, Ag) weakly in H} (R%*C) x
H} (R%R?) as A — 1 up to a subsequence in the sense of Definition 2.1. That
is, for every given compact set K, we can choose R > 0 such that £ C B r(0) and
(w)\’ReiXR,A)\,R + VXR) — (’l/J()’R,AO’R) Weakly in Hl(BR(O),C) X HI(BR(O),R2)
as A — 1 up to a subsequence, where (vo,r,Ao,r) = (Y0, 40) |Bro) and xr €

H? (R?). By our constructions, di’l}ﬁ)\,gR = 01in B3r(0) for every R > 0. Thus, by

loc

(2.6), for every R > 0,
—AAV)\’gR = w?\(VgA — Ay), in B3g(0) in the weak sense. (2.11)

Here, we notice that wy and Vgy — A, are independent of gauges. By Lemma 2.1,
0 < wy < 1 in the whole R2. Thus, the right hand side of (2.11) belongs to
L?(R%;R?) by Lemma 2.2. Applying the interior LP-estimates and the Sobolev
embedding theorem to (2.11) implies that

A

|Axsrllcremny < CrlAxsrluz(sam
Cr(IVar — AxllL2(Bsr) + 1Ax 3Rl L2(BsR))s  (2:12)

IN

which implies that {Z/\,3R} is uniformly bounded in C1%(Byg) for every R > 0
and some « € (0,1). Here, Cr, C; > 0 are constants only dependent on R. Let us
come back to (1.1) and write

Ya3R = Ur3R,1+ 10 3R,2.

Since divg,\,gR = 0 for every R > 0, the first equation of (1.1) in Bsgr can be
rewritten as

- _ ~ A - - _ -
— A¥ysra + | Axsr[*Vrsr1 = 5(1 — |asrD)¥rsr1 + 245 3r2 VU 3R 2,

- _ ~ \ - - _ -
— A¥rsr2 + | Ax3r[*Vrsre = 5(1 — |asrD)Ursr2 — 245 3r.1VUr 3R 1
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where Av)\73R = (AV,\73R,1, E,\73372). As (2.12), applying the interior LP-estimates and
the Sobolev embedding theorem implies that

lVrsrillcteBr)y < CrllYasrillazsr

A

< Cr((1 43R T~ (Bomy + DII¥asR,ill L2(Ban)

HAx 3R Lo (Bom) I VA 3R G L2 (Bor))-

Thus, {{E A3k} is uniformly bounded in C*%(Bpg), which, without loss of generality,
implies that 1%\,33’1- — g strongly in C1*(Bg) as A — 1 in the sense of Defini-
tion 2.1 (Here, we shall adjust « to be slightly small in the strong convergence).
Since R > 0 is arbitrary, (15, Ax) = (¢bg, Ag) strongly in Cllo’g‘ (R%;C) x Cllo’g (R%; R?)
as A — 1 up to subsequence in the sense of Definition 2.1. It follows from the gauge

invariance of £y (1, A) that for every R > 0,

A—1

. . 1 A
lim Ex(n, Ay) > lim (2 / Va2 + [V x 432+ 2([6al? = 1)?)
A—1 2 BR(O) 4

1

1
- 7/ IV agthol® + |V % Al + ~([bol2 — 1)2.  (2.13)
2 JBr(0) 4

Letting R — 400 in the above inequality, we have

;lgll Ex(n, Ax) > E1(2o, Ao). (2.14)

Since (1, Ay) is a classical solution of (1.1) for A\ sufficiently close to 1, by the
gauge invariance, (g, Ag) must be a weak solution of (1.1) for A = 1. Thanks to
the results in [11] and (2.14), (|vol, |V a,%0l, |V X Ag|) — (1,0,0) as |z| — +oc.
Thus, the degree of (¢, Ag) is well defined and less than or equal to 1 by Lemma 2.2.
Since we assume that 0 is always a vortex of (15, Ay) for A sufficiently close to 1,
gauge translations will not change the vortices and (¢, Ax) = (¢o, Ag) strongly in
CL%(R?;,C)x O (R?;R?) as A — 1 up to subsequence in the sense of Definition 2.1,
(%0, Ap) must be the degree 1 solution of (1.1) for A = 1. By the uniqueness of ||
(cf. [19]), (%0, Ap) = (v, B) up to gauge translations. Since the above convergence
holds for every subsequence, by Proposition 2.1, we must have (¥, Ax) — (o, Ao)
strongly in C _(R%* C) x C} _(R*R?) as X\ — 1 in the sense of Definition 2.1. O

Using Lemmas 2.1 and 2.3 once more, we can obtain the following.

Lemma 2.4. Up to translations, 0 is the only vortex of (¥x, Ax) for A sufficiently
close to 1. Moreover, for every R > 0, there exists g > 0 independent of \ such
that wy > Og for all |x| > R and X sufficiently close to 1.

Proof. We first prove that for A sufficiently close to 1, 0 is the only vortex of (1, Ax)
up to translations. Suppose the contrary that besides 0, (1, Ay) still has another
vortex aq,» up to translations. Now, iny Br(as ), we could run the regularity and
compactness arguments as used for Lemma 2.3 to (¢, Ay). Then, (¢}, A4}) —
(¢, B) strongly in C2%(R%C) x CL%(R%R?) as A — 1 for some o € (0,1) in the

loc
sense of Definition 2.1, where (¢}, A}) = (¥a(z + a1,1), Ax(x + a1,))) for every j.
Since by Lemma 2.3, (15, Ax) — (¢, B) strongly in C}_(R?%* C) x C} (R?;R?) as
A — 1 in the sense of Definition 2.1, we have |a; x| = +00 as A — 1. Now, using
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similar arguments as used for (2.13),

. .1 1
lim E\(¥x, Ay) > lim = |VAA¢)\|2+|V x Ax? 4+ = ([a]? = 1)?
A—1 A—1 2 Br(0) 4

1 :
+ lim — VA a? + [V x Ax]? + = (|oa]* — 1)?
A—12 Br(ai z) 4

1
> [ Vgl |V x B + (el - 17
Br(0)

3m
2
by choosing R > 0 sufficiently large. It contradicts Lemma 2.2 for A sufficiently
close to 1, which implies that up to translations, 0 is the only vortex of (i, Ay) for
A sufficiently close to 1. Let us now prove the second part of this lemma. Suppose
that there exists {z)} such that |z)| — 400 and |¢a(xr)] — 0 as A — 1. Then
let us consider (K{,Zg) = (Ya(x + z)), Ax(z + x))). By similar arguments as

> (2.15)

used in the proof of Lemma 2.3, we can show that (49, A) — (¢°, BY) strongly in
CL% (R C)x Ol (R R?) as A — 1 for some a € (0,1) in the sense of Definition 2.1

and (¢, BY) is a solution of (1.1) with A = 1. As for (2.14), we can show that
lim Ex (Y3, A3) > & (°, BY).
A—=1

Since ¥9(0) — 0 as A — 1, by Proposition 2.1, ¢°(0) = 0 and thus by the results
in [11], either ¢° = 0 or the degree of ¢° is at least 1. It follows from (2.4)
that [©°] — 1 € H!(R?), which implies that the degree of ¢ is at least 1 and
E1(p°, B%) > m. Now, since |z)| — 400 as A — 1 and 0 is always a vortex of vy,
by using similar calculations in (2.15) in Bg(0) and Br(x)) for a sufficiently large

R, we will arrive at
3

Ex(Yn, Ay) > >

for A sufficiently close to 1, which contradicts (2.4). Thus, for every R > 0, there
exists 0 > 0 independent of A such that |1))| > dg for all |z| > R and A sufficiently
close to 1. [l

To continue our analysis, we need to drive some global compactness results of
{(%r, Ax)}. Let us begin with

Lemma 2.5. Under the notation (1, Ay) = (wae™>, Ay), we have wy—1 — f—1
strongly in H*(R?) and wx(Vgx — Ax) — f(VO — B) strongly in L*(R?;R?) as
A— 1.

Proof. Since
[waib= [ [waup (216)
R2 Br(0)

for all R > 0, by (2.10) and Lemma 2.3, we can let A — 1 first and R — 400 next
in (2.16). It follows that

lim / CIRNES / Vsl
A—1 R2 R2

Recall that by our choice of gauges in the proof of Lemma 2.3, divﬁA,R = 0in Br(0)
for every R > 0. Since for the radial solution (p, B), we also have divB = 0 in R2,
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by Lemma 2.3, (7,;,\7R,AA,R) — (¢, B) strongly in C*(Bg(0); C) x C*(Bg(0); R?) as
A — 1 up to a gauge y g which is harmonic in Bg(0). Now, using elliptic estimates
to (2.9), we know that

/ |IVB]? = liminf/ \VZA7R
Br(0) A=1 JBR(0)

< liminf |V x Ay|2. (2.17)

Letting R — 400 in (2.17) and noting that divB = 0, we could use integrating by
parts and the decaying property of B at infinity to show that

/ |V x B|? :/ |VB|? < liminf/ |V x Ay|2.
R2 R2 A—1 R2

Now, by the weakly lower semi-continuity of the energy functional £, (¢, Ay) and
(2.4), we actually have V 4,9\ — Vpo strongly in L2(R%*C?), w3 —1 — f2 -1
strongly in L?(R?) and V x Ay — V x B strongly in L?(R?;R*) as A\ — 1, which
implies that wy — 1 — f — 1 strongly in H'(R?) and wy(Vgy — 4)) — (V0 — B)
strongly in L?(R?;R?) as A — 1. O

By Lemma 2.4, we may assume that 0 is the only vortex of (i, Ay) for A
sufficiently close to 1. Then for R > 0 sufficiently large, we can act the operator
(02, —01) on both sides of the second equation of (1.1) to write down the following
equation (cf. [L1, Proposition 6.1]):

| — Agy + wigy| < |ha[*  in R*\Bg(0), (2.18)
where hy = V4, ¥y and gy = V x Ax. Moreover, by [11, Corollary 6.2], we also
have the following equation:

A .
[PAlAIAAL = (=2lgal + S(1 = wX)IPa* + wi|ha* - in R*\BR(0) (2.19)
for R > 0 sufficiently large.

Lemma 2.6. Under the notation (y, Ax) = (wxe'9*, Ay), we have that wy — 1,
[Vwal, |[Vgx—Aa| and |V(Vgx—An)| all exponentially decays to zero as |x| — +o0,
uniformly for X sufficiently close to 1.

Proof. Let us consider (1.1) in Bs(y) with |y| >> 1. Then by similar choices of
gauges in the proof of Lemma 2.3 and running the regularity arguments as that
used in the proof of Lemma 2.3, we will obtain that

S (VAR + AL S fa IV X A2 S 1,
1A llore (o) S V90 = AnllLz(moy) + Ji2 |V X AN S 1.
and
||J§||C1=Q(B1(y)) S (||g§|\%w(32(y))+1)||1Z§\|L2(Bz(y))
HIAL N 2 (8o o) IV 22 B )
L+ IV 2098 22 (8w
1
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uniformly for A\ sufficiently close to 1 and |y| > 2R with R > 0 sufficiently
large, where (Jg,ﬁ?;) is the correspondingly modified (i, Ay) in B3(y), as that
of (12,\751,11,\,3) in the proof of Lemma 2.3. Here, we also use the uniform bound
of wy obtained in Lemma 2.1, the strong convergence obtained in Lemma 2.5 and
the gauge invariance of hy. It follows from the gauge invariance of Vg, — A and
Lemma 2.4 that

~ 1~ ~ 1
Al < Vs + [V — A3 S — VS| + 145 S +— +1
or Or

uniformly for A sufficiently close to 1 and |y| > 2R with R > 0 sufficiently
large. Therefore, ||hx|lL®2\Br0)) < 1 uniformly for A sufficiently close to 1,
where R > 0 is sufficiently large. Now, applying the classical regularity theo-
rems to (2.18) and using the strong convergence obtained by Lemma 2.5 yield that
llaxll oo 2\ Br(0)) << 1 by taking R >> 1 uniformly for X sufficiently close to 1. By
Lemma 2.4, we can rewrite the equation (2.2) in R?\ Bz (0) with R > 0 sufficiently
large as follows:

A
—Awy + 5(“’,\ + Dwy(wy — 1) = —|Vgn — Ax[*wy,  in R*\Bg(0).

Then by ||kl Lo ®2\Br(0)) S 1 uniformly for A sufficiently close to 1, the strong
convergence obtained by Lemma 2.5 and the classical regularity theorems, ||1 —
Wi || Lo (r2\ Br(0)) << 1 by taking R >> 1 uniformly for A sufficiently close to 1. It
follows from Lemma 2.4 that we can rewrite (2.19) as follows:

|h)\|A|h>\| Z 5R|h)\|2 in Rz\BR(O),

which, together with Lemma 2.3, [11, Proposition 7.2] and the classical elliptic
estimates, implies the desired conclusions. That is, wy — 1, |Vwy|, [Vgx — Ai|
and |V (Vgy — A))| all exponentially decays to zero as |z| — +oo, uniformly for A
sufficiently close to 1. O

With the uniform estimates in Lemma 2.6, we can obtain the following global
compactness result of {(¢x, Ax)}.

Lemma 2.7. We have (1 — p, Ay — B) — 0 strongly in H'(R?*;R?) x H'(R?;C)
as A — 1.

Proof. Since by Lemma 2.4, we may assume that (1, Ay) only has a single vortex
at 0 for X sufficiently close to 1, § — g € C?(R?\B1(0)) and

gr(R, 0 +27) — (0 +271) = gA(R,0) — 0 (2.20)

for sufficiently large R > 0. Thus, 6 — g, is a single-valued function on 9Bg(0) and
so we can harmonically extend 6 — gy from dBr(0) into Br(0). We denote this
extension by vy, that is, vy satisfies

AU)\ = 0, in BR(O),
vy =60 —g\(R,0), on dBr(0).

By classical regularity theorems, vy € C?(Bg). By Lemma 2.3, we may assume
that Ay — B strongly in C1*(B3(0); R?) as A — 1 for some « € (0,1). We remark
that in the sense of Definition 2.1, the possible changes in this strong convergence
is the gauges {xx r} C C?(Bsr(0)), which will not change the computation (2.20).
Now, by the Arzela-Ascoli theorem, Ax — B uniformly in Bag\Bg/z as A — 1 for
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R sufficiently large. Since |B| ~ % in Bag\Bg/2 (cf. [1]), we know that [A| ~ & in
Byr\Bp)» for A sufficiently close to 1. It follows from Lemma 2.6 that [Vgx| ~  in
Byr\Bp/ for A sufficiently close to 1. Since we have assumed that Ay — B strongly
in C1%(B3g(0); R?) as A — 1 for some o € (0, 1), by Lemma 2.5, wye'9* — fe® — 0
strongly in L?(B3gr(0);C) and wy — f — 0 strongly in L?(B3g(0)) as A — 1,
which implies gy — 6 — 27k(z) a.e. in B3gr(0) for some k(z) € Z as A — 1. Let
xo € Bsr(0) such that gx(zo) — 0(xg) — 2mko for some ko € Z. Then |gx(z)| S
lga(z0)| + [Vgr|R S 1 for all 2 € Byp\Bp/, and A sufficiently close to 1. It follows
from the Arzela-Ascoli theorem that gy — 6 — 27k(z) uniformly in Byr\Bg/, for
some continuous k(z) € Z as A — 1. By the continuity of k(z), we must have
that k(z) = k. Thus, gy — 0 — 27k in Bagr\Bp/, uniformly as A — 1 for some
k € Z. By translating (15, Ax) under the possible constant gauge ag = e~27*% if
necessary, which will change nothing in passing to the limit, we may assume that
gx — 0 — 0 in Byr\Bpg/2 uniformly as A — 1. Recall that we have assumed that
Ay — B strongly in C1*(B3z(0); R?) as A — 1 for some « € (0,1), by Lemma 2.5,
g — 6 — 0 strongly in Hl(BQR\BR/Q) as A — 1. It follows from the Sobolev
embedding theorem that gy — 6 strongly in H? (0Br(0)) as A — 1, which implies
vy — 0 strongly in H'(Bg(0)) as A — 1. We extend vy from Bg to the whole R?
by setting vy = 0 — g in R?\Bg. It follows that vy € C?(R?). Let us consider the
gauge translation (¢, Ay) — (¥re?¥*, Ay + Vo) if necessary. Then

Pre’ N = {1/}/\61-;, . mQBR(O); (2.21)
wxe  in R*\Br(0)
and
A+ Vuy, in Br(0);
Ax+Vor = {AA — Vgx+ V6 in R?\Bg(0). (222)

Since we have proved that vy — 0 strongly in H*(Bg(0)) as A — 1, by Lemmas 2.3
and 2.5, we still have (1 e?*, Ay + Vvy) — (¢, B) strongly in H} (R R?) x
H} .(R%*C) as A — 1 in the sense of Definition 2.1. Now, by the gauge invariance
of Ex(1x, Ay), we may assume that gy = 0 in R?\ Bg(0) for )\ sufficiently close to

1. Therefore, in R?\ Br(0),
(aA) = (. B) = (wae” = f(r)e’”, Ay = Vg + (1 — a(r)) V0).

Recall that by Lemma 2.6, wy — 1, Vwy, |[Vgx — A,| and |[V(Vgxn — A))] all expo-
nentially decay to zero as |z| — +oo, uniformly for A sufficiently close to 1. By the
strong convergence of (¢, Ay) in H. (R*R?) x H} (R?%*C) as A — 1, we know

that () — ¢, Ax — B) — 0 strongly in H*(R?;R?) x H}(R?;C) as A — 1. O
We are now in the position to prove Theorem 1.1.

Proof of Theorem 1.1: Let (¢x, Dy) = (fa(r)e??, dr(r)V8) be a radial solution
of (1.1) such that its degree is 1. By [6, Theorem 1], (¢x, D)) is unique for A
sufficiently close to 1. By the variational formula of (¢, Dy) (cf. [1]), we can use
similar arguments as used for (5, Ay) to show that (¢ — ¢, Dy — B) — 0 strongly
in H(R?% R?) x H'(R?;C) as A — 1. By the results of Stuart in [16], the set of
translational 0-modes of the linearized equation of (1.1) for A = 1 at (p, B) in
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HY(R?;C) x H'(R?* R?) is given by
K= {(&w +ipx1, 01 B + Vx1), (Oap + ispX2, 02 B + VXz)},
where x; are real functions and satisfy the following equations:
A+ lePx = —5lePoj6, R

As in [J], by the uniqueness of solutions of the above equation in H'(R?) and by the
fact that (¢, B) is a solution of (1.1) for A = 1, it is easy to observe that x; = —Bj,
where B = (B, By). Thus,

K = {((vml, (0, x B)), (Vo@)an (—V x B70>>}.
Moreover, K! L K9 in L?(R?;C) x L*(R?;R?), where
K9 = {(ipx,Vx) | x € H*(R*)}

is the set of gauge translational 0-modes of the linearized equation of (1.1) for A = 1
at (p, B). For the sake of simplicity, we shall denote

Ti = (Th1,Ti2) = ((Vep)1,(0,V x B)),
T2 = (T21,T22) = (Vp)2, (=V x B,0)),
Gy = (ipx, Vx).

Since by Lemma 2.7, (¢ —p, Dx—B) — 0 and (¢» —p, Ax—B) — 0 both strongly in
H'(R?;R?) x H(R?;,C) as A — 1, the difference of (15, Ay) and (¢y, Dy) strongly
converges to zero in H*(R?;R?)x H!(R?; C) as A — 1. We claim that the projection
of (¥y, Ay) in (Kt @ K9)* is unique for \ sufficiently close to 1. Indeed, let

F(h, A, N) = E\(¥, A),

then F(y, Ax,\) = 0 in L?(R?;C) x L?(R?;R?) for \ sufficiently close to 1. Let
L =&](p,B). Then by a direct calculation,

£ = (= Ang+ (2ol — D6+ 3PE + VD + pain(D)]
[~ + [pPID + Vaio(D) + (Vg€ - 7V ).

where n = (¢, D) € H2(R?;C) x H?(R?;R?). By the computations in [9], in (K9)*,
the operator £ has the form:

B = (- AnE+ G+ IoPI + (1o = D6 + 250D,

A+ oD + 2Im(VB<P£)>

T(f +K(€, D), D + y(@D)>,

where T is an operator from H?(R?;C x R?) to L?(R?;C x R?) and is given by
T, D) = (T(& D), T2(¢ D))

1 1
= (- A+ 5+ 3loE -aD+16PD)
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with
K(.D) =T (WP St 2ingoD)7 YD) =T (ﬂm(wg))

two operators from H?(R?;C x R?) to H?(R?;C x R?). Since Vg € L*(R?;C)
and |¢|? — 1 € HY(R?), it is standard to check that K and ) are both compact.
Moreover, since |¢| — 1 as |z| — 400, we also know that 7T is a bijection. Thus, by
the results in [9] and the Fredholm alternative, the operator £ > 1 in (Kt @ K9)*.
It follows from the implicit function theorem that the projection of (i), Ay) in
(Kt @ K9)* is unique for A sufficiently close to 1. Here, the orthogonal complement
is in H!(R?; R?) x H'(R?;C). Thus, if (5, Ax) # (¢x, D)), then the difference of
(1x, Ay) and (¢y, D)) must lie in K @ K9 for A sufficiently close to 1. That is, for
A sufficiently close to 1, we have

(¥x, Ax) = (dx, Dx) + anTi + BaTz + Gy, (2.23)

where x) € H?(R?) with xy — 0 in H?(R?) and ay, 8y — 0 as A — 1. By a direct
calculation,

T = <(f'(r)cosez‘f(r)l_r"(r)sino)ew,(o,(a(’"))'+ag)>, (2.24)
T = ((f’(r)sin@—if(r)l:(T)cosﬂ)eie,(—(((z:))’+(lr(?),O)>.(2.25)

Let 7, = max{ay, 85} and define

(rs 0) = %((%Jh) — (62, Dy)).

Recall that by Lemma 2.4, 0 is the only vortex point of (5, Ay). Moreover, it is
also well known that 0 is also the only vortex point of the radial solutions (¢y, D)
and (g, B). Thus, we always have vy (0) = 0. Since it is well known that f(r) ~ r
and a(r) ~r% as r — 0 (cf. [9]), by (2:23), (2.24) and (2.25),

0(0) = %;mowf—jn,mon%w(%(m
= (@2 i),
X T

We remark that since 0 is the vortex point of ¢, T;1(0) should be understood
as the limit of r — 0. It follows that a) = By = 0 for A sufficiently close to
1. It remains to show y, = 0 for A sufficiently close to 1. By Lemma 2.7, we
can choose gauges (cf. (2.21) and (2.22)) such that the considered nontrivial least-
energy minimizer (v, Ay) satisfies (15, Ax) — (i, B) strongly in H!(R?) as A — 1.
If G, # 0in (2.23) for X sufficiently close to 1, then divAy = Ay, in R% Since
xXx € H?(R?) now, divA, € L*(R?) for X sufficiently close to 1. Let us consider the
possible gauge translation (1, Ay) — (¥reX*, Ay + Vxu). Since x» — 0 strongly
in H2(R?) as X — 1, (¥x, Ay) = (¥ae™, Ay + V) — (¢, B) strongly in H'(R?)
as A — 1. Moreover, we still have the expansion (2.23) for (12}\)\72,\) and (¢x, Dx)
with oy = 8, = 0 and some x} € H?(R?). However, for Ay, we have div(Ay) = 0.
Thus, without loss of generality, we may assume that div(Ay) = 0 in R? now. Since
div(Ay) = 0, we have Ay, = 0 in R?, which together with x, € H?(R?), implies
xx = 0 for X sufficiently close to 1. Thus, by (2.23) once more, we must have
(¥, Ax) = (¢, Dy) for X sufficiently close to 1 up to gauges. O
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3. APPENDIX

In this appendix, we shall prove Proposition 2.1.

Proof of Proposition 2.1: Let (¢, B) be a solution of (1.1) with A = 1 such that
its degree is N, then under Taubes’s notations and results in [19] (see also [16]),
@ = e3(uti0) with 9 = Z;nzl arg(z — a;) and B = 1(8:0 + dou, 020 — &1 u), where
(a1,ag, - ,ay,) is the m vortices of (p, B). Moreover, u also satisfies the following
elliptic equation:

—Au+ ("~ 1) =47 Y b, inR? (3.1)

J=1

where J,; is the Dirac function at a;. Now, using this information in the energy
functional & (¢, A), we have

1 1 1
E1(, B) = / Z|Vu|2e“ + é|Au\2 + g(e“ — 1) (3.2)
R2

By Levi’s monotone convergence theorem and (3.1),

/ |Aul? = lim |Au|? = / (e* —1)% (3.3)
R2 €20 Jr2\Um | B.(ay) R2

On the other hand, since |p| < 1 (cf. [20]), by the diamagnetic inequality (cf.
[8, (2.3)]), we know that |p|> —1 = e* — 1 in H'(R?). Moreover, since u =
_ 27:1 In(1 + ﬁ) + v for some ¢ > 4m and smooth v which exponentially
decays to zero as |z| — +oo (cf. [19]), [Vu| ~ ﬁ near each vortex point a; and
|Vu| ~ ﬁ as |x| — +oo. Thus, we can multiply (3.1) in R*\ U2, B.(a;) with
e — 1 and integrate by parts, which implies that

/ |Vu|?e" —|—/ (e" —1)? = 4mm.
R2\U7L ; Be (ay) R2\U™ | B (a;)

Let € — 0 and applying Levi’s monotone convergence theorem yield that
|Vu|?e" —|—/ (e* —1)* = 4m. (3.4)
R2 R2

Inserting (3.3) and (3.4) into (3.2) and recalling that & (v, B) = N since (@, B)’s
degree is N, we must have m = N. O
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