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Abstract

A geometric variational problem is defined on subsets of a prescribed measure in the entire plane.
The functional of the problem consists of two terms: the perimeter of the input subset and an interaction
integral with a kernel that is the sum of a logarithmic function and a quadratic function. This kernel is
bounded below and tends to infinity at zero and infinity. A single disc is always a critical point of the
functional but its stability depends on the parameters of the problem. When the parameters are in a
suitable range there exist assemblies of multiple perturbed discs that are stable critical points.
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Introduction

We study a geometric variational problem

7@ =P@+3 [ [ K(o-y)drdy

defined on the admissible class

namely A comprises of measurable subsets of R? of the prescribed positive measure m. This m is the first

A={Q cCR?: Qis Lebesgue measurable and |Q| = m}, m > 0;

parameter of the problem. Here | - | stands for the Lebesgue measure on R2.
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In (1.1), P(Q) stands for the perimeter of Q. If Q is enclosed by piecewise C! curves, then P(£2) is the
total length of these curves. In general, if € is merely measurable, then

P(Q) = sup {/Qdivg(a:) de: ge C;(R%:RY), |g(x)| <1Vre RQ} ) (1.3)

Here div g is the divergence of the C*! vector field g with compact support and |g(x)| = Z?Zl g7 () stands

for the Euclidean norm of the vector g(z) € R?; see, for instance [4]. This term models a growth force. It
prefers connected Qs with small perimeters like a disc. If it were the only term in (1.1), then we would just
have the standard isoperimetric problem.

The function K in the integral is given by

1.1
K(t) = 5—log - +t2 t>0 (1.4)

We call K a logarithmic-quadratic interaction because it is the sum of the logrithmic function % 1og% and
the quadratic function t2. If we view K as the potential of a force field, then the force is repulsive in short
distance and attractive in long distance. In (1.1) the logarithmic part of K works as an inhibition force. It
likes to break the set 2 into disconnected small pieces. The quadratic term in K prevents disconnected pices
of Q from moving too far away from each other.

The constant

7>0 (1.5)

is another paramter of the problem. By tuning v we can quantitatively adjust the strength of the perimeter
term of J versus the strength of the integral term.

Our study of problem (1.1) is partially motivated by the nanostructures of diblock copolymers. A
diblock copolymer molecule is a linear sub-chain of A-monomers grafted covalently to another sub-chain of
B-monomers. Because of the repulsion between the unlike monomers, the different type sub-chains tend
to segregate, but as they are chemically bonded in chain molecules, segregation of sub-chains cannot lead
to a macroscopic phase separation. Only a local micro-phase separation occurs: micro-domains rich in A
monomers and micro-domains rich in B monomers emerge as a result. These micro-domains form patterns
known as morphological phases. The widely observed morphological phases in diblock copolymers are the
lamellar phase, the cylindrical phase, and the spherical phase [2].

When temperature is low, the A-monomers and the B-monomers in a diblock copolymer separate fully.
The A-monomers form a subset in the sample space and the B-monomers form the compliment subset. In
the cylindrical phase the subset of the minority monomers is a union of many parallel cylinders whose cross
sections are discs of approximately the same radius. The first step to study the cylindrical phase is to isolate
one cylinder and consider a cross section which is approximately a disc. A single disc in R? is thus a building
block and it can be analyzed by problem (1.1).

Ohta and Kawasaki [8] proposed a density functional theory to study diblock copolymers. In the strong
segregation region where A-monomers and B-monomers separate completely, their theory is reduced to a
geometric variational problem by a I'-convergence argument [11]. The free energy of a diblock copolymer
sample on a bounded domain D takes the form

Tor(®) =Po(@) +F [ (~8)"(xa — w)a) da (16)
where Q is a subset of the domain D of the prescribed measure equal to w|D|, w € (0,1). In (1.6) Pp(Q) is the
perimeter of Q in D, (—A)~! is the inverse of the negative Laplace operator with the zero Neumann boundary
condition (or the periodic boundary condition if D is a flat torus), and yg is the characteristic function of Q.
This model has been studied extensively in the mathematical community in recent years. Many critical points
of Jox have been found that phenomenologically match experimental data [11, 12, 14, 6, 1, 3, 7, 5, 9, 10].



Since the problem (1.6) is formulated on a bounded domain D, the operator (—A)~! depends on the
shape of D. It is an integral operator defined with the help of Green’s function G of (—A)~1:

(—A) " (xa — w)(x) = / Gla.y) dy (L.7)

Q

Consequently the second term in (1.6) can be written as

[ a—w@do= [ [ Glog)dady (18)

In two dimensions, Green’s function G can be written as a sum of two parts:

1 1
G(z,y) = G logm + R(z,y) (1.9)

where the logarithmic part is the fundamental solution of —A in R?, and R(x,y) is the regular part of G, a
smooth function dependent on the geometry of D.

It is often necessary to derive a model from Jox that is defined on the entire space R%, d = 1, 2, or 3,
instead of a bounded domain D. For example, we may want to zoom in to study a small part of a diblock
copolymer system. Or we may have a physical or biological species of finite size living in an infinite sea. A
natural approach is to drop the regular part R and consider, in two dimensions,

_ LA -
Jr2(2) =P(Q) + 5 /Q/Q 5 log P dxdy (1.10)

This was done in three dimensions by Ren and Wei in [15, 16, 17] to study torus like structures, and in two
dimensions by Ren and Zhang to study the stability of single disc and single ball configurations [18].

However Jgz in (1.10) has one shortcoming: the energy functional is not bounded below because
log \ziiyl — —o0 if |z — y| = oo. If one takes 2 to be the union of two discs, say B(£1,7r1) and B(&2,72),
and sends [§; — &o| — oo, then Jg2(B(&1,71) U B(&2,12)) — —oo. In other words, the system likes to push
disconnected pieces infinitely away from each other.

Here we fix this problem by adding a quadratic term into the logrithmic kernel in (1.10) and consider J
of (1.1) with a new kernel K(t) of (1.4). The quadratic term t? is more dominate when ¢ is large, so that
K (t) — oo when ¢t — oco. This will prevent disconnected pieces from moving too far away from each other.
Apart from this improvement, most interesting features of Jr2 are preserved in 7.

In this paper we study two problems. First we consider a single disc B, in R? of radius p satisfying the
area constraint in (1.2), i.e. mp? = m. It is easily seen to be a stationary point of J. We ask whether B, is
stable. To have a precise notion of stability, we will identify perturbations of B, as functions ¢. The disc B,
corresponds to ¢ = 0. This technique turns the geometric variational problem (1.1) to a variational problem
with long range interaction on a function space, and transforms the critical point equation (1.18) of J to an
integro-differential equation. This approach will involve three function spaces, X, J, and Z defined in (2.4),
(2.5), and (2.6) respectively. The functional J then becomes a functional defined on a neighborhood of 0 in
Y; the first variation of J, denoted [J’, becomes a nonlinear operator from a neighborhood of 0 in X to Z;
the second variation at B,, denobed J"(0), is a linear operator from &X' to Z. In Theorem 2.1 we find the
eigenvalues of J”(0). These eigenvalues are used to interprete the stability of B,. In Theorem 2.2 we prove
that if p is greater than or equal to ﬁ, then B, is stable for any v > 0; if p is less than ﬁ, then there

exists a treshold value 3, > 0 such that B, is stable if 7p® < 8, and unstable if vp* > 3,.

The second problem is about critical points of 7 that are assemblies of multiple perturbed discs. As we
have explained that Jg2, which has no quadratic term in the kernel, likes to push disconnected piece away
from each other, any union of multiple discs cannot be stable in Jg2. However, with the quadratic term in
the kernel, J behaves much better. We prove in Theorem 3.1 that for any integer N > 2, there is a range
for parameters m and 7y, where m is small, 7y is suitably large, and 7 admits a stable stationary point which



is a union of N perturbed discs of approximately the same radius. The centers of these discs are close to the
global minimum of a function F defined in terms of the kernel K in (3.2).

The first problem is studied in section 2 and the second problem in sections 3 through 5. In section 6 we
present some numerical minimization results of the function F'.

We end the introduction with a review of the equation for critical points of 7 in the standard setting. Let
be a subset of R? with sufficiently smooth boundary 9. The inward pointing unit normal vector on 0 is
denoted N. A deformation of €2 is a smooth function S : R? x (—&g,&9) — R?, g9 > 0, such that S(z,0) =z
for every x € R?, and S(-,¢) : R? — R? is a diffeomorphism for every € € (—&g,&0). The infinitesimal element
of the deformation is

0S(z, ) 9
X(z) = ——= Ve eR 1.11
(2) 9 le=o’ "°€ (L11)
The image of © under S(-,¢) is denoted €. Then Qp = Q.
There is a first variation formula:
Q
7)) _ _/ (k(09) + 7K [Q)) N - X ds, (1.12)
de le=0 90

In (1.12) x(09Q) is the curvature of 9 with respect to the inward pointing normal vector N. In particular,
if Q were convex, x(99) would be non-negative. Also K[(2] denotes a function defined on R? given by

K[Q](z) =/QK($—y) dy (1.13)

The integral on the right side of (1.12) is taken against the arc length element ds.
Another useful formula related to the deformation S is

d|9|

=- [ N-Xd 1.14
i s (1.14)

e=0 N

For applications in material systems with mass constraint we require that Q in (1.1) be a measurable set of
the fixed measure as in (1.2). Then deformations of 2 must be measure preserving; namely |Q.| = |Q] =m
and (1.14) implies

N Xds=0 (1.15)
o0
We say that € is a critical point of 7 if
dJ ()
= 1.1
de le=0 0 (1.16)

for any deformation S of Q that preserves the measure of Q.. Then by (1.12), (1.15) and (1.16), we deduce
that

/ (k(09) + vK[Q]) N - X ds = 0 whenever N-Xds=0. (1.17)
o0
This yields the equation for critical points of 7:

Kk(0Q) + vK[Q] = C on 90 (1.18)

where C' € R is a Lagrange multiplier corresponding to the constraint [{2] = m, or condition (1.15).



2 The single disc

The single disc is special. Denote by B, the disc of radius p > 0. Without the loss of generality, we assume
that B, is centered at the origin of R?%. Since B, must satisfy the constraint || =m in (1.2),

mpt =m. (2.1)

In this section we replace m by p as the first parameter of the problem.
Since the curvature of the circle 9B, is just the inverse of the radius p:

1
w(0B,) = . (2.2)

and K[B,] is a radially symmetric function and hence a constant on 0B,, B, satisfies the critical point
equation (1.18):
k(0B,) +vK[B,| = C on 0B,,. (2.3)

Therefore it is a critical point of J.
We identify perturbations of B, with functions in some Hilbert spaces. Define

X = {¢ e W22(8h) . ” #(0) do = o} (2.4)
0
Y= {¢ c wh2(sh): »(0) do = o} (2.5)
0
Z= {¢e L*(SY): W(;s(e)de:o} (2.6)
0

Here S! is the unit circle in R? centered at the origin, L?(S') is the L2-Lebesgue space on S*, W12(S1) is
the Wh2-Sobolev space on S*, and W22(S!) is the W?2:2-Sobolev space on S!. Note that

XcYyczcL*Ssh. (2.7)

The inner product of L?(S') is denoted

27

(o, 0)= [ o(0)¥(0)dD, (2.8)

0

which is inherited by Z. The norms of X', ) and Z are given respectively by

16115 = (&, ¢") + (¢, ¢') + (6, 0) (2.9)
ol = (¢, ¢) + (¢, 9) (2.10)
l61% = (¢, 9), (2.11)
Then
2= {tei": te [o, (0 +2¢(9))1/2}} (2.12)
fesSt

defines a set if p € X, Y, or Z, and p? + ¢(0) > 0 for every 0 € S*.
Let §p > 0 and consider ¢ € ) such that

16l < dos? (2.13)
Then for every 6 € S,
PP +20(0) > p* —2[6]| = > p* = 2C||¢lly > p* — 2C8p* = (1 —2C5)p? (2.14)



where C is a constant in the Sobolev embedding W12(S1, R) — L>°(S', R); namely
Ifllz < Cllfllwre, Vf € WH(SE,R). (2.15)

If we make dp small so that .
1—2C6, > 0, (2.16)

then p? + 2¢(6) > 0 and ¢ defines a perturbed disc Q.
Also note that

o (pP+26(0)
Q] = / /
0 0

so the constraint (2.1) becomes the condition

y1/2

2T 2 27
tdtdh = / %QW) do = Tp* + / »(0) db, (2.17)
0 0

27
@(0)dd =0 (2.18)
0
n (2.4), (2.5), (2.6).
Now we treat J as a functional of ¢ and write

J(9) = T (). (2.19)
More specifically, in terms of ¢, the two terms in J(¢) become
(¢'(6))*

P(Qy) = / \/ +2¢(0 + 20 )de (2.20)

2 2+2¢(0 27 2+2¢ )
/ K(|x —y|) dedy = / / / / K(|te?® — 7™ )tr drdwdtdd. (2.21)
Qo J

In this paper we identify R? with C and write ¢’ in stead of (cos 6, sin #) for simplicity.
Note that if ¢ = 0, then

Q=D8, (2.22)
and
J(0) = T(B,). (2.23)
This functional J of ¢ is defined in a neighborhood of 0 in Y:
Dom(J) = {¢ € Y : [[¢]ly < dop?} (2.24)

where g is given in (2.13) and satisfies (2.16).
The first variation of 7, denoted by 7', may be regarded as a nonlinear operator from a subset of X to

Z so that 0T(6 + )
3 /
WO —(7(9).0) (229
The domain of J' is
Dom(J") ={¢ € X : |[¢]lx < d0p°} (2.26)

Here 0 is the same as in the definition of Dom(J), but ¢ is taken to be in X instead of ). Clearly
Dom(J’) C Dom(J).
Calculations show that

dT (¢ + ev)

o = [ tsto)0) + vl 0) wio) (227)

e=0



where

3(¢’(0))>
_ PP 2000) + St — (0)

K(8)(6) 0T (229)
(2 +2000) + 90
K60 = [ K (|6 + 200" =) @y (229)

Note that k(¢) is the curvature of 9Q4 with respect to the inward pointing normal vector. Comparing (2.25)
and (2.27) we find that

(T'(0),¥) = (k(¢) + vK[¢],9) (2.30)

for all v € X. Since 9 is subject to the condition fo%w(e) df = 0, (2.30) implies that there exists C' € R
such that

J'(¢) = k(¢) + vK[d] - C. (2.31)

Note that J'(¢) is in Z, but x(¢) + vK|[¢] is in L?(S!), not necessarily in Z.
It is convenient to introduce a congruence relation = in L?(S1). For v,n € L?(S'), we say that ¢ = n if
there exists C' € R such that

Y—n=C. (2.32)

The constant C' can be found from v and n by averaging:

1 27

1 27
o RAOLC %/O n(0)do = C. (2.33)

The second variation of 7, denoted by J”, is a map from Dom(J’) to the space of bounded linear
operators from X to Z. Note that J” has the same domain as J": Dom(J"”) = Dom(J’). At each
¢ € Dom(J"), J"(#) is a linear operator from X to Z such that

A>T (¢ + er)

de?

=(T"(9)(¥), ¥) (2.34)

e=0

for all 1 € X'. In this section we only need the second variation at B,, i.e. ¢ = 0. Calculations show that
T"(0)(%)(0) = p~* (=" () — ¥(9))
27 6 0
i iw - i pe’’ —y)-e
/ K (|pe” — pe I)w(w)dw+<pl/ K’(Ipee—yl)( )
0

+ R
B, lpet® —y|

dy) ¢(9)] . (2.35)

Note that J”(0) is a self-adjoint operator defined on X C Z. Its spectrum consists of eigenvalues only. The
following theorem gives all the eigenvalues of this operator.

Theorem 2.1. At B, the eigenvalues of J"(0) are A(n), n =1,2,3, ..., given by

1 1
A(n)ps(n21)+’y(2n2+2ﬂp2>, n>2

and the corresponding eigen spaces are E(n) = {c1 cosnf + casinnb : c1,ca € R}.



Proof. We write

K(t) = L(t) + Q(t), where L(t) = % log % Qt) = > (2.36)

Let (0) = e, n = +£1,+2,.... The theorem follows from the following computation.

0 3(( emﬁ) _ ezn@) _ p73(n2 _ l)einO (237)
2 i 1 .
o / (|pe™ — pe]) ™ dw = me’"‘g (2.38)
o —2mp?e? ifn=1
e’ — / Q (Ipe — pe™|) €™ dw = ¢ —2mp?e ™ ifn=—1 (2.39)
’ 0 if|n|#1
i0 i0
, , —q) - . 1.
61719 N p—l/ L (|p610 o y|) (pe — y) € dy ezn0 _ _761710 (240)
B, lpet® —y| 2
i0 i0
in — % pe_—"Y)-¢€ in
em? | p 1/ Q' (|pe’® —yl) %dy = 2mpe™. (2.41)
B, |pet® —y|
Here (2.38) and (2.40) may be less obvious. Because of the Fourier series
- =\ cosnn = e
low |1 — ¢ — — _ e 2.42
gl — e =~ Y > G (2.2
n=1 n=—o00,n#0
one finds ) -
g ; - -2 ifn#£0
né _ i(0—w) | inw _ [n| e, 1
— log |1 dw = . 24
€ /0 ogll—e e w { 0, a0 (2.43)
This proves (2.38). For the integral in (2.40), note
i0 i0 i0 i0
[ et gy P ) e L[ (o’ —y)-e
p / L (|pe” —y i—dy:——/ 4y 2.44
B, ( ) [pet® —y| 2mp Jp, pe® —yl? (2.44)
1 0 —Y). 6
S =Yy, (2.45)

27 B1(0) |8’“9 - Y|2

Let Y = €(1 — Z), and Z = re?P. The disc B;(0) now becomes B; (1), the disc centered at 1 € C = R? of
radius 1. Its boundary is parametrized in the polar coordinates by » = 2 cos 8. Then we have

0 Y) .- 0 zOZ 0 /2 2cos 3
/ (697)26 dy = / CEC az- / / cos Bdrdf =, (2.46)
Bi0) e =Y B |2l x/2J0
and (2.40) follows. O
The zero eigenvalue A\(1) = 0 associated with the eigenfunctions cosf and sin@ is the result of the

translation invariance of 7: for any Q € A,
J(Q) = J(Th8) (2.47)

for every h € R? where T, = {z + h: x € Q} C R? is a translate of Q by h.

The stability of B, is determined by the remaining eigenvalues. If all the remaining eigenvalues are
positive, then B, is a stable critical point; if one of the remaining eigenvalue is negative, then B, is an
unstable critical point. The next theorem gives the stability of B, in terms of the two parameters: p and .



Theorem 2.2. The stability of B, follows from the following statements.

1. Ifp> ﬁ, then for all v >0, A(n) >0, n=2,3,....

2. If p< ﬁ, then there exists B, > 0 such that all \(n) >0, n=2,3, ..., if yp* < B,.

3. If p < 52= and vp® > B,, then at least one \(n) is negative.

Jr
4. If p < ﬁ and vp® = B,, then all \(n) > 0 and at least one A(n), n > 2, equals 0.

f 1
An) = p~?(n* = 1)+ (n -+ 27rp2) ,n=2,3, . (2.48)

Ifp> ﬁ, then f% +27p? > 0, and hence all A\(n) > 0, n = 2,3, ..., which proves part 1.
1

Let p < ENGE Introduce

1 1 2
*%+§*27Tp

e ,n=23,.. (2.49)

gp(n) =

so that

A(n) = A(n? — 1) (;

- gp(n)) , n=2,3,.. (2.50)

by (2.48). Since § — 2mp* > 0, g,(n) > 0 if n is sufficiently large. Also g,(n) — 0 as n — oo. Hence g,
achieves a positive maximum value at some n, € {2,3,...}. Define 3, > 0 such that

1
A =max{g,(n): n=2,3,..} =g,(n,). (2.51)
P
If vp?® < j3,, then
— > g,(n), n=2,3,... 2.52
e p(1) (2.52)
and all A(n) > 0, proving part 2.
If vp* > j3,, then
— < gp(n 2.53
e p(1p) (2.53)

and A(n,) < 0, proving part 3.
If vp3 = B,, then

1

— >9g,(n), n=2,3,..., and — = g,(n,)- 2.54

pp e A po il AU (2.54)
Therefore A(n) >0, n = 2,3, ..., and A\(n,) = 0, proving part 4. O

3 Multiple disc assemblies

Now we proceed to build critical points of J that are assemblies of perturbed discs. Let N € {2,3,...},
p > 0, and write the constraint |©2] = m on the measure of {2 as

Q| = Nmp? (3.1)

Henceforth we replace the parameter m in (1.2) by p and N. The main result is the following theorem which
is proved in this and the next two sections.



Theorem 3.1. Let N be an integer > 2 . For each n > 0, there exists 6 > 0, depending on N and n only,
such that if

1. p<d,
2. yp® <12 —n,
3. 7p310g% >1+4n,
then there exists a critical point of J satisfying the constraint (3.1). Moreover, the following properties hold.

1. This critical point is the union of N disconnected components, and each component is close to a disc
of radius p centered at §,;, j =1,2,...,N.

2. As p — 0, any accumulation point of (£51,&p.2,...,&p,N) is a global minimum of the function

N N
F(&,&, 0 6n) =Y Y K(I& — &l (3.2)

J=1k=1,#]

3. This critical point is stable in a sense.

From now on N is a fixed positive integer greater than or equal to 2. Take N discs B(;,r;) centered at
&; of radius r; subject to the constraint (3.1), i.e.

N
> ri=Np% (3.3)
j=1

We introduce two positive numbers d; and d2 to specify the range of (£,7). For now we only require
01 > 0 and 0 < 02 < 1, but more conditions on them will be added later. The £;’s must satisfy

1
461 <[5 — &l < . for all j # k (3.4)
1

and the r;’s satisfy
s — ol < bap (35)
The discs B(&;,7;) must be mutually disjoint. For x; € B(§;,r;) and x € B(&k, k), § # k
lw; = akl =2 1§ — &l =715 — e =401 = (p+ |rj — pl) = (p+ 1k — pl) = 461 = (p + 02p) — (p + b2p)
=46, —2(1+82)p (3.6)

Hence the B(¢;,r;)’s are disjoint if
461 —2(1462)p >0 (3.7)

which is accomplished if p is sufficiently small.

Lemma 3.2.

N N N
Y
UICCRVIED SECRED 3 o) N SR i
j=1 =1 k=1"B(&5r;) Y B(&5,75)
N ¥ N 7T7“4 1
:227”"]'+5 Z(;longr J+7r2r?>
Jj=1 j=1

N N 2,.2 222
rire 1 9 9 9 2 P +17)
2 2( o8 g + e — G+
J

10



Proof. Clearly
73( —1B(&;,15)) Z 27r;. (3.8)
Let X =te®, Y =¢eZ, and Z = pe'P. If 0 < t < 1, then, with the help of
10g|1—pei5|:—ikaOTSkB, (3.9)

we compute

/ log |X — Y|dY
B,

1 27
= / / log |t — pe'?|pdBdp
0 0

t 2T 1 27
=// 1og|t_pew\pd5dp+// log|t — pe’?|p dBdp
27 2T )
// logt+log|1 ”ﬂ)pdﬂdp—k// (logp+log|1 p"ﬂ)pdﬁdp
m kcosk; m = /t\" cosk
// (logt— () p dﬁdp—l—// log p — Z(p) p pdBdp

1
—/ 27r(10gt)pdp+/ 2mplog pdp
0 t

= mt*logt + 2 ! i1 t+ﬁ
= mt*log {7 g ls 1
T2
=—(t"-1).
“-1)
If X = te with ¢t > 1, then the calculations above change to

1 2m
/ log| X —Y|dY = / / log |t — pe'®|pdBdp
B o Jo

1 2m
— / / (1ogt +log |1 — Beiﬁ\) pdpdp
o Jo t

:/Ol/ozw (1Ogt_§(f>kcozkﬁ> »dBdp

1
:/ 2n(logt)pdp
0
=mlogt
Therefore )
2 .
/ » L 1(1—|X|), if0<|X|<1 510)
— log = .
27 | X Y| 1 1 .
B —log — f1 X
1 5 log X7 if 1 < |X|
Also
/ X — Y2dY = X2 + = (3.11)
B 2

11



Hence

1
1(1—|X|2)7 if0<|X|<1 -
/ K(X -Y|)dYy = 1 1 +7T|X|2+§ (3.12)
B —log — if 1 <|X
1 5 log X7 if 1 <|X|
Consequently
1—1X)?
/ K(X —Y|)dXdy = LdXJr/ (W|X\2+f) dX = = 4 n2 (3.13)
B. /B B 4 B 2 8
More generally,
r2, 1 r2, _ &2
L log — + - 1—L 2@' , f0<|z—¢&] <, A
2 T; 4 r; 5 o T
K(|lz —yl)dy = +mrile — &7+ —=
Pl " it 1y < [o - & ]
= log ——, ifr; <|z—2¢&
2 ‘LE — §]| J J
(3.14)
Then
nrd 1 mrd
/ / K(|z —y|) dedy = —]log—+—]+7r2r? (3.15)
B(&;.r)) JB(& ) 2 8
nrr? 1 w2r2r2(r? + 12
/ / K(|lz —y|) dody = —2"log + 72r2ril¢; —5k|2+M (3.16)
B(&;,r;) 7/ B(&k 1) 2 ‘fy - §k| 2
where j # k, and the lemma follows from (3.8), (3.15), and (3.16). O

Now we introduce perturbations of Uévle (&;,7;) and we proceed along the same line as in the single disc
case. Define

N 27
X = {¢ = (¢1, 92, ..., on) € W>(S', RY) : Z/ ¢;(0) do = 0} (3.17)
j=1"9
N 27
V= {aﬁ = (¢1, b2, On) € WHA(SLRY) Y ¢;(0) db = 0} (3.18)
j=1
N 27
zZ= {¢ = (¢1,02,..,6n) € L*(S',RY) Z/ ¢;(0) do = 0} : (3.19)
j=1"0
Note that
X CcYcZcL*S,RY). (3.20)
The inner product of L?(S*, RY) is denoted
N 27
(@)= [ ¢;(0)w;(0)de, (3.21)
Jj=1

and Z is the subspace of L?(S',R") perpendicular to (1,1,...,1). The norms of X, Y and Z are given
respectively by

161% = (6", ¢") + (&', ¢') + (¢, ) (3.22)
1613 = (&', &) + (¢, b) (3.23)
6% = (¢, 9), (3.24)

12



Given N distinct discs B(j,7;) centered at §; of radius r; considered before, define a perturbation Qg
by

N
Q= 9, Q= J {&+1te”: te|o.(2+20,00)"]} (3.25)
Jj=1 fest

for ¢ € Y sufficiently small.
We must ensure that each perturbed disc Q4 is well defined; namely

7 +20;(0) >0, Vo€ S, j=1,2,.. N (3.26)
This is one reason why the )-norm of ¢ has to be small. To quantify this condition assume
[6lly < dop® (3.27)
where & is to be determined. We have, for every 6 € S,

r}+26,(0) > 5 =2/l > 15 —2Cdlly > 17 — 2Cdp
> (p—|rj — pl)* = 2Cé0p? > (p — 62p)* — 2C0p”
- ((1 —5y)? — 2@50) p? (3.28)

Here C is the same Sobolev embedding constant as in (2.15). If we make &y small enough so that
(1 —d2)2 —2Cd >0, (3.29)

then each 4, is a well defined perturbed disc. Condition (3.29) is met provided do is small in comparison to
d2. Henceforth dy is taken to satisfy (3.29); this dg is analogous to but different from the dy in the previous
section.

We also need to be certain that {0y, do not intersect Q4, whenever j # k. Let z; € 0y.. Note that

|z — &% <13 + 2|5l < (p+ |1 — pl)* +2C00p < (1 + 62)p* + 2C0p°
< ((1 )2+ 26’50> P2 (3.30)
and consequently
zj — x| 2 & — &l — |zj — &l — |ow — &l

> 46, — 2\/(1 + 82)2 4+ 2C6 p. (3.31)

Hence if we strengthen the condition (3.7) to

18— 2/(1 + 62)% + 2G4 p > 0, (3.32)

then Q4. does not intersect {4, whenever j # k, and (3.32) can be achieved if p is small.
Now we treat J as a functional of ¢ and write

T (9) = T (). (3.33)
Note that if ¢ = (0,0, ...,0) which we simply denote by 0, then

N

Q= B(&.r)) (3.34)

j=1
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and
N
J0) =T B(&.r5)) (3.35)
Jj=1

which is given in Lemma 3.2. This functional J of ¢ is defined for small p and the domain of J is a small
neighborhood of 0 in Y:

Dom(J) = {¢ € Y : 4]y < dop*} (3.36)

where J is given in (3.27) and satisfies (3.29). Then as we have just explained when p is small, every ¢ in
Dom(J) represents a perturbation of U, B(§;,7;).
The first variation of 7, denoted by 7', may be regarded as a nonlinear operator from a subset of X to

Z so that
WOLD|  — (76w, vwer. (3.37)
The domain of J’ is
Dom(J') ={¢ € X : ¢]lx < dop}. (3.38)

Here g is the same as in the definition of Dom(J), but ¢ is taken to be in X instead of ). Clearly
Dom(J’) C Dom(J).
Calculations show that

d K 2m
j((il: = e=0 Z / (1 (65)(0) + vE;[6](0)) 15 (0) dO (3.39)
where
2+ 2¢ + 32(¢ ‘9)) d)//
r;(¢5)(0) = K Ot e o Y (3.40)
o ) (@002 \3/?
(Tj +2¢;(0) + W)
K0010) = | K (& + 0+ 20,02 — o) ay (3.41)
o
Note that r;(¢;) is the curvature of 99, . Let us define x(¢) and K[¢], both in L?(S%, RY), by
k(@) = (k1(d1), k2(02), .., KN (ON)) (3.42)
Then
d
WT@LD) (x(6) +7K[o). ). (3.44)

Comparing (3.37) and (3.44) we find that

(T'(0),¥) = (k(¢) + vK[¢],9) (3.45)

forall ¢ € X. Since ¢ L (1,1,...,1), J'(¢) and k(¢) +vK|[¢] differ by a scalar multiple of (1,1, ...,1); namely
there exists C' € R such that

Jj(6) = kj(d;) +vKj[¢] = C, j =1,2,..., N. (3.46)

14



Analogous to the setting in the previous section, we introduce a congruence relation & for members in
L?(SY,RY). This time 1 = 7 if there exists C' € R such that

Yj—mn; =Cflorall j =1,2,...,N. (3.47)

We may also abuse this notation and write ¢; = n;, j = 1,2, ..., N, in place of ¢ = 7. Under this notation
(3.46) becomes

T'(¢) = k() + 7K[g]. (3.48)
Our approach to solve the equation
J'(¢)=0 (3.49)

is based on a type of Lyapunov-Schmidt reduction argument and consists of two steps. First in section 4 we
find a “pseudo-solution” which solves (3.49) up to a finite dimensional subspace. Then in the second step
we find an exact solution in section 5.

The pseudo-solution is found in a space X, which is a subspace of X’; namely

X, =XnN2Z (3.50)

where
2 27 27
Z, = {¢ez: $:(0)d0 = | $;(0)cos0dd = |  ¢;(0)sin0do =0, jl,?,...,N}. (3.51)
0 0 0

If € 4, NDom(J’), then in terms of the set Qg, the condition

27
¢;(0)do =0 (3.52)
0

means that the measure of each component €y, equals 7rrJ2~. The condition

27 27
$;(0)cos0dd = [ ¢;(0)sinfdf =0 (3.53)
0 0

says that 4 is “centered” at ;.
Let IT be the orthogonal projection operator from Z to Z,.
We find J/(0), the first variation of S at ¢ = 0, and estimate I1.7'(0).

Lemma 3.3.

J0)= L4 szl ! +37TT;1 - EN: S S Mg +rie? —¢ |2+—Wé
[(0) = — — log — —lo . Tri|&; + et —
J o2t T T2 T A N2 g e g TR T HETT

Consequently there exist C] > 0 and C; > 0 such that
ITTT(0)||z < Ciyp* < Cip.

Proof. Since J'(0) = x(0) + vK|0], one finds

ki (0)(0) = —, (3.54)
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and, from (3.14) and (3.41),

Z/ K18+ 1" — u) dy
B(&k:Tk)

- Qlogi 37”4? + i [ -+ 10 g;Jﬂrr,ﬂfj + e — &)? + ﬁ . (3.55)
2 T &5 + e — &l
Expand
log & +rje — & | =log |¢; — & + é §k|2 -rje’? +0(r3) (3.56)
& +rje” = &l? =18 — &l? +2(& — &) -1 + 02 (3.57)

When II is applied, constant terms and terms that just involve cos and sin @ vanish and we arrive at the
conclusion of the lemma. Note that Cjvp* < Cyp because yp® < 12 — n which is the second condition of
Theorem 3.1. O

The second derivative of J at ¢ € Dom(J") = Dom(J’), denoted by J"(¢), is a linear operator from X
to Z so that 26+ )
+e
—— | = (T"()W),¥) (3.58)

de? e=0
for all ¥ € X. Calculations show that the second variation at 0 is

Z/W (16 +rje’” = & = rie™]) du(w) dw

o> (i K (Jg + g — ) S =) A ) (3.50)
kz:l K /B(Ek’rk) Gmen Ty &+ et —y] Y vil0) - .

To find a pseudo-solution, we need to study IL7"”(0)|x, from X, to Z,, which is the restriction of J"(0)
to A}, composed with II. For simplicity we denote this operator just by I17"”(0).

T} 0)()(8) = 17 (=45 (8) = v;(8)) +

Lemma 3.4. There exists co > 0 such that for every i € X,

1.
@T"(0) (), ) > cap” |13

LT (0)(W) |z = c2p™|[#)]]x-

The operator ILT"(0) is bounded, one-to-one, and onto from X, to 2, with a bounded inverse. The sec-
ond assertion means that the norm of the inverse operator (LJ"(0))™! : 2, — X, is bounded by ép3:

AT ()~ < 47

= ¢y

Proof. We decompose J”(0) into the sum of two operators
J'0)=L+M (3.60)
The operator £ is the main part of J”(0), given by

2m . _
Ej(w)(e) = T]‘_S( 7/}//( ) d’g( )) [/0 L(‘rjew — Tjew|)1/1j(w) dw
+ < j /B(O,rj)L (Ir; yl) rie® — y] dy) @/@(9)1 ) (3.61)
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The operator M is the minor part given by

M (0)(6) =~ [ [ Qe = riet) vy

‘ rlem—y)-ew
+ 7‘»_1/ Q' |T"610 —y| (]— dy | ¥;(0)
( 7 JBor) (I ) rjet® —y] !

N

27
+ Z / K(|§j—|—7“jew—fk—rkeMDwk(u})dw
k=15 /0
+ EN: 71/ K' (& + ;¢ —y)) (& e —y) e N o) (3.62)
[ T I A T e R R '

Decompose Z into

Z = é Z, (3.63)

n=0
Z,={Acosnf + Bsinf: A, BERY}, ifn>1 (3.64)
N
Zg={AER": > A;=0,. (3.65)
j=1
Then -
z, =Pz, (3.66)
n=2

We see from (2.37), (2.38), (2.40) that for each n > 1, Z, is an invariant subspece of the operator £, and
L is diagonalized in Z,. There are N eigenvalues in this subspace given by

. _ 1 1 .

with two corresponding eigenvectors e; cosné and e; sinnf where e; is the j-th standard unit vector in RN,
In the case of Zj, note that

1o 31" = 1) =—r;? (3.68)

27
) , 1
1— / L(r;e’ —rje™ )1 dw = log — (3.69)
0 Ty

_ r'em—y)-eie 1
1 rrl/ L (et = y) L2281 () L, (8:70)
<J B(0,r)) (s ) ryet? =yl 2

so Zj is also an invariant subspace of £, but £ is not yet diagonalized in Zy. There are N — 1 eigenvalues
A(0,7), 7=1,2,..., N —1, in this subspace, but we do not need to find them in this work, since we only need
to study £ on X, C Z, and Z, N Z, = {0}.
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Because of (3.66), for every ¢ € X, there exist A, j, B, ; € R such that

oo N
¥(0) = Z Z (An, jejcosnd + B, je;sinnb) (3.71)
n=2j=1
o) jN
L(Y)(0) = Z Z A(n, j) (A, jej cosnl + B, je;sinnb) (3.72)
n=2j=1
o0 ]N
(L)) =Y Ami)n(AL; + B} ) (3.73)
n=2j=1
oo ]N
(L), Lo) =YY Nnj)m(4]; + By ;) (3.74)
n=2j=1
Also for n > 2,
- 2-1 s
A(n, j) =r;"n’ (n — ) (1 — 2”(71j+1)> (3.75)
» 1 1212
> on? (1 - 22) (1 - 22(211)) (3.76)
— 72 (%) (3.77)

To reach (3.76) we need the inequality

3 n
yr; <12 — 5 (3.78)
Recall 7p® < 12 — 7, condition 2 of Theorem 3.1, and also r; satisfies (3.5), |r; — p| < d2p. Hence (3.78)

holds if J5 is sufficiently small. Therefore

co N
n _
(L) 0) > (55) Do D vy en? (42 + B2 ) (3.79)
n=1j=1
n\? = —6,__ 4 (A2 2
(L) L@) = (55) Do r7omm® (42, + B2 ) (3.80)
n=1 j=1
On the other hand
co N
[0z =3_> = (4%, +B,) (3.81)
n=2 j=1
co N
HT/J”%} = Z ZW(”2 +1) (Ai,j + Bi,j) (3.82)
n=2 j=1
co N
1% = > D w(n* +n® +1) (47 ; + B} ;) (3.83)
n=2 j=1
Hence there exists co > 0 such that for all ¢ € A,
(L), ¥) > 2c2p7 |93, and [|IL()]z > 2c2p7 0] 2 (3.84)
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Next we estimate M. We can find C4 > 0 such that for every ¢ € A}, the terms in (3.62) satisfy

27
| Qe = ryel) vy () o] < Cavlos (3.85)
i0 N b
7"»_1/ Q/ T'eie _ y (T]e ; y) € dy o 271'7'2 386
7 IBor) (I ) rjet? —y| ! (3.86)
27
‘/ K (1& +rje — & — ree™|) vp(w) dw| < Chpl|Yyj| 2 (3.87)
0
-1 / i0 (fj + rjew - y) e /
T K'(|& +rje” —y : dy| < Cip (3.88)
! /;(Ekyrk) ( ’ ’ ) |§J + Tjele - y| 2

uniformly with respect to 6. Here (3.87) may be less obvious. It holds because fozﬂ Yp(w)dw = 0 when
Ve,

27
/ K (& +rje® — & — rpe™]) hp(w) dw
0

27
= /0 (K (I8 + 5™ = & = rie™[) = K (1§ — &) tu(w) dov (3.89)

and 4 4
K (|& +rje” — & —rre™]) = K(I& — &) = O(p) (3.90)

uniformly with respect to # and w. By (3.85), (3.86), (3.87), and (3.88), we deduce that there exists Co > 0
such that for all ¥ € A},

MMz < IM()]z < Coyplldll = (3.91)
On &}, since IIL = £, T1J7"(0) = L + TIM. Then by (3.84) and (3.91), for all ¥ € A},

(ILT"(0)(¥), ¥) = (L(), ) + (LTM (), )

> 2c2p 2 |[Y[I3 = Caypllvl|%

> (2c2p™" = Coyp)I013

> cop”? |93, (3.92)
[T 0)(W)llz = L))z — M)z

> 2e0p7 |9l x — Covpll¥lz

> (2c2p™° = Conyp)[|9]| 2

> cop” |9 x (3.93)

if p is sufficiently small. Again we have used vp? < 12 — 5. This proves part 1 and part 2.
A weaker version of part 2 is

ITLT"(0)(u)||z > cap™®|lul|z, for all u € A, (3.94)

It implies that II7”(0) is one-to-one.

Let v € Z, be perpendicular to the range of IL7"(0), i.e. (ILJ"(0)(u),v) = 0 for all u € A,,. Since IILJ"(0)
is a self-adjoint operator on Z, with the domain X, C Z,, one deduces that v € X, and I1.7"”(0)(v) = 0. By
the injectiveness of IL7”(0), v = 0. Hence the range of IL7”(0) is dense in Z,.

To show that I1.7"(0) is surjective, let w € Z,. There exist u,, € X, such that II7"(0)(u,) — w in Z,.
Therefore I17"(0)(u,) is a Cauchy sequence in Z,. By (3.94), u,, is also a Cauchy sequence in Z,. There
exists u € Zp, such that u, — u in Z,. As a self-adjoint operator, II.7”(0) has a closed graph in 2, x Z,, so
(u,w) is on this graph. Hence u € &} and I1J"”(0)(u) = w; This proves the last statement. O
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Also needed is an estimate on the third variation of 7.

Lemma 3.5. There exist C5 > 0 and C3 > 0 such that for all ¢ € Dom(J'), the following estimates hold
forallue X andv e X,

1.
(T (9)(u,v),v)] < Cs (p7° +7p7) llullx 0I5, < Cap™ lfull e 10115

17"(6)(w, )|z < C5 (p7° +7p7%) lully Il x < Cap™ [lull 4 0]l -
Proof. The proof of this lemma is similar to that of [13, Lemma 3.2] and [12, Lemma 6.1] and is omitted. [

We close this section with a remark on our setting of J as a functional defined on Dom J C X. This
setup addresses perturbations of U;VZIB(@, r;), and is dependent on &1, &, ..., {n, and 1,72, ...,7n. We do
not emphasize this dependence in our notations in this section or the next section, but we will do so in
section 5 to exploit this dependence.

4 A pseudo-solution
In this section we solve the equation
ILJ'(¢) =0, ¢ € X, N Dom(J"). (4.1)

Any ¢ that solves this equation is termed a pseudo-solution. More explicitly, ¢ = (¢1,d2,...,dn) is a
pseudo-solution if ¢ € &, N Dom(J’) and

ki (0;)(0) +vK;[¢](0) = Ajcos@ + B;sind +Cj, j=1,2,...,N, (4.2)
for some A;, B;,C; € R.
Lemma 4.1. When p is sufficiently small, there exists ¢ € X, NDom(J") such that ILT'(¢) = 0. Moreover,

204
lollx < =20
C2

Recall that C; comes from Lemma 3.3 and ¢y comes from Lemma 3.4.

Proof. Expand J'(¢) as
J'(¢) = T(0)+T"(0)(¢) + R(¢) (4.3)

where R(¢), defined by (4.3), will be shown to be a higher order term. Turn the equation (4.1) to a fixed
point form:

¢ ="T(¢) (4.4)
where
T(¢) = —(1L7"(0))" (117" (0) + IR (9)) (4.5)
is an operator defined on
W={s€d:|¢lx< e}, (4.6)

and



Recall that ¢y is from Lemma 3.4, C5 is from Lemma 3.5, and & is from (3.27) satisfying (3.29). Since
€ < dp, members in W all represent assemblies of perturbed discs and T is well defined on W.

By Lemmas 3.3 and 3.4.2
_ 1 C
17" (0) "M LT (0) | x < —p*Cip = —p*.
C2 C2
Lemma 3.5.2 implies that
Cs _
IRz < Lol
and

7 - 1 4C5 _ Csy _
(017(0) TR <~ Lol = 2,
C2 C2

For ¢ € W, by (4.5), (4.8), and (4.10) one deduces

1T (P)llx < cjlp4+ —3p2e2 — <71p2 + 7362)[)2.

262 C2 262

Now we require p to be sufficiently small so that

Cl 2 €
J— < —
C2 P 2

and consequently, with the help of (4.7),

C
1Tl < (§+550) 2 <

Therefore 7 maps W into itself.
Next show that T is a contraction. Let ¢, € W. First note that

T(¢) = T() = —(MIT"(0)~" (IL(R(¢) = R(¥))).

Because

R(6) = R(¥) = T'(¢) = T'(¥) = T"(0)(¢ — ¢),

one finds, with the help of Lemma 3.5.2, that

?llgl1%-

(4.8)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

IR(¢) = R(D)llz < T(¢) = T' () = T" ()& = ¥)llz + 1T (@) (6 — ) = T"(0)(& — ¥)l =

Cs _ -
< 731) *llg = ¢l + Cap~° 1]l ll¢ — ¥llx

= (1
< Cap™® (516~ vl + 6l 6~ vl
< 2C3ep° (| — ]| x-
Then Lemma 3.4.2 and (4.7) imply that

2¢ 03
C2

I7(¢) = T(W)llx <

1
16— blx < 516~ ¢lx-

(4.16)

(4.17)

Hence T is a contraction mapping, and a unique fixed point, which we denote by ¢, exists in W.
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By the definition of W, |¢||x = O(p?). However, this can be improved to order O(p?), if one revisits the
equation ¢ = T () and derives from (4.5), (4.8) and (4.10) that

1" - ! 1" - C C —
lellx < 1ALT"(0) 7 LT (0) |2 + [ (TLT"(0)) 1HR(<P)||X<*P + 63 [leoll%-

Rewrite the above as

C3 —92 Cl 4
1-— < —p. 4.18
(1= 52072l ) ol < o (1.18)
n (4.18) estimate
Cs 2 1
e< = 4.19
e ?llelle < phe < g (119)
by (4.7). The estimate of ¢ follows from (4.18) and (4.19). O

The next two lemmas show some properties of the pseudo-solution ¢. Lemma 4.2.1 says that ILT" () is
positive definite, so ¢ locally minimizes J in A},. Lemma 4.3 gives a good estimate of J () which is very
close to J(0).

Lemma 4.2. When p is sufficiently small, for all ¢ € A,
1.

(T () (W), &) > =

2 -3 2
S w13

T () ()2 = 2 p~* |1l x-
Proof. By Lemmas 3.4, 3.5 and 4.1,

(7" (@) (&), ¥) (MLT"(0)(¥), ) + (I(T" () = T"(0)), )

esp 1113 — Cop~ ol 613
2C1C4 B
Gr—f)ﬂﬂuﬁ,
C2

Y]

v

and

7" (@) (W)= T )W)z — ITI(T" () = T"(0))¥)] =

eap~ 2 6lx — Cop~ I ll¥lx
2C,C! _
Qa—le)pﬂwm.
C2
20103 2

If p is sufficiently small, then p~ < % and both parts of the lemma follow. O

(AVARAYS

Y

Lemma 4.3. [t holds uniformly with respect to §& and r that
T(p) = T(0) +0(p").

Proof. Expanding J(¢) yields

(T"(0)(9), ) + éU "(tp) (e, 9)s @) (4.20)
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for some t € (0,1). On the other hand expanding J’ (), and then applying II give

LT () = TLT'(0) = LT (0) ()]l 2 < S 5 ST (ko). )z (4.21)
€
Since I17'(¢) = 0, (4.21) shows that
!/ 1 1 "
IT77(0) + T (0)(p)llz < sup ST () (e, ¢)ll 2,
te(0,1)
which implies that

(M7'(0), @) + TIT"(0)(¢), ) < (tesg)pl) ST () (o, Lp)lz) el (4.22)
Since ¢ € A,
(M7'(0),¢) = (T'(0), ), (MT"(0)(¢), ) = (T"(0)(¢), ¥)- (4.23)
Then (4.22) shows that
(T'(0), ) +(T"(0)(), ) < (t:%pl)llﬂj"’(fw)(w </7)||z> |- (4.24)

By (4.24), (4.20) yields that

J(p) —J(0) - <u7'(0)7<p>‘ < % (tes;épl)llj"’(ttp)(%w)z> ol x-

Therefore Lemma 3.3, (4.23), Lemma 3.5.2 and Lemma 4.1 imply that

T(0) ~ TO) < GHT'0), )| + ( sup 17 (1) 90)|2> el

2 te(0,1)

1 5
ZNILT (0 + —
107091+ 5 (e

1., 2C 201 ,\°
<50 pflp +1 C3P <1 p4>
C2

( sup || (te) (e, )Iz) el

C? 10C C3
s 33 L7,
Ca 3¢5

This completes the proof. O

5 The reduced problem

In this section we explore the roles played by the centers {; and the radii r; of U 1 B(&;,r;). Write
&= (&,8,..,¢éN), r = (1,72, ...,7N), and denote the pseudo-solution ¢ found in the last section by ¢(-, &, 7).
We will see that if & and r are chosen properly, the pseudo-solution turns out to be an exact solution.

The domain for (£,7) is defined in (3.4) and (3.5) which we now denote by

N
M= (&r) e RN 1 45, < |& — &l <5 vﬂék rj = pl < 62p Vi, Y 17 =Np® b (5.1)
j=1

M is an 3N — 1 dimensional submanifold with boundary in R3". Define a function J by

J(f,?") = ._7(30(',5,7")), (f,f‘) € M. (52)

23



Lemma 5.1. If (&, 1) in the interior of M is a critical point of the function J, then ¢(-,&,7¢) is a critical
point of the funcional J.

Proof. Recall the general first variation formula (1.12) for © deformed to €.:

T (§2)
Oe

N
o —/BQ (k+K[Q)N - X ds = —;/mj (K(09) + YK[Q)N; - X, ds (5.3)

where the Q;’s are the components of Q. Let Q. ¢ - be the union of perturbed discs specified by ¢(-,&,7).
Since T1J' () = 0, there exist A;(€,7), B;(€,7), and C;(£,r) such that on 90, (. ¢ )

kj(e5) + VK le] = A;(§,7) cos O + B; (&, 1) sin 0 + C5(&, 7) (5.4)
Let the boundary of the component €2, (. ¢ ) be parametrized by R;; namely
R;(0) =& +/r? +2¢;(0,6, 7)€, j=1,2,..,N. (5.5)

The unit tangent and normal vectors of R; are

T;(0) = |@ , and N;(6) = iT;(0), (5.6)
90
respectively. Since ds = |6ng9(9) |do),

O

T-(@)ﬁ _IR(0) _ ik e + /12 +2¢; ie? (5.7)
a0 o0 [r2 4+ 2, 7o
J
Jpj
ds 20 g i
Nj(G)@:%zeefw/T?Jerj et (5.8)
\/ 75t 29;

In (5.3), x; is the curvature of R;, and N; points inwards.

In this proof we generate deformations by varying (£, 7) in M. They supply X; in (5.3). First take & 1,
the horizontal coordinate of the k-th center, to be a variable and keep the other centers fixed. This amounts
to moving {2

o (-,¢,r) horizontally while changing the shape of Q. ¢, slightly. Then
Opk
OR, Ok 1 0
X, = =(1,0) + —=2L__¢ 5.9
O T = (5.9)
ds 9er Opy,
Ny -Xp— =——-9%  ginf — /72 + 2 cos — , 5.10
S RN N kTSR Ok (5.10)
OR; e
X = ge = e A (5.11)
£k71 T‘JQ- + 2(pj
ds dp;
N, - X.—2 =_211 L[k 5.12
J 746 a£k717 J 7é ( )
Since ¢ € A},
27 27 2
/ ©; d@z/ ©; cos&dG:/ @;sinfdf = 0. (5.13)
0 0 0
It follows that ) ) )
/ 085 g — / %5 cos0.df — / %25 Gnodo — 0. (5.14)
o O, o O&na o O&na
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Because

27 d 5 ) a@k
/ém%k N - Xpds = /0 {d@ (\/7’1 + 2¢1 sm9> - 851@,1} do =0, (5.15)

2 asoj
N, -X;ds= dd=0, j#k (5.16)
00, o0&

by (5.10), (5.12), and (5.14), one deduces from (5.3), (5.4), (5.10), (5.12), (5.14), (5.15), and (5.16),

0T (Qp(-¢,1) =~ [
II e Cem) ,Z/ (Aj(€,7)cos O + Bj(€,7)sinf + C;(€,r)) Nj - X ds.
1 o

27 ngk
= Ay (&, 1) cosb + Bi(&,r)sin ) sinf + /7% + 2py cos 0
| aen e ( - JrE+ 20 )

k+ Pk
= Ap(&,7)(0(p) + i) + Bi(&,7)0(p?). (5.17)

Here note that, by Lemma 4.1,

o(0.67) = ("), ana 22HOET)_ ) (5.18)

uniformly with respect to 6, £, and r.
If we vary & 2 but hold other parameters, a similar argument shows that

aj(Qtp(~,§,T))
&k 2

At the critical point (&, 7.) of the function J,

= Ai(&1)0(p%) + Bi(&,7)(O(p”) + 714 (5.19)

_ 0J(&re) _ 0T Qpem) _ 3 3

0= 6£k,1 afk 1 (&eore) = Ap(&e,7e)(O(p?) + 7rTt:,k) + By(&c,re)O0(p”) (5.20)
_ () _ 0T (Qpem) _ 3 ¥

0= o Oz lero Ap(§e; 7e)(0(p7)) + Bi(&ey re) (O(p”) + e k) (5.21)

Hence Ak (&, r.) and By (&, r.) satisfy a homogenous linear 2 by 2 system, and this system is non-singular
if p is small. Therefore

Ak(§C7 TC) = Bk(gw Tc) = 0. (522)

Now we are going to vary 7, but it is more convenient to use wy = ri instead. Then

OR,  go+1

X, — — Owy, ei@ 5.23
T 0w T i+ 200 (5.23)
ds Op;
N -X - .24
PR T dwy (5:24)
Op;
OR; 7 ;
X;j=52t=—2 ¢ jtk (5.25)
T Qwyg /sz +2¢;
ds 0
N; - X5 = _aﬂ i £ k (5.26)
Again by (5.13),
0p; 0p; T D
! dﬁz/ L cosfdf = sinf df = 0. (5.27)
o Owg o Owg o Owg
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One deduces from (5.3), (5.4), (5.24), (5.26), and (5.27),

0T Qper) _ N~ [ A; 0+ B ing + C N, X;d 5.28
e = | (A€ ) cost o+ By(6 ) sing + (&) N; - X, s (5.28)
=1
27
_ / (Ax(£,7) cos 0+ By(€, r) sin0 + Cy(£,7) (~1) df (5.29)
0
= —2nCy(&,7) (5.30)
At the critical point (&, r.) of the function J, because of the constraint (3.1), i.e.
N
ij = Np?, (5.31)
j=1
we find
6](&, TC) a‘7(Q<P(' 3 7“))
_ _ £ = 9 Ch(Eurre 5.32
" wy e P (5:52)
where p is the Lagrange multiplier corresponding to the constraint. Hence by (5.4), (5.22), and (5.32)
poo
@(89%(_,&%)) + ’ij[QLP(',EC,TC)] = —%, 7= 1,2, ...,N. (533)
This shows that Q. ¢, . is a critical point of J according to (1.18). In terms of J’, since
T (o 6eime)) = K(p(,€eyre)) + K (e, me)] (5.34)
by (3.48), (5.33) implies
TP 6erre) = == (1,1, 1) (5.35)

This means that J'(¢(-, &, 7)) is a scalar multiple of (1,1,...,1). But J'(¢(-,&.,7c)) is in Z which is
perpendicular to (1,1,...,1). Hence

T (e(,€e;7e)) = 0. (5.36)
This proves the lemma. O
We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. Recall that J is defined on M, a 3N — 1 dimensional submanifold with boundary.
Although it is a closed subset of R3N, M is unbounded, and hence not compact. However, due to the
translation invariance (2.47) of 7, we can assume that &; is the origin and consider the bounded subset

Mo ={(&,7) e M :& = (0,0)} C M. (5.37)

Then My is a compact 3N — 3 dimensional submanifold with boundary in R3¥.

Let (£,,7,) be a minimum of J on My. We proceed to show that when p is sufficiently small, (§,,r,) is
in the interior of My and hence also in the interior of M.

By Lemmas 3.2 and 4.3 we deduce

N o N m"? 1 m"?
J(f,T):;27‘r’/‘j+§ Z TIOgE—F?

j=1
NN nrirs 1
>0 > | Lo+ mrhRlg — Gl | | + 000" (5.38)
=1 kel 2 |§] - §k|
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Note that the O(p®) term from Lemma 4.3 is absorbed into the O(vyp®) term above since yp3 < 12 — 7.
First we pick out the leading order term so that

N N 4
_ LIS (T b i
J(f,r)-ZQﬂrJ—i— QZ < 5 logrj) + O(yp?) (5.39)
j=1 J=1
Introduce
o\ 2 N
W, = (;) , (1=62)° SW; < (1465)% > W, =N. (5.40)
j=1
Then
N N 2
TW: 1
J(Er) = 2mpy/ Wy + 23 [ —Lptlog = | +O(vpY) (5.41)
. 24 2 0
j=1 j=1
N 2
1 1 W 1
—J(& ) = — | 27 /W,; + —L | + O : (5.42)
vptlog L ; vp*log £ T4 log *
Hence as p — 0,
N 2
1 W:
—J(&,r) > 27 By W; + —L (5.43)
vptlog ¢ ; T8
uniformly with respect to £ and W, where
1 1
—— = p e |0, — 5.44
vp3log | 7 [ 1+77] (544
as p — 0 possibly along a subsequence, since
1
vp3log p >1+1n (5.45)

which is condition 3 of Theorem 3.1. Take J- sufficiently small so that the function

0 S0 = Bya+ L g [(1-5) 0+ )] (5.4)

is convex on [(1 — 82)2, (1 + d2)?]. This do exists since

s 1 -1
") = (——te = ‘ =P "> 5.47
rw=(-gm+1)| .= (5.47)
by (5.44). Hence the right side of (5.43) is minimized at W7 = Wy = ... = Wy = 1 by Jensen’s inequality.
This implies that
To 5 (1,1,..,1) as p— 0. (5.48)
p

Next we return to (5.38) to study &,. Recall the function F' in Theorem 3.1 whose domain is

Since
tli%i K(t) = tgrgo K(t) = oo, (5.50)
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F attains a global minimum in the domain of F'. Choose §; small enough so that

1 .
& e {g = (&,&2,....&n) € Dom(F) : 461 < |& —&k| < 1, for all j # k} (5.51)
for any global minimum &£* of F.
We claim that &, converges to a global minimum of F' along any convergent subsequence. Suppose this
is false. Let £, — & a p — 0, possibly along a subsequence, and £* be a global minimum of F'. Then
(&) < F(&). Set

2
T
W,=W,1,Wpo, .. Wyn), Wy = (;) (5.52)

Then, since W, — (1,1,...,1) as p — 0 by (5.48), (5.38) implies that

w(J( *a p) J(éparp))
N N
1 W, ;W 1
D) Z Z el ek log * * + WQWPJWPJCK; - fl:|2
2j:1 k=1,#j 2 |§J _§k|
s7J
N N
1 W, ;W 1
52 2 < A log T+ 1 W Wkl = @ﬂ) +0(p?)
j=1k=1,#§ pJ Pk
7T2 772
— ?F(f*) - EF(fo) <0 (5.53)

in contradiction to the fact that (£,,7,) is a minimum of J.

Because of (5.51), for any global minimum &* of F, ((&},&5,-..,&x8), (p, p, .., p)) is in the interior of M.
Since &, converges to a global minimum of F' and (5.48) holds, (§,,7,) is in the interior of M when p is
small. Then Lemma 5.1 asserts that ¢(-,&,,7,) is a critical point of 7.

The stability of Q.. ¢, ,,) comes from its construction. First by Lemma 4.2, Q. ¢ ) locally minimizes
J in A, for each (¢,7). Then (§,,7,) minimizes J among all (§,r) € M. As a minimum of minimum, we
claim that Q. ¢, ) is stable. O

6 Discussion

Theorem 3.1 tells us that the critical point €2, ¢, ) is an assembly of N perturbed discs of approximately
the same radius. The centers of these discs are close to a global minimum of F'. To get a picture of Q,(. ¢ )
we need to find the global minima of F'.

When N =2, (&1,&) is a global minimum of F if and only if [£; — &3] is the minimum of K; namely

6 — & = % — 0.28200479... (6.1)

When N = 3, (£1,£2,&3) is a global minimum of F if and only if &, &, and & are the vertices of an
equilateral triangle in R? whose side length is ﬁ

When N > 4, we resort to numerical calculations. Figure 1 gives the numerical results for K = 2,3, ...,13.
We also numercially minimize F' for large K. Figures 2 and 3 show the results for K = 100 and K = 500. It
looks that when K is large, the small discs fill a large circular region in R? with an approximate hexagonal
pattern.

If F has local minima, then our numerical computation may find a local minimum instead of a global
minimum. But a local minimum of F' can still be useful. If F' admits a strict local minimum in My in the
sense that there exists a neighborhood of the local minimum where F' at every other point is strictly greather

28



0ss
05
s 395 0ss
< os
105
a 0s
115 03
<a s En) s <2 35 a2 ams a1 a0 4 o 3 39 3% 4 ans
o7
55
sss 075

&

18 75 a7 s 18 55 a5 4 14 08 075 07 065 06 055 05 05 04 46 am 47 am 48 am 49

225
095
ans

. . . " .
245

b . - .
. . o
o m.
nz.
: " .
. @ L
o35 .
[ ] .
¢ .
[ ) ® [ ]

Figure 1: Numerical minima of F' for K = 2,3, ...,13.
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Figure 2: Numerical minimum of F' for K = 100.

than F' at the local minimum, then a slight modification of the argument in section 6 shows that J has a
stable critical point which is an assembly of perturbed discs and the centers of the discs are close to this
local minimum of F.
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