STABLE SOLUTIONS OF U(1) YANG-MILLS-HIGGS MODEL IN R*
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ABSTRACT. We give a positive answer to the conjecture of Liu-Ma-Wei-Wu in [32] that the family of
entire solutions to the U (1)-Yang-Mills-Higgs equation constructed by the gluing method in that paper
are stable. This is the first family of examples of nontrivial stable critical points to the U(1)-Yang-
Mills-Higgs model in higher dimensional Euclidean space. Intuitively, the stability of these solutions
corresponds to the fact that holomorphic curves are area-minimizing. We also show that these entire
solutions are non-degenerate. Our proof is based on detailed analysis of the linearized operators around
this family and the spectrum estimates of the Jacobi operator by Arezzo-Pacard [2].

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

Yang-Mills-Higgs type functionals and their associated Euler-Lagrange equations are among the
most important models in modern physics. The study of these models, for instance, the instanton and
monopole equations[21, 30], has triggered many fascinating mathematical theories and results.

Here we are interested in a Yang-Mills-Higgs model with Ginzburg-Landau type potential and U (1)
gauge group (also called magnetic Ginzburg-Landau equation, in low dimensions):

(L £, 4) = /M{lvAw\2+\dA2+Z(1— !¢!2)2}-

Recently there has been increasing interest in this action functional. Lin-Riviere, Parise-Pigati-Stern,
Pigati-Stern [31, 38, 39] studied the asymptotic behavior of critical points of this functional in the
self-dual case. Among other things, they showed that a sequence of solutions with uniformly bounded
energies will converge in a suitable sense to a codimension two integral varifold. When the solutions
are minimizers, the resulting varifold will also be area-minimizing. This extends the previous result
of Hong-Jost-Struwe [29] for Riemann surfaces and Bradlow [8] for Kéhler manifolds.

On the opposite side, using a variational argument, De Pilippis-Pigati [17] proved the existence of
a family of solutions concentrating on given non-degenerate minimal submanifolds of codimension
two. Presumably, the Morse indices of these solutions should be related to that of the minimal sub-
manifolds. Note that in the self-dual case, classification results for entire solutions have obtained by
Taubes [44, 45] for finite energy critical points in 2d and De Philippis-Halavati-Pigati in [16], which
states that local minimizers satisfying suitable energy growing estimates have to be trivial. At this
point, it is worth pointing out that in the non-self dual case, Riviere [41] proved in the 2d case that
local minimizers are unique up to gauge transformation, provided that the coupling constant \ is large
enough.

The aforementioned results and their proof are indeed partly inspired that of the I'-convergence and
related results for the Allen-Cahn functional:

/{|vu|2 + % (1- u2)2} :
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where w is a scalar function. The Allen-Cahn equation
(1.2) Au+u—u®=0 inR",

which is the Euler-Langrange equation of this functional, can be used as a regularization of codimen-
sion one minimal submanifolds. This point of view turns out to be very useful and has some important
applications in the minimal surface theory, see for instances [13, 14, 20, 24, 25]. It should also be
emphasized that the codimension two case imposes more technical difficulties than the codimension
one case.

To better state our main results, let us mention some other interesting nontrivial results obtained so
far for the codimension one case. The celebrated De Giorgi conjecture [15] states that for any bounded
entire solution u to the Allen-Cahn equation (1.2) which is strictly monotone in one direction (z,,-
direction for example) should be one-dimensional. This is established in dimension 2 by Ghoussoub-
Gui [22] and in dimension 3 by Ambrosio-Cabré [1]. Partial results are obtained by Ghoussoub-Gui
[23] in dimension 4 and 5. Under the additional assumption that

lim wu(z’,x,) = &1, forall 2’ € R™,
Tn—Foo

Savin [43] proves the affirmative of the De Giorgi conjecture for 4 < n < 8. On the other hand,
Gluing techniques turn out to be powerful in the construction of entire solutions of the Allen-Cahn
equation. As a matter of fact, counterexamples of the De Giorgi conjecture in dimension 9 have been
constructed by Del Pino-Kowalczyk-Wei [18], using the Bombieri-De Giorgi-Giusti minimal graphs.

Later on, entire stable solutions to the Allen-Cahn equation in dimension n > 8 are also constructed
in [37] based on the family of minimal submanifolds asymptotic to the famous Simons’ cone. These
solutions are shown to be global minimizers in Liu-Wang-Wei [33]. Other stable solutions are saddle
solutions on Simons’ cones (Cabré-Terra [10, 11]). They are stable in higher dimensions (Cabré [12],
Liu-Wang-Wei [34]). The key ingredient in the proof of stability is the existence of a positive kernel
¢ > 0 of the linearized operator A 4 1 — 3u? at the solution u. Once such ¢ exists, then the stability
follows from testing the Allen-Cahn equation by ¢ 142 to get

(1.3) /]R V)2 — % + 3uPp? = /]R VY — ¢~ 1pVe|* > 0

for any compactly supported test function ). However, a similar argument using (1.3) does not work
for the stability of the Yang-Mills-Higgs equation that we will discuss later, since the solution is
vector-valued and is not simply a scalar function. We also would like to mention that in R3, Del Pino-
Kowalczyk-Wei [19] constructed a family of finite Morse index solutions to the Allen-Cahn equation
that concentrated near complete, embedded, non-degenerate minimal surface with finite total curva-
ture. The Morse indices of these solutions coincide with the concentrated minimal surfaces. In fact,
all these solutions constructed by gluing techniques exhibit suitable concentration near codimension
one minimal submanifolds, while in the normal direction, they look like the standard one-dimensional
heteroclinic solution of the Allen-Cahn equation.

Let Ay := V%V 4 be the connection Laplacian. For the Yang-Mills-Higgs model (1.1) in the
Euclidean space with a trivial Hermian bundle, the Euler-Lagrange equation has the form

{ A+ 2(jY]? — )y = 0in R™,
(1.4) - i
d*dA — Im(V a1 -¢) =0in R™.

Naturally, in view of the developments for the Allen-Cahn function, one expects to be able to build
solutions to (1.4) based on the standard vortex solutions (See Section 2 for more precise form of these
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solutions) in the two-dimensional plane, in replace of the one dimensional heteroclinic solution to the
Allen-Cahn equation. The stability(or instability) of these 2d vortex solutions depends on the param-
eter A and the degree of the solutions and is resolved in Gustafson-Sigal [26]. A quantitative stability
for critical points is proved by Halavati [27, 28]. Detailed analysis, including the I'-convergence the-
ory, of solutions to the equation (1.4) in dimension two is discussed in Sandier-Serfaty [42]. Actually,
the classical Ginzburg-Landau equation has also been discussed there. The main difference between
the theory of the Ginzburg-Landau equation and (1.4) is their asymptotic behavior at far field. Vortex
solutions to (1.4) decay exponentially fast, while that of the Ginzburg-Landau only decays at an al-
gebraic rate, implying that they are much more difficult to deal with. Here we will not touch on the
classical Ginzburg-Landau equation, only refer to [42] and the references therein for more discussion,
see also [7, 36].

At this stage, we already know that entire solutions of the Yang-Mills-Higgs model with multi-
ple vortex points can been constructed in [46] in the two dimensional plane. In higher dimensions,
Brendle [9] and Badran-Del Pino [3, 4, 5] are able to use gluing construction to build manuy interest-
ing solutions concentrated on codimension 2 minimal submanifolds based on the aforementioned 2d
vortex solutions.

Since holomorphic curves are area-minimizing, many codimension two stable minimal submani-
folds already exist in R%. In [32], a family of entire solutions is constructed using Lyapunov-Schmidt
reduction arguments, they concentrated on suitable rescaling of the codimension 2 minimal submani-
fold studied by Arezzo-Pacard in [2], given by

is
V/sin 2s

where s € (0,%),0 = (cosf,sinf) € S',0 € [0,27). Geometrically, this manifold has two planar
ends and can be regarded as a desingularization of the union of two orthogonal planes. Let us denote
these solutions by U, where ¢ > 0 is a sufficiently small rescaling parameter. Here we show that
they are stable critical points of the Yang-Mills-Higgs model (1.1), with the manifold M being the

four-dimensional Euclidean space R*. Our main result can be stated in the following

(1.5) T =

o,

Theorem 1.1. The solutions U, are stable and non-degenerate.

The notion of stable means that the quadratic form associated to the Yang-Mills-Higgs functional
is always nonnegative. In view of its counterpart in the Allen-Cahn case [19], intuitively, this should
be true due to the fact that the concentrating minimal submanifold is area minimizing. However, the
proof will involve many technical details. The main step is to get precise asymptotic behavior of the
solutions. This will then enable us to reduce the stability of solutions to the analysis of the Jacobi
operator. It is expected that this family of solutions are also minimizers of the functional, but this
problem seems to be much more difficult. We believe that this strategy can be applied to prove that
the Morse index of some critical points of U(1)-Yang-Mills-Higgs functional are determined by its
concentrated minimal submanifolds, as in the Allen-Cahn case.

The non-degeneracy of U, means that any bounded kernel of linearized operator L(-; U,) at U, is
a linear combination of Z;, j = 1,--- ,6(corresponding to translation or rotation invariance of the
equation) and gauge kernels(which arise from the gauge invariance) to be introduced more precisely
in Section 2.

The rest of the paper is devoted to proving Theorem 1.1. It is organized in the following way: In
Section 2, we recall some preliminary results, including the properties of the minimal submanifold
I', the vortex solution and related apriori estimates. In Section 3, we analyze the linearized operator
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L(-;, A) in detail and build up its relationship between the Jacobi operator L of I'. Section 4
finishes the proof of Theorem 1.1.

Acknowledgement. Y. Liu is supported by the National Key R&D Program of China 2022YFA 1005400
and NSFC 12471204. J.C. Wei is supported by National Key R&D Program of China 2022YFA1005602,
and Hong Kong General Research Fund “New frontiers in singular limits of nonlinear partial differ-
ential equations”. The third author thanks Wangzhe Wu for useful discussion.

2. PRELIMINARIES

In this section, we collect some facts which will be used later, including the stability of the minimal
submanifold I', Fermi coordinates, and related computations. We also list the properties of 2d vortex
solutions and the vortex solutions constructed in [32]. Apriori estimates of the eigenvalue problems
and linear theory for the linearized operator are also briefly discussed.

2.1. The minimal submanifold I'. Recall that the minimal submanifold I" defined by (1.5) is of
codimension two. It is a holomorphic curve in C2. Hence, it is area-minimizing, in particular, it is
stable. That is,

Proposition 2.1. T’ is a stable minimal submanifold.

After a rescaling by a small parameter €, we get a family of minimal submanifolds, all of them
being far away from the origin, with the form
elt€s B
N = ——=0,
© eVsin2es

where § = ¢ 's € (0,Z),0 = ¢ 10 € [0, %) and © = (cos ¢f,sin ef). [32] constructed a solution
(1), A¢) near I'e. To describe the solutions in a more precise way, it will be necessary to use the Fermi
coordinate, to be recalled in sequel.

Letm = ie~"*0, n = ie**O be the two unit normal vectors of I, where O = (—sin €l cos eé)
Define amap T : (3,0, a,b) — (21, 22) € C:

Y=Ic+am+bn

COSES =~ ~ ~ sines  ~ ~ ~
= ——=0O+asines-O —bsines- O, ———O + acoses- O + bcoses - @L> .
<6\/ sin 2€8 €v/sin 2es
Write ¥, := {(5,0,a,b) : a® + b < —15— =: r2}. These provide a local coordinate system for the

tubular neighborhood X, called the Fermi coordinates. We remark that actually, this local coordinate
system is well-defined in {(3, 6, a,b) : a? + b* < e~ 1r2}. But 3 is sufficient for later purposes.
In the Fermi coordinates, the metric is given by

a1 a12 0 0
N K5 a2 —be cos(2€5)  ae cos(2€S)
(9) = 0  —becos(2€3) 1 0 ’
0  aecos(2€3) 0 1

where

2
1 — 1 2p2 _—2be
A = (ay) = (ea (sin2€§)%) e Vsin 263

o 2(a? + 1) + —L - + 2ae/5in 263

sin 2es
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is a metric on I'c. Its determinant will be denoted by G' = det(g;;). One of the reasons that we will
do computations in these coordinates, instead of some moving frames, is that all these functions are
completely explicit.

For simplicity, we define o such that o(x) := (sin 2s)~! for z € ¥; and extend it outside ¥ to be
a smooth function on R* with

c1(1+ |z)) < o(x) < co(1 + |z]) in R?

for some constants cj, co > 0. Then the inverse of the metric matrix can be expanded as

p~ 6+ 2aep™? 2bep " 0 0
( ij) _ 2bep™" p~2 —2aep™® bep 2cos2e5 —aep~?cos2es
9°) = 0 bep~2 cos 23 1 0
0 —aep~? cos 2€5 0 1
3r2e2p~12 0 b2e2p~Tcos2e5  —abe?pT 7 cos 23
0 3r2e2p—8 —2abe?p~0 cos2e5  2a%€?pTP cos 23 O(e3 =1
+ b2e2p T cos2e5  —2abe?p O cos2ei  b2e2p2cos?2s  —abe?p2cos? 2s +O(ep™),
—abe?pTcos2ed  2a’2p O cos2e5  —abelp2cos?2s  a’e?p2cos? 2s

where p(z) := o(ex).
With these notations at hand, we can define the following inner products in normal space:
Definition 1. Let (y1,y2,y3,y4) = (3,0,a,b). For any complex-valued functions ¢1(3,0,a,b) and

Ca(3, 0,a, b), one-forms C1 = Ch;dy; and Cy = Cyjdyj, we define the following inner products in
normal space:

(C1,G2) = R(G1G), (C1,Ca) = g7 C1;Cay,
and

((¢1.C), (G2, Ca)) = (C1, C2) + (C1, C2) = R(C1G2) + g7 CriCay.

Now let us turn to the Jacobi operator Ly of the minimal submanifold I'. For a normal vector field
N = ie k10 + ie""ky©®+ = kym + kon, we have

LrN = AYN +2p N
= [p_ﬁk:lss + p 2k1gg + 2p~ % cos 25k — 2p 72 cos 2skag + p_2(2p_4 — cos? 2s)k1]m
+ [p_6k:253 + p 2kage + 2p~ % cos 2ska, + 2p 2 cos 2sk1g + p_2(2p_4 — cos? 25)kan,

where AY. is the connection Laplacian on the normal bundle NT of T in R%. See [2] for details.
A normal vector field N = kym + kon is called a Jacobi field on I' if Lr N = 0. We have the
following bounded Jacobi fields generated by rigid motions:

N1 = cosfsin sm + sin 0 sin sn, Ny = sin @ sin sm — cos  sin sn,
2.1) N3 = cos 6 cos sm — sin 6 cos sn, Ny = sin f cos sm + cos  cos sn,
. 1 . 1
N5 = (sin2s)2m, Ng = (sin2s)2n.

Here N;, j = 1,2, 3,4 are generated by the translation in x;-direction. N5 is generated by dilation
and N is generated by the action z — Jz in O(4)/SU(2), where

0 -1 0 0
1 0 0 O
J= 0 0 0 1
0 0 -1 0
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It is shown in [32] that the submanifold I' is non-degenerate.

Lemma 2.2. T’ is non-degenerate in the sense that any bounded Jacobi field on I is a linear combi-
nation of N;, j =1,...,6.

We also define the}ranslated coordinate t; = a —€f1,ta = b— € fo and the corresponding perturbed
polar coordinate (7, ¢), where f1(s, 6) and f2(s, 6) are perturbations given in Theorem 8.1 of [32] with
a different notation f1(s, #) and fa(s, §). Moreover, for j = 1,2, f; satisfy

IVE fillap + Ve fillsp + 1 fillzp < C.

for some p > 1. The norms will be introduced in (2.7).
With the notation above, the connection Laplacian A}, and

A€ = A&+ id* AE — 2i(A, dE) — |A]%¢

can be computed.

Lemma 2.3. For a smooth normal vector field N = ki(s,0)m + ka(s,0)n and smooth functions
n(s,0) onT and £(5,0,t1,t2) on X, we have

ALN :[p_6k‘1ss + p k199 + 2p~ * cos 2sk1s — 2p 2 cos 2skog — p~ 2 cos? 2ski|m
—i—[p_szss + p2kogy + 2p "+ cos 2skas + 2p 2 cos 2sk1g — p~ 2 cos? 2sks|n,

Arn = p~®nss + p~*nge + 20" cos 2,
and
AE = &ty + ity + Ar € + 2e(taly, — 11€5,,)p " cos(2€3)(1 — 2t1p %)
+ (13801, — 2t1ta€i 1, + 11 )p~ 7 cos” (2€8) — €p7 2 (p~t 4 1)(11&y, + t2&s,)
+26%p7? cos(263) (falry — f&r,) + 4ba€p T cos 268 (taksr, — t1€st,) — 26°p (frsbary + fasary)
— 26207 (108, + F2085,) + (2(t1 + €f1)p™" + 37 p~ P€)elas + A(ta + efa)ep” &y
+ (=2(ta + efo)p 0 + 37’26;)_8)6555 + 8t1€2p7 " cos?(2€8)&5 + 4tae?p? cos(2€5)&; + O(é®),

(2.2) d*A¢ = —\}aaj(\/égmj)g + d*Boé 4+ O(€3) = d* Boé + O(€%),

2.3

EA, zi@ = g Ai&j + (Bo, d&) + O(€)
= Azbq + Ayl — 2p~ 2 cos? 25(bE, — aky) — €2p~ % cos 25y
— 62/)_6(2152,0_1 cos(2€8) + Asfis + Ayfos)€s + er_2(2t1p_1 cos(2€3) — Az f1s — Aafas)§;
+ (Bo, d¢) + O(e%),

|A]¢ = g7 A A€ + (JAo + Bol? — |Ao[*)€ + O(€?)

2.4)
= (A3 + ADE+ Ep % cos? 25€ + (|Ao + Bol — | 40P)E + O(?).

The following formulas can be found in [3, 4, 5].
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Lemma 2.4. For a smooth one-form w = w;dy’, we have
B 1
VG

d*w

8j(\/égijwi)
and
1 y
d*dw = ———=gm0; (VG g g*wi)dy™,
G Im i (VGg" g™ wir)dy

where w;, = Ojwi, — Opw;.

2.2. Vortex solutions. In the two-dimensional plane, we have fundamental vortex solutions for each
fixed integer 7, called the topological degree of the solution. In the polar coordinate (7, ¢), the j-vortex
solutions u; = (1)), AU)) in R? has the form

YO (@) = Uj(r)e¥=1% and A9 () = V;(r)d(jg),
where Uj, V; satisfy the following ODE system

1 2 (1-V;)? A _
2.5) { —U = Uj +5° U = 5 (1= U)U; = 0,

VI + v/ - U (1-V;) =0.
Moreover, they have the following properties:
0<Uj,Vj <1on(0,4+00).
U, Vi > 0.
Uj ~ cir, Vj ~ car® as r — 0 for some constants c1,cp > 0.
1-U;,1-V; — 0asr — oo with an exponential rate of decay. In particular, 1 — U; =
O(e™™7),1 -V} = O(e™") as r — oo, where my, = min{v/\, 2}.

The existence and above properties of these functions are proved in [6, 40]. From results of [26],
we know that for |j| = 1, the vortex solution is always stable for any positive A; while for |j| > 1, it
is stable when A < 1 and unstable for A > 1. Since we are interested in stable solutions, here in this
paper we will only use solutions with |j| = 1. To simplify the notations, we set U = U1,V = V4,
although they are actually also depending on the coupling parameter \.

Roughly speaking, the family of vortex solutions (¢)¢, A¢) constructed in [32] can be written into
the form:

2

Ye = 1/105(5, 0,a, b) + 7706(57 0,a, b)a A = AOE(S) 0,a, b) + BOe(Sa t,a, b)7

where (¢ge, Age) is suitable approximate solution, and (1o, Boc) is small perturbation. For simplicity,
we will omit the subscript € later on. More precisely, (9, Ag) can be written as

o(s,0,a,0) = pD(a— efy,b—efy) = U(#)e,
Ao(s, 0, a, b) = Ay(s,0,a,b)dd + As(ty, tg)dtl + Ayt tg)dtg
:(—EflsAg — €f25A4)dS + (AQ(S, 9, a, b) — eflgAg — €f29A4)d9 + Aszda + Asdb

v ~ 174 ~ v ~ v ~ V.. - 1% ~
:(6f15? sin ¢ — efgs? cos p)ds + [—(1 — V) cos2s + efw? sin ¢ — Efgg? cos ¢|df — 5 sin ¢da + — cos odb.

inside X, where Aa(s,0,a,b) = —(1 — V) cos2s, As(t1,t2) = —% sinqg and Ay(tq,t2) = % cos .
Outside Y., (1o, Ao) = (We'?, Zdy), where W, Z = 1 + O(e™") and ¢ is an extension of the
angular function ¢.
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Remark 2.4.1. We remark here that our approximate solution is slightly different from that of [32].
We add (1 — V')dO so that By is of O(€?). The existence of such a solution is ensured with similar
arguments as that of [32].

To analyze the stability of such a solution, we need to study the linearized operator at (v, A),
defined by

L(¢, B, A) = <—AA§ —id* By + 2i(B, V 40) + %(W@r 20b[2¢ — §)> |

d*dB + Im(V a - € + V4 - ¥) + BJy|?
For any v € C'(R*), we define the Gauge transformations
G, (&, B) := ("¢, B + dv) and G (¢, B) := ("¢, B).
Definition 2. L(-;1, A) is called to be stable if for any v = (£, B)(integrable in suitable sense),
52E [0, 0] = /R4<L(U;¢,A),v> > 0.
L(-; 1, A) is invariant under the following Gauge transformation
L(G4(&, B); Gy (¢, A)) = G4 (L, B)).
Consequently, L(+; 1, A) admits an infinite-dimensional subspace of bounded kernels
(i3, dry) for any v € CH(RY).

Also, L(+;1, A) admits several bounded kernels as following:

Zj = (0;9,0;A), j =1,2,3,4, Zs = (z-Vip,x - VA+ A), Zg = (Jx -V, Jx-VA+ JA),
where VA = VA dx; for A = A7 dx;. Here Zj, J = 1,2,3,4 are generated by translations in
xj-direction. Z5 is generated by dilation

(@), A (2)dz;) = (P(tx), tA (tr)da;).
Finally, Zg is generated by the an action in O(4)/SU (2)
(b(a), A (2)d;) = (6(J), A (Jr)d((Ja),).

Even though these Z;’s are not in L?(R*), we can use the gauge kernels (i), dv) to modify them
so that they decay exponentially. Specifically, the modified kernels are

Z; = Z; — (1A, dAT) = (07 — 1AM, 0;A — dAY), j =1,2,3,4,
(2.6) Zs = Z5 — (i(x - Ay, d(z - A)) = (x - V), z;(0;A — dAY)),
Ze = Zg — (i(Jx - Ay, d(Jx - A)) = (Ja - Var, (Jz);(9; — dA)).

We define Z,,, to be the space spanned by the Z; (or Z i),7 =1,...,6 and the gauge kernels. We
will show in Theorem 1.1 that L(-; 1), A) is non-degenerate in the sense that Z,,, is actually the space
of all bounded kernels of L(-; 1, A). However, it is inconvenient to deal with the infinite-dimensional
gauge kernels. Also, the operator L(-;1, A) is not uniformly elliptic. To solve these problems, we
restrict the perturbation v into the space that is orthogonal to all the gauge kernels. To see this, we
notice that

/ (v, (i), dp)) = 0 for any 7 € CL(RY)
R4
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is equivalent to the gauge condition
S(yp¢) = d*B.

Hence, we introduce the modified quadratic form

[ v = [ (pv A+ [ (0@ 0By
R4 R4 R?
and the (Gauge-fixed) linearized operator at (¢, A) as follows:

. _ [(—AAE+ 2B, Va) + (A = DY+ (A + HPE - 5

9

where Ay = d*d + dd* is the Hodge Laplacian. Now LL(-, ¢, A) is uniformly elliptic and the stability
of L(v;1, A) is established if we show that there exists a constant ¢ > 0 such that

/R4 (L(v;9, A),v) >0, forany v € L*(R%).

Furthermore, the non-degeneracy of L(-;, A) is reduced to the non-degeneracy of L(+; 1), A) in the
sense that any bouned kernels of IL(-; ¢, A) is a linear combination of Z;, j = 1,...,6.

The following two orthogonal approximate kernels 7; := (7;,T,) of L(&, B; v, A) play a crucial
role in the later discussions.

Tl(tl, tz) = 8t1w0 — ’iAg?,/)(] = (U/ COS(Z) — Zg(l — V) Siné)eié,
To(t1,t2) = Bpytho — iAgthg = (U’ sin g + ig(l — V) cos d)e®,
!

T, (t1,t2) = 8y, Ag — dAs = 8y, Agdl — (01, A3 — 9y, Ay)dty = € cos 2s cos pV'dO + V?dtg,

!/

T32 (tl, tg) = atQAU - dA4 == 8t2A0d0 + (atQAg - 8t1A4)dt1 = €cos 2ssin g?)V/dé - 7dt1.

More precisely, they are actually the kernels of IL(&, B; 1o, Ag), the linearized operator at (g, Ag).
Their norms can be computed:

Lemma 2.5. We have the following identities:

(1)

+oo 1

[me = [ == [ vt - v,

R2 R2 0 r

(2)
§R/ T]_T2 == 3% T2T1 == 0, %/ TlTQ == 271'/ UU’(l - V)df,
R2 R2 R2 0

(3)

2 _ 2 _ e (v 3 (.3
|TB1| - |TB2| =27 dr + O(E )a <TBl7TB2> - O(E )
R2 R2 0

T R2
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2.3. Eigenvalue problems and apriori estimates. In this subsection, we consider the eigenvalue
problem of the Jacobi operator associated to nonpositive eigenvalues and derive the corresponding
apriori estimates. We first introduce some weighted Sobolev norms on I and I'. x R?:

2.7 11l 5 = sup < / | f(P)ypp(P)ﬂdvozF> "
Pel’ I

Igllogpe = sup  p(P)’e"l|gll Lo (B (Pap)):
(P,a,b)€T xR2

lgllz5.0.0 := 1D?gllog+2.p.0 + [ Dgllo.ps1p0 + l9llop.
1€, B)llo.g.p.0 := lI€ll0,5.0.0 + 1Bllo.gpos (1€ Blll2,.p.0 = I€ll2,.0,0 + 1| B]

where f(P) is a function on I" and g(P, a,b) is a function or one-form, (P, a,b) is a function,
B(P,a,b) is an one-form on ', x R2.

The eigenvalue problem of the Jacobi operator Lr arises from the second variation of the area
functional

27B7p7o-

Q(N, N) ::/\V?N\—Qp_Glledvolp,
r

where N = ki (s,0)m + ka(s, 0)n is a normal vector field on I" and VY. is the covariant derivative on
the normal bundle NT. It can be written explicitly as

Q(N, N) =/Fp6(!kls!2 + [kas|?) + p72([kaol” + [k2o[*) — 2072 cos 2s(kikzo — kak1e)
— p2(2p7% — cos? 25)(|k1|* + |ko|?)dvolr,
The related eigenvalue problem is
AYN +2p" N 4 pip N =0inT.
We also consider the region
.= {(s,0) €T : p(s,0) < R}
for a large number R and the eigenvalue problem in I'??

AYN +2p" SN + up® N =F inDE,
(2.8) R
N=0 on OI'**.

Then we have the following apriori estimates

Lemma 2.6. Let p > 1, 0 > 0. Then for any fixed Ry > 0 large and 1o > 0, there exists a constant
C > 0 such that for all R > Ry + 1, —po < p < 0, normal vector field F, if (2.8) admits a solution
N = kim + kon, then fori = 1,2, If | F'||p g+2 < 400, then

(2.9) [Nz < Cl|F [|p,p+2 + [N Loo(1p|<3R0)]
and
(2.10) HV%N”p,ﬁ+2 + HVFNHP,BH + HNHpﬁ < C[HF ‘p,5+2 + ”NHL°°(|,0|<3R0)]‘

Proof. Since —pg < p < 0, the proof (2.9) and (2.10) is almost the same as the proof of Lemma 10.2
in [37] and Proposition 8.2 in Liu-Ma-Wei-Wu [32] respectively. O
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We also consider the following eigenvalue problem for L.(-; ¢, A)

(2.11) L(v; 1, A) — MP_GU =0 inBc1g
v=_0 on 0B.-1p.

and the eigenvalue problem in R*

(2.12) L(v; 1), A) — pp~%v = 0in R%,

For the eigenvalue problems, we will show that the corresponding eigenfunction decays exponentially
away from I'..

Lemma 2.7. Let v be a solution to (2.11) or (2.12) with u < 0. Then for any fixed 0 < § <
V2

5 min{ﬁ, 1}, there exists a constant C' depends on 1 and § but independent of sufficiently small
€ > 0 and large R > 0, such that
0(3,0,t1,t2)| < C||v]|Lee T in 2,
Outside ., we have
(2.13) [0(3,0,t1,t2)| < Ce " in XX,

Proof. We first assume that v = (£, B) is a solution to (2.11). Note that if we test it against v, we find

that B
0 =(L(v;th, A) — pp~%v,v) = R(L(v; ¢, A1€) + (L(v; 9, A)o, B) — pp~|v[?

=~ SAIP + Vol — 23((4, de)€] + AP e — 413((B, V4v)E

A— — A
+ 2IRWE) + A+ RPIER — 21 + IBRIE — ool

Note that [A] = O(F e ™), 1 — [¢[> = O(e™7) and [V ap] = O(e™ ™ {VNT) a5 7 — 0o, In the
region g < 7 < 7. for some sufficiently large constant ry > 0 depending on A and §, we have
0> —Alv|> + 46%v)? — 2up~Cv|? > —A|v|* + 46%|v|?.
Note that w = e~ 207 4 ¢=2(27=0)7 j5 5 positive supersolution that satisfies
—Alw|? +46*w|? > 0inrg <7 < 7
if € is chosen sufficiently small and R > 0 is sufficiently large. Then by maximum principle, we have
[u] < Cv||peee™ forrg < r < re.

Then (2.13) follows from the maximum principle. Then we proved the lemma for a solution to (2.11).
If v is a solution to (2.12), the proof is similar. [l

We also list below the linear theory of L(+; 10, Ap) studied in Liu-Ma-Wei-Wu [32].

Lemma 2.8 (Theorem 6.3 in [32]). If ||(1, C)ljo,2,p5 < 400 for some p > 1 and § > 0. Then for
€ > 0 sufficiently small, there exists a unique solution (£, B) to

L(g)B;¢07AO) = (M? C) +Cl(879)7-1 +C2(870)75 forall (saeatbt?) S Fe X R27

/ ((&, B)(s,0,t1,t2), T;(t1,t2))dt1dta = 0 forall (s,0) € T,
RQ

with
1€ B)ll2,2p.6 < Coll (1, C)

‘0,2,17,5
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for some Cy > 0 independent of € and (j, C'). Here c;(s,0), j = 1,2, is given by

Jr2 (11, C) (5,0, t1,t2), Tj(t1, t2))dt1dts
cj(s,0) = — 5 .
Jre 171
2.4. Improvement of approximation. Establishing the stability amounts to analyze the spectrum of

the linearized operator around the solution. In our situation, it will be necessary to find a more accurate
approximate solution. That is, a higher order expansion of (7, By).

Let
_ (—Bagto + 5 (o> — )¢
S(vo, Ao) := (d*dAo E Im(Vj()l/Jo ?/10)0> '

be the error of the approximate solution. Then direct computation tells us that

—Apyto + = (|1/)g|2 — 1)y = 262p_67:U/ei‘1~5 +0(Ep~te™)
and
d*dAg — Im(V 430 - o) = O(3p~2e™")d5 + O(2p~2e7T)dh + [2€2p~t2(8, A3 — Oy, Ag) + O(2p~2
— 2629701 (0, A3 — 01, Ag) + O(3p~%e™))]dto

= 0(3p72e7™))d5 4+ O(3p2e")dfh — [2¢2p O sin @V’ + O(p~e ™)) dt;

+ 22970 cos V' 4 O(3p~e™T))]dts.

See also Lemma 4.1 to Lemma 4.5 in [32] for similar computation.

The O(e?)-terms above are orthogonal to the approximate kernels 77 and 75 up to O(€?). How-
ever, they are still large terms. In order to cancel these terms, we introduce the following improved
approximate solution. Let (71, By ) be the solution to the equation

STT!
L(n1, By;p™, AV) = ( Y e , ) in R?.
—sin ¢V'dt| + cos pV'dts
Note that the right-hand side is perpendicular to T=T — (0, cos 2s sin oV’ df) and Toi=Ts —
(0, cos 2s sin &V’d@), the kernels of IL(n;, By; P, A(l)) in R2. Thus the existence of such (11, By)
is ensured. Then the similar argument as in [32] implies that the solution constructed in [32] can be
written as

(v, A) = (o, Ao) + (0, Bo) = (v0, Ao) — 26*p % (1, B1) + O(3p~*e™77).
3. ANALYSIS OF THE LINEARIZED OPERATOR

The idea of proof of stability is as follows: If (£, B) is an eigenfunction of IL(+; 1, A) w.r.t. some
negative eigenvalue, then it can be written as (&, B) ~ k1 (8, 0)T1(t1,t2) + kao(3, 0)Ta(t1, t2), where
N = k1(3,0)m + ky(3, 0)n is a negative direction of the Jacobi operator L. Then the stability of Ly
can be applied. As a consequence, a detailed analysis of the linearized operator LL(-; 1, A) is required.
To start with, we need the following proposition to build up the relationship between L(-; 1, A) and
Lr.

Proposition 3.1. Let N = ki (3, 0)m+ky (3, 0)n be a normal vector field. Consider the vector-valued
function defined for x € ¥, by

v(z) = v(3,0,t1,t2) = (£, B)(3,0,t1,t2) = k1(3,0)T1(t1, t2) + ka(5,0)Ta(t1, t2).

~)]dt,
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Then we have

/ (L(v3 5, A), T3 ) dtrdtsm + / (L(v; 0, A), Ta)dt1dtzm
(a,b)eX. (a,b)eX.

=— LFEN/ T2 + O(e3p™*(0ijN + ;N + N)).
]R2

To prove the proposition above, we calculate the integrals term by term. For simplicity, we only
compute the first integral. The computation of the second integral is similar. The following lemma
computes the inner product of the first components of L(v; ¢, A) and 77.

Lemma 3.2.

R (L(v;y, A1 - Th
(a,b)eX,

= — [Ar, k1 — 2ep~ 2 cos 2sky; + €2p~2(2p™* — cos? 2e3)k1 + O(2 V7 ki )] /2 Ty |2
R

oS | d*BoTyT; — 23 /2<B0, de)Ty + 3%/2(|A<1> + Bo|? — [AD ) (ky |T1 | + koToTY)
R R R

+0(p~ (Dijki + Ok + Ky)).

Proof. From the definition of I, we see that

(L(v; 9, A))1 = —Aa€ + 2i(B, Vay) + é()\ — )2+ (A + %)W?g - %5,

In the following, we test 77 and calculate the integrals one by one.
Step 1: The integral of —A AE.
From Lemma 2.3, we have

AE = (Tiyt, + Titgtn) k1 + (Toryty + Totgry )k + €2p~ % cos?(2€8) k1 (63 Thtgty + 3T 1010, — 2t1t2T14,1,)
+ Ar kT — Ep 2 (p7 + Dk (4T, + toThe,) + 2ep™ 2 cos(2€8)ky5(ta Ty, — t1The,)
+ €2p 2 cos® 2e3ka (5 Tor, 0, + 1310000, — 2t1t2Tosy1,) + Ar koTo — €2p™ 2 (p™ 4 + ko (t1 Toe, + toTor,)
+ 2€p_2 cos(2€8)kog(taTo, — t1Tos,) — 4%ty (thétl — t1€gt2)p_5 cos(2€3)
+ 26 p 7 cos(263) (fale, — [1&,) + Atae®p ™" cos 2e5(tals, — t1€sty) — 2670 O (st + fasEsty)
— 262p_2(f19€gt1 + f2085,,) + (2(t1 + efi)p? + 37 2e)elss + A(ta + efa)ep” &
+ (=2(t2 + €f2)p™ + 37%ep ®)els5 + 8t1€%p " cos?(2€3)Es + Atae’p 0 cos(2€3)E; + O(2p™H).
Denote
Qr:=— 4e2t1(t2§0~t1 — t1£§t2)9_5 cos(2€5) 4 2€2p72 cos(2€8) (f2&1, — f1&e,)
+ dtoe?p™ " cos 2€5(tals, — t1&st,) — 2620 O (f1s€sty + fosats) — 262p_2(f1955t1 + fo0&51,)
+ 2t1ep V&5 + 4t26p*7§§§ — 27526/)755(;5 + 8t1e2p 7 cos?(2€8)E; + Atae’p® cos(2€5)&5.

We see that ) is orthogonal to both 7} and T5. Then we test 77 (¢1,t2) and integrate by parts in
(t1,t2). Note that

— 1
3?/ (t1The, + t2The,) T = / (t1,t2) - V|T1|* = —/ Ty |%,
R2 2 Jr2 R2
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%/2(t%T1t2t2 + t%Tltltl — 2t1t2T1t1t2)T1 = %/2(7528751 — t18t2)2T1 . Tl-F (t18t1 + tgatz)Tl -1
R R
+o0

_ +oo 1
:3%/ 83)T1 T — T = —37r/ F(U')? + ;U2(1 —V)%dr + 47r/ UU'(1—V)dr,
R2 0 0

— 1
3?/ (toThe, — t1The,)Th = / (ta, —t1) - V|T1|> =0,
]RQ 2 RQ

§R/ (t1 o, + toTo,)Ti =R | 70Ty - Th =0,
R? R2

%/2(t%T2t2t2 + B3 To1, — 2t1t0T o4y 1,)T1 = 9}3/2(7523151 — 1104, Ty - Ty + (1104, + t204,) T - Ty
R R

=R aj;TQ Ty =0,
R2

_ _ +oo 1
3%/ (taTor, — 1o, )i = —R | 0315 -Th = 277/ [F(U)? + ZU*(1 - V)% = 20U'(1 — V)]dr.
R2 R2 0 r

Combining the integrals above, we obtain
(3.1

R —A¢-T) =§R/ —(Tityty + Tty ) k1 T1 — (Totyty + Totor, ) ko T
(a,b)ES. R2

—[Ar, k1 — 2ep™? cos(2€3)kyg + 262 p~ 2 (p* — cos®(2€3))k1 + O(€°VE, k1)) / T} |?
R2
+oo
A(ep 2 cos(2e3)kyg + p2 cos(2e3)ky ) / UU'(1 = V)di + O(Ep~).
0

By (2.2), we have
d* A€ = d*By(k Ty + koTo) 4+ O(€%).

Likewise, we test 7' (1, t2) and integrate by parts in (¢, t2) to get

(3.2)
R | —id ATy = %/ d*Bo(k1 Ty + koTo)Ty + O(3p™4) = k:Q%/ d*BoToTy + O(3p™4).
R2 R2 R2
By (2.3), there holds

(A, d€) = Asé, + Asly — €2p~ 2 cos®(2€3) (b€, — a&y) — ep™ 2 cos(2€3)E;
— 2p7%(2tap™ " cos(2€3) + Asfrs + Aufas)&s + €2 p 2 (2t1p 7 cos(2€3) — As fis — Auaf2s)é5
+ (Bo, &) + O(e*p™)
=: A3€q + As&y — €2p72 cos?(2€3) (b€ — ap) — ep ™2 cos(2€3)&5 + Q2 + (Bo, d€) + O(ep™).
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We find that ()2 is orthogonal to both 77 and 75. Then we test 7 (1, t2) and integrate by parts in
(t1,t2) and deduce that

3.3)
3(3/]R2 2i(A, d&)Ty =R /]12{2 2i(AsTyy, + AgTiy, ) k1 T1 + 2i(AsTor, + AgTor, ko Ty
—262p7 % cos?(2€3) k1 g (toT1s, — t1T1s,) T
— 2¢2p72 cos?(2€3) koS . (toTos, — t1To,)Th
— 2ep ™2 cos(2€8) koS g o1, — 23 /R ) (Bo, d&)Ty + O(€%)
=R - 2i(AsThy, + AgTry, ) k1 Ty + 2i(AsTo, + AyTor, ) ko Ty
—2e¢2p72 cos?(2€3)ky Om HU")? + %UQ(l — V)2 -20U'(1 - V)dr

+00 o
+ 4dep 2 cos(2€3) kg / UU'(1—V)di — 23 / (B, d&)Ty + O(€3).
0 R2
Applying (2.4), we have
|A|2€ = (A% + Ai)(lel + kQTg) + 62[)_2 0082(265)(]431T1 + szg) + (‘AO +Bo|2 — |AU|2)§ + 0(63).

Then we test T (¢1, t2) and integrate by parts in (¢1, t2):
3.4

» / AETT =R / (A2 4 A2)(kn |12 + ko ToTY) + €22 cos2(2¢5) R / (k1| To[2 + ko ToTT)
R2 R2 R2
R [ (Aot Bof = [4oP)(in T + TS + O()
R
+oo
:klé)%/ (A2 + AD|T1|? + €2 p 2 cos?(2€5) - Tr/ F(U)? + iU2(1 —V)%dr
R2 0 r

+laR [ (Ag+ Bl = AT +0()
]RQ
Combining (3.1), (3.2), (3.3) and (3.4), we get
3.5)

R w —A&- Ty = §)?/2[—T1tlt1 — Tty + 2i(A3T1y, + AsThe,) + (A2 + AT T
ab)ex. R

—[Ar, k1 — 2ep™? cos(2€3)kag + €2 p 2(2p™* — cos?(2€3)) k1 + O(*VE k)] / Ty |2
: -

+k2%/ d* BoToT; — 2%/ (Bo,d&)Th + afe/ (JAD + By|? — |AW 2) (k1| T1|? 4 ko ToT1) + O(€%).
R2 R2 R2
Step 2: The integral of 2i(B, V z1)).
Note that V 49 = dyp — 1Ay = V 4,10 + V a,m0 — iBoo — Bono. Then we have
Vaytho = dibg — iAgtho =(—€ fTy — €gsTo)d5 + (i(1 — V)e cos(2€3)tg — € foTy — € ggTo)df
+ Tlda + ngb
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From this we infer
V/ VI
<Ba VA0¢0> — kl <TB1; VA0¢0> + k2 <TB2’ VA0¢0> = kl ?TZ + k27T1 + O(€3p_46_6r)‘
Then we test T’ (¢1, t2) and integrate in (t1,¢2) to get
o V/ o Vl
(3.6) §R/ 2i(B,V 4,%0)T1 =R 2ik1—T5T; + QikQT‘Tl‘2 + O(egp_4).
R2 R2 T T
Combining the integrals above, we get

R [ 20(B.Va0)T R [ 201(0As = 0, AT +R [ 20(B. Vi — iAo ~ iBov ~ Bum) i + O(p)
R R R

Step 3: Conclusion.
Observe that T} satisfies

1 A
—ApeT1+2i A T4 AW |2T1—|—2i(8t2A3—8t1A4)T1+§()\—1)(¢(1 ) T1+()\—|— )y |2T1—§T1 = 0in R
Combining it with (3.5) and (3.6), we obtain the desired result. [l
The inner product of the second components of L(v; ¢, A) and 73 can also be computed as follows.

Lemma 3.3.
[ (L5, )2, Ti) = = (B = 26072 cos2yy — 072 cos’(265)ks + OEVE k)] [T+ O(Ep™)
R2 R2

Proof. Recall that
L(v;9, A))2 = AgB +2Im(Vay - €) + Bly[.
In the following, we will test 751 and compute the integrals term by term.
Firstly, by Lemma 2.4, we have

1 3 1 3
ﬁgmzaj(\@g”gkl&k)dym —d (\/éaj(\/agZ]Bi)>
V// Vl

=0(€*)d5 + [ 2 e(k1 cos ¢ + ko sin @) cos(2¢3) <f - ) + O(e )} df + O(e%)da + O(e*)db

!/ " " V/
+ I:(Arekg —2ep~ cos.(%s)klg)K + ko (V 4

AgB =d"dB +dd*B = —

!
= 0082(265)‘/? — 262p_6V”) + Q3+ Q4} da
V/ V/// V/I V/
+ |:(—A1"€]{31 + 2ep~ COS(2€S)]{729)? — k1 <

V/
= COS2(2€§)? - 262p_6V"> + Q5+ Qg] db,

where

AN N/
Q3 :=2€2p~2 cos(2€5)( foka cos ¢ — fiky sin @) (V> — 262970 (f1skas cos + foskos sin @) (V)
T T

— 7 3 7 V/ /
— 2% p7%(f1gkng cos @ + fagkygsin @) <T>

- _ . %4
+ (2t16p_9k‘255 + 4t26p_7k2§9~ — 2t26p_5k29~9~ + 8t1e2p 7 COSQ(QGS)k‘gg + Atoe?p~® cos(2es)k29~)?,

o _ _ %4
Qa :=[(2f1p° 4+ 37 p™ P )kass + 4fap Thyzg + (—2f2p7" + 377 kogsl€” E
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!

B B / 5 AN
Qs := — 2€2p~? cos(2€5)( foky cos ¢ — fiki sin @) (Y) + 262970 (f1sk15 cOs + faskis sin @) <‘{>
T T

— 7 3 1 V/ /
+26°p7 % (f1ok, g cos ¢ + fagh,gsin @) <T>
V/

— (2t16p_9k1g§ + 4t26p_7k1§9~ — 2t26,0_5k:1§9~ + 8t1e2p 7 cosz(Qeé)klg + Atoe?p® cos(2e§)k19~)?,
!/

v
Qo :=— [(2f1p™" + 37 p™ P )krss + 4fap kygg + (—2f2p " + 3F2p_8)k19~§]52?.

Note that Q3da and Q5db are orthogonal to both Tz, and T, up to O(€?). It follows that
(3.7)

+oo  p2m \VAVa v V" ! 5 400
/ (AuB,Tp,) = —k‘l/ / — <~2 — = + 4> dpdr + 47r62p—6k1/ V'V di
R2 0 0 T T T r 0

400 1\2
+2(—Ar, k1 + 2ep~2 cos 2sky5 + e2p~2cos? 2sky + 0(62v%€ kil))ﬂ'/ @d?’ + O(é%)

0 T
—+o00 V/ Vl/l V// V/ ~
:‘2’“1”/0 = (172_73+77‘1)dr
+oo ( /)2

+2(—=Ar, k1 + 2ep~2 cos 2sky5 + €2p? cos? 2sky + O(€2V%€ k:l))w/ Tdf +0(Ep™).
0

To calculate the second term, we decompose V 41 = V 4,90 + V a,m0 — 1 Bopg — Bono. And we

have
!

\% _
(23(Vag¥o - €), Tp,) =2k1 STV agvo, T, ) + 2k2S(ToV ag 00, T, ) = 2k —S(NhTh) + O(€®).

Integrating in (¢, t2), we have

_ +oo q
/2<2%(VA0¢0 - €),Tp,) = — 4k17r/ ;UU’V’(l ~V)di + O(p™?)
R 0

and hence,
(3.8)

_ +ooq
/2<2%(VA¢ -€),Tg,) = —4k17r/ ?UU’V’(l —V)dr + /2 S(2(V 4ym0 — iBotbo — Bomo)&, T, ).
R 0 R
Finally, direct computations give
(Bltol*, Tp,) = kiU?| T, |* + koU?(Tp,, T, ) + O(’p ™).

Integrating in (¢1, t2) yields

+o00 12
(3.9) / (BIYP, Tp,) = 2mky | U2 _di + / (B(%[2 — [ol?), T,) + O(¥p~™).
R2 0 r R2
Taking derivative on the second equation in (2.5), we get
V// V/
V" — — 4+ 5 —2UU'(1-V)+ UV’ =0.
T r

Combining it with (3.7), (3.8) and (3.9), we obtain the desired result. O

With Lemma 3.2 and Lemma 3.3, we have the following rough result.
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Lemma 3.4.
(3.10)
(L(vs9, A), Th)dt1dty = R L(v; v, A)1Tidt dts +/ (L(v; 1, A)g, T, )dt1dts
(a,b)EX, (a,b)EX, (a,b)ex,

= — [Ar, k1 — 2ep~ 2 cos 2sky; + €2p 2 (2p~ ! — cos®(2€3))k1 + O(*VE ki )] / Ty > + |Tg, |
R2

vaohn [ Y0 4 ks [ @ BT - 28
1% 17 - T+ kQ\S d BoT2T1 28
0 r R2 R

2

(Bo, dé)T; + éR/ (JAD £ Bo[2 = |AD )k 13 2
R2
+R . 2i(B, V agno — iBoo — Bono)T1 + %AQ[;(A —D)(W* =Y+ (A + %)(WQ — [vol?)E| Ty

+ [ 3Ty = iBotio — Bom) €T} + [ (BUE = [0nl), Ty )+ O((0y5k] + 10| + [ED)

It remains to compute the terms from the nonlinear terms. From Section 2, we see that the improve-
ment of approximation has the form:

(0, Bo) = —2€2p%(m1, By) + O(p~e™0")

where (11, By) solves

=77/ i&
3.11 L(n . Bi: oW A0y = - rUe ) o R2.
( ) (771, lad} ) ) _sin ¢V,dt1 1 cos ¢V’dt2 mn

Taking 0;, on LL, we have for any (u, C),

3.12)
8@]14(#, C; wo? AO) - L(atilu’? atic; o, AO)

25[V 4, 01,90 — 10y, Aogtbo - 1] + 2R (2P0, 100)C
—3“(%31@(\@9“))(?40#)]‘ — O, g7% 0 + 210y, 78 Aok O + Or, 7% Aoj Aokt + 2001, g7 C(V 4000k
[~ 0t (= 00(VGg7)Cj = Oty 197" 03 Crn = 00,9 051Cim — O, (gimng”* O™ ) Cnl dy™ '

Let us recall that IL(-; ¢, Ap) is invariant under the following gauge transformation
L(G+(& B); Gy (0, Ao)) = G (L(€, B)) forany v € C*(RY).

Then we have

d ~ d ~ )
£|t=0Gt’Y(L(M7 C)) = £|t=oL(Gm(M7C); Gi~y(t0, Ap)) = L(iyp, C; 4o, Ao)

(.13) . (—z‘d*dw + 2i(dy, V agp) + 2{C, V 4y (i7ho) — idyibo) + (A — 1)2'71/’3/1)
2S([V 4, (iv90) — idyyo) - ] '
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Combining (3.12), (3.13) and taking v = Ag , for example, we have

d ~ )
ati]L(lu’a Ca ¢07 AO) - a |t=0GtA3 (]L(/l‘v C)) = ]L(atuu’a atzc) - ]L’(ZA3N> Ca Qva AO)
n <—id*TBlu + 2i(Tp,, Vo) + 2i(C, V4, Tt —iTp,vo) + (A — D)oTim + (2A + 1)%(%T1)M>
23V 4,11 — i1, %o - p] + 2R(oT1)C
N —0h (G506 (VGG™))(V ao); — 09" Ojips + 2001, g7 Agedjpn + 01, 97" Aoj Ao + 20,97 C(V ag o)
[—5ti,m(ﬁ5k(\/ég]k))0j — 04 k9" 0;Cy — 01, 97% 0,1, Crr — Oy, (grng”* Org'™) C)dy™ '

Plugging in (¢, C) = (m1, B1) and testing the above equation by (71,75, ), and integrating in
(t1,t2), we have

— 2%/2<Bl,dT1> +2§}E/2<B1,A0>|T1|2 +§R/2 2i<TBl,VAO771 — ZBl¢0>Tl+O(€)
R R R

+§R/2(>\ — DhomT1 + (21 + D)oo | T1)? + /2 I(2(Va,m — iBivho)Th, Tp1) + 2/2(21/10771T31,T31>
R R R

:/ (Or, Lo (s Cs2bo, Ao) — %!tzoétAg(Lo(u, ), (T, Tg,)) =: E.

R2
Plugging (3.11) into the right-hand side above, we can compute E as
e . (V) e (V)2
E:w/ F(rU" + UU' + UU'(1 — V) + ~——dF + O(e) :27r/ ——dr + O(e).
0 r 0 r

Then (3.10) can be represented as

/( | (L(vs9, A), Th)dt1dty = R L(v; v, A)1Tidt dts +/ (L(v; 1, A)g, T, )dtidts
a,b)eX.

(a,b)eXe (a,b)eXe

= — [Ar. k1 — 2€%p72 cos 2e8kog + €2p 2(2p7* — cos® 2e3)ky + O(EQV%le)] /2 171 1?

R
2 —6 oo (V)2 2 —6 T 3 -4
+4€e“p klﬂ/ TdT‘ 4+ 2¢“p k1 E — 2%/2<Bo, (k19T + kopT2)dO)T1 + O(e’p™ %)
0 R

= — [Ar, k1 — 26p~% cos 2ekog + 2p~2(2p™* — cos® 2€3)k1 + O(* V7 ki )] /2 IT1)? +O(3p™),
R

which is exactly the first component appeared in Proposition 3.1. Similar computation gives the second

component and we finish the proof of Proposition 3.1.
Before we state the next proposition, we define a cut-off function x supported in X:

x=1 ifa2+b2§%re,
x=0 ifa®+b*>r,

where we recall that r.(3,0) = %e_%p(é, 6)2. We also define the region
WE . ={ze%. : p50) <R}
and

2 .= {(5,0) eT.: p(5,0) < R}

€

for some large constant 12 > 0.
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Proposition 3.5. Let N = k1 (3, 0)m-+ko(3, 0)n be a normal vector field that vanishes when p(3,0) =
R and set

v(z) = v(3,0,t1,t2) = (£, B)(5,0,t1,t2) = k1(3,0)T1(t1, t2) + kao(5,0)Ta(t1, t2).

Then we have the following estimate
Qv xw) 1= [ V4t + dBE + 1B + BP0l +4(3(Tav€). B)
A—1_ — 1 A
3.14) + T%(%Z)f)Q + (A + §)|¢|2|§|2 - §|§|2d95

:/ IV N|? —2¢p~ 8N 2dvolr, / ITi>+ O <e/ |VN|2+62p_6|N|2dv0lp€),
e R2 R

where V%EN is the covariant derivative on the normal bundle N'T.

Proof. Direct computation gives that

dz = VG = Vdet A —2ip O

Hence, we have

(3.15) / (L(v;yp, A),v)de = / / (L(v;, A),v)(1 — €27 p~%)dadbdvolr, .
Wh IR Jr<r,

By Proposition 3.1, we find that
(3.16)

(L(v; ¥, A), v)
e Jr<r.
:_/ (LFEN,N)dvolpe-(l—i—O(e))/ \7'1\2+/ O(e(D%k + Dk + k)) - k
re R2 IR
:_/ (Al’iEN+262p6N,N>dvolp€-(1—|—0(e))/ my?+/ O(e(D%k + Dk + k)) - k.
r R2 TR

Integrating by parts yields

[, ] wewa.

IE Jr<r.

z/ VY N|? —2¢p~ 8N 2dvolr, / 71> + O <e/ VNQ—I—ezp_G\N\gdvolre).
'R R2 R

Since 77 and 73 decay exponentially on R?, similar computation gives that

(3.17) / / L(v; 1, A), v)e*7 p~Sdadbdvolr, = O e/ VN2 + €2p 8| N 2dvolr, | .
IE Jr<r. re
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Combining (3.16) and (3.17), we see that (3.15) can be written as

Q(v,v) = / (L(v; b, A), v)de = / VY N2 — 22575\ N 2dvolr. / T2
Wk Ff” R2

+0 <e/ |[VN|? + 62p6|N|2dv0lp6> .
Iz

Then the conclusion follows for Q(v,v). A similar computation holds for Q(xv, xv) since yv van-
ishes on 9V and we obtain the desired result. O

The proposition above builds up the relationship between Q and the second variation of the area
functional on I'.. With the stability of I'. and Proposition 3.5, it suffices to show that the eigenfunctions
of IL(-; 1), A) with respect to negative eigenvalues (if exist) are almost k (3, 0)T; 4 k2(3, 0) T5. To show
this, we need to derive several estimates. We first show that the negative eigenvalues of IL(+; ¢, A) (if
exist) are O(€?).

Lemma 3.6. There exists a constant g > 0 independent of R and sufficiently small €, such that if
w < 0 is an eigenvalue of problem (2.11), then

> —poe.
Proof. we dentoe Qq, be the restriction of Q in the domain (2:

Al

_ — A
Qo(v,0) 1= [ [Vagl +1aBP + 10" B + Bl +4(3(Tav€), B) + “5 R + -+ luPIel - FleP

forv = (¢, B).

Recall that (¢, A) = (We'?, Zdp) + O(e2e™7) in R* \ X, where W, Z = 1 — O(e~°%) for some
0 < § < 1 and ¢ is an extension of the angle function ¢ in R*. Then (¢, A) is stable in R*\ X.. Now
we set 2 := X. N {p < R}. Then for any v, we have

Q(v,v) > Qq(v,v) +’Y/ Els
R4\ 3.

for some v > 0 independent of € and R. In the following, we will show that

Qa(v,v) = —M062/QP6\”’2-

Its corresponding eigenvalue problem is

L(v;t, A) — up~%v =0 in Q
(3.18) v=0 on {p =R}

0§ —i(A,v)=0,d*B=0, xdB=0 on0%,.

For an eigenfunction v solving (3.18), we decompose v as
v =xki(3,0)T1 + xk2(3,0)T2 + v,

where for j =1, 2,
Jrcr (0(3, 0,11, 1), Ty (11, t2))dtrdt

k‘ N,é =
0 Jre X T1(t1, t2)|2dt 1 dto
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From our decomposition, we see that k; vanishes on {p = R}, v satisfies the same boundary
condition as v and

(3.19) / (0L (5,8, 11, £2), T (t1, t2))dbrdts = 0, for j = 1,2 and (3,0) & T
<Te

With the decomposition, we have

Qa(v,v) = Qa(vh,vh) + Qa(xkiTi + kaTa, Xk1T1 + ko T2) + 2Qq (v, xk1T1 + Xk T2))

and each term will be estimated in the following. For simplicity, we denote dg2, dg,, V 40) g2 =

dg2 — iAW) to be the exterior derivative, codifferential and connection gradient on the normal space
(t1,t2). And dr,, dr._, Vr, be the ones on I',.

For Qq(v*, vt), we write vt = (¢+, BY) and compute
(3.20)

L 196 R = [ 1940 506" 4+ (14 OE@)IVEE T + 0T 1V 40 56
+O(e |VA(1)]R2§L’ +O0()|¢ Pda
> [ [ A O@NVan s P+ VL) + O PatadtadVol,.
p<R Jr<re

We decompose B+ = (Bi-d5 + By df) + (Bydt, + Bj-dty) =: Bf + By, then the second and

third terms in Qg (v, v") can also be computed as

/ |dB? + |d* B+ 2dx

/ Z §*§"" B3 Bih, + Z —ak J’ffBi dz

7.k, l,m=1 k=1 \/5

=/(1+0(62))(IdRzB 2| + |di> Bge|* + dr, B, |* + |df Bi-.|*)
0

2 4
+3 D FIGMBR)? + 20 Bl + p 2By + 2¢p~* cos(2€3) BY) (B3, + Bii,) + O(e)|Vr, BY|| Ve BY|da
7j=1k=3

= [ [0+ 0@l + i B + v B+ |df, B )
p<R Jr<re
+p 2((B33)” + (Bi)” + (Byy,)* + (Biy,)?) + 0°((By)” + (By)® + (B, ) + (Bay,)?)
— 2p~*(Biy, Bis + Buy, Bis) — 20°(Ba;, By; + By, Byj)
+2(p™?Biz + p*By; + 2€ cos(263) By ) (Bg;, + Big,) + O()|Vr, BT || Vg2 B |dt dtad3d6.
Integrating by parts, we found that the cross terms are canceled. Hence,

3.21)

/|dBL 2+ |d*B*2dxz > (1 + O(e) / |dg2 Bz | + |die Bz |* + |dr, Br|* + |df. B |*dt1dtodVolr, .
r<re

p<R
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Combining (3.20) and (3.21), we have
(3.22)

Qoo v) 2(1+0) [ [ (Va0 o+ ldio B + s B+ | B P10 VP
p< r<re

e NTZBY A—1 — 1 A
HAS(V 40 ED) - By + “5—R@OEH? + (A + VPl - Jlef?

V5P + |dr, By, | + |df B |* + O(€%)|5 2| dtrdtadVolr, .
Recall that the +1-vortex solution ()(1), A1) is stable, then one can show that for any a > 0, if

(1, C) is perpendicular to (T}, T, ) in B, for j = 1,2, then a standard contradiction argument (see
[3, 4, 5] for example) gives that

/ IV a il + g2 O + [dgaCP + [CP WP +43(V 4y Wp) - € + = =R D p)?
r<a
L2 A e
+(/\+§)|1/1 || 1] —§W dtidts
>34 / 1V act gptl? + ldgaCI? + |52 + |uf? + |CP2
r<a

for some v > 0. Plugging it into (3.22), we have
(3.23)

Qq(vh,vh) > 27/ IV 4 g2 P+ ldg2 By |*+|diz Bga [*+16 ™ 1*+| Bga |+ V0 £ >+ |dr, By |*+|df, By, |*da.
Q
Next, we will estimate the cross-term QQ(UJ', Xk1T1 + xk2T2)), which can be written as

Qo ki Ti + xkaT3)) = /Q (“L(xk1Ti + xkaTo: b, A), o) = I + I,

where
Il = / X<—]L(k17-1 + kZB;waA)7UL>d‘T7
Q

and

I, — / < 2VX . V(lel + k’QTg) + (leI + kQTQ)AX — 2i<A, dX>(k1T1 + k'QTQ) UJ‘>d:C
2 Q QVX . v(leBl + kQTBQ) + (leBl + kQTB2)AX ’ )

Since k; decays exponentially in the normal direction and O(p‘5) onI'c for some 0 < § < %,
I = o(1) / VL NP + 20 5| N2dVolr, + o(1) / o2 4 Vot 2dtydts = o,
IR Q
For I, similar computations as in the proof of Proposition 3.1 show that

I = /QX(AFJﬂTl + Ap ko To — (L(k1Ti + ko Tas 0, A) — L(ky Ty + koTa; tho, Ag)), v™) + o.
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The orthogonality condition (3.19) of v implies that

/ VALK Ti + Ar ks T, o) = — / (1= Ak Ti + Ar ks Ts, vb)da
Q Q

Z/ﬂvrekl Ve T ) + (L= x)(Ve T o) + (1= x){T1, Vo)

+ Vi k- [~ Ve X (T2, vh) + (1= X)(Vr, T2, 07) + (1 = x)(T3, Vr,oh)]de
=0

due to the exponential decay of 7; and 7. For the second term (nonlinear terms), since 79, By =
O(e2p~*e~9), we have that

/ X(L(k1Th + ko Ta3b, A) — Lk Th + k2723 %0, Ag), v) > —062/ p~CIN| v |da
Q Q
> — CE2V/ p~ 8| N 2dvoly, — CeQV_l/ p 8wt |2de.
Q
Hence, we have

(3.24) Qq(vh, xkiTi + xkoT2)) > —0621/1/ p 5| N|?dvolr, — CE2V/ p~bvt|2de.
Q

Ie

Finally, by Proposition (3.5), we see that

(3.25) Qa(xk1Ti + kaTa, k1 Th + kaTo) = / IVE. N|? = 262p~°|N *dvolr, + o.
p<R

Combining (3.23), (3.24) and (3.25), we find that if v is sufficiently small, then

Qa(v,v) > —062/ p 5|N|*dvolp, > —,uOGQ/QpG\v\Q,

€

which is our desired estimate. O

4. PROOF OF THEOREM 1.1

In this section, we finish the proof of the main theorem, based on the estimates established in the
previous sections. The strategy is essentially a contradiction argument. We assume to the contrary that
there existed a sequence €, — 0 and R,, — +oo such that (2.11) admits a sequence of eigenfunctions
Ve, R, associated to the corresponding negative eigenvalues fi, r, < 0. We will show that v, gr,
can be written as ve, r, = Ki.¢,.R, (5, é)Tl + k2, R (5, 5)7'2. Moreover, Ne, g, ‘= ki, r,m +
k2.¢, r,n is almost an eigenfunction of the Jacobi operator Lr, , associated to the negative eigenvalue
Men. R, - This contradicts with the stability of I' ,.

For simplicity, we will omit the subscript n. We may further assume that ||ve g|/z = 1. By the
variational characterization of the eigenvalue, we can further assume . g is monotone nonincreasing,
tending to some . < 0 as R — +oc. In view of Lemma 3.6, the eigenvalues yc g = O(€?) and
we denote fie g = fle, re? and pe = jice? < 0. In the following, we show that up to a subsequence,
ve,R — V. for some eigenfunction v of problem (2.12) associated to eigenvalue fic€2.

Since Lemma 3.6 shows that y. r is uniformly bounded, by Lemma 2.7, the eigenfunction v, r
satisfies

|ve,r| < Ce % in ¥,
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for some constant C' > 0 independent of small € and large R. Then the local elliptic estimates give
that
4.1 |D*ve g| + |Dve r| + [ver| < Ce™ in 2,
where C' > 0 is independent of ¢ and R.

In the following, we omit the subscripts € and R. Denote v := yv and decompose v as
0 = xk1(5, é)ﬂ(tl, to) + xka(3, 5)7-2(151, to) + @l,
where for j =1, 2,
o e (0(5,0,t1,t2), Ti(t1, t2))dt 1 dty
kj (57 6) = 2
Jre x| T1(t1, t2)|2dt 1 dty

and satisfies
IV Kj| + [V ks| + k| < C

for some C' > 0 independent of R and ¢, due to (4.1). Then by our decomposition,
/ (04(5,0,t1,t2), Tj(t1, t2)dtrdty = 0, for j = 1,2 and (5,0) € T
R2

In the following, we will show that o is small.
By definition, v satisfies

L(9; 1), A) — €2t = —vAyx — 2Vx - Vo + <2i(A6dX)U> =: E..
Then (4.1) implies that
E.| < Cede=% pb
for some § > 0. Write
L(v;¢,A) = Lo(v) + G(9),
where L (?) is the main contribution of LL(; v, A):

Lo(3) = [ ~2r2.am + 2iep™ cos(2e8)6 — Ar £ + 2i(B, V 4o ¥)) + 25 (D)2 + (A + DM 2 - 35)

ApgeB+ Apr, B+ 2Im(V 40 v - &) + BlyM)|?
for & = (£, B) and
G(9) := L(0: 4, A) — Lo().
We see that v satisfies
Lo(?) + G(0) — pp %0 = E. in 2.
We can extend v and E, as zero outside Y, to get an equation in the entire Ff x R2:
4.2) Lo(9) + XG(0) — ue’p~ %% = E,
where
x=1 ifa?+b<r.+1,
{;z:o ifa? +b>>r.+2.

We can also derive the equation of 9

(4.3) Lo(oF) — aip 5% = —Lo(k1Th + ko T2) + Ee — XG(9) + fie*p % (k1Ti + ko T2) in T x R?.
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Similar computation as in Proposition 3.1 shows that

/2<L0(/€17-1 + koT2) + XG(k1Th + k2 T2), Th)dt1dtom + / (Lo(k1T1 + k2T2) + XG (k1 Ti + k2T2), T2)dt1dton
R R2
——LeN [ T3+ Oen V3, K] + O (V1 bl) + O(ep ),

RQ

where N = kym + kon.
Testing (4.3) against 71 and 75, one can see that [V satisfies

Lr N + i?p™°N + O(ep™ !|VE,k]) + O(¢*p™* |V k) + O(*p~[K])
Jer (RGWH). T foe(RG(01). To)
fR2 |7’1|2 fR2 |71|2

If N(3,0) is regarded as a normal vector field N(s,6) := ki(s,0)m + ky(s,0)n on I, then N
satisfies
4.4)

LeN+ip S N+0(ep ) (VAN |+[Ve N[ +|N]) = O(ep©)+

=0(e*p™%) +

Jge <>ZQ(UL),T1>m+ Jr2(XG(vh), Ta)
e? fR2 |T1[? e? fR2 T1/?

Once we have shown that the left-hand side is of O(€), and up to a subsequence, N p converges to
some nontrivial bounded solution Ny o, of

LrNo 4o + fop °Nojoo = 0in T

for some g9 < 0 and differs from the known bounded Jacobi fields, this contradicts with the stability
and nondegeneracy of I'. Hence, it suffices to show that for j = 1, 2,

@5 [ G601, = 0(e),

L = of + 3, where v{ satisfies

To see this, we need a refined estimate of v. Let us decompose ¥
Lo(01) — fie”p~ 01 = 2ep™ [t1p™ 2 (knssTh + kassT2) — t1(kyggTi + koggTa) + 2t2(ky5T1 + kiggyT2)]
+ O(2p 2 (k15VRe Ti + kosVgeTa + kg Ve Ti + kog Ve T2)) =: Hi,

and the right-hand side H; consists of large terms in the expansion of Lo (k171 + k2T2) + G(k1T1 +
k2T2) which are orthogonal to both 7; and 7s. See 1, Q2, Q3 and @5 in the proof of Proposition 3.1
for exact expressions.

Lemma 2.8 for Lg implies the existence of such @i~ with

/R2<ﬁf,’rj> =0,j=1.2
and
HﬁllHZZp,& < ClH1loaps < Ce.
As a consequence, we have
ING (1) [lo,ap.s < Ce.

We see that @3- is a solution of

Lo(3) — fie?p~503 + XG(05) = H1 — Lo(k1Ti + koTs) + Ee — XG(07) + se*p~ (k1 Ti + kaTo)
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with
/ (03, T;) =0, j =1,2.
R2
Note that Proposition 3.1 implies that the right-hand side can be written as
(Lr, N1 T+ (Lr,N)o T2 + F

for some

||FH074’P75 S 062'
Lemma 2.8 for L tells us that
(4.6) 12 12,25 < C€,

which implies that
IXG (@3 )llo.4,6 < C€.
Applying Lemma 2.6 to (4.4), we see that
IVENpa + IVeN|ps < C+ C|IN |~ < C
and equivalently,
||v12“€NHp74 + Ve Nlps < Ce.
This further improves the estimates of H; to
IHilloaps < Ce.

Consequently, the estimate of 7 can also be improved to

4.7 15 12,206 < ClIHilloaps < C€

and therefore we get the following estimate for xG(o1):

IXG(@)lloaps < Ce*
From this we obtain (4.5).
Recall that O g = k1 rT1 + k2 rT2 + 772‘,1?; where fDiR = O(ep‘ze_‘sr) and ||ve gl = 1 by
our assumption. Since v, g decays exponentially, the supremum is attained in Y. if € is sufficiently
small. This forces

HNe,RHLoo(r) > Co
for some ¢y > 0 independent of R.
By the unifoer ct bgund (4.1), we can pass the liNmit }? — 00 i~n (4.2) and (4.4). We see that
Ve, — Ve and N, g — N, for some nontrivial v, and N, = k1 m + ko cn solving
(4.8) Lo(%e) + G(0c) — fic€?p %0 = E. in R*
and
LrNe + jiep N = O(ep™) inT

respectively for some i < 0. Moreover, they satisfy

(4.9) O = k1. T1 + ko T2 + 0% in %,
and
(4.10) IVENellpa + Ve Nellps < ClINell 2o (p<3rs) + O(€)]-
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Next, we test (4.8) against Z;, j = 1,...,6. Recall that Z;’s are bounded kernels of L(-; 1, A)
introduced in (2.6). Then we have

/R4<v€, Zp bdx = O(e) forj = 1,...,6.
and hence,
/ (D¢, Zj)p~%dr = O(e) forj = 1,...,6.
Observe that Z; can be writf;n as
Zj = (Nj-m)Ti + (Nj -n)Tz + O(ep~2e™"").

Here we recall the bounded Jacobi fields are given in (2.1). Then in view of the decomposition (4.9),
the integral above passes to

4.11) /<NE,Nj>p6dUOlp =0(e), j=1,...,6.
r

Due to the estimate (4.10), up to a subsequence, N. converges locally uniformly to a nontrivial
bounded solution NV to
LrN +jip N =0inT
with i < 0. Furthermore, by the stability of I', we see that i = 0.
However, passing e — 0 in (4.11), we deduce

/<z\7, N;j)p~%dvolr =0, j =1,...,6,
I

a contradiction to the non-degeneracy of I'. Thus we finish the proof of the stability part in Theorem
1.1.

We proceed to prove the non-degeneracy of U, = (1), A¢). Assume to the contrary that L.(-; ¢, A)
admitted another bounded kernel Z; with

/ (Z7,Z;)p %z =0, j=1,...,6.
R4
Note that the arguments above also apply to Z7 so that
Z? = (N7,e : m)ﬂ + (N7,6 : n)7’2 + Z7L in 26

for some function Z% = O(ep‘Qe“s”) which is orthogonal to both 77 and 75 and normal vector
field N7 . converging locally uniformly to a bounded Jacobi field N7 on I that is orthogonal to V;,
j=1,...,7. This is a contradiction to the non-degeneracy of I'. The proof of non-degeneracy of U,
and Theorem 1.1 is thus completed.
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