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ABSTRACT. For the generalized surface quasi-geostrophic equation
90 +u-Vo=0, inR%x(0,T),
u=vV+ty, p=(-A)"°0 inR*x(0,T),

0 < s < 1, we consider for k > 1 the problem of finding a family of k-vortex
solutions 6, (x, t) such thatas e — 0

M-

Oc(x,t) = ) m;o(x—;(t)

1

j
for suitable trajectories for the vortices x = ¢;(t). We find such solutions in the
special cases of vortices travelling with constant speed along one axis or rotating
with same speed around the origin. In those cases the problem is reduced to a
fractional elliptic equation which is treated with singular perturbation methods.
A key element in our construction is a proof of the non-degeneracy of the radial
ground state for the so-called fractional plasma problem

1+s
1-s
whose existence and uniqueness have recently been proven in [11].

(=AW =(W-1)7, inR%, 1<y<

1. INTRODUCTION

In this paper we consider the problem

{ate+u-ve_o, inR? x (0,T) W)

u=vVty, p=(-A)"0 inR>x(0,T),

where 0 < s < 1and (aj,a2)" = (a2, —ay), which is known as the modified or
generalized surface quasi-geostrophic equation. Here 6 is the active scalar being
transported by the velocity field u generated by 6 and 1 is the stream function.
The operator (—A)~® in R” is the standard inverse of the fractional laplacian and
is given by the expression

(—A)~%0(x) = /]R” Gs(x —y)0(y)ds, Gs(z) = |ZT’1117*525 (1.2)
where
n—2s
Cps = n_gz_zsr(ré)). (1.3)
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The case s = % in (1.1) corresponds to the surface quasi-geostrophic (SQG) equa-
tion while the limit s 1 1 corresponds to the 2D Euler equation. In the formulation
(1.1) we assume that 6 is sufficiently regular so that i is C'.

Equations (1.1) for s = % first appeared as models of geophysical flows. Af-
ter the classical work by Constantin, Majda and Tabak [12], who pointed out its
formal mathematical analogies with the three dimensional Euler equation, these
equations have been widely investigated.

The Cauchy problem for (1.1) is a delicate matter. For 0 < s < 1, local well-
posedness is known for sufficiently regular initial data, see [9, 10, 12, 22] and the
references therein. Large class of initial data (patches) may produce finite time
singularities, see [21, 22].

Of special interest are solutions of (1.1) with highly concentrated values of the
active scalar 6(x, ) around a finite number of points 1 (¢), ..., {x(¢) which are ide-
alized as regular solutions that approximate a singular object of the form

k
Y mid(x = &i(t)), (14
i=1

where J(x) is the standard Dirac mass at the origin. The constants m; are called
the intensities of the vortices §;(t). In the case s = 1, corresponding to the 2D
Euler equation, these solutions represent fluids with sharply concentrated vortici-
ties around the points &;(t). In this setting the problem is classical and traces back
Kirchhoff. The location of the limiting point vortices is found by formal substitu-
tion, leading to the Hamiltonian system

: k () — &)+

gj(f) = % mzw i=1,...k (1.5)

i£j i i

Finding regular solutions that approximate the superposition of point vortices
(1.4) for a given solution of system (1.5), is the classical vortex desingularization
problem. See the works [24, 15, 16, 7, 32] and references therein.

For the generalized SQG equation (1.1), the point vortex model corresponding
to a solution of the form (1.4) becomes

1 T(2-s)

, Gi(t) —¢;(1) "
0 = oy O (Gi(t) = ¢;(t)

m; ’
L~ G =
see the recent work by Rosenzweig [31] and references therein.

i=1,...k (16

The purpose of this paper is to construct regular solutions 6(x, t) which resem-
ble a superposition of point vortices of the form (1.4), where the k-tuple (&1 (t), ..., (t))
represents a solution of system (1.6) which does not change form as time evolves.
More precisely, we focus on traveling and rotating solutions of system (1.6).

A traveling solution of (1.6) is one of the form
gj(t) = b] + ctey (1.7)

where by, ..., by are points in R?, the constant ¢ € R is the speed and without loss
of generality we take the travel direction to be e; = (0,1). Then (1.6) reduces to
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the system
F(Z—S) (bi—bj)J‘ .
= i , =1,...,k 1.8
2 = 2 TrT(s) ;} o b (18)
A rotating solution of (1.6) is one of the form
ey ‘ _ |cos(at) —sin(at)
6(t) = Qubj,  Qui = sin(at) cos(at) (1.9)
and bq,..., b € R2. These are solutions of (1.6) if
F(Z — S) b; — b]‘ .
W= et M Tk (10
]

For simplicity, we will concentrate on the most elementary solutions to (1.8)
and (1.10). For (1.8) we consider the traveling vortex pair, namely the solution
withk =2, and

by =de;, by = —de;, e;=(1,0), my=—-my=nm,
_ T(2-s) m (1.11)
4nT(s) d3—2’
where d > 0.

In the case of rotating solutions, we consider the rotating polygon with equal

masses, that is, for k > 2,

b] _ pEZm%/
m T(2-s) = 1 (1.12)
p2—25 25+17'[1"(s) = (1 _ Cos(sz))lfs’

mj=m, j=0,...,k—1,

where p > 0.

1.1. Main results. In analogy with the solution (1.7) of (1.6), we look for traveling
solutions to (1.1) by requiring that

0(x1,x2,t) = O(x1,x2 —ct), (1.13)

for some profile function ®(x1,x;) defined on R?. In this case, the generalized
SQG equation (1.1) can be rewritten as the stationary problem

(VY —cep) - VO =0, ¥=(-A)"0. (1.14)

The condition that 8 approximates (1.4) now becomes
k
O(x) ~ Y mis(x —b;). (1.15)
j=1

Similarly, associated to solutions (1.9) of system (1.6), we look for rotating solu-
tions 6(x) of (1.1) close to (1.4), by requiring that

0(x,t) = O(Q-wx), x€R? (1.16)
with ©@(x) also having the concentration behavior (1.15). Then (1.1) becomes

(VI¥ +axt) - VO =0, ¥=(-A)"0. (1.17)
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Our first result states the existence of a traveling solution concentrated near the
vortex pair associated to the solution (1.7), (1.11) of system (1.8).

Theorem 1.1. Consider the traveling vortex pair given by (1.11). Then for € > 0 small
there is a solution 0. of (1.1) of the form (1.13) such that © is C'(R?), and

2
Oc(x) = mé(x —by) —mb(x —by) ase —0, supp®; C |J Bee(b))
j=1

where the convergence is in the sense of measures and C > 0 is a constant.

Similarly, we obtain rotating concentrated solutions near the vertices of the ro-
tating polygon solution (1.9), (1.12) of (1.10).

Theorem 1.2. Consider the rotating polygon given by (1.12). Then for e > 0 small there
is a solution 0 of (1.1) of the form (1.16) such that ®, is C'(R?),

k k
Oc(x) ~m) 6(x—bj) ase—0, supp®; C | Bce(b))
j=1 j=1

where the convergence is in the sense of measures and C > 0 is a constant.

A natural way of obtaining solutions to the stationary problem (1.14) is to lo-
cally impose that ©(x) = f(¥(x) + cx;) for a sufficiently regular function f(u) so
that (1.14) locally becomes the elliptic equation

(=AY = f(¥ +cxq). (1.18)

Similarly, locally imposing ©(x) = f(¥(x) + a5~ |x‘ ), problem (1.17) becomes

x|
S
(—8)¥ = f(¥+a . =5 (1.19)
Using this observation, Gravejat and Smets [20] have recently found solutions
O(x) to problem (1.14) for s = %, with compact support and odd symmetry in
x1. They use variational techniques applied to a suitable class of subcritical non-
linearities.

1.2. Extensions. Traveling solutions with multiple vortices can be found under
suitable non-degeneracy conditions for solutions of system (1.8). For instance,
following [23], we can consider configurations with k vortices with intensities 1
located at points p1, ..., px and k vortices with intensities —1 located at g1, . . ., gx.
We say thatb = (p,q) = (p1,---, Px, 41, - - -, qx) is an array of traveling vortices if
it satisfies the following conditions.

225=11T (s)
=c e;, i=1,...,k
;“71 P]!‘* 25 Z 1 |pi —qzl4 20 T2-s)
225117 (s)
= —Cc—+—%¢, m=1,...,k
1T Iq tm‘* % Z Iqm P]|4 % r2—s)



TRAVELLING AND ROTATING SOLUTIONS FOR SQG 5

FIGURE 1. Figure 1. Six vortices

o

where ¢ € R. The set of points (p, q) is called a symmetric array of traveling
vortices if in addition to (1.20) it satisfies

qi:_ﬁil 1:1,,k,
there exists jo such that pp; 1 =p2j, j=1,...,jo (1.21)
and Im(p;) = 0,for j = 2jo +1,..., k.

(Here z denotes the conjugate of z and Im(z) is the imaginary part of z.) A sym-
metric array of traveling vortices (p, q) is called nondegenerate if the linearization
map at (p, q) among points satisfying (1.21) has only trivial kernel.

When s = 1 these definitions are introduced in [23]. There it is shown that the
roots of certain Adler-Moser polynomials are nondegenerate symmetric arrays of
traveling vortices with k = @ for some integer n. As a consequence they
constructed multiple vortices to the traveling wave equation to Gross-Pitaevskii
equation.

By a perturbation argument in s, we also obtain that for each fixed k = @
there exist nondegenerate symmetric arrays of traveling vortices whens < 1, |1 —

s| < 1. Since the forces are analytic in s, we infer that except finite number of s,
for each fixed k = M, there exist a unique nondegenerate symmetric array of

traveling vortices. For general s € (0,1), it is an interesting and challenging ques-
tion to find nondegenerate symmetric arrays of traveling vortices. In the special

case s = 1 (the SQG case), we can use MatLab' to compute numerically the exis-
tence of six nondegenerate symmetric arrays of traveling vortices (See Figure 1):
p1 = —q1 = (—1.026,0.563), p» = —7» = (—1.026, —0.563), p3 = —j3 = (0.368,0).

We state the following theorem on the existence of multiple vortex-anti vortex
solutions to (1.14).

Theorem 1.3. Let (p1,..., Pk, q1,---,qk) be a nondegenerate symmetric array of travel-
ing vortices. Then for e > 0 small, there exists a solution O, to (1.14) such that

k k

Oc(x) = ) 6(x—pj) — ) 6(x—g))

j=1 j=1

1We thank Prof. Yong Liu for the computations.
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as ¢ = 0. Moreover supp ©¢ C U _1 Bce(bj) and has ®¢ has the symmetries
@ (x1,%2) = —@c(—x1,x2) = Oc(x1, —x2) forall (x1,x) € R

A similar result can be found for the Euler equation case s = 1, applying the
results of [7].

More general traveling solutions than those in Theorem 1.3 can also be found.
Let us consider the functional of k points b = (by,..., ;) € R,

k
r(1-s)
I(b) :Cizzlmi(bi-el) 225 1r l;] |b —b |2 55"

Critical points of I(b) correspond to solutions of system (1.8). The functional I is
invariant under translations along the e,-direction, and therefore all critical points
of I are degenerate. We say that a critical point b of I is non-degenerate up to
vertical translations, if D?I(b) has a one-dimensional kernel. The following result
holds.

Theorem 1.4. If b is a critical point non-degenerate up to vertical translations then
there exists a solution ©g(x) of Equation (1.14) such that supp ®¢ C U] 1 Bce(bj) and

k
Oc(x) = ) ms(x —bj) ase—0.
=1

A similar result holds in the case of rotating solutions. Let k > 2 be an integer,
my,...,mg € Rand o # 0. Let us consider the energy functional

k
_“ 2y
](b)_igmi‘}ﬂ 225 1F ;‘b —b|2 257

where b = (by,...,b;) € R?*. Critical points of ] correspond to solutions of
(1.10). Since this functional is invariant under rotations around the origin, its crit-
ical points are always degenerate. We say that a critical point b is non-degenerate
up to rotations if D?J(b) has a one-dimensional kernel.

Theorem 1.5. Let b = (by,...,by) be a critical point of | that is non-degenerate up to
rotations. Then for e > 0 small there exists a solution ©, to (1.17) such that

k
x) — Z; m;jé(x — bj)
j=

as ¢ = 0. Moreover supp ©¢ C U;‘:l Bce (b))

In [6] a related problem in gravitation theory, consisting in the desingulariza-
tion of rotating point masses in a continuous model of stellar dynamics, has been

considered. The result obtained there is similar to Theorem 1.5 for s = % Critical

points of | for s = % are called relative equilibria for the N-body problem. Their

study is classical in celestial mechanics. In particular, it is known that for almost
every choice of masses, critical points are non-degenerate up rotations and their
number is estimated, see [29]. See also [25, 30, 26, 27, 28] and references therein.
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1.3. The fractional plasma problem. The proof of theorems 1.1-1.5 consists of
gluing highly concentrated solutions of special elliptic equations of the form (1.18)
and (1.19). For this purpose we will use suitably scaled radial solutions of the
so-called fractional plasma problem. In any space dimension n > 2, this is the

semi-linear elliptic problem
ST — v : n
{( AW =W-1)7 inR", 122)

W(x) =0 as|x| — oo,

wheres € (0,1),1 <y < Zf—%z Problem (1.22) arises in the context of aggregation-
diffusion equations, see [8].
When s = 1 this free boundary problem has been studied in [33, 34, 2, 5, 18].

For s = 1 solutions are radially symmetric up to translations and can be ana-
lyzed using ODE techniques. This is not possible in the nonlocal case s € (0,1)
and the analysis becomes substantially harder. Recently, in [11] it has been proven
that (1.22) has a unique radial solution. The proof relies on an application of a
monotonicity formula developed for the fractional Schrédinger equation in [19].

In this paper, we will use this ground state to (1.22) to construct solutions by a
Lyapunov-Schmidt reduction. Our first contribution in this paper is to derive the
non-degeneracy of the radial ground state solution of (1.22).

The paper is organized as follows. In section 2 we describe the elliptic equation
we use to prove Theorems 1.1, 1.3, and 1.4 and the form of the solution at main
order. In Section 3, we introduce the radial ground state solution to (1.22) and
study the non-degeneracy of the linearized operator around it. Section 4 is de-
voted to the proof of Theorem 1.1, with some some arguments deferred for later:
a solvability theory for the linearized equation is developed in section 5 and some
computations associated to the nonlinear problem are in section 6. We give some
ideas of the proofs of Theorems 1.2-1.5 in section 7.

2. AN ELLIPTIC EQUATION FOR CONCENTRATED SOLUTIONS OF (1.14)

To prove Theorems 1.1, 1.3 and 1.4 we need to find a family of solutions ®(x)
to the equation

(VI¥ —cep)- VO =0, ¥=(-A)"0, (2.1)
such that

k
Oc(x) = ) m;ié(x — b?),
=

for given intensities m; and a solution b’ = (b?, cey bg) of system (1.8). In order to
achieve this we consider the following elliptic problem.

k
(=89 =B 22y 00+ ex1) — €74 ) [ xpy ) In R,
P(x) =0 as|x| = oo,

where we take 0; = +1if m; > 0 and = —1if m; < 0. The scalars A; will be
suitably chosen later on. We also assume that 1 < ¢ < %f%i The number § > 0
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is fixed so that the balls B;(b;) are disjoint and the points by, ..., by are close to
B, 1
We look for sufficiently smooth solutions ¢ of problem (2.2) such that

k
O (x) 1= 2720772 f{ 0j(0j( + cx1) — 27249 T, (%)
]:
has its support contained in U;‘:l Bs(bj). We readily check that the latter condition
guarantees that ©¢(x) solves (2.1).

We will find a solution of problem (2.2) which at main order looks like a super-
position of sharply scaled similar radial profiles centered near each of the points b;.
In [11] it was proved that there exists a unique radial solution W(y) of the problem

{—M%v:av—nl in R?,

23
W(y) -0 asly| — oo, @3)

where 0 < s < land 1 < 7 < 3t2. This solution is understood asa W € L*(R?)
with W(y) — O as |y| — oo that satlsﬁes the integral equation

W= (-8)"[(W-1)7] inR%. (2.4)
It turns out that W € C1#(IR?) and it has has the precise asymptotic behavior
W(y) = Mycaelyl "> (1 +0(1) syl = oo, (25)
where My = [, (W —1)Tdy > 0and ¢, is given in (1.3).
We look for a solution of (2.2) that looks approximately like

(x) = €2~ 22 M]wlw(

where y; are positive constants. Then as ¢ — 0 we have

—b;
7 ) (2.6)

,ﬂ)

k
(~AFpo(x) = My Y e TV o(x — ).
=

Therefore we fix y1; > 0 such that

2(1-3777) .
My 0iju; =mj, j=1,...,k (2.7

which is possible if in addition we assume that y # ﬁ
We compute, for x € Bs(b;), assuming for simplicity that o; = 1,

k
(—8)*po — 27272 Y 03(05 (o + ex1) — €72 xpy v 28)

,1)1

-(w(Eh) +;‘Tfﬂﬂzslﬂj”zslw(xs;?j) o e En )
]
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We note that ¢ is a good approximation to a solution to (2.2) if the parameters A;
are chosen such that

=1 g (U b T 22 71
Zajyl Wi W( e ) +op e b - A =1 (2.9)
j#l i
Similarly, if 07 = —1 we impose that
B b= =1 0 =
~ Yoy W () e ey - A = -1 (210)
j#l EHj

Using the expansion (2.5) we get that

_ 25
A=p O

as ¢ — 0. With this choice of A;, we find that the error of approximation created
by 1, has the estimate

k
82{(—A)Stp0 — g(2=2)72 2(7]‘((7]'(1/10 +cx1) — sz_zsAj)lXBé(bj)}
]:

k
=0(57%) 21 XBeo(by): (2.11)
]:

The proof of Theorems 1.1, 1.3 and (1.4) consists in finding a solution of problem
(2.2) as a suitable small perturbation of the function ¢y defined above. Linearizing
the problem around ¢y and a Lyapunov-Schmidt reduction procedure, transforms
the problem into one of adjusting the points b; as a small perturbation of a solution
of system (1.8). Nondegeneracy of the reduced limiting problem and that of the
linearized elliptic operator play a crucial role in the complete proof. The proofs of
Theorems 1.2 and 1.5 follow from similar considerations.

Of central importance will be the understanding of invertibility properties of
the linearized operator of equation (2.3), namely

-1
{Lo [9]:= (=879 =2 (W(y) - 119,
$(y) =0 as|y| — oo.
We will prove in Section 3 that the only decaying elements in the kernel of L, are
the ones associated to the invariance of (2.3) under translations.
We will proceed with the detailed proof of Theorem 1.1 in section 4 below.
3. THE NONDEGENERACY OF THE BUILDING BLOCKS
Recently, in [11], the authors studied the fractional plasma equation:
{(—A)SW =(W-1)71 inR"

3.1
W(y) =0 as|y| — oo, 1)

in the sense (2.4). wheres € (0,1),1 <y < Zf—%z and they proved the following:

Theorem 3.1 (Theorem 1.1 in [11]). There exists a unique radial solution W to equation
(3.1). W is of class CVP for some B > 0. Moreover, this ground state solution satisfies:

(i) W(x) = W(|x|) is radial symmetric and decreasing in r = |x|;
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(ii) It satisfies the following asymptotic behavior:
W(x) = Mycuslx|""2)(140(1)) as |x| = o, (32)
where My = [n(W —1)Tdx > 0. Moreover,
W (|x]) = —(n— ZS)MA,cn,S\x\f("fzs)fl(l +o0(1)) as|x| = oo. (3.3)

In this section, we will study the linearized operator of this equation around the
ground state, namely,

Lo[¢] = (—A)¢ —y(W—1)T""¢. (3.4)

We are interested in characterizing the set of all solutions ¢ € L®(IR") of the prob-

lem
Lo[¢] = 0 inR",
ol¢] In (3.5)
¢ly) =0 asly| — oo,
to which we make sense in L®(IR") written in the form
¢=(=8)"[Vgl. (3.6)
where
V(x) = 7(W(x) — 1)1 (37)

It actually follows from result of [17] that if ¢ € L™ satisfies (3.5) in the distribu-
tional sense, then it must satisfy (3.6).

It follows from the regularity analysis in [19] that solutions ¢ € L*(R") of
Problem (3.7) are of class C1"# with B > 2s which makes the equation (3.5) satisfied
in the classical sense.

Besides, as in [4, 19] it follows that the s-harmonic extension of ¢(x) defined as
2s
y dz
cp(x,y):k// o P(2) dz, k,/ i =1
TR (42 4 |3 - 22) "2 TR (14 [22) "2
satisfies in the classical sense
1—2s

Dy ® + oy ® + Agn® = 0 in R,
i (3.8)
—ds limy'"*9,® = V(x)¢ onIR”",
y—0
where ds = —% and ®|,—g = ¢. We are using the notation (x,y) € R""!, x €

R",y € Rand R = {(x,y) € R""|y > 0}. The latter limit holds uniformly in
the CP sense in x. In fact, for some C > 0 and all y > 0 we have that

170, 9) oy + 1V 250, 0) oy < -

By the invariance of (3.1) under translations, every directional derivative of W
annihilate L. In fact
oW

8735]}:0' ]:1,...,1’1.

Lo|
Equation (3.1) is also invariant under the dilations

ATT(W(Ax) —1)+1 where A > 0.
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Thus

2(x) = AT (WO = 1)],

also satisfies Lo[zg] = 0. Note that zg € L®(IR"), but lim|,|_,q, zo(x) = —% # 0.
The main result here is the following.

Proposition 3.2. If ¢ € L®(IR") is a solution to (3.5), then ¢ is a linear combination of
oW oW

W,
Proof of Proposition 3.2. Let ¢ € L®(R") be a solution to (3.5). Since ¢ € L*(RR")
satisfy (3.6), we have that

|p(x)] < C(1+ [x])~ ),

Let ® = ®(x, y) be its s-harmonic extension, which is regular and satisfies (3.8).

Denote by u;, i = 0,1,... the i-th eigenvalue of —Ag,-1, repeated according
to multiplicity and arranged in increasing order, and by E;(6) the corresponding
eigenfunction. In particular Ey is constant and Ey, ..., E, are the coordinate func-
tions x; normalized. Then we can write & using Fourier decomposition as

®(x,y) = f%] Oi(x,y), i(x,y) = pilr,y)E(6), (3.9)

where x = 10, r = |x|,0 € "1, y > 0, so that ®; is the Fourier mode i of ®. The
convergence of the series in (3.9) is in the locally uniform and C! senses.

We observe that Lo[¢;] = 0 where ¢;(x) = ®;(x,0). We have also that ; satis-
fies:
1-2s n—1 ‘ .
Ayy i + Tayl[)i + oy + Taﬂpi - %% =0 in R""!, oo
3.10
—ds ;ig})yl—%aylpi =V(r)y; onR"

The latter limit holds uniformly in the CP sense in 7.

Step 1. First we consider the mode zero case, that is, ¢y with the notation (3.9),
which is radial element of the kernel of L.

We claim that ¢g = azg for some constant a € R. Indeed, consider the function
u := ¢p — azp where a is chosen so that u(0) = 0. We note that Ly[u| = 0 and that
u € L*(R"). We will use the argument in [19] to prove that u = 0.

The ground state W of (3.1) constructed in Theorem 3.1 satisfies that there exists
a unique Ry > 0 such that W(Rp) = 0. By standard estimates for the extension
problem (3.8), W(r) is smooth for r # R (see for example the appendix in [19] and
[3]). Hence V(r) is smooth for r # Ry. Let U denote the extension of u to IRTrl
solving (3.8). Following [19, 3], for ¥ > 0 let

o 1,125
H) = do [T (@)~ QUG ) Pldy+ 5V (r)u(r)?

We note that H(r) is well defined and continuous for all r > 0 and smooth for
r # Rp. We also observe that H(r) — 0 as r — oo, since V(r) = 0 for r > R. As in
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[19] we have

H,(T’) _ _jsn;l

0 1

/ y B (0,U(r,y))* dy + EV’(;’)u(r’)2 <0 forr>0,r#Ry.
0
(3.11)

Since H(0) < 0 and H(r) — 0 as r — oo we conclude that H(r) = 0 for all
r > 0. Hence H'(r) = 0, and using again (3.11) we find that U(r,z) must be
constant. Since u(0) = 0, we conclude that u = 0, that is, ¢9 = azg. But since
limy 00 20(7) # 0 and lim, 00 ¢ () = 0, we deduce that a = 0, so ¢y = 0.
Step 2. The modes 1,...,n. We consider ¢;, i = 1,...,n with the notation (3.9),
which are elements in the kernel of Ly in Fourier mode i. We denote by &; the
extension of ¢; and write ®;(x,y) = ¢;(r,y)E;(0) as in (3.9).

Differentiating the equation (3.1) we get
_w

axi '
Let Z; be the extension of of z; solving (3.8) and write Z; = Z,(r,y)E;() so that Z,
solves (3.10). Note that z; = W'(r) |le\ and that W/(r) < 0 by the results in [11]. By
the strong maximum principle Z,(r,y) > 0 for all ¥ > 0 and all y > 0. We consider

Lolzi| =0, z; =

the function ¢ = lzp—i and note that it satisfies

1

. 1 _
("1 220,9) + ﬁay(yl %729,0) =0, r>0, y>0,

We multiply this equation by ¢r"~1y!~2 and integrate in the region D g = {(r,y)|r >
0,y >0, €2 <r>+y*> < R*} where 0 < € < R, to find that

| 229 + @y y'  drdy = ~1e + Iy
DE,R

where
= 1,1-2s

L= [, Z2rgd,9+ ygdyg) Y dr
0= Jo, Zelroore qu)](r2+y2)%

where C, = {(r,y)|r > 0,y > 0,7> + y*> = p*} and ¢ is arclength in (r, ). We claim
that

lim I =0, limI. =0. (3.12)
R—o0 €—0
To prove these statements, we note first that

Zi(Par(P = lpiarlpi — %lﬁiayz*, Z%(pay(p = 1pi8y1pi — %lplayz*

We recall some estimates for first R we observe that using the Poisson kernel for

the operator A, + 1;25 dy [4] we have that

2s 2s

y Y
Zi(1,Y) 2 c————0, i(7, <C————,
(r,y) (rz+y2)+Tz [$i(r,y)] (r2+y2) 12

for r? + y? large, where ¢ > 0is a constant. Using these estimates with similar ones
for the derivatives we find that for R large

|IR‘ S CR7n7172s’
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where C is a constant. This proves the first limit in (3.12).
For the estimate of I, when € > 0 is small, we first observe that

Zi(r,y) >cr

for > + y> < 6% and some ¢ > 0, § > 0. This is proved using the maximum
principle applied to the equation (3.10) with the subsolution r + br?> where b > 0.
We also have the estimates

y1_25|ay¢i| +y1—25|ayz*‘ <C
for r> + y2 < 6%, which follow from [3][Lemma 4.5]. Then
|Ic| < Ce"% =0

as € — 0. This proves the second limit in (3.12).
Using (3.12) we deduce that

Z2[(9,9)% + (3, 9)2]r" 1y =% drdy = 0,

/{r>0,y>0} [(@rg)” + ()" Ty y

which implies that ¢ is constant. We deduce then that ¢; = c;z; for some constant
Ci.

Step 3. The remaining modes m > n + 1. We use an integral estimate as in [14, 13].
As before, let z,(r) = —W/(r) > 0 and Z.(r,y) be its extension. Consider ¢y,

withm > n+1and ®,, its extension, which we write as @, (x,y) = P (r,y)En(6).
Let us rewrite (3.10) as

1 1 .
ﬁay(yl_%aywm) + ﬁa’(rn_la’w”l) = ”’”% in R,

—d; ;ig(l)yldsaygbm =V(r)ym ondR™™

Let us write ¢, = ¢Z,. Arguing as in the previous step now we find the identity

1 1 1-2. 11 —1 Hm — 11
Z*%Fay(]/ SBy‘P)“‘Z*%rTlar(Vn 0rg) = mrz ®-

As in the previous step, testing this equation against ¢ and integrating we get

[ ] 122 @y 2 4 Z2@,9)' ) dydr
0 0
C[FHm =M 0 2 125 -1 _
+/0 /0 2 Zioy  r"dydr = 0.
Since yy, > pq we find that ¢ = 0, hence ¢, = 0 for m > n 4 1. This completes

the proof of Proposition 3.2.
O

We point out that a different proof can be done using the ODE techniques for
fractional problems as in [1]. The monotonicity of V(r) is not needed.
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4. CONSTRUCTION OF A VORTEX-ANTI VORTEX PAIR: THE PROOF OF
THEOREM 1.1

Let us consider the traveling vortex-anti vortex pair described by (1.11), cen-
tered at by = (d,0), b, = (—d,0) with masses m and —m. For the construction of
the solution stated in Theorem 1.1 we take the formulation described in Section 2
and specialize it to the following problem

(—A)Tp = e@ 2772 (( + cxy — 2 N) T xp, ) — (—9 — cx1 — € M) xp, 6y
in R2 ,

P(x) -0 as|x| = oo,
4.1)

where we have taken the same A for both points.

Given the symmetries of the problem, it is natural to construct a solution with

P(x1,%2) = —p(—x1,22) = P(x1,—x2) forall (x1,1) € R, (4.2)
Following (2.6) we take as a first approximation of a solution to (4.1)
—b 25 x—b
_ o252 =1 1 25—2 =1 2
Po(x) = "u = W( P ) - T W( ” ), (4.3)
where W is the ground state of (2.3) and ¢ > 0 is defined as in relation (2.7) by
My 27—, (4.4)

Let us write
S() = (A — @272 [(p + cxy — & 2A)  xp, 0
— (= —cx1 — €PN xp, ()]

so that problem (4.1) is equivalent to S(¢) = 0 and ¥(x) — 0 as |x| — oco. We
recall that the scalar A is defined by (2.9), which in the case of a vortex-anti vortex
pair becomes

b1 — by 2-25 2 Ei -
W(7>—ce prtd+purTA =1, 4.5)
since by = (d,0), b, = (—d,0). This gives A = A(c,d) with the form
2
A=u 71402 %) > 0.
With this choice of A, we obtain from (2.11) that for y € By, (,,¢)(b})
2
S(yo) =& 27 [(W(y —05) = 1)]
— (W(y = b)) =1+ W(b) = by) = W(y — by)
_ 25 11
2T (g1 = d)) ] Xyeny 0]/ (4.6)
where

- _ 2 oy bi
y—w—(ylfyz)elR, bj = —.
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We will work with the parameters c, # > 0 fixed and

1
de (do, d—o) 4.7)
to be adjusted, where dy > 0 is fixed small. Then we see that

27 o
S(o) = O(e 2u 1€ > xp..(0))

for some constant C > 0.
It will be convenient to work with the unknown v defined by

252 =2 (Y
p(x) =& o ).
We note that

2sy

S() =€ 2u 1 [(=8y) 0~ f(y,0)],
where
_ 25119 _2s_
fy0) = (0+ e 2y — T A) s o)
_ 25 11 _2s_
— ( —v—c 25;4%1+ y1—pur1t A)ZrXBJ/(eu)(bé)'
Thus (4.1) becomes the nonlinear problem
—AYv = f(y,v) inR?
(=A)v=f(y,0) in 4.8)
v(y) =+ 0 as|y| — oo,

which we interpret as
v=(-A)"*f(y,v) inR>
The ansatz (4.3) takes the form
vo(y) = Wy —b1) — Wy - ba). (4.9)

We look for a solution of (4.8) of the form v = vy + ¢. Then equation (4.8) is
equivalent to

L[¢] = —E + N[¢] (4.10)

where

Llp] = (=A)'¢ = V(y)¢, V(y) = foly,v0)
E = (=Ay)*vo — f(y,v0)
Ni¢] = f(y,v0 + ) — f(y,v0) — foly,v0)¢. (4.11)

We interpret this equation as the fixed point problem in L*(IR?)
¢ —(=8)7°[Ve] = (=4) *[N(¢) — E].

The symmetries (4.2) allow us to invert the operator L up to one parameter, asso-
ciated with the function

oW oW

Z=7Z1+2, Zl(y):a—yl(y—b'l), Zz(y)zﬁ(y—bé)-
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Note that the function Z is odd in y; and even in y,. Let us consider the projected
linear problem

Llg] = h(y) +aV(y)Z(y) inR?
/R VZgpdy =0, 4.12)
¢(y) =0 as|y| = e

where a is the constant such that [, (7 4+ aVZ)Z = 0, namely

Jre HZ
== 4.13
a [ VZ2 (4.13)
We introduce the following weighted L* norm
91l == sup p(y) Flo(v)l (4.14)
yER?
where
py) = R —
IT+ly=bl  1+ly—byl
In order to deal with the linear problem (4.12), we will use the norms:
9l = lpll2-2s,  [1Bll«x = [IBll240, (4.15)
where 0 < ¢ < 1.
We have the following:

Proposition 4.1. Assume that d satisfies (4.7) and h satisfies ||h||«« < co and the sym-
metries (4.2). Then for ¢ > 0 small there exists a unique solution ¢ = Ty(h) of (4.12),
which defines a linear operator of h and there exists C > 0 independent of € such that

@1l + la| < CllA] .
Moreover ¢ satisfies the symmetries (4.2).
We prove this proposition in Section 5.

Instead of solving problem (4.10) directly, we consider the nonlinear projected
problem

L[¢] = —E + N[p] +aVZ, inR?

/IR VZpdy =0, (4.16)
¢(y) = 0 as|y| — co.

Proposition 4.2. Assume that d satisfies (4.7). There is ro > 0 such that for ¢ > 0 small
there exists a unique solution ¢ = ¢ to (4.16) in the ball ||¢p||« < ro. Moreover it satisfies

Igalls < Ce¥*
and ¢4 is continuous with respect to d € (do,1/dp).
The proof of this Proposition is in section 6.
We have obtained a solution v; = vg + ¢ of
{(A)Svd = f(y,v4) +a,VZ, inR?

(4.17)
v4(y) =0 as|y| — oo,
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for some parameter a;. The fully solvability of (4.8) is reduced to finding d such
thata; = 0.
Multiplying (4.17) by Z and integrating over R?, we have that

g [, VZdx = [ (=80~ f(y,00)Zdy.
Thus a; = 0 is reduced to
o800 = f(y,00) Zdy =0,

We have the following:
Proposition 4.3. If d satisfies (4.7), then

—2s 1 —2s5) min —2s
[ 80— £y, 00)) Zdy = co > (35 +e1) +O(C2Imn12) 1 O(ed),

47l (s)

where cy # 0 is a constant and c; = F2=s)

(here c and m are the parameters in (1.11)).

The proof of this proposition is in section 6.
Proof of Theorem 1.1. The equation a; = 0 is reduced to

ﬁ — 0 +g(d) =0,

where g is continuous and g(d) = O(e(3=25)min(7.2)) 4+ O(e*~2) as e — 0. There-
1

fore we can find a solution d = ¢; > (14 0(1)). O

5. LINEAR THEORY
Here we prove Proposition 4.1.

Proof of Proposition 4.1. Let us consider the space X defined as
X = {9 € L¥(R?) / |gllr-2sor < o0, ¢ satisfies (42), /]R2 VZgdy =0},

which endowed with the norm || ||x = || ||_2s_o norm becomes a Banach space.
Norms || ||g were defined in (4.14). Here 2 — 25 — ¢’ > 0. Thus we want to solve
the equation

¢ =K(p)+ A, ¢eX (5.1)
where

Kipl = (=8)7(Ve), Alh] = (-8)"(h+aV2Z)

with a given by (4.13). We recall that the operator (—A)~° is defined by (1.2). We
directly check that

1(=8)"*hl2—25 < Cl|h]|«. (52)
Besides, we have that for any ¢ € L*(IR?),
IK(@)ll2-25 < Cll¢ll L(w2)- (53)

Let us also notice that the operators A and K respect symmetries (4.2). We also see
that

/}RZA[h]VZ - /}Rz(h+aVZ)(—A)_S[VZ] - /IRz[thavz}z -0
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and, similarly
/IRZK[cp]VZ - /]RZ VZ = 0.
Hence A and K take values in the space X. Using Arzela-Ascoli’s theorem, the lat-

ter property yields compactness of the operator K in X since ||¢||x = ||¢]l2_2s_o'-
On the other hand the equation

¢—Klpl =0, peX
only has the trivial solution thanks to conditions (4.2), [r. V¢Z = 0 and Proposi-
tion 4.1. Fredhom’s alternative then yields existence of a unique solution of prob-
lem (5.1), which satisfies
I¢llx < CllA[A]]x-
Using the equations and estimates (5.2), (5.3) we get the desired estimate

lpll« < Cllh||sx-
The proof is concluded. 0

6. PROOF OF PROPOSITIONS 4.2 AND 4.3

Proof of Proposition 4.2. Let T; be the operator obtained in Proposition 4.1 that to 1
with h with [|h]|+«« < oo and satisfying the symmetries (4.2) associates ¢ = Ty[h]

solution to (4.12) with the estimate
I Talh]ll+ < Cyl[R]lo-

Let X, = {¢ € L®(R?)|||¢|l« < oo, ¢ satisfies (4.2) } be endowed with | ||..
Let

A: X, — X, Alp] =T4—E+ Ni¢]].
Then (4.16) is equivalent to solve the fixed point problem
¢ = Algl,
which we set-up in the closed ball
B={¢eXloll«<ro},

where ry > 0 is to be determined later.
From (4.6) we see that

IE[lx < C¥72.
We claim that for ¢ € B
IN[g]] < C“P|min(%2)XBRO(bi)uBRD(b’z)r 6.1)

where Ry is a large fixed constant. Indeed, N[¢], defined in (4.11), can be written
as

N[¢] = Ni[¢] + Na[¢]
where

_ 25 11
Ni[p] = X5, ., (8)) [(UO + ¢+ e By y e A)Y
2s s
Wiy — A
- 25 1
(o0 e Fp Ty — ) g,

— (vo + ¥
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with an analogous formula for N, [¢]. Using the definition of v (4.9) and the choice
of A (4.5) we see that

NP = Xy ) [(W(y —b) -1+ R+¢)L - (Wy—b) —1+R)}
Wiy -8 14 R)T g,
where R = O(e3% |y — b |). We deduce from here that

INi[g]| < Clg|™(72)

and also that the support of Nj[¢] is contained in the ball Bg,(b}) for some Ry
large fixed (assuming ¢ > 0 is small). We have similar estimates for N, [¢] and we
deduce (6.1). From (6.1) we get
in(7,2
IN[]ller < Callglf™72.

So for ¢ € B we have

_ i 2
I+ < CLUIE o + IN[]]lx) < C1C32 4 CrCorg™ 72,
We choose ryp > 0 small so that C; Czrglin(%z) < %ro. Then we work with ¢ > 0

small so that C;Ce3~2 < lrq. This shows that .A maps B into itself.
Also from the expression of N, we have

IN(@1) = N(@2)| < C(Ign ™77V + g ™™ gy — o xpy (1708, 1))

where R is a large fixed constant. This implies that for ¢, ¢» € B,

IN(¢1) = N(¢) s < Cri™ D gy — o ..
Hence

A1) — A(g2)]|+ < CLUIN($1) — N(@2)[[x) < CCrrg™ Ty — o]

If r is small we obtain that 4 is a contraction mapping from B into itslef and then
problem (4.16) admits a unique solution ¢; € B.
From the proof above and the estimate for E, one has

H(Pd”* < CHEH** < C€3725.

Since E and V in (4.16) depend continuously on d, the fixed point characterization

of ¢; shows that it is continuous with respect to d.
O

Proof of Proposition 4.3. We let ¢ denote the solution of (4.16) obtained in proposi-
tion 4.2 and v = vy + ¢. Since

(=A)v— f(y,v) = L[¢] + E — N[¢]
we have
Jol(=8yoa—ftyeazdy = [ Lip)zdy+ [ Ezay+ [ Nigizdy.
Let us consider the term [, EZ dy. From (2.8) and the choice of A (4.5) we have
E=E+E
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where
Ex(y) = Xy 0p) [ (WO = B1) — 1)1
/ / / / 3-2s 241 d \\7
= (Wl = b)) = 1+ Wb — b) = Wy —b) e 27 g = )|

and

Ex(y1,y2) = —E1(y1,¥2)-

Directly we have
3-2
IEjl < Ce™ " Xpey v))- (6.2)
Writing
/IRZEZdy:/]RZElzldy—f—/Rz Elzzdy—i—/le Ezzldy—i—/]RzEZZZdy
we see that
/]RZ E1Zl dy = ./]RZ E2Z2 dy,
and

_ (2(3=25) _ A(2(3-25)
/IR2 E1Zo dy = O(e23-2)), /IRZ E2Zy dy = O(£26-29)),

where we have used (6.2) and (3.3). Therefore we need only to compute f]RZ EiZ, dy.
For y € Bg,(b}) we have

Exly) = —1(W(y —b) ~ 1) Wb} — ) — Wiy — ) + e 22y — )]

ex
+O(eB-2)(r=1)y,
So, integrating by parts
o Bizudy = [ Wy —b) = 1) [<3, Wy —b) +c” 271" ay
and using the expansion (3.2)
/]RzElzl dy
3-2s 2s
= [V —8) ~ 1T [@=2)Myeas () e 2T O ) dy
_ 1 c I'(s)
_ 3—2s e
= Cpe {d3*25 + m4nr(27s) —i—O(s)},
for some constant ¢y # 0, where we have used (4.4). Therefore
- 1 c I'(s)
_ 3—2s
[ EZdy = 20082 [ + ) +0(e)]. 63)
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Nest we consider [, N[¢]Z dy. Using that ||¢||. < Ce>~% and (6.1) we get

Nz dy| = | [ (F00+9) = £, 0) ~ folw0)g) Zdy
< min('y,Z)Z d
B /BRO(%)UBRO(%) 4 Y
< Cg(3—2s)min(7,2) (6.4)

Next, for the integral involving L[¢], we have
. Ligizay= [ oLizdy
= Joa P Wy =) =172 +9(W(y = b3) = 1)1 2 = foly, 20) Z]dy.

But

YWy = b)) = D)1 Z+ 7 (W(y = b5) =D} 2o~ foly,00)Z = A1 + Az
where

A =y(W(y—b}) — 1)1 Zy —y(W(y — b)) — 1+ R) L Xpy () (Z1+ Z2)

A =y(W(y—b5) — 1) Zo — y(W(y —by) — 1+ Rl)lXBRO(b’Z)(Zl + Z5)

and Rq = O(e2 %[y — b}|) and Ry = O(e3~ |y — b} |). Using the decay of W’ (3.3)
we find that

|Aq| < Cg(3—2s) min(y—1,1) |Ay| < Ce(3-2s) min(y-1,1)

XBRO(bi)/ XBRO(bé)’

for a possible larger Ro. Using that ||¢[|.. < Ce*>~2* we find that

[ Liglz dy‘ < Cel3-25)min(:2), 6.5)

Putting together (6.3), (6.4) and (6.5) we obtain the desired conclusion.

7. ON THEOREMS 1.2-1.5

The proofs of the remaining results follow similar lines as those above, so we
only present a sketch of the necessary changes.

Concerning Theorem 1.3, let us first formally derive the balancing conditions
(1.20). As described in section 2, we consider the elliptic problem

k
(—A)p = e@-29)7-2 Zi(l[] +exy — 2722 gy
]:
(2-25)72 k 2525\ . 2 (7.1)
_ (2-25)y 12(71/; —cxp — 7T, )+XBJ(14:) in R%,
=1

P(x) =0 as|x| — oo,
and look a solution that at main order is approximated by

Po(x) == 2T {iW(“ MY -y w(Em],

= e P e
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where, as in (2.7), u > 0 is such that MW;{Z(P%) =1, and )\;r, A, areasin (2.9),
(2.10). With these choices, the error of approximation, defined by

k
E=(—A)yp— e 202 }:1(4) +exr — 2720 gy )
]:

k
IR - en = ) L)
has the form, for x near p;:
_ 2 X —p; Y
-1 ) —
E=ene (W) 1),

- (W(%f”) + W) D)

j#i
k _ -
5 -w(25)
o1 (1 —Pi,l))ﬂ-
Changing x = euy and expanding in € gives
—p; C_p. k — . _
;Wiﬂ) () - L () - ()

—|—c;n =F

= 25( 1—Pi1)

¢ 227 1nT(s)

~eedTB L (pi - + -y p +O(e%).
{ém o le—w 5t o) Vo)

We want that the first order expansion vanishes, which leads to the equation

225717T(s)

=c €1,
];“71 P]\‘* » Z|Pz f71|4 = T@2-s)
foranyi=1,...,k.
A similar computation for x near g,, leads to
225177 (s)
= —C er.
L gl 2 T E T )

To prove that if (p,q) isa nondegenerate symmetric array of traveling vortices
there exists a solution of (7.1) close to 1y, we work in the symmetry class

Y(x1,x2) = =¥ (—x1,x2) = ¥(x1, —x2). (7.2)

Following the same proof as in that of Theorem 1.1 and utilizing the non-degeneracy
conditions under the symmetry condition (7.2), which is guaranteed by the sym-
metry condition (1.21) on (p, q), we obtain Theorem 1.3.

The proof of Theorem 1.4 is similar. In that case the final adjustment of the
points b = (by, ..., b;) is found as a small perturbation of a given by, critical point
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of I(b) which is non-degenerate up to vertical translations. Indeed, the points
b= (by,..., bj) obey an equation of the form

VplI(b) +N(b) =0

where N (b) is an e- small term, which is invariant under vertical translations. A
standard degree argument involving a local orthogonal decomposition of b yields
the desired result.

In the case of the rotating solutions as in Theorems 1.2 and 1.5, we need to find
a family of solutions @ (x) to the equation

(VI¥ +axt) - VO =0, ¥=(-A)"°0,
such that

k
Oc(x) = ) m;o(x — b?),
j=1

for given intensities m j and a solution b? = (bo, ., bg) of system (1.10). To achieve
this we consider the elliptic problem

k 2 p
(—A)Slp — 8(2725)(}172 210-] (0.] <lP + DC|x27|) _ SZS*ZA]') +XB5(b]-) in IRZ,
]:

P(x) =0 as|x| — oo,

where 1 < v < %f%ﬁ,'y # ﬁ,aj = +1if m; > Oand = —1if m; < 0. The
choice of A; is done similarly as in the case of the traveling solutions and we have

2s
Aj = K "1+ O(e27%). The points by, ..., by are close to b, . ..,b,?, and 6 > Qs
fixed so that the balls B;(b;) are disjoint.
The ansatz ) is the same as in (2.6) with y as in (2.7). The proof of Theorem 1.2
is then a direct adaptation of the proof of Theorem 1.1.
Theorem 1.5 similarly follows after a reduction to a problem of the form

Vp](b) + N(b) =0
where now N (b) is a small e-perturbation which is invariant under rotations.

Acknowledgments: W. Ao is partially supported by NSF of China. J. Davila
has been supported by a Royal Society Wolfson Fellowship, UK and Fondecyt
grant 1170224, Chile. M. del Pino has been supported by a Royal Society Re-
search Professorship, UK. M. Musso has been supported by EPSRC research Grant
EP/T008458/1. The research of ]. Wei is partially supported by NSERC of Canada.

REFERENCES

1. Weiwei Ao, Hardy Chan, Azahara DelaTorre, Marco A. Fontelos, Mara Del Mar Gonzlez, and
Juncheng Wei, ODE-methods in non-local equations, arXiv: 1910.14512, 2020.

2. C.Bandle and M. Flucher, Harmonic radius and concentration of energy; hyperbolic radius and Liouville’s
equations AU = e and AU = U"+2)/(=2) STAM Rev. 38 (1996), no. 2, 191-238.

3. Xavier Cabré and Yannick Sire, Nonlinear equations for fractional Laplacians, I: Regularity, maximum
principles, and Hamiltonian estimates, Ann. Inst. H. Poincaré Anal. Non Linéaire 31 (2014), no. 1,
23-53.

4. Luis Caffarelli and Luis Silvestre, An extension problem related to the fractional Laplacian, Comm. Par-
tial Differential Equations 32 (2007), 1245-1260.



24

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

W. AO, J. DAVILA, M. DEL PINO, M.MUSSO, AND J. WEI

. Luis A. Caffarelli and Avner Friedman, Asymptotic estimates for the plasma problem, Duke Mathemat-

ical Journal 47 (1980), no. 3, 705-742.

. Juan Campos, Manuel del Pino, and Jean Dolbeault, Relative equilibria in continuous stellar dynamics,

Comm. Math. Phys. 300 (2010), no. 3, 765-788.

. Daomin Cao, Zhongyuan Liu, and Juncheng Wei, Regularization of point vortices pairs for the Euler

equation in dimension two, Arch. Ration. Mech. Anal. 212 (2014), no. 1, 179-217.

. José A. Carrillo, Franca Hoffmann, Edoardo Mainini, and Bruno Volzone, Ground states in the

diffusion-dominated regime, Calc. Var. Partial Differential Equations 57 (2018), no. 5, Paper No. 127,
28.

. Angel Castro, Diego Cérdoba, and Javier Gémez-Serrano, Global Smooth Solutions for the Inviscid

SQG Equation, Mem. Amer. Math. Soc. 266 (2020), no. 1292, 0.

Dongho Chae, Peter Constantin, Diego Cérdoba, Francisco Gancedo, and Jiahong Wu, Generalized
surface quasi-geostrophic equations with singular velocities, Comm. Pure Appl. Math. 65 (2012), no. 8,
1037-1066.

Hardy Chan, Mara del Mar Gonzlez, Yanghong Huang, Edoardo Mainini, and Bruno Volzone,
Uniqueness of entire ground states for the fractional plasma problem, arXiv: 2003.01093, 2020.

Peter Constantin, Andrew J. Majda, and Esteban Tabak, Formation of strong fronts in the 2-D quasi-
geostrophic thermal active scalar, Nonlinearity 7 (1994), no. 6, 1495-1533.

Juan Davila, Manuel del Pino, and Monica Musso, The supercritical Lane-Emden-Fowler equation in
exterior domains, Comm. Partial Differential Equations 32 (2007), no. 7-9, 1225-1243.

Juan Davila, Manuel del Pino, Monica Musso, and Juncheng Wei, Fast and slow decay solutions for
supercritical elliptic problems in exterior domains, Calc. Var. Partial Differential Equations 32 (2008),
no. 4, 453—-480.

Juan Dévila, Manuel Del Pino, Monica Musso, and Juncheng Wei, Gluing Methods for Vortex Dy-
namics in Euler Flows, Arch. Ration. Mech. Anal. 235 (2020), no. 3, 1467-1530.

Sébastien de Valeriola and Jean Van Schaftingen, Desingularization of vortex rings and shallow water
vortices by a semilinear elliptic problem, Arch. Ration. Mech. Anal. 210 (2013), no. 2, 409-450.
Mouhamed Moustapha Fall, Entire s-harmonic functions are affine, Proc. Amer. Math. Soc. 144 (2016),
no. 6, 2587-2592.

M. Flucher and ]J. Wei, Asymptotic shape and location of small cores in elliptic free-boundary problems,
Math. Z. 228 (1998), no. 4, 683-703.

Rupert L. Frank, Enno Lenzmann, and Luis Silvestre, Uniqueness of radial solutions for the fractional
Laplacian, Comm. Pure Appl. Math. 69 (2016), no. 9, 1671-1726.

Philippe Gravejat and Didier Smets, Smooth travelling-wave solutions to the inviscid surface quasi-
geostrophic equation, Int. Math. Res. Not. IMRN (2019), no. 6, 1744-1757.

Alexander Kiselev, Lenya Ryzhik, Yao Yao, and Andrej Zlato, Finite time singularity for the modified
sqg patch equation, Annals of Mathematics 184 (2016), no. 3, 909-948.

Alexander Kiselev, Yao Yao, and Andrej Zlato, Local regularity for the modified sqg patch equation,
Communications on Pure and Applied Mathematics 70 (2017), no. 7, 1253-1315.

Yong Liu and Juncheng Wei, Multi-vortex traveling waves for the gross-pitaevskii equation and the adler-
moser polynomials, SIAM J. Math. Anal. 52 (2020), no. 4, 3546-3579.

C. Marchioro and M. Pulvirenti, Euler evolution for singular initial data and vortex theory, Comm.
Math. Phys. 91 (1983), no. 4, 563-572.

E. R. Moulton, The straight line solutions of the problem of n bodies, Ann. of Math. (2) 12 (1910), no. 1,
1-17.

Julian I. Palmore, Classifying relative equilibria. I, Bull. Amer. Math. Soc. 79 (1973), 904-908.

—, Classifying relative equilibria. II, Bull. Amer. Math. Soc. 81 (1975), 489—491.

—, Classifying relative equilibria. III, Lett. Math. Phys. 1 (1975/76), no. 1, 71-73.

, Measure of degenerate relative equilibria. I, Ann. of Math. (2) 104 (1976), no. 3, 421-429.

L. M. Perko and E. L. Walter, Regular polygon solutions of the N-body problem, Proc. Amer. Math. Soc.
94 (1985), no. 2, 301-309.

Matthew Rosenzweig, Justification of the point vortex approximation for modified surface quasi-
geostrophic equations, SIAM ]. Math. Anal. 52 (2020), no. 2, 1690-1728.

Didier Smets and Jean Van Schaftingen, Desingularization of vortices for the Euler equation, Arch.
Ration. Mech. Anal. 198 (2010), no. 3, 869-925.

R. Temam, A non-linear eigenvalue problem: the shape at equilibrium of a confined plasma, Arch. Rational
Mech. Anal. 60 (1975/76), no. 1, 51-73.




34.

TRAVELLING AND ROTATING SOLUTIONS FOR SQG 25

, Remarks on a free boundary value problem arising in plasma physics, Comm. Partial Differential
Equations 2 (1977), no. 6, 563-585.

WEIWEI AO

WUHAN UNIVERSITY

DEPARTMENT OF MATHEMATICS AND STATISTICS, WUHAN, 430072, PR CHINA
E-mail address: wwao@whu.edu.cn

JUAN DAVILA
DEPARTMENT OF MATHEMATICAL SCIENCES UNIVERSITY OF BATH, BATH BA2 7AY, UNITED

KINGDOM, AND INSTITUTO DE MATEMATICAS, UNIVERSIDAD DE ANTIOQUIA, CALLE 67, NO. 53—
108, MEDELLIN, COLOMBIA

E-mail address: jddb22@math.ac.uk

MANUEL DEL PINO
DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF BATH, BATH, BA2 7AY, UK

E-mail address: m.delpino@bath.ac.uk

MONICA MUSSO
DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF BATH, BATH, BA2 7AY, UK.

E-mail address: m.musso@bath.ac.uk

JUNCHENG WEI

UNIVERSITY OF BRITISH COLUMBIA

DEPARTMENT OF MATHEMATICS, VANCOUVER, BC V6T1Z2, CANADA
E-mail address: jcwei@math.ubc.ca



	1. Introduction
	1.1. Main results
	1.2. Extensions
	1.3. The fractional plasma problem

	2. An elliptic equation for concentrated solutions of o
	3. The nondegeneracy of the building blocks
	4. Construction of a vortex-anti vortex pair: the proof of Theorem 1.1
	5. Linear theory
	6. Proof of Propositions 4.2 and 4.3
	7. On Theorems 1.2–1.5
	References

