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ON THE PArABOLIC GLUING METHOD AND
SINGULARITY FORMATION

JuncHENG WEI, FRSC, QIDI ZHANG, AND YIFU ZHOU

ABSTRACT. Singularity formation for evolution equations has attracted
much attention in recent years. In this survey article, we will introduce
some recent progress on the parabolic gluing method and its applications
in investigating the mechanism of singularity formation for parabolic flows.
Two model problems will be revisited to illustrate the ideas, and recent
developments and techniques will be presented.

RESUME. La formation de singularités pour les équations d’évolution a
attiré beaucoup d’attention ces derniéres années. Dans cet article d’enquéte,
nous présenterons quelques progres récents sur la méthode de collage pa-
rabolique et ses applications dans I’étude du mécanisme de formation de
singularités pour les écoulements paraboliques. Deux problémes modeéles
seront revisités pour illustrer les idées, et les développements et techniques
récents seront présentés.

1. Introduction Singularity formation for evolution equations has attracted
much attention in recent years, probably because of the connection to the possi-
ble singularity or global regularity for the incompressible Navier-Stokes equation
in R3, a Clay Millennium Problem, as well as the motivations from geometric
flows (Ricci flow and mean curvature flow). As a matter of fact, the resolution
of Poincare’s conjecture (another Clay Millennium problem) by G. Perelman
[47./48] is a manifesto of the importance of the analysis of singularity formula-
tion in evolution equations. Many equations, such as Fujita equations and har-
monic map heat flows, which certainly have their own interest and significance,
might be regarded as testing fields for the analysis of singularity formation in
evolution equations. In this survey, we shall report some recent development
on the parabolic gluing method and its applications in constructing finite- and
infinite-time blow-up solutions to various evolution equations.

In the elliptic context, the inner—outer gluing method was developed by del
Pino, Kowalczyk, and Wei [1315] to investigate concentration on higher dimen-
sional sets such as curves and surfaces. The climax of this method is the reso-
lution of De Giorgi’s Conjecture in dimensions greater than 8 [15]. Since then,
many new phenomena and features have been found in the Allen-Cahn equa-
tions, critical or supercritical elliptic problems, and other settings. Its parabolic
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analogue, motivated by a recent surge of interests in the singularity formation
in evolution settings, was developed by Davila, del Pino, Musso, and Wei to
investigate finite- and infinite-time blow-up solutions for energy critical heat
equations and heat flow of harmonic maps [7,/12]. Later, the gluing method was
generalized and applied to a wider class of evolution equations. Without being
exhaustive, these include Euler equations and related fluid equations, geometric
flows, parabolic equations, and systems arising from mathematical biology and
physics such as Keller-Segel systems, nematic liquid crystal flow, the LLG equa-
tion, and others. We refer the reader to |[9H11}[17}/18//40,/53,(57] and the references
therein.

Let us first explain some of the ideas and recent progress in the development
of the gluing method in an abstract fashion and then give two specific examples
to better illustrate the ideas. Roughly speaking, the parabolic gluing method
is a refined type of perturbative argument. Our aim is to construct solutions
exhibiting singular asymptotic behavior near some concentration points ast — T'
or t — +o00. The construction starts with a well-chosen blow-up profile, usually
driven by energy concentration. Then one looks for a perturbation that consists
of inner and outer parts, where the inner part captures the heart of the singularity
formation and the outer part handles all the external noises. This leads to a
coupled inner—outer gluing system involving the inner and outer solutions and
the (typically scaling and translation) parameter functions. The full system is
then solved by a fixed point argument provided that one can obtain suitable
linear theories for inner and outer problems as well as the reduced problems that
determine the dynamics of parameters. The linear theories are designed such
that the full system is decoupled or less coupled, namely the gluing procedure
can be implemented, and it usually involves careful and rather precise choices of
weighted topologies in a pointwise sense for solution spaces. On the other hand,
the linearization for the inner problem is surely not invertible in the presence
of an infinitesimal generator of rigid motions, and thus for an inner solution
with sufficient decay to exist, orthogonality conditions are required ensuring the
development of the linear theory. These orthogonalities in turn determine the
dynamics of parameters, yielding the desired blow-up speed and location.

A typical first approximate solution is the steady state invariant under rescal-
ing and translation. These invariances naturally imply kernels in the linearized
operator. We call the case where all the kernels decay sufficiently fast the L2
case, while the case with slowly decaying kernels (¢ L*(R™)) is called the non-
L? case. Usually the non-L? case happens in lower dimensions, and under such
circumstances, well chosen nonlocal corrections are needed in order to improve
the spatial decay. The new error terms introduced by nonlocal corrections en-
ter the orthogonality condition (at the corresponding mode) as leading order,
leading to a certain integro-differential operator in the reduced equation. This
global feature has been observed, for instance, in [8,/12}|17,/58]. Techniques such
as the Laplace transform and Riemann-Liouville type can be applied for certain
cases, but for the other threshold cases, one has to take advantage of the Holder
regularity inherited from the outer problem to control the nonlocal operator.
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In general, the development of the linear theory for the outer problem is more
straightforward compared to the one for the inner problem. In parabolic settings,
the maximum principle, or the direct and careful use of Duhamel’s formula, can
be employed. However, the design of the weighted space can be more delicate in
the absence of the maximum principle. The gluing method in such set-ups has
been developed and applied equally well. See [9H11}/57] for recent progress on
the incompressible Euler equations and LLG equation.

For the inner problem, solutions with sufficient decay in space-time can only
be expected with orthogonality conditions imposed, and careful choice of initial
data might be needed if instability is present for the corresponding linearized
operator, resulting in codimension stability. There are various techniques and
tools available, and the spectral information plays a key role. A refined version,
that gets less deteriorated in the innermost region, can be achieved by the re-
gluing process, namely another inner—outer gluing procedure. The distorted
Fourier transform also turns out to be a powerful tool in the gluing method
and is present in [57]. This is motivated by [28] on the spectral analysis of the
Schrodinger operator and [36-39] on the singularity formation for wave equations
and wave maps.

In the rest of this survey, we plan to revisit two model problems, the Fujita
equation with critical exponent in R® (L? case) and in R* (non-L? case) to
illustrate the ideas and techniques in the parabolic gluing method. In the last
section, recent application of the distorted Fourier transform in the LLG equation
will be presented. In the appendix we include the proof of a priori estimates of
linear theory by the blow-up arguments.

2. Fujita Equation: A Brief Introduction Let us start with a brief in-
troduction to singularity formation for the Fujita equation,

(1) up = Au+ [ulPtu in Q% (0,7T),

where () is the entire space R™ or a smooth domain in R™ and 0 < T' < +o0.
This semilinear heat equation with p > 1 has been widely studied since Fu-
jita’s celebrated work [26]. The Fujita equation might be the one of the most
simple-looking semilinear parabolic equations. However, rich and sophisticated
phenomena arise, and those are intimately related to the power nonlinearity in
a rather precise manner. Much literature has been devoted to studying this
problem concerning the singularity formation. For a comprehensive survey in
the literature, we refer the readers to the book of Quittner and Souplet [49).
For the finite time blow-up, the solution w is said to be type I if

lim sup, (T — )77 [|u(-, )]0 < +00,

and type IT if
lim sup,_, (T — )77 ||u(-, )|l oo = +oo.
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Type I blow-up is more generic and similar to that of the ODE w; = uP, while
type II blow-up, where the Laplacian dominates, is much more difficult to detect.
In particular, two different types of blow-up phenomena in problem depend
sensitively on the power nonlinearity. For instance, it is known after a series of
works, including [291/30], that type I is the only way possible if p < ps in the case
that € is R™ or a convex domain, where p; is the critical Sobolev exponent

o Z—f% if n > 3,
P =0 itn=1,2.

The critical exponent p; is special in various ways. For the energy critical case
P = ps, in the positive radial and monotonically decreasing class, Filippas, Her-
rero and Veldzquez [24] excluded the possibility of type II blow-up for n > 3,
and Matano and Merle [42, Theorem 1.7] removed the monotone assumption
and obtained the same result. Wang and Wei [56] generalized the result to the
non-radial positive class in higher dimensions n > 7. For p < ps, finite time
type I blow-up solution was found and its stability was studied in [43]. For the
critical case p = ps in R™ with n > 7, classification results were proved near the
ground state of the energy critical heat equation in [5]. In the aspect of type
IT blow-ups, the first example was discovered by Herrero-Veldzquez [33}34], for
p > pyr where pyy, is the Joseph-Lundgren exponent [35]

4 .
Py = 1+m lf’Ille,
400, if n < 10.

See, for instance, [4}6,19}441|52] and references therein for more results on ex-
istence and construction of type II blow-ups. For the critical case p = ps in
dimensions n = 3,4, 5,6, sign-changing type II blow-up solutions were conjec-
tured to exist, via formal matched asymptotic analysis, by Filippas, Herrero and
Velazquez [24] and have been rigorously constructed recently in [16}201/22}[31}[32,
411[51).

In view of the results mentioned above, regarding finite-time blow-up for pos-
itive solutions to the Fujita equation , we mention three interesting open
questions/Conjectures.

Conjecture 1. For 3<n <6 and p = Z—fg, all positive finite time blow-ups to
are Type I.

Conjecture 2. Forn > 7 and p = Z—i‘g, all (sign-changing) finite time blow-ups
to are Type L
n+2

Conjecture 3. For 25 < p < pyr(n) and p #
to are Type L

On the other hand, infinite time blow-ups for p = ps have also received some
attention recently. In dimensions n > 3, Galaktionov and King [27] investigated

n—m-+2
n—m-—27

all finite time blow-ups
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positive, radially symmetric, infinite time blow-up solutions for problem in
the case of the unit ball with Dirichlet boundary condition. See also |55, Theorem
1.4] for the case that the domain is convex and symmetric. In the non-radial
setting, the positive infinite time blow-up solutions for problem with zero
Dirichlet boundary condition and n > 5 was constructed in [7], where the role of
the Green’s function in the bubbling phenomenon was studied, in parallel to the
seminal works [2] and [3] in elliptic settings. See also |21] for the construction
based on non-degenerate sign-changing profile and [18}54] for the bubble towers
in higher dimensions at forward and backward time infinity. Infinite time blow-
ups for the lower dimensions n = 3,4 have been constructed in [1758] confirming
a conjecture by Fila and King [23].

3. L? Case: Critical Fujita Equation in R® In this section, we introduce
the first (simpler) parabolic gluing method when the kernels are in L2.

The first example is the type II singularity for Fujita equation with critical
exponent in R?. The first step is to find a suitable blow-up profile whose natural
choice is the steady state. We recall that all positive entire solutions of the
equation

Au + |u|ﬁu =0 inR"

are given by the family of Aubin-Talenti bubbles

2) Unelo) =20 (4

where

n—2

! ) an = (n(n —2))7.

Uly) = an (1_’_|y|2

The solutions we construct do change sign, and look at main order near the
blow-up points like one of the bubbles (2)) with time dependent parameters and
u(t) = 0 as t — T. Thus we consider the equation

3) ut:Au—Hu\ﬁu in Qx(0,7),
u(-,

0)=wup inQ

in the case n = 5, p = 7/3. Let us fix arbitrary points ¢, ¢2,...qx € Q. We
consider a smooth function Z§ € L*°(§2) with the property that

Zy(g;) <0 forall j=1,... k.

The sign condition is required to ensure the existence of the desired blow-up
dynamics.
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THEOREM 1 ([16]). Let n = 5. For each T > 0 sufficiently small there exists
an initial condition ug such that the solution of problem blows up at time T
exactly at the k points q1,...,qr. It looks at main order like

k
u(z,t) = Z Uy, 0.6, (@) + Z5 () + 0(, 1)
j=1

where
wui(t) =0, &) —q as t—T,

and ||0]|p= < T* for some a > 0. More precisely, for numbers 3; > 0 we have
pi(t) = Bi(T = 1)* (1 +o(1)).

We observe that, in particular, the solution constructed in Theorem [1|is type
II since

(s )| poo oy ~ (T — )72 > (T —t)%/4

For notational simplicity we shall only sketch the proof in the single-bubble
case k = 1. The general case requires relatively minor changes.

e Ansatzes and error estimates.

We fix a point ¢ € . Let us consider a function Z§ smooth in Q with Z§ =0
on 0. We assume in addition that

(4) Z5(q) <0.
We let Z*(x,t) be the unique solution of the initial-boundary value problem

WZ* =AZ" in Qx(0,00),
()

Z*=0 onddx(0,00), Z*(-,0)=2; ind

We consider functions £(t) — ¢, and parameters u(t) — 0 as t — T. We look for
a solution of the form

(6) w(z,t) = Uyey,e) (@) + 27 (2, 1) + @(, 1)
with a remainder ¢ consisting of inner and outer parts

26 (y, ) nrly) + (e, 1), y="— &)

nr(Y) = 1o ('g,)

and 79 (s) is a smooth cut-off function with 7(s) = 1 for s < 1 and = 0 for s > 1.

(7) pla,t) =p~

where
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Let us define the error of u as

S(u) = —up + Au + uP.

Then
SWUne + 2"+ ¢) = —pe+Ap+pUl (0 + Z*) + T E+ N(Z* + )
= nap” [ 120+ Dyd +pUW)P o+ 1T (27 + )] + B
— + Agtp + pp (1= nr)U(y)P (2" + ¥) + Alg)]
+Blg] + 1~ E(1—g) + N(Z* + )
where
0 B(y,t) = pily VU() + "5 2U@)] + ué - TU(),

Nug(Z) = U + 2P (Upg + 2) — UP . — pUP ' 2,

Alg] == p= " { Aynro + 2V,ynrVy0},
n—2

Blg):= p ¥ {ﬂ[yovym .

¢nr+€ Vybnm + [ Vynr +& - Vynn] ¢}
and we have used Uﬁzlga = pu2U(y)P~Lp. Thus, we will have a solution if the

pair (¢(y,t), ¥ (x,t)) solves the following inner—outer gluing system

(9) Wor = Dyp+pUy)P~ ¢+ H(,p,€)  in Bar(0) x (0,7)

Ve = Apth+ G(d, ¢, p,€) in Qx(0,7)

(10) Y =—Upe on 9N x (0,T),
w('v 0) =0 in Q

where

(11)

H(, 1 6)(y,t) o= p"T pUy)P~ (27 (€ + py, t) + (€ + py. 1) + Ely, 1),
G, 0, &) (w,t) == pu (L= nr)Uy)"~(Z* + ) + Al¢] + B[]
&

L

_nt2 *
+u T E(l=nr) + N(Z" +¢), y=
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e Formal derivation of ;1 and &.

Next we do a formal consideration that allows us to identify the parameters
w(t) and £(t) at main order. Leaving aside smaller order terms, the inner problem
is approximately an equation of the form

(2o = Ayd+pU(y)P '+ h(y,t) inR™ x (0,7)

(12)
d(y,t) =0 as |yl —

with

1) h(y,t) = it (U(y) +y-VU(y) +pu"= Uy)" " Z5(q)

+ p€-VU(y) +pu2U(y)P 'V Zi(q) - v.

The condition of spatial decay in y for the inner problem solution ¢ mitigates
the effect of ¢ in the outer problem , making at main order @ and
decoupled.

Roughly speaking, for n > 5, the elliptic equation

Lig] = Ay +pU(y)’ ¢ =g(y) inR"
#(y) =0 as |yl — oo,

with g(y) = O((1 + |y|)™27) and 0 < a < 1, is solved by ¢ = O((1 + |y|)~%)
provided that

/ 9(y)Zi(y)dy = 0 forall i=1,...,n+1,

where

n—2

Zl(y) = aZU(y)? 1= 17 BN Zn+1(y) = 2

Uly) +y-VU(y).

These are in fact all bounded solutions of the linearized equation L[Z] = 0.
It seems reasonable to get an approximation to a solution of equation
(valid up to large |y|) by solving the elliptic equation

Ayd+pU(y)P "o+ h(y,t) =0 inR" x (0,7)
o(y,t) =0 as |y| — oo,

which we can indeed do under the orthogonality conditions

(14) My, 6)Z;(y)dy = 0 forall i=1,...,n+1, te€l0,T).
R‘IL
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These orthogonalities imply the dynamics of the parameters. Indeed, integrating
against Z,11(y) we get

/n h(y,t) Znya(y) dy = /~L/l(lt)/]R Zpady — n;2u(t) 7 *(q)/n UPdy.

Clearly, one sees from above that integrability issues arise for lower dimensional
cases, yielding nonlocal/global features, which we shall discuss in next Section
for the case n = 4. This quantity is zero if and only if for a certain explicit
constant 8, > 0

ut) = =Bl Z5 (@)=, w(T) =0

and thus for n =5
1 *
(15) pat) = T =1, o = 3821 Z5(0) .

In a similar way, the remaining n relations in lead us to &(t) = pu(t)"= b for
a certain vector b. Hence £(t) = O(T — t)3 and

Et) =q+O(T —t)°.

To solve the actual inner problem , even assuming orthogonalities is
not sufficient, and further constraints are needed. Indeed, let us recall that the
operator L has a positive radially symmetric bounded eigenfunction Z; associ-
ated to the only positive eigenvalue \g to the problem

Llg] = Mg, ¢ € L>(R").

It is known that )¢ is a simple eigenvalue and

Zo(y) ~ [y T eVl as Jy| - oo,
Let us write
p) = | otz dy, at) = | hly.HZ(y)dy.

One expects instability produced by Zy along the flow without restriction on the
initial data. Then we compute

u(t)*p(t) — Aop(t) = q(t).

Since pu(t) ~ (T'—t)~2, then p(t) will have exponential growth in time p(t) ~ eT—%
unless

p fo w (T / fo ( )_ q(S) ds
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This relation imposes a linear constraint on the initial data ¢(y, 0) to the desired
solution @(y, t) to (9)

dr

T s
16 [ ow0zmd = [ FED w6 [ no)Za() dy s

For this reason, we impose an initial data for the inner problem along Zj-direction
to get rid of such instability.

e The linear theories.

The outer problem in linear version is actually simpler than its counter-
part 7 corresponding just to the standard heat equation with nearly singular
right hand sides and zero initial and boundary conditions. Thus we consider the
problem

v = Agp+g(x,t) inQx(0,T)
(17) ¥ =0 ondQx (0,7,
P(,0) =0 in Q.
The class of right hand sides g that we want to take are naturally controlled by
the following norms. Let 0 < a < 1, ¢ € Q and po(t) = (T — t)2. We define

the norms ||g||o« and ||?]|, to be respectively the least numbers K; and K5 such
that for all (z,t) € Q x [0,T),

1 1
o) < Ky |——m— 11
o0 < 50 | e ) e
1 3 ’ _ﬂo(t)
W) < I [wza}
0@, 0) R

Then the following estimate holds.

LEMMA 3.1. (|16, Lemma 4.2]) There exists a constant C' such that for all
sufficiently small T > 0 and any g with ||g|lo < 400, the unique solution ¢ =
Tou(g] of problem satisfies the estimate

(18) [¥llox < Cllgllo-

The proof can be carried out either by barriers or Duhamel’s representation.
The inner problem (19)) in linear version is actually harder and more delicate
than its counterpart In order to deal with the inner problem @D, we need to
solve a linear problem like restricted to a large ball Bog where orthogonality
conditions like are assumed and the initial condition of the solution depends
on a scalar parameter which is part of the unknown, connected with constraint



ON THE PARABOLIC GLUING METHOD AND SINGULARITY FORMATION 79

(16). We construct a solution (¢, ¢) which defines a linear operator of functions
h(y,t) defined on
Dog = Bar x (0,T)

to the initial value problem

o = Ayd+pU(y)P ¢+ h(y,t) in Dag

(19)
#(y,0) = £Zy(y) in Bag,

for some constant ¢, under the orthogonality conditions
(20) / hy,t) Z;(y)dy =0 forall i=1,...,Z,41, t €[0,T).
Bar

We impose on the parameter function g the following constraints, which are
motivated on the discussion earlier: let us write

po(t) = (T — ).
For some positive constants « and 3 (to be fixed later), we impose
apo(t) < p(t) < Buo(t) forall te (0,77

Let us fix numbers 0 < @ < 1 and v > 0. We will consider functions h satisfying

ity o) < 7208

W in DQR.

The formal analysis of the previous section would make us hope to find a solution

to such that

po(t)” .
¢(y7 t) 5 m DQR-
OIS Ty
We will find a solution so that a somewhat worse bound for ¢(y,t) in space
variable is found but coinciding with the expected behavior in the gluing regime
ly| ~ R. Let us define the following norms. We let ||h||24q,, be the least number
K such that

po(t)” .
(21) Wy, 1) < K1+|§,|)+ in Dy

and let ||¢||«q,, be the least number K with

RnJrlfa

W in ®2R.

(22) [0y, )] < Kpo(t)”

We observe that ||¢]lsa,r < [|0]la,v-
The following is the key linear result associated to the inner problem.
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LEMMA 3.2. (|7, Proposition 7.1],[16, Lemma 4.1]) There is a C > 0 such that
for all sufficiently large R > 0 and any h with ||h|24q,, < 400 that satisfies
relations there exist linear operators
¢=T.'h], £=([h]
which solve Problem and define linear operators of h with
LR+ I+ DV yollsap + I¢llkar < Cllhllv2ta-

The proof is by using the self-similar variables (y,7) with

t
T=1+ / p(s)~2ds.
0

Expressing ¢ = ¢(y, 7), problem becomes

o Ayd+pU(y)* '+ h(y,7) in Bag x (10,0),
#(y,0) = £Zy(y) in Bag.

Then finding solution with sufficient decay in space-time consisting of three steps:

Step 1: solving an elliptic equation by orthogonality;

Step 2: solving a parabolic equation with slower decay by a spectrum gap esti-
mate (see Lemma and energy estimates, then improving the pointwise
estimate;

Step 3: acting the linearized operator on both sides of the parabolic equation in
Step 2 yields a desired solution.

In fact, for the higher dimensional case n > 5, blow-up argument can be em-
ployed to show a more refined version of the linear theory for the inner problem.
The result obtained via blow-up argument turns out to be exactly what we have
discussed formally before, and there is no loss of R’s in the innermost region.
We give a detailed proof in Appendix |5l Since we do not use maximum principle
in the blow-up argument, this argument is rather general and flexible and can
be applied to a larger class of equations. One good application of this blow-up
argument is the construction of infinite time blow-ups for the fractional Fujita
equation

us + (—A)°u = |u|"4—72u

in which the localization argument in the above does not work, since the operator
(—A)? has to be defined globally. Another applictaion is the infinite-time blow-
up for sign-changing blow-ups for the Fujita equation. See [21L|45].

e Proof of Theorem fixed point argument.

With the above preliminaries we are now ready to carry out the proof of The-
orem [I| for the case k = 1. We want to find a tuple 7 = (¢, ¥, u,§) solving the
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inner—outer gluing system @— so that a desired blow-up solution w is con-
structed. This is achieved by formulating the problem as a fixed point problem
for p’in a small region of a suitable Banach space.

We first set up inner problem. For a function h(y,t) defined in Do, we write

d
ol = M D2
B2R

so that the function

satisfies
/ h(y,t) Zi(y)dy = 0 forall j=1,....n+1, te€[0,7T)
Bar

which makes the result of Lemma [3.2] applicable to the equation

(23) 1o = Ay +pU(y)P "o+ H(W,p, &)  in Dag
Qb(,O):EZO in BQR
where
B n+1

1

and H (¢, u, ) is defined in . Using Lemma we find a solution to (23) if
the following equation is satisfied

(24) ¢:T:Ln[‘g(w7u7§>] = 3"1(¢7¢7Ma§)~

Then the inner equation @ is satisfied if in addition we have

<.
Il

(25) GH,p,&)] =0 forall j=1,...,n+1.
In addition, the outer equation is satisfied provided

(26) w = {‘Tout[G((b?w?Mvg)} = 972((?71#7”7 5)

where the operator G(¢, ¥, 1, &) is defined in . We will solve system —
— using a degree-theoretical argument.
For A € [0,1], we define the homotopy

Ha($,1,€)(y,t) = 1T pUW)P " Z5(@) + miiZnsa (y) + 1Y &Z;(y)

+ AT U2 (E A+ py,t) — Z5(a) + V(€ + . t)),
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and consider the system of equations

+

¢ _{‘Tln[Hk ¢aﬂ§ Z H)\ wvﬂf] ]

ci[Ha(, 1, &)] = 0 forall j=1,...,n+1,
U = TM[AG(d, 1, 1, €) .

We observe that for A = 1 this problem precisely corresponds to the system
—— that we want to solve.

It is convenient to write
p(t) = pa(t) + p (), ) =q+&Wt), tel0,T)

where g, (t) is defined in , and pM(T) =0, €M (t) = 0.
We assume that we have a solution (¢, ), u"), €1)) to system with

{ﬂ(“(t)l +IED )] < &

(28)
[6llxa + 1¥]c < 6

where dg, 4 are small positive constants to be adjusted later. We will also assume
that Z* is sufficiently small but fixed independently of T, i.e., || Z*]|c < 1.
The function p.(t) solves the equation

. n—4 _ . _
@) ) [ Ziadysn® Tz [ U7 Zedy =0,
R

n

The equation

(30) 1 (HA(Y; e+ 1, ))(1) = 0, £ €0, T)

which corresponds to

0= At /B 22 0dy) + ()T 7 () /B U Zyirdy
2R

+ Au(t) T / pU ()P~ (Z*(E(t) + p(t)y, ) — Z5(a) + (&) + p(t)y, 1) ) Znia (y) dy
can be written as

() + Bu(t) T = u(t)" = (O + A0(, &, 1))

for a suitable number 3 > 0, 6z = O(R~2) and the operator § satisfies

0, & )| < C (T + [[Y]lo0)
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for some constant C. From ([29)), the equation for y; can then be written, in the
“linearized” form, as

i+ i = (T = g0 0, 1,€)

for a suitable v > 0, where

l90(4,&, 1D, (O] < C([¢lloo + T+ R72).

IN

The linear problem

it = (T = g(t), m(T) =0

can be uniquely solved by the following operator in g

p(t) =T)(t) == —(T - )7 /tT(T —5)7"go(s) ds.
It defines a linear operator on g with estimates
1T =) ftlloe + (T = )2 pilloo < Cllgolloe-
Equation then becomes
p D () = TOgo (e, & utV, N) (1) for all ¢t €[0,T)
and we get
(31) 1T =) Voo + (T =) 2Pl < C ([l +T +R7?).
Similarly, equations
¢ HN(Y,p, &) = 0 forall j=1,...,n,
can be written in vector form as
(32) EW(t) = TWg1 (¢, p1, £2)](¢) for all ¢ € [0,7),

where .
T[] := / (T — )g(s) ds

and
g1 (0, & 1™, N ()] < C ([¢lloo + T).
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From equation , we thus find
(33) 1T =) W oo + (T = )72 WVloe < C([[¢hlloo +T).

On the other hand, we have

n—2
p(t) =
L+ Jy[*

([lleo + [127]]o0) + — 2 HIE]

H(p, p, &)y, t)| < C
|H (1, 11, €) (y, 1)] L+ ym=2 " 14 |yt

and thus

n—2

po(t) 2
[H (4, 1, ) (y, 1) < CW

(I1llo + 112"l

for 0 < a < 1. From the first equation in and Lemma we obtain

(34) Illsar < CIloo +127Mloc), v =

2

with the || - ||«q,,-norm defined in . Next we consider the last equation in
([27). We recall that

G, ¢, 11, &) (w,1) = pp (1 —nr)U(y)P (2" +¢) + Al¢] + B[g]
+ T B - r) + N(Z° + 57T npe + 27 + ),
Bly.t) = pily - VU () + 52U ()] + 1 - VU()

Alg] = 1" { Aynrd + 2V, rV, 0},
n—2

5ol =t {ly- vy + 5

Sk + & Vydnr + [y - Vynr + € Vynr] ¢} :
Let us consider for example the error terms

gi(@,t) = p 2 (L= r)UP"N(Z* +0),  galw,t) = p~ "3 E(1 - ng).

We see that
1 C
’t < -2 zZ* 0o 00
l91(z, 1) < ot 1+‘y|2+U(H oo + [[¥lo0)
and
1 n—2 . 1 C
I 7 (| < -2 .
|g2(z, )| < NQ[‘W,QM (lhl + |gl) < e e
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Let us now estimate the term A[¢]. Let us choose 0 = %, where a is the number

2
in the definition of ||@||«q,,.. We have

1 1 -2
2 pz osup (lo] + [yl Vel)

|A[¢](m,t)’ <p R21+ R 2ofy|2to R<|y|<2R

., R%

< -
=M TR

16]lca, 25

and similarly,

Rn+1—a QU%Rn+1_a

B )] < Cu? g | ———— s <COp ™ ——m— n-2
|Blél(z,t)] < Cp g+ il Il W e 19l

Now for some o > 0 we have

K
1+ |y‘2+o
+ [1Zulloo + 19¥ll00)? + C 11 Zulloo + 1 ]l00)?-

According to the above estimates, it follows by Lemma that

n-2 * - n+l—a
IN(Z* + 1™ T nro+ Z" +4)| < Cp™? (16]].q, 252 R"

(35) [Plle < CT7 (| Zullco + B77 [|4l]1q, 52

Combining and and then using —, we finally get
¥l < CT”||Ze]lo0
60l 22 < CllZu e
T =) €D oo + (T =)W oo < CT7 (| Zul|ow +1) + B2
1T =)~ W oo + 1T = )20 Dloe < CT (|1 Zu 100 +1).

(36)

We write System in the form

¢ = TP HA(T[AG(S,9, 11, €)1, €]
¥ = TUNG(, ¥, 1, €) ]

p = TO[go(, M, uM N)]

¢ = TW(g; (b, p, €, N)].

(37)

Here, we can write

g()(wvé-(l)ap‘(l)v)\) :C}% HA(TOUt[AG(¢7¢7M7£)] Hy 6) n+1( ) Yy

Bar

G, D, uM N =k [ HA(T[AG (9,9, 1, )], 1, VU (y)dy

Bar
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for suitable positive constants c%, £ =0,1. We fix an arbitrarily small € > 0 and
consider the problem defined only up to time t =T — €.

¢ = %n[ﬂA(Tout[AG(¢’w’ﬂ7§),u7£)]’ (yat) € BQR X [O,T—&]
b = TGS, E)], (1) €Qx [0,T —é]

(38)
pD = TO0Go(, M, M N, te0,T -]

¢ = TG (b, uD, €D V)], te[0,T —¢]

where
T—e T—¢
Tog)(t) == —(T 1)~ / (T—s)" go(s)ds, TV[g) = / (T—s)g(s) ds.

The key is that the operators in the right hand side of are compact when
we regard them as defined in the space of functions

(¢,9, uD, W) € X1 x Xo x X3 x X4
with their respective norms defined as
X'={¢ /o€ C(Ber x[0,T ~¢)), Vyp € C(Ber x [0.T — €]}, lIgllx, = [0l + [IVyollo
X2 ={y /¢ CAx[0,T—ve])}, [[llx. = ¢l
X2 =(u® /W e, T~} 1P ]xa = 11 lloo + 140 oo
Xt =W /W ec 0T —el}, 1€Vx, = 1€V oo + 1M [l

Compactness on bounded sets of all the operators involved in the above expres-
sion is a direct consequence of the Holder estimate for the operator T°“ and
Arzela-Ascoli’s theorem. On the other hand, the a priori estimate we obtained
for € = 0 holds equally well, uniformly on arbitrary small € > 0.

Leray Schauder degree applies in a suitable ball B that contains the origin
in this space: essentially one slightly bigger than that defined by relations ,
which amounts to a choice of the parameters dg and d; in . In fact, the
homotopy connects with the identity at A = 0, and hence the total degree in the
region defined by relations is equal to 1. The existence of a solution to the
approximate problem satisfying bounds then follows. Finally, a standard
diagonal argument yields a solution to the original problem with the desired
asymptotics. The proof of Theorem [l for the case k = 1 is concluded.

The general case of k distinct points ¢, ..., gk is actually identical: in that
case we have k inner problems and one outer problem with analogous properties.
We look for a solution of the form
(39)

n—2 x—gj
)

k
u(x,t) = ZUM;EJ' (x) +Z*(x’t) +M]'_ 2 (b(yj?t)nR(yj) +'(/)(x>t)a Y; =
j=1

Hj
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where Z* solves heat equation with initial condition Z§ which is chosen so
that (4) holds at all concentration points, namely Zj(¢;) < 0, and &(T) =
5, 1 (T) = 0.

A string of fixed point problems (with essentially decoupled equations associ-
ated at each point) then appears and can be solved in the same way. We omit
the details. O

4. Non-L? Case: Critical Fujita Equation in R* In this section, we in-
troduce the second parabolic gluing method when the kernels are not necessarily
in L2.
As a prototype, we consider the finite time blow-up for case n = 4 and p = 3.
In what follows we let { be a smooth bounded domain in R* or 2 = R* and
consider the equation

u = Au+u® in Qx(0,7),
(40) u=0 ondQx(0,T),
u(+,0) =wup in Q.

Let us fix arbitrary points q1,¢2,...qx € €. We consider a smooth function
Z§ € L™ () with the property that

Z3(gj) <0 forall j=1,... k.

THEOREM 2 (|22]). For each T > 0 sufficiently small, there exists an initial
condition ug such that the solution to problem blows up at time T exactly
at the k points q1,...,qi. The solution is of the sharply scaled form

k
u(z,t) = Z Ux,).¢;0) (%) + Z5 () + 0(x, 1)
j=1

where
)\J(t) — O, fj(t) — q; as t— T,

and ||0]|pe < T for some a > 0. More precisely,

Tt
Aj(t) ~ Tog(T—1)F as t—T.

We observe that the solution constructed in Theorem [2]is type II. The result
in Theorem [2] is the exact analog of Theorem [I] in dimension 5. We follow
the same general approach of the parabolic gluing method. However, substantial
differences and difficulties arise, due to the fact that the equation that determines
A(t) involves a delicate nonlocal integro-differential operator. In dimension 5, the
dynamics of A(t) is found in a much more direct way by just solving an ODE.
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This nonlocal effect is related to the slower decay of the linear generator of
dilations of the Aubin-Talenti bubbles in lower dimensions, i.e., Zs & L*(R%)
(see (43). A very similar difficulty was already encountered in the work [12] on
blow-up in the harmonic map flow, where such nonlocal operator appeared in
the reduced complex system at mode 0. The similarity between these problems
in the presence of symmetries had already been noticed in [50}/51].

e Approximation and correction.

We first choose a proper approximate solution to and compute its error.
We consider the case k = 1 for simplicity and mention the minor changes for the
general multi-bubble case when needed. We define the error operator

S(u) := —uy + Au+ .
Recall that the Aubin-Talenti bubble
(41) U(y)

S 14y

solves the Yamabe problem

AU +U?=0 in RY,
where ag = 2v/2. It is well-known that the linearized operator around the bubble
(42) Lo(¢) := Mg+ 3U%¢

is non-degenerate in the sense that all bounded solutions to Lo(¢) = 0 are the
linear combination of

(43) Zi(y) = 0,,U(y), i=1,2,3,4, Zs(y) :==U(y) + VU (y) - y.

Our first approximation is chosen as

=00 (£558)

where A(t) and £(¢) are scaling and translation parameter functions to be ad-
justed later. Direct computations yield

. 20
S(U - QU — A 2A) (- —20 0 )
() ( A(t)’E(t)> tYA(t),€(t) (t)A) ( 1+ |yf? + (1+ y[?)?

+ATZ VLU () - &),

where y = m;é()t). Observe that the slow decaying error in is

040/'\(15) -~ _040)'\(7,‘)

Eog=— ~
O N + 2 P2

¢ L*(R%),
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where p := |z — £(t)|. In order to improve the approximation, we consider
(45) Our = Auy + & in R* x (0,7).

By similar computations as in [12]E|, a solution to is given explicitly by
t .
up = —Ozo/ A(s)k(p,t — s)ds,
-T

where

1 767%

We regularize the above u; and choose a correction ¥q to be

(47) Wo(z, ) = —ap /_T A($)k(C(p, 1), £ — 5)ds,

where
Cpt) = /7 X0,

Then the new error produced by ¥ is given by
875\1!0 — A\Ifo — 80
y-£—AQ@) /t ~
== A(8)ke(C,t — s)ds
(1 + |y|2)1/2 T ( ) C(C )

Qo t,
" W /,T A(S) [—Ckee (Gt —8) + ke (C,t —s)]ds

= R[]

(48)

It is thus reasonable to choose the corrected approximation as
u” = Ux@.e + Yo
and its error is

8(u*) = 8(Unwy.ery) — €0 + (Unw.ewy + Y0)* = Uiwy e0)
= KN €+ (Uniyer) + %0)° = Uiy e0):

1See Section 17 in the full version available at https://personal.math.ubc.ca/~jcwei/
hmf-2018-08-16.pdf
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where K[\, €] is defined as

QoA 2(£) ) .
an xR B U -éo - R

with R[] given in (48).
e Formulating the inner—outer gluing system.
We look for a solution of the following form
u=u"+w,

where w is a small perturbation consisting of inner and outer parts

W = Pin + Pouty Pin = )\_1(15)771%(15(%75)7 Pout = 1/J(337t) + Z*(‘T7t)

Here the cut-off function is defined by

Wﬂt))

R = r (2,1) =11 ( A(t)R(t)

where the smooth cut-off function n(s) =1 for s < 1 and n(s) = 0 for s > 2, and
Z* satisfies

Zr =A,Z* i Qx(0,7),

Z*(,t)=0 on 092 x (0,7,

Z*(,0)=2Z; inQ.

Denote
Bop={x€Q:|x—&t)| <2AR}, Dar = Bar x (0,7T),

and W* = + Z*. Then u is a solution to the original problem if
¢ ¢ solves the inner problem
(50) Ny = Dyd +3U%(y)¢ + H(h, 9, A, €)  in Dog

where

H(d, %, X, ) (y, 1) == 3AU?(y)[Wo + ¥ + Z7](\y + &, 1)
(51) A ATy y+6) + Vyo - €]
+ A3N(w) + APK[A, €]
with K[\, €] defined in ({I9), and

(52) N() = (Ung + o +w)° = U ¢ — 303 (¥ + %),
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e 1) solves the outer problem
(53) o =AY+ G(6, 9,0, €) in Qx (0,T)
with
(6,9, X, €) = 3AT*(1 = nr)U*(y)(Yo + ¥ + Z7)

(54) + AP [(AynR)¢ + ZVy771~'s! : vy‘b - /\2¢8t77R]
+ (1 =nr)X[A, & + (1 = nr)N(w).

e The choices of parameters.

We choose the leading orders A.(t), &.(t) of the parameter functions A(¢)
and £(t). As mentioned earlier, a good inner solution can be found provided
approximately the following orthogonality conditions

(55) 44 H(¢7¢7Aa€)zj(y)dy =0 for 311] = 17 ce 357 te (O,T)

are satisfied. Here Z; are the kernel functions (c.f. (43)) of the linearized operator

Lg defined in . Basically, the scaling and translation parameters A(t) and

&(t) at main order will be derived from the orthogonality conditions .
Singling out the leading term H, of H and computing

j{*[)‘7£a W*}Ze(y)dy =0 for £=1,---,4
R4

with

Ho [N 6, 0% = 3AU2(y) [Wo + U] (Ay + &, ) + N3K[N, €]

= ) [T+ WO+ €0 + G e AOVUG) €00
B (1?—0;27;)3/2 /_T A(s) [=Chee(C,t — 8) + ke (¢t — s)] ds
— g\ () W} /_T M8)ke(C,t — s)ds

imply that )

e =o(1),
where U* =1 4+ Z* and o(1) — 0 as t ,* T. So the choice of £(¢) at main order
is

£t) =q,
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where ¢ is a prescribed point in Q.
The dynamics for A(t) from

R4

turns out to be more involved due to the non-local/global correction, and the
reduced problem involves the following integro-differential operator

t—A2(t) | s
(56) o A0 = —8e0(23(a) + 1600, 0)] + (1),

where
o= [ U2y <.
R4

Here careful calculations are needed for nonlocal terms, and detailed derivation
can be found in 22| Section 4]. Since A(t) decreases to 0 as t /T, we impose

ax = Zi(q) +v(q,0) <O0.

Now we claim that a good choice of A(t) at main order is

c

(57) At) = " Tlog(T — D)2’

where ¢ > 0 is a constant to be determined later. Indeed, we get by substituting

/t)\2(t) st_/t(Tt) A(s) d8+/t)\2(t) A(t) ds_/t/\Q(t) Mds
t t

-T t—s T t—s —(T—t) t—s —(T—t) t—s

- / T g )08 - 1) — 2108 ()

_T t—s

_ /“”“’ NOERIOM

—(T—t) t—s

;::/t M) 4o 3 (1) log(T — ) = B(1).
7T —s

By 7 we then get

dp d

log(T — t)a(t) == (— log?(T — t))\(t)) =0,

which means §(t) is a constant. Thus, equation can be approximately solved

for ) .
At) =

~|log(T - 1)P?
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with the constant ¢ chosen as

= K,

» /T ds
_r (T = s)|log(T = 5)|*
_ 3coas

where Kk, = 2% At main order, we obtain

*

At) = K ()

with g 7|

. Og

M) =———7T——.

O = Togw o
By imposing A, (T') = 0, we obtain
log TI(T — 1)
() = ———=(1 1 t /T
=T o) as 1

T—t

Choosing Z§(q;) ~ —|log T'| ™!, we can make \;(t) ~ Toa(T—0

e Linear theories.
We start from the the outer problem and consider
wt:Aw'i_fa iHQX(O7T>7
(58) P =0, on 90 x (0,7,
¥(z,0) =0, in €2,
where the non-homogeneous term f in is assumed to be bounded with
respect to the weights appearing in the outer problem . Define the weights
o1 = N (OR2T ()X (jo—e(t)1<2r. R
D Ve
(59) 02 = ZEHEX{la—¢()| 21 R}
03:=1
where we choose R(t) = A;”(t) for B € (0,1/2). We define the norms

(z,t)€Q2x(0,T)

(60) [flles:= sup (Zm(%ﬂ) [/, 1)1,

i=1
(61)
%" OF0) X2V (0)R4(0)
Hd)”* = WHQ/}”L‘X’(QX(O,T)) + WuvaLN(QX(QT»
)\lfu(t)Ra(t)
+  sup [*q/;x,t — (@, T }
(z,t)€Qx(0,T) |log(T _ t)| | ( ) ( )|

X2 (1R (1)

| - x
+ sup { Toa(T — 1] IV(z,t) — Vi( 7T)|}

(z,t)eQx(0,T)

A2 HLl=v g YR2yto
+ osup (t2) (t2)
QxIr (ta —t1)”

[V(z,t2) — P (2, t1)],
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where v, a,y € (0,1), and the last supremum is taken over
1
QA x Ir = (iL’,tl,tQ)SIEQ,OStlthST, t27t1§1f0(T7t2) .

For problem , we have the following estimates.

PRrROPOSITION 4.1.  ([12, Appendix A],[22, Proposition 1]) Let ¢ be the solution
to problem with || f|l«x < +00. Then it holds that

[Pl S 1 F s

Proposition is established by estimating carefully Duhamel’s formula with
different right hand sides.
To solve the inner problem (50]), we consider the associated linear problem

(62) N = Ay¢ +3U%(y)d + h(y,t) in Dap.

Recall that the linearized operator Ly = A+3U? has only one positive eigenvalue
1o such that
Lo(Zo) = poZo, Zo € L™(RY),

where the corresponding eigenfunction Zj is radially symmetric with the asymp-
totic behavior
Zo(y) ~ ly|~*2em VIO as [y — foc.

Similar to the discussion in previous section, such instability is reflected in the
need for a careful choice of the initial data to ensure a well-behaved solution.
Therefore, we consider the associated linear Cauchy problem of the inner problem

(50)
Moy = Ayo +3U%(y)o + h(y,t), in Dag,
(63) .
?(y,0) = eoZo(y), in Byr(o),

where R = R(t) = A;°(t) for 8 € (0,1/2). On the other hand, the parabolic
operator —\20, + Lg is certainly not invertible since all the time independent
elements in the 5 dimensional kernel of Ly (see (43)) also belong to the kernel
of —A20; + Lg. In order to construct solution to (63)) with suitable space-time
decay, we expect some orthogonality conditions to hold. We shall construct a
solution (¢, eg) to problem under the orthogonality conditions

(64) / My, ) Ze(y)dy =0 for £=1,---,5, t€ (0,T).
Bar
Define
(65)  Nhllvora = sup ATV + [y [|h(y, t)] + (1 + [y)IVh(y, )]

(y;t)€D2r
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The construction of such solution is achieved by decomposing the equation into
different spherical harmonic modes. Consider an orthonormal basis {©;}52,
made up of spherical harmonics in L%(S?), i.e.

Assgi + )\261 =0 in SS

with 0 = X < A1 = -+ = Ay = 3 < A5 < ---. More precisely, Oy(y) =
ag, 9;(y) = a1y, 1 =1,---,4 for two constants ag, a1 and

(3+1)!
67!

for 1> 0.

Ai = (2 +4) with multiplicity

For h € L?(DaR), we decompose
oo
h(y,t :Zh]rt i(y/r), r=lyl, hj(r,t) /hr@t 0)de
7=0

and write h = h® + A + At with

4
0 =ho(r,t), h' = h;(r,t)0;, h* = Zh (r,)©

=1

Also, we decompose ¢ = ¢° + ¢! + ¢ in a similar form. Then looking for a solu-
tion to problem is equivalent to finding the pairs (¢°, °), (o', h'), (¢+, ht)
in each mode.

The key linear result for the inner problem is stated as follows.

PROPOSITION 4.2. Let the constants a,v,vq € (0,1), a1 € (1,2) be given. For
T > 0 sufficiently small and any h(y,t) < +00, |A vy 24a; <
400, and the orthogonality conditions , there exists a pair (¢,eq) solving

(63), and (¢,e0) = (¢[h], eo[h]) defines a linear operator of h(y,t) that satisfies
the estimates

[Py, )|+ (1 + [y))[Vo(y, 1))
A(t)R AL (1)
~ol A+ yle L+ [y|o

A (t)
L+ Jy|

||h0Hu,2+a + Hh1||u1,2+a1 + ||hJ_HV,2+a

and
leo[P]] S N1Pllv.24a

where 0 < § < 1 is small.
In the proof of Proposition mode 0 and higher modes can be carried out

in a similar manner as in [58, Proposition 7.1] via a careful re-gluing process.
The rougher version can be found in |7, Proposition 7.1]. Mode 1 is obtained
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by blow-up argument. The restriction a; € (1,2) is required to guarantee the
integrability in the blow-up argument at translation mode 1.
If we define the norm
(66)
1¢°]

swas = sup  AYORT(L+[y|*) [|°(y. )] + (1 + |y Ve (y, )] ,
(y,t)EDar

then Proposition [£.2] implies that

HQSOH*,V,a,é 5 ||hOHV,2+a~

We shall use the norm when we solve the inner—outer gluing system.
The following spectrum gap plays a crucial role in the proof of the above
Proposition, In fact, we have

LEMMA 4.1.  For all sufficiently large R and all radially symmetric ¢ € Hg(BR)
with me pZy = 0, there exists a positive constant -y independent of R such that

1/ 9
— 0, for n=3,
R? Bar
1
Vol? — pUP~1p?) > 7/ 0?2 for n =4,
/Bm(l o] —pUP~1%) > v T log R/,
1 / 5
vy ©, Jor n >5.
Rn 2 Bon

Similar estimates for the linearization of harmonic map equation around
degree 1 bubble are derived in [57, Lemma 9.2].

e Solving the inner—outer gluing system.

Our aim now is to find a solution (¢, ¥, A, §) to the inner—outer gluing system
such that the desired blow-up solution is constructed. We shall solve the inner—
outer gluing system in the function space X defined in . We first make some
assumptions about the parameter functions. Write

_ [og T|(T — 1)

MO = g — o

and assume that for some numbers ¢y, co > 0,
1A ()] < |A1)] < ol A (t)] for all e (0,T).

For given 16 v.a.s, 116" vs.a05 116+ lvsas %01, 12 ooy [\, 1€l bounded,
we first estimate right hand sides G(¢, ¥, A, £) and H(¢, ¥, A, £) in the inner and
outer problems. Here the above norms are defined in , , , and
(96).
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The outer problem: estimates of G.

Consider the outer problem

Yy =AY+ G(¢, ¥, N, €) in Qx(0,7)
where
5(6, 9, A, €)== 32 (1 = nr)U(y) (Vo + ¢ + Z7)
+ A3 [(AynR)(b + 2Vy’?R : Vy(b - /\2¢8t77R]
+ (1 = nr)X[\, & + (1 — nr)N(w)

with K[\, £] and N(w) defined in and respectively.

In order to apply the linear theory Proposition 4.1, we estimate all the terms
in §(¢, 9, A, &) in the || - ||sx-norm, defined in . Direct computations imply
that for a fixed number ¢g > 0

(67) 1Sl S T (Il + 12 lloo + 16°11 0,06 + 16" 11,01 + 167 [l
+ Al + ¢l +1)

if the parameters are chosen in the following range

v—=1+B(2+a)-1>0, 26-1,>0, 0<a+d<a<l,
(68) B+v—1vy>0, 213 —v+62a—a)>0, <1,
2w—vy—14+208>0, v—P(a+2§—2a)>0.

The inner problem: Estimate of H.

Consider the inner problem

Ny = Dy¢ +3U%(y)g + H(p, 9, A, €)  in Dap

where
H(b, 10, A, ) (y, 1) 1= 3AU? () [Yo + ¥ + Z*|(Ay + &, )

A [A(Vy6 y+ )+ V0 €]
+ AN (W) + AK€

with N(w) and K[\, €] defined in and ([49).
From the linear theory, we know that for H = H? + H! + F(+ satisfying

HJ'CO| v,24+as ||:H1||V1,2+a17 ”:HL”V,%ra < +o0,
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there exists a solution (¢°, @', ¢+, c% cf) (¢ = 1,---,4) solving the projected
inner problems

(69) M) = Ayd® +3U%(y)¢? + HO(p, 10, A, &) + P Zs in Dag,
$°(-,0) =0 in Bag,

4
)‘2¢% = Ay¢1 + 3U2(y)¢1 + j‘fl(gﬁ, d}a A,f) + Z CZZZ in D2Ra
(=1

(70)
(.0 =0 in Bag,
(71) )\2¢tL = AU¢J~ + 3U2(y)¢l + %L((é,w, A,g) in D2R)
QSJ_(.’O) =0 in Bag,

and the inner solution ¢[H] = ¢°[H] + ¢! [H ]+ ¢+ [HL] with proper space-time
decay can be obtained for the inner—outer gluing to be carried out. We have the
following estimate for some fixed ¢y > 0

[Hllv240 ST <||¢0||*,u,a,6 + 116 lvran + 19" e + 00 + 127 [0
(72)
+ 1Al + lella + 1)
provided
0<v<l, 1—5(2+g) >0, 14+vi—v—B2+a—ay)>0,
73y 172>0 v-B-a)>0, 2w —v>0,

2—v—aB>0, v—pFa—2a)>0, 2—v—LF(14a)>0,
1-8(06+2)>0, v—253>0.

Similar computations give that for some fixed ¢y > 0
(74) 3 oy 240 ST (16 o ar + 190 + 127 ]loo + 1Moo + €]l +1)

provided
O<wn<l, v—1r14+aB8>0, 2—v;—a18>0,

2v—uv +2af—a18>0, 1—v;—pB(ag—1)>0.
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e The parameter problems.

From 7, it remains to adjust the parameter functions A(t), £(t) such
that
co[)‘7§7\11*] = Ov CKPV&) \I]*] = 07 = 1; T 74a Vie (07T)7

where
fB HZsdy
(75) COP‘»&? \Ij*] = _mia
fBzR |Zs5|2dy
HZ,d
(76) cé[/\,f,\lf*]:—f&migy for £=1,--- 4.
fBgR | Ze|dy

It turns out that we can easily achieve at the translation mode , but the
scaling mode is more delicate.

We first consider the reduced equation for £(¢). Observe that is equivalent
to

%(¢7w7 )\,f)(y,t)Zg(y)dy = 07 for all t € (OvT)a l= 13 T 74‘
Bar

Write ¥* = ¢ + Z* and £(¢) = (§&1(¢),- -+ ,&4(t)). Then for £=1,--- ,4,

}C((ba 1% )‘7 5)(2% t)Zg(y)dy =0

Bar

give that

(77) 0= b\ & 6,07,

where
BNE 0 = [ (00 6.0.971(06) = MU (0)ér) Zelw).

Furthermore, the size of by[\, £, ¢, U*] can be controlled by similarly estimating
H. Next, we analyze the reduced problem , which defines operators =
(¢ =1,---,4) that return the solutions & (¢ = 1,--- ,4) respectively. Here we
write

(78)

(1]

= (51,52,53,E4)

and £(t) = g + £(t) where ¢ = (g1, ,q4) is a prescribed point in 2. We shall
solve ¢1(¢) under the norm

I€le = 1€l Lo,y + sup ATV ()IE()]
te(0,T)
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for some fixed v € (0,1). From (77)), we have

()] < lael + 1[N, & &, U] oo 0.1y (T — ).

Therefore, we obtain
(79) 1Zelle < lgel + (T = )7 [|be[A, & &, V|| oo 0, 77) -

Since the reduced problem of A(t) is essentially the same as the real part of
the reduced problem at mode 0 in [12], we shall follow the strategy and logic in
[12, Section 8.

Direct computations show that gives a non-local integro-differential equa-
tion

t (s 2 )
s f Als)p (““) ds + coh = alX £ U)(1) + 2, [\ €, 6, 7] (1),

rt—s t—s

where cog = 2 fR4 %d%

(s1) A\ € 0] = — /B 3U(y) (W + ) Zs(y)dy.

and the remainder term a,[A, &, ¢, U*](¢) turns out to be of smaller order and is
controlled by

lar[A, &, 0, UF](1)]

S AR (1A 1og(T = )] +1€]) 16°

*,1,a,0

XL (AR 4 1) 16 o + AL (AR + IR ) ||

v,a

+XTIR?YGONZ 0 + AT, 0,
+ ARG o A+ AP log (T — 0 + A log(T — )] (127,
+ A (B)log(T = )|AZ72(0)R72(0) [ log T'*|) 2.

To solve A(t), we introduce the following norms

* |- |lo-norm
| log(T" — )|

l
flley = sup ———=—|f(t)],
Iflloa = sup g 1)

where f € C([-T,T];R) with f(T) =0, and © € (0,1), ] € R.
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e [ - ]ym,-seminorm

ol o= sup BT 0L
yym,l =

WP T gy sy ) 9

where Ip = {-T <s<t<T:t—-s< (T -1}, g € C([-T,T};R) with
gT)=0and0<y<1l, m>0,leR.

Also, we define

(82) Bo[A](£) = /t A(s) (Az(t)> ds + coh

_rt—s t—s

and write

Bo[A] — (a[\, &, U*] + a. [\, &, ¢, T*])

(83) co [:}d = fB2R |Z5(y)\2dy

We invoke a key proposition proved in [12, Proposition 6.5] concerning the solv-
ability of A(¢).

PROPOSITION 4.3. Let w,© € (0,3), v € (0,1), m < © — v and l € R. If a(?)
satisfies a(T) < 0 with 1/C < a(T) < C for some constant C > 1, and

(84) T°1og T|"* " [la(") — a(T)lle -1 + [aly.mi-1 < C1

for some ¢ > 0, then there exist two operators P and Rg such that A = Pla] :
[-T,T) = R satisfies

(85) Bo[Al(t) = a(t) + Rolal(?)
with

(T — t)m+<1+u))v

S+e GlOg“OgT‘
|Rola] ()] S (T2 + 17— ———la(") — a(T)|le,i-1 + [a]y,m—1 Tog(T =0

|log 7|

When applying Proposition the Holder property is essentially inherited
from regularity of the outer solution, and this is one of the reasons that we work
in the weighted space (61)).

e The fixed point formulation.

We first transform the inner—outer problems , into the problems
of finding solutions (1, ¢°, ¢!, ¢+, ), €) solving the following inner—outer gluing
system

Yo = AP+ G(¢° + o' + o0+ Z5,0,6),  in Qx(0,T),
(86) P =0, on 09 x (0,7T),
¢(3370) = Oa in Q,
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gr) (N =20 B W)+ I + B Z in Do
#°(-,0) =0 in Bap,

Aoy = Ayo' +3U%(y)¢" + 3 (d, ¥, N, €) + 24: 312y in Dap,
{=1

(83)
#'(-,0)=0 in Bap,
(89)
)‘2(?# = Ayd)l + 3[]2(:[/)¢L + j{l((ba wa )‘a 5) + Cg [)‘7 57 \IJ*]ZS in D2R7
¢*(-,0) =0 in By,
(90) AlH](t) — [N\, &, T*](t) =0 for all t € (0,T),
(91) HH](t) =0 forall te (0,T),

where G is defined in , HO, HL, HL are the projections of H (see (51))) on
different modes. It is direct to see that if (1, ¢°, ¢!, ¢, A, €) satisfies the system

7,then
U =yp+2* ¢=¢"+¢' +o"

solve the inner-outer problems (50)), and thus the desired blow-up solution
is obtained.

The inner—outer gluing system f can be then formulated as a fixed
point problem for operators we will describe below.

We first define the following function spaces

X0 = {gbo € L>®(Dar) : Vyd" € L®(Dar), [10°]lv.a,6 < +oo},
Xy = {¢" € L®(Dag) : Vy¢' € L(D2r), |0 lv1,00 < +00},
Xgo = {9 € L®(Dag) : Vyo* € L™(Dag), |¢™|
Xy ={¢ € L@ x (0,7)) : [l < +oo}.

(92)

via < +oo} ,

In order to introduce the space for the parameter function A(t), we recall from
that the integral operator By takes the following approximate form

t=23(1) (g .
BO[A]:/ A s 4 O(A0).

-T t—s

Proposition[f.3]defines an approximate inverse operator P of the integral operator
Bg such that for a satisfying , A := P[a] satisfies

Bo[A] = a+ Rola] in [-T,T],
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where Rgla] is a small remainder. Also, the proof as in |12, Proposition 6.6]

implies a refined decomposition
(93) Pla] = o, + P1[a]
with
r 1
Mowi=r|logT| | ——— _ds, t<T,
ol | s
k = k[a] € R, and the function A\; = P;[a] satisfies
(94) Al S [og T|' " log*(|log T)

for 0 < ¢ < 1, where the || - ||«,3—,-norm is defined by

)

£ 11, = sup ]Ilog(T*t)lklf'(t)L

Therefore, we define

Xy = {\ € CH[-T,T)) : M(T) =0, | \i]l«3-. < o0}

Here by (k, A1) we represent A in the form
A= Aok + A,
and from [12, Proposition 6.6], one can write the norm

(95) A7 = [&] + A

*,3—10-

For the translation parameter function £(t), we write £(t) = q + £(¢) and

define the following space for £!(t)

Xe = {€ € CU(O,TKRY), €T) =0, [¢le < +oo}

with
(96) I€le = €L~y + sup ASU(DIER)]
te(0,T)
for some fixed v € (0,1).
Define
(97) X =Xg0 X X1 x Xy1 x Xy x R x Xy x Xe.

We will solve the inner—outer gluing system in a closed ball B in which

(¢0,¢1a¢l,¢,%7)\1,51) S X
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satisfies
[6°11,va,8 + 110,00 + l0H lba < 1
[l <1

(98) |k — ko| < |log T|~1/2
[Ad]l3-0 < Cllog T[*~*log? (| log T'|)
I€lle <1

for some large and fixed constant C, where kg = Z§(0). The inner—outer gluing
system 7 can be formulated as the following fixed point problem. We
define an operator ¥ which returns the solution from B to X

F:BcX =X
v F0) = (T (), For(0), Ty (v), Ty (0), Tu (), T, (v), Fe ()

with
Foo (6%, 0", 0,1, 5, M, €1) = To(HON, €, 07])
For (6%, 0", 0,0, 5, A, €1) = T1(H A€, 07])
For (0%, 81, 0 1k, A1, 1) = T (HEN 607 + DN €, 7] Z5)
(99) Tp(@° &' b 1w A1, 1) = Ty (S(¢° + 91 + ¢, W%, A, €))
Fu(0°, 0", 0, 0,5, A1, €Y) =k [a®[A, €, 0]
T (9%, 0", 07,0, 5, A, 1) = Po [a°[A, €, 0]
Fe(¢%, 0", 0,0,y A1, E) = E(¢%, 01, 01,0, A, €).

Here Ty, 71 and T are the operators given in Proposition which solve differ-
ent modes of the inner problems 1@) The operator Ty, defined by Propo-
sition deals with the outer problem (86). Operators xla], P; and E handle
the equations for A and & which are defined in Proposition and ,
respectively.

e Choices of constants.

We list all the constraints of the constants 3, «, a, a1, v, vy, V2, § which are
sufficient for the inner—outer gluing scheme to work.
First, we indicate all the parameters used in different norms.

o R(t) =\ "(t) with 8 € (0,1/2).

e The norm for ¢° solving mode 0 of the inner problem is || - ||«,v,a,6 Which
is defined in , where we require that v,a € (0,1) and ¢ > 0 small enough.

e The norm for ¢! solving modes 1 to 4 of the inner problem is |- |lor.ay
which is defined in (65]), where we require that 1, € (0,1) and a1 € (1,2).
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e The norm for ¢ solving higher modes (j > 5) of the inner problem is
|| - [|1,o Which is defined in (65), where v, a € (0,1).

¢ The norm for ¢ solving the outer problem is || - ||« which is defined in
(61), while the || - ||««-norm for the right hand side of the outer problem
is defined in . Here we require that v, a, va,7y € (0,1) .

e In Proposition[4.3] we have the parameters w, ©,m,,~. Here w is the parame-
ter used to describe the remainder R, and w € (0,1/2). To apply Proposition
[43)in our setting, we let

O=v—-1+aB, m=v—-2—79+602+a), [ <142m,

and require that 5 > FTW such that m + (1 + w)y > © is guaranteed.

In order to get the desired estimates for the outer problem , we need

v=14+82+a)—1>0, 28—-1n>0, O<a<a<l,
B+v—1vy>0, 21y —v+B2a;—a)>0, vy<l,
20—vy—142a8>0, v—pF(a+20—2a)>0.

In order to get the desired estimates for the inner problems at different modes

*» we require

0<v<l, 1—5(2+%)>0, 14 —v—B2+a—ay) >0,

1-28>0, v—p4—a)>0, 23 —v>0,
2—v—aB>0, v—pFa—2a)>0, 2—v—pF1+a)>0,
1-8(642)>0, v—268>0,

O<ui<l, v—1ri+af>0, 2—v;—a18>0,

2v—1 +2af—a1>0, 1—v3—p(ag—1)>0.

It turns out that suitable choices of the parameters satisfying all the restrictions
in this section can be found. Here we give a specific example:

e Proof of Theorem [2

Consider the operator
(100) T = (Fgo,Fgr,Fyr, Ty, T, Fny, Fe)

given in . To prove Theorem our strategy is to show the existence of a fixed
point for the operator F in B by the Schauder fixed point theorem, where the
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closed ball B is defined in (98)). By collecting the estimates , (72), , ,
(94), and using Proposition Proposition Proposition we conclude

[F g0 (%, &1, 6,00, 5, M, €D [[wias < CT

[1F 51 (6%, @1, o1, Ky A1y €M) ||n 0y < CTE

[Fgr (6,81, &L 1, 1, A1, €Y) ||y < CT

(101) 1Fy(8%, @', 0,4,y A1, €[] < OT

[T (@2, 01, 61,00, 5, A1, €1) — ro| < Cllog T| ™

1Fx, (8%, 015 &, b, 5 A, €D [[ws—, < Cllog TI' " log? (| log T')
[Fe(¢°, @1, 0%, b, 5, A1, €)@ < CT

where C' > 0 is a constant independent of T', and € > 0 is a small fixed number.
On the other hand, compactness of the operator & defined in can be proved
by proper variants of (101). Therefore, the existence of the desired blow-up
solution for k = 1 is concluded from the Schauder fixed point theorem.

The proof of multi-bubble case follows similarly by taking the ansatz (39)
with nonlocal corrections supported around each concentration zone added. [J

5. Distorted Fourier Transform in Gluing Method In this section, we
introduce the third parabolic gluing method when the kernels are not in L? and
when the maximum principle is absent. To this end, we consider the Landau-
Lifshitz-Gilbert equation in critical dimension

uy = a(Au+ |Vul|?>u) —buANAu  in R? x (0,7T),

u(-,0) = ug € S? in R?,

where a2 + b2 =1, a > 0, b € R. The inner linearization around degree 1
harmonic map, in self-similar variables, looks like

(n+1)*p* + (2n° = 6)p* + (n = 1)° 1)
(b +1)° i)

We utilize distorted Fourier transform at mode n = —1 in [57} Section 9.6]. The
use of aforementioned techniques in Section 4 does imply a solution. However,
such solution is not sufficient for the gluing to work as it loses too many R’s
and makes the nonlinear terms non-controllable. So we use distorted Fourier
transform (DFT) instead to get desired estimates. The reason behind this is
that formally the worst mode is —1 as it corresponds to 2-dimensional heat
operator, and usually estimates in 2D come with a logarithmic loss because of
lack of maximum principle.

1
(a+ ib)d, — (app + 0=
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The derivation of desired estimates for mode —1 is done by first deducing the
Duhamel’s representation via DFT and then estimating pointwisely. For ¢ € R
and v(7) > 0 and vectorial complex-valued function f, the weighted topology
are defined by

[1flv,e == sup v (D)W f (w7

(y,m)ER? X (70,00)

Consider
(CL + ib)afgbn (,07 T) =Ln¢n (,07 T)a
¢n(p7 7_0) = g(p)a

where 5 > 1,

(n—1)2 4n n 8
p? PP (PP 1)

1
Ln = 6/)0 + ;@, -

Assume g is a Schwartz function. Set ¢, (p,7) = p~2 A, (p, ), then

(a’ + ib)aTAn(p’ T) = Z:nAn(pa T)7

- _ _1)2
where £, = 0,, + 1,0 2 (npz) - pzil + (p2-?-1)2'

Recall the generalized eigenfunctions ®"(p, &) with respect to —L, is given
by

We multiply it by ®"(p, &) and integrate by parts and get

(a+¢b)aA( T) = —€EAn(E,7),
577-0 fo % (I)n(p’g)dp7

where A, (¢,7) = IS A—i(p, 7)®"(p, €)dp. Thus

A, (& 7) = e T4, (€, 7).

Taking inverse DFT, one has

An(p,7) = An(&,m)®" (p, &) pu(dE) = /OO e” (T A, (€,0)9™ (p, €) pn(dE)

0 0

=/ e~ (@D gn () ¢) / ()" (2, €)dpn (d€)

0

:/0 /O e~ @=WETGN (5 E)O" (2, €)py (dE)art g(z)da
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By Duhamel’s principle, it holds that
(102)

—(a ib)E(T—s) —5 n 3
bn(p,T / / / D" (p, £)P" (x, f)ac hn(z, 8)pn(d€)dads

gives a solution to the non-homogeneous equation with RHS h,, and zero initial
data.

To estimate solution in above formulation, one needs precise estimates of
generalized eigenfunctions and density of spectral measure. For n = —1, we
summarize the results in [37, Section 4.3.2] as follows.

PROPOSITION 5.1 ( [37]). For all p >0, £ >0, we have

B2 (p, )| S {”

olon

§p>‘2 if pP¢<1

& if pe>1

®~L(p,€) has the following expansion:

> (p,&) = P, %Z (=p*€) ®;(p?),

5
which converges absolutely, where @gl(p) = 1+p . It converges uniformly if p§2

remains bounded. Here ®;(u) > 0 are smooth functions of u > 0 satisfying

1
Qj(u) < — forall uw>0,7>1,

Gl14u’
and ®1(u) > e1 7, for all uw > 0 with some absolute constant c1 > 0.

The spectrum measure p_1(d€) of —L_y is absolutely continuous on & > 0
with density
dp-1(§)
dg

Our linear theory for LLG mode —1 without orthogonality condition is stated
as follows.

~ (€)*.

PROPOSITION 5.2. (|57, Proposition 9.8]) Consider

(a + ib)ar¢—1(/), T) = L71¢71(p, 7') + h(p, T) mn (07 oo) X (7—07 OO)7
¢—1(p,70) =0 in (0,00).

where 7o > 1, ||h||s,e < 00, where £ > 3. Then the solution ¢_1 = T_y[h], where
T_1[h] is given by the linear mapping (102)) with n = —1, satisfies the following
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estimate
11(7')7'1_g +773 fé v(s)ds if £<2
2 T
lp_1(p,7)| < ||h||v761{pf7'%} v(1)(InT)% + T_lflané v(s)ds if £=2
o(T)InT + 771 [2 v(s)ds if £>2
2
U(T)Tg’é Lries fé v(s)ds if £<2
2 T
+ ||h||v751{p> %}p*% v(7)Ti(In7) + 73 (In7) JA u(s)ds if £=2.
T L. 2
U(T)T% +ri J2 v(s)ds if £>2
2

Better estimates with orthogonality condition imposed can be obtained simi-
larly, see [57], Section 9.6].

Appendix A. Linear Theory via Blow-up Argument In this section,
we present a linear theory by a priori estimates, which are proved by blow-up
argument. This is the reminiscent of Liapunov-Schmidt reduction method or
gluing method in the elliptic concentration problems. See [14}/15,46]. However
the proofs are more involved.

Define

1Alla, = sup ()" |h(y, 7).

(y,7)€R™ X (70,00)

The main results are the following.

ProprosIiTION A.1. Consider

(A 1) 8T¢:A¢+pUp71(y)¢+h(y,T) mn Rn X (’To,OO)
- é(y,70) = e0Zo(y) in R™.

Suppose 2 < a <n—2,v <1, ||h|l24q,, < o0 and
(A.2) / Wy, 7)Z;j(y)dy =0  forall 7€ (19,00), j=1,2,--- ,n+1.

Then for 19 > 1, there exists a linear mapping (¢, eq) = (¢[h], eo[h]) satisfying

and

(A3) ¢(va)Z](y)dy =0 fOT all 7€ (T07 OO)? .] = 1a27 R 1a

R”

(A.4) WIVOl+ 1ol <777 W) “Nhllzraws  leolhll < 70" [Ihll2+a.0-

Proposition is in fact a consequence of the following
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PROPOSITION A.2. Suppose 2 <a <n—2,v <1, ||h]24qe, < 00 and

(A.5) / My, 7)Z;(y)dy =0 for all T € (19,00), j=0,1,--- ,n+1.
Then for 19 > 1, there exists a unique solution ¢ of

{a“ﬁ =A¢+pUP~H(y)¢ + h(y,7)  in R"™ x (19,00)

(4.6) é(y,70) =0 in R™

in L°(R™ x (19,7)) for all T > 19 and ¢ satisfies
(A.7) &y, 7)Zi(y)dy =0 forall 7>, j=0,1,--- ,n+1
RTL

and the estimate
(A.8) WVl + 1ol < 77" (W)~ Ihll24a,0-
We first use Proposition to deduce Proposition

PRrROOF OF ProPoOSITION [AJl  First, set ¢(y,7) = ¢1(y, 7) + ¢(7) Zo(y). Then
it suffices to consider

(A.9) Or1 = Ag1 +pUP (y)p1 + hi in R" X (719, 00)
' ¢1(y,70) =0 in R".

with hy 1= h + c¢(7)MoZo — ¢ (7)Zy where we used AZy + pUP~Y(y)Zo = NoZo
with Ag > 0. We take

¢(7) = doe(r) = ( / . ZS(y)dy)l / hly.m)Zo(y)dy

=/ 23<y>dy)_l e [T [ o) Zatwdyds

so that [, h1(y,7)Zo(y)dy = 0. Combining this with (A.2)) implies (A.5)). It is
direct to see that

with

eI+ 1O S Mllztan™s Pall2rar S ll2+ar-
By Proposition (A.9) has a unique solution ¢; satisfying
$1(y, 7)Z;(y)dy = 0
R’n
forall 7>1, j=0,1,---,n+1, (y|Vo1]+ |o1] S 777 W) | hll2+a.p-

Then ¢ = ¢1 + ¢(7)Zy satisfies (A.3) and (A.4). Finally, letting ey = co(79)
completes the proof. O
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Next, we use blow-up argument to prove Proposition Our method does
not rely on the use of maximum principle, so we expect that this method is ap-
plicable to more general equations/systems in the absence of maximum principle
(assuming non-degeneracy of the profile in certain sense). Typical examples are
parabolic equations with complex coefficients such as

ApOru = Au+ V(u, Du) + h,

where the complex constant Ag satisfies Re(Ap) > 0 (with dissipation). This
kind of operator naturally arises, for instance, in the study of Landau-Lifshitz-
Gilbert equations.

PROOF OF PROPOSITION The existence and uniqueness of (A.6)) are given
by the classical parabolic theory. Denote

”f”a,vm = sSup () f(y, 7).
(y,7)ER™ X (70,71)

For all 7 > 79, by the estimate of parabolic fundamental solution (See [25]) and
convolution estimate in [58, Lemma A.1, Lemma A.2], for 0 < a < n — 2, we
have

(A.10) lolla.vr < oo

By scaling argument, we have ||Vo||14q.,- < 00.
For a > 2, multiplying (A.6) by Z;, j = 0,1,...,n + 1 and integrating by
(A.5)

parts, we obtain (A.7) by ) and the initial data of (A.6]).
In order to prove (A.8)), it suffices to prove the following claim.
Claim: For all 7, > 7 large enough, there exists C' independent of 71 such that

(A~11) ||¢||a,v,r1 < C||h||2+a,u,n~
Indeed, by taking 71 — oo, (A.11)) implies (A.8]). To prove (A.11)), we argue by

contradiction. Suppose that there exist sequences 7F — oo and ¢y, hy satisfying
Or o = Adp + pUP ™ (y)pr + b in R™ x (19, 00)

(A12) d)k(y)T)Z](y)dy:O for aHTG (7—0)7-{6)? .] :O7la"' 7”"’1
Rn

ox(y,70) =0 in R"
and
(A13) [belart =1 hnllowsonrs = o(1) where o(1) >0 as k- oc.
First, we claim that for any compact subset €2 in R",

(A.14) sup 77|¢k(y,7)] = 0 uniformly in Q.

To<T<TF
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Assume this is not true. Then there exist a constant M > 0 such that |yg| < M
and 1o < 7§ < 7F,

(A.15) (72)" 6w (g, 73)| = 8o > 0,

for a constant do > 0. Since ||hg|31q,,,,+ = 0(1), we have X — oo by the same
reason for getting (A.10]). Without loss of generality, we assume 74 > 975. Set

Or(y,t) = (1) Or(y, 75 + 1), hu(y,t) = (75) " ha(y, 75 + 1)
Then by , one has

N - B B k
(A.16) By = Adp + pUP~(y)dy + hyy in R™ x (7 — %2 0]

with
(A.17)
- T.

|0y, )| < CW)y) ™ [y, 7)] < o()C@){y) >~ in R" x (70 — 7270]7

where C'(v) is a constant only depending on v.

By the parabolic regularity theorem, up to a subsequence, we have (Z)k — gz~5 in
CL., that is, ¢r — ¢ in C" topology on any compact subsets of R” x (—c0,0].
Combining this with yields

(A.18) by, 7)| < Cw){y)™* o #0.
By (A.16)), we have

‘ 2

y—z
t

+/: /71[47T(t—8)]7%exp <_L( =

Then for any fixed (y,t) € R x (—o0, 0], by a > 0, (A.17)), (A.18), [54, Corollary
B.4, Lemma B.5] (used for time integral ftt; .-+ for some t; < —1), [58, Lemma

A.3] (used for Cauchy integral) and ¢, — ¢ in CLL | we have

loc?

> (pUpfl(Z)dgk(z, s) + hi(z, s)) dzds.

~ t n y—z 2 ~
(A.19) By, 1) = / / [n(t — s)] "% e~ = pUP~1(2) (2, 8)dzds.
Then the limiting equation reads

06 =Ag+pUP ' (y)$ i R™ x (—o0,0]
(A.20) by, 7)Zij(y)dy =0 for all 7€ (—00,0], j=0,1,---n+1
Rn

|6y, 7)| < Cw){y)™* in R" x (=o00,0]
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where we have used a > 2 in the orthogonality by dominated convergence theo-
rem.
Using (A.19), Corollary B.4, Lemma B.5] finitely many times for 7 €
(—o0, —My) with Mj large and then applying [58, Lemmas A.1, A.2, A.3] in
[Mo, 0], we have

61 S ()",

and q~5 is smooth by the parabolic regularity theory. By scaling argument, one
has

()7 DY| + 16| + |D*0| S (y) ™"
Differentiating (A.20)), we get
(A.21) 0-67 = A, + pUP~ (),
and then scaling argument gives
<y>_1‘D(5‘r| + |¢~5‘r‘r| + |D2(;~5.,-| S <y>_n_2‘
Moreover, multiplying (A.21) by ¢, and integrating by parts, we get

1 - .
567' |¢T|2dy+B<¢T7¢T) :Oa
Rn

where

B = [ (9IE =0 ) 1P) do

By orthogonality in (A.20), we have [5,, d-0(y,7)Z;(y)dy = 0 for all 7 € (—00,0],
j=0,1,---.,n+ 1. Then B(J).,—,q?).,—) > 0 by fRn 8T¢~>(y,T)Zo(y)dy = 0 since
Zy is the only eigenfucntion corresponding to the positive eigenvalue. Thus,
Or fon 6, Pdy <0,

Multiplying by ¢, and integrating by parts, we have

- 1 S
[ 18-y = ~50.5(5.5)
RTL
From these relations, one has
~ O ~
o [ NaPay<o. [ ar [ 1Py <.
Rn — 00 n

Hence ¢, = 0. So ¢ is independent of 7 and A¢ + pUP~1(y)¢p = 0. By the
nondegeneracy of A + pUP~(y) (see |1, Lemma 5.2]), 6 is a linear combination
of Z;, j =1,--- ,n+ 1. Due to the orthogonal conditions in (A.20]), we must
have ¢ = 0, which contradicts (A.18)). Thus holds.
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By (A.13) and (A.14]), there exists a sequence y;, with |yi| — oo such that

() ()| bk (e, 75| > %

Set
Pr(z,t) == (13)" (ur)“ On (n + [yklz, [yt + 7).
Then
~ 1
(4.22) 30,0)] > L.
We reformulate (A.12)) as
(A.23)

- ~ ~ - ok
O = Dxdr + plyel?UP~ (ye + lyelz)dr + hi(z,1) in R x (7, 00)
Gu( =) =0 in R”

7 Tyk?

where
hie(2t) = (T5)" () [y PP (e + [yl 2, |yel*t + 75).

By (A.13)), one has

ez, O] S 0 () (75)" ()l * (e + lyel=) 7> (lywl*t +75) "

7'0—7'2’C 7'1”“—7'2’“

79

~ o(1) (|yk|_1 + |9k + z|)_2_a ((7’2]“)_1|yk\2t + 1)71/, for (z,t) € R™ x ( ),

‘\ykI2Up‘1(yk + ka\Z)ék( Sy (e + lynl2) T8 i) (e + lynlz) ™ (Jyel?t +75) 7

7'07751C lefTQk

_ _ ~ —4— _ —
N|yk| 2(|yk| 1+|yk+z|) a((TQk) 1‘yk|2t+1) V? fOI' (Z,t)GRnX( |yk|2 7W

)

where gy = yi[yx| ™" By (A.23), we have

t Cwl? - -
on(z,1) = /To—Té /n [ar(t — 5)] 7% e (Plyk|2Up_1(yk + lyklw)dr(w, s) + i (w, 5)> duwds.

lyg |2

Then

0 2
bt _n |wl _ _ ~ —4— _ —v
50,0 £ [y [ oS [l (ol ) () s+ )
lyg |2

+o(1) (Jyel =" + I9x + w|)_2_a ((75) ywl?s + 1)_V}dwds.
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Claim: Suppose that 7§ > 279, |yx| > 2, m > 2,n > 2,v < 1, then
(A.24)

n |w

0 2
T | — ~ —m — -V
s [ B al o ) () s 1) dwds

lye 12

1, if m<n
S Mnfgel),  if m=n

lye|™™ ™, if m>n.

Assuming (A.24)), for 0 < a < n — 2, one then has

lyr] =2, if 4+a<n
‘q?k(070)’ <o(1)+ 4 el 2(nlyr)), if 4+a=n —0 as k— oo
[y 2o, if 44a>n

which contradicts (A.22]).

Finally, we prove (A.24)).

Proof of (A.24)):

0 2
_n |w| _ " —-m _ —v
mﬁ/ (=s)"Fe s (Junl ™ + 1ok +wl) " () uelPs +1) 7 dwds

| 2

= /7045 ((7276)—1|yk|25+1)*'/ (_s)—%/ e ((—s)‘%|yk|—1+|(—s)‘%gjk+x|)_mdxds.

n
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Notice for 0 < 2¢g < |¥], we estimate the spatial integral as

=2 . —m _l=z)? . —m
/ e~ 4 (co+ |U+ x| dx:(/ ﬂ—i—/ﬂ +/ )e T (co+ [0+ x))" " da
lel<lg S <lel<2ls]  Jlel>209]

z|? 2|2
o I R I e R LR
ol <15t 15 <l <2l
_le? —m
+ o He 1 (co + |z))” " de
x| >2|7
< |3-m _l=? w2 . —m N
< |7 e A dr+e T (co+ |0+ z|) " dax + e A || Mdx
o< 15t 5] <3| | >2(7]
172
16

S Loy 101" + Lggps 1y [0 + e

Co 3"[7|
/ +/ (co+r)"™r" tdr
0 co

1, if m<n )
- . _1m2
+1ga<y § (Infd]), if m=n +1ggsiye 2
[o|*=™, if m>n
, 1, if m<n 1, if m<n
19 N
Se <1n(|c%‘)>a if m=n +1yg<iy§ (Infd]), if m=n
g™, if m>n |o|"=™,  if m>n
+ 1{ja>1317]
1, if m<n
~ La<y § o)) + (), if m=n
g™, if m>n
|17|7m7 if m<n

2 -
+1gasny § 07 e (), if m=n
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Thus, we obtain

0 2 —m
_ —v _m _ =] _1 _ 1
() s+ )7 o) F [ (o)l () b al) dads

TO— Ty

NE
0 17 if m <n
< [ () s+ ) ()% <1{s<1} (s + (nlyel, i m =
i (o) " it mon
+1{5>71} (_8)% +€1(155 <1n|yk|>; if m—n)ds
(—5)% +ems ((_5)—%|yk|—1) i m>n
0 —8)7 %, if m<n
= /m—fé" ((Tzk)_l|yk|25 + 1) (1{S<1} (fs)*f ((In(—=s)) + (In |yx|)), if m=n
PHE (_3)_7|yk|m_n7 if m>n
17 if m <n
H1so1y L+ (—s) " Fem (Infyl), if mzn)ds = A.
1+ (—s)"2 T ye|™ ™, i m>mn
To—TF .
If fyk|22 > —2, for |yi| > 2, we estimate
0 1, if m<n 1, if m<n
A (@Ml +) 7 S nl), i m=nds S q Mnfwh, i m=n
T 77'2
lyg 12 ‘yk|m—n7 if m>n kaI’"_”, if m>n

where we have used

0
o (@) s +1) " ds = yel (1= 0) 7 1= (no(7) 7)) <1

lyg 12

for v < 1.
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k
If 772
e l?

< —2, we have

0 1, if m<n
A= / ((Tf)_1|yk|28+1)_y 1+ (—s)"Zems (In|yl), if m=nds
! 1+ (—s)" Zems |y|™ ™, if m>n
1 TO*Té; (—S)_%, if m<n
2|yl _ —v n .
| Lo+ [ @ s+ )7 (297 () + ), = ds
2|y |2 lyg 12 (75),% yk|min, if m>n
1, if m<n
_ _ _ 1—v .
S (=)' ly 2[1—(1—<r§) Hywl?) } (Inlypl), if m=nds
|yk‘m—n7 if m>n
o [(=s)7 7, if m<n
+l/;7§ (=5)7% ({In(=s)) + (nfyel)), if m=mnds
el | (=8) 7 g™, if m>n
- (Té;lzo)*%, if m<n
2lyg|? ky—1 2 v 7_2k_7_0 _n 7'2k—7'0 .
e ()Ml +1) 7 () E (CEE) + nlyel)), if m=nds
2 N r\—n _ .
! (T|2yk|20) 2 yk™ ", it m>n
1, if m<n By —1 1—v
. _ _ To(T5)™ 1 Cvi—y
<Yl i m=n 40—y [((2)+2) ~ (mlr) ) ]
lye|™™"™ if m>n
(Té;|;°)’m, if m<n
Tk—T —_n Tk—T 3
x| ) () + (nly)), it m=n
()~ 2 lyel ™, if m>n
1, if m<n
S | (nfyel), if m=n
lye|™ ™, if m>n

where we have used TQk > 279, lyk| = 2, m > 2 ,n > 2, v < 1. Therefore, we
conclude the validity of (A.24)). d
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