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ABSTRACT. We study the quantitative stability for the classical Brezis-Nirenberg problem as-

sociated with the critical Sobolev embedding Hg () < Lnts (©) in a smooth bounded domain
Q C R" (n > 3). To the best of our knowledge, this work presents the first quantitative stability
result for the Sobolev inequality on bounded domains. A key discovery is the emergence of un-
expected stability exponents in our estimates, which arise from the intricate interaction among
the nonnegative solution uo and the linear term Au of the Brezis—Nirenberg equation, bubble
formation, and the boundary effect of the domain 2. One of the main challenges is to capture
the boundary effect quantitatively, a feature that fundamentally distinguishes our setting from
the Euclidean case treated in [20, 31, 22] and the smooth closed manifold case studied in [15].
In addressing a variety of difficulties, our proof refines and streamlines several arguments from
the existing literature while also resolving new analytical challenges specific to our setting.

1. INTRODUCTION

1.1. Backgrounds. The Brezis-Nirenberg problem is one of the most celebrated problems in
nonlinear analysis. It is formulated as

—Au— A u=uP in Q,
u>0 in Q, (1.1)
u=20 on 0f),

where A e R, p:=2"—-1= z—fg, and Q@ C R™ (n > 3) is a smooth bounded domain.! Equation

(1.1) was first introduced by Brezis and Nirenberg in their groundbreaking work [11], which is
closely linked to the critical Sobolev embedding via the Rayleigh quotient

_ fQ(|Vu]2 — \u?)dx

HUH%ZJJrI(Q)

Qa(u) : . u€ Hy()\ {0},

with associated energy threshold

Sy = inf Qx(u).
u€Hg (2)\{0}

When A = 0, the constant Sy coincides with the best constant of the Sobolev inequality in R™
2
pF1
So (/ \u]p+1d:c> < / |Vul|?dz for all u € DM2(R™), (1.2)
n Rn
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IThe Brezis-Nirenberg problem may also refer to finding (sign-changing) solutions to —Au — Au = |u|P" u in
Q and u = 0 on 9. This paper is primarily concerned with its non-negative solutions, that is, solutions to (1.1).
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where D'2(R™) is the closure of the space C°(R™) with respect to the norm |[Vul|p2gn). It
is well-known that Sy is achieved if and only if u is a constant multiple of the Aubin-Talenti
bubbles [3, 55] defined as

n—2
1 Tz n—2
U(S’g(.ﬁ) = an ((w> s 5 € Rn, o> 0, Ap = (n(n — 2)) 4. (13)
The selection of the dimensional constant a, guarantees that U := Uj solves the associated
Euler-Lagrange equation
—Au=|ulP"'u  in R™ (1.4)

In view of the Sobolev inequality, all solutions to (1.4) are critical points of the energy functional

1 1
J(u) = 3 /R” |Vu|*dz — P /R” |u[Pt1dx  for u € DM?(R™),

n
2

and all Aubin-Talenti bubbles share the same energy level: J(Us¢) = %SO
A key role is played by the critical parameter

PWRES inf{)\ >0:5),< S()} (15)

In their seminal work [11], Brezis and Nirenberg demonstrated that for n > 4, positive solutions
exist for all A € (0, 1), where A\, = 0 and )\ is the first Dirichlet eigenvalue of —A on Q. In
dimension n = 3, they showed that A, > 0, and established existence results for A € (A, A1). On
the unit ball Q = B(0,1), explicit computation yields A, = A1/4. Nonexistence results emerge
from various mechanisms: Testing the equation against the first eigenfunction eliminates the
possibility of positive solutions when A > \j, and Pohozaev’s identity [51] prohibits nontrivial
solutions for A < 0 in star-shaped domains. Conversely, Bahri and Coron [4] illustrated that
certain topological features can allow for existence even at A = 0.

Apart from these existence results, the Brezis-Nirenberg problem (1.1) serves as a fundamental
model for understanding bubbling phenomena in nonlinear PDEs. When A is properly chosen,
solutions exhibit rich concentration behaviors. Early contributions by Han [36] and Rey [52]
characterized single-bubble blow-up profiles for n > 4, which was extended to the case n = 3 by
Druet [27]. The existence of single- or multi-bubble solutions concentrating at distinct isolated
points was studied by Rey [52] and Musso and Pistoia [46] for n > 5, and by Musso and Salazar
[47] for n = 3, and by Pistoia, Rago, and Vaira [50] for n = 4. Furthermore, Cao, Luo, and Peng
[12] studied the number of concentrated solutions for n > 6, Druet and Laurain [29] examined the
Pohozaev obstruction for n = 3, and Konig and Laurain [41, 42] conducted a fine multi-bubbles
analysis for n > 3. In addition, it is worth noting that, to the best of our knowledge, the existence
of positive cluster or tower solutions for the lower-dimensional Brezis—Nirenberg problem remains
an open question, while the nonexistence of such solutions for the higher-dimensional case (n > 5)
in symmetric domains, as A — 0, was established by Cerqueti [14]. This problem appears to
be even more challenging than the sign-changing case, which has been extensively studied. For
the results concerning sign-changing solutions, we refer interested readers to the recent papers
[44, 54] and the references therein.

In this paper, we aim to investigate the quantitative stability of the Brezis-Nirenberg problem,
a topic that has attracted considerable attention of researchers, with numerous generalizations
and refinements in various directions.

One prominent line of research concerns the stability of functional inequalities. The study
of sharp functional inequalities naturally proceeds through three stages: Identifying optimal
constants, characterizing extremal functions, and understanding quantitative stability. Once
extremal functions are established, a fundamental question arises: How does the deficit—the
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difference between the two sides of the inequality at the sharp constant—influence the distance
to the set of extremals? This stability question was initially posed by Brezis and Lieb [10] and
subsequently resolved for the critical Sobolev inequality (1.2) by Bianchi and Egnell [7], who
provided a quantitative estimate regarding the distance to Aubin-Talenti bubbles in D%2?(R™).
Extending the Bianchi-Egnell stability result to general LP-Sobolev inequalities has required
the development of novel techniques, with major contributions from Cianchi, Figalli, Maggi,
Neumayer, Pratell and Zhang [19, 32, 33, 34]. Related advances have been developed for a
variety of Sobolev-type inequalities [25, 26, 56, 58], and so on. Furthermore, a recent progress has
also been achieved in geometric contexts, including product spaces [35] and general Riemannian
manifolds [30, 49, 48, 1, 8]. Notably, Konig’s recent breakthroughs [38, 39, 40] on the attainability
of the sharp Bianchi-Egnell constant represent a significant milestone in the pursuit of optimal
stability constants.

Another significant direction focuses on stability through the viewpoint of the Euler—Lagrange
equation induced by a sharp inequality. This perspective refines the classical concentration—
compactness principle (refer to Theorem A) by providing explicit convergence rates. In a seminal
work [20], Ciraolo, Figalli, and Maggi established the sharp stability result near a single-bubble
for the Sobolev inequality in dimensions n > 3, with extensions to multiple-bubble configurations
by Figalli and Glaudo [31] and Deng, Sun, and Wei [22]. Specifically, suppose that v € N and w is

a nonnegative element in D'?(R") with (v — %)53/2 < ||u||§)1,2(Rn) <(v+ %)53/2 and sufficiently

small I'(u) = ||Au Funts | (p1.2(rny)-1- Then there is a constant C' > 0 depending only on n and
v such that

I'(w) if n >3, v =1 (by Ciraolo, Figalli and Maggi [20]),
i I'u if 3<n <5, v>2 (by Figalli and Glaudo [31]),
w-S"U, <c{t LT (b g o (1) (1.6)
— pL2(gn I'(w)] 10§2F(u)\ 2z if n=26, v > 2 (by Deng, Sun, and Wei [22]),
I'(u)2-2) if n > 7, v > 2 (by Deng, Sun, and Wei [22])
for some bubbles Uy, ..., U, and this estimate is optimal. These results have been further gener-

alized to a broad range of inequalities, including the fractional Sobolev inequality [2, 23, 16], the
Caffarelli-Kohn-Nirenberg inequality [56, 59], the logarithmic Sobolev inequality [57], Sobolev
inequalities involving p-Laplacian [21, 45], the subcritical case [18], as well as settings on the
hyperbolic spaces [5, 6] and general Riemannian manifolds [15, 17], and so forth.

Beyond their intrinsic interest, quantitative stability estimates have powerful applications in
nonlinear PDE dynamics, such as the asymptotic behavior of solutions to the Keller-Segel system
[13] and the fast diffusion equation [20, 31, 23, 43].

Our present work is interested in the latter direction, devoted to the quantitative stability of
almost solutions to the Euler-Lagrange equation associated with the inequality H}(Q2) — L?"(Q)
in bounded domains 2. We begin with a well-known global compactness result associated with
the functional corresponding to (1.1), commonly referred to as Struwe’s decomposition. This
result was established in [53, Proposition 2.1], [9, Theorem 2] and [4, Proposition 4], which we
restate below.

Theorem A. Let € be a smooth open bounded domain in R™ with n > 3 and A1 > 0 be the first
eigenvalue of —A with Dirichlet boundary condition in Q. For A € (0, A1), we endow the Sobolev
space HE(Q) with the norm

2 2 %
lollmgey = | [ (90 = 32y as]

and denote by (H}(2))* its dual space.
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Let {um}men be a sequence of nonnegative functions in H} () such that
[umll gy < Co  and || Aum + Aum + uan(H&(Q))* — 0 asm — o0

for some constant Cy > 0. Then, up to a subsequence, there exist a monnegative function
ug € C®(Q), an integer v € NU {0} satisfying v < CgSO_n/z, and a sequence of parameters
{01 ms -, O0ums ELms - - s Evm) tmen C (0,00)7 x QY such that the followings hold:
- ug is a smooth solution to (1.1). By the strong maximum principle, we have either ug > 0
or ug = 0 in Q.
- For all1 <4 # j < v, we have that 6;,, — 0 and
d(ﬁl,maaﬂ) N 6i,m + 5j,m + ’§z,m - éj,m|2

)

— 00  as m — Q.

5i,m 5j,m 5i,m 5i,m5j,m

It holds that

—0 asm — oo.
Hj ()

1.2. Main results. Our objective is to derive a quantitative version of above decomposition.
To this end, we consider the following two auxiliary equations:

14
Um — (u() + Z U5i,m7§i,m)

i=1

_ 7P
—Au = U&é in Q, (1.7)
u=20 on 012,
and
—Au — Au = Ugjg in Q, (18)
u=20 on 0f2.

Before presenting our main results, we introduce the following assumption:

Assumption B. Given any open bounded set Q@ C R™ with n > 3 and any A € (0, \1). Suppose
that a nonnegative function u in Hg(Q) satisfies

u= (w0305 )
i=1

for some small g9 > 0 and v € N. Here, g is a solution of (1.1) and (;,&;) € (0, 00) x €2 satisfies

< €o (1.9)
Hg (%)

max 0; + max ———<¢
=t S & )

n—2

A

max ~—+4+‘§~7~§” v, j=1,...,v, 1 # j p < ep.
5 0 8;;

i

and

If wg > 0 in €, we further assume that uy is non-degenerate in the sense that the only
Hg (Q)-solution to A¢ + A\ + pug_lgb = 0 in € is identically zero in 2. For later use, we define

We note that the condition max; y < go admits two possibilities: Either & is away from

7~6’L
. (£:,05) . :
09 or close to 0. Accordingly, we divide our main results into two theorems.

Our first theorem addresses the case where §~Z is away from the boundary of €2, covering both
single and multi-bubble cases.
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Theorem 1.1. Let A, > 0 be the number in (1.5) and ¢35 (x) = Hy(z,x) be the function defined
by (2.4) below. Under the Assumption B, we further assume the followings:

- Each & lies on a compact set of Q fori=1,...,v.

- If n =3 and up > 0, then X € (A, \1), which ensures the existence of such ug.

- Ifn=3,uy=0, and v > 2, then A € (A, A1) and @3 (&) <0 for eachi=1,...,v.2
Then, by possibly reducing eg > 0, one can find a large constant C = C(n,v, A, up, ) > 0 and
functions PUy := PUs, ¢,,...,PU, := PUs, ¢, satisfying (1.7) if either [n = 3,4 and ug > 0] or
n > 5, and satisfying (1.8) if n = 3,4 and ug = 0, such that

o (w3 rw)

i=1

< O¢(T'(w)), (1.10)

Hg (%)
where ¢ € C°([0,00)) satisfies

t zf[n—34 v>1orn=5v>1u >0 orn>7v=1],

NS

t if [n=5, v>1, uy=0],
C(t) = (1.11)
t]logt\ zf[n—6 v>1],
170 > T, v >
fort > 0.

The estimate above is optimal in the sense that the function ¢ cannot be improved.
Before we proceed further, we leave some remarks.

Remark 1.2.

(1) Compared to the Euclidean case summarized in (1.6), the new exponents appear when
[n=>5 up=0,v>1or [n=6, v=1].

(2) Solutions to certain specific perturbation of the equation Au+Au+uP = 0 in € cannot exhibit
boundary blow-up, thereby fulfilling the first additional assumption in Theorem 1.1. Moreover,
in some cases, only one of the conditions ug = 0 or v = 0 is permitted; refer to e.g. [41, 28].

(3) When ug > 0, the non-degeneracy assumption on wug is generic; see [37, Lemma 4.9]. In the
case ugp = 0 and n = 3 or 4, defining PU; via solutions to (1.8) rather than (1.7) turns out to
be more natural; see Subsection 1.3(2). Similar observation was made in constructing positive
solutions to the Brezis-Nirenberg-type problem in low dimensions; see e.g. [24].

(4) For n = 3, up = 0, and v > 2, we use the condition go?)’\(él) < 0 so that no sign competition
occurs between the terms fQ IQPZ]Q in Lemma 2.8 and fQ I:),PZ]Q in Lemma 2.7.

(5) If n = 5, up = 0, and v > 1, the linear term Au is the dominant factor determining ¢ (t) = ¢3/4
n (1.11). In this case, one may instead choose the projected bubble PUs¢ as in (1.8) rather
than (1.7). Since (1.8) already incorporates the effect of the linear term, it leads to the stability
function ((t) = t, as opposed to 3/4, and this improved rate can again be shown to be sharp.
Such a sensitive dependence on the choice of the test function is a distinctive characteristic of the
Brezis-Nirenberg problem in €2, and does not appear in the Euclidean setting or in the Yamabe
problem.

Our second main result concerns the boundary effect when & may approach 9. We fully
characterize the single-bubble case in this setting.

2Druet [27] proved that the number A, in (1.5) can be characterized as A. = sup{\ > 0 : ming 3 > 0}.
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Theorem 1.3. Under the Assumption B, we further assume that v = 1, 51 € Q, and X €
(As, A1) whenn =3 and ug > 0. Then, by possibly reducing €9 > 0, one can find a large constant
C = C(n,\up,Q) > 0 and a function PUy := PUs, ¢, satisfying (1.7) if either [n = 4,5 and
ug > 0] orn > 6, and satisfying (1.8) if either n =3 and [n = 4,5 and uy = 0|, such that

[[u = (uo + PUL) || g3 0y < CC(T'(w)), (1.12)
where ¢ € C°([0,00)) satisfies
t ifn=3orn=4, uy=0],
n—2
tn—1 ] =4 >0 =5
C(t) = R if [n=4, uo >0 orn =5, (1.13)
tllogt|z ifn =6,
n+2

t2(n=1) ifn>7
fort > 0. The above estimate is also optimal.
Remark 1.4.

(1) Even in single-bubble case, the surprising new exponents in (1.13) emerge due to the possi-
bility d(&;1,0€) — 0. This phenomenon occurs exclusively in domains with nonempty boundary.

The multi-bubble case remains an open problem due to a serious technical issue. See Subsection
1.3(7).

(2) Unlike in Theorem 1.1, we choose PU; to satisfy (1.8) for the cases [n = 3, ug > 0] or
[n = 5, up = 0] to avoid difficulties arising from the boundary effects. We believe that this
choice is nearly unavoidable.

(3) Similar to Remark 1.2(5), when [n = 4, ug > 0] or [n = 5, ug > 0], choosing PUs; as
in (1.8) again yields the optimal stability function ((¢) = ¢. In both cases, the sharp stability
function depends explicitly on the choice of the projected bubble PUs¢ within the framework of
this theorem.

As an application of Theorem 1.3 and Struwe’s profile decomposition Theorem A, we obtain
the following corollary.

Corollary 1.5. Let Sy > 0 be the sharp Sobolev constant in (1.2). We assume that every positive
solution to (1.1) is non-degenerate.

If u is a nonnegative function in H} () with
3 n
lully ) < 556 (1.14)

then there exists a constant C' > 0 depending only on n, A, Q such that

inf{ U — <UO+ZPU5“&>‘ )
Hg ()

i=1
where ((t) satisfies (1.13) for t € [0,00) and

:ug solves (1.1), PUs, ¢, € B, v =0, 1} < C¢(I(u)),

B := {PUs¢ : PUsg satisfies (1.7) forn > 6 or [n =4,5, ug > 0]
and satisfies (1.8) forn =3 or [n=4,5, ug = 0], (6,&) € (0,00) x Q}.

Here Y0, PUs, ¢, = 0.
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Remark 1.6. In this corollary, we modify the class of admissible functions u in (1.9) to those
with uniformly bounded energy as in (1.14). This necessitates assuming the non-degeneracy for
all positive solutions to (1.1), since uy cannot be determined a priori. The proof proceeds by
contradiction, following an argument similar to that in [15, Section 6], and is therefore omitted.

1.3. Comments on the proof. Our proof is primarily inspired by the approaches developed
in [20, 31, 22, 15, 16]. To clarify the new technical challenges involved in our setting, we begin by
outlining a general strategy for proving quantitative stability of sharp inequalities in the critical
point setting:

(i) The starting point is that the infimum inf |ju — (up + > 1, Vs, &)l can be achieved by
Vs,¢; where Vs ¢ is an appropriate bubble-like function, then p :=u — (ug + Y71 Vs,¢;)
satisfies an auxiliary equation (e.g. (2.1)) along with certain orthogonality conditions, at
least in a Hilbert space framework.

(ii) By testing the equation of p with p itself, one can derive a rough estimate ||p||m1 <
| lz=1 + | Z||g—1 where f := —Au — Au — uP, and Z is an error term (in our setting,
7 :=1T) + I + I3 given by (2.2)). While this estimate may not be sufficient to achieve a
sharp stability function (, it can be often improved through a linear theory. In fact, the
linear theory provides a pointwise estimate of the main part pg of p, leading to a refined
estimate of the form ||p|| g1 S || f||g-1 + J1 where Ji is a small quantity.

(iii) By choosing suitable test functions originated from bubbles (see Subsection 1.3(7) below),
one can find another small quantity J> such that Jo < || f]|g-1. If one can determine
a function ¢ such that J; < ¢ (J2), the final stability function will be determined as
¢(t) := max{t,{(t)} for small ¢t > 0.

(iv) Once one finds special parameters (d;,&;) and functions p and f satisfying ||p| g1 2

C(|If|lzz-1), then the nonnegative function u, = (ug + >y 4 Vs,¢, + p)+ usually provides
an optimal example.

Although our proof could follow the procedures outlined above, several non-trivial and novel
challenges arise in our specific setting. We now present the new strategies devised to overcome
or mitigate these difficulties.

(1) Due to the presence of ug and the linear term Au, more precise computations are needed for
the interactions among bubbles with various powers, as well as those between a bubble and wuy,
for all dimensions n > 3.

(2) The selection of bubble-like functions is subtle. For our problem, depending on the dimension
n and the solution ug of (1.1), we make appropriate use of two different projected bubbles given
by (1.7) and (1.8).

Let us explain why we must define PU; via solutions of (1.8) in deducing Theorem 1.1 for
n=3or 4 and uy = 0:

If n = 3 and ugp = 0, then the function PU; defined via (1.7) fails to produce any quantitative
estimates even in the single-bubble case due to the excessive size of ||[Usgl|6/5(q)-

If n =4, up =0, and v = 1, then such a definition yields a valid but a non-sharp estimate.

If n =4, ug =0, and v > 2, then the use of the above-defined PU; fails completely, because
the interaction terms [ U;U; are not negligible compared to the presumably dominant term
max; [ UZ.

In Lemmas 2.1 and B.1, we rigorously analyze the behavior of the function PUs¢ defined via
(1.8), which may be independent of interests.
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As previously noted, there seems be no results on positive cluster or tower solutions for the low-
dimensional Brezis-Nirenberg problem. Our calculations take into account all possible bubbles
and may be helpful for constructing such solutions, should they exist.

(3) In [22, 16], the authors employed a pointwise estimate across all bubble configurations for
the main part of p in all dimensions n > 6. Our proof of stability estimates (1.10) shows that
such an estimate is required only when n = 6 in our setting and [22, 16]. For the optimality
proof, a pointwise estimate for the main part of p is still needed in many other dimensions, but
only for specific configurations. This insight simplifies the technical aspects of the argument (cf.
[22, Lemmas 4.1, 4.2]). See Section 3, Subsection 4.2.

(4) To develop the linear theory for n = 6 in Section 3, we make extensive use of the repre-
sentation formula, which offers a unified and simplified proof compared to approaches based on
the maximum principle (cf. [22, Lemma 5.1]). This idea was initially developed in our previ-
ous work [16], where we studied the quantitative stability of the fractional Sobolev inequality

H*(R") < L% (R) of all orders s € (0,2).

(5) In Step (ii), many seminal works in the critical regime (see [20, 31, 22] and their generaliza-
tions, e.g., [6, 15, 16]) devote substantial effort to deriving appropriate coercivity inequalities. In
[22, Section 6], such inequalities play a crucial role in deducing a Sobolev norm estimate for the
term p; := p — po. In contrast, our approach provides a direct derivation of the Sobolev norm
estimate for p; based solely on blow-up analysis (refer to Subsection 4.1). As a result, the proof
avoids coercivity inequalities entirely, greatly simplifying the argument again.

(6) Regarding the sharpness of our results, we conduct a comprehensive analysis of all admissible
forms of the function ¢, dealing with the linear (((¢) = t) and sublinear ({(t) > t) regimes
through two distinct strategies. In the linear case, sharpness is verified by constructing a smooth
perturbation of ug 4+ >_;_; PU;. For the sublinear case, a more delicate analysis is required for
the multiple bubble scenario whose idea differs from that in R™, and it is important to identify
which of the dominant factors—interactions among ug, the boundary effect, the bubbles, and the
linear term Au—govern the exponent of (.

(7) In the proof of Theorem 1.3, the scenario in which d(, d2) is small introduces a crucial
challenge: The projection of Z; + 75 + Z3 in the direction of the dilation derivative 9;05,V; of the
bubble-like function V; has a negative leading term of the form —&"~2/d(¢,99)"~2; see (5.4). In
the single-bubble case, we address this projection by carefully analyzing all possible scenarios,
as detailed in Section 5. The reason that one primarily uses 6;05,V; as a test function in both
Euclidean and manifold settings—instead of using a spatial derivative 5i3£1_cvris that the latter
generally lead to weaker estimates. However, in our setting, it is sometimeslnecessary to consider
the projections of Z; + Z3 + Z3 in the direction (52-851@ V;, since the dilation projection may suffer
from sign cancellations among its leading-order ter;ns, weakening their overall effect. As such,
precise term-by-term estimates like (5.4) and (5.5) are indispensable.

In the multi-bubble case v > 2, these challenges become significantly more difficult. We
currently lack a clear strategy to effectively handle the competition between the negative term
involving d(&;, 9) and the interaction between different bubbles. Additionally, integrals such as
Jol(PU)P = UPNU; for i # j and [o[(3°7-, PU)P — 377 (PU;)PIPZ) (when n > 3), and cross
terms like ing} and ingju-t (when n = 6, cf. Definition 3.1) in the linear theory, pose formidable
analytical obstacles.

Our structure of this paper is described as follows: In Section 2, we present some necessary
estimates for proving our main theorems. In Section 3, we improve the estimate for the main
part of p when n = 6 based on a linear theory. In Sections 4 and 5, we provide the detailed proofs



SHARP QUANTITATIVE STABILITY ESTIMATES FOR BREZIS-NIRENBERG PROBLEM 9

of Theorem 1.1 and Theorem 1.3, respectively. In Appendix A, we include several elementary
estimates that are frequently used throughout the main text. In Appendix B, we give a proof
for an important lemma used in Section 5.

Notations. Here, we list some notations that will be frequently used later.
- N denotes the set of positive integers.
- Let (A) be a condition. We set 1(5y = 1 if (A) holds and 0 otherwise.

- For z € Q and r > 0, we write B(z,r) = {w € Q : |w —z| < r} and B(z,r)¢ = {w € Q:
lw— x| >r}.

- We use the Japanese bracket notation (z) = /1 + |z|? for € R™.

- Unless otherwise stated, C' > 0 is a universal constant that may vary from line to line and even
in the same line. We write a1 < ag if a; < Cag, a1 2 ag if a; > Cag, and a1 ~ as if a1 < as and
ay 2 as.

2. SETTING AND ANALYSIS OF BUBBLES

2.1. Problem setting. By (1.9), there exist parameters (01, ...,0,,&1,...,&,) C (0,00)Y x Q¥
and £1 > 0 small such that e — 0 as g — 0,

u— | uo + PU; =inf< |lu — | wo + PU: ;.
(0 Z ) HL(Q) { (0 Z 5”’5’)‘

i1 i=1
where PU; = PUs, ¢,, and

(&,{1) € (0,00) x Q, izl,...,l/} <e,

H}(Q)

i
max d; + max ———— < €1,
1

n—2
& 0 G- T
— 4 = : =1,... < eg1.
max{(éj 5 5%, ihj=1,...,v<e

Throughout the paper, we write x; := %,
Setting o := 37" PU;, pr=u— (uo + 0), and f := —Au — Au — uP, we have

as well as

—Ap—Ap—plug+ 0P p=f+Tolpl+ L1+ To+ I3 in,
P = O on aQ, (21)

<p,PZf>Hé(Q) ::/QVp-VPZf—)\pPZf:O fori=1,...,vand k=0,...,n,

where OPU OPU
P70 ==t PZF:=6"—"" fork=1,...,n,
00; k
Tolp) = |uo + 0 + p[P " (uo + 0 + p) — (uo + o) — plug + )" ~*p,
Ty == (ug + o)P — ub) — o?, (2.2)
Ip:=0" = > (PU;), and Iy:=» [APU; + APU; + (PU)"].
i=1 i=1
We recall a well-known non-degeneracy result: Given any § > 0 and ¢ = (¢1,...,£") € R”,

the solution space of the linear problem

—Av=pUl'v inR", ve DR



10 HAIXTA CHEN, SEUNGHYEOK KIM, AND JUNCHENG WEI

is spanned by the functions
OUs ¢ OUs ¢
00 ock
We rewrite U; := Us, ¢,, Zk = Zfo, and Zf = Z(]i_’& fori=1,...,vand k=0,...,n
Let us define four quantities

Zg,g =4 and ZZ;,E =4 fork=1,...,n.

2
qij = [5+ +‘ kil } , Qi=max{qy:i,j=1,...,v} <e,
d; 0 ;0 93
d; J ’f% | _ﬁ L. ( )
Hij = max 5— 5, m ~q,;" X = len%ij.

2.2. Expansions of PUs¢. Given the projected bubbles PUs¢ via either (1.7) or (1.8), we
expand them.

Lemma 2.1. Suppose that x, £ € Q and 6 > 0 is small. Then, 0 < PUs¢ < Us¢ in §2, and for
any T € (0,1), the following holds:

PUse(w) = Use(w) — and" H(z,€) + O ("5 d(&,00)™")
provided n > 3 and PUs¢ is given by equation (1.7), and

—lz—¢] ifn=3

A n—2 ) n—2 n g_n=2 x—¢&

PUse(o)= Uselo) + and™T {—loglo =€ fn=1 { 6" 00,6 +0 T 0, (155
Iz & — 4Nz —¢& ifn=5

0O(6277) ifn=3,5 (n—2)
+{O(63 Y ifn=4 }+O( {(589)

log @‘ + d(f,&Q)’"D

provided n = 3,4,5 and PUs¢ is given by equation (1.8). Here, a, = (n(n — 2))nT_2 (see (1.3)),
the function H(x,y) satisfies
—AzH(z, y):O in Q,
H(;p y) on 89,

|z— y\” 2

the function H3(z,y) satisfies

AcHY(wy) + AH}(2.y) = =% |z —y| inQ,
3 1 A (2.4)
Hy(z,y) = = sz —yl on 092,
the function Hj\l(a:,y) satisfies
A H(z,y) + AHi(z,y) = Mog |z —y| in Q, (2.5)
H}(z,y) = ﬁ—%logkc—m on 012, '
and the function H3(x,y) satisfies
AL HS (z, y)+/\H5(aj y) = —’\Q—Q\x—y\ in £, (2.6)
H}(2,y) = ym + 3ty — s le—yl on 00, |

for each fixed y € Q. Besides, the function D, = D,(z) satisfies

—AD,, = \a,

1 _ 1 ; n
Lmz%"‘f Eind I
D, ~ |z|~"2)|log ||| as |z] = oo.
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Proof. The inequality 0 < PUs¢ < Use¢ in  holds by the maximum principle.

The proof for the case where PUs¢ satisfies (1.7), or it satisfies (1.8) with n = 3, can be
found in [52, Proposition 1] or [24, Lemma 2.2], respectively. Here, we provide a proof for PUj¢
satisfying (1.8) that applies to n = 3,4, 5 simultaneously.

Let G (z,y) be the Green’s function of —A — X in Q@ C R™ with Dirichlet boundary condition,
which solves

(2.7)

_AxG)\(xay) - AG)\(.CU,Z/) = 5y in Q7
Ga(z,y) =0 on 0N

in the sense of distributions. The function G)(z, y) is symmetric with respect to the two variables
x and y. Also, one can write

1 1
(n=2)[8"~ [z —y|"—2

G)\(ZU,:U) = _H/\(x7y)

where [S"71| is the surface area of the unit sphere S"~! in R” and H) solves

AyHy(z,y) + AH)\(z,y) = )\W in Q,
Hy(z,y) = = ylln p) on Of).
We decompose Hy(z,y) as
%|x—y| itn=3
’\ +2)\2z —y| ifn=>5

S 22— y\

and apply elliptic regularity theory to ensure that HY(z,y) € CH¥(Q x Q) for any a € (0,1).
Next, we define

n—2 ~
5( ) = PU(;’E — U57§ + anéTHA(x,f) — Dn(x)

Here, Dy, (z) : = 62" D D, (5 £) so that
n;Z n—2
N 5 s T .
_ADn = )\an |:<62+x—§2> — 1‘—EH:| 1n Q,
7571 ~ |5;+£|n72 log |zg£|’ on 0f).

By observing that

Sse(x) = —ay

0 = 5 Dp(z) for z € 00
S EEETEE—"T — | — DPnlx re ,
02 + |z — &2 |z — §[n—2

we obtain
ASs¢ + ASsc = AD,, in Q,
Sse=0 (52“22 [ (€,00) (=2 log 2&IU| | g(¢, 60) D on 99,

We notice that
|z if n =3,
|Dp(2)| ~ < |logl|z|| ifn=4, as|z|—=0.
|27t ifn=>5
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Thus, elliptic estimates yield that ||Ds|: < 53+% for any t > 3, || Dl < ST for any t > 2,
and || Dsl| e S 52+7% for any ¢ € (3,5). Thus, we conclude for any 7 € (0,1),

63T ifn=35 n-2 o0 _
||sg,§|Lm(Q):o<{ oo un=s }+52+ 2 {d(g,aﬂ) (n-2) (5 )‘+d(£,8ﬂ) D

377 ifn=4
which completes the proof. ([l
Remark 2.2.

(1) To construct solutions to the Brezis-Nirenberg problem via a perturbative approach, addi-
tional information about HY (x,y) might be necessary. However, since the coefficient A is fixed
in this paper, the O regularity suffices for our purpose.

(2) Define ¢¥(x) := HY(z,x) for n = 3,4,5 and p(x) := H(x,x) for n > 3. Indeed, it is not
difficult to realize that ¢} € C*(Q2) for n = 3,4,5 and ¢ € C*°(Q) for n > 3. When d(z, Q) is
small enough, the following estimates hold:

e(z) ifn=3,4,5| 1
{go?a:) if n >3 } - W[l + O(d(z,09))],

Veh(z)] ifn=345|  2n-2)
Vo(z)] ifn>3 = 2d(z, o)1

We postpone their proofs to Appendix B.

11+ O(d(x, 9))].

Corollary 2.3. Suppose that x, £ € Q and d > 0 is small. For any 7 € (0,1), it holds that
PZ(2) = Ze(x) ~ " 206”7 H(w, ) +0( d(¢,00)” )

provided n > 3 and PUs¢ is given by equatwn (1.7), and

9 , |z — €| ifn=3 5 ,
PZg,g(x):Zg,g(x)—Fn%/\ané% log|x—§| ifn=4 _n; an5%H;‘(a},§)
‘I g~ Az —¢ ifn=5
T 0% ™) ifn=35
0, P D )]+{ 0G*7) ifn=1 }
( 09)

log

+0 (5 { (¢,00)" ("2

’ + d(¢, 89)7"})

provided n = 3,4,5 and PUsg¢ is given by equation (1.8).

Proof. We can argue as in the proof of Lemma 2.1. We omit the details. (I
Corollary 2.4. Suppose that z, £ € Q, § > 0 is small, and k =1,...,n. For any 7 € (0,1), it
holds that

n+2

PZ(’{g(w) = Zz];ﬁ(x) - an(s%ang(.%',f) + 0 (
provided n > 3 and PUs¢ is given by equation (1.7), and

(g, o))

A (z—9" ifn=3
PZEc(x)= ZEe(x) + and® N —OF 02 anOeu HY (1,&) + 00¢r |67~ 2 Dy 5
PAEEr R A
0% +0 (5 [a(e.00) 2 |10g WD aig o)) =3

+

2

0(6*") + O( (g, o0) "=

log@‘—‘rd(gaﬁ)*" ) ifn=4
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provided n = 3,4 and PUs¢ is given by equation (1.8). Furthermore, if n =5 and PUsg¢ is given
by equation (1.8), then

Az —&)* (z—&)"
2 |z —¢[° |z — ¢
+ 80, [52—“22@” <‘”” 5 : )} + 00 S5 (),

where the function Ss¢ satisfies

PZ}(x) = Z§c(x) + and? [ + 222 ] — 8% an 0o HY (1, €)

1606k S5l ey S 627 + 0 (6"T+2 [d(f, o0) ("2 1 5d(¢, aQ)—(nH)D

for any t € (2,3)?

Proof. We notice that
|log |z|| ifn =3,
VD, (2)] ~ < |27 ifn=4, asl|zl—0, and |[VDu(2)|~|z|7™? as|z| > co.
El ifn=>5

4

Thus, elliptic estimates yield that ||5a£k53HLt S §53+7% for any t > 3, H(58§k54HLt < 6% for any

t €(2,4), and ||(5a£k155”Lt s 52+% for any ¢ € (2,5). Using these results, we employ the same
strategy in the proof of Lemma 2.1. O

2.3. L%(Q)-norm estimates for the terms 7;, 7o, and Z3. We recall the quantities Z;, Zo,
2n
and Zs from (2.2). We estimate their L»+2(2)-norms.

Lemma 2.5. For each i € {1,...,v}, we assume that PU; = PUs, ¢, satisfies (1.7) if n > 5 or
[n = 3,4 and ug > 0], and satisfies (1.8) if n = 3,4 and up = 0. Then it holds that

0 ifn=3u =0
max d;|log ;| if n=4,u9 =0
n—=2 .
IZall e+ Z2l] prr A+ T3] prr S maxd; if[n=34anduo >0 orn =35
L' (@ L7 (@) L7 (@) o 82 3
max d; |logd;|3 ifn==6
max 07, ifn>7
n—2 . —
max ; ] ifn=3,4,5 Q ifn=3,4,5
+ mzaxlfﬂlogffi‘g ifn==6 + Q‘10§2Q|% ifn="6 12y
niz _nt2 ,
max K, 2 ifn>7 Q=2 fn=7

provided €1 > 0 s small.
Proof. We begin by introducing an elementary inequality: For fixed m € N, s > 1, and any
ai, ..., @y > 0, it holds that

$71(Lj if s > 2,

m s Zaz
I - 5 < . NS _gS _gfl < i
0< (Zzl az) Z a; S Z [(az + CL]) a; CL]] ~ Zmin{af_laj, aiaj_l} if s <2

i=1 i#] wy
17

3We have not deduced a pointwise estimate of |60¢1 Ss.¢| for this case. Its L-estimate is sufficient for later use.
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From this, we derive that

v
0ST+L <Y (UF 4+ U)+> UP'U; for n=3,4,5. (2.9)
i=1 i#]
We next consider the cases n > 6. Fixing any ¢ € {1,...,v}, we decompose Z; into three
parts:
Ty =TI + T2 + T,
where

I = (UO‘I‘PUZ) —UO (PU)

Ly == (ug + 0)P — (ug + PU;)P (ZPU) ,

J#i
I3 := (PU;)? (ZPU) — oP.

JF#i

Considering the relationship between ug and U; in different regions, i.e., ug < U; when |z — ;| <
V&; and ug 2 U; when |z — &| > v/§;, we obtain that

. — —1 —1
11| S min{ug(PU; )P~ ug PUY SUP™ 1, cicvs + Uil s ve-
Similarly, we have

Z1o| S min {(ug + PU)P~' PU;, (ug + PU;)(PU;)P~ '}

JF#i
. _ 1 . _
<2 [min{U 705, U U gy min{U5, U g s
JFi

In addition,
. ~1 —1
’1.13‘4-1.2 SZmln{Ulp Uj,UJP Uz}
J#1
By introducing the rescaled variable x; := §; Yz — &), we further obtain a pointwise estimate
for Z; + Z, with the aid of [22, Proposition 3.4]:

Ti+1,

< Z min{U;, Uip_l}l{uo>0} + Zmin{Uip_lUj, Ujp_lUi}l{VZQ}

i
n—2
5,7
52 Gy Uni<om ) T e agza ) | Huox0) (2.10)
W W _
Z [52- e T L <ay (@ >+5i4‘x4|51{xi|z%2}($)] if n =6
i= i !
+ 1/1 _Lﬁ,@z_" _nt2 gp— 4 1{1,22}.
0, 2 ——1spiem(z)+06, 2 Lz 1>9 ifn>7
; [ P i<y () 0% g Yz (¢ )]

Employing (2.9) and (2.10), we perform direct computations to find

IZall w1+ (122 o1
L7 (Q) L7 (Q)
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n—2
Inzaxéi2 ifn=3,4,5 Q ifn=3,4,5
2
< { maxd7|logdifs ifn =6 Liugs0) + § Qllog Q5 ifn=6 1g,59). (2.11)
max ¢, * ifn>7 Q> ifn=>7

2

Now, we analyze the term Z3. By applying Lemma 2.1, we observe that

I(PU; = UNUP || w1
L (@)

SI(PU; = UYUP™H| pa ol [CF0 [pest (2.12)
L P (B(&,d(£:,09))) L P (B(&,d(&,09))°)
max x} 2 if n =3 or [n =4, each PU; satisfies (1.7)] or n =5,
7
max (67|log §;| + £7) if n = 4 and each PU; satisfies (1.8),
< (2
~ maxnﬂlogmi]% if n==6,
Y a2
max k,; > ifn>7
(2
= Jl.

Using estimate (A.1) and Lemma A.2, we obtain

IZsll o1 < max ||(PU; — UNUP™H| i+ max ||[(PU; — Up)P Uil pia
@)Y L@ L7 (@

+ )\mzax HUi”LPTng(Q)l{each PU; satisfies (1.7)}

max 5:%2 ifn=3,4,5 (2.13)
Sh+ max 67| log 5|5 itn=6 lieach PU; satisfies (1.7)}
max 52 itn>7
By collecting estimates (2.11) and (2.13), we conclude the proof. O
2.4. Projections of 7, 75, and 73 onto the PZ]Q-direction. Given j = 1,...,v, we evaluate

the integrals [, IlPZJQ, Jo IQPZJQ, and [ IgPZJQ, which correspond to the projections of 77, Zo,
and Z3 onto the directions of PZJQ, respectively.

Lemma 2.6. Assume that ug > 0. Moreover, when n = 3, each PU; satisfies (1.7) or (1.8),
and when n > 4, each PU; satisfies (1.7). For any j € {1,...,v}, it holds that

O(max ;) ifn=3
n=2 E _
/ TLiPZ) = anuo(§,)0; % +0(Q) + { O(maxd7[logdil) if n =413 1(, 5
. O(max 6?) ifn=>5 (2.14)

+0 (max 6? + max m?) ,
(2 1
where ay =P [gn Uur—129 > 0.
Proof. By (A.3), there exists a constant > 0 such that
Ti = [puoo?™" + O(ugo? ) 1m0y + O (u)] 1oy pie,nvan)

+[ ” v ) (2.15)
puy 0+ O(uy “0°)1s9y + O(0?) Loy | B(&invoo)e:
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The remainder of the proof is split into two steps.

It follows from |PZ0| < Uj, Lemma 2.1, Corollary 2.3, and Young’s inequality that

\p-Lp 0 _ =140
/B . [(PUJ) PZY - U Z]}

< (1PU; - Uyl + P23 - 28ur~ + PU; — U710,
Bl d(&5,00) B(&;,d(¢;,0%))

<57 K2 < §2
N5] JN5J + K.

Therefore,

p / ug(PU;)P~' PZ)
U;":1B(£i7'r]\/67’i)
— / uo(PU; P~ P20 + O ( / Uf)
B(&;,d(£;,09)) B(&;,d(£;,00)°

n—2
= pi? luo@j) / Up—le+o< / |5jy|2UP<y>dy>
R7 B0k 1)

n—2

= 0,0, up(&)) + O (5]? v H;) .

(2.16)
+0 (87 +n7)

We claim that

/uo [Pt — (PU)P Y PZY| <
Q

Z/ UP'U = 0(Q) + O <max53> (2.17)

1#£l

The inequality immediately follows from (A.2). To analyze the equality, we set z;; := &; *(£;— &)
and d;; = | — &;|. We distinguish three cases based on the value of %;;.

:| Suppose that %;; = \/T Then, it holds that d;; > ; and (1/0;0;/d;;)"° ~ ¢;; < Q.

i9j
In view of Lemma A.4, we confirm that

1
602 d." ifn=23
/ Urlu; < 076;d; ;7 log (2+ dijo; ') ifn=43 =0 (max52) +0(Q).
Q n=2
6767 d;° if n>5

Suppose that Z%;; = ‘g—;. Then, it holds that d;; < d;, i.e., |z;;] < 1, and (‘;—Z)HT_2 ~
¢i; < Q. Therefore,

n—2
_ 5i 2 5 7
Uy, </ : J d
/Q Lo (5-2 Iw—&-I?) (5?+\:c—£jl2> !
<5 / dy
~ B(0.C5 1+!y| P2 + 1y — 22T
05— n-2
5 t3dt | ~ 6,7 =o(Q).
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Suppose that #;; = /. Then, it holds that d;; < §; and ($)*% = g < Q. We
divide the domain €2 into B(&;,1/0;) and (B(&;,1/6;))¢, and compute

n—2

A 1 d
/ Up 1U r\/ Zn_z/ 2\2 y n—2
B3 5,7 J0a) (LHWEP 14 (Gily — 2)2)" 7

§n—2 §71/2
< - <1+ / t”5dt> = 0(Q)
5T 1

J

and

1 1 n—2 n
UP'U; < 0267 / — dy <8:6.2 =0 (max52>
/B(&,\/é?) ’ T oy lyltly — (& = &) 2 J i

These estimates justify (2.17).

Applying |PZ7| < Y77, Ui, we observe

max d; if n =3,
/QUOUP 2|PZY| 10y S Z/ ey S m?X5¢2|10g gi| ifn =4, (2.18)
max 07 if n=25.

7

Furthermore, since ug(z) < U;(x) for x € B(&;,nv/0;), we infer from (2.17) that

p 0 1
ug| PZj| 5/ Uj + / U!
~/UZ'.’13(52‘777\/57) ! B(&;,1/5;) ; B(&,mV/8:) E (2.19)

~0 <max53) +o(Q).

We also estimate the integrals over the exterior region:

p—2 2 0 3
’LLO g ’PZ|1 >92 S / U]_ >2
/my_lmghww JHr=2) ; By |

max 5;\ logd;| ifn =3, (2:20)
max 5; ifn=4,5
and
/ (uh o +oP)|PZY| < Z/ (U2 +UP) < axéi%. (2.21)
NY_y B(&imvoi)e B(&,mvb:)° ’
Combining estimates (2.16)—(2.21), we conclude the proof of (2.14). O
Lemma 2.7. For any j € {1,...,v}, it holds that
bj6n(€5) + O(3) + O(5;) ifn=>3
/Q L,pZ0 = | ~626,p(6) + O(k!) + 0 og ;) ifn=14 (2.22)

N6,.62 — 57 %c,0(65) + O (55.&;—4) +O(KY) ifn>5
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O(max d;) ifn=3
i
2 ; —
+ O(mlax 51 | log 51’) Zf n=4 + O(Q) 1{1/22, each &; is in a compact set of Q}

o(max 67) ifn>5

provided n > 3 and each PU; satisfies (1.7), and

0 ) —espd(&)d; + 0(67) + O(x3) ifn=3
B2 002 log | — cadi) SN2+ 0 + 0t ifn=a] O
0 4A07 | log 05 — €465p3(€5) — 96[S°[AG; + O(67) + O(k;) if n=
O(max 6?) ifn=3

+ O(max 55,‘ 10g 51’) Zf n =4 + O(Q) 1{1/22, each ¢; is in a compact set of Q}
i

provided n = 3,4 and each PU; satisfies (1.8). Here, by := 3ﬂfR4 ur—1z% > 0, b, =
Jrn UZ% >0 forn>5, and ¢, := anp [gn Uur-170 > 0.

Proof. We present the proof by dividing it into two steps.

Assuming that each PU; satisfies (1.7), we assert that

/ S APUPZY = { O(max §|log 6i]) + 0(Q) 1,2 if n =4, (2.24)
Q.
= Nbnd? + O (82577) + 0(Q + max6}) 1,50y i n > 5.

To verify (2.24), we first estimate

0(4;) if n =3,
/ PU;PZY = { O(87|10g ;1) if n=4,
. bn5]2 +0 (5?%?74) if n > 5.

Indeed, for the case n > 5, we have

PU;PZ)| < 6361

~

‘ /B(éj,d(ijﬁﬂ))

and

n—2
2 n+2
2

PU;PZ] = /

U;Z} + O 5
B(&;,d(¢;,09)) d

J
N Y o U
/B(sj,d@j,aﬂ)) (&, o)== /B(o,nﬂ (2.25)

= 0,07 + 0 (02174,

It remains to estimate the interaction terms fQ U;Uj for 1 <1 # j < v provided v > 2. As in
(2.17), we separate the analysis into three cases.
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:| Suppose that #Z;; = —==. We verify that
\/7

1 ifn=3
/UU],\J512<52 x ¢ 1+ |logd;;| ifn=4
d; " if n > 5
O(max (5,) if n = 37 (2‘26)
~ { O(max 62| log §;|) if n=4,

max 55@27:3 = o(max6?) if n > 5.
(2 1

:| Suppose that Z;; = \/5—3 We evaluate

n—2 n-s
5; T 5 ?
U < | ———s e d
/Q “/ <5~2+|x—m2> (6§+\x—fj\2) ’
2

5n+2 (n 2)5 / 1 dy
¢ n—2 i S n_2 )
’ BOCs) (L+ [y "= (37 + Iy — S5 PT (2.27)

< 257L i 06;1 —(n—3)
<ot 1+ =gt | = o(Q).
5,2 2

Here, we used |&; — &;| < 0;.
:| Suppose that Z;; = | /6—1 We can similarly estimate as above to deduce

A

/ Uin = O(Q) (2.28)
Q
This concludes the proof of (2.24).

We claim that
/ Z [(PU)P — UFIPZ} = =07 2enip(&5) + O(x})

+ O(mzax 6?71) + O(Q) 1{1/22, each &; is in a compact set of Q}

provided n > 3 and PU; satisfies (1.7) for each i =1,...,v, and

/Z [(PU;)P — UP\PZY

_ —c33(&5)6; + O(63) + O(x3) if n =3
b4AG?|log 6] — a8} (&) — 96|S®|ASF + O(82) + O(k]) if n =4
O(max 67) ifn=3

+o 1 v i is in m S
O(max 5;‘3| log 6z|) ifn—4 (Q) {v>2, each &; is in a compact set of 2}
i

provided n = 3,4 and PUj satisfies (1.8) for each i =1,...,v
To prove this, we decompose the domain by Q = B(&;,d(&;,00)) U [Q\ B(;,d(&;,00))].
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First, we observe that

[(PU;)P —UPIPZ}| < UM SR (2.29)
B(0,x;1)e

/Q\B(Ej ,d(€5,09))

Suppose that PU; satisfies (1.7) for each ¢ = 1,...,v. By Lemma 2.1, Corollary 2.3, and (A.3),
we obtain

/ (PUyY — UTPZY

—p / (PU; —U)UP™'PZ) 4+ O / (PU; — U;)*UP2|PZ)) | 1450
B(&,d(,09)) B(&;,d(&;,09))

+0 / |PUj—Uj\p|PZ§?|>
B(&;,d(&;,08))

= =87 %¢up(&) + O(x]). (2.30)
Suppose next that n = 3,4 and PU; satisfies (1.8) for each i = 1,...,v. Noticing that

p/ 5, 7 Dy <—§]> P10 — 52/ (—AD,)2°
5. i i J .
B(&;,d(£5,00)) J B(0,5;7)

D, A
1520 / 0 |Z0|dS+/ 0
aB0x; ") W OB(0,k; ")

ov Dn
e / (CAD)Z 4O (5 + ).
B(0,x ")

dS) (2.31)

where % denotes the outward normal derivative and dS' is the surface measure, we deduce

/ (PU;)P — UF|PZ)
B(&;,d(¢;,09))

1 _ A 1 _
— 5} awh}(6.6) [ vr 2 - Sand} [ o~ &7 2) (@)
B(&;,d(¢;,09)) B(&;,d(¢;,09))
1 1| |22-1 _
+)\a2p52~/ — | Az 4 0T + Ok
375 B(O,Rj_l) /1 + |Z’2 |z| (1+ |Z’2)% ( J ) ( ])
= —c30;03 (&) + O(67) + O(k3) for n =3, (2.32)

and

/ [(PU;)P — UY|PZ]
B(&jvd(gj’ag))

A _ A
= —a4dj|log 5j]p/ Ujp IZJQ - a4p5]2-/ B log |z|(U?Z°)(x)dx (2.33)
2 2 B(0x;Y)

B(&;,d(&;,09))
+ )\aipéjz /
B(

+0(59) + O(x))
= byAd7| log 6;| — c40703(&5) — 96[S*|AS7 + O(62) + O(xj) for n = 4.

1 1 2> — 1 4 ~1,0
—— — —5 | 7———55dz — djaapH\(&5,&; / U= 7>
047") [1+ ER Izlz} O+ PR ™ PGS [ o
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Here, we used

|22 —1 S8 1 1] J22-1
1 ———dz = — d —_— — | ————dz=0.

floei s = [ | ) e

Finally, we assume that v > 2 and each &1, ..., &, is in a compact set of (2. Given1 < i # j <,
we infer from (2.17) that
n—2
/ (PUY? — UP|PZ0| < 6. / UP'U; = O(max 8P ) + o(Q) (2.34)
Q (€i,d(&:,09)) !

provided n > 3 and each PU; satisfies (1 7), and

~ (6 |logd;|) ifn=4 Blend( o)
o(

/ (PU? — UP| P2
Q

2.35
max 62) iftn=3 (2.35)
O(maxéf\ logd;|) ifn=4 (@)
(2
provided n = 3,4 and each PU; satisfies (1.8). Here, we used
xr— é.l p—1
/ log 3 U;Uj)(z )dx—o(Q—i-mach ) for n =4,
Q )
which can be argued as (2.17), and
n—2 . n—2 . .
L= o, (55 o s ot e |0, (5E)] e
0 5i L7 (2 0 /)l pri(a)
for n = 3,4.

This completes the proof of the claim. O
Lemma 2.8. Assume that v > 2 and each of the &1,...,&, lies on a compact set of ). For any
jeA{l,...,v}, it holds that

0 = A=
LPZ) =) o, (q;" 7 - 22 ) a7 +0(Q)
Q it 7
O(max ;" ?) if n > 3, each PU; satisfies (1.7),
Z[—bg)\\ﬁj &l — csHY (&, €5)]0; % -%1 ;¢\ T+ o(maxdi) if n =3, each PU; satisfies (1.8),
Z[—[M)\log € — &i| — caHA(&,€5)]0:6;1 le;—e;| T o(max 67|logds]) if n =4, each PU; satisfies (1.8),
i#] {‘%”: /réia]j} '

where 0, > 0 and bs := %agp Jgs UP=1Z% > 0, provided g;; in (2.3) is small.

Proof. Adapting the proof of [22, Lemma 2.1], and employing Lemma 2.1, Corollary 2.3, (2.34)—
(2.35), and [22, Lemma A.2], we discover

/ I,PZ)

_Zp/ (PU;P~ ' PUPZJ1 59, + 0(Q)
i#j

—Z/ U”@?gf +p Z/ (PU;)P~ " (PU; — U;)PZ) 4+ O (Z/ (PU;)""'PU;|PZ) — ZO|> +0(Q)

i#£] i#J i#]
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~ Yo, (qw 2‘; > I (a) (2.36)
i#]
(O(max 52 if n > 3, each PU; satisfies (1.7),
pZ/ (PU; - U; )Up 1Z0 + 0(max5 ) if n = 3, each PU; satisfies (1.8),
t i#]
pz (PU; — U)U™ 1Z0 - o(max 62|logd;|) if n = 4, each PU; satisfies (1.8).
i#]

Next, we only need to estimate p [, (PU; — Ui)Ufle}) if i # j when n = 3,4 and each PU;
satisfies (1.8)

If Z;; = ,/g—; or 54 by integrating by part, we have from (2.27)-(2.28) that

-1-0 _ 0 0
p/Q(PUZ- —U)UP' 20 = /Q(Pm ~U)(~APZY —APZY?)

n—2 n—2

:/)\UiPZ?+O<5i25j2> = 0(Q).
Q

If #; = \&;?'7 by Taylor’s expansion, we deduce
103

- 717\77P—1 -0
p [ (PU - vy

11
_ [—bg)\|£j —fl‘ — CgHi(gi,gj)](Sf(;; +0(Q+maxi 51) ifn= 3,
[—bsrlog|& — &) — C4H§(§i, €;)]0:0; + o(Q + max; (53] logd;|) ifn=4.

Here, we used
1
[ lle— 6l - I - 607 (@ = (@ + maxd) for n =3,
(‘ﬁj’C) t
6i/ [log |z — & —log |§; — &||UT (z)dx = o(Q + max 07| log &;|) for n = 4,

—& =&
/Q‘SD‘*< 5, )‘Up< ‘5"D4< 5 >

to achieve the last equality, where ¢ > 0 is a small constant independent of §; for j = 1,...,v.
This finishes the proof. U

<62 forn=4
LA(Q)

3. LINEAR THEORY AND AN IMPROVED ESTIMATE FOR n = 6

In Section 4, we will derive an H} (2)-norm estimate for p of the form

lellmyier S 1Sl aqonye + 1Tl e o+ VTl s 1T s

When n = 6, this estimate is coarse and requires refinement. In the remainder of this section, we
develop a suitable linear theory for n = 6, which enables the derivation of a pointwise estimate
and an improved H{(Q2)-norm bound for the main part of p. In what follows, we assume that
each of the &1, ...,&, lies on a compact set of Q if v > 2.
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Definition 3.1. For each i € {1,..., v}, recall the rescaled variable z; := 0; '(z — &) € 6; (2 —
&i). We introduce the weighted norms

()| (@)

hl|sx := sup ———, pllx :==sup ——~,

where the weights V(z) and W (x) are defined by

v

Vi(z) =Y (vii(e) + [v5 () + 08" ()] Ls2y + [v5 () + 05 ()] 1(=1y) »
i=1
W(z) = (wii(z) + [wh}(z) + ws ()] L2y + [whi () + w3 (2)]11—1y) -
i=1
The component functions are given explicitly as follows:

62 1
Ul'(x) =, w1<(x) =,
' () Z (x:)?
. 644 A 624
vyi () = 71@4)4 L{jws| <2} wyi () = ’<x‘> L{jas| <2}
(2 (]
62 6 2R 2
v (x) = Z‘m4|5 Lo, 1>} whi(x) = l|x“3 Lo, 1>}
(2
. 5._454 . 5._2/-14
vgi(x) = ﬁl{\mgn;l}v wy; (x) = &71“%‘9;1}’
(5._2/{3 ¢ (5,_2,%3
W) = s ieea ) Wi (@) = 0 Hjedzw, )
Consider the equation
v 6
(—A = Npo—2(uo+0)po = T1 + To + Ts1 + To[po] + D _ Y _cf(-A—NPZ} inQCRS,
=1 k=0

po=0 ondQ, &, ..., R,
<p0,PZf>H1(Q):0 fore=1,...,vand k=0,...,6
0

where
14

131 := Z |:>\PUZ + <a6(5i2g0(§i)Ui1{xi§Hi—1} + [(PUZ)2 _ UE]l{Irman}) 1{u=1}:| .
i=1
In Propositions 3.2 and 3.3, we will prove the existence of pg, its pointwise estimate and the
HE(Q)-norm estimate.

We start with a linear theory.

Proposition 3.2. Given any h € (H}(Q))* with ||h|ls < C. There exist a constant C =
C(v, A\ up, Q) >0, po € H}(Q) and numbers {Cf}{z‘:l,...,u, k=o0,...6) such that

v 6
(=A=Npo—2(uo+0)po=h+> > F(-A-NPZf inQCRS,

i=1 k=0 3.2
po=0 on 09, c(l),...,clﬁ,ER, (3:2)

<po,PZf>Hé(Q):0 fori=1,...,vandk=0,...,6
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satisfying
[lpoll« < Clih]« (3.3)

provided €1 > 0 is small.

Subsequently, we utilize Proposition 3.2 along with the Banach Fixed-point theorem to derive
the following existence result.

Proposition 3.3. Assume that €1 > 0 is small enough. Equation (3.1) admits a unique solution
po € HY () such that
lpoll« < C, (3.4)

where C' > 0 depends only on v, \, ug and . Moreover,
lpoll 3 ) < € max52|10g5 ]2 +maxm4\logf<az|21{y 1} +Q\logQ|2 . (3.5)

To establish Proposition 3.2, we need two preliminary lemmas.

Lemma 3.4. For each j € {1,...,v} and k € {0,1,...,n}, there exists a constant C > 0
depending only on v, A\, ug and Q such that

(51 < Clo(llpolls) + [1Allss] - [QLpys2y + 67 + Kj1—1y] (3.6)
provided € > 0 is small.
Proof. For each j € {1,...,v}, we assert that

Ll + [ S Utimltse = o@+ ). (37
i#j

/ (A +2(ug + o) — 2PU;) poPZE| <

Note that

[ il < .|

By Young’s inequality,

Z(sz + wg;lt)

=1

HW@®+Lmﬁwﬁvmu+z/mz}

L3(Q)

v

> (whi + wsi)
L3(Q

1 2
0513, S Qlog @1 -8 10g

i=1 (3.8)
S Qllog QIS + 8|log 8% = 0(Q + )
and
/Q(wg;. ULy < 8 log ry| + 8261 = o(52). (3.9)
Let us prove that
/szlinl{qu} = O(Q + (5]2) (3.10)
i=1
If © = j, it holds that
/ wy;U Hogé | (3.11)
Q

If ¢ # j, we have

2
0;
i 3.12
/'U}l ]N/ 62+’x_§z|2 (5?+|x_€j‘2) ( )
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5787 (1 + [log|&: — &) if iy = =2
1 dy . -
5352/ if Zij = /%
SN sesy TEWE G2 4 ly — 22 LoV
A + 5262 = gy =2
07 Jps ) LA L+ (GHly — 2022 "7 S aiial<e lo = &P o = & TV
526210 6| if %;; = ‘f/;ié‘
51
6767 1+/’ t~'dt | <6367 logd; if Zij = (/% 2
S J< 2 <050 og i ! % = 0o(Q +65).
56 612 5
5 1+/1 t2dt | + 6757 | log 6i < 67 Q + 6767 [log 8| if Zij = /5
J
As a result, (3.10) is valid.
Next, let us verify that
14 14
i t i t
| Sl S | ko) S Gl ug)
Qi i=1 L2l L3(Q)
+Z/ Uinw1¢+Z/ UiUjwij + Z UiUjwy
izj < i#j < i, j#l,
il

~ Q*|log Q| +0(Q) = 0(Q).

Here, we used that

/Q > Uinwu,S/ > uU,

i, 71, i, i1,
1#£l 1#£l

< : ! b
S 3 Wy WO IO S Q2 leg Q)
Z#J;Zlﬂ,

Arguing as in (3.12), one can verify that for i # j,

51 5; ’
UiU-w i S/ L dx
/Q TN Jo (07 + e — &2 \ 07 + e — &

5107 & — &l 6=
I 24 B S if B, = 554
e < di > d o o

SS9 B(0,5; 1) (1+[y?)3 [(%)2 + |y — 2zi5]%)? ! %
i?/ ! dy if Zi5 = ) 2
. 1] — .
o3 Bo,s; 1 (L+1y?)? [1+(%|yfzij|)2]2 ’
57| log di\2,;* it Hiy = =L
_ . 5; _
5 6?%“4 if Zi; = 55 - O(Q),
_4 5,
57 log 6:lZ;;" it Hij =) 5

and similarly,

/ Uinwlj = O(Q)
Q

All the above estimates imply that (3.7) holds true.
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Furthermore, by (3.8)-(3.11), we have
2

‘/S;(PU]'PZ;? - UjZf)PO = |p0H*[d(§jj6(2)4/Q(wlj —i—wg‘} + w3 ) Ujly,m1y (3.13)

v
2
+ 5j /Q Uj Z(wh + wzz + wzz )]—{1/>2 each ¢; is in a compact set of 9Q}

= o([lpoll+(Q + 67 + Kj1(1y)).

Finally, we claim that

/ hPZ}
Q

A direct computation gives

/QUUU 52, /Q(Uizl} + 03" U; ~ Q, /Q(Ug}- + 088U L2y ~ K.

Assume that ¢ # j. From (2.26)-(2.28), we see that

S [ VU S Il (@48 + wf1gm). (3.14)

2
02ty if Ay = Sl
Jontis [ vy {70 . )]
Q Q O(Q) if %ij = i or i

Similarly to (3.12), we obtain

2
_ 9j
T K e R (5+|—§\> ”

W : - €i—¢l
_J JR )
|£i_§j|2 lf :@U o 52'5]‘

giz%—4 (1 4 IQ@Q t_3dt) if %5 = ﬁ

672
82 9 . /5
é% 4 (1 + f2 tdt) if %ij = 5%

2
ou - 5
/vgﬁ /5 ,51{|xz|>%2}( )(W) da
J

N

SH~Q,

and

U |&i—¢1
J — 1SiTSjl
|€i—¢&512 if %i; = \/3:6;

S QG22R 7 [ oy i Ty = \/gi <SE~Q.
52 : /3,
2f{t>j’2 1dt if %ij = 571
Thus, the claim (3.14) holds as desired.

Consequently, by testing the linearized equation (3.2) against the functions PZj’-C and using
(3.7), (3.13), and (3.14), we obtain (3.6). O

Lemma 3.5. For any x € Q0 and sufficiently large M > 1, the following inequality holds:
1
/ —— (W) (w)dw
Q

|z — w|*
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t o z; o — —
<Z wh} + wg) MO gy + MUY s gy + MO%T? o ma SM 4+ M

[z

_ _o | log(2 + |zi]) log( 2 + ]m1|) log |z;]
§ : 2 2 § : 1n out
=+ A |:% + M + — < > W14 + - + W3Z |[1,‘l| l{y 1} (315)

=: W(x).

Proof. Without loss of generality, we can assume that d; > 0; for 1 <7 # 57 < v. We recall the
notations x; = d; ' (z — &) and z;; = 6; (& — &).
We first consider the cross terms involving wy;, namely, U;w1; and Ujwy;. We will show that

Ujwi; S Z[UU (%2 + M™2) + (v} + o3 )max5 MY (3.16)
i=1
by dividing two cases.

Suppose that | — &;| < Md;. Then \/j; <Z < M\/gj; and wy; S 1.
If % < %?, then |z — &;| < M?§;, leading to
Ujwy; S vssoit < viio?M™,
If % > %2, then |z — &;| > 6, resulting in

Ujwy; S Ug;lté R* < Uouté M?.

. _ 1&=¢&1
Suppose that |&; — £j| > M0;. Then, # = ﬁ'

When |z — | > ‘5’;75”, then
2

|§i — €I2 ~

When |z — | < ‘&;75]", then |z — ;| 2 Lﬂ Using §; < 6;, we deduce
52
ijh‘ S vli(éf + \x — &’2)7]4 S vhﬁf
& — &l
We turn to handling U;wi;. Applying Young’s inequality and using d; < d; once again, we
obtain

Ujwi; Svj——73 vlef

0j o 54 52 52
Uiwyj S 2 L + ! < —owy + —L—wyy (3.17)
T (0 e =GP (0 e =113 Y (ay)? ()t

By adapting the arguments from [22, Lemma 4.2], we establish the following estimates:

Ujwst < 72 (v2] + gt + vy, (3.18)
Ujw3® < 272 (v + v3)* + v (3.19)
U'w2j < (i) (U2z‘ + Uzj) + B (z5) " oS, (3.20)
Uiwgs® < (zij) " ol + B2 72058 + (25) 72 09t (3.21)

and

2
U; (ng + wg;lt) < [(‘;z) + 192] Ug;t if |z — 25| <0, (3.22)
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'LUIQI; + wS}“ < (zw> 93 (w + wgft) if |z — 25| > 0 (3.23)

for any v € (0,1).

Lastly, letting w; := “’gfi, we check that

1 . _
/ T oy (v B o8 ol e (w)d < Ol Wil 4wt 4w 4wl

and
-2
| el g+l + ()
a |z —wl* (w;)
log(2 + |z; log(2 + |z; ; ; log | z;
<o [REC ¢ PRI gy gy o P g g
() (z3) |l
Now, taking the above estimates yields (3.15). O

We are ready to complete the proof of Propositions 3.2 and 3.3.

Proof of Proposition 3.2. Once (3.3) is established, the Fredholm alternative principle will give
us the existence and uniqueness of solution py to (3.2) for a given h with ||k < co. As a
consequence, it is sufficient to prove (3.3).

We argue by contradiction. Suppose that there exist parameters {(0; m,&im)}men, functions
{po,m }men and {hp }men, and numbers {Cﬁm}meN such that & ., € Q, d(&m,00) 2 1if v > 2,
Sim + Kign + |[Amllsx = 0 asm — oo, and ||poml|+ =1 for all m € N,

Ji,m
where K; ,, 1= TErrdy
We also assume that these sequences satisfy

v 6
(=A = X)pom — 20 + Om)pom = hm + Y Y i n(~A=NPZf,, inQCRE,

. i=1 k=0 (3.24)
pom =0 on 9, ¢ s, l,mE]R

<p0m,Psz>H1(Q =0 fori=1,...,vand k=0,...,6,

where PU; , = PUs, ¢, .- Moreover, let Vi, Wi, Wi, Qm, and Z,, denote the functions and

quantities corresponding to V, W, W, Q, and %, respectively, where (;,8;,&;,&;) are replaced
by (8i,m» 65.ms&i,m» Ejm); see Definition 3.1, (3.15), and (2.3).
By virtue of (3 6) and Definition 3.1, we observe

/|x_w|4 ZZ k(A =N PZf ’( )dw
@ k=0 i=1
6 v
/’x—wHZZCZm zm+Ulm w)dwgkzzogcﬁm’[]%m (325)

k=0 i=1

< Z Z |:67,2m61 mW1ii,m + Q’mj4 (w27, m + wngrn) + K‘i{m"‘izfn(wg;,m + wg:ﬁm)] (O(HPO,mH*) + HhmH**)

k=0 1i=1

= 0 () Wi (2).

Here, 0,,(1) — 0 as m — oo, and we exploit the precise estimate of cf presented in (3.6) to
deduce the second inequality.
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Given the nondegeneracy and boundedness of ug, we know the Green’s function of the operator
—A—\—2ug with Dirichlet boundary condition is bounded by Coﬁ for some constant Cy > 0.

Combining this fact with || Ay, ||« = 0, (1) and (3.25), one has
1
po,m(2)] < CO/le—wl‘* (mpo.ml) (W)dw + 0 (1) Win (). (3.26)

To complete the proof, we will prove that for any given 7 € (0, 1), there exists a number m, € N
depending on 7 such that

1
m>m; = CO/ T (Om|pom|) (W)dw < 7Wp,(z) for all z € €. (3.27)
0|z —

Without loss of generality, we may assume that
O,m = O24m = -+ 2> Oy for all m € N,
either lim 2., = 2ij00 € RS or lim |Zij.m| = o0,
m—o0 m—00
where z;; , 1= 5;#1(53'7,” —&im) € RC. We define
D(i) == {je {1,...,v}i<jand lim |zijm GR}
m—0o0
and x; y, == 51_1711(x —&im) € 5:%((2 — & m). For large L > 1 and small € € (0,1), we introduce
Qim ={x € Q:|zim| <L, |Tim — 2ijm| > ¢ forall j € D(i)}

and

Aim = U [{xEQ: |Zim — zijm| < e} \ U {x € Q:|zgm] SL}].
JED(3) €D (i)
Using these definitions, we decompose 2 into three disjoint subsets:

Q= QExt ) QCore U QNecky 1

where
14

14 14
QExt = ﬂ{x eQ: ’xi,m’ > L}; QCore = U Qi,ma QNeck = U -Ai,m-
=1 =1 =1
Subsequently, we express

1 1
o [ o nlmah @do=o ([ 4 [ [ ) ) (e
Q |ZU - W|4 QExt QCore QNeck ‘IB - w’4
=: Tpxt(2) + Zcore () + INeek ()  for all z € Q.

Owing to (3.26) and (3.15), we have
lpo.m(2)| < CCoW () + 04 (1) Wi (z)  for x € Q.
Thus, there exists suitable constants L, M > 0 such that
M3L Yog L+ M*%,2 + M~ + max SimM* < com,

where ¢g,, > 0 is sufficiently small, which leads to

|po.m ()] < (CCocom + om(1))Wp(z) for x € Qpxt. (3.28)

4f p = 1, then Qneck = 0 and Qcore = {x € Q @ |z1,m| < L}. For v > 2, we essentially use the bubble-tree
structure introduced by [22, Subsection 4.2].
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Then, using (3.15) again, we arrive at

Tixt (2) < (CCocom + 0m(1))CCOW () < ng(m) (3.29)
for m € N large enough.
If we establish

|p0,m(x)| = Om(l)Wm(ﬁ) for z € Qcore, (330)

it will follow from (3.15) and W, < W,, again that

1 T

Zoore() < 0m(1)C mWm dw < =Wp, 3.31
Core) om0 [ (o W) (@) < T Wan() (331)

for m € N large enough.
In the following, we derive (3.30). Because of || po,m ||« = 1 and (3.28), there exist ig € {1,...,v}
and Ty, € B(&iym, dig,mL) such that

[P0 (Zm)| 2 5 Win(Zm) (3.32)
for m € N large enough. Denoting po m (y) == Wi (Zm) ‘po m(dzoymy + &iy.m), We observe that
Lzt wli’m((si"_my + Sigm) < m <12
Wm(xm) ~ 52‘07 ~
and
W34y m((slo my + fio m)
: : — 1,3 <1
Wm(fim) {v=1} ~

Arguing as Case 2 in [22, Lemma 5.1], we also have that given s > 2max{L,e'},

’ﬁO,m ’ < L + Z
jGD Zo
fory € K,.:= {y € R%: |y| < s and |y — zjj,00| > 5 for j € D(ip)},

—— =l
‘y_zZOJ ‘3 w22

and so there exists pp o € DV?(RY) such that, up to subsequence,
Po.m — Poco  in CL.(RO\ Z5) asm — oo,

where Zo 1= {2iyj.00,J € D(ig)}.” From (3.24), we obtain that

— Apooo = pUP Py in R6 \ Zoo, (3.33)

|P0,00 ()] S L + Z T oplesn for RS\ Z., (3.34)
JED(io) 103,09

/R6 PoocUP 1 ZF =0 fork=0,1,...,6. (3.35)

We claim each singularity zj;jco Of Pooc is removable if v > 2. Inequality (3.34) implies that
Po,00 S 1if |y — 2igj.00| > 1 > 0 for each j € D(ip). So it suffices to prove that

1p0,00(¥)] S 1 if y € B(zigj,00,1) for any j. (3.36)

Sf p = 1, then Zo = 0.
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We choose a small number ¢ > 0 such that ¢ < min{3|2iyj,,00 — Zigja,col * J1 # 2. J1,J2 € D(io)}-.

Then
1 1
1P0,00(¥)] S 1+ / dwly,>o
. ; o) Y= e e O

1+Z —

j€D(io

(3.37)
T Ly

Zigj o0

Applying (3.37) again, we deduce (3.36). Thus, pg o can be extended to a function in L>(R")
satisfying equation (3.33) in R™. By the orthogonality conditions (3.35), we conclude that pp oo =
0, contradicting (3.32). As a result, (3.30) and so (3.31) are established.

The only remaining task is to estimate Zneck for v > 2. We claim that

14 1 14 P
R . < .
Co Z; /A eap <am ;wlm> (W)dw < =Won () (3.38)

for m € N large enough. We write xj;,, := 6%_7711(1' —&im)s Wim 1= »_1( —&im), and wjj pm =
6, L (w—&jm). Also, we set Cy := 14+ max{|z;| :4,j = 1,...,v, j € D(i)}. A straightforward
computation with the choice L' > 2C, yields that

1 ! o
o < / D dw
6
/~Ai,m Iz — w|? <wlm JGZD: B(&j.m81,m)\Usep (i) BEemsde,mL) ) 17— wl* (wim)
1
6 i !
c —— if |z — & | > GimL
2 Tl 1 Gl 2 i
< JED(1)
~ ) g2 if 2€d; p, < |z — 5j,m| < 5@',le
G if |2 — &jm| < 2€0im (3.39)
( 1
S(L)? i o = G| 2 Sl

’xi,m|2

1
62[1 + (L/ + C*)Q]i2 if 2€5i,m < ’.CI} — 5j,m| < (5i,mL,

A

Tim

1
€21+ (2¢ + Cﬁﬁ if |2 — &jm| < 2€0im

L Tim
N 52L,2Wm($)>
where we used
3| jim|
2

|2 ji,m|
% S @jiml| = |zigm| < Timl < @jiml + |2zigm| S

to get the third inequality.
Additionally, we conduct computations

lm 2 lm 2
/A |x_w|4 dw<L Z/|x_w|4 >dw<L W ()
1 67

Hm 1 eD(i 1€DG) {wi m
l,m
/ E —dw
4 6
. T — W™ (w
Hm l€{5 <8} lim |2i1,m|ER} | ‘ < l,m>
n— 00

fOI‘ ‘$ji,m| 2 L/ 2 Q‘Zij,m’

and

1m7
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SN 5>

_ _ . lym . .
1E{6,,, <0, s 1M |zi0,m |€R} JeD(3)

1
———dWjim S NW. ’
/B(o,e) [@jim — Wil Om (1) Wi (z)

where we adapted the strategy in (3.39) to obtain the last inequality.
In addition, we analyze
—2

1 O m
> s
A |.’E - w| <Wl,m>

1€ { lim_ |zt m|=00)

1 1
N 02 |zitm| dw < 0m (1) W ().
Z /%(fi,mv(s', va‘ o ’x - w|4 <wl7m>4 " "

l€{77}i£r100 |2it,m =00}

By recalling (3.16) and (3.17), and taking proper e, L', L and m, we obtain (3.38) for m € N
large enough.

On the other hand, using (3.18)—(3.23) and applying an analogous argument as above, we
demonstrate that

1 z : T
Co /Q — [am > (why,, + wsit,) | (w)dw < 5 Won() (3.40)
Neck

|z — w|*

for m € N large enough.
It follows from (3.38) and (3.40) that

INeck(x) < Wm(x) (341)

for m € N large enough.
Now, estimate (3.27) is a consequence of (3.29), (3.31), and (3.41). We complete the proof. [

Proof of Proposition 3.3. The proof follows the spirit of the argument used in [22, Proposition
5.4]. We initiate by checking the uniform bound

which is a direct consequence of the estimates established in (2.10), (2.8), and Lemma 2.1.
Denoting
h =Ty + Iy + I31 + Zo[po]

and realizing the estimates

Wi g (R 4 (W) g 1 < Kl
R e T P G A

one can invoke Proposition 3.2 and the Banach fixed-point theorem to achieve the existence of a
solution pg to (3.1) satisfying (3.4). Next, we test equation (3.1) against pp. From

1 1 1
Wls@) S m?X@?\ log 6;]3 + m?X"ﬂ? llog #i]* 1,—13 + Q|log Q|3,
2 2 2
IVl g S max 67/ log 65 + max ! [log il 1y + Qo5 Q15
we have

loolEsginy < [ 2000+ 0168 + (Zil + el + [Za| + [Zolgol) o

< Jlool? /Q 2o + o)W + ool /Q VIV + [|poll? /Q W
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(WL

< max §; | log &;] + max 7| log kil 11,—1y + Q*|log Q|
2 (2

SIW ey + IVl 3

yielding (3.5). This completes the proof. O

4. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is divided into two parts: In Subsection 4.1, we prove that (1.10)
holds. In Subsection 4.2, we show that this estimate is optimal.

4.1. Proof of estimate (1.10). If n = 6, we set pg by (3.1) whenn =6. If n =3,4,50rn > 7,
we set pg = 0. Define also p; := p — po. In light of (2.1) and (3.1), the function p; satisfies the
following boundary value problem

(=A = N)p1 = [(uo + 0+ po + p1)” — [ug + o + pol” " (uo + o + po)]
f+Ti+To+ 13 if n # 6,

v 6
FHTs—Ts) = > > F(-A-NPZF ifn=6
i=1 k=0

in

p1 =0 on 0,
<p1,PZZ-k>Hé(Q) =0 foralli=1,...,vand k=0,...,n.

Next, we establish the H{ (Q)-norm estimate of p;.

Proposition 4.1. Assume that €1 > 0 is small enough. There exists a constant C > 0 depending
only on n, v, \, ug, and 2 that

ol < € W lmgn +

il g + 1220, gt Wl et Lo
v 6 (42)
1T = Tl it Lowmor + 30D Loy
Lr» @ i=1 k=0
To obtain analogous estimates to (4.2) in [22, 15, 16], the authors decomposed p; into smaller
pieces by introducing auxiliary parameters, and analyzed each part relying on a coercivity in-
equality. See Subsection 1.3(5) for a prior discussion. Our argument in this paper is direct. We
first derive an H{(Q2)-norm estimate for the solution to the associated linear problem, whose
proof is based on a blow-up argument.
Lemma 4.2. Let A € (0,\) and TI*+ : HY(Q) — span{PZF:i=1,...,v and k =0,...,n}*+ C
HZ(Q) be the projection operator. For any functions o € HE(Q) and h € (H}(Q))* satisfying
0 —TH[(=A = N (pluo + )P ] = T [(-A = N)7'(h)] in Q,
0=0 on 051,
<Q,PZf> =0 fori=1,...,vandk=0,...,n,
it holds that
lellm ) S NPl (4.3)
Proof. We proceed by contradiction. Suppose that there exist sequences of parameters {(6; m, &i.m) }men,
and functions {0, }men and {hp, fmen such that

{m?xéim +max i + [l (1)) — 0 as m — oo, (4.4)

lomll 1) =1 for all m € N,
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and

Om — (_A - A)_l[P(Uo + Jm)p_lgm] = HL[(_A - )‘)_lhm] + Z Zuﬁmpzzk,m in Q,

i=1 k=0
om =0 on 012,
<gm,Pme>H1(Q) =0 fori=1,...,vand k=0,1,...,
’ 0
(4.5)
Here, PUs = PUs, 600 P20y, = Gin g5 2, and PZL,, i= 6;m 55, Besides, if,, € R
denote Lagrange multipliers. 7
First, we observe that
" h Pz,
I [(=A = X hand gy o) S ||(=A =2 i +ZZ H - PZ,
i=1 k= 0 %m Hg (Q) HY(Q)
. (4.6)
<l + 3| [ mp2t)
i=1 k=0

S Nl 222 ()

Second, we verify that

v

DO el = om(1) (4.7)
i=1 k=0

where 0,,,(1) = 0 as m — o0.
For this aim, we test (4.5) with Png for each j € {1,...,v} and ¢ € {0,1,...,n}. We only
need to focus on

/Q [(—A — AN)om — plug + Um)pflgm] PZ]‘.{m‘

S

[ (= NP2y, - s P2, o) (48)

+/Q [oh! = (PUjm)P ™ loml|PZ] ] 11,52, +/Q [(wo + o)™ = 0B [om|Ujm-

We now estimate each of the integrals on the right-hand side of (4.8).
It holds that

J ST B e P P P s
Q

x [H(PUj,m)plpz;{ —urize ’

71(9) + HijmHLPTfl(Q)]-{each PU; m, satisfies (1.7)}

Arguing as in (2.12) and (2.13), we deduce

[[(Pvimy -] P

,_.

+ ot Pz, - 22|
(Q) Js

S Jim,
L P (Q)

where Ji ;,, is the quantity Ji in (2.12) with (6;,0;,&;, ;) replaced by (0im, 05.m, Eims Ejom)-
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Also, by applying the inequality \PZ;-I] < PU; (which directly comes from the maximum
principle) for n > 6, (A.1), (A.2), and Holder’s inequality, we obtain

/Q (0P L = (PU )" ] lom|PZL,,)

/ > [(PUjm)P " PUim + (PUi )" loml| PZ2,,,| if n=3,4,5,
g i#] 5

/ [Up_lpUj,m — (PUj,m)p] lom| S / !Up - Z(PUi,m)p lom| ifn =6

Q Q :

\ i=1

ZHUP 1 ]mH p+1 )HQmHH&(Q) ifn = 37475a
S 1

ZHmln{ jm,U]p, HQmHHl if n > 6.

\ i#]

On the other hand, using (A.2), we have

- - _ -1
[ Two+ 0y =t T onlUsm 5 [ [0k uzopsa) + 08 Lo Il U

§||Uj,m||Lp+1 1{u0>o}+2|| || pi1 )1{u0>0,p>2}'
Therefore,

’ / [(=A = Xem = pluo + o)’ om] PZ?,m‘
Q

1
5 HQmHH&(Q) ”[]j,mHL?’%l 1{u0>O}U{eaCh PUj; p, satisfies (1.7)} + Z ||Uzpm ” ptl )1{u0>0,p>2}

() ’ P LT (Q
S NP Umll o if n=3,4,5
i Lr @ . p
+ v + Jim
S 710, 70 MR SR
= om(1), (4.9)

where the last equality follows from Lemmas A.2 and A.3, (2.10), (2.11), and [om|| g1(o) = 1.
Third, we assert that

om — 0 weakly in H (),
' as m — oo.
om — 0 strongly in L*(2) for s € (1,2%)
Since [|om || 3 (q) = 1, there exists 0o € H} () such that
as m — 0o,

Om — 0 Wweakly in H}(Q),
Om — 0o strongly in L5(Q) for s € (1,2%)

along a subsequence. Given any x € C2°(Q2), we test (4.5) with x and passing to the limit
m — 0o. We can derive from (A.2) and Lemma A.5 that

[ o= =i o] 5 [ [ot o 2ot o
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~1
St et o)+ lowl 52 o Loy = o)
This fact and (4.4)—(4.7) imply that

(—A = Noso = puh o0 in Q,
000 =0 on 09,

which together with the non-degeneracy of ug yields go, = 0 in €.

Let us now fix an index j € {1,...,v}, and define the rescaled function

- n=2 Q—&;

Gim(y) = 6, O (s + Em)  for any y € =2

]7m

for all sufficiently large m € N. We extend g;,(y) to R™ by setting it to zero outside its original
domain. We will show that

{gj,m —~ 0 weakly in DV2(R™),

N L asm —oo. (4.10)
0jm — 0 strongly in Lj (R") for s € (1,2%)

Because HgmHH&(Q) = 1, the sequence {g; m nen is uniformly bounded in DY2(R"), and so there
exists §;00 € DY2(RY) such that

{@j,m 0j weakly in DV2(R"),

B asm—>oo,
Bim — Bjeo strongly in L, (R") for s € (1,2°)

up to a subsequence. Given a function y € C2°(R"), we set

Xjm(T) = 5]m X ( ( - &, m)) for x € Q.

After testing (4.5) with X; m, the only technical point we encounter is to derive

/(UO + O'm)p_lgm;(j,m = / Up_l@j,oox + Om(l) (4'11)
Q R™

as m — oo.
Indeed, direct calculations give us that

n—2
/Q(PUj,m)p_lgm)NCj,m — A—fj,m Up—léj,mX + O (ch;n )
—om

j,m
= / Up_léj,ooX + Om(l)a

because

—1

p+1
(PUj )P~ — UYL H|PU = Ujan| UT721
/Q‘ 7 P 4 P=2HI LB (B(e; madies m.00)

+ [[PUjm — Uj,m|p+ ||L1(B(§]~m, (€. 0) (4.12)

n—2

—I—/ U]DJrl < Hjm ,
B(sj,mvd(gj,maag))c

while we know

/ﬁﬁgmmm—5l/ A2 (& + 63m) (B3 1)y = Om(1)
Q supp(x)
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thanks to the boundedness of ug. Furthermore, for 1 <i # j < v,

n—2

/Q(PUi,m)p_IQm)Zj,m| N |:6j,72n Uim (gj,m + 6j,m'):|

= Om(]_)’
p+1
L 7 (supp(x))

since
_A4n_
<5j,m nt2 dy
5. 5;, 9, An_
i,m supp(x) (1 + (52;” ly — zwm\) )”*2
5 _4n_
im n+2 _8n_ .
<5j- > |2ij,m| " ¥2 if |2ijm| — oo,
i,m an
5]' m \ T2 1 . .
< ’ s, ———=s-dz if [2i5m] is bounded, 6; m < 6jm,
Oim 21522 (14 |2])
Sjom \ 712 . .
5" if |2ij.m| is bounded, &; m > 0 m
i,m
_ 8n_
%ij,;L,j—Z if |Zij,m| — 00,
8jm \ 72" Oj,m 8y \" . .
< {3 Lip>2y + |log 5= Lip—ny + { 5° Lip<ay| if [2ijm] is bounded, 6;,m < djm,
~ i,m . i,m i,m
8jm \ 12 . .
<6i*m> if |2i5,m| is bounded, 0;,m > 0;,m,

where % m is the quantity introduced in (2.3) with (&;, &j, 0;, 0;) replaced by (& m, Ejms 0i,ms 0j.m)-
By (A.1), and Lemmas A.2 and A.3, we also have that

/ (PUj,m)p_2 (Uo + Z PUi,m) |Qm>2j,m‘1{p>2}
¢ i
. pp—2 p—2 —
< [; [0mU221, g o + 00 I, gt L) = o)
Combining the above calculations, we derive (4.11).
Taking m — oo, we observe from (4.5) that

Givo =PUP 1000 i R™, 5 € DVAHRY),

V@jpo-VZk:O forall k=0,...,n.
R’I’L

The nondegeneracy of U implies that 9;~ = 0, yielding (4.10).

Finally, we will prove
Tim om0 = 0. (4.13)

Since (4.13) contradicts (4.4), we will be able to conclude that (4.3) must hold.
To deduce (4.13), we test (4.5) with g,,. Then, we only have to consider

v
[wotonrie s [ g+ [ ety
Q Q =1 /Q

n—2
S om(1) + /n urta:,, +0 (m?X“i,fn ) ”Qm\@zg(g)

= o (1).
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Here, we employed (4.12) and the facts that o, — 0 strongly in L*(Q) and ¢7,, — 0 weakly in
Lﬁ(R”). We are done. O

Proof of Proposition 4.1. We set

hy = [(uo + 0+ po+ p1)" = uo + 0+ polP ™ (uo + o + po) — pluo + o + pol”~ 1]
+p [|uo + 0+ polP~t = (ug + 0)7’_1] p1
J+h+Ia+ 13 if n # 6,

v 6
fHTs—Ts) = > > F(-A-NPZf ifn=6.
=1 k=0

From (4.1), we have
pr =TI [(=A = N (p(ug + 0)P ' p1)] = TH(=A = A) '] in €,

p1 =0 on 09,
k _ C _
<p1,PZZ->H6(Q)—O fori=1,...,vand k=0,...,n

By making use of (4.3), (A.2), (A.3) and Holder’s inequality
ol

S Il + loal oy L2y + lorl2 o + (ool gy L2y + loolligzigy ) ol ey

T 7 T if 6
| 1||Lpr#(9)+” 2| L(Q)-ﬁ—H 3HL%(Q) if n # 6,
6

”M“ﬁ

1Zs — I31|!Lp+1 kz_: if n = 6.
Since p > 1 and ||P0||H(}(Q) = 0, (1), we immediately deduce (4.2). O

Corollary 4.3. For each i =1,...,v, we assume that PU; satisfies (1.7) if n > 5 or [n = 3,4
and ug > 0], and satisfies (1.8) if n = 3,4 and ug = 0. We define

max d; ifn=3 and ug = 0,
m}xéﬂlogéi\ ifn=4 and up = 0,
Ji1(01,...,0,) = maxé:%2 if [n = 3,4 and up > 0] or n =5,
mzaxéﬂlogéi]% if n =26,
m:aX(SiQ ifn>7,
max KJ?_Q ifn=3,4,5,
/#11|10g/£1|% ifn=6andv =1,

le(K'la .. ',K'V) =

2 .
max kj [logkg|3 ifn="6and v >2, °
! nt2
max K; ifn>17,
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and

Q ifn=3,4,5

1 .
J13(Q) = < Q| log2Q|§ ifn==6 1,50
n+

QZ(n72) ifn >7

Then
1ol a2y S I lmr ) + T11(01, -, 00) + Tiz(kas - k) + T13(Q). (4.14)

Proof. The result is a consequence of (3.5) and (4.2). O

Proposition 4.4. For eachi=1,...,v, we assume that PU; satisfies (1.7) ifn > 5 or [n = 3,4
and ug > 0], and satisfies (1.8) if n = 3,4 and ug = 0. We set

max d; ifn=23 and ug =0,

1
max 62|log d;| if n =4 and ug = 0,
(2

\721(517"'7511) = n—2 .
maxJ; * ifn=3,4,5 and ug > 0,
max 02 if [n =5 and up = 0] orn > 6,

2

and Jo3(Q) := QLyy>ay- If each &1, ..., &, lies on a compact set of Q, then it holds that
J21 (01, -+ 0) + To3(Q) S II.f Nl - (4.15)

Proof. Let j € {1,...,v} be fixed. By testing (2.1) with PZ]Q, we obtain
/ T,PZ) + / L,PZ) + / IsPZ) = — / Pz — / To[p|PZ}
Q Q Q Q Q
+ / [(=A = X)p —p(uo +0)P"p| PZ].
Q

Asin (4.9), we apply Lemmas A.2—-A.3 and (4.14), and the assumption that &; lies on a compact
set of 2 for i =1,...,v to deduce

[ 1200 ptan + 0712

14
—1
S HPHH(}(Q) ||Uj||L1’p#(Q)1{uo>0}U{PUj satisfies (1.7)} + Z HUzp ||L%(Q)1{uo>0,p>2}
i=1
SNUFUG i ifn =345
-y L7 ()
+ Li>2y

i#j
. -1 -1 .
Z Hmm{Uip U;, U Ui} ifn>6

i#j

= 0o(Jn1 (81, ...,6,) + T23(Q)).

ptl
L 7P (Q)

6The bound for n = 6 and v > 2 may not be optimal. We present it here for the sake of completeness.
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Using (A.5) and the fact that \PZ?\ <37, Ui, we also know that

‘ / TP <
Q

/ min{c?~2p?, \p]p}|PZJQ| ifl<p<2,
Q)

p—2 2 P 0 i
/Q (72 + o) IPZ9] it p =2 w1
1
< /) Z U7 10P + ol oy Livsy S Il
Without loss of generality, one may assume that 6; > do > --- > 4,. By employing Lemmas

2.6-2.8 together with a,, b, > 0, d(&,00) 2 1, —wi({i) > (0 provided n = 3, ug =0, and v > 2,
and

SUI-baAE - &l — s E)NSEE ifn=3

0nqii + i#£] 1 Nzemy Qi
i Y [barloglé; — & — caHA(€,6)16:8; ifn =4 {n:3,4, and wo=0 and qij:( ‘f/ois‘) } A
i B

we adopt the same reasoning as in [22, Lemma 2.3] (which is based on mathematical induction)
to achieve

J23(Q) < ISl (HL(Q))" +0(J21(01,...,0,)). (4.17)

Then, one may take the test function PZY, where 6; = max; d;, to prove

/ T,PZ}

I (01, -00) S 1 ez )y +

+ 0(Ja1 (61, -, 0,) + Ja3(Q))

(4.18)
Sl yys + 0o(J1 (61, -5 00) + Fos(@Q))-
Here, we used ‘ Jo IQPZl} < @, which comes from (2.36) and Lemma A.3.
Putting (4.17) and (4.18), we establish (4.15), concluding the proof. O

We are now in a position to establish estimate (1.10).
Proof of Estimate (1.10). Since d(&;,08) 2 1, we have
Ji2(k1s -5 k0) S J11 (01, 00).

From (4.14) and (4.15), one can identify two optimal functions (i(t) and C3(t) of the form
t?|logt|’, with @ > 0 and b > 0 (b = 0 unless n = 6), such that

Ti1(61,-..,6,) S G(F21(01,-..,0,)) and  Ji3(Q) < G3(Js3(Q)).

Recognizing that ¢;(t) and (3(t) are non-decreasing for ¢ > 0, we obtain

ol @) < maX{HfH(Hol(Q))M G Nl ez ) 53(”]"”(;13(9))*)} = ¢ )+
where ((t) is the function introduced in (1.11). O

4.2. Sharpness of estimate (1.10). Let us divide it into two cases.

We prove the optimality of (1.10) when [n = 3,4, v > 1], or [n =5, v > 1, ug > 0] or
[n > 7, v =1]. In this case, we have that ((t) = t.

We select numbers § = 4; € (0,1) for each ¢ € {1,...,v} and points & € Q such that
d(&,00) 2 1 and ]fz &l 2 1 for all distinct indices 1 <14 # j < v. Under these conditions, it
holds that @Q ~ §"2 1,>0.
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Taking
1) if n =3 and ug =0,
52|logd| ifn =4 and ug =0,
€~
57 if n=3,4,5and up > 0,
52 ifn>7and v =1,

and using |[PZF| < CPU; in Q, we construct a nonnegative function of the form
Z PU+ Y Y ptpzt
1=1 k=0

where sz = 05(1), <¢5,PZ{“> =0foreachi=1,...,vand k=0,1,...,n, and H¢6||H3(Q) ~ 1.
Letting p := e¢s, we define uy :=ug + Y ;_; PU; + p so that u, = 0 on 99Q. Then we set

v p—1
fi=—=Auy —Auy —ul L =—Ap—Xp—p (uo + ZPUi) p+ Iy + Iy + I3 + Top)
i=1

where 7, T, T3, and Zgy[p] are defined as in (2.2) with parameters (d;,&;) satisfying the above
conditions. By Lemmas 2.1 and 2.5, we have that ||pHH5(Q) ~ e and

27
I g S Mol + Dol + 1Tl esr o Lwozoy + 1Tl es2 ) Lwoy + 1Tsll et
zex= ||PHH3(Q)-

Proceeding as in Step 2 of [15, Subsection 5.1], we deduce that

v
e ‘u*_<“‘)+ PU‘”H 2 el
(ideo.x0, ; 58 ) || 0 1ol g )
1= EARES )

thereby establishing the optimality of (1.10).

We prove the optimality of (1.10) when [n =5, v > 1, ugp = 0] or [n =6, v > 1] or
[n > 7, v >2]. In this case, we have that ((¢) > ¢. The proof is split into three steps.

We select § = §; € (0,1) and & € Q such that d(&;,09) = 1 and | — &| ~ 6° for
each i # j, where 4,5 € {1,...,v} and b € [0,1). This choice ensures that Q ~ §(1=0("=2)  We
impose a further restriction b € (Z—:g‘, 1) for n > 7, and set b = 0 in dimensions n = 5, 6.

We now consider the function p solving the boundary value problem

—Ap—Xp—plug+ o) p=T + Ty + Iz + Lop +ch ~A—NPZF inQ,
=1 k=0
p=0 on 99, éfGR fori=1,...,vand k=0,...,n

<p,PZf>H&(Q) =0 fori=1,...,vand k=0,...,n
(4.19)
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where PZF, T;, To, T3, and Ty|p] are defined as in (2.2) with parameters (;,&;) satisfying the
above condltlons We set f:=3 1 o> 7 (—A —\)PZF. Then

1y S Z Z |

k=0 i=1

(4.20)
< (0) = 52 if [n="5, ug=0, v>1]or [n=6, v>1],
~ o ST if > 7 and v > 2.
By applying Lemmas 4.2, 2.5 and (4.20), we see that
<
1ol ) S Il ) + HI1||L%(Q) + HI2||L1%1(Q) + H13||L1%1(Q)
52 . ifn=5u=0, and v > 1, (4.21)
<< 6% logé|s ifn=6and v >1,
(1-b)(n+2) .
2 ifn>7and v > 2.
We now decompose p = pg + p1, where the functions gy and p; satisfy
— Apo — Apo — p(uo + U)p_lﬁo =T11{n>6, uo>0} + I21{n>6 v>2}
in Q,
+Z>\PU1{n 5.6) + Zo[po] +ZZ —~A—\PZF
i=1 k=0
po=0 on 00, EZ- GR forz—l,...,yandk—O,...,
<,50,PZZ-’C>H1(Q) =0 fori=1,...,vand k=0,...,n
0
and
v
— Ap1— Ap1 — pluo + o)’ o1 = Dol s yo—o, v2y + Z(APUz‘ + PUY)
i ln in €,
+Z)\PU1{H>7}+IO — To|po] +ZZ (& + ) (~A - nPzk
=1 i=1 k=0
p1 =0 on 09,
<I51’PZZ!€>H3(Q) =0 fori=1,...,vand k=0,...,n

respectively. By realizing |Z; + Zo + Y ;1 APU;| < Y7, Ui for n = 6 (since | — &;| 2 1) and
recalling (2.10), one can deduce a coefficient bound

SN IEF S ) (4.22)

k=0 i=1

and a pointwise estimate for pg:

fol(z) S W (x). (4.23)
Here,
n—=6
~in 1 _ou 0 2
Wy () = Wl{lfm\iéflﬂ}’ wfi(x) = Wlﬂngﬂ/z},
5(%—b)(n—2) sil-b)-132

we(z) (= ——1 'y w9 (z) = —— 1 e
ul (ag)? " {lil<min Bt} T T ey )
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n—=6
0z
w3z(x) = W,

and

v

Z W1} + 5] ()1 {n>7, wo0} + Z whi + W] (2)L{n>7, 22y + szz T) 156
i=1 = i=1

Moreover, we observe

171130y S || 221 s, womo, w323 +Z (APU; + PU? + APU;1{,57y) N
i=1 LP (Q)
53 ifn=5 u=0, v>2, (4.24)
< 54|10g5\% ifn==6, v>1,
52 ifn>7 v>2.

Combining these computations and adapting the approach of Proposition 4.1, we reach the
improved estimate

53 ifn=5, ug=0,v>1,
o) S <2(6) = 52]10g5\% ifn=6,v>1,
A=b)(n+2)
2 fn>7 v>2.

‘We now establish the lower bound
1ol 2 () < s2(0), (4.25)
which in turn implies

ol ) 2 CULla-1(0)-

Testing equation (4.19) against p and applying Holder’s inequality yield

IolBig = [ plwo+ 076 + [ (@4 T+ T Tl

/Q (Ill{n>6 uo>0) T L2lin>6, 2y + Z/\PU 1= 56}) po+ 0 (s2(6)%)

i=1
=t Jo +0(s2(6)?),

where we have invoked (2.11), (2.13), (4.24), (4.21), and the bound |Zo[p]p| < |p|™n{r+13},
Let G be defined as (2.7) for n > 3. We recall the integral representation of py given by

po(z) = /Q Ga(7,y) {p(uo + 0P B+ Til {6, ug>0y + Lalinse, 12}

+§:APU1M Mﬂ+10m<+§:§:c ~A—-\PZF
1=1 k=0

and the lower bound estimate of G:
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We also introduce the quantities

/Z)\PUi(x)/Gx(m,w)Z)\PUj(w)dl‘dw if n=75,6,
Q Q

Jop 1= i=1 j=1
/Ig(:c)/ Gi(z,w) Iy (w)dxdw ifn>7,
Q Q

and
J22 = / (Ill{n>6, up>0} +121{n26, v>2} + Z )\PUil{n_g,’G}) (m) / G)\(m, w)[p(uo + U)pilﬁo}(w)dmdw.
Q i1 Q

Then, by appealing to the inequality ||follf10) S <2(6), (4.22), (2.11), (2.13), and the non-

~

negativity of the functions Z;, Zo and APU;, we obtain
J2 2 Jo1 + J22

+o<
= Jo1 + Jaz + 0 (2(8)?) .

Assume that n = 5,6. A direct computation shows

/Q;PUi(x)/QGA(m,w);PUj(w)dxdw

n—2

>/ i( 5 >"52 57 s if n =5,
~Ja. 62 + |z — &2 (52+|x_§j|2)’%4_ §*|log§| if n=6.

2,7=1

Tilin>6, ug>0y T Z2l{n>e, v>2y + Z APUi1(n=56}

=1

i=1 k=0

~ k
pt1 <||p0|§{é(ﬂ) +ZZ|Q|)>
L'P (Q)

(4.26)

Assume that n > 7 and v > 2. If |z1| < 671, then |zo| < |2q| + @ < 6°7L. From this, we

derive
17

T, = 0" = Y (PU)’ 2 (PUL)P~' PU,
=1
and

-2 s-n2 -2 L _py(n—2)—2
07" 0% 90 5—"%25(1—b)(n—2)>5(2 )

(1) (22)" 2 ™ () V@)t

As a consequence, we have
Jop = / Ig(ac)/ Gi(z,w)Is(w)drdw
Q Q

Z 5(2—2b) (n—2) /

{le1]£300=1}

Urtu, >

/ 1 4 : n—2 ! 4dx1dw1+0(5(1—b)(n+2))
{|w1|<%|z1\} <x1> |x1 —w1| <w1>

> §2-2)(n-2) del +o(51-DH2)) > 51-b)(n+2)

{lar|stab-1y (21)° ’
(4.27)
where wy = 51_1(w —&).
We next estimate Joo. We denote
gm0 g g O e i1 g O g,
51— <l‘z>2 510 ji <$l> ji J=14 3 = <x1>2 30>
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and
14

V= Z (o7} + 093" )L {n>7, uo>0) + (D) + 05" Vg7, 0y + U3l (s ey -
=1

Recalling (2.10), we easily observe that

14
Thl(>6, up>0y + Z2lin>6, v>2) + Z APUlp—56y| SV,
i=1
which implies
~ 1 -
J22 5/9‘/(3?)/Q|J:_W[(1{u0>0}+0p )| pol](w)dwdz. (4.28)
Hence, it suffices to estimate the right-hand side of (4.28).
It holds that
~ 52\log5|§ ifn==6
1% < —b)(n ’
Wl o) {5“ i > 7,
and
Hw;‘;H e -+ ~°“tH pi1 S 5T in>7, sl pn <62 ifn=6,
7 (Q) L7 (Q
: 1-b)(n
Hw%;zHLm s e SETET a2,

P (Q) ()
By these bounds and the Hardy-Littlewood-Sobolev inequality, we have

~ 1 ~ —~
= drdwl < ||V -||W
[ V@) | oommlil @)zt SITH e IT e

B 54| 1log 6| if n =6, (4:29)
o\ st g, >7 :

In the following, we estimate the integral [, W(U”_l |po]) (w)dw by dividing cases accord-

ing to the dimension.
We redefine W as

"L log(2 4 |z .
ZwSJW if n=5,06,
W) := i:l,l !
( ) ~in ~in 1 out ~out 10g(2 + |IL‘1|) .
Z (1] + Wy;) —— + (W} + 0" ) ———5— ifn>7.
i=1 (ws) (z:)

(1) When n = 5,6, we notice from Young’s inequality that
5w ] P 52
n—4
(02 + |z — &%) 2

4 n
§%ta *

(0% + [x — &i[?)?

1~
Up ’LU3J S

for any i,j € {1,...,v}. Therefore,

/ p;l(apllﬁo!)(w)dw SW().
Q

w‘n 2

(2) Assume that n > 7.
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Suppose that |z — &;| < V0. If we also have |z — &| < /8, then Young’s inequality yields

Njw

53

8 3
o < oo+ on
4]z =G| Y (@)t T (xy)?

P 1 ~1n <
(02 + |z — &?)?

(3 1]N

for any i,7 € {1,...,v}. If |z — &| > /0 is valid, then using the inequalities <1<

6
02 +lz—&[?
W, we find
P 1 ~1n 53
CS - g

Suppose next that |z —§&;| > V4. If we also have |z — &| > /9, then Young’s inequality again
gives

- 1
sz ' ?}lt S
(x;

. - -
out < 5 (,U?;lt + U(I)th) )

~0ut
+
S

1
If |z — & < /0 is valid, noting that wout < 4, we also have
L gout ~
Uy—agyt S 5ot
Moreover, if |z;| < % and |x;| > % > |xj|, then

p—1 ~in 2(1-b) ~in
Ui wzj S (5 ( )U2j'

Suppose that |z;| > % so that 1+ |z;| < |:cj]+|€i%5£j‘+l < |z4. If we also have |z;| < K%fjl,
then

u 572 —b)—12 —b)(n— in
UZp 1~ 8jt§W54(1 b) 5 +(1-b)(n—6) _ <x‘>2v2i'

If |x;| > % holds, then by Young’s inequality,

n—4
- ot \ [ 05t 1
Up 1 ~out S ( 21 ) J S, ,Dout 4 6out.
R BANTIE (z;)? @) )Y

Putting the estimates above together, we conclude

3
—_

/ (o7 ol (w)dw
Q

|z — w[” 2
. 1
< / z ’n — Z [( 5 +5> (01 + 095°) + <<>2 + 52(1—b>> (05 + ~§’;“)} dx
Q% — z;

<W(z) + [52<1—b> + 5} W (z).
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Now, if we select L > 0 satisfying {|z;| < L} N {|z;| < L} = 0 for 1 < i # j < v and
L~ > 5205 1§ then

L7 [ e D e

N/V(m) {W( ) 1oy fleg<zy + L7 W (@ )1ﬂi":1{\xi|2L}] dx

(1-2b)(n—2)-2 52 log(2 + |zi])
S Z 5 L+ Loon
/$Z<L} [ 74>8 { >, 22} <$1>8 { >7, 0>O}

4.30
+5(%_b)("_2)_2 log(2 + |x;]) 1 54" log(2 + |zi]) 1 i ( )
n>7, up>0, v>2 — n=>5,6
<xi>8 {n> 0> } <$z>2 4 { }
—151t7 Irr
FLTNVI s (W s
5t ifn=>5,6
Y L—l 2'
{5(2—25)(n—2) ifn>7and v > 2} + ()

Estimates (4.26)—(4.29), along with (4.30) for L > 0 large enough, imply the validity of (4.25).

Let uy := ug + ;1 PU; + p, (up)+ = max{Fuy, 0}, and u, := (uy), .

Observe that

(—A = Nuy = |ug [P~ lujj—i-zk 0 et &F(—A - /\)PZk in €,
i=15 (4.31)
ug =0 on 0f).

Assuming that &; satisfies the assumption of Theorem 1.1, we introduce

di(u) == mf{Hu— <U0+Z Z7&)

Arguing as in Case 1, we can verify

’Hé(Q) : <Sz7gz) € (0,00) x Q, 1 = 1,...,y}.

di(ug) Z [lpll o) = <2(6)- (4.32)

Testing (4.31) with (uy)— gives

)= 1 = - 5% ) + / Z ~A=NPZu)-.

Using the estimate 0 < (uy)— < |p|, we get

1) 117 < Mol o /ZZ\C’“II ~A = NPZ|lpl = o(1),

k=0 i=1

and since

)15y S )ty = 0 (1)~ a0y )
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we obtain
n 1%
)-S5 feh [/ (=& = N PZH70] + Il e
k=0 i=1
n 1% 12
<Yy [ @40 3 [ +085) Lo o
k=0 i=1 j=1
+ (@5 + @35°) Lipor, vo0) + W31 (n=s.63] + 151112 (0)
< q(6)

Here, the last inequality holds thanks to the following estimates: If n =5 or 6, then

52 ifn=>5
(U +U; '
/ng( )3 {54|log(5\ if n=26,
and for 1 <i# j <v,

/wsj(Uf’JrUi)Sé”f/ e ”3j+5"22/ oo (UP+U) + 6252
Q (§J7 : ]) ({’u ‘ ])

If n > 7, then

2

/wlf;(UMU /wgyt (U + U < 5",
Q Q

/leﬁ(Up_’_U) < 5(1 b)(n— 2 /nglut U-p—l-UZ‘) g 5(17b)(n72)+27

and for 1 <i# j <v,

UP 4+ U, UP +U;) S 6200+
/lej( +Ui) = (/I <lsgl sgl+/sl Sl gy |<51/2>w13( +Ui) S 2

/ ~out(Up+U <5/ Up'i‘U)S(S%,
Q
[ anwr v 50" [ a5 g0pienen

[ agr+v) 580703 [ wr v g 5070

Therefore, by combining estimates (4.20), (4.32) and (4.33), we infer
di(us) Z dulug) = [ (ug) -1l Z 12l 3 () = 2(9)-

Moreover,

Pue) S Tug) + [[(ug) -1l S 1(9),
where T'(uy) = || Auy+ Auy + |ug|Pug || -1y S <1(6). In conclusion, we obtain a function u, > 0
satisfying

d(us) Z (I (1)),
thereby establishing the optimality of (1.10).
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5. PROOF OF THEOREM 1.3

In this section, we investigate the single-bubble case (v = 1), allowing the distance between
& and 9f) to be arbitrarily small, and prove Theorem 1.3. We assume that the function PU;
satisfies (1.8) when n = 3 or [n = 4,5, up = 0], and satisfies (1.7) when [n = 4,5, ug > 0] or
n > 6; see Remark 1.4(2).

We first examine the case when n =5 and PU; satisfies (1.8). By Lemma 2.1, Corollary 2.3,
and (2.31), we have

—1
Il o2 o S ICPUL = UNUE e

3
52 ur ! + |3 (& UP™Y| o
1@|_& N O N -
+ ‘ 51/*Ds < 51) ort L
0 L7 (Q)
< 6%+ k3
and
D 0 A 3 1 p—1 0
[(PUL)P = U] PZy = Sas0ip (U7 Z1)(z)dx
B(&1.d(€1,00)) 2 B(érd(e.00) |7 =&l
1 1 21
+>\“§P5%/ P NE] L5
BosTh) [ (1+]22)2 2P| (14 2[2)2
3 _
— 82aspHS(&1,&1) / UP Z0dx + O(83) + O(x})
B(&1,d(€1,09))
= b5A07 — 56703 (61) + O(67) + O(x3). (5.2)
Here,
r a5 170 2 1 1 |2]* — 1
bs 1= — (Up Z)(z)dz+ap/ — | ———————=dz >0
2 Jeo I2l S CENEDERNEE ITRAEDE
and ¢5 1= asp [ps UP1Z° > 0.
Combining (5.1) with (4.14), we obtain
01 ifn=3and up =0
8?|logdy| ifn=4and up =0
1ol i) S Il mr@)y-+ 6,2 if n =3,4,5 and ug > 0
82|log 1|2 ifn =6
52 if [n="5 up=0orn>7 (53)
KJ?_Q ifn=3,4,5
+ /ﬁ%\logm]% ifn==6
n42
Ky ? ifn>"7

Also, applying (2.14), (2.22)—(2.23), and (5.2), we deduce

/ (Ty + T5) P20
Q
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O(61) ifn=3 )
— [anu0(€)8,7 + { 0@ |log]) ifn=4 1m0 +0 (517 n FJf) 1(uo>0) (5.4)
0(63) ifn=>5

—c303(61)61 + O(61) + O(x3) if n =3,

04067 | log 81| — cad7p} (1) — 96|S3|A6 + O(02) + O(k]) if n =4 and uy = 0,
+{ —62ca0(&1) + O(6?|log 61|) + O(k1) if n =4 and ug > 0,

b5A\6F — c50503(&1) + O(63) + O(K3) if n=5and ug =0,

\)\bnéf — 67 %enp(&) + O (85K Y + 0k} if [n =15, up > 0] or n > 6.

As mentioned earlier, certain cancellations between terms with opposite signs may occur in
(5.4). To handle this issue, we establish an estimate for the projection of the term Z; + Z3 onto
the direction of spatial derivatives of PUj, as stated in the following lemma.

Lemma 5.1. For any k € {1,...,n}, there exists a constant ¢, > 0 such that
8 n
%(fl) ifn=23or[n=4,5, up =0]
/(I1 +I3)PZY| = (1 + 0(1))e, 07! x 851
& (51) if [n=4,5, up > 0] orn >6
(0(6:1)’) ifn=3,4,5 and up = 0, (5.5)
L .
O(67 |1log 1)) if n=3 and ug > 0,
+ < O(82|log 81)) if n =4 and uy > 0,
O(862d(€1,00) +62) if n=5 and ug > 0,
O(6¢) if n > 6.

Proof. By using Corollary 2.4, we obtain

ou B n
/ w(PU Pz = 20(6) [ (o — €O 2 @)z + O (57 + 7)
B(&1,d(€1,09)) 3 B(&1,d(£1,09))

) (512 + H’;)

for n > 3 (cf. (2.16)).
Let us refine estimate (2.18) for the cases n = 3,5 and ug > 0. If n =5 and ug > 0, then we

have
[ aenypsis ot [ ur
B(&1,mV/81) B(£1,d(61,09)) B(£1,d(1,090))¢
< 67d(61,09) + K1
Suppose that n = 3 and ug > 0. Applying (A.4), we expand Z; by

-1
7= punPur + PG P2 4 OO ) + 0 ()| 1 i
+ [pufg“PU1 + Ol (PUL)?) L psgy + 0((PU1)P)] L3¢, m/ar)e-

Also, we have

[ ey ezl =20+ o)) gepe) [ (0 — &) (U122} (@)
B(&1.v/5) & JBenden,00)
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1
6§ —2 1
+0 | 7 / ure | + / Ut
d(€1,09) Jp(e, die.00) Blerd(er,09)°

< 0?|log 61| 4 611 log k1| + KT

3
[ aeoyrdeziis [ vt Saossl.
B(§1,mv/61) B(§1,nV/61)

By combining the above estimates with (2.15) and (2.19)—-(2.21), we conclude

and

3
O(0f|logd1]) ifn=3 n
/QLPZ{“ = [ {0(8|logdy|) ifn=4pLlpsay+0 (512 +f~@?) 1{up>0- (5.6)
O(63d(&,09)) ifn=75

On the other hand, arguing as in (2.29)-(2.33) and (5.2), we can find a constant e, > 0 such
that

/Q (PULY — UT)PZ}

( n—2 8 1¢ _ n
57 ) [ (@ = &) U1 2)(w)da + O(8}) + O(s7)
3t (61.d(€1,00)
_ ifn=3or[n=4,5 uy=0]
- n—2
-0 aw it [ (@ = &)U ZE) (@)da + O(w}) (57)
3 (61,d(61,09)

if [n=4,5, up > 0] or n > 6
9
—(1+ o(1))end"™ 1820)‘(51)+O(5§’)+O(n?) ifn=3or[n=4,5 u=0],
_ 1

Do
—(1+o0(1))end]™ 18§ (&1) + O(kY) if [n =4,5, ugp > 0] or n > 6.
1
Here, we also used Corollary 2.4.
Moreover, we see from (2.24) and (2.25) that

\PU. P71 O(62|log61]) if n =4 and ug > 0, .
/Q H P satisfes (LD} (52 + fﬁ) if [n =5, ug > 0] or n > 6. (58)
Consequently, (5.5) follows immediately from (5.6)—(5.8). 0

Now we are in a position to prove Theorem 1.3.

Proof of Theorem 1.3. Throughout the proof, we keep in mind (2.8).

Let us prove estimate (1.12).

By testing (2.1) with PZ¥ for k € {0,1,...,n}, arguing as in (4.9), and using (4.16), we obtain

(Il + Ig)PZl

/ fPZY —/ olp)PZY + /Q [(=A = X)p — p(ug + PU )P~ p| PZ}

S Wy + Wl + Dol PO = OF P2 e (59)
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=l pgk _ 7k p-l 1
HIOEHPZE = 2D s+ IO s+ 10T et Lo oy
Having (5.3)-(5.5) in mind, we proceed by distinguishing several cases according to the dimension
n and the function uy.

Assume that n > 7.
We consider the following subcases:

o If b, A6F > cnp(&1)07 2, we have that 67 < ||| (H(9))

nt2

- When 67 Z ky? , it follows that ||,0||H3 S S (HL(Q))* + 62. Hence, ||p||H1(Q <
[RAIIZAYES)

- When 51 5 /41

nt2
, it follows that [|pll g1y S I1fll(ma () + 51

- Hence, [|pl| 1 () <
||f||2<" ”
o If b,\6% < Cn@(fl) , we have that #] 72 < ||f||(H5(Q))* and ”pHHé(Q) S HfH(H&(Q))* i
w1 % . Thus, [|olly @) S IIfH“" ”

o If b,\67 = c,0(£1)072, we have that ol i) <
n+2 2 n+2
(5.5) and (5.9) that &7 < I F1l ()= ope Consequently, ||p]|z1(q) < HfH oy 1>) .
Assume that n = 6.
o If a,up(£1)63 + beAST # cop(£1)07, we have that

1
1ol 2y < 11 g ) )12

o If agug(£1)0? + bgAd? = csp(€1)67, a cancellation happens in (5.4), which leads to

Il +Zg = Q(UQ(x) — uO(fl))PUl + 2(PU1 — U1)U1 + 2&690(61)(5%PU1.
Therefore,

ni2
1Al g ey + 817

. It follows from

ol ) < I gy + 172 + Zsll et o Sl oy + 87 + K7

Applying (5.5) and (5.9), we find that s} =~ 512 1Al a2 )+ + §tllog 81|, and so
1ol @) S 1N+

Assume that n = 3,4,5 and up =0

o If n =3 and ug = 0, we have that ||p||

1@ S I )
e Assume that n =4 and ug =0
— If by 07| log d1| # cagp} (€1)07, we have that (o]l () < 1l a2 ()
— If b4\6?|log 61| = qgoi(&)é%, we have that
Tz = (PUL)P — UP — pAdy|log 6, |UP ™!

+ pasdih (§)UT
Therefore,

2
lollgior 1 Ngeony + 172+ all 2 5 1 gy + 5%
Applying (5.4) and (5.9), we find that | [, ZsPZY| ~ 67 < ||f]| (mi () + 83, and so
1ol ) S 11 mp )+
e Assume that n =5 and ug =0



SHARP QUANTITATIVE STABILITY ESTIMATES FOR BREZIS-NIRENBERG PROBLEM 53

— If b5 A07 # c503(€1)07, we have the same estimate as above.

— If b5A67 = 503 (£1)0%, we have that 1ol @) S 1l + §2. By Corollary 2.4,
the inequality

-1 —1
”U{) 5185{“851751”LPT“(Q) S HU{D ||L5(Q)||5la§’f851,§1||L2(Q) S 5%7

~

8 7
(5.5), and (5.9), one derives that r} ~ 67 < 1/l (2 )+ + 61 » which gives [|pl| g1 () S

Assume that n = 3,4,5 and ug > 0.

n-2 A) ifn=3
If M 5 2 n5n_2 SDA X
o Ifanuo(§1)d,* # cndy {@(51) ifn=4,5

n—2 3 ifn=3
o If ayup(&1)6,2 = cné?_2 {tp,(\g(f)l) ?f " L }, the expansion
@ S1 un=4a,

11 —I—Ig = (UO + PUl)p — Ug — (PUl)p —puo(&)(PUl)p_l + (PUl)p — U{)

}, we obtain that ||l ;1) S 1f1 a2 ))+-

n—2 3 ifn=3 _
Frot {ZSQ ﬁn:45}u%mpl+APM1wﬂm

gives

< T 7 < 51 ifn= 3,
1ol @) S 1)y + 12+ 3||Lpr1(Q) S ey + 617%2 fn—ds

Besides, making use of (5.5) and (5.9), we know that

3

62 if n =3,
or7% ifn = 4,5.

n—1
R 2007 S Ny + {
We conclude

HfH(Hé(Q))* if n =3 and ug > 0,

HPHH&(Q) S

n—1

HfH(Hé(Q))* ifn= 4, 5 and ug > 0.

This completes the derivation of (1.12).

We prove the optimality of (1.12).
Assume that ((t) = t.

One can treat this case as in Case 1 of Subsection 4.2, by choosing a point & € 2 and setting

51 lfn:3 n—=2
€~ 9 . + Ky 7
07|logé1| if n=4and up =0

Assume that ((t) > t.
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Let us choose §; > 0 and &; € ) satisfying the following conditions

n72
anu(€1)0, %7 = coip(&1)00 2 if n=4,5 and ug > 0,
b5 A% = 503 (£1)05 if n=">5 and ug = 0, (5.10)
a6u0(§1)6% + 56)\5% > Cntp(fl)é% if n =26,
b, N7 = crip(&1)07 2 ifn > 7.
We now consider a function p solving the following linearized problem
—Ap —\p—plug + PUN)P~p =T + T3+ Ty[p] + ch —A—\NPZF inQ,
k=0
p=0 ondQ, &#FeR fork=0,...,n
k _ —
<p7PZI>H5(Q) =0 fork=0,...,n
where Z, Z3, and Zy[p ] are defined as in (2.2) with (d1,&;) satisfying (5.10).
Denote f:= 3 }_, & (—A —X\)PZ¥. Using (5.4) and (5.5), we obtain
1Nz ) < &)+ kem?ffn ||
/(11 +I3)PZ)| + max /(I1 +I3)PZE
Q ke{l,...n}
< Ky U ifn=4, ug>0], orn=>5, orn>7,
~ 62 if n = 6.
It follows that B
6,2 if n=4,5 and ug > 0,
52 ifn=5and ug =0
<g(8): =4 1 ’
1ol ) < <3(6) 2|logsi|} ifn =6,
n+2
Ky? ifn>"7.
On the other hand, we can deduce a lower bound estimate
Pl )
/ / (APU)( |n T (APU1)(w)dzdw if [n=4,5, up > 0] or n =6,
—w

[(PUL)P Uf](:v) o [(PUL)P — UP)(w)dzdw if [n =5, up=0]orn>7

QJQ |
2 (s3(6))%

We set uy := (ug + PUj + p)+. Then, by proceeding as in Case 2 of Subsection 4.2, we finish the
proof. O

’n2

Remark 5.2. Assume that v > 2. Arguing as above, one can find a nonnegative function
u. € HY(Q) with §; = &5 and | — &| 2 1 for 1 <i # j < v such that

o= (o043 05.6) o (56) € 002 1= 1 2.l

where ( is given by (1.13), except for the cases [n = 3, up > 0] and [n = 4, up = 0]. In these
exceptional cases, additional technical difficulties arise.
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APPENDIX A. SOME USEFUL ESTIMATES

Lemma A.1. Let a,b > 0. Then the following estimates hold:

: s—1 s—1 ifl1 < <9
(a+b)° — bs|§{mln{a byab*~ '} if 1 <s< 2,

a*~ b+ abs! if s > 2.
Moreover, we have the following asymptotic expansions:
(a+b)*—a®*=0(a*"'b)1s51 + OOb®) for s> 0,
(a+0)* = a® 4+ sa* b+ O(a* 2b*)1gng + O(b*)  for s > 1,

-1
PP 4242 4 00 sy + O) for s> 2.

For anya >0, b€R such thata+b>0 and 1 < s < 2, it holds that
[(a+b)° —a®— sas_lb‘ < min {a*2|b|?, |b°} .
Lemma A.2. Let s > 0 and Usg¢ be the bubble defined in (1.3). Then

(a+b)*=a*+sa* b+

§us if0<s< s,

/U(;fN (52\log5| sz——Q
grtts if s> 25
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Lemma A.3. Let Us, ¢, and Us; ¢, be the bubbles for 1 < #j <w. Ifs,t >0 satisfy s+t = 2%,

then for any fized T > 0, we have

min{s,t} .
s Ut < q@]n Zf |‘9 - t| > T,
05,6 05,85 ~ 3 .
R™ a;; " logqij| if s=t,

provided g;; in (2.3) is sufficiently small.

Proof. See [15, Lemma A.3]. O
Lemma A.4. Suppose o > 0. Then
5% f0<a<?2,
/ , 5 . o0+ llogle 1) ifa=2,
dz <658+ o —¢?) 2 if2<a<n,
— n—2 ( 2 _ 2> ~3\7
ol =2 \0R = = 6% (0% + [z~ 1) log@+ [z~ €07 ifa=n,
(P |z — )T ifa>n.
Proof. 1t follows from direct computations. O

APPENDIX B. PROOF OF (2.8)

Lemma B.1. Let ¢} (x) := H{(x,x) for n = 3,4,5, where HY(x,y) satisfies equations (2.4)-

(2.6). If d(z,00) is small, then we have

() = M (1+ 0(d(x,69)))
2(n—2)

[V(z)] = (2d(z,00))1 (1+0(d(z,00))) .
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Proof. Since € is a smooth domain, there exists dy > 0 such that for every x € Q with d(z,9Q) <
do, there exists a unique 2/ € 9 such that d(x,00Q) = |x — 2/|. By an appropriate translation
and rotation, we may assume without loss of generality that x = (0, d), 2’ = 0, and the boundary
near the origin is locally given by a C? function ¢ with ¢(0) = 0, V¢(0) = 0. Specifically,
00N B0,7)={y=(,y") eR": y" = ¢(¢/)} N B(0,7),
QONB0,7)={yeR":y" > ¢(y)} N B0, 7)

for some small 7 > 0. Let 2" = (0, d) be the reflection of x across the boundary. For sufficiently

small d, 2" ¢ Q, and the function w is harmonic in €. Define
,,‘n s — 3y — | if n =3,
F)’\L(y) = H;\l(y7 //‘n 2 - 2 log ’.’E” - y| lf n = 4,
)\

—2\%y —2"| ifn=>5.

/l‘n 2 2 ’x// _ y|
Then FY' satisfies
{A JFI 4+ AF = 7 in Q,

Fy =g} on 99,
where
2 .
—% (Jy — | — |y — 2"|) if n =3,
n 22
N(y) = —Alog|x—y|—?log\x”—y| if n =4,
—2X2|y — x| + 2X\3|2" — y| if n =75,
and
9x(y)
1 1 A )
‘y_la’an o |y_x//’n72 E(Ly*m’* |y—x”|) if n =3,
1 A '
ly — |72 - ly — 2|2 —(log |z — y| —log [z” —y|) it n =4,
VR 1 _
_ nln—2 _ M n—2 9 _ T _2A2(’y—x’—|y—l‘”|) if n=>5.
ly — | ly — 2" 2 \|z—yl |27 -y

For y € 092N B(0,7), we have the Taylor expansions

d
ly — 2 = VIyl> + &2 — 2dy" = /|y + (1+0 <| ‘Qy d2>>
d n
‘y—l'”‘ = \/‘y|2 +d2 +2dyn =\ ’y‘Q +d2 (1 +O (W)) N
where we used the smoothness of ¢. Since |y"| = |¢(y')| = O(|y'|?), we observe

1 1 2 2 _n—2 dy’l’b
— = d _
_ x//‘n72 (|y‘ + ) 20 <|y|2 + d2

ly —x["=2 |y
= (Jy]> + d*)~" 7" O(d) = O(d~"*3).
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Similarly,
ly — x| — |y —2"| = O(1) for n = 3,5,
log |y — x| —log |y — 2"| = O(1) for n = 4,
ﬁ—ﬁ:O(l) for n = 5.

For y € 00N (R™\B(0, 7)), the above differences are also uniformly bounded. In other words,
g3 | Loe 90y = O(d™"F).
In particular, || f{||z¢(q) S 1 for any £ > n. By standard elliptic estimates, we obtain
IS | oo () = O(d™F9).

Hence, evaluating at =, we get

ooz — aly — 2’ ifn=3
Px(z) = HY(z,2) = W — 3logla” —y| if n=45%+0(d ")
A :
‘y_x/l/‘n72 +3 |$,,£y| —2X\%y —2a"| ifn=>5
1

= W(l + O(d(x,090))).

The estimate for |V} (x)| follows analogously by applying interior gradient estimates under the
same reflections. (]

Remark B.2. The estimate for ¢ in (2.8) follows with slight modifications to the above proof.
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