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ABSTRACT. In this article we obtain total masses of solutions to the Toda
system associated to a general simple Lie algebra with singular sources at the
origin. The determination of such total masses is one of the important steps
towards establishing the a priori bound for solutions to the mean field type
of Toda system on compact surfaces. The total mass is found to be related
to the longest element x in the Weyl group of the corresponding Lie algebra.
This is the foundation to future work relating the local blowup masses (from
analysis) with the Weyl group.

This work generalizes the previous works in Lin, Wei and Ye [Invent. Math.
2012], Ao, Lin and Wei [Proc. Amer. Math. Soc. 2015], and Nie [Calc. Var.
PDEs. 2016] for Toda systems of types A, G2 and B, C. However, a more Lie-
theoretic method is needed here for the general case, and the method relies
heavily on the DPW method, Drinfeld-Sokolov gauge and the W-invariants.
The last crucial step for the total masses is obtained by applying the work of
Kostant [Adv. in Math. 1979] on the one dimensional Toda lattice.

1. INTRODUCTION

Let g be a complex simple Lie algebra and (a,;) be its Cartan matrix of rank n.
In this paper, we consider the following open Toda system on R? associated to g
with singular sources at the origin:

n
Au; +4Zaije“1 = 47nv;8p, v > —1,

(1.1) j=1
/e“idx<oo, 1<i<n,
]R2
where dg is the Dirac measure at the origin. Here a solution means u = (uy, ug, -+ ,uy)

with u; € C?(R?\{0}) satisfying the equation (I.1)) with zero on RHS on R?\{0}
and

u;(x) = 27y;log x| + O(1) near 0.
When the Lie algebra g = A; = sly whose Cartan matrix is (2), the Toda system
becomes the Liouville equation

(1.2) Au+ 8e" = dmydy, v > —1, / e dxr < oo.
R2

The Toda system (|1.1)) and the Liouville equation (1.2)) arise in many physical
and geometric problems. For example, in the Chern-Simons theory, the Liouville
equation is related to the abelian gauge field theory, while the Toda system is related
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to nonabelian gauges (see [Yan01,[Tar08]). We expect the work in this paper to have
applications in constructing non-topological solutions of the Chern-Simons theory.
On the geometric side, the Liouville equation is related to conformal metrics on
52 with conical singularities whose Gaussian curvature is 1. The Toda systems are
related to holomorphic curves in projective spaces [Dol97], the infinitesimal Pliicker
formulas [GH78|[RS94], and harmonic maps [Gue97].

The main purpose of this paper is to study the asymptotic behavior of u;(z) or
equivalently, to compute the total mass of wu; :

4
(1.3) oi(u) = —/ e“ dr, 1<i<n.
2’/T R2

The calculation of the total mass o;(u) plays an extremely important role in the
proof of a priori bounds of solutions of the following mean field type of Toda system
on a compact surface M:

4 hjets 1 al 1
(1.4) Agu; + Zaijpj <fjhe% - |M|) = 4772%1‘ (5pj - |M> :
j=1 M j=1

One major issue of is to establish the a priori bound for all solutions. Suppose
blow-up solutions do exist. The crucial step for studying bubbling solutions is to
calculate the local mass of such solutions near each blow-up point. This calculation
of local masses is a highly nontrivial problem. The calculation of o;(u) for an entire
solution is the first step towards solving this problem. For the A,, cases, the a priori
bounds have been established successfully by carrying out this strategy in [LYZ20].
The other cases will be pursued in future works.

The classification problem for the solutions to the Toda systems has a long his-
tory. For the Liouville equation (I.2), Chen and Li [CL91] classified their solutions
without the singular source, and Prajapat and Tarantello [PT01] completed the
classification with the singular source. For general A,, = sl,+; Toda systems, Jost
and Wang [JWO02| classified the solutions without singular sources, and Ye and two
of the authors [LWY12] completed the classification with singular sources. This
later work also invented the method of characterizing the solutions by a complex
ODE involving the W-invariants of the Toda system. The work [LWY12| has also
established the nondegeneracy result for the corresponding linearized systems. The
case of Gy Toda system was treated in [ALW15|. In [Niel6], one of us generalized
the classification to Toda systems of types B and C' by treating them as reductions
of type A with symmetries and by applying the results from [Niel2]. The com-
plete classification and nondegeneracy of Toda system for general simple Lie
algebras shall be pursued in another paper.

For a solution u = (u1,us, -+ ,uy) of (L., define

n

n
(1.5) U = Zaijuj and ~' = Zaijfyj for 1<i<n,
j=1 j=1
where (a%) is the inverse of the Cartan matrix (a;;). Then the U; satisfy

Ui,zz + exp (ZaijUj) = 71'71'50,
(1.6) =

e’ dx < oo,
RQ
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We remark that the formula A = 48%% is responsible for the slightly unconven-
tional coeflicient 4 on the left of (1.1]), which furthermore causes the coefficient 4
in our definition of the total mass . This coefficient can be easily dealt with
(see |[Niel6, Remark 1.4]).

It turns out that the asymptotic behavior of the solution u is related to the
longest element of the Weyl group of the Lie algebra g. Let x denote the longest
element of the Weyl group. Then —k has the property that it permutes positive
simple roots {a1, a9, -+ ,an}, i.e., —ka; is one of {a1,a9, - ,a,}. Throughout
the paper, we use {aj, s, - ,a,} to denote a fixed choice of positive simple roots
of g and e,,, e_q, are the corresponding suitably chosen root vectors. The following
is the main theorem of this article.

Theorem 1.1. The solutions U; in (L.6) satisfy that
(1.7) Ui(2) = 2(7" — (w; — kwi, wo)) log|z] + O(1), as z — oo, and

(1.8) oi(u) = 2{w; — Kw;, wp).
Moreover, o;(u) is an even integer if v; € Z>o.

In Theorem|1.1} (-, -) is the natural pairing between the real Cartan subalgebra b
and its dual b(, := Hom(ho, R), w; € b is the i-th fundamental weight and wg € ho
is defined by below. It is interesting that the total mass is related to the
longest element of the Weyl group. Recall that the total mass always satisfies the
Pohozaev identity. Theorem shows that the RHS of satisfies the Pohozaev
identity. Thus here is an example of the connection of the Pohozaev identity with
the action of Weyl group. See [LYZ20| in this aspect. This connection will be
pursued further in future works.

Recall that —ka; € {a1, a9, -, a,}. If —ka; = ag, then the asymptotic behav-
ior of u; has a clean expression.

Theorem 1.2. If —ko; = oy and u = (ug,ug, -+ ,uy,) is a solution of (L.1) then
(1.9) u; = —2(24 y,)log |z| + O(1), as z — oc.

For the sake of reference, we would like to write down all the total masses of
solutions in terms of the singular data. For the case of A,, B,,C, and G5, they
have been given in [LWY12,|/ALW15,Niel6]. So we list the remaining cases in the
following statement.

Corollary 1.3. The total masses of solutions are quantized as follows:
(i) When g = D,
(u) 42?:1 a (1 + 75), if n is even,
g;(u) = n— .. — . X .
4Zj:12 a7 (147;) +2(a"" "1 +a™)(2+ Y1 +Yn), if n is odd.
(ii) When g = Fg,
oi(u) =2(a" +a")(2+ 7 +7) +2(a” +a”)(2+ 73 +75)
+4a(1 + 7o) + 4a™(1 + ~4)

for all1 <i<6.
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(iii) When g = Fy, E7 or Es,
o) =43 a%(1+7)
j=1
forall1 <i<mn.

Remark 1.4. The entries of the inverse of the Cartan matrix of a simple Lie algebra
are all positive [LT92]. In Appendix B we have listed all the inverses of the Cartan
matrices for simple Lie algebras.

It is a well known fact that equation is an integrable system [LS92]. From
this point of view, Theorem [I.1] connects analysis of nonlinear PDEs with the theory
of integrable systems. Our proof of Theorem takes two advantages from the
integrable system: the standard DPW method [DPW98] and the Drinfeld-Sokolov
gauge |DS84]. The DPW method is the step to explain why is an integrable
system, that is, solutions can be obtained from some holomorphic data. The DPW
method has been discovered in [DPW98] and developed into a very powerful method
for some integrable systems related to nonlinear elliptic equations. We refer the
reader to [DPW98| and [GIL15] and the references therein for the DPW method
and its applications. However, our case is simpler because the open Toda system
only requires the standard decomposition of Lie groups, not loop groups. In any
case, the DPW method could give us a local solution. On the other hand the
well known Drinfeld-Sokolov gauge [DS84] yields the so called W-invariants, which
are differential polynomials of the solutions (see section 4). More important is that
these W -invariants are rational functions with poles only at the origin. For the case
of A,, B,,C, and G5, the complete set of W-invariants gives rise to a Fuchsian
differential operator of one complex variable [BFO'90]. However, this does not
hold for other simple Lie algebras. These W-invariants are still essential in our
approach. Indeed, applying W-invariants, our solutions can globally be expressed
in terms of representations of the Lie algebra. To write down the statement we
need to introduce the following notations.

Let G be a connected complex Lie group whose Lie algebra is g. The classical
Iwasawa decomposition says that G = KAN (see Appendix subsection with
K maximally compact, A abelian and N nilpotent. It is well known that the groups
A and N are simply connected.

Let V; be the i-th fundamental representation of g and denote the highest weight
vector by |i). Let V;* be the dual right representation of g and choose the lowest
weight vector denoted by by (i| so that (i||7) = 1. A fact in representation theory
is that all the representations of g can be lifted to G if G is simply connected. In
particular, we can lift all the fundamental representations to A and N. Therefore
the pairing (i|g|i), g € AN is well defined.

Theorem 1.5. Let ® : C\R<g — N be the unique solution of

n

“1(z z) = 2Yie_, on <
1.10) ®(2)P.(2) ; . on C\Rgo

lim ®(z) = Id,

z—0

where Id € G is the identity element. Then all the solutions to (L.6]) are
(1.11) Ui(z) = —log(i|®*g®|i) + 27" log|z|, 1<i<mn,
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where g is of the form g = C*A2C,C € N and A € A, and * is defined in (A.1)).

However, our main concern is the asymptotic behavior of U; at oco. It seems
that the expression is not explicit enough to serve our purpose. Inspired by
Kostant’s work [Kos79], we find that the suitable expression can be written as an
infinite series in the universal enveloping algebra of n_ (i.e., an element of ﬁ(N )
introduced in [Kos79]). Using this expression, we could obtain the asymptotic of

the R.H.S of (1.11)) to prove Theorem

The paper is organized as follows. Because of its importance to the analysis of
Toda systems, we first prove Theorem in section 2 assuming Theorem A
crucial coefficient is assured nonzero by [Kos79] (see (2.19),(2.20)). In section 3,
we prove that any solution of locally can be expressed by some holomorphic
data, and this process also explains why is called an integrable system (other
methods can be found in [CW87|, [Uhl89], [LS92]). Together with W-invariants
obtained by Drinfeld-Sokolov gauge, we prove Theorem in sections 4, 5, and 6.
The W-invariants play the major role in the process from the local expression to the
global one. It is expected that the W-invariants has more applications to studying
(1.6) with many singular points. In section 4 we introduce the W-invariants for
equation in a general domain and obtain some explicit form for the case with
single singularity in section 5. Finally, Theorem is proved in section 6. We give
two Appendices. Among other things, Appendix A gives very brief explanation of
some basic terminologies from representation theory of Lie algebra and Lie group,
which is needed in section 3 and all subsequent sections. In Appnedix B we list all
the Cartan matrices for simple Lie algebras and their inverse matrices.
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2. PROOF OF THEOREM [L.1]

In this section we will prove Theorem [I.1]and Theorem [I.2] by assuming Theorem

Let us first introduce our basic setup in Lie algebras and representation theory.
More details on representation theory can be found in Appendix A. Let g be the
complex simple Lie algebra for our Toda system (L.I). Let h be a fixed Cartan
subalgebra, whose dimension n is the rank of g. Let g = h & ®oecaga be the root
space decomposition of g with respect to h, where A denotes the set of roots. The
roots are linear functionals on the Cartan subalgebra b, and for X,, € g, and H € b,
we have [H, X,| = a(H)X,.

Let A = AT UA~ be a fixed decomposition of the set of roots into the sets
of positive and negative roots, and let II = {ay, s, - , @, } be the set of positive
simple roots.
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It is known that dim¢ g, = 1 for all @« € A, and we choose a Chevalley basis
{ea € ga, € Ashy, € 5,1 <i<n} (see [Hum78, Theorem 25.2]). Then we have

[€ais€—a;] = 0ijha,, ai(ha,)=2.
Furthermore, the Cartan matrix (a;;) of g is defined by
(2.1) aij = ai(ha;), 1<4,5<n.
Note that the real Cartan subalgebra is
ho = {H € h|a(H) € R,Ya € A} = @& Rh,,..

Let b(, := Hom(h, R) denote the dual space of ho and let (-,) denote the pairing of
by and by.
We introduce the following subalgebras of g

(22) n_ = Daeatf-a, N4 = Dacatfa-
We also introduce the following subspace (from the principal grading (A.10) of g)
(2'3) g-1= @?:19—%'

This section is divided into 3 subsections. In the first two subsections we in-
troduce some notations and definitions and develop the necessary ingredients, and
finally in the last subsection we give the proof of our main theorems.

2.1. Notations. Following [LWY12|, we denote
wi=%+1>0  1<i<n.
Inspired by [Kos79] we introduce the following element
(2.4) wo =Y wiEi € o,
i=1
where E; = >, a¥'h,, . The elements E; and wy satisfy the properties
(25) ai(Ej) = <Oé1',Ej> = 52’]’ and Oéi(U)()) = (ai,w()) = ;.

We also introduce

()= e a, €0
(2.6) =t .
£(2) = 20(2) =Y #Me o, €01,
=1

where z € C\R<( and we use the principal branch for the power functions. To
find the explicit expression for ® in , we introduce the following setup after
[Kos79).

Let S be the set of all finite sequences

(27) S:(il,ig,"',ik), ].SZJSTL, k € N.
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We denote by |s| the length & of the element s € S. For s € S, we introduce

|s]
@(3) = Zaig‘ € béﬁ
(2.8) o E
(s, w0) = (s) (wo) = {p(5), wo) = D pui, > 0.

Note that in the last equality we have used the property . For |s| = 0, we
define ¢(s) = 0.

For 0 <j <|s| —1, let s; € S be the sequence obtained from s by “cutting oft”
the first j terms (different from [Kos79])

(2.9) sj = (ij41," 1i)s));s
and define
[s|—1
p(s,wo) = ] (0(si)swo) = (miy + -+ ) -+ (i, + piy )itiy.-
=0

We also define p(s,wg) = 1 when |s| = 0. Clearly when |s| > 1, we have

(2.10) (s, wo) = (s, wo) p(s1, wo).

Let U(n_) be the universal enveloping algebra of n_ introduced in (2.2). For
convenience, write e_; = e_,, for 1 <i <n. For s € § as in (2.7)), define

(2.11) € s =€, " €_jnC_i.

We note that the £ in (2.6) is
(2.12) §(z) = 2 0mde ),
i=1

where the s are the simplest (i) for 1 <i <mn.

2.2. Supplementary lemmas. Now we are going to prove a formula which will
be used later. Recall that elements e_, as defined in (2.11)) belong to U(n_). Let
H € b, then we claim that [H,e_s] = —{p(s), H)e_,. Indeed,

Is]
[H7 6*8] = E e*i‘s|67i‘s|,1 e 677;]._'_1 [H7 677;].]67@']._1 R )
Jj=1

Is]
= Z €—i| C—ijsj—1 """ C—ijpa (_aij (H)e*ij)e*i]’—l Tt €y
(2.13) =

Is|
= |~ E Qi (H) € C—ijg =1 " " C—ij1 €—i;€—ij 1 " C—ip
i=1

= _<¢(S)7H>e—s~

Lemma 2.1. Let V be a finite dimensional representation of g, then there exists a
positive integer k such that e_qv = 0, for all v € V whenever |s| > k.
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Proof. Since every finite dimensional representation of g can be decomposed as a
direct sum of irreducible representations, without loss of generality we can assume
V' is irreducible. We can further decompose V' as a direct sum of its weight spaces.
Therefore, it is enough to prove the lemma for a weight vector. Let v be a weight
vector corresponding to the weight 5. Then using (2.13)) we see that
H(e_oP) = [H, e_s]vﬁ + e_sHoP?,
= —(p(s), H>e—svﬁ +e_s(B, H>UB
— (—pls) + B, H) (e-”).

If |s| # |s'| and e_,v? # 0,e_vP # 0 then —p(s) + B and —p(s’) + 3 are different
weights because (s) and p(s’) are different as elements in bj. Since there are only
finitely many weights we have e_,v® = 0, if |s| is large. This completes the proof
of the lemma. O

Define formally, the operator

(2.14) V(z)=>

sES

) f C\R
me_s, or z € \ <0-

Define the action of Y(z) on a finite dimensional representation space V' by

(2.15) V(o=

s€S
By Lemma we see that the sum in (2.15) is a finite sum and hence Y(z)v is

well defined for all v € V and z € C\R<g. The next proposition shows that this
Y(z) is identical with ®(z) as an operator acting on V.

Zﬁa(svwo)

2. w0) (e_sv), forveV, z e C\Rxo.

Proposition 2.2. Let V be a finite dimensional representation of g. Then the
action of ®(z) on V coincides with the action of Y(z) on V, for all z € C\Rcy,

where ® is defined as in ((1.10)).

Proof. We will show that the right action of ®(z) and Y(z) on V* are the same,
and then the proposition follows because

(w, ®(2)v) = (wP(2),v) = (WY(2),v) = (w,V(z)v)

for all v € V,w € V* and z € C\R<y.
Now we show that w®(z) = w)(z) for all w € V*, z € C\R<q. From (1.10) it
follows that w® : C\R<o — V* satisfies the ODE

0.(w®(2)) = (wP(2))¢, for z € C\R<y,
wd(0) = w.
Therefore it is enough to show that w)(z) satisfies the same ODE with the same

initial condition.
Since (s, wg) > 0, the initial value wY(0) equals to w. Moreover,

8, wp)z#(5:wo)—1
0.(w(2)) = 32 PO

2 s

1 th(&’wo)
= - 7(11;@,8)
z s|>1 p(Sl,wo)

we_g),

(2.16)
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by (2.10). For s € S and 1 < i < n, define t* = (i,s). Then from (2.8) and ([2.12)

we have
»(s,w0) n Z¢(ti7wo)
we_g)€ = —(we_yi),
(o) U = 2 ey (Vo)
ZW(tiawO)

|

(@ we) )

2

Therefore summing over all s € S we get

»#(s,w0)
(wY(2))€ = |S|Z>:1 m(we—s)-
Therefore (2.16) implies that 9.(wY(2)) = 1(wY(2))¢ = (wY(z))¢, and hence
completes the proof. [

Remark 2.3. It can be shown that the ® defined by a system of ODE from (1.10) is
also uniquely characterized by the following algebraic condition inspired by [Kos79|:

O twe® = wy — &,
®(0) = Id.

Next we will use this explicit expression for ¢ in Proposition to prove our
main Theorem [[11

2.3. Proofs of Theorems. Let A\ be a dominant integral weight and let V* be the
corresponding irreducible representation. Let x be the longest Weyl group element
which maps positive roots to negative roots. Then s\ is the lowest weight of V.
In the following calculations, we use the Hermitian metric {-,-} on V* which is
invariant under the compact subgroup K?® of G*® (see (A.7))). It also follows from
the construction of {-, -} that the weight vectors belonging to different weight spaces
in V> are orthogonal with respect to {-,-}. Choose vectors v in Vi and v in Vi,
in the one dimensional highest and lowest weight spaces such that

MM =1, {0 =1

(One can choose v"* to be so(k)v?, where so(k) € G® induces the longest Weyl
element k. See [Kos79, Eq. (5.2.10)].)

With the notation and , the vector e_,v* is a weight vector with
weight —¢(s) + A. Since different weight spaces are orthogonal, by Proposition
we have

K Cs,\ A—RKA,wo)
(2.17) Pt v = —22 | ¢ wor
SR el ey

where S = {s € §| — ¢(s) + A = kA}, and ¢, \ = {e_sv*, 0"}
Proof of Theorem and Corollary

Proof. To show the asymptotic behavior of (1.7]) we prove

(2.18) e Vi = |z|727i|z|2<“”"*"M““’O> (¢i +0(1)), asz— oo,
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where ¢; > 0. From (|1.11)) and (A.8]), we get
e Ut = 2|72 (i|®* C*ACDli) = |2| 72" {ACDU™, ACDV*} .
Now we know that

{ACDV  ACDv } = [{ACDv v},
v
where the sum ranges over an orthonormal basis of the i-th fundamental represen-

tation V; consisting of weight vectors.
Let v” be a weight vector corresponding to a weight 3. Then from (A7) we get

{ACCDU“”,U’B} = {@v“’i, C*Avﬂ} = ¢PH) {@v“i,c*vﬂ} ,

where A = exp(H) with H € hy. Since C* € N, the subgroup of G corresponding
to ny, we can write C*v? = 0% + w?, where w® belongs to the direct sum of
the weight spaces with weights strictly larger that 3, that is, w” € ©pea+ Vi.pta-
Therefore, we have

{AC@U”",UB} = ) [{(Iw“’i,vﬁ} + {q)v“”,wﬁ}] .

Now, if e_sv*i # 0, then it is a weight vector with weight —¢(s) + w; and since
two weight vectors belonging to two different weight spaces are orthogonal, using
Proposition we see that the highest power of z in {ACCIMJ"“ , v'@} is equal to the
power of z in {@v“i,vﬁ}, which is z{wi=Fwo) provided its coefficient is nonzero.
To prove this we write w” = ZaeA+ cauPte where vPte ¢ V4o and ¢, € C.
Then using Proposition we see that

wi 0B
{®v@i 0P} = > fesv v} lwi=Bwo)
o p(s,'ZUO)
—¢(s)+w;=p

and

i +
@ty Yoo Y L) s,

QEAF —o(s)fwi=B+a p($7w0)

Since (a,wg) > 0, for any o € AT (by (2.5)) the conclusion follows. Thus we
have proved that for v# € Vj the highest power of z in {AC®v*i vP} is at most
z(wi=Bwo)  Now kw; is the lowest weight and all other weights § are of the form
B = kwi + Y5 njay, with n; € NU {0} and at least one n; > 0. Therefore,
(wi — Bywp) < {w; — kw;, wp) for all weights S # kw;, and hence the leading term
in), [{AC®v+i, v}|? corresponds to the leading term in [{AC®v*, v"<i}|* . From

(2.17)), we have
R ) el

SESWi p(s,wo)
The coefficient ) ., ﬁ is considered in [Kos79, Eq (5.95)]. (Note our dif-
ferent convention in (2.9) for s;, so our s corresponds to the § there). It is shown
in |[Kos79, Proposition 5.5.1] that there exists an element d(w) depending on wy



GENERAL TODA SYSTEMS WITH SINGULAR SOURCES 11

such that d(w) € Hp, the real Cartan subgroup of G corresponding to fg, and in
[Kos79), Proposition 5.9.1] that

(2.19) Y T (w) e

sESWi p(S,U)())
Here again if d(w) = exp(H;) with H; € b, d(w)™"* is defined by
(2.20) d(w) " = erwilH1) 5

Therefore,
{ACPv¥  ACDV¥i} = ") ({Dv¥i 1"} + lower order terms),
and hence (2.18) holds with

(2.21) ¢ = (e’“"’"(H))z < 3 p(is“;}o)f > 0.

seS«@i
Now integrating (|1.6) and using (1.7, we have

4/ e dr = 4ny' — lim oU
R2

ds
R—o00 OBRr 81/

= 4m{w; — Kw;, wp),

and hence o;(u) = 2(w; — kw;, wo). This proves (|L.8).

By the definition of the Weyl group and that w; belongs to the dominant chamber
of the integral weight lattice, it is known that w; — xkw; belongs to the root lattice,
that is, there exist n;; € Z>g such that w; — kw; = Z?:l ni;ja;. Then if v; € Z>o,
we have

n
O'l(u) = 2<wl - ﬁwi,w0> = 2ZTL”(1 + ’}/J)
j=1
is an even integer.
For concreteness and to prove Corollary we also proceed as follows. Using
w; =Y 5 aYa; we get

n
(2.22) 2{w; — Kwj, wg) = 22&” (aj — Koy, wo).
j=1
Since —k permutes the simple roots {ay,ag, - ,a,}, —ka; = g for some . In

order to prove that o;(u) is an even integer when y; € Z>( we need to compute the
—ka;, 1 <1< n.

Except for the three cases A,,, Eg and D,,(with n odd), —k = Id. Therefore using
the property we get from

oi(u) = 4Zaij(aj7wo) = 42@“(1 +75),
Jj=1 j=1

except for the Lie algebras A,, Es and D, (with n odd). Now we see that except
for the Lie algebras mentioned above, 2a*/ € N for all 1 < i,j < n (see Appendix
B). This proves that o;(u) is an even integer if ; € Z>o except for those three Lie
algebras.

For the A,, case
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so that we have

oi(w) =2 a2+ + i) =2 (@7 +a" ) (1 4y), 1<i <.
j=1 j=1

The inverse Cartan matrix for A, satisfies a® + a®"*17J € N (see Appendix B)
and hence this proves the result for the A, case.
For the D,, case with n odd, we have

—KQp_1 = Qp, —KQp =0np_1, —ko;=o04, 1<1<n—2,

that is, —k permutes the last two roots and preserves the others. This proves (7)
of Corollary We can easily check that for D,, (with n odd), a*"~! +a™ € N
and 2a% € N for all 1 <4 <n,1 < j < n— 2, and hence proves that o;(u) € 2N
provided 7v; € Z>9,1 < i < n.

For Eg we have

—RQy = Qg, — RKOg = (1,
—Rag = a5, — KQs = a3,
—ROy = 2, — KOy = O4.

This then proves (ii) of Corollary The inverse Cartan matrix for Eg satisfies
al +a' a® + a®, 4", a" € N, and hence o;(u) € 2N if v; € Z>o.
This completes the proof of Theorem [I.1] together with Corollary O

Proof of Theorem [1.2]

Proof. Since u; = Z?:l a;i;Uj,vi = Z?zl a7V, o = Z?zl a;jw;, and (ay, wo) =
i, and assuming that —ka; = aj for some 1 < k < n, we see that

U; = ZaijUj = 2(’}/1 — <Ck7; — K}ai?’wo>)10g |Z| + O(l)
j=1

=2(%i — pi — p) log 2] + O(1),
= —2(24 ) log|z| + O(1), asz— oco.

This is (1.9) and completes the proof. O

3. THE DPW METHOD AND LOCAL SOLUTIONS

In this section, we show that any solution to the Toda system locally comes
from holomorphic data. Our approach follows [GL14], [LS79]. In |[GL14], a similar
process was applied for the periodic Toda systems by the Iwasawa decomposition
for loop groups.

For simplicity, we introduce the notation C* = C\{0} and also recall g_; from
and the decomposition g =n_ @ n; @b in view of . Before we proceed
we would like to mention a few words about the Gauss decomposition of Lie groups,
which is one main ingredient of our proof.

Let G be a connected complex Lie group whose Lie algebra is g. Let H be the
Cartan subgroup of G corresponding to . Denote the subgroups of G corresponding
to n_ and ny by N_ and N, respectively. The Gauss decomposition (see |[LS92]
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and [Kos79, Eq. (2.4.4)]) says that there exists an open and dense subset G, of G,
called the regular part, such that

(3.1) G,=N_HN,=N_N,H.

We note that HN, = N, H because hnh™! € Ny, where h € H and n € Ny.
Clearly G, contains the identity element of G. Now if L € N_ then L* € Ny (see
(A.1))). Since the groups Ny and N_ are simply connected the quantity (i|L*L|:)
is well defined.

Theorem 3.1. Let U = (Uy,Us, -+ ,Uy,) be a solution to (1.6) and zo € C*. Then
the following results hold:

(i) There exist holomorphic maps n and L from a neighborhood D of zy to
g-1 and N_ such that

(3-2) L7 (2)La(2) = n(2) = Zfi(Z)e—a“ L(z0) = Id,

and fi(z) # 0 in D.
(ii) Fach component of U can be written as:

(3.3) Ui = —log(i|L*Lli) + Y a“ log|f;|*, z € D.
j=1

Proof. With out loss of generality we can assume zg = 1. Define

(34) A= _Z%Ui,zhai +Zexp (%ZaijUj)e,ai,

i=1 i=1 j=1
then
(35) Aa = Z%Uz,ihm —ZGXP (%ZaijUj)ea“

i=1 i=1 j=1
where 6 is defined in (A.3)). Eq. (1.6) has the following zero-curvature equation on
C*
(3.6) [0, + A,0: + A%] =0, that is,

—A:; + (A%, +[4,A% = 0.

The zero-curvature equation can also be written as the Maurer-Cartan equation

1
dw + i[w,w] =0

for the following Lie algebra valued differential form
w=Adz+ A%dz € QY(C*, g).
With dz = dx1 +idzrs and dz = dxy — idxo, it is also
w=(A+ A%)dx; +i(A— A%)dx,.

Since the Cartan involution 6 on g is conjugate linear, we see that the zero curvature
connection w takes value in the fixed subalgebra g’ = €. Therefore by [Sha97,
Theorems 6.1 and 7.14], there exists a map from the simply-connected domain

F:C\Rsy » K CG
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to the compact subgroup K = G? such that

F~ldF =
(3.7) v

F(1) = Id.
Therefore,
(3.8) FE,=A, F'F =A%

For a small neighbourhood D of 1, the map F' has the following Gauss decom-
position

(3.9) F = LM exp(H)

where L: D — N_, M : D — Ny, H=3" bho, : D - bhandexp: bh = H
is the exponential map to the Cartan subgroup. From F(1) = Id in , we see
clearly that L(1) = Id.

Now we show that L is holomorphic in D. By the second equation in , we
have

exp(—H)M Y (L™'L;)M exp(H) + exp(—H)M M exp(H) + H; = A°.
In view of , the components in n_ = &,ca+08-—n of the above equation give
(3.10) L7'L; =0,
and then the components in h give
biz=1Uyz 1<i<n.

Thus we see that b; .,z = %Ui,zg. Taking the conjugate, we also have Bmz = %Ui’zg
since U; is real. Therefore,

(bi +b:)2z = U, 23
Hence we have, for 1 <i <n,
(3.11) bi(2) + bi(2) = Ui(2) — pi(2)

for some real-valued harmonic function p; in D.
By the first equation in (3.8]), we have

(3.12)  exp(—H)M Y (L7'L,)M exp(H) + exp(—H)M ' M, exp(H) + H, = A.

Since A € g_1 ® b by (3.4)), we see that L~1L, € g_;. We denote it by n and write
it out in terms of the basis

(3.13) L)L) = 0(z) = 3 fil2)ea.
=1

Then the f;s are holomorphic by (3.10). Furthermore, by (3.4) the component of
Aing_qis Y|, exp (% > i1 aiUj Je—a,. We also see that

the component of the LHS of (3.12) in g_; = exp(—H)(L™'L.) exp(H)
= exp(—H) ( > fi(z)e—ai) exp(H) =Y fi(z)e*He_,,.
i=1 i=1

Comparing the components in g_; from both sides of (3.12)) we see that the f; in
(3.13) are nowhere zero in D. Thus we have shown @ .
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Now following the physicists notation, we denote by |i) a highest weight vector
in the ith fundamental representation V; of g, and (i| a lowest weight vector in its
dual right representation such that (i|Id|i) = 1. The action of g on V; is

(3.14) X|i) =0, if X €ny,
ha, i) = 0i5.
From (3.9), we have
L= Fexp(—H)M™'.
Therefore using the * operation in , we have

(3.15)  (i|L*L|i) = (i|(M~')* exp(—H)F*F exp(—H)M ™ |i)

= o (350 e

where we have used the following facts. First, by F
Secondly, since M1 € N, by (3.14) we have M ~1|i) =
and (i is a lowest weight vector, so (i|(M~1)* = (i|.

Eq. (3.15) actually shows that (i|L*L|i) is real. Therefore by (3.11)),
(3.16) U; = —log(i|L*L|i) + p;.

Now we show that for the above U; to satisfy (1.6 with L from (3.13]), we must
have

€ K we have F*F = Id.
|i). Similarly, (M ~1)* € N_

pi=y_a’loglf;(z)]*.
j=1

This follows from [LS92, §4.1.2] using the so-called Jacobi identity from [LS92
§1.6.4]. The identity says that for a general element g € G*, the simply-connected
Lie group with Lie algebra g, we have

(3‘17) (ilg]d) <i|eaige*ai

iy = [ lgli) =

J#i

i) = (ilge—a. ) (ilea: g

From (3.16)) and that p; is harmonic, we have
(i|L* L|i) (G| L*Li) 55 — (| L*L]i) - (i|L* L]i) s
(i|L*Lli)? '

(318) Ung - —

Now by (3.10) and (3.13)), we have

(@[ L7LJi)> = (L Lnli) = fi(2) (i L" Le—a,]i),
where we have used that for the ith fundamental representation we have e_,[i) = 0
for j # i (see Eq. (A.6])). Taking the * operation and noting (A.1)), (3.13) also gives

(L)L) =0 =) fil2)ea,
i=1

Therefore, similarly we have

(| L7 Lli)z = (iln"L*L|i) = fi(2){ilea, L" L|7).
Furthermore, we have

<Z|L*L|1>Z5 = |fi‘2<i|eaiL*Le—ai

Q).
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Now applying the Jacobi identity (3.17)) to (3.18]) with ¢ = L*L and using a;; = 2
we get

n
Use = —IAP2 T 61 LL)
j=1

By (3.16)), this is
Uiz = —|fil* exp (Z%‘Uy‘ - Zaijpj)
j=1 j=1

n n
= —exp (10g |fz|2 — Z aijpj> exp (Z aijUj).
j=1 j=1
Therefore for the U; to satisfy (1.6]), we need log | f;|* — Z?=1 ai;p; = 0. This gives
pi=Y a’log|f;|’
j=1

and proves the formula (3.3]). O

Remark 3.2. A holomorphic map n: D — g_; as in in a simply-connected
domain D also gives rise to a solutions U = (Uy,Us, -+ ,U,) to the Toda system
in D.

Indeed, if n(z) = >, fi(2)e—qa,, 2 € D, with f;(z) #0in D for all 1 < i < n,
we can construct a L : D — G by solving the ODE: L™1(2)L,(z) = n(z), z € D.
Here L(z) need not have to satisfy L(zo) = Id. Now construct U; as in (3.3). Then
we can easily check that U;,1 < i < n, satisfies the Toda system in the same
way as above, where again the important point is the Jacobi identity .

Corollary 3.3. The components U; in any solution U = (Uy,...,Uy,) of the Toda
system (1.6)) are real analytic in C*.

Proof. Since the f; and L in are holomorphic and the f; are nowhere zero
in a neighbourhood of zy, it follows that the RHS of is real analytic in a
neighbourhood of zy € C*. Therefore for any zy € C*, by Theorem U; is real
analytic in a neighbourhood of zy. This proves the corollary. O

From now on we always assume D in Theorem is a neighbourhood of 1 in
C\RS().

4. W-INVARIANTS OF THE TODA SYSTEMS

In this section, we will introduce W-invariants of Toda systems. Then we present
a result relating the W-invariants with the local solutions from the last section.
By definition, a W-invariant (also called a characteristic integral) for the Toda
system is a polynomial in the 85 U; for k> 1 and 1 < i < n whose derivative

with respect to z is zero if U = (Uy,...,U,) is a solution.
For the Liouville equation the W-invariant is
(4.1) W =U,.,-U?

and it is meromorphic since W3 = 0 for a solution U. Furthermore, plugging in the
local solution U(z) = log [|f/(2)|/(1+|f(2)[*)], where f is holomorphic and the
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derivative f’ is nowhere zero, we have

1 f/// 3 f// 2
“2) W_2(f’ 2(f’)>’
that is, the W-invariant of the local solution becomes one half of the Schwarzian
derivative of the developing map f of the solution U. We aim to generalize such
results to general Toda systems in this section.

For a general Toda system associated to a simple Lie algebra of rank n, there are
n basic W-invariants (see [FF96]) so that the other W-invariants are differential
polynomials in these. For Lie algebras of type of A,,, B,,, C), and G2, more concrete
expressions of W-invariant similar to have been obtained in [LWY12] and
[Niel4]. In this section following |Nield], we will obtain the W-invariants for a
general simple Lie algebra by applying the Drinfeld-Sokolov [DS84] gauge directly
to the solution Uj;.

Let ¢(2) = (¢1(2), p2(2), -+ , dn(2)) be a smooth (not necessarily holomorphic)
function defined on a domain Q C C. A differential polynomial in ¢; is a polynomial
in the ¢;,1 < i < n, and their derivatives 9%¢; of finite orders. We will denote a
differential polynomial in the ¢; by S([¢1], [@2], -, [¢n]) or simply by S(&).

To obtain the W-invariants, we conjugate (3.6) by exp (% S Uih%) to arrive
at another zero-curvature representation of the Toda system (|1.6):

n n
|:6z +€— Z Ui,zhamai - Z €Uieai:| =0,
i=1 i=1
where € = 371" e_o, € g1 and u; = Y07,
equation has different signs from the version in [Niel4], but all results there continue
to hold for the current version.)

Let s be a Kostant slice of g, that is, a homogeneous subspace s with respect to
the principal grading (A.10) such that

(4.3) g=1[c, g Ds.

Then it is known [Kos63| that s C ny in and dims = n. Let {s;}}_; be a
homogeneous basis of s ordered with nondecreasing gradings from .

We first state the following lemma about the existence and uniqueness of the
so-called Drinfeld-Sokolov gauge.

a;;U;. (The current zero-curvature

Lemma 4.1. For 1 <i<n, let ¢; be smooth functions on a domain Q) C C.

i) There exists a unique map M : QL — Ny and smooth functions W;(¢),1 <
+ J
j < n, such that

(4.4) M(@Z—Fe—Z@hm)J\Néf—l =0+t Y Wi(e)s,.
i=1 j=1

Furthermore, there is a differential polynomial S; depending only on the
slice basis of g such that

WJ(¢) = Sj([¢1]’ [¢2]7 t >[¢n]) = SJ(¢)
(ii) If the ¢; are holomorphic in ), then so is M.
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(ii) If ¢; = U; » where U; is a solution of (L.6) in Q, then
(4-5) Wj = Sj([Ul,z}, [UQ,ZL ) [Un,Z])
18 holomorphic.

We refer the reader to [DS84] Proposition 6.1] for a proof of (i) and to [Niel4]
for a proof of (iii). Furthermore, (ii) follows directly from the construction for (i).
We also refer to [FOR™92] for the application of the Drinfeld-Sokolov gauge to the
W -algebras.

From now on, we fix a solution U = (Uy,Us,--- ,U,) of , and let W; be
given by for z € C*. The set of Wj is called the W-invariants of the solution
U. Here is the main result in this section which relates the W-invariants with the
holomorphic functions f; in 1 from for local solutions.

Theorem 4.2. Let U be a solution of (1.6) and the holomorphic data of U(z),z €
D, be given as in (3.2)). Then there exists a unique map My : D — N4, defined in
a subdomain D C D, such that

(46) Ml(az-‘rG—ZFihai)Mfl:83+6+2Wj8j ZEﬁ,
i=1 j=1
where
(4.7) Fi=Y a"0.logf; =Y a7 .
j=1 J=1 fi

Proof. Our proof follows the general approach in [FWB™89, BFOT90,[FOR™92| of
treating Toda theories as conformally reduced WZNW theories. For that purpose,
we choose

(4.8) Q1 = exp ( - Z (Zakj log fj)hak) :D — H,

k=1 j=1
where H is the Cartan subgroup of G. Note that a single-valued branch of log f;
can be chosen since D is simply-connected. Since [hq, ,€—q;] = —ire—_q, by (2.1),
we have

Q1 'e—a,Q1 =exp ( - Z (Z a*’ log fj)aik)efai
(4.9) k=1 j=1
= exp ( — log fi)e_ai = %e_ai.

7

It is also clear that
n n

(4.10) Q1'0:Q1==> (> a79.108 f;)ha, = =Y Fiha,.
J i=1

i=1 j=1
Define

VU =QiL"LQ;.
Then by , and the above,

(411) WL = (LQ1) N(LQ1): = Q'L L.Q1 + Q10.Q1 = € = Y Fiha,.

i=1
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This quantity ¥~'¥, is called the current of ¥ and is denoted by J in the works
[FWBT89,[BFOT90,[FORT92|, and the requirement that its component in n_ is e
is the key idea in these works.

Furthermore, since Qi) = exp(—>_7_, alog f;)]i), the local solutions in
have the following neat form

(4.12) Ui = —1og(i|Q]L"LQu i) = — log(i[W[i).
Now W has Gauss decomposition (3.1) in a domain D C D:
(4.13) U=U_Tg0,, U,cNy TcH.

Then clearly U; = — log(i|Wo|i) in D. Therefore, we see that
(4.14) Wo=exp (=Y Uiha,), 05" W02 = =Y Uiha.
i=1 i=1

Plugging (4.13)) in (4.11), we get

(4.15) O 40T W U AT BT, = E—Z Fiha, in D.
i=1
Comparing the components of the above equality in n_, we see that
U W =

Also in view of (4.14), Eq. (4.15)) becomes
A R (e -y Umhm)\y+ =c— > Fha, i D.
i=1 i=1
We owe this important equality to [FORT92, Eq. (2.14a)]. Therefore,

n n
(4.16) v, (az te— ZFih%)\p;l 0.+ ¢~ Upha, inD.
i=1 i=1
By Lemma we see that holds with M; = M)W+, where Mg = M|5, M :
C\{0} — N, is the unique map satisfying with ¢; = U, ,. Since the F; are
holomorphic, we see that M; is holomorphic by Lemma (ii) although neither
W, nor My is holomorphic. ([l

5. APPLYING THE FINITE INTEGRAL CONDITION TO W-INVARIANTS

In this section, we adapt the analytical estimates from [BM91,LWY12] to deter-
mine the simple forms of the W-invariants of our solutions to . This explicit
form is crucial to derive Theorem [[.5 in the next section.

We define the weight of 0%U; to be k. For a differential monomial in the U;,
we call by its degree the sum of the weights multiplied by the algebraic degrees of
the corresponding factors. For example the above W = U,, — U2 in for the
Liouville equation has a homogeneous degree 2.

Proposition 5.1. The W-invariants for the Toda system (1.6]) are
(5.1) Wy=21, zeC', 1<j<n,
2%

where the d; are the homogeneous degrees of the differential polynomials S; and the
w; are constants.
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Proof. This proof is an adaption of the proof in [LWY12| of the corresponding
assertion in their Eq. (5.9).
Following [LWY12, Eq. (5.10)], introduce

(5.2) Vi=U; —2¢'loglz|, 1<i<n.
Then system (|1.6) becomes

AV, = —4\z|2% exp (zn:aijvj)a

j=1
n

/]R2 |2|>7 exp (Zaijvj) dz < 0.
j=1

As 7; > —1, applying Brezis-Merle’s argument in [BM91], we have that V; € C%®
on C for some a € (0,1) and that they are upper bounded over C. Therefore we
can express V; by the integral representation formula, and we have for k > 1

O*Vi(z) = O(1 + [2]*T®~%)  near 0,
O*Vi(z) = O(|2|7%) near oo.
Therefore from , we have for k > 1

Ui (2) = O(|2|%)  mear 0,
O*Ui(2) = O(|2|™%)  near cc.

By W;: = 0 and that W, has degree d;, we see from the above estimates that
2% W; is holomorphic and bounded on C*. Therefore 2% W; = wj is a constant by
the Liouville theorem, and so ([5.1)) holds. O

(5.3)

(5.4)

Remark 5.2. Tt is known from [FF96] and also clear from that the homogeneous
degree dj; of S; is the same as the degree of the corresponding primitive adjoint-
invariant function of the Lie algebra g [Kos59]. We call such degrees the degrees of
the simple Lie algebra and we have listed them in Appendix subsection [A3]

Theorem 5.3. The W-invariants W; for the Toda system (1.6|) are also computed
by

5.5 Ma(9+ =30 Lha )Mz =0 Wis;,

(5.5) 2(0: t¢ ; S e J M + 5+; 357

where My : C* — N4 is unique and holomorphic.

Proof. By (5.2),
Uiz = Viz + 0:(27 og|2]) = Vio + L.
From (5.1), W; = :’Tf] Since v; > —1, by (5.3)) and (5.4) for the orders at 0, we see

that all the terms involving 9V will not appear in the final form of W; since their
orders of pole are not high enough. Therefore in terms of , we have

1 n
66 Wy=8(U W) =S5 ([L]-- [F]), 1<i<n

where we recall that the brackets indicate that the S; are differential polynomials
and depend on the derivatives of the arguments.
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By Lemma [£.1] there exists a unique holomorphic M, : C* — N, such that

n i n
Y -1 -~
M. — —he,. = 55
2(82—&—6 g zhal)M2 0, +e+ g W;s;,
=1 Jj=1
where

by (5.6). O
6. THE HOLOMORPHIC FUNCTIONS IN THE LOCAL SOLUTIONS

The W-invariants play essential roles in our approach of classifying the solutions.
The work [LWY12] classified the solutions to the Toda systems of type A, by
relating them to an ODE whose coefficients are the W-invariants. In this section,
we will use the W-invariants to largely restrict the holomorphic functions f;(z) in
the local solutions to be fi(z) = 27 as long as we allow some constant group
element.

Theorem 6.1. Let U; be the solution of , then

(6.1) Ui(z) = —log(i|®*g*g®|i) + 27" log|z|, 1<i<n, z€C\Rx.
where ® satisfies and g € G is a constant group element.

Proof. Set

n

(6.2) Q2 = exp ( — Z(*yk log z)hak) :C\R<g — H.
k=1

Then similarly to (4.9) and (4.10)), we get using (1.10)

n

63 (9Qa) (@) = Q5 (X e 0 )@+ Q3" Qo == > L,
i=1

i=1
Let M = M{lMl : D — Ny, where M; and M are from Theoremsand
Then . o
_ ¥
M(GZ N Eh M =0 4¢SS Lh,,,

which is

~N"Fih, = M—l( - lZhw)M MM,
€ ; s € ; . 5 +
This and (6.3) imply that

(®Qu M)~ L (®Qu M), = M~ (e - Zn: %ihai)M MM,
1=1

=€e— ZFihai = (LQ1) 1 (LQ1)-,
i=1

by ([#.11). Thus [(2Q2M)(LQ1)~ ], = 0. Since both ®Q2M and LQ; are holomor-
phic, we have

(6.4) L@y = g2Q2M,

where g € G is a constant element.
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Therefore by (4.12)), (6.4) and (6.2]), the solution U; of (|1.6)) becomes
Ui(z) = —log(i|QTL*LQ1|i) = —log(i| M*Q5P* g* gPQ2 M]|i)

(6.5) N ;

= —log(i|®"g*g®P|i) + 27" log|z|, z € D.
By Corollary U; is real analytic. Since both sides of (6.5 are real analytic
functions defined on C\R<g, (6.5) holds in C\R<g. O
Proof of Theorem [L.5l

Proof. We write the Iwasawa decomposition (A.2) for the constant element g € G
as

g=FAC
with '€ K, A € A and C € N. Then using F*F = Id and A* = A the solution
(6.1) becomes (1.11)). This completes the proof. O

APPENDIX A. BACKGROUND ON LIE ALGEBRAS AND REPRESENTATION THEORY

A.1l. Iwasawa decomposition. Let * : g — g be the conjugate-linear transforma-
tion defined by

(A1) *loo = Id|p,, €h=e_q, a €A.

Let G be a connected complex Lie group whose Lie algebra is g. Then we have
the following Iwasawa decomposition [Kna02, Theorem 6.46]

(A.2) G = KAN,

where K is a maximal compact subgroup, A is an abelian subgroup corresponding
to hg, and N is the nilpotent subgroup corresponding to n = n_ . The subgroups A
and N are simply-connected. An element F' belongs to K if and only if F*F = Id,
where * is lifted from g to G.

The following Cartan involution 6 : g — g defined by

(A.3) 0X)=X"=-X*, Xecg
is very important, since it satisfies 0([X,Y]) = [#(X),0(Y)]. Then K is character-

ized as the fixed point set GY in G under the lifted action of # and its Lie algebra
is £ = g% (see |[Kna02, Theorem 6.31]).

A.2. Basic representation theory. The integral weight lattice of g is Ay =
{B € by|Bha;) € Z, V1 < i < n}. An integral weight 8 is called dominant if
B(ha;) > 0 for all 1 < ¢ < n. The weight lattice is a lattice generated by the
fundamental weights w; for 1 < i < n satisfying

wi(ha;) = 0i5.

An irreducible representation p of g on a finite-dimensional complex vector space
V has the weight space decomposition V = @Vs, where 8 € Ay and Vg = {v €
V0|p(H)(v) = B(H)v, VH € h}. We have

(A4) P(8a)Vs C Vays.

A basic theorem states that if p is an irreducible representation, then there exists a
unique highest weight A with a one-dimensional highest weight space V) such that
p(ny)Vx = 0. All the weights of V' are of the form A — Y7 | m;a;, where the m;
are nonnegative integers.
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The Theorem of the Highest Weight [Kna02, Theorem 5.5] asserts that up to
equivalence, the irreducible finite-dimensional complex representations of g stand
in one-one correspondence with the dominant integral weights which sends an irre-
ducible representation to its highest weight. We denote the irreducible representa-
tion space corresponding to a dominant weight A\ by V.

There is a canonical pairing between the dual space V* = Hom(V,C) and V
denoted by (w,v) € C with v € V and w € V*. V* has a right representation p* of
g defined by

(A.5) (wp™(X),v) = (w, p(X)v), X eg.

The representation corresponding to the ith fundamental weight w; is called the
ith fundamental representation of g, which we denote by V;. We choose a highest
weight vector in V;, and following the physicists [LS92] we called it by [i). We
choose a vector (i| in the lowest weight space in V;* and require that (i|Id|i) = 1
for the identity element Id € G. For simplicity, we will omit the notation p for the
representation.

We have (see [LS92, Eq. (1.4.19)])

(A.6) Xi) =0, VX €ny;  hg,li) = di5i); and e_q,|i) =0, Vj #i.

That is, in the ¢th fundamental representation, only e_,, may bring the highest
weight vector down. Similarly we have (i[Y =0 for Y € n_, and (ile,, = 0if j # i.

Let G* be the simply connected Lie group with Lie algebra g. Let V' be a finite
dimensional, irreducible representation of g. To lift the representation to G*, first
we need to define the representation in a neighborhood of the identity. Since in a
neighborhood of the identity any element of G* can be uniquely written as e* for
some X € g, we can simply define

eXv=exp(X)v, veV,

where exp(X) =>"77, ),g—,k Then using the simply connectedness of G*, extend the
map to any point of G° by using a path joining the identity and the point. Then
one can show that the definition is independent of the choice of the path and the
map defined this way is indeed a representation of G*.

The universal enveloping algebra of g is defined as

U(g) =T(9)/J,

where T'(g) = @52 ,T%(g) is the tensor algebra, and J is the two-sided ideal gen-
erated by all elements of the form X ® Y =Y ® X — [X,Y] with X and Y in g.
A representation of g also leads to a representation for the universal enveloping
algebra U(g) |[Kna02]. Similarly, we can define the universal enveloping algebra of
a subalgebra of g, for example U(n_) for n_.

For p,v € U(g) and g € G*, (ilvgu|i) denotes the pairing of (i|v in V;* with
g(uli)) in V.

In our main Theorem [I.5] we can work with a general Lie group G whose Lie
algebra is g instead of only the simply-connected G*. The reason is that the simply-
connected compact subgroup K° of G* is used only in passing. Our results are
expressed using N and A, and they are simply-connected and the same for a general
G and for the simply-connected G*.

There is a more concrete realization of the dual V;* in[A.5] By the unitary trick,
there exists a Hermitian form {-,-} on V; (conjugate linear in the second position)
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invariant under the compact group K*° of a simply-connected G°. The important
property of this Hermitian form is that [Kos79, Eq. (5.11)]

(A7) {gu,v} = {u,g*v}, g€ G® u,veV,.

Choose v € V; to be a highest weight vector for the ith fundamental repre-
sentation, and we require that {v*i,v*i} = 1. Then the term in (1.11)) is, with
g=ACP,

(A.8) (ilg"gle) = {g"gv*",v*'} = {gv*, gv*} > 0.

The Weyl group W of a Lie algebra g is the finite group generated by the reflec-
tions in the simple roots on by,

si(B) =B — Blha, )i, 1<i<n

In the Weyl group, there is a unique element x € W that is the longest element in
the sense that when one writes it as a product of the simple reflections it has the
maximal length.

The weights of the irreducible representation V* with a highest weight \ are
invariant under the Weyl group, and its lowest weight is kA [Kos79, Eq. (5.2.10)].

A.3. Principal grading and degrees of primitive adjoint-invariant func-
tions. Using E; from (2.5)), define the so-called principal grading element

(A.9) Ey = ZEj € bho, such that o;(Ep) =1, for 1 <i<mn.
J=1

Define g; = {z € g|[Eo, z] = jz}. Then
(A.10) s=Py;
J

is the principal grading of g.
The degrees of the primitive homogeneous adjoint-invariant functions of the sim-
ple Lie algebras are listed as follows

Lie algebras degrees
A, 2,3, ,n+1
By, 2,4,--- ,2n
Chn 2,4,--- ,2n
D, 2,4,---,2n—2,n
Gs 2,6
F 2,6,8,12
Fg 2,5,6,8,9,12
Er 0,12,14,18
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APPENDIX B. CARTAN MATRICES FOR SIMPLE LIE ALGEBRAS AND THEIR
INVERSE MATRICES

There are four infinite series of classical complex simple Lie algebras and five
exceptional Lie algebras with the following Cartan matrices

2 -1 2 -1
“1 2 -1 “1 2 -1
Ap =slyq1: AT ) By, = 502,41 : )
-1 2 -1 -1 2 —2
-1 02 -1 2
2 -1
250 S12 1
Chp, = spoy : , D,, = s09, : ST ,
IF P -1 2 —1-1
25 “1 02
-1 2
2 -1
a 2 -1 Foo -1 2 -2
2 -3 ) ) 4 - -1 2 —1 )>
102
2 -1 2,
2 -1 —1 2 1
N 2 -1
Es : -1-1 2 —1 ) E; -1-12 -1 ,
R 12 -1
25 12 -1
Z1 o2
2 -1
2 -1
-1 2 -1
. “1-12 -1
ES: 1o 1
“1 2 -1
12 -1
-1 02

In the above, the labelling of the roots for the exceptional Lie algebras follows
[Kna02, pp 180-1]. We require that n > 2 for B, and C,, and n > 3 for D,.
Furthermore, we have the following isomorphisms

By~ (C,, D3 A;.

The inverse of the Cartan matrices have the following form:

n n—1 n—2 2 1
n+l n+l nF+1 T mFl nFl
n—1 2n—2 2n-—-4 4 2 111- 1 1
ntl ntl ntl ntl nil 122 - 2 2
—2 2n—4 3n-6 6 3 123 3 3
. ntl n+l ntl n+1 n+l .
An: v Bar e
: : : B : 123 n—-1n-1
2 4 6 .. 2n—2 n-—1 1 3 n—1 n
n+l n+l n+l nt1l ntl 51lg - == %
ntl n+l n+l ntl n+l
111 - 1 £ 1
1 2 2
PR ST
123 - 3 5 5
123 3 2 2z
C, ) , D, R : )
Poloen 123 . po2ns2 n=2
123 n—-1 P) 1138 .. 122 n n-2
e p—1 - 2 2 2
123 n—1 3 113 .. n-2n-2 n
2 2 2
21 5esd
G2:(53), Fy:( 5363 ),
1232
41 5 9 4 2 2234 3 21
3 3 3 3 27146 ¢33
122321 2 2 2
I i
. 3 : :
Ee:13534643 |- 14 3969 153 |
49 8 4 105 2 2 2
3 3 33 2346 542
3513233 1 % 2 3 % 2 %
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IS

[ALW15]
[BFO190]

[BMO1]

[CL91]
[CW8T]
[Dol97]

[DPW9g]

[DS84]

[FOR+92]

[FF96]

[FWB89]

[GHT78]
[Gue97]
[GL14]

[GIL15]

[Hum?78§]

[TW02]
[Kna02]
[Kos59]
[Kos63]

[Kos79]

4 5 7108 6 4 2
5 8101512 9 6 3
7 10 14 20 16 12 8 4
10 15 20 30 24 18 12 6
8 12 16 24 20 15 10 5
6 9 12181512 8 4
4 6 8 1210 8 6 3
2 3 46 5 4 32
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