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ARTICLE INFO ABSTRACT
Communicated by Enrico Valdinoci We classify the local asymptotic behavior of positive singular solutions to a class of subcritical
sixth order equations on the punctured ball. First, using a version of the integral moving spheres
1;;20 technique, we prove that solutions are asymptotically radially symmetric solutions with respect
35809 to the origin. We divide our approach into some cases concerning the growth of nonlinearity.
35J30 In general, we use an Emden-Fowler change of variables to translate our problem to a cylinder.
35B40 In the lower critical regime, this is not enough, thus, we need to introduce a new notion of
X i change of variables. The main difficulty is that the cylindrical PDE in this coordinate system
eywords:

is nonautonomous. Nonetheless, we define an associated nonautonomous Pohozaev functional,

. which can be proved to be asymptotically monotone. In addition, we show a priori estimates for
Lower critical exponent . h . . . .
Sixth order equation these two functionals, from which we extract compactness properties. With these ingredients,
Local asymptotic behavior we can perform an asymptotic analysis technique to prove our main result.

Tri-Laplacian

Emden-Fowler solutions

1. Introduction

We study (classical) positive singular solutions u € C®(B%) with n > 7 (which will always be assumed so forth) to the following
family of subcritical sixth order PDEs

(-&%u=f,w) in B} (Psp.R)

Here B} := Bg \ {0} C R" is the punctured ball of radius R > 0, (—4)> = (=4)o(—4)o(—4) is the tri-Laplacian, and the nonlinearity
f, € C'(By) is given by

fw ==uP with pe (1,240 242" - 1),

where 2, := ﬁ and 2% := % are, respectively, the lower and upper critical exponents related to the compact Sobolev embedding
of H3(R"). We refer to [1,2] for more details on this terminology.

We say that a positive solution u € CG(B;) has a removable singularity at the origin if lim,_,u(x) < +oo, that is, it can be
continuously extended to the origin; otherwise, we say that it is a non-removable singularity. These are called non-singular and

singular solutions, respectively.
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Allowing R — +oo in (7 , z), we obtain the following blow-up limit PDE
(-8%u=f, in R"\{0}. (Po peo)
We recall that a non-singular solution u € CO(R") to (Pg p.oo) s said to be stable if

|8 dx > p/ [ulP"'@?dx forany ¢ e HOR").
Rn Rﬂ

Let us mention that S. Luo et al. [3] and A. Harrabi and B. Rahal [4] proved entire stable solutions to (Pg p.oo) with removable

singularities at the origin, which was later generalized by the former authors [5,6] for the case of polyharmonic equations; this
result can be stated as

Theorem A. If u € CS(R") is a stable positive non-singular solution to (P, .,) with p € (1,2% — 1), then u = 0.

It makes sense to divide our analysis into three cases, namely, the Serrin-Lions [1,2] case p € (1,24), Aviles [7] case p = 2,
and the Gidas-Spruck [8] case p € (24,2 — 1). Our main result classifies the local behavior of positive solutions to (P p.R) in these
situations.

Theorem 1. Letu e CG(B;) be a positive singular solution to (P , p). Assume that —Au > 0 and A%u > 0. Then, it follows

u(x) = (1 +0(xDyu(|x]) as x—0,
where u(r) = f oB, u(re)do is the spherical average of u. Moreover,

@) if p € (1,2), then
u(x) = |x|°" as x-0;
(b) if p =24, then
u() = (1 +0(1)Ry( % X" (n x)T as x =0,
where

Ry = 300 =200 = 410 = 67 @

(©) if p € (24,2% — 1), then
u(x) =1+ 0(1))K0(n,p)ﬂITI |x|_FT6‘ as x — 0, 2

where

Ko(np) =1, (1 42) (1, 44) (1= 2= 1) (n=4=1,) (1= 6-1,)

Remark 2. In a recent paper, it was independently proved by X. Huang, Y. Li, and H. Yang [9] that the super poly-harmonic
condition can be removed. We also refer to Q. Ngd and D. Ye [10] for more details on the blow-up limit case R = +o0. We keep this
condition in our manuscript because of its natural relations with curvature sign conditions for the upper critical situation p = 2% — 1.
They also provided some upper bound estimates that will be important in our methods.

When p € (1,2,), we show that solutions behave like the fundamental solution, and so, the origin is a non-removable singularity.
When p € (2,4,2* — 1), we prove that solutions to (Pg,.r) behave near the isolated singularity like the homogeneous solutions to
the blow-up limit equation (7, ), which are classified by Theorem A. In the lower critical case p = 24, which is the so-called
sixth order Serrin exponent [1], we observe that since Ky(n,2,) = 0, it follows that (7 , .,) does not have non-trivial homogeneous
solutions. This explains why this situation has a different blow-up rate near the singularity, which is given by a homogeneous term
times a log correction factor.

Now, let us compare our results to the ones in the fourth and second order cases. First, we consider positive solutions u €
C*R" \ {0}) with n > 5 to the family of fourth order equations

(-4Yu= f,w) in B, (Pyr,)

where R < +00, (=4)> = (=4)o(—4) is the bi-Laplacian, and p € (1,2,,] U (2,,,2*" — 1), where 2, = ~ and 2** = % Notice that
(P4 g ) is subcritical in the sense of the compact Sobolev embedding of H 2(R™). On this subject, R. Soranzo [11] for p € (1,2,,), H.
Yang [12] and Z. Guo et al. [13] for p € (2,,,2** — 1), and the first-named author and J. M. do O [14] for p =2,, study qualitative
properties for positive solutions to (7,  ,); we have the result below

Theorem B. Letu € C4(B’l;) be a positive singular solution to (P, p ,) with R < +co. Assume that —4u > 0. Then, it follows

u(x) =1 +0O(xD)u(x) as x—0.
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Moreover,
(@) if p € (1,2,,), then
u(x) = |x|47" as x — 0;

(b) if p=2,,, then

don
4

u(x) = (1 + 0(1))1/(\470(n)% [x[*"(In | x]) as x -0,
where

~ —2)(n — 4)?

Rugtry = C=20 =,

© if p € (2,,,2"* = 1), then

1 4
u(x) = (1 +0o(1)Kyg(n,p)»= x| 7T as x—0.
where

4 4 4 4
Kigmp) = —— (2 42) (n-2- 2 ) (n-a-2_).
a0 P) p—1<p—l+ )(” p—1><" p—1>

Second, we consider positive singular solutions u € C2(R" \ {0}) with n > 3 to the second order equation
—Au=f,(u) in Bj, Pa.rp)
where R < +o0, 4 is the Laplacian, and p € (1,2,]U (2,,2* — 1), where 2, = nj_z and 2* = % Notice that (P, p ,) is subcritical in the
sense of the compact Sobolev embedding of H'(R").
It is worth mentioning that all the aforementioned classification results were inspired by the classical theorems of J. Serrin [1]

and P.-L. Lions [2], B. Gidas and J. Spruck [8], and P. Aviles [7] on the study of positive singular solutions to the second order
semi-linear PDE (P,  ,)

Theorem C. Letu e CZ(B’I;) be a positive singular solution to (P, p ,) with R < +co. Then, it follows
u(x) = (1+0(xDu(x) as x—0,
Moreover,

(@) if p € (1,2,), then

|27n

u(x) =~ |x as x — 0;

(b) if p=2,, then
u(x) = (1+ 0(1))1/(\2’0(n)% 2 (n|x)T as x — 0,

where
(n—-272
—

(o) if pe (2,,2* — 1), then

122,0(") =

1 2
u(x) = (L +o(1)Kpo(n, p) P |x| 7T as x =0,

where
= 25 (-2- 23,

This type of asymptotic analysis extends to a rich class of strongly coupled second order systems as studied in [15,16].

The main difference between the asymptotic analysis for the critical and subcritical regimes occurs because of the change in the
monotonicity properties of the Pohozaev functional, which classifies the type of stability for singular solutions to (7, z) around a
blow-up (shrink-down) limit solution. This method is inspired by Fleming’s tangent cone analysis for minimal hypersurfaces [17,18].
In the critical case, it can be shown that the Pohozaev functional becomes constant; that is, blow-up limit solutions are stable. In
contrast, in the subcritical case, they are asymptotically stable. This discrepancy is caused by the sign-changing behavior of the
coefficients of the tri-Laplacian in Emden-Fowler coordinates (or logarithmic cylindrical coordinates), which are suitable for this
problem (see Remark 3.1).

The proof of Theorem 1 is divided into two parts. First, we prove the asymptotic symmetry of singular solutions to (P, )
in the punctured ball. Second, we use some ODE analysis and the monotonicity properties of the Pohozaev functional to study
the asymptotic behavior for solutions on the cylinder. The strategy strongly relies on the growth of the subcritical nonlinearity,
which, in the lower critical situation p = 2,4, turns out to be far different from the other regime. We should emphasize that the



J.H. Andrade and J. Wei Nonlinear Analysis 255 (2025) 113757

superharmonicity conditions are not necessary in the range p € (24,2 — 1), which is not the case otherwise. Third, we define two
homological-type invariants that satisfy suitable monotonicity properties. This can be used to study the local asymptotic behavior
of positive singular solutions near the isolated singularity. We need to subdivide our approach with respect to the growth of the
nonlinearity into three cases; namely, Serrin-Lions case, Aviles case, and Gidas-Spruck case.

We remark that in a companion paper, the same authors study the asymptotics for positive singular solutions in the other limit
situation p = 2¥ — 1. Indeed, together with [19] and Theorems 1 and A, this would provide a holistic picture of the qualitative
behavior of solutions to (P, ;) in the broader range p € (1,2% — 1.

These results are inspired by the classical literature for semi-linear second order equations due to J. Serrin [1], P.-L. Lions [2],
P. Aviles [7], B. Gidas and J. Spruck [8], and L. A. Caffarelli et al. [20] with an improvement given by N. Korevaar et al. [21]. For
more results on asymptotic analysis, we refer the interested reader to [22].

We should observe that (P , ), (P4 g ,), and (P,  ,) are particular cases of a more general class of equations, which we describe
as follows. More precisely, for any N € N even number, we consider (classical) positive singular solutions u € CN(R" \ {0}) to the
following family of subcritical even order poly-harmonic PDEs

~ONu=f,) in B, Py )
where 0 < R < 0, (—4)N/2 = (=A)o ... o(—A4) is the poly-Laplacian, and the nonlinearity /€ C!(Bp) is given by
— . n n+ N
Sy =1l with pe [ AR = 2y 20),
where 2y, 1= —= and 2% := 2 are, respectively, the lower and upper critical exponents with respect to the compact Sobolev

n— n—N
embedding of HN/2(R").

We observe that most of our arguments can be extended to this higher order setting. In this regard, it is natural to expect a
full classification result for the local asymptotic behavior of singular solutions to (P , z) near isolated singularities in the sense of
Theorem 1. Namely, there exist three possibilities for this local behavior depending on the growth of the nonlinearity. To summarize
this discussion, let us state the following conjecture

Conjecture 3. Let N € N be an even number and u € CN (BY) be a positive singular solution to (P, , ) with R < +oco and p € (1,2}, - 1).
Assume that (—4)/u > 0 for any j € {1,..., N /2 — 1}. Then, it follows

u(x) = (1 + O(x|)ux) as x -0,
Moreover,
(@) if p € (1,2}), then
u(x) ~ |x|N7" as x - 0;
(b) if p=2y,, then
u(x) = (1 + 0(1))1/(\N%0(n)% V(i |x) 7 as x — 0,
where

N N
PN Ve

Ry o= ———— [ =2 (= N).
=0

(©ifpe (ZN,*,2*N — 1), then

u(x) =1+ 0(1))KN’0(n,p)F%' |x|_l’NTI as x — 0.

Here is our plan for the rest of the paper. In Section 2, we introduce both the autonomous and nonautonomous Emden-Fowler
coordinates. In Section 3, we define the associated Pohozaev functionals, and we prove their (asymptotic) monotonicity properties.
In Section 4, we prove some a priori upper bound estimates. In Section 5, we perform a variant of the integral moving spheres method
and prove that solutions are asymptotically radially symmetric. In Section 6, we study the limit values of the Pohozaev functional
under blow-up and shrink-down sequences. In Section 7, we use the monotonicity formulas and some asymptotic analysis to prove
the classification of the local asymptotic behavior in Theorem 1.

2. Emden-Fowler coordinates
In this section, we define the Emden-Fowler change of variables.

2.1. Autonomous case

We define a classical change of variables, which we have already seen transforms (7 , ;) into an ODE with constant coefficients.
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Definition 2.1. Let us define the sixth order autonomous Emden-Fowler change of variables (or logarithmic cylindrical coordinates)
given by
o(t,0) = rru(r,c), where t=Inr, o=60=x|x|"\.
Let us consider the autonomous Emden-Fowler transformation as follows
F:C®(BY) - CX(Cr) givenby Fw) = er'u(e’,0) 1= v. (2.1)
Using this coordinate system and performing a lengthy computation, we arrive at the following sixth order nonlinear PDE on
the cylinder Cr := (=00, T) x S"~! with T =In R < +c0,
- Pyv=/f,(v) on Cp. (Cp,T)
Here P,,, is the tri-Laplacian written in cylindrical coordinates given by
Poy =0 + K5(n, p)0° + Ky(n, p)0l” + Ks(n, )0 + Ky(n, p)0> + K, (n. p)9, + Ko(n, p)
+ 20 89 + J3(n, )07 Ay + Iy (n, )07 Ag + Ty (n, )3, 4 + Jo(n, )4y (2.2)
+30° 42 + Ly(n, p)9, A2 + Ly(n, p)A2 + 43,

where K;(n,p), J;(n, p), L;(n,p) for j € {0,1,2,3,4,5} are constants given by (A.4) and (A.5).

Remark 2.2. The computation to obtain the coefficients in (2.2) and (2.5) is tedious and lengthy. To deal with this, we used
Mathematica 13.2. In Appendix, we provide some hints to perform this computation. For more details on this subject for the fourth
order setting, we refer the reader to [13,14,23] and the references therein; this is inspired by the pioneering results of [7,20].

2.2. Nonautonomous case

In the lower critical case, because of the vanishing of the coefficient K(n, 24), we already that the situation changes dramatically.
We define the so-called nonautonomous Emden-Fowler change of variables [7,15,24,25].

Definition 2.3. Let us define the sixth order nonautonomous Emden-Fowler change of variables (or logarithmic cylindrical
coordinates) given by

6—n
5

w(t,0) =r®"(nr) 6 u(r,c), where t=Inr and o=6=x|x|"". (2.3)

Let us consider the nonautonomous Emden-Fowler transformation as follows

~ —n

1 Co(BY) —» Co(Cp) givenby F(w) = eC 1 u(e!,0) 1= w. @.4)

Using this coordinate system and performing a lengthy computation, we arrive at
- Izylw =t Nw* 'w on . (C~T)

Here Fcyl is the tri-Laplacian written in nonautonomous Emden-Fowler coordinates given by

Pcy] =
+ Ty (n, 00 49 + T5(n,00° 49 + To(n, 100 A9 + T, (n,10,49 + Jo(n, )4 (2.5)

+ Ly(n,00P &2 + Ly (n,10,43 + Lo(n, )42 + 43.

0 + Ks(n,00° + Ky(n,00 + K3(n,007 + Ky (1,00 + K, (n,1)0, + Ko(n, 1)

Here K (n, 1), f(n, 1), s (1) for j € {0,1,2,3,4,5} are functions given by (A.8) and (A.9). Analogously to the standard autonomous
case, we also consider a transformation that sends a singular solution to (7 , ) with p = 2, into solutions to a nonautonomous ODE
on the cylinder.

3. Pohozaev functionals

Next, we define two central characters in our studies, the so-called autonomous and nonautonomous Pohozaev functionals. The
heuristics are that these Pohozaev functionals classify whether or not the blow-up limit solutions in cylindrical coordinates are
(asymptotically) stable equilibrium points of the associated sixth order ODE. More precisely, from the dynamical systems point of
view, it works as a Lyapunov functional. Let us remark that to prove the Pohozaev invariant to be well-defined, one needs to use
some upper estimates and asymptotic symmetry that will be proved independently in Section 4 (see Lemmas 4.5 and 4.6).
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3.1. Autonomous case

Initially, let us define the Pohozaev functional associated to the PDE equation on the cylinder given by (C, 1), which will play a
central role in our analysis (for more details on this class of invariants, we refer to [12,23,26,27]).

Remark 3.1. By direct computations, notice that when p € (24,2* — 1), one has the sign relations
Ks(n,p), K{(n,p), J3(n,p), Ly(n,p) 20, and Kj(n,p),Jy(n,p) <O0.

In addition, we can explicitly compute these coefficients in the limiting situations p = 2, and p = 2% — 1 (see (A.6) and (A.7)). This
change in sign behavior explains why one needs to use distinct methods when the power parameter p € (1,+0) changes.

With respect to Conjecture 3, we speculate that a relationship like this should hold for the coefficients of the poly-Laplacian
written in Emden-Fowler coordinates.

We introduce a functional that will be used to classify the local behavior near the isolated singularity. We emphasize that an
explicit formula for this functional can be obtained by multiplying (C,;) by 9,v and integrating by parts.

Definition 3.2. For any v € CS(R) positive solution to (C, ;) with p € (24,2 — 1), let us define its cylindrical Pohozaev functional by

Pey(t,0) = / 1 H(t,0,v)do.
S

Here Sj"l = {1} xS"! is the cylindrical ball with volume element given by df = e~?ds, where do, is the volume element of the ball
of radius r > 0 in R”. In addition, we set

H(1,0,0) = Myyq(1,0,0) + Hopg (1,60, 0),
where
2
H,pq(1,0,0) 1= (v(5)v<1) - vW@ 4 %0(3) ) + K5 (U(4)v(1) - 0(3)0(2))
+1
+ K, (UG)U(I) _ 1U<2>2> + Ko@) 4 K2 Koo 017
2 2 2 p+1
and

3 9 2 Jr 0 2 J 2 2 Jy
Mg (.0, 0) = —J, (a} V400,V gv — 107Vl ) - 7|a} V0| - 7‘|a} V0| - 7|V9u|2

L, 2 Ly 2 1
+ 7|af ) A0 +7|a§ ) Ayl +5|A€v|2.

Remark 3.3. Using the inverse of the Emden-Fowler transformation, one can also construct the spherical Pohozaev functional given
by Pop(r,u) := (Pey1o3™") (2, 0). From [22, Proposition A.1], it follows that P, also satisfies a monotonicity property.

We deduce a monotonicity formula for the logarithmic cylindrical Pohozaev functional 7P.(z, v), which will be essential to show
that the limit Pohozaev invariant is well-defined as r - —o0.

Proposition 3.4. Let v € C5(R) be a positive solution to (C, ;) with p € (24,2% —1). If o0 <1} <1y < T, then Py (5, v) = Py (t, v) < 0.
More precisely, we have the monotonicity formula

2 2 2
0,73cy1(t,u):/ ](—K5|a§3)u| + K310P0]” = K |9,0]* = J310P V0l -L1|a,49u|2)d9<0. (3.1)
S

In particular, P,,(t,v) is nonincreasing, and so Py (—c0,v) 1= lim,_,_o, Py (t, v) exists.

Proof. Initially, observe that (3.1) follows by a direct computation, which consists of multiplying (C,;) by vV, and integrating
by parts. Hence, using Remark 3.1, we find 0, Py (t,0) <0, which proves that the cylindrical Pohozaev functional is nonincreasing.
Finally, since by Lemma 4.2, the Pohozaev functional is bounded above, the full existence of limit follows.

Remark 3.5. Using the inverse of cylindrical transform, that is, Py, = Pcy,og‘l, it follows that Py, (0,u) = lim,_o Pyp(r,u) =
lim,_, _, Py (¢, v). The last equality implies that the Pohozaev invariant is well-defined in the punctured ball when R — 0.

3.2. Nonautonomous case

In the lower critical case p = 2, since Ky = K((n,24) = 0 and y,, = n— 6, a new cylindrical transformation was defined.
Concerning this nonautonomous cylindrical transformation, we compute its associated Pohozaev functional, which in this situation
has some time-dependent terms.

Again, let us observe that an explicit formula for this functional can be obtained by multiplying (C;) by o,w and integrating by
parts. In this case, a more complicated computation is required due to the appearance of nonautonomous terms.
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Definition 3.6. For any w € C®(R) be a positive solution to (5,-), let us define its cylindrical nonautonomous Pohozaev functional by
Pyt w) = / 1 H(t, 0, w)do.
s

Here
H(1,0,w0) 1= Hypg(1, 0, w) + Hopg (1,60, w), (3.2)
where
Hyog(1,0,w) =1 (w(5>w(|> - w®uw® + %w(”z) +1K;s (WP — w®w?)
~ 1 2 ~ IEZ 2 tf(b 2 n—=6 2ot
+ 1K (wG)w(l) --uw® >+tK w4+ =207 2% — w|*#*
4 2 3 2 2 2(n—3) el
and
1]

- ~ 2y tT 2 2
Tlng (1,0, w) 1= 17, (a}3>v9wa,v9w- 102V ,wl )— SHOP Vgl = SHoPVul

tJy 1Ly, 2 tLy o 2 ¢
- 7|v9w|2+7|a§ ) Agw) +T|af ) Ayw| +§|Agw|2.

Remark 3.7. Initially, notice that the nonautonomous Pohozaev invariant is well-defined for any ¢ € (—oo0, T) since u € CO(R"\ {0})
is smooth away from the origin. In addition, due to Proposition 5.5, for R < oo, we get that |w(t,0) — w(1)| = O(ef") as t - —oo, for
some f > 0, where w(?) is the average of w(z, ) over § € S;"l with w = §(u) given by (2.4).

In particular, one can find some large T;, > 1 and C > 0 (independent of ) satisfying

|Vou(t.0)] + [4gw(t. 0)] + |V dg0(t, 0)] + [AFw(e. 0)] < Ce in C. (3.3)

Moreover, from the sharp estimate in Proposition 3.4 and the gradient estimate in Lemma 4.5, it follows
5

Z|af“w(z,9)|<c in Cp. 3.4
j=0

Before we prove the monotonicity formula, we need to show an auxiliary result. Our strategy follows the same as in [28,
Lemmas 4.8 and 4.10]. This argument is inspired in [23, Lemmas 2.1 and 2.2]. As usual, we set w(t) = J[Sn—] |w(t,0)|dé denoting
the spherical average of w. '

From now on, we also denote by K () €R for j € {0,1,2,3,4,5} the dimensional constants given by (A.10). With this notation,
we have the auxiliary result below

Lemma 3.8. Let w € C%Cy) be a positive solution to (51~). Then, one has

A~ =6
¢ = lim w(t,0) = lim w() € {0,Ky(n) ¢ },
t——00 t——c0

and

lim w?(1,0) = lim w1 =0 forall je({l1,2,3,4,5). (3.5)
——00 ——00

Proof. Indeed, using Remark 3.7, it is straightforward to check that

w(t,0) = wt)(1 + O@(t)e')) as t - —oo.

Furthermore, the cylindrical transformation of spherical average w = @(ﬁ) satisfies,

— P w = f4(@) + O@(t)e') as t— —oo, (3.6)

where

Pog = 0 + Ks(mo® + Ky(mo™® + K5 (mo + Ky(ma® + Ky (m)a, + Ko(n). (3.7)

and

fo@) = [w* ' w

We split the rest of the proof into three clail?s:
Claim 1: Either w(f) = o(1) or w(r) = I?O(n)T +o(l) as t - —oo.
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Indeed, we define the following Hamiltonian energy associated with (3.6) as follows where

~ —_ — 2 A (d)— — A~ —(3)— —(2)2
Fo(t,75) = [w@w(" T % w4 Ry (w<4>w<1> _w(3>w<2>> +R, <w<3>w(1> _ % —® )

K2 Ky_ -
=0, K2 Koo n
2 2 2n—

+K 2w |w| =3 ] @®) + O@w(t)e").

Now, we observe that the coefficients K 1(m), I?Z(n), 123 (n), 1?4(n), fs(n) € R are given by (A.10) We also define the associated Pohozaev
functional as

Proa(t. ) := /S  Heq )
1

In addition, observe that K 1(n), K5 (n) > 0 and K3(n) 0, which by a direct computation shows that

— A~ 2
Prag(t. ) = / 1<—K5|w”<z)| + Km0l - R @ o) >d0<0. 3.8)
S

This implies that ﬁrad(t,ﬁ) is monotonically nonincreasing on variable ¢, from which combined with the uniform estimates in
Remark 3.7, we conclude that the limit lim, ,_ P,,4(f,w) < +o0 exists.
Let u € C®(R" \ {0}) be a nonnegative solution to (P p.00) With p = 24. such that u = 5 (w), and define

Praa(rou) = /S a0

Notice that we have

Praa(0,u) 1= lim, Prag(rou) = lim Prq(t, ).
For any A > 0 and 7 = In 4, define the rescaled solution

uy(x) := (In D5 Su(ix)

or using nonautonomous Emden-Fowler change of variables
W) =5 Ot + 7).

It is not hard to verify that u; € C6(B y ,) is also a nonnegative solution to (7, ) with R = 27! and p = 2,. Moreover, we have
Prad(r, u) = Pmd(t, w,) = Pmd(t +T,w) = rad(/lr, u),

from which we derive the following scaling invariance
Praa(rsuy) = PrggGar,uy).

Now, let us compute the possible asymptotic values of P,,4(0, u). Using Lemma 4.6, it follows that the family {u,} ., ¢ C5%(B, 24)
is uniformly bounded in C%%(K) on every compact set K C B, /2, and for some a € (0, 1). Hence, one can find a nonnegative function
uy € CO(R" \ {0}) solving (P, ,) with p = 2,4 and subfamily, still denoted the same, satisfying

hrn [Jue; — “(Jllcﬁ @\ = =0.
Moreover, by [9, Theorem 1.2], we know that u, € CO(R"\ {0}) satisfies —Au, > 0 and 4%u, > 0 in R\ {0}, which, by the maximum

principle, yields that either uy = 0 or u, > 0 in R"\{0}. Therefore, it is not hard to check that this blow-up limit u, € CO(R" \ {0}) is
radially symmetric with respect to the origin. Moreover, by the scaling invariance of the Pohozaev functional, we find

(r.ug) = lim Prad(rouy) = lim Prad(Ar,u) = Prpg(0,u) for any r> 0. (3.9)

Prad
Finally, we set w, = §(u0) and notice that it solves
— B0y = f4(@,) in R.
In addition, from (3.9) it follows that 7, A,ad(t wy) = Arad(r, ug) is a constant, which combined with (3.8) implies

0, Praq(t, o) = /S i ( Rel@ ol + Rl ol - Ry o) )dezo.
t

A n—6
From this, we conclude that either w, =0 or EO = Ky(n) 6 , which together with (3.8) yields

A3 1 n—=6 n—1
Praq(0,0) € {0, (E T 3)) Ko(n) 7 [S |}

At last, we have two cases to analyze:
Case 1: If P_4(0,u) =0, then u, = 0.
Since the blow-up limit «, € CO(R” \ {0}) is unique, we conclude

111’1’1 ”M}L”C(; (]Rn\ —O
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Therefore, we easily get
) =6
lim (In|x]) 76 |x|"u(x) =
|x|—=0

which finished the first case. e oo
Case 2: If P.,,(0,u) = "S ‘Ko(n) T, then up(x) = Ro(n)'5 (In |x) 7" |x|°".
In this case, we also have uniqueness of u, € CO(R" \ {0}), so we find

. - =6 =) 6—,
lim flu; = Ko(m) 5" (n fx) 76" 1"l cs , =0.

<BRN\{0
In particular, we have
A on6
llu; — Ko(m) 6 lcogn-1y, as 4 —0,
from which we quickly get
n—6 —6
lim (n[x)"e" IxI"Su(x) = Ro(n) s
X|[—
and so the second case is proved
The proof of the first claim is concluded.
Claim 2:0Y (1) = o(1) as t —» —co for all j > 1
Indeed, let us prove the following claim that lim,_,__, E“”(t) =0 and lim,_,_ E(z)(t) =0
Let us define the function Y,(w) = w + I?SE“) + I@Em + I%Em + 1225“), which satisfies Yl(z)(m = w“)g#(w), where
gs(w) = fu(w) — ﬁow. Now, we have to consider two cases:
Case 1: g\ (¢,) #0

In this case, g;”@(t)) has a sign for —t > 1 large enough, that is, either g;”@(t)) >0 or g;”(ﬁ(t)) < 0 for large —¢ > 1. Also,

since w(” > 0, it follows lim,_,_ sign(Yl(z)(w(t))) # 0, which implies that Yf”(w(z)) has a sign for —z > 1 large enough; thus by a

comparison principle Y, (w(t)) also does. Furthermore, because Y| (w()) has a sign for —z > 1 large enough, we find the following
limit exists:

lim (w(4)(t) + Rso® () + B, 0 + By o) + I?zw(t)) =
Consequently, we get
im_ (E(‘”(t) + R0 + Rwo® () + 12@“(:)) = ¢, - Kyt (3.10)
In addition, it is not hard to check that there exists 4, u, > 0 such that the following decomposition holds
( Dty + R (1) + R,w® @) + K, w(l)(t)) = (L, oL, u(),
where
Lm = —6,(2) +pu; and LM2 B —6,(2) +u
Now defining
Y,(@) := L, ().

we get lim,_,_, L, Y,(w)) # 0, that is, Y,(w()) has a sign for —¢ > 1 large enough. Hence, by a comparison principle Y, (w(t)) also
does. Moreover, since Y,(w(1)) has a sign for —¢ > 1 large enough, we get that the following limit exists

lim Y,w()) :=¢,.
t——00
Therefore, we conclude

lim w2 @) = £, + uyt,
1—=—00

which by the boundedness of w, proves that E(Z)(t) — 0 as 1 » —o0. Finally, going back to (3.10), we find E“)(t) —-0ast— —c0.
Case 2: g#l)(fo) =
In this case, we can define

- R
V@) =0 + Ko + R + Ko + 2w

and proceed as before to conclude the proof.

At last, using that w 2)(t) — 0 and w(4>(t) — 0 as t - —oo, one can prove that w(l>(t) -0, _(3)(1) - 0, and w(j)(t) —-0ast— —oo.
Since, we can write (3.6) as

0® = kw0 - K, - K30 - Kw® - Ko - g,w) + O@()e') in R,
A n—6

it holds lim,_, _, E@(t) 1= ¢35 = g4(¢,)). Therefore, w is bounded, we find #; = 0, and thus £, € {0, K,(n) ¢ }. By this discussion, it is
easy now to see that (3.5) holds; this concludes the proof of this case.

At last, Claims 1 and 2 combined gives the proof of the lemma.
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To prove the full existence of P Peyi(—00, w), we shall verify the estimates in the next lemma, which is a sixth order version of [7,
Lemma 3.2]. Due to the appearance of higher order derivative terms, we give different proof to the ones in the lemma quoted above.
Namely, our proof is based on Lemma 3.8 combined with a simple L’Hopital rule. Initially, by differentiating H(1, 6, w) with respect
to 1, integrating by parts over S"~! (using differentiation under the integral sign one can even omit the dependence on #), and using
(Cy), we find

0Py (1, 0) = Epy(t, W) + Zppy (8, 10).
Here, by direct differentiating (3.2) with respect to 7, one has
E(tw) = / 0 Hia(1,0,w)d0 and  Ey,(t,w) i= — / 0,H,,, (1,0, w)do. (3.11)
sn-1 sn-1 ©
Although we do not use the angular part of the Pohozaev functional we introduced above, we need to study its radial part.

We observe that it is only necessary to compute the asymptotic behavior of this functional for t+ — —co. This is inspired by the
computations in [7, Section 3] and [14, Section 4].

Lemma 3.9. Let w € C%(R) be a positive solution to (E ). Then, one has

0Hmd(t 0, w)=w O~ wWw? +Pps ! —Ps wPw? + pow w

(3))2 (2))2 (1))2

3) (1)

wh +p,w?w

+ p3(w po(w +p(w +p0w +O(w(t)e') as t— —oo,

where the real-valued functions p;(n,-) : (—c0,InR) — R for j € {0,1,2,3,4,5} satisfy
po(n, 1) = 3—16n(n —6)(3n® — 48n% +228n — 32072 + OG ™), (3.12)

(n — 6)*n(n? — 24n + 68)

py(n,1) :=8(n—2)(n—4)(n— 6)t + +0307?), (3.13)

2
py(n 1) 1= —%(3n2 — 42+ 124) + O(7D), (3.14)
p3(n, 1) 1= %((m -35)+ 031, (3.15)
paln1) 1= —%(n3 —30n% + 2120 — 408) + OG2), (3.16)
ps(n,t) := —%(n—ﬁ). (3.17)

ast — —oo.
Proof. On one hand, a direct computation shows

0 H,0a(1.0.0) = 0wV — WV + > (1< + 1K@V - wVw®)
+ %(I?4 + in”)@o)w(” w4 —(K + 1Ky

+ l(1 —21K5)@)? + (K2 + 1K) @y + %(1’50 + 1Ky

—(5) K—(4)

+<—(6)

+ 1K™ 41 + 1K w0 + 1Kyw® +1EOE—f#(E)) w?
On the other hand, since w € C"(R) is a positive solution to (ET), we get

@ + 1K™ + 1K, + 1K, + 1 K,w® + tKyw — fu@) = —tK, 0" + O@(t)e') as t - —co.

From this, we conclude that the coefficient functions p j(n,) 1 (=c0,InR) — R for j € {0,1,2,3,4,5} are given in terms of
nonautonomous coefficients and their derivatives. More precisely, we find

ps(n, 1) 1= %[Es(n, 0+ 1K (1),

pan, 1) : %[I@(n, 0+ 1K (n, 1),
ps(n, 1) = %[1 — 21Ks(n, 1],
pa(n,1) 1= %[1’54(;1, 0 +1K (1),
pi(n,1) 1= %[Ez(n, 0+ 1K (n, 1) — 2K, (n,1)],
po(n, 1) i= %[Eo(n, 0 +1KP(n.1).
A direct computation using the formulas above finishes the proof.

Now we use the asymptotic estimate proved in Lemma 3.8 to prove the result below

10
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Lemma 3.10. Let w € C(R) be a positive solution to (C;). Then, lim,_,__, Z,.4(t,w) = 0.
Proof. Notice that
Satow) =t L+ 1o+ Ig + Iy + Ig + Is + Iy + Iy + I + I, + I + O@0(t)e").

Next, we estimate each term of the last identity separately by steps.
Step 1: I, :=1lim,_,_o, fgu1 Po(n, uw(t,0)*d6 = 0.
Using (3.12), we find that lim,_,_, py(n, 1) = 0, which by means of (3.4) yields

lim / po(n. Dw(t,0)2d6 = ( lim po(n, z)) < lim / w(, 0)2d9> =0.
t—=—00 sn—1 1—=—00 1—=—0 sn—1

This gives us the desired conclusion.
Step 2: I} :=1lim,__, fgu1 i (n, D (t,0)2d6 = 0.
It holds lim,_,_, p;(n,f) = —co. However, by (3.13), one has p;(n,1) = p;(n,1) + P, (n, 1), where
_ (n—6)’n(n* —24n + 68)1_1

B +0@07?) and Py(n,1) = 8(n—2)(n—4)(n—6).

Pi(n.1)
With this notation, we set

lim / P, HwD(t,0)% dg = lim [El(n,z) / w(t,0) da] + lim [ﬁl(n,z) / wV, 0y do]
sn—1 t——00 sn—1 t—>—00 sn-1

1——00
=T, +1,.

Since lim,_ ., §,(n.1) = 0, we see that I, = 0. Moreover, to estimate T,, we use the L’Hopital rule as follows

~

Iy = lim /Sn_l P DV, 0)% do
. 8(n —2)(n — 4)(n — 6)
lim -
70, [(forr w0, 0200) |

1) 210)2
—4(n = 2)(n - 4)(n—6) lim (Jorm1 w0t,07d6)
== [ w(t, 0)w(1, 0)d6

w(t, 6)?
S A ey
— i 60V 1? + 8w O™ 1) + 20 O (1)
t——00 E(ﬁ) %)

i 600 1? + 8Pt (1) + 20V (™ (1)
== _Rsmw® (1) - Rymw® 1) = Ry @) = Ry @) — B mw " (1) = Ky(n) — fu(@(1)
=0

where we used (3.6), (3.7), and (3.5) in the last three steps. Since IAI > 0, the proof is concluded.
Step 3: I, :=lim,_,_, fgu1 Po(n, HP(t,0)%d6 = 0.
As before, by (3.14), it holds that lim,_,_, p,(n,1) < oo and using

lim / po(n, w1, 0)2d0 = ( lim py(n, z)) ( lim / w®a, 0)2d9> =0,
=00 [ou-1 t——c0 1==00 [en-1
the proof of this step follows promptly.
Step 4: I :=1lim,_,_, fgu1 p3(n, P, O)wD (1, 0)d6 = 0.
In fact, using (3.15), one has that lim,_,_, p3(n,7) < +o0. Thus,
lim / p3(n w1, 0)w ™ (r, 0)d6 = ( lim p3(n,t)) ( lim / w(t, 0w, 0)d0> -0,
sn—=1 1——00 t——00 sn-1

t—>—00 1,
where we used Lemma 3.8. This concludes the argument.
Step 5: I, 1= —lim,_,_, fgu1 p4(n, (2, 0)%d6 = 0.
Indeed, by (3.16), we obtain that lim,_,__, ps(n,f) < +oc0. Thus,

— lim / pa(n. Hw®(z,0)2d6 = —( lim p,(n, z)) ( lim / w0, 9)2d9> =0,
sn—1 t——00 t——00 gn-1

t——c0

where we used Lemma 3.8. This concludes the argument.
Step 6: Is :=1lim,_,_., [gu1 p4(n, O, O)wD(1,0)d6 = 0.
Using the same argument as before, we find

lim / pa(n w1, 0)w ™ (t, 0)do = ( lim p4(n,t)) ( lim / w®(t, 0w, 0)d9> -0,
sn—1 I—=—0c0 t——00 sn-1

t——00

which finishes this step.
Step 7: I 1= —lim,_,_,, [gu1 ps(n, D, 0)w@ (2, 0)d0 = 0.

11
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Indeed, by (3.17), we obtain that lim,_,__, p4(n,f) < +o0. Thus,

— lim ps(n, w1, 0)w® (1, 0)do = —( lim ps(n, z)) ( lim / W, 0w, 9)d9) =0,
sn-1~ t——00 t—>—00 [an-1

t——00
where we used Lemma 3.8. This concludes the argument.
Step 8: I :=1lim,_,_., fgu-1 Ps(n, Dw® (@, 0)wV(t,0)do = 0.
Using the same argument as before, we find
lim / ps(n DDt 0)wD(r, 9)d6 = ( lim p5(n,t)) ( lim / W, 0w, 0)d9> =0,
sn—1 —=—0c0 t——00 sn-1

t——00

which finishes this step.
Step 9: Iy :=lim,__, [ou1 w2, 0)%d0 =0.
It follows directly by Lemma 3.8.
Step 10: Iy :=lim,__, fom1 w® (1, 0)w®(t,0)d0 = 0.
It follows directly by Lemma 3.8.
Step 11: Iy :=lim,_,_, fou1 0. 0), wD(t,6)do = 0.
It follows directly by Lemma 3.8.
Finally, putting together all the steps the proof is concluded.

The next proposition is the monotonicity of this new Pohozaev functional.

Proposition 3.11. Let w € C%(R) be a positive solution to (5T). Then, one has

@) if n=17,8, then there exists T, > 1 such that 7~ch1(1, w) is non-decreasing for t > T,.
(i) if n > 9, then there exists T* > 1 such that 7ch1(t, w) is nonincreasing for t > T*.
Moreover, Py (—oco,w) 1= lim,_,_q, Py (1, w) exists.

Proof. Initially, using Remark 3.7 and Lemma 3.8 one can find —#, > 1 such that sign(a,flmd(t, w)) = sign(py(n, Hw|?) for |t| > [to]-
Let us denote by py(n,1) = po(n)r2, where py(n) € Z[n] as fy(n) = 3n> — 481> +228n — 320.

On one hand, by (3.12) since fy(n) < 0 for n > 9, we directly verify that there exists —; > 1 sufficiently large such that
po(n,1) < 0 for ¢| > |t,], which, by taking T* := max{7,,1,}, implies that 7~)Cy1(t, w) is nonincreasing for |¢| > T*. On the other hand,
since fiy(n) > 0 for n = 7,8, there exists —¢, > 1 sufficiently large such that p,(n, ) > 0 for |7| > 1,; thus, setting T, := max{zy,t,}, we
get that 73Cyl(t, w) is nondecreasing for |7| > T,,. Since lim,_, _,, Z,,,(*, w) = 0 exists and 7~30y1(t, w) is uniformly bounded as t - —o0, we
deduce that 73Cy1(—oo, w) exists. The proof is concluded.

4. A priori upper bounds

This subsection is devoted to providing a priori upper bounds for positive singular solutions to (7 , ) with p € (1, 2# _1). Our
strategy relies on the classification of the limit solutions to (7, ) combined with a blow-up argument. When p € (24,2 — 1), most
of our arguments in this section are similar in spirit to the ones in [9], so we omit them here. Nevertheless, for p = 2, our proof
is completely new and based on [11]. Notice that by scaling invariance, we may assume R = 1 without loss of generality. Also, all
constants in this section depend only on » and p.

Lemma 4.1. Letu € C%(B,)n C(B,) be a positive non-singular solution to (P x) with p € (1,2¥ — 1) and R = 1. Then, there exists C > 0
(depending only on n and p) such that

u(x) <C(1—|x|)™ in B,. 4.1

Proof. See [9, Lemma 3.1].

Using the last lemma, we can prove the auxiliary result below

Lemma 4.2. Letue CG(BI*) be a positive singular solution to (P , z) with p € (1,2% —1) and R = 1. Then, there exists C > 0 (depending
only on n and p) such that

[uG)l < Clx|™7 in By ,).

5

122
U.(x)=r'vu(rx+x9) in Bj.

Proof. Fixing x, € B¥,, let us define r = %|x0|. Since B, (xg) C B}, the rescaled function given by

is well-defined. Furthermore, since u is a positive singular solution to (7 , z), we obtain that %, is a positive non-singular solution
to

-8, = f,@,) in B,

12
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which is continuous up to the boundary. Therefore, we can apply Lemma 4.1 to u,, which, by taking x = 0 in (4.1), provides
[#.(0)] < C. Hence, by rewriting in terms of u, we get |u(x,)| < Cr~"». At last, since x, € B*

. . 1 .
T 18 arbitrary and r = 3 |xol, the proof is
finished.

As a consequence, we have the following Harnack-type estimate

Corollary 4.3. Letu e Cf’(Bf) be a positive singular solution to (P , ) with p € (1,2* —1) and R = 1. Then, there exists C > 0 (depending
only on n and p) such that

5
Y1l DVu)l < € in B .
j=0

Proof. See [9, Theorem 1.1].

The last lemma is a Harnack-type inequality

Lemma 4.4. Let u € CS(BY) be a positive singular solution to (P , ) with p € (1,2¥ — 1) and R = 1. Assume that —Au > 0 and A%u > 0.
Then, there exist C > 0 and r € (0,1/16) (depending only on n and p) such that

sup u$CB in}l; u in BT/l()'
B,)\Bs, 2 2\ B3y/2

Proof. See [9, Proposition 4.2].

We also establish some auxiliary results about upper bounds near the isolated singularity.

Lemma 4.5. Let u € CS(BY) be a positive singular solution to (P , ) with p € (24,2% — 1) and R =1, and v = ™' (u) be its autonomous
Emden—Fowler transformation given by (2.1). Then, there exists C > 0 (depending only on n and p) such that

o]+ 10O+ 162 + [0 ] + [0D] + 10| + V0] + [4g0] + [Vodgv] + 4501 S € in Cpy.

Proof. First, by Lemma 4.2, we know that v € C%(C;) is uniformly bounded. Moreover, using Corollary 4.3, one can find C > 0

such that
1

o]+ Vool < € Y IxI7 | DVuix)] < C,
Jj=0
2
6@ + 14501 < € Y IxI77 | DVu(x)] < C,
Jj=0
4
[69] +Vpdgvl < € Y x| DVu(x)] < C,
Jj=0
4
6@ + 14500 < € Y Ixl7H | DVux)] < €,
j=0
5
1] < C Y Ix17H [ DVux)] < C,
Jj=0
for 0 < |x| < 1/2, which by a direct rescaling argument proves the lemma.

When p = 2,4, we have the asymptotic upper bound below. Our approach here follows the same lines of [11, Theorem 5].
Nonetheless, we write a short proof for the convenience of the reader.

Lemma 4.6. Letue C"(B;;) be a positive singular solution to (P , z) with p = 2. Assume that —Au > 0 and A%u > 0. Then, there exist
Cy(n) > 0 and 0 < ry < R such that

6—n
()| < Co(mlx|*"(n|x)6  for 0< |x|<ry,
where u(r) = f By |u(re)|do denotes the spherical average of u.

Proof. Note that for each 0 < » < R with r = |x|, we get that the spherical average u € C®(R) satisfies the following nonautonomous
ODE

r50® + M5(n, 10 + My(n, o™ + M3(n, 19> + My(n,r)d® + M (n,r)9, — f4w) > 0, (4.2)

13
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where the coefficients M i(n,+) 1 (0, R) — R are given by (A.2) and (A.3). Next, setting
wo =1, y;=-4u, and y,=4%,
we can reformulate (7, ;) as the following system
[¢))
= (r i ®) =y
1, W\ e
- (r" v, (r)) =r""ly(r) for r € (0, R) (4.3)
I B
= (P 0) =),

In what follows, the proof will be divided into some steps
Step 1: Either u € C(B))NH?(B,) is a continuous weak solution to (P , z) with p = 2, or lim,_o u(r) = lim,_, —4u(r) lim,_; A%u(r) =
+00. In particular,

i <0, V) <0, and @DV <0 for re(0,R).

Suppose thatu € C l(Bi*) does not have a removable singularity at the origin. Then u must be unbounded in B, and, in this case,
also a distribution solution to (7 , ) in the entire B,. Since f,u) € L/ 6-9)(B,) for some & € (0,6), by bootstrap argument, u may
be extended to a continuous weak solution to (7, z), which is a contradiction.

First, we claim that u(r) > +o as r — 0. In fact, suppose by contradiction that liminf, 4 u(r) < +c0. Then there exist two real
sequences {m; };cn. {my }ren such that My > m; — 0 as k — oo and u assumes local maxima at M, local minima at m; for all k € N.

Moreover u(M,;) — +oo as k — oo while {u(m;)};cy C R remains bounded. Since —4u > 0, by the maximum principle, we get
u(My) > min{u(my),u(m;, )} for all keN,

which contradicts the boundedness of {u(m;)},cy C R. Using the same argument, it is also clear that —4u(r) — +oc0 and A2u(r) - 4+
as r — 0.
By integrating (4.3) on (p, r), where 0 < p < R small enough, we find

) <y <0 for je(0,1,2).

This completes the proof of Step 1.
To continue with the proof, we need to introduce some auxiliary functions. Namely, we define the functions ¥, ¥,,%, : (0,R) > R
given by
Po(r) = ryo(r), () = ryy () + (1= 2w, W) = ry, + (n = 2wy,
which satisfy
—AY, =¥,
-y =y, 4.9
D = ()’

Step 2. There exists 0 < ry < 1 and 0 < p < ry, it follows lim,_, "~2?=Dy;(r) = 0 and ¥;(r) > 0 in r € (0, p) for j € {0,1,2}.

Since u € LIIOC(B r) is a distribution solution to (7, z) with p = 2,, it follows that liminf,_, r""2®=Dy;(r) = 0 for j € {0,1,2}.

We start with the case j = 2. Indeed, let us denote by y/(’)* (r~1) = r"Oy,(r) the sixth order Kelvin transform y, = u with respect
to 0B,. Hence, by [11, Lemma 3], we find that —A3y/(’; > 0in I*(Bg) :=R"\ Bi*. Then, by Step 1, ll/g is monotone near +oo, which
implies that "~y (r) is monotone near the origin. Hence lim,_ "~y (r) > 0 exists and is positive for small 0 < r < 1.

To verify the case j = 1, let us denote by y/f(r‘l)(r‘l) = r"~*(r) the fourth order Kelvin transform of y, = Au with respect to
0B,. Hence, by [11, Lemma 3], we find that Azwf > 0 in T*(Bg). Then, from Step 1, we conclude that y/;‘ is monotone near +oo,
which implies that r"~*y, (r) is monotone near the origin. Hence lim,_ 7"~y (r) > 0 exists and is positive for small 0 < r < 1.

Finally, for the case j = 0, let us denote by wz*(r‘l) = r""2u(r) the second order Kelvin transform of y, = A%u with respect to dB;.
Hence, by [11, Lemma 3], we find that —Ay/; > 0in IT*(Bg). Then, from Step 1, we conclude that u/; is monotone near +co0, which
implies that r"~2y,(r) is monotone near the origin. Hence lim,_  r"~2y,(r) > 0 exists and is positive for small 0 < r < 1.

The proof of Step 2 is concluded.

Step 3. lim,_, r"~2¥,(r) = 0 and ¥"(r) + (n — 2)¥,(r) > 0.

Finally, from the case j = 2, it holds that 0 < —rﬁ(')(r) < (n— 6)u(r) in (0, p). Thus, multiplying the last inequality by -2 and
letting r — 0, we get that lim,_, »"~'z"(r) = 0, and so

lim r"’zﬁl’o(r) = lim (r"’lﬁ(l)(r) +(n— 6)r"’zﬁ(r)) =0.

r—0 r—0
Next, for 0 < r, < 1 small given by Step 2, it follows from (4.4) that —4¥%;, > 0 and ¥, > 0 in B;‘o. Therefore, by considering
l1”0*(r‘1) = r""2¥,(r), we obtain —4%F > 0 and ¥ > 0 in T*(Bp). In addition, l1”6"(r‘1) — 0. Consequently, a direct application of the
maximum principle, yields ¥ (~~") < 0 for all r~! > r!, which in turn proves completes the proof of Step 3.

Step 4. 'z"él)(r) <0 for 0 <r< 1, then ¥,(r) > +0 as r — 0.
We observe that from Step 3 it follows that —(r"’“!’él))(” > 0 for r € (0, p;), which by integrating on (e, r), with r € (0, p;), yields

=)+ e 1w Pe) > 0.
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Hence, by letting ¢ — 0 in the last inequality we find that TS”(r) < 0 for r € (0,p;). At last, suppose by contradiction that there
exists C > 0 such that ¥,(r) < C for all r > 0, which imply
Po(r) = r e Cuir)® < C.
On the other hand, integrating the last inequality on (0, r), we would obtain u(r) < C(n — 6)~!, which is a contradiction of the
origin is a non-removable singularity and proves Step 4.

6-n
Step 5. [u(x)| < Coy(m)|x|"(n|x|) 6 for 0 < |x| < rq.
Let us set

@o(r) = r"ur), @) =r"eo(r), and  @y(r) ="y (n).
Whence, using Step 1, we get that 6(p$)1)(r) >0, (p(ll)(r) and (p(22)(r) > 0 in (0, ry). Now, since ¥,(r) = r4‘”<p(1”(r), one has from Step 2
the following holds
(0 + 0 -2w0) " = e,
which, by integrating on (r, ry), yields
- (r?’él)(ro) +(n— 2)%(r0)> + P00 + (0= 20P(r) 2 0y (1) (" = F1)
Now, since ¢((r) — 0 as r — 0, one can find r; € (0, ry) such that

(o) + (1= 20900) ) = @y 20, in (O,

which, since from Step 5 implies 'lfél)(r) < 0 for r small, one can find C > 0 such that
Wo(r) 2 Cr*™py(r) in (0,ry),

(1
0

o) > Crl fy(@or) in re©.r).

and so ¢, '(r) > Cr“q;l(r). Hence, since y(r) > C fu(u(r)), we get @,(r) > C fu(@((r)), which yields

6
Up to a rescaling, we may assume that the last inequality holds for r € (0, 1). Thus, by a direct integration, we obtain ¢,(r) »6 > Clnr
as r — 0, which in turn leads to

-6
w(r)r"Inr) 6 <C as r—0.

This completes the proof of the lemma.
5. Asymptotic radial symmetry

We prove the first part of Theorem 1 asserting that solutions to (7 , z) are radially symmetric about the origin. This symmetry
will later be used to convert the singular PDE into a non-singular ODE on the cylinder.
Before that, we need to establish some preliminaries.

5.1. Kelvin transform

Later we will employ the moving spheres technique, which is based on the sixth order Kelvin transform of a real valued
function. To define the Kelvin transform, we need to establish the concept of inversion about a sphere 0B, (x), which is a map

I, ,:R">R"\ {x,} given by T

o (x) = xo + KXO_M(x)Z(x - Xg), where K, (x) = p/]x = x|

X0H

Definition 5.1. For any u € Cf’(BZ), let us consider the sixth order Kelvin transform about the sphere with center at x, € R” and
radius y > 0 defined by

Uy (X) = Kxovﬂ(x)n76u (Zxo~ﬂ(x)) ’

Lemma 5.2. If u € C(B%) is a solution to (P , ), then u

Kxo,u (x)(n—6)p—(n+6) fp (u

X € C8(B} \ {x0}) is a solution to

(=A)u wou) I B\ {xo}.

XM =

Proof. It directly follows from the facts that the tri-Laplacian is conformally covariant and the Kelvin transform is a conformal
diffeomorphism.
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5.2. Integral representation

Now we use a Green identity to transform the sixth order differential system (7 , ) into an integral system. In this way, we can
avoid using the classical form of the maximum principle, and a sliding method is available [29,30], which will be used to classify
solutions. In this setting is also possible to prove regularity through a barrier construction.

We start with the following result

Lemma 5.3. Letu € Cﬁ(BZ) be a positive solution to (P , z) with p € (1,+00). Assume that —Au > 0 and Au > 0. Then, u € LP(By). In
particular, if p € (24, +o0), then u € L'(B,) is a distribution solution to (Ps 1) that is, for all positive ¢ € CX(B,), one has

/ u(—4> pdx = / fou)gdx.
B By

Proof. See the proof of [12, Lemma 3.1] (see also [31, Theorem 3.7]).

The next result uses the Green identity to convert (7, ) into an integral system. We divide this results in two cases, namely
R < +o0 and R = +oo0.

Lemma 5.4. Let u € C%(B}) be a positive solution to (P , ) with p € (1,+c0). Assume that —Au > 0 and 4%u > 0.

@@ If R < 400, then (up to constant) there exists ro > 0 such that
u(x) = / I = 10" £, @)y + w0, G.1)
By,
where y > 0 satisfies (—4)>y = 0 in B,. Moreover, one can find a constant C(F) > 0 such that ||V In W”CO(B;) < C@) forall0 <7< r.
(ii) If R = +oo, then (up to constant), it follows

ux) = /}R Ix = ¥1°7" £, (u)dy.

Proof. For (i), the proof is a simple adaptation of [22, Lemma 2.3]. For (ii) see [32, Theorem 4.3] (see also [33]).

5.3. Sliding technique

Now we use the preliminary results to run an integral moving spheres technique. We use an asymptotic moving spheres technique
in the same spirit of [15]. Although our proofs are almost the same we include it here for the sake of completeness.

Proposition 5.5. Letu e C6(B;) be a positive singular solution to (P , ) with p € (1,2% — 1). Assume that —Au > 0 and A%u > 0. Then,

u(x) =1 +0O(x)u(x) as x—0.

Proof. Initially, if the origin is a removable singularity, then the conclusion is clear. Hence, we suppose that the origin is a
non-removable singularity.
We divide the proof into some claims.

Claim 1: There exists small 0 < e <« 1 such that for any z € B! /20 it holds

u, <u in B\ (B.(z2)u{0}) for 0<r<|z|. (5.2)

Indeed, the proof follows almost the same lines as the one in [22, Lemma 3.2], so we omit it.
In the next claim, we provide some estimates to be used later in the proof.
Claim 2: There exists z € B*,, 0 < r < |z| and u, > 1 large such that

£/2?
2

y [l
/S . - <L2_Z> and 2l 1
1y,] ‘y/lylz—z‘ Iy r

Here y, = y+2(u — y - e)e is the reflection of y about the hyperplane 0H,,(e), where H,(e) = {x : (x,e) > u} and e € S"-!. In other
words, y,| yﬂl_2 is the reflection point of y|y|~% about 0B,(z).

As matter of fact, choosing r = |z|, it involves an elementary computation, as follows
}2

y
— -z

| IZ for any wu> p,. (5.3)
y

I 7 I PR I )
2 2 2 2| 2"
Iyl Iylz—(y,,‘ Iyl |y,,( Iylz—(y,,‘

Next, we establish a comparison involving the Kelvin transform of a component solution with itself.

Claim 3: For any u > é and e € 9By, if (x,e) > p and |y,| > 1, it holds uj;(y) < ug (yu).

In fact, to prove the last inequality, let us note first that y € B, ,, if and only if, y| y|”? € B,. Now given y € R” such that
(v.€) > u, |y, > 1 and 0 < r < |z| < /2 satisfying (5.3). Let us define x = y|y|~% and X, = yﬂlyﬂl‘z. Then, since (y,e) > y > &'
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and || y,| > 1, we have x € B,(z) and x,, € By \ B,(z). Hence, using (5.2) and (5.3), we find
up 1 () < up 1 (¥,)s

which proves the claim.

Ultimately, using Claim 3, we invoke [20, Theorem 6.1 and Corollary 6.2] to find C > 0, independent of ¢ > 0, such that if
Iyl 2 |x| + Ce™1, it follows uy | (y) < ug (x). Therefore, since ug is positive and satisfies —Au,; > 0 and 4%, > 0, the last inequality
implies

u0,1(|x|)=(1+0(%))<££uoyl> as R — +oo,

uniformly on 0By, which in terms of « implies the desired asymptotic radial symmetry with respect to the origin, and the proof is
concluded.

6. The limiting Pohozaev levels

After proving the radial symmetry of singular solutions to (7 , z), we shall classify them in the blow-up and shrink-down limit.
The idea is to use a blow-up/shrink-down analysis, which comes from tangent cone techniques from minimal hypersurface theory,
and will be described in the sequel.

For any u € Cé(B;) solution to (7, ) and 4 > 0, let us define the following A-rescaling solution given by

(%) 1= APu(Ax), 6.1)

where we recall that y, = 6(p — 1)~!. Notice that the A-rescaled solution is still a positive solution to (P , z) with R = A~!. Moreover,
we get the following scaling invariance

7)Sph(r’ ﬁ/l) = 7)sph(/b‘v u)- (62)

This follows by directly using the inverse cylindrical transform as in Remark 3.5. Besides, by a blow-up (resp. shrink-down) solution
ug (resp. uy,) to (P, z), we mean the limit u, := lim,; @, (resp. uy, := lim,_, 4;). In fact, utilizing some a priori estimates and
the compactness of the family {@,},,, C Cfo’:(R") for some a € (0, 1), these limits will be proven to exist. Next, we study the limit
Pohozaev functional both as r — 0 (blow-up) and r — +oo (shrink-down), this will give the desired information about the asymptotic
behavior for solutions to (P , r)-

Here is our main result of this section:

Proposition 6.1. Letu € CS(R"\ {0}) be a positive solution to (P »oo) With p € (1,2% —1). Assume that u is homogeneous of degree ~p

(@ If pe (1,24], then u=0;
(b) If p € (24,2% — 1), then Pyi(r,u) converges both as r — 0 and r — +oo, namely

ptl

{Ppn (0, u), Py (+00,)} = {~@,_,£7,0}, where ¢ = Koy(n, p)rT1. (6.3)

p—1
2(p+1)
First, we prove that the invariance of the Pohozaev invariant is equivalent to the homogeneity of the blow-up limit solutions to
(P, p.oo)‘ A similar result can also be found in [18], where a different type of functional is considered.

Lemma 6.2. Let u € CO(R"\ {0}) be a positive solution to (P o) With p € (24,2% — 1). Then, Pyon(r, U') is constant, if and only if, for
any r € (ry,ry) with 0 <r; < rp < +oo, u is homogeneous of degree —y, >0 in B, \ B,], that is, it holds

u<x>=|x|wu(ﬁ> in B, \B,.

Proof. Notice that if p # 2% — 1, then K,(n,p) # 0. Thus, supposing that Pn(r,u) is constant for r; < r < r,, together with
Remark 3.3 yields that o,u = y,/~'u on 9B, for any r| < r < r,, where v is the unit normal pointing towards the origin. Therefore, u
is homogeneous of degree —y, in B, \ E,l, which concludes the proof.

The following lemma provides an upper bound estimate for singular solutions to (P , z)-

Lemma 6.3. Let u € CS(R" \ {0}) be a positive singular solution to (P ,.,) with p € (1,2* — 1). Then, it follows
1

u<x><<112;nl> " in B (0).

Proof. By [10, Theorem 6.1], we know that —Au > 0 and 4%u > 0 in R” \ {0}, which, by using the extended maximum principle [34,
Theorem 1], gives us

liminf u(x) > 0.
x—=0
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Considering ¢ = u'~?, a direct computation, provides
Vol? .
so> LY in Ry (o).
p—1 ¢
Thus, for any r > 0, let us consider the auxiliary function @(x) = @(x) — ”2;,"|x|2, which satisfies —4¢ < 0 in B}. Furthermore, 6.3
implies that @ is bounded close to the origin, and thus, again, by the extended maximum principle, we find

-1
P 2

5

0 < limsup @(x) < sup@ = sup ¢ —
x—0 B, 0B,

which yields

I Ny
infu < <p ) r .,
dB, 2n

Finally, a direct application of Proposition 5.5 finishes this proof.

As a consequence of this uniform upper bound, we prove the compactness of the family {7}, C le”:(R”), for some a € (0, 1),

which provides the existence of both blow-up and shrink-down limits for the scaling family defined by (6.1).

Lemma 6.4. Let u € CO(R" \ {0)}) be a positive singular solution to (P p.00) With p € (1,2% = 1). Then, {@;},5 C C&;’(R”) is locally
uniformly bounded for some a € (0, 1).

Proof. If the origin is a removable singularity of @, for all 4 > 0, according to Theorem A, u is trivial and the conclusion follows.

On the other hand, assuming that the origin is a removable singularity, Lemma 6.3 provides that {,}, is globally bounded
in R" \ {0}. Thus, we know that {,},,, is uniformly bounded in each compact subset of K c R" \ {0}. Moreover, since for each
A> 0, the scaling 7, also satisfies (7 1.00)s it follows from standard elliptic estimates that {@,} ;50 is uniformly bounded in C5%(K),
for some « € (0, 1), which concludes the proof.

Recall that P, (r, u) is the Pohozaev functional introduced in Remark 3.3, which by Proposition 3.4 is monotonically nonincreas-
ing in r > 0 when p € (1,2% — 1).

Lemma 6.5. Let uy € CO(R" \ {0}) (or uy, € CO(R" \ {0})) be a positive singular blow-up (or shrink-down) solution to (Pg 1) under the
family of scalings {#i;} ;50 C CO(R" \ {0}). Then, Poon (1 ) = Py (0, u) (01 Py () = Py (00, 1)) is constant for dll r > 0. In particular,
both u, and u,, are homogeneous of degree —y,.

Proof. Let {4 }en C (0,+c0) be a blow-up sequence such that 4, — 0, and 4, € C®*(R" \ {0}) be its blow-up limit, that is, ﬁzk — U
in C&:(Rn \ {0}) as k - +oo, for some a € (0, 1). Now, using Proposition 3.4 and Lemma 6.4, one concludes that there exists the

limiting level Pypn(0, 1) = lim,_o Py (r, u). Moreover, due to the scaling invariance of the Pohozaev functional in (6.2), for any r > 0,
it follows

r—0

Popn(r, up) = kETw Popn(r, i‘\Ak) = kLiToo Popn(rdg, u) = Py (0, ),

which finishes the proof of the first assertion. Now, we can check that the homogeneity follows from Lemma 6.2. Finally, notice
that the same argument can readily be employed, replacing the blow-up limit by the shrink-down limit, so we omit it here.

Lemma 6.6. Letu € CO(R"\ {0}) be a positive solution to (P poo) With p € (1,2% — 1). Assume that u is homogeneous of degree —y,.

@ Ifpe (1,24, thenu=0.
1
(b) If p € (24,2% — 1), then either u =0, or u = Ky(n, p) 71 |x| 7.

Proof. Since u is homogeneous of degree —y,, the Emden-Fowler transformation v = §(u) given by (2.1) satisfies
- Zy+ f,(0)=0 on S 6.9

where &, := Ag + Ly(n, p)Ag + Jo(n, p)4yv + Ky(n, p). Now we divide the proof into two cases:

Case 1: p € (1,24].

Initially, one can verify that %,(v) < 0 on S""!. Next, observe that %, is the composition of three elliptic operators. This,
together with [9, Theorem 1.2], implies that v € C®(C;) does not attain any strict local minimum on S"~!. Therefore, since §"~! is
a compact manifold, it follows that v is constant, which yields v = v,. Nevertheless, using that K,(n, p) < 0, any positive constant
solution to (6.4) is trivial. By using the inverse of the Emden-Fowler transformation, it holds that u is trivial on dB,, which by the
superharmonicity property, implies that u is trivial in the whole domain. This conclusion finishes the proof of the first case, and so
part (a) of the lemma follows.

Case 2: p € (24,2% — 1).

Assume that u« is a nontrivial limit solution in the punctured space. Hence, since each component of u is positive and satisfies
—4u > 0 and 4%z > 0, it quickly follows that » > 0 in R” \ {0}. By homogeneity, the origin is a non-removable singularity of
ue COR"\ {(1)}). Hence, by Proposition 5.5, u is radially symmetric; thus, u = u is a positive constant. Moreover, by (6.4), it holds

uy = Ky(n, p)r-', which, by using the homogeneity of u and Lemma 6.2, finishes the proof of the second case, and so (b) holds.
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At last, we can prove the main result of this part.

Proof of Proposition 6.1. Let u, € CO(R" \ {0}) and u,, € CO(R" \ {0}) be, respectively, a blow-up and a shrink-down limit of u.
According to Lemma 7.5 both 4, and u,, are homogeneous of degree y,. In what follows, we divide the rest of the proof into two
cases:

Case 1: p € (1,24].

Here, it follows from Lemma 6.6(a) that both u, and u, are trivial, which, by Lemma 6.5, provides Py (0, u) = Py (+00,u) = 0.
In addition, using the monotonicity property of the Pohozaev functional, we find Py, (r,u) = 0 for all r > 0. Hence, by Lemma 6.2,
u is homogeneous of degree ~Yp- Therefore, the proof of (a) of Proposition 6.1 is now an immediate consequence of Lemma 6.6(a).

Case 2: p € (2,,2% - 1).

Initially, by Lemmas 6.5 and 6.6(b), any blow-up u, is either trivial or has the form (2). If u, is trivial, then clearly Py,,(r,uy) =0
for all r > 0, which combined with Lemma 6.5 implies that Py,,(0,u) = 0. Otherwise, a simple computation shows P,,(r, uy) = —», ¢,
for all r > 0. Therefore, using again Lemma 6.5, we have Popn(0,u) = —f:. Since the converse trivially follows, we obtain that
Poon(0,u) € {—w,,f;, 0}. Moreover, P,,(0,u) =0, if and only if, all the blow-ups are trivial, whereas Py (0, u) = —w,,zf’;‘, if and only if,
all the blow-ups are of the form (2). In the case of shrink-down u_, solution, the strategy is similar, so we omit it. These conclusions
finish the proof of Case 2, and therefore the proposition holds.

7. Local asymptotic behavior

In this section, we present the proof of Theorem 1. First, the asymptotic symmetry result from Proposition 5.5 allows us to
migrate to an ODE setup. Second, we prove some universal upper bound estimates, not depending on the superharmonic assumption.
However, we should emphasize that in the rest of the argument, there is a significant change of behavior of radial solutions (C, ;)
for distinct values of the power p € (1,2% — 1]. This difference occurs due to the change of sign of the coefficients in the tri-Laplacian
written in cylindrical coordinates. These signs control the Lyapunov stability of the solutions to the linearized operator around a
limit blow-up solution, and so the asymptotic behavior of the local solutions near the isolated singularity.

We divide our argument into three subsections, where we prove, respectively, the local behavior near the isolated singularity
for the situations: p € (1,2% — 1) in Section 7.1, p = 2, in Section 7.3, and p € (24, 2% — 1) in Section 7.2.

7.1. Serrin-Lions case

We prove Theorem 1(a). The asymptotic analysis for this case is straightforward. We are based on the approach given by [15].
In the sequel, we aim to prove the following proposition:

Proposition 7.1. Letu € CG(B;) be a positive singular solution to (P , g) with p € (1,2). Assume that —Au > 0 and A%u > 0. Then,
there exist C;,C, > 0 (depending on u) such that C, [x]%" < u(x) < C2|x|6’" for 0 < |x| < 1, or equivalently, u(x) ~ |x|®™" as x — 0.

First, we prove an upper bound estimate based on a Green identity from Lemma 5.4(i).

Lemma 7.2. Letu € CG(B;) be a positive solution to (P, ) with p € (1,24). Assume that —Au > 0 and Au > 0. Then, there exists
C, > 0, depending only on u, such that u(x) < C2|x|4’" as x — 0.

Proof. Initially, by Lemma 5.3, we have that u € LP(B,). Moreover, since p € (1,24), and u € C"(B;) satisfies the Harnack inequality
in Lemma 4.4, it follows

u(x)=o (|x|_7p) as x — 0,
which by n— 6 <y, implies that for any n—6 < g <y, there exists 0 < r, < 1 depending only on » p, and ¢ such that

u(x) < |x|™* in By,

q

where in the last claim we have used a blow-up argument. Now taking r, > 0 as before, and using Lemma 5.3 again, we get that
(=A3u= frw) € L'(B)). Thus, using (5.1), we decompose

u(x) = [x|°" = / |x =y~ 4 u(y)dy +y(x) in By, (7.1)

B
q

where y € C®(B,) is such that (-4)%y =0 in B,q. Nevertheless, using (5.1) that there exists C, > 0, depending only on n, p, and ¢
such that

/ Ix = y|57" (=) u(y)dy
B

q

< / lx = 11yl Pdy < C, ||,

B,,

Hence, fixing n — 6 < ¢ <y, and choosing suitable r, > 0 and C, > 0 on the last inequality, the proof follows directly from (7.1).

Second, we give a sufficient condition to classify whether the origin is a removable singularity or non-removable singularity.
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Lemma 7.3. Letue C6(B*) be a positive solution to (P, z) with p € (1,24). Assume that —Au > 0 and A%u > 0. If
ux)=o(Ix*™") as x—0, (7.2)
then, the origin is a removable singularity.

Proof. By (7.2), we get u € LI(B,) for any q € [1,2,). Moreover, since p € (1,24) and |[(-=4)%u| < |u|?, it follows (—4)’u € L‘i/p(Bl)
for any ¢ € [1,2,). Whence, we can use standard elliptic theory combined with a bootstrap argument to find u € W>2(B,) for any
0 € (1,+c0). In particular, it holds from Morrey’s embedding that u € C*%(B,) for any « € (0, 1). Therefore, u € C®(By), that is, it
must have a removable singularity at the origin.

Now we are in a position to prove our main result of this part.

Proof of Proposition 7.1. Suppose by contradiction that u € C"(B;) has a non-removable singularity at the origin, that is,
u € C%Bg). Then, using Lemma 7.3, we get that u does not satisfy (7.2), that is, there exists p > 0 and {r;} wen such that r, — 0 as
k — 400 satisfying

sup u > prz_”.

0B,
On the other hand, by the Harnack inequality in Lemma 4.4, there exists ¢, > 0 satisfying inf,5 u > clpr ", where ¢; > 0 depends

only on n, and p. Taking 0 < p < 1 smaller to ensure that there exists ¢,p < inf, By s it follows ’from the maximum principle that
u(x) > C2p|x|6 " in B1/2’

which proves the asymptotic lower bound estimate in this case, and together with Lemma 7.2, the proof of the proposition is
concluded.

7.2. Gidas-Spruck case

The objective of this subsection is to prove Theorem 1(c). Our strategy is based on the monotonicity formula for the Pohozaev
functional in cylindrical coordinates (see Proposition 3.4), which relies on the strategy given in [6,9,12]. More precisely, we show
that the local models near the origin are the limit blow-up solutions, whose limits are provided by its image under the action of
the spherical Pohozaev functional. Finally, to prove the removability of the singularity theorem, we use a technique relying on the
regularity lifting method from [35].

We will prove the result below

Proposition 7.4. Letu e CG(B;) be a positive singular solution to (P , ) with p € (24,2% — 1). Then,
1
u(x) = (1 +o(1)Ky(n, p) >~ |x| 7.

Now we use this rescaled family {,},,, C Cf""(BT), for some a € (0, 1), to obtain the blow-up limit for (7 , z). This allows us
to study the limiting values for the Pohozaev functional, by using the classification results from Theorem A.

Lemma?7.5. Letue C6(B;) be a positive singular solution to (P , ) with p € (24, 2* — 1) and v = F(u) be its autonomous Emden—Fowler
transformation given by (2.3). Then, Py (—co,v) € {—¢,0}, where ¢ is given by (6.3). Moreover, it follows
(i) Pey(—00,v) =0, if and only if,
u(x)=o(|x|77) as x-0. (7.3)

(i) Pey(—00,v) =27, if and only fif,
1
u(x) = (1 +o(1))Ky(n,p)»~"|x|™"» as x — 0.

Proof. Initially, by Lemma 4.2, for any K C B, compact subset, the family {#,},,9 C CG*"(B’IK) is uniformly bounded, for some
a € (0, 1). Then, by standard elliptic theory, there exists a positive function u, € C®*(R" \ {0}), such that, up to a subsequence, we
have that || — u| Cﬁ,, ®n\(0)) 3 4 — 0, where uj, satisfies the blow-up limit system (7 , ). Moreover, by [9, Theorem 1.2], we know
that u, € CO(R" \ {0 ) satlsﬁes —4uy > 0 and 4%y, > 0 in R” \ {0}, which, by the maximum principle, yields that either u, = 0 or
uy > 0 in R"\{0}. Therefore, by Theorem A, the blow-up limit u, is radially symmetric with respect to the origin. Furthermore, by
the scaling invariance of the Pohozaev functional, we get

Pogn(r ) = 1im Py (. ) = 1im Py (Ar,up) = Pogy (0. g). (7.4)

In addition, since vy, = F(u) satisfies (C,;), by (7.4), we get that Peyi(t,v9) = Pg(r.up) is a constant. Consequently, by the
monotonicity formula in Proposition 3.4, we get

L Pt vg) = [~Ksn e + Ksnpo®” = Ky (nppo’| =0
g en(tv0) = s(n, Py 3(n, p)vg 1(n,pvy” [ =0.

20



J.H. Andrade and J. Wei Nonlinear Analysis 255 (2025) 113757

M _
o) =

namely either vy = 0 or vy = Ky(n, p)»~' . Moreover, by (7.4), it follows P.y(0,v,) € {=2,,0} and Py,(0,u9) € {~w,_,£;,0}.

Moreover, since Ks(n, p), K;(n, p) > 0 and K;(n, p) < 0, we find that v 0in R, and so vy is constant, which can be directly computed,
1

Finally, if Pypn(0,up) = 0, then, by uniqueness of the limit u, = 0. Whence, we conclude that ”il\,lllcé.a(K) — 0 for any sequence of
A — 0, for some « € (0, 1), which straightforwardly provides (7.3). Otherwise, we have
1

uy = K()("al’)‘ﬁ [x|77,

which proves (ii) of this lemma and finishes the proof.

Next, we use the last lemma to prove the removable singularity theorem. Our proof is based on regularity lifting methods
combined with the De Giorgi-Nash-Moser iteration technique.

Lemma 7.6. Let u € C%(B}) be a positive singular solution to (Ps , z) with p € (24,2% - 1). If

u(x)=o(|x|7) as x -0,

then the origin is a removable singularity.

Proof. Without loss of generality, let us consider R = 1. The proof will be divided into some claims.
Claim 1: If u(x) = o(|x|"7) as x — 0, then
W7 dx < +o. 7.5)

By

In fact, let us consider ¢(|x|) = |x|, where ¢ = —2yp(2# — 1)(n = 24)(p — 1)~L. Then, a direct computation, provides

Ap(x) =&, =2, =D&, +n =&, +n =4, +n—6)|x[® in R"\ {0},

which, since ¢, +n -6 =y, > 0, it follows that

A, 1= 6,8, =2, = 3N, +n =2, +n =), +n—6)>0.

Thus, we can write
=% A .
=—— in R"\{0}. (7.6)
PRNT '

For any 0 < £ < 1, let us consider #, € C* (R") with 0 <, < 1 a cut-off function satisfying
0, fore<|x|<1/2

= 7.7)
() {1, for |x| < /2 or |x| = 3/4,

and | DYy, (x)| < Ce™ for j € {0,1,2,3,4,5,6}. Defining &, = 1,¢, multiplying (P, , z) by & and integrating by parts in B), we obtain

A3
/ neud (( ¢ _ fp(u)> dx = —/ uZ (n,, ) dx, (7.8)
B, ¢ B,

where T, : C*(B,) —» C(B)) is defined by
T (P) =T (.. ) = 6V VA — 154y, 4>} + 20V Ay, VAP — 1547y, A + 6V A2y Ve — p Ay,

Using Lemma 4.2 combined with the estimates on the cut-off function (7.7) and its derivatives, there exist ¢|, ¢, > 0, independent

of ¢, satisfying the following estimates,

/ uTE(qS)dx‘ <c + 022"549_68_“ < 400,
B,

which implies that the right-hand side of (7.8) is uniformly bounded. In addition, assumption (7.5) yields that u?~!(x) = o(1)|x|™®
as x — 0, which together with (7.6) and (7.9) provides that there exists C > 0 satisfying
1, u(x)|x|%%dx < C. (7.9)
B,
Therefore, by Lemma 4.2, it holds
u(x)"ygldx < C/ u(x)| x| ~0dx < C/ ()] x| ~8dx < +oo, (7.10)

{e<lxI<1/2) {e<lxI<1/2) By
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where the last inequality comes from (7.9). Finally, passing to the limit as ¢ — 0 in (7.10), the proof of Claim 1 follows by applying
the dominated convergence theorem.

Claim 2: If (7.5) holds, then u € L9(B,) for all g > 2*.

Indeed, by Lemma 5.4(i), there exist a Green function with homogeneous Dirichlet boundary conditions G5(x,y) and v €
LY (By ) with A%y = 0 and 4y = 0 such that

u(x) = / Gy(x, y)(=A)udx + w(x) in By
B,

More precisely, Gz(x, y) is a distributional solution to the Dirichlet problem
BGy(x,y) = 6,(y) in By,

{03(x, ) =0,G3(x,y) = AG3(x,y) =0 on ()Bl/z,
and there exists positive constant C, > 0 such that

0< G3(x.») < Gs(Ix =) :=C,lx—y°™" for x,y€B;, and |x—y >0,
where 53 x ) =C,lx — y|6~" is the fundamental solution to 43 in R”. Recall that u € C6(Bi‘) satisfies

(-8u=V(u in B}, (7.11)
where V (x) = u(x)~!. Moreover, using (7.5), we find that V € L"/%(B, )

Let us consider Z = CE(Bya), X = Lz**(B1/4) and Y = LP(B, ) for q € (2%, 4+0) as in [35, Theorem 3.3.1]. Hence, it is
well-defined the following inverse operator

(Tu)(x) = / G3(x, yu(y)dy.
Bija

We also consider the operator Ty, := G5 * V), which applied in both sides of (7.11), provides u = Ty u + Ty;u, where

(Tyu)(x) = / G3(x, )Wy Mu(dy and  (Tyu)(x) = / G3(x, YV (Mu(y)dy.
By Biss

Here, for M > 0, we define I7M(x) =V (x) — Vj;(x), where
V(x), if |V >M,
Vi () = (), if [V (x)| 2
0, otherwise.
Now we can run the regularity lifting method, which is divided into two steps.
Step 1: For g € (24, +), there exists M > 1 large such that T}, : LY(B, J4) = L9(B,4) is a contraction.
In fact, for any g € (24, +), there exists m € (1,n/6) such that ¢ = nm/(n — 6 m). Then, by the Hardy-Littlewood-Sobolev and
Holder inequalities [36], for any u € LY(R"), we get
||TM“||L4(31/4) < ||G3 * VMu”Lq(BW) < C”VM||Ln/6(31/4)||u||Lq(Bl/4>-
Since V,, € L"/%(B, /4) it is possible to choose a large M > 1 satisfying ||V |l zn/e( B < 1/2C. Therefore, we arrive at
||TMM||L<1(31/4) < 1/2||u||m(31/4),
which implies that T), is a contraction.
Step 2: For any g € (24, +o), it follows that Ty,u € LY(B, /4)-
Indeed, for any ¢ € (24, +), we pick 1 < m < n/6 satisfying g = nm/(n — 6 m). Since V,, is bounded, we get
”TM”M(Bl/4) _ ||G3 * VM”||L4(81/4) < C”VM””L”‘(BIM) < CllullL”’(BI/4)-
However, using (7.5), we have that u € LI(B,,) for q € (l,nyp"). Besides, ¢ = (p — 2)n;/p_' when m = nyp‘l. Thus, we obtain that
u € L(B, ) for
1<q<oo, if p>2,
1 <q<(2—p)-1nyp-1, if l<p<2.
Now we can repeat the argument for m = (p — 2)n7/p‘1 to get that u € LY(B, /4) for
1<q<oo, if p>2,
1<g<@-p'ay,t, if 1<p<2.
Therefore, by proceeding inductively as in [12, Lemma 3.8], the proof of the claim follows. Ultimately, combining Steps 1 and 2,
we can apply [35, Theorem 3.3.1] to show that u € LP(B, /4) for all p > 2*. In particular, the proof of the claim is finished.

Now, by the Morrey’s embedding theorem, it follows that u € C%%(B, /4)> for some a € (0, 1). Finally using Schauder estimates,
one gets that u € C%*(B, /+)- In particular, the singularity at the origin is removable, which concludes the proof of the lemma.

Proof of Proposition 7.4. Suppose by contradiction that u € C®(R" \ {0}) has a non-removable singularity at the origin, then by
Lemma 7.6, u does not satisfy (7.3). Therefore, the proof follows as a consequence of Lemma 7.5.
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7.3. Aviles case

Finally, we prove Theorem 1(b). The asymptotic analysis for the lower critical exponent, p = 2, exhibits its subtlety. First, since
y(24) = n— 6, one would expect the singular solutions to (7, ) to have the same behavior as the fundamental solution to the
tri-Laplacian near the origin; thus, the isolated singularity would be removable.

Our objective is to prove the proposition below

Proposition 7.7. Letu e Cﬁ(B*) bea posttlve singular solution to (Ps , ) with p = 24. Assume that —Au > 0 and A%u > 0. Then,
u(x) =(1 +0(1))Ko(n) 5 |X|6 "(lﬂlxl) o
where I?O(n) := —lim,__, tKy(n, 1) is given by (1).
As in the autonomous case, we use the limiting energy levels P, yl( oo, w) to classify the local behavior near the isolated

singularity.

Lemma 7.8. Letue Cﬁ(B*) be a positive singular solution to (P, ) with p = 24 and w = 3(v) be its nonautonomous Emden—Fowler

transformation given by (2.3). Assume that —Au > 0 and A%u > 0. Then, 7~)cy1(—°°, w) € {-¢%,0}, where = Z(n 5 Ko(n) 3 . Moreover,
it follows

(i) Pey(—oc0.w) =0 if and only if,

a0 = o (Ixl*"n xS ) as x>0, 12
@i 7 y]( oo, w) = ¢, if and onlyif

u() = (1 + o()Ry(m) % x| (In [x)) & as x = 0.

Proof. First, combining (3.3) with Proposition 3.11 and Lemma 3.10, we find

Peyi(—o0,w) = lim_ /S 1 (2( 5l O+ + Ko(mlu, 9>|2>d9

Furthermore, by (3.3), we see that for any {7, },cy such that 7, - +o0 as k - —oo, it follows that {w(t;, 0)},cy converges to a limit,
which is independent of 6 € S;"l. Hence, up to subsequence, there exists w, € R such that w(;,8) - w, uniformly on 6 € S;"l,
which gives us

(=00, wyp) =

n—06 =~

(n_3)|w0|2“+1 + Kom)wy . (7.13)
Thus, since the right-hand side of the last equation has at most three nonnegative roots, the limit w, € R, under the uniform
convergence of w(r,0) on S'~! as t - —co, is unique. Finally, multiplying (C;) by w, integrating both sides over (—co, #y,) x S"~!, and
using (3.3),(3.4) and Lemma 3.10, it follows

1
‘ / 1 / (Rotm — uota.0)P+~") lios.6) o
o ! S:'_l

Lyl

< +o00.

A~ n—6
Now since lim,_,_, w(t,8) = w, uniformly on "', we get either wy = 0 or wy = Ky(n) @ , which by substituting into (7.13), implies
that either Py,(—co, w) = 0 if and only if, wy = 0, or Py (—c0, w) = £}, otherwise. The proof trivially follows by applying the inverse
! of the nonautonomous cylindrical transform.

Now we are left to show that, if Lemma 7.8(i) holds, then the singularity at the origin is removable. Here, we are based on the
barriers construction in [30] (see also [22]), which is available due to the integral representation (5.1).
Lemma7.9. Letue C"(B*) be a positive solution to (P, ) with p = 2,. Assume that —Au > 0 and Auz0. If
u(x) =o(|x|6 "(ln|x|) s ) as x —0,

then, the origin is a removable singularity.

Proof. For any § > 0, we choose 0 < p < 1 such that u(x) < §|x|™7» in B;. Fixing ¢ > 0, k € (O, yp) and M > 1 to be chosen later,
we define

) Mx|™ +€lx|0"7%, if0< |x]| < p,
X) =
u(x), if p<|x| <2.

Notice that for every 0 < k < n—6 and 0 < |x| < 2, there exists C > 0 such that

iy —6— - - _p_|6-n _ 1 1
/ v = 153170 dy = [x|° / 170 = 1l by < € (s 1) X1
Rn Rn n—=6
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which, for 0 < |x| <2 and 0 < § < 1, yields
_ _ _ _ _ _ 1
[ o=ty < [ colx =y Eiyiay < €100 < 1600
B, R"
Moreover, for 0 < |x| < p and x = px|x|™!, we get
B . % — n—6 MZ# _
/ W Welx = y°dy = / % %dy <270 maxu.
B)\B, B\B, |x — | [x -yl 9B,
The last inequality implies that for 0 < |x| < 7 and M > max, B,
241
w(x)+ / Ly)ﬁg(y)dy <y(x)+ 2"=% max u + lg(x) < ¢(x).
B, |x—y|”™" 9B, 2
We show that ¢ can be taken as a barrier for any u. Namely, we claim that u(x) < ¢(x) in B;. In fact, suppose by contradiction

that the conclusion is not true. Then, since u(x) < §|x|™" in B;‘, by the definition of ¢, there exists 7 € (0, p), depending on &, such
that ¢ > u in B; and ¢ > u close to the boundary 9B,. Let us consider 7 :=inf{z > 1 : 7y > uin B; }. Then, we have that 7 € (1, +o0)
and there exists X € B, \ B such that 7¢(%) = u(x) and, for 0 < |x| < z, it follows

To(x) > / P Ec)lx = yI* T dy + Ty (x) > / P (Fc)x = yI° T dy + w (),

B, By

which gives us

760 -ue > [P0 -l -1,

B,
Finally, by evaluating the last inequality at € B, \ Bz, we get a contradiction.
At last, we find u(x) < ¢(x) < M|x|™ + ¢|x|™"* in B, which yields that w1l e LP(B3) for some p > n/6. Hence, standard

elliptic regularity concludes the proof of the lemma.

Ultimately, the proof of the main result in this section is merely a consequence of the last results.

Proof of Proposition 7.7. Suppose that u € CS(R" \ {0}) is a positive singular solution to (P , ) with p = 2, then by Lemma 7.9,
u does not satisfy (7.12). Therefore, the proof follows as a consequence of Lemma 7.8.
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Appendix. The general Emden-Fowler change of coordinates

In this appendix, using the software Mathematica 13.2, we compute the coefficients of the bi-Laplacian written in cylindrical
coordinates (see also [12,23]). More generally, let us consider the following change of coordinates

u(r) = p(rv@r) with ¢=wy(r), (A1)

where p,y : R —» R are smooth functions, and y is a smooth diffeomorphism. Here we adopt the notations y, = dy /dr, p, = dp/dr,
w = dy/dr, and pY¥ = &/ p/dri 05/ ) =0/ /ot (resp. dY) = 8/ /ar/) with the convention 0;0) equals the identity operator on C*(R),
and we omit u, v when it is convenient. Now the idea is to express the operator dﬁ” for j € N in terms of aff) for # € {1,...,j}, that
is,
o
09 =Y c;p(pwo”.
£=0

where c;, : R2“+D+! R are the coefficient functions, depending on p,y and all theirs derivative until #-th order. Notice that
C=(cjp)jrisa lower triangular matrix, ie., ¢ e =0 when j < 7. For this manuscript, we always choose y(r) = —Inr. The choice of
the other function depends on the growth of the nonlinearity, namely we either choose

p(r) =r®/®=D when pe(2,2*-1)
or
6-—n
p()=(nr®"rs when p=2,

for the autonomous and nonautonomous cases, respectively. This turns (A.1) into the classical logarithm cylindrical change of
coordinates.

Now let us derive the explicit formula for the coefficients of the tri-Laplacian in autonomous and nonautonomous Emden-Fowler
coordinates, respectively. We consider the cylinder C := (0,R) x S"~! and (—A)sph the tri-Laplacian written in spherical (polar)
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coordinates given by

A =150 + My(n,10> + My(n,r)0® + M(n,r)0® + My(n,r)d® + M, (n,r)9,

sph —
+2r20W 4, + N3(n, 10D A, + Ny(n,r)dP A, + N\ (n,1)0,4, + No(n,r)4,
+ 3r 40P A2 + 0,(n,r)9,4% + Oy(n, A% + r 543,
where 4, denotes the Laplace-Beltrami operator in $"~! and
Ms(n,r) =3(n—1)r~!
My(n,r) = 3(n = 1)(n—3)r~2
Mi(n,r) = (n = 1)(n—3)(n — 8)r~>
My(n,r) = =3(n—1)(n—-3)(n— 5)r74
M(n,r) = 3(n—1)(n = 3)(n =50
and
Ny(n,r) =2(n=T)r3
Ny(n,r) = 2(n* —n =3y
N (n,r) = 6(Tn = 23)r™>
No(n,r) = 8(n = 1)(n = 5)r™8
0,(n,r) =3(n =5y
Op(n,r) = =2(3n — 16)r™°

(A.2)

(A.3)

are its coefficients in this coordinate system. Notice that they can be computed recursively in terms of the derivatives of the

coefficients of bi-Laplacian written in polar coordinates.

A.1. Autonomous case

Let us recall the sixth order autonomous Emden-Fowler change of variables (or logarithmic cylindrical coordinates) given by

u(t,0) = r'ru(r,6), where f=Inr and o=0=x|x|"".

Using this change of variables and performing a lengthy computation, we arrive at the following sixth order operator on the cylinder,

P8, =0 + Ks(n.pof” + Ky(n. p)0 + K3(n, )0 + Ky (n, p)o” + K (n, )0, + Ko(n, p)
+20% 4y + J3(n, p)0 49 + J5(n, p)OC Ay + J1(n, PO, Ag + Jo(n, p)Ag
+ 307 A2 + Ly (n, )0, 42 + Lo(n, p) A2 + 43,
where
6
Ky(n,p)= Y Ny(mc;p(n,p) for ¢ €{0,1,2,3,4,5),

j=0
4

Jo(n,p) =Y My(n)c;,(n,p) for £ €{0,1,2,3,4},
j=0

and
2

Lf(n,p):zof(n)cjf(n,p) for £ € {0,1}.
j=0

More explicitly, we can use Mathematica 13 to obtain
Ko(n,p) = =24(p — )™®(p+2)2p + 1)(np — 6p — n)(np — 4p — 2 — n)(np — 2p — n — 4)
K, (n,p) =4(p — D (np — 6p — n — 6)2n*p* — 12np* + 16p* + 10n%p* — 108np> + 224p°
— 150 p* = 36np” +492p* — 8n’p + 120np + 224p + 110 + 36n + 16)
K,(n,p) =-2(p - D743BnPp* — 48n2p* + 228np* — 320p* — 303 p® — 7817 p* + 996np® — 2392p° — 93 p?
+ 19802 p? + 180np® — 4296p” + 151> p + 30n%p — 1020np — 2392p — 61> — 102n% — 384n — 320)
Ky(n,p) = =(p = )3 (np — 6p — 6 — n)(n?p* = 24np® + 68p* — 2n’p — 12np + 224p + n® + 36n + 68)
Ky(n,p) = (p— D72@n?p? — 42np® + 124p> — 6n°p — 6np + 292p + 3n® + 48n + 124)
Ks(n,p)=3(p—1)""(np—6p—6—n)

and
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Jo(n,p) =4(p— D™*@2n?p* — 12np* + 10p* — 5n%p> — 24np® + 218p° + 2102 p? + 72np* — 192p°
—35n%p — 132np + 1094p + 170 + 96n — 482)
Jy(n,p) = =2(p — D3 p® — 24np’ + 86p> + 9n?p? + 24np* + 90p> — 21n%p — 84np + 966p
+ 11n% + 84n — 278)
Jy(n, p) = 2(p — D2(n?p? — 4np? +29p> — 2n*p — 10np + 176p + n* + 14n + 11) (A.5)
J3(n,p) =2(p = )" (np = 13p —n — 11)
Lo(n, p) = —(p = 1)2(3np*16p> — 3np + 22p + 6n + 16)
Li(n,p)=3(p -1 (np—6p—6—n).

A.2. Upper critical case

When p = 2* — 1, it follows
Kim =-2"8(n—-6)*(n -2 (n+2)

Kim =0

K§(n) =274@3n* — 24n° + 720% — 961 + 304)

Kim =0

Kfm) =-272(3n — 12n + 44)

Kim=0

JHm) =273Gn" = 180 — 192n” + 1864n — 3952) (A.6)

T = =27'G3n® + 3n® — 244n + 620)
JH(n) =2n% + 13n - 68

JEm) =20+ 1)

Li(n) = —272(3n” — 12n - 20)

Lm) =0.

A.3. Lower critical case

When p = 2, it follows
Kog(m) =0
Ky 4(n) = =8(n—6)(n—4)(n-2)
Ky 4(n) = =2(3n® — 48n* +228n — 320)
K 4(n) = —(n — 6)(n* — 24n + 68)
Ky 4(n) =3n* — 42n + 124
Ks 4(n) = =3(n—6)
Jos(n) = 2(n* — 8n* — 391 + 470n — 964) A7)
Jy4(n) = =2(3n* — 161> — 62n + 278)
Jp4(n) = 2(4n* — 190+ 11)
J34(n) = =2(3n—11)
L 4(n) = =2(3n - 16)
Ly 4(n) = =3(n—6).

A.4. Nonautonomous case

Let us recall the sixth order nonautonomous Emden-Fowler change of variables (or logarithmic cylindrical coordinates) given
by
6—n
w(t,0) = r°"(nr) 6 u(r,6), where r=1Inr and 6=0= xlxl’l.
Using this coordinate system and performing a lengthy computation, we arrive at the following sixth order nonautonomous operator
PDE on the cylinder
Poy =0 + K5(n, 00 + Ky(n, 00" + Ky(n,00 + Ky(n,00” + K, (n. p), + Ko(n. 1)
+200 4y + T3(n,00% 49 + To(n,100% 4y + T, (n,10,44 + Jo(n, D4y

26



J.H. Andrade and J. Wei
oy~ -
+ 30742 + L, (n,00,43 + Ly(n. A2 + 43,

where
6

K,(nt)=Y Ny 1 for £€{0,..,5)

=0
4

Tty =Y My(mé;z(n,1) for ¢ €{0,...,4)

Jj=0

and
2

Lynty=Y 0s(méz(n,t) for ¢€{0,1}.
j=0

More explicitly, we have

4 —6)n> — 12n* +44n - 48)  (n— 6)n(3n® — 48n® + 228n — 320)

Ko(n,1) %

N (n — 6)n(n* — 24n3 + 32n? 4 864n — 2448) N (n — 6)n(3n* + 1213 — 416n% — 792n + 8928)

1812

21613

129614
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. (n — 6)n(n* + 3013 + 180n2 — 10801 — 7776) N (n — 6)n(n* + 60n> 4+ 12601 + 108001 + 31104)

259215

4665616

(n* — 66n° + 516n% — 16881 + 1920)

K (n,1) = —8(n® — 12n° + 44n — 48) + 2

3t

(- 6)2n(n® — 24n + 68) B n(3n* — 42n3 + 16n% + 1512n — 4464)

12¢2

5413

5(n—6)2n(n® + 1814+ 72)  n(n* + 30n° 4+ 180n% — 1080n — 7776)

43214

129615

(n — 6)2(n* — 24n + 68)

Ky(n, 1) = —(6n° — 961 + 456n — 640) +

2t

N n(3n3 — 60n2 + 376n — 744) + 5(n — 6)%n(n + 6) N 5n(n® + 12n2 — 36n — 432)

612
K;(n,1) = —=(n® = 300> + 2120 — 408) —

363 43214
(6n° — 120n% +752n = 3496)  5(n—6)*n _ Sn(n* — 36)

~ —6)2
K,(n,1) = 3n* — 42n + 124) + n=67 +

n—=6
t

Ks(n,t) = -3(n—6)+
and

Jo(n, 1) = 2(n* — 81> — 39n% + 4700 — 964) +

3t 612 5413

Sn(n — 6)
2t 1212

(3n* — 34n® + 34n% + 650n — 1668)

3t

N n(4n® — 43n2 + 125n — 66) N n(n® — 11n% — 108n + 396)

182
n(n® + 12n% — 36n — 432)
64814

Ji(n, 1) = —(6n — 32n% — 124n + 556) +

10873

2(4n3 — 43n2 4 125n — 66)

_ n(3n* =291 +66)  n(n* —36)
612 2713

3t

(3n? — 29n + 66) N n(n — 6)

J(n, 1) = 8n* — 38n +22) +
4(n - 6)

t

Ty 0 =— T —(6n -2

~ (72n—1384) (n—6)* n(n—06)
Lon,1)=—

o(m1) 12 T e
fl(n,t)=—3(n—6)—n;6.

Finally, we set
4(n — 6)(n® — 12n* + 44n — 48)

Ko(m) = 3

IZ} (m) =

2(n* — 661> + 516n% — 1688n> + 1920)

3

312
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(A.8)

(A.9)
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(n — 6)2(n* — 24n + 68)

K,(n) = 5 (A.10)
~ 6n3 — 12012 + 752n — 3496
Ry(m = ( . )
~ 5(n — 6)?
Kyn)=——2=
4(") )
Rsmy=n—-6

to be the coefficients of the so-called asymptotic nonautonomous cylindrical Paneitz operator given by (3.7).

Data availability

No data was used for the research described in the article.
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