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ABSTRACT. We study some problems on self similar solutions to the Fujita equa-
tion when p > (n+2)/(n—2), especially, the characterization of constant solutions
by its energy. Motivated by recent advances in mean curvature flows, we introduce
the notion of F'—functional, F-stability and entropy for solutions of supercritical
Fujita equation. Using these tools, we prove that among bounded nonzero self
similar solutions, the constant solutions have the lowest entropy. Furthermore,
there is also a gap between the entropy of constant and non-constant solutions.
As an application of these results, we prove that if p > (n +2)/(n — 2), then the
blow up set of type I blow up solutions is the union of a (n — 1)— rectifiable set
and a set of Hausdorff dimension at most n — 3.

CONTENTS

Introduction
Setting and main results
Idea of the proof: F-functional and entropy
Preliminaries
First variation of the F-functional
The general first variation formula
Critical points of F-functional are self similar solutions
Second variation of the F-functional
The general second variation formula
The second variation of self similar solutions
Characterization of the constant solution
Classification of F-stable self similar solutions
Entropy
The entropy is achieved for bounded self similar solutions
The equivalence of F-stability and entropy-stability

2020 Mathematics Subject Classification. 35K58;35B44;35B45.

Key words and phrases. Fujita equation; blow up phenomena; self similar solutions; least energy
solution.

K. Wang is supported by National Key R&D Program of China (No. 2022YFA1005602) and
the National Natural Science Foundation of China (No. 12131017 and No. 12221001). J. Wei is
partially supported by National Key R&D Program of China (No. 2022YFA1005602), and Hong
Kong General Research Fund ”New frontiers in singular limits of nonlinear partial differential
equations. K. Wu is supported by the China Postdoctoral Science Foundation (No. 2023M732712).
We thank Professors Christos Mantoulidis and Philippe Souplet for reading the manuscript and
many valuable suggestions.

1

O = N

8
11
11
13
14
15
20
21
24
26
27
29



2 K. WANG, J. WEI, AND K. WU

8. The energy of self similar solutions with a natural decay 34
9. Constant solutions have the lowest energy 40
10.  Proof of Theorem 1.3 and Proposition 1.9 43
10.1. Energy gap 43
10.2.  Proof of Proposition 1.9 44
11.  Proof of Theorem 1.7 45
12. Extensions and some related questions 47
Appendix A. Proof of Theorem 4.3 48
Appendix B. Proof of (11.2) 56
References 29

1. INTRODUCTION

Consider the Cauchy problem for the Fujita equation
Ou = Au + |ulPu, (F)

where p > 1, and the initial value of u is vy € L>*(R™). It is well known (see Fujita
[19], [34]) that solutions of this problem could blow up in a finite time. Here a
solution u(z,t) is said to blow up in a finite time 7" if ||u(-, )|l < oo for any t < T,
while

lim sup [[u(-, t)||oc = 00.
t—=T

The finite time blow up is type I if
limsup(T — )77 ||u(-,)||o < oo,
t—=T
and type II if
lim sup(T" — t)v%l||u(,t)||oo = +00.
t—T

If u is a finite time blow up solution of (F), a point zg is called a blow-up point
if there exist sequences {zy} and {t;} such that

lim zp = 29, lim &, =T, lim |u(xg, yr)| = +o00.
k—oo k—oo k—o0

The set X consisting of all the blow-up points is termed the blow-up set.
In a series of papers, Giga and Kohn [21, 22, 23] studied the asymptotic behavior
of blow-up solutions to (F) when 1 < p < ps(n), where

400, if1<n<2,
ps(”) = n+42 if n > 3.

n—27
For this purpose, they considered the self similar transform
w(y,7) = (T — )7 tu(z,t), z=(T—t)2y, T—t=c".
If u satisfies (F), then w satisfies

1
O-w — Aw + % -Vw + P lw[P~ w = 0. (RF)
p_
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The asymptotic behavior of u near a blow up point is equivalent to the large time
asymptotics of the solution to (RF).
The equation (RF) is the gradient flow of the energy functional

1 1 1
E _ - 2 2 p+1 E
(w) /n {Q]Vw\ + 201 1)w ~oT1 lw| pdy, (E)

where p = (47)~"/2e~1WI*/4 is the standard Gaussian density. Thus it is monotonically
decreasing along the flow of (RF). With the help of this property, Giga and Kohn
showed that as 7 — +o0, w (up to a subseqeunce of 7) converges to a stationary
solution of (RF), that is, solution to the elliptic equation

1
sw-4-9u-—Lout ol =0, R (35)

It is clear that (SS) has three constant solutions 0, +x, where
K= (p—1)71.

By establishing the Pohozaev identity for bounded solutions of (SS), Giga and Kohn
[21] proved that if 1 < p < ps(n), then these are all the bounded solutions. As a
consequence of this Liouville property, Giga and Kohn [21] further showed that if
1 < p < ps(n), uis a finite time, Type I blow up solution of (F), then for any
xo € R™,

}LH%(T—t)p%u(xo%—(T—t)y,t) —0or +x (1.1)
uniformly on any compact set of R".

Leter on, Giga-Kohn [22] (in the case of uy > 0) and Giga-Matsui-Sasayama [24]
(in the general case of sign-changing ug) proved that if 1 < p < ps(n), any finite
time blow up to the Cauchy problem of (F) is Type I. In [23], Giga and Kohn proved
the nondegeneracy of blow ups, which implies that when z, is a blow up point, 0
cannot arise as the limit in (1.1). In [32], Merle and Zaag classified all bounded
global nonnegative solutions to (RF) defined on R™ x R in the case 1 < p < ps(n).

In view of the above mentioned results, the blow up phenomenon of (F) when
1 < p < ps(n) is well understood. If p = (n+2)/(n—2) (the critical exponent), type
IT blow up solutions to (F) do exist. In [18], Filippas-Herrero-Veldzquez predicted
and proved formally the existence of type II solutions. The first rigorous proof was
given by Schweyer [35] for n = 4 in the radial setting. For the remaining dimensions,
the construction of type II blow up solutions are established in [15] for n = 3, [14, 26]
for n = 5 and [27] for n = 6. On the other hand, Collot, Merle and Raphaél [10]
proved that if the energy of the initial value ug is clsose to that of the Aubin-Talenti
solution, then (F) can only have type I blow up solution when n > 7. Under the
same assumption on the dimension, Wang and Wei [40] proved that any finite time
blow up solution of (F) must be of type I provided the initial value ug is nonnegative.

In the remaining part of the paper, it is always assumed that n > 3 and p >
(n+2)/(n—2) is supercritical. In this case, we expect that there are many solutions
to (SS) (see [12]), and in general it is impossible to give a complete classification for
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all solutions. Instead, we will try to find a characterization of the constant solutions
+kK.

1.1. Setting and main results. Denote
B, = {w : w is a nonzero bounded solution of (SS)}.

Since k € B,, B, # (. Our first main result says that the constant solutions have
the lowest energy among all nonzero bounded solutions.

Theorem 1.1. If w € B,, and w # *£k, then
E(w) > E(k).
Remark 1.2. Let
E = {the set of bounded radially symmetric solutions of (SS)}.
It has been proved by Matano and Merle [31, Theorem 1.4] that
E(w) > E(k), for any w € E\{0}.

Furthermore, the equality holds if and only if w = +£k. Their proof is “parabolic”
and 1s based on the zero-number argument.

For each positive constant m > k, we set
B = {w € B, and ||w]|geo@mny < m.} (1.2)
Our next result indicates that not only the constant solution has the lowest energy

among functions in B,,, but there is a gap to the second lowest.

Theorem 1.3. There exists a positive constant € depending only on n,m and p such
that if w € B,,,, and w # £k, then

E(w) > E(k) +¢.

If p > ps(n), it is known (see [11, 13]) that (F) can have type II blow up solutions.
Therefore, it is plausible to extend Theorem 1.1 to unbounded solutions of (SS). In
order to clarify this problem, we first recall the definition of suitable weak solutions
introduced in [40].

Definition 1.4 (Suitable weak ancient solution). A function u, defined on the full
parabolic cylinder Q, := By x(—1,1), is a suitable weak solution if Oyu, Vu € L*(Q1),
u € LPY(Q,), and

e u satisfies (F) in the weak sense, that is, for any n € C§°(Q1),
/ [Opun + Vu -V — [ulP~ un] = 0; (1.3)

1

e u satisfies the localized energy inequality: for any n € C§°(Q1),

2 p+1
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e u satisfies the stationary condition: for any Y € C§°(Q1,R"),

2 p+1
/ K'v2“| - |;|+ 1) divY’ — DY (Vu, Vu) — duVu Y} =0. (15

Definition 1.5. A function u is a suitable weak ancient solution of the equation
(F) if for each Q; (xo,to) = Br(x) X (to — r%,ty) C R" x (—00,0), u is a suitable
weak solution of (F) in Q, ((xo,t0)).

Given M > 0, Gy denotes the set of suitable weak ancient solutions of (F)
satisfying the following Morrey estimate: for any (xq,ty) € R" x (—o0,0),

(p+1) (p+1)
e / (IVul® + [u[)dedt + 7 51 " / (Oyu)2dzdt < M.
Qr (wo,to—r?) Qr (wo,to—r?)
Definition 1.6. We set
Fp={w: (=) VO Dy(x//=t) € Gor for some positive constant M}.

It is easy to check that F,, contains bounded smooth solutions of (SS). However,
a function in F, need not to be smooth everywhere. Indeed, if n > 3,p > (n +

2)/(n —2), then
u) = |2 (n_g_]%)r” s

is a function in F,, which is not smooth. For any function w in F,, let Reg(w) be
the regular part of w, then Reg(w) is an open subset of R". Let

Ff={w:weF,and w >0 on Reg(w)}
Theorem 1.7. [fn <3 orn>4,(n+2)/(n—2)<p<(n+1)/(n—23), then
E(w) > E(k)
for any w € F,F.

Compared to Theorem 1.1, the main obstruction in this case comes from solutions
to the elliptic counterpart of (F),

~Aw = |wP~'w  in R", (1.6)

The technical restriction on the range of p in this theorem arises from the use of some
rigidity results on homogeneous solutions to (1.6). Here a solution w is homogeneous

if
w(Ax) = )fﬁw(x).
In polar coordinates, w is homogeneous if and only if there exists a function ® on
2
the unit sphere such that w(r,0) = r~»-1®(0), where ® solves

—Agn-1® + SO = |DP ' (1.7)

2 2
B=—""(n-—2—-—2-),
p—1 p—1

with
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For finite time blow up solutions of (F), another question that has deserved great
attention is the structure of the blow up set. In the subcritical case, Velazquez [37]
proved that if

u(x,t) # k(T —t) »1
Then for any fixed R > 0, ¥ N Bg(0) is a n — 1-rectifiable set and there holds:

H" (XN Bgr(0)) < oo,
where H"™! is the standard (n — 1) dimensional Hausdorff measure and Bgr(0) =
{z € R" : |z| < R}. As pointed out in [37], the dimension (n — 1) is optimal. For
more results on this topic, we refer to [4, 6, 30, 23, 43, 44, 17]. When the exponent

p is supercritical, we can apply Theorem 1.3 to study the structure of type I finite
blow up solutions.

Definition 1.8. For any xq, a tangent function wqy at xq is a suitable weak solution
of (SS) such that by defining

o, 1) = (=) 7wy (i) ,

there exists a sequence \; — 07 such that

__2
N P u(xg 4+ N, T A4 At) — ug(z,t) i n Lt (R" X (—00,0)),

loc

The set of tangent functions is denoted by T (zo,u).

The scaling limit in this definition is equivalent to the large time limiting behavior
of the self-similar equation (RF).

Proposition 1.9. Let n > 3,p > (n+2)/(n —2),up > 0 and let
u(x,t) # k(T —1t) »1

be a solution of the equation (F) that blows up at T. Assume there is a positive
constant m > Kk such that

u(z,t) <m(T — t)fp%l, in R" x (0,7). (1.8)
For any R > 0, we set X =3 N Br(0). Then
( ) ER - n IUZn 3
(2) X,_1 is relatively open in 3, and it is countably (n — 1)-rectifiable;
(3
(4

) the Hausdorff dimension of ¥,_3 is at most n — 3;

) ko € X1 if and only if T (u,zo) = {K}.

1.2. Idea of the proof: F-functional and entropy. For a hypersurface ¥ of
Euclidean space R"*!, the entropy is defined by

|x— xo\z

)\(E):sup(éhrto)g/ T T dx.

P

Here the supremum is taken over all ¢, > 0 and 2o € R™"!. This quantity was
introduced by Colding -Minicozzi [7]. As a consequence of Huisken’s monotonicity
formula, it is non-increasing along the mean curvature flow, thus giving a Lyapunov
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functional. In [8], Colding— IImanen-Minicozzi-White proved that within the closed
smooth self-shrinking solutions of the mean curvature flow in R"*! not only does
the round sphere have the lowest entropy, but also there is a gap to the second
lowest. Based on this result, they conjectured that, for 2 < n < 6, the round sphere
minimizes the entropy among all closed hypersurfaces. Using a cleverly constructed
weak mean curvature flow that ensured the extinction time singularity was of a
special type, this conjecture was verified by Bernstein and Wang [2].

As pointed by Veldzquez in [38], the structure of singularities which arise in mean
curvature flow is strikingly similar to those appearing in (F). Because of this reason,
we will borrow some ideas from [7] and [8] to consider bounded solutions of (SS).
Inspired by the program developed by Colding and Minicozzi [7, 8], we will introduce
the notation of F-functional and entropy. In the setting of (F), for a bounded C*
function w, the F-functional is defined by

1 ptl 9
Fop o (w) 25(—?50)”‘1 |Vw|*G(y — xo, to)dy
Rn
1 bt p+1
- Im(—to)p*1 (WP G (y — o, to)dy (1.9)
1 2
T m(—to)P-l / w?G(y — o, to)dy,

where for any (y,t) € R" x (—o00,0),

G(y,t) = (—4nt) 2e 1t

In particular,
ly|?

Gy, —1) = ply) = (4m)"%e 1.
The motivation of defining F-functional in this way comes from Giga-Kohn’s mono-
tonicity formula (see [21, Proposition 3]). The main property of these functionals is
that a bounded function is a critical point of F} ,;, if and only if it is the time ¢ = %,
slice of a self similar solution of (F). Using the F'—functionals, we can also define
the entropy A(w) of a bounded smooth function to be the supremum of the F,
functionals

0,to

AMw) = sup Footo(w). (1.10)
2o ERM to€(—00,0)

Similar to [7], we can define F-stable and entropy-stable solutions. Then under
some technical (but reasonable) conditions, we show that these two definitions are
equivalent. Using this fact, we can perturb a bounded non-constant solution of
(SS), while reducing the entropy and making the solution of (RF) starting at this
perturbed function blows up at a finite time. After that, we use an induction
argument to show that the minimizer of A\(w) among B,, is attained by the constant.
Once this is established, we will then prove by contradiction to obtain the entropy

gap (or energy gap).
Finally, we point out even though Theorem 1.1 and Theorem 1.3 suggest that the
constant solutions of (SS) serve the same role as the round sphere in mean curvature
flow, there are still some striking differences. For instance, if a mean curvature
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flow in R"*! starting at a closed smooth embedded hypersurface has only generic
singularities, then the round sphere is included in the lowest strata Sy ! consisting
of isolated points (see [9, Lemma 4.2]). However, for finite blow up solutions of (F),
the constant solution k is included in the top strata &,. This will lead to some
essential difficulties in our analysis.

Notation. Define the weighted spaces

n n ,M
LI(R") ={g € L (R"): [ |g(y)|%e” T dy < oo}
Rn

loc

and
H,(R") = {g € L,(R") : [Vgl| + |g| € L(R™)}.
The inner product on L2 (R™) is given by

_lw?
(V1,92)w = | 1tee T dy. (1.11)
RTL
Both L2(R™) and H!(R™) are Hilbert spaces.

2. PRELIMINARIES

In this section, we recall several results which will be used later. The first one is
[21, Proposition 17].

Lemma 2.1. For any bounded solution w of (SS), there exists a positive constant
M’ depending only on n, p and ||w||Lemny such that

Vw| + |V2w| + |V3w| < M, in R"

The next result is about the regularity of solutions to (SS) which satisfies a natural
decay condition at infinity.

Lemma 2.2. Assume w is a bounded solution of (SS) satisfying, for some positive
constant C,

lw(y)| < C(A+Jyl)"»=7, inR™ (2.1)
Then there exists a positive constant Cy such that
2 _2 . n
(L+[y)" 77 [Vw(y)| + (1 + [y)* 7 [VPw(y)| < Ci,  in R (2.2)

Proof. Let
w(z,t) = (—t) 71w (\/L__t) . (2.3)

Then u is a smooth, ancient self similar solution of (F).
By (2.1), u is bounded on (B5(0)\B1/4(0)) x [=1,0). Thus we get from standard
parabolic estimates (see the proof of [21, Proposition 1]) that

IVu| + |V?u| < Ci, in (Bs(0)\B12(0)) x [-1/2,0)

for some positive constant Cy. After scaling back to w, this is (2.2). 0

'Here we have adopted the notations in [9, Section 4]
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Next, we recall the monotonicity formula for (F), which is a reformulation of [21,
Proposition 3].

Lemma 2.3 (Monotonicity formula). Assume w is a bounded solution of (SS) and
u is defined by (2.3). For any (x,t) € R" x (—00,0] and T > t, the function

Blsia. Tou) =55 [ [Vuly. T+ 9)PGly — 2. 5)dy
Rn
= [ TG - ndy (24)
1 2/ 9
+ ——(—s)r1 u(y, T+ s)°G(y — x, s)d

is nonincreasing with respect to s in (—oo,—(T —1t)). Ift < 0 and T > t, then
E(s;x,T,u) is nonincreasing with respect to s in (—oo, —(T — t)].

For any (z,t) € R" x (—o0,0], we take T" =t into (2.4). The monotonicity of £
allows us to define the density function

O(x,t;u) == liné E(s;z,t,u). (2.5)

The density function defined in (2.5) satisfies the following two properties, whose
proof are standard.

Lemma 2.4. The density function © is upper semi-continuous in the sense that if
(x;,t;) is a sequence of points converging to (Too,ts), then
O(Zoo, too; u) > limsup O(x;, t;; u).

11— 00

Proof. For any € > 0, choose an s < 0 such that

E(8; Too, toos 4) < O(Too, too; u) + €. (2.6)
Because (24, ;) = (T, ts) and w is a bounded solution of (SS), we get from Lemma
2.1 that

lim E(s;x;,ti,u) = E(S; Too, too, U).

11— 00
By the monotocinity formula,

@(xia t’i) U) S E(S, Ty, ti7 U)

Therefore
lim sup @(SE’“ tia 'LL) S E(S7 Lo, 2fooa U’)
1—00
Combining this inequality with (2.6), we get
lim sup ©(z;, t;, u) < O(Too, too; u) + 2
1—00

Letting ¢ — 0, we get the desired claim. U

Lemma 2.5. For any (xg,tg) € R" x (—00,0], we have O(xq,to;u) < ©(0,0;u).
If ©(zg,to;u) = O(0,0;u), then u is backward self similar with respect to (xg,to).
Moreover, for any a € R and (x,t) € R™ x (—00,0),

u(azg + x,a’ty +t) = u(z,t).
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Proof. Define the blow down sequence of u at (xq,to) by
ux(z,t) = )\%u(xo + Az, to + A%t),

where A — +o00. Since w is a bounded solution of (SS) and u is backward self
similar with respect to (0, 0),

up(z,t) = u( A\ ag + 2, N 2o + 1) — u(a,t)
locally uniformly in R™ x (—o0, 0). This uniform convergence implies that for s < 0,
©(0,0;u) = E(s;0,0,u) = lim FE(s;0,0,uy) = lim E(A\s;z0,to,u) (2.7)
A——+00 A—+00

= lim FE(7;x0,to,u) > O(xq, to;u).

T——00

Here in the last inequality we have used the monotonicity formula at (xg, o).
Assume that ©(xg,to;u) = ©(0,0;u). For any a > 0, we have

O(axo, a*to; u) = O(zq, to;u) = 0(0,0; u).
Thus w is backward self similar with respect to (azg, a*ty). Since u is also backward
self similar with respect to (0,0), for any A > 0, we have
u(axg + x,a’ty + 1) = )\P%lu(axo + Az, a’ty + N*t) = u(A\tazg + 2, A 2d ity + t).
Since wu is smooth, for any (z,t) € R" x (—o00,0),

lim u(A tazg + z, (aX) tg + t) = u(x, t).

A——+o00

Thus
u(azg + x,a’ty +t) = u(z,t).
The case a < 0 can be obtained by a change of variables. U

Remark 2.6. According to the definition in [41, Section 8], the density function
O(z,t;u) is a backward conelike function.

We also need the following Liouville type result.

Theorem 2.7. I[fn <2o0rn>3,1<p<(n+2)/(n—2), ifw is a bounded solution
orw € F,, then w =0 or w = *£k.

Proof. As mentioned in the introduction, for bounded solutions, Giga and Kohn [21,
Theorem 1] obtained the Pohozaev identity

n 2—n ly|2 1/1 1 ly|?
0= + VwlPe i dy+-|(=-— — 2\ Vw|?e 1 dy.
(p+1 2 )/R‘ | y 2(2 p+1) Rn‘yH | 4

This identity follows from integration by parts. For functions in F,,, we can obtain
the same identity by plugging suitable vector fields into the stationary condition
(1.5).

Because the coefficients in Pohozaev identity are all nonnegative, it implies Vw =
0. Hence w must be a constant solution. U
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3. FIRST VARIATION OF THE F-FUNCTIONAL

In this section, we will derive the first variation formula for the F-functional
defined in (1.9). Then we will use the first variation formula to give a variational
characterization of bounded solutions of (SS).

3.1. The general first variation formula. The following first variation formula
holds for any bounded smooth function.

Lemma 3.1 (The first variation formula). Let w be a bounded smooth function.
Assume ¢ € C°(R™), z(s) and t(s) are variations such that

z(0) =z, t(0) =to, 2'(0) =1y, t(0)=nh.

Then

d

%Fx(s),t(s) (w + 86)]s=0
p+1 2

== gt [ IVePGly —aoto)dy

1 2

+ F(—to)’“lh B (WP Gy — 2o, t0)dy

1 2 _

p+1

+ (—tg)rt /n(Vw -Vo)G(y — xo,to)dy

p+1

— (—to)»—t lw|P~ weG(y — x0, to)dy
R’ﬂ
L = G to)d
1 ptl 2
+ 5(—t0)1’*1 |VU)| G(y — Xy, to) (31)
Rn
nh (o —y)-vo  hlvo— y|2
- — d
X { 2t0 * 2to 4¢3 y
1 p+1
R G p+1 _ t
p+1( 0) . |w[P Gy — w0, o)
nh (xo —Y) " Yo h|x0 - y|2
- — d
% { TS A2 y
1 2 9
+m(—to)l’ /nw G(y—xo,to)

nh (fo - y) “Yo h|$0 - 3/|2
- - dy.
% [ 2t0 + 2to 4¢3 y
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Proof. By the definition of the F-functional in (1.9), we have

Fuont(w+50) =5 [0 [ V(0 -+ s0)FGly = a(s). 1)y

_ L[_t@)]% /Rn lw + s¢|PTG(y — x(s), t(s))dy

p+1
b oI [ 507Gl = als) )y
Because
% [(—m(s))—z‘e”(i&?? }
Ly eyt [ nt(s) | (als) =) () _ E(s)lals) — P
=[=ant(s)]2e T { 2(s) T 2u(s) 172(s)
we get
%Fx(s),t(s) (w+ 59)
p +1 % / 2 _
=~ SR AT (S) [ [Vt sT0PO( - a(s).Hs))dy
) [t 5ol Gl = a(e). )y
L iy 2 —x(s),t(s
~ Rl [ (w500l — a(s) sy

] [ (Tws90) - VoGly - a(s). 1)y

— )] [ w A+ sgP T (w + s8)dG(y — a(s), t(s))dy

R
1

+—1

)7 [ (w4 50)6Gy — 2(5),t(5))dy

p+1

[—t(s)]= - [Vw + sV|*"G(y — x(s), t(s)
" [ nt'(s) | (x(s) —y) - 2'(s) t’(s)|93(2

N

+

" 2t(s) 2t(s) 4t%(s)
_ ]ﬁ[_t(s)]iﬂ /Rn w+ s¢PT Gy — x(s), t(s))
<[ - R e
+ 2(101— il ()71 (W 50)°Gy — 2(s), 1(s)
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Plugging s = 0 into the above formula, we get the desired formula. O

Definition 3.2. Let w be a bounded smooth function. If for all variations x(s),t(s)
and ¢ € C§°(R™), we have
d
ds

then we say that w is a critical point of the functional Fy 4.

Fx(s),t(s) (w + S¢)|s:0 = 07

3.2. Critical points of F-functional are self similar solutions. In this section,
we will prove that w is a critical point of F}, 4, if and only if it is the time —% slice
of a self similar solution of (F), which blows up at the point xy and time 0.

Proposition 3.3. A bounded smooth function w is a critical point of Fy, ., if and
only if w is a solution to the equation

Yy — o 1 1 .
Aw + -V + ———w+ w7 w=0, nR" 3.2
2tg (p — Do vl (3:2)

Proof. By the definition of the F-functional, it is easy to check that
on,to (w) = F07*1<w9€07t0>7

where )
Wazg,to (y) = (_to)pjw(xo + \/__t()y)
Notice that w,,, satisfies (3.2) if and only if w satisfies (SS). Therefore, it is
sufficient to prove Proposition 3.3 for g = 0 and t; = —1.
First assume w is a critical point of F{ ;. Taking o = 0,70 = —1,y, = 0 and
h =01in (3.1), we see that for any ¢ € C5°(R"),

1
0= / Vw - Vopdy + p— wopdy — / lw [P~ wepdy. (3.3)
n R'ﬂ

—1 Jgn
Thus

1 1
0= / {;div(pr) - Fw + ]w]p_lw} opdy.

It follows that w satisfies (3.2).
Next, assume w is a solution of (3.2) with zy = 0,y = —1. We need to show that
for any yo, h and ¢ € C§°(R"),
d
ds
This is equivalent to the requirement that

p+1 2 h +1
0=———=h Vw|*pdy + —— w|P" pdy
2(p—1) Rn| | p—1 R"| |

h
- /R wtady+ [ (Vw-Vo)ody

1
+—— | wopdy— [ |wlP wedy (3.4)

F.r(s),t(s) (w + 5¢)|S:0 =0.
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1 nh y-yo  hlyl?

— [ |Vw|* | = — d
T3 ), Vel [2 T3 1 |
B e AL S 1 ol VP

p+1 Jen 2 2 4

1 o [nh y-yo  hly|?
+2(p—1)[gnw[2+ 5 1 pdy.

Multiplying both sides of (SS) by pw and integrating by parts, we get
1
0= [ |[VwlPpdy — [ |wPTpdy + —— | w’pdy. (3.5)
R R p—1Jgn
By [21, Formula (3,17)], we have
2—n

n
Vw2d——/w2d
) /Rn! "pdy 21 o

o P pd 1/ 2 Vw|*pd 3.6
) IRn|w| pdy + 5 IRn|y||w!py (3.6)

1 2 1
— y —
4p—1) Jpn 2(p+1) Jen
For i = 1,2, -n, multiplying both sides of (3.2) by pw; and integrating by parts,
we get

1
0:—/ Vw - Vw;pdy — ——

1

1 1
S Q.d_—/ 2. nd - P+
2/H(IVwI )ipdy 1) (wip vt oo Rn(lwl )ipdy
1

1 1
— |y Vwledy + ——— [ yapdy — iw]P* pdy.
4/nyl w\py+4(p_1)/nywpy 2(%Ll)/nylwl pdy

It follows that for any yo € R",

0=

+ w?pdy — ly|*Jw [P pdy.

wiwpdy—i-/ lw[P~ ww; pdy

RTL

_ 1 2 1 2 1 p+1
Combining (3.3), (3.5), (3.6) and (3.7) in the way
h h 1
3.3) — ——(3.5) — =(3. —(3.7
we see that (3.4) holds. So w is a critical point of Fj 4. O

4. SECOND VARIATION OF THE F-FUNCTIONAL

In this section, we will derive the second variation formula of the F-functional for
simultaneous variations in all three parameters w, xy and t,. In particular, when w
is a bounded solution of (SS), we will use our calculation to formulate a notion of
stability.
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4.1. The general second variation formula.
Lemma 4.1. Let w be a bounded smooth function. If x(s) and t(s) are variations
such that
2(0) = t(0) =to, 2'(0) =yo, '(0)=h
and z"(0) =y}, t"(0) = h hen
d2

= (—to) ot {t h + —hg} IVw|*G(y — z0, to)dy
D R~
2 2
— ———(—tp) T {toh’ + —hz] lw PTG (y — 20, t0)dy
p Rn
— —(—to)_%p%l [—toh' + p;i)hQ} / w?G(y — o, to)dy
p

—to leh/ (Vw - V)G (y — xg,to)dy

2 2to T

+—Z (—to)rh | |JwPTG(y — 0, t)
p—1 R

h —y)- hlzo — yl?

% |- (o —y) -y hlzo 2?/\ dy

2 2
= 1)2(—750)1371 1h/ w?G(y — 0, t9)
nh  (zo—vy) -y hlro -yl
_nh - d
X { o T 2t At Y

y—— / V[2G(y — o, to)dy
Rn

ptl -
() / P~ Gy — w0, o)y
1 2
+ ]ﬁ(—to)”*1 / ¢*G(y — wo, to)dy

2=t [ (V- Ve)G(y — ao.to)
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nh  (zo—y) -y  hlro —yl?
- - d
8 { 2t i 2t 4¢3 Y

p+1

— 2(—tgy) 1 wP~ wéG (y — o, to)
]RTL

% [ nh+(x0—y)-y0_h|m0—y|2} dy

2, 2%, A¢2
2 2
42t [ woG(y — ao.to
nh (2o —y)-yo hlwo— Z/\Q
s - d
% { ST At 4
1 p+1 9
-+ 5(—750)1’*1 |Vw| G(y — Xg, to)
]Rn
y { _n_h+ (mo—y) -y hlzo —yl 2_ nh'ty — nh?
2tg 2t 4¢3 2t2
N [lyol® + (20 — y) - yolto — h(xo — y) - o
2t2
(W20 — y|* + 2h(zo — y) - yolto — 2h*|zo — yl?
_ . dy
At
1 p+1
- p——l— 1 (—to)r1 lw|PT Gy — o, to)
Rn
X { {_"_h L @o—y)yo _ hlwo — yIT2 _ nh'ty —nh?
2to 2to 442 2t2
N [lyol? + (z0 — ) - yolto — h(zo — ) - Yo
2t2
(W |20 — y|* + 2h(zo — y) - yolto — 2h*|xo — y/?
_ ; dy
At
1 2 9
—+ m(—t())?—l w G(y — X, to)
y { _nh (@o—y) -y hlzo — yI*1*  nh'ty — nh?
20 2to 4¢3 2t2
+ [lyol? + (z0 — ) - yolto — h(zo — ) - Yo
2t2
(W |z — y|* + 2h(zo — y) - yolto — 2h*|xo — y/?
— e dy.
0

Proof. After some computations, we get

d2

@Fm(s),t(s)<w + S(b)
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—1+% S //8 L /8 2
L s+ )

< [ 190+ sToPGly - (o) 1)y
- O o))+ ()
< [+ 56l — als).t(5)dy
1 24525 [ P23 ()2 ()t (s
- O [P ) - )
< [ (w506l - 2(s).1(5))dy

_2(p+1)

NPT ) [ (Fus90) - VoGl — as).t(s))dy
=1 PN [ soP T w + s0)0Gly — a(s), Us)dy
NP S) [ (w0t 50)0Gly — o). Hs))dy

(p—1)? n
- %[—t(s)ﬁlt'(s) [ 19w+ 5V Gy — a(s). 1(5)
nt(s) | (o) =) w(s) _ Hls)le(s) — ol
. {_ o(s) | 2u(s)  4(s) ]dy
UG [ ot 0P Gy - a(s). ()
nt(s) | (o) = y) - w'(s) _ Hls)la(s) — o
8 {_ o(s) | 2(s)  4f(s) ]dy
— Rl [ (04 5026l = a().1(5)
nt(s) | (o) = y) () _ Hls)la(s) — P
. {_ o(s) | 2u(s)  d(s) ]dy
U [ IVOPGLy - a(s). ts))dy
==t | w0l PGy = a(s), 1s)dy
o )T [ Gy~ a(s) )y
p R"

T olt(s) / (Y + 5V6) - VoGly — a(s). 1(s))

n
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nt/(s -a'(s)  t(s)]x(s) —yl?
{ 2t(s) ) O 4P(s) }dy
]+/R [w + so|P~ 1(w+8¢)¢G( —x(s),t(s))

nt'(s) y)-a'(s)  t'(s)|z(s) —yl?
{ 21(s) i0s)  42(s) ]dy

2

+p— p[=ts)]P l/n(erSdD)ﬂﬁG( z(s),t(s))

2t(s) 2t(s) 4t*(s) ’
+ 3 [ Vi sVoPG( - a(s). ()
([0, (ol —0)) _ riolte) uP)*_ o) et
2t(s) 2t(s) 4t2(s) 2t2(s)
/() + () = 9) - 2 (5)}s) = #(5) () = ) - ()
2t2(s)
[()a(s) = yl? + 20(5)(a(5) — 9) - ()]H(5) — 20 ()¥ (5)|a(s) — o
a 4t3(s) }dy
- I [ o so Gy — 2(s).0(0)
nt(s) | (als) —y) - #'(s) _ P()lels) ~ylP]*  nt(s)t(s) — nt(s)¢(s)
| {" 2t(s) T 2u(s) 12(s) 212(5)
L )P + (2l9) = ) - )H(s) = V() as) —v) - 2)
2t2(s)
[()lels) =yl + 20(5)(a(5) — y) - ()]t(s) = 20 (5)]als) — o
- 465(3) by

sy O [ 507Gl = (o). 65)
<{ {‘W(S) L @(8) —y) @) t(S)a(s) —yP]*  nt(s)t(s) — i (s)t'(s)
+

2t(s 2t(s) 4t2(s) 2t2(s)
2/ (s)]* + (w(s) — ) - 2"(s)]t(s) — t'(s)(x(s) —y) - 2'(s)
2t2(s)
[t"(s)]ax(s) — yl* + 2t'(s)(x(s) — y) - 2 (s)]E(s) — 2'(s)t'(s)|a(s) — y/* dy
4t3(s)

The proof is finished by substituting s = 0 into the above formula.

If 2(0) = 0,t(0) =

—1, then the second variation formula has a simpler appear-
ance.
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Lemma 4.2. Let w be a bounded smooth function. If x(s),t(s) are variations such
that

2(0) =0, (0)=-1, 2'(0)=yy, #(0)=h
and 2"(0) =y, t"(0) = R/, then

d2
@Fx(s),t(s) (w + S¢)|s:0
p+1 ( / 2 2> 2
= —h'+ ——="h Vw|*pdy
2(p—1) p—1 R"| e
1 / 2 2 +1
—— |-+ ——=h |w[P™ pdy
p—1 p—1 Rn
1 p—3
— h’+—h2)/ w?pdy
(p—1)2( p—1 0P
2 1
p_l n
2(p+1) o 4 /
+——77h wP" wepdy — ——=h wopdy
p—1 R"| | P (p—1)2 n g
p+1 o [nh y-yo Ryl
———h — = =
| RIVw\p[2+ 5 1|
2 nh y-yo  hlyl?
——h LARY Y — d 4.1
) Mm-S (1)

2 nh  y-yo  hlyf
S Sy A e ) R A L1
17 /nwp{2+ 2 1 | Y

1
+/ Vo[> pdy — p/ |w]P~¢? pdy + o1 ¢*pdy
n n R”l

h . hly|?
v2 [ (vuvay e - M,

_ nh y-yo  hlyl
) p—1 - —_ d
Ll wdm[Q += |

2 nh  y-yo  hlyl

= A e DLy
—|—p_1Rnwgbp|:2—|— 2 1 | Y

1 s | mh Y-y h]y|2]2 nh' + nh?
+2/Rn|vw| p{[z Ty i

—lyol*+y-vh+hy-yo Hy]* —2hy - yo + 23|y J
+ 2 - 4 Y

p+1 R

1 nh Y-y h|y|2}2 nh' + nh?
p+1 e o
[w] p{[ 7 T L) T
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—lvol*+y-yo+hy-yo  Wy|* —2hy - yo + 2h*|y|? p
+ 2 - A Y

2(p — 1) 2 2 4 2

—lyl’ +y -y +hy-yo Nyl = 2hy - yo + 2R%y|? }dy

1 hooy- hly[272  nh! + nh?
n /w2p{[n_+y Yo \yl} LA
Rn

+

2 4

4.2. The second variation of self similar solutions. In this subsection, we will
specialize our calculations from the previous subsection to the case where w satisfies

(SS). In this case, by using (SS), the second order variation formula can be simplified
further.

Theorem 4.3. Let x(s),t(s) be variations of 0,—1 with 2'(0) = yo,t'(0) = h and
2"(0) = y;,t"(0) = h'. If w is a bounded solution of (SS), then for any ¢ € C§°(R™),
d2
ds?

1
=/ {\V¢I2 +-— ¢*pdy — p!w!”W] pdy
Rn p—

Fz(s),t(s) (’LU + Sd)) |s:0

2
+h /R (]:w +y- Vw) ppdy — . (Vw - yo)pdy (4.2)

1 1 2
—5/ |Vw-y0|2pdy—h2/ (Eer%-Vw) pdy.

In particular, we have
d2
ds?

1 _
S/n [IVcﬁl2 + pTlczﬁ?pdy — plwl? W] pdy (4.3)

Fx(s),t(s) (U) + S¢> |s=0

2
+ h/ (Fw +y- Vw) opdy — d(Vw - yo)pdy.
n - R’VL

The proof will be given in Appendix A.
The second variation formula above allows us to formulate a notion of stability.

Definition 4.4. Let w be a bounded solution of (SS). If for every ¢ € H.(R™),
there exists variations x(s),t(s) with

z(0) =0, (0) = —1, 2(0) = yo, t'(0) = h, 2"(0) =y, t"(0) = A’
such that
d2
@Fx(s),t(s) (w + S¢)|s:0 > Oa
then we say that w is F-stable.
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Roughly speaking, a bounded solution of (SS) is F-stable if modulo translations
and dilations, the second derivative of the F-functional is non-negative for all vari-
ations at the given solution.

Remark 4.5. From [21], we know that the energy functional of (SS) is E(w) defined
in (E). Thus at first it seems natural to define a notion of stability as follows: w is
stable if for any ¢ € Cg°(R™), the quadratic form

Q.0 - [ (ng!uﬁ

is nonnegative definite. Howewver, it is easy to check that if we use this definition,
then any nonzero self similar solution is unstable. Therefore, this kind of stability
can not provide any useful information.

¢° — plwlp‘1¢2) pdy

n

5. CHARACTERIZATION OF THE CONSTANT SOLUTION

Our next objective is to classify F-stable self similar solutions. Before doing this,
we first prove a result on the constant solutions of (SS).

Proposition 5.1. Let w be a bounded solution of (SS), then w is the constant
solution of (SS) if and only if the function

Aw)(y) = —w(y) +y - Vu(y) (5.1)
does not change sign in R™.

Remark 5.2. In a recent paper [5], Choi and Huang proved a similar result for
smooth linearly stable self-similar solutions * of the equation (F) under an integral
condition for all p > 1.

In order to prove Proposition 5.1, we need some results concerning the linear
operator

- _ v, L _ p—1
Ly = =D+ 3 Vit plw[" ¢, (LO)

where w is a bounded solution of (SS). Recall that A € R is an eigenvalue of £ if
there is a non-zero function f € HL(R™) such that Lf = Af. The operator L is
self adjoint in L2(R™) with domain D(L) := H!(R™). Since the natural embedding
v : HYR") — L?(R") is compact, standard spectral theory gives the following
corollary.

Corollary 5.3. Assume w is a bounded solution of (SS) and L is defined by (LO).
Then

(1) £ has a sequence of eigenvalues Ay < Ag < -+ — +00.
(2) There is an orthogonal basis { fi.} for L2 (R™), where all of f are eigenfunc-
tions of L.

2The precise definition of linearly stable self similar solution can be found in [5, Definition 2.1].
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(3) The smallest eigenvalue Ay is simple, which can be characterized by
JQLQVwF+—ﬁj¢2—phd“4wﬁfﬂy
)\1 = inf B .
weHL(RM)\{0} Jan V2 pdy

(4) Any eigenfunction associated to Ay does not change sign.

(5.2)

The next lemma shows that the operator £ has two explicit eigenfunctions which
are induced by scaling and translations.

Lemma 5.4. If w is a bounded solution of the equation (SS), then

Lw; = —%wl, 1=1,2,---,n, (5.3)
— = — _— 4
E( _1w+y Vw) (p_1w+y Vw) (5.4)

Proof. Since w satisfies (SS), for i =1,2,-+- | n,
1 1
This is just (5.3).
To show (5.4), consider the variation wy(y) = A¥®Dw()\y). Since w satisfies
(SS), w, satisfies

2 2
Awy — —y - Vw, —

2 p—1
Taking derivative with respect to A at A = 1, we obtain

2 2
0=A <—w—|—y~Vw> —Q-V(—w—l—y-Vw)
p—1 p—1

wy + |wy [P wy, = 0. (5.5)

1 2 2
- <—w +y- Vw) + plw|P~! (ple +y- Vw> (5.6)

which is (5.4). 0

With Corollary 5.3 and Lemma 5.4 in hand, we now have all of the tools to prove
Proposition 5.1.

Proof of Proposition 5.1. If w is the constant solution of (SS), then it is clear that
either A(w) =0 or
1 \ 71
Thus A(w) does not change sign in R™.
Next, we prove that if A(w) does not change sign, then w is the constant solution

of (S9).
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Assume that A(w) does not change sign. By Lemma 5.4 and the strong maximum
principle, either A(w) = 0 or up to a sign, A(w) is positive in R"™. If the first case
holds (A(w) = 0), then w is a 2/(p — 1)— homogeneous solution of (1.6). Since we
have assumed that w is bounded, then w is smooth in R™. The homogeneity then
implies that w = 0.

If the second case holds, then we know from Lemma 5.4 and the last statement in
Corollary 5.3 that —1 is the smallest eigenvalue of the operator £ defined in (LO).
Therefore, for any ¢ € H} (R™),

1 _
0< [ IVél’pdy+—= | &’pdy—p [ [wf™'¢*pdy+ [ ¢pdy. (5.7)
R P — R R R
By taking ¢ = w into (5.7), we get
1
0< / [Vwl|*pdy + p— w’pdy —p | |wP*pdy + / w’pdy. (5.8)
Multiplying both sides of (SS) by wp and integrating by parts, we get
1
0= IVw|?pdy + —— | w?pdy — lw [P pdy. (5.9)
R™ P — 1 R R™

Combining (5.8) and (5.9), we obtain

(=) [ wPtpdy+ [ wipdyzo (5.10)
On the other hand, we get from (5.9) that
(1 —p)/R lw[PT pdy —|—/ w?pdy = —(p — 1)/R |Vw|?pdy < 0. (5.11)
Hence
(1—p) |w[PT pdy + / w?pdy = 0. (5.12)
Plugging (5.12) into (5.9), we gRet
g IVw|?pdy = 0. (5.13)
Thus w is a constant function. U

Remark 5.5. The proof of Proposition 5.1 indicates that a much more suitable
choice to define “Morse index” of solutions of (SS) is the number of eigenvalues of
L less than 1.

Remark 5.6. If we do not assume w is a bounded solution of (SS), then

1

2 2 p—1 2
e —_ 2 S — _p—l
w(y) p—1(” p—l) ]

is a solution of (SS) with A(w)(y) =0 on R™\{0}.
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6. CLASSIFICATION OF F-STABLE SELF SIMILAR SOLUTIONS

In this section, we will combine the second variation formula and the characteri-
zation of the constant solution to give a complete classification of F-stable bounded
self similar solutions.

Theorem 6.1. If w is a bounded solution of (SS) and it is not the constant solution,
then w 1is not F'-stable.

Proof. If w is not the constant solution of (SS), then the function A(w) defined in
(5.1) can not vanish identically. By Lemma 5.4, A(w) is an eigenfunction of £ with
eigenvalue —1. By Proposition 5.1, A(w) must changes sign. Then the last point in
Corollary 5.3 implies that —1 is not the smallest eigenvalue of £. Thus A\; < —1 and
there exists a positive, first eigenfunction f. Since L is self-adjoint in the weighted
space H.(R"), f is orthogonal to the eigenfunctions with different eigenvalues. In
particular, we have

2
and for any yo € R"

/ (Vw - yo) fpdy = 0. (6.2)
Substituting (6.1) and (6.2) into (4.3) gives
d2
@Fx(s),t(s)(w + 5f)s=0
1
:/ (|Vf|2 + pTle —p|w|p_1f2) pdy
2
n [ (F“’ 1y Vw) Fody— [ F(Vw- yo)ody (6.3)
! Vw - |2d—h2/(Lw+g-Vw)2d
2 ). Yol pdy e pdy
<-X\ f2pdy.
R
It follows that
d2
EFx(s),t(s) (w + Sf)’SZO <0
for any choice of h and yy. By the definition, w is not F-stable. O

Remark 6.2. In the proof of Theorem 6.1, the variation we can choose is not
unique. Indeed, assume f is the first positive eigenfunction of L and & is a small
positive constant which will be determined later. Let us take ¢ = f + £ into the
second variation formula. Without loss of generality, we may normalize f so that
Jan fPpdy = 1. Then

d2

@Fx(s),t(s) (w+s(f +&))|s=o
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= [ (197 P2

28 £
+— fpdy + pdy
p—1 p—1 Jgn

e / |w|p*1fpdy e [ Jwldy (6.4)
n Rn

1
—& [ (Vw-yo)pdy — 5/ IVw - yol*pdy
Rn RTL

1 1 2
+ 2h& (—w + = Vw) pdy — h2/ (—w + = Vw) pdy
Rn p - 1 n p - 1

3(p+1
<\ [ fPedy+ ——= (b )
Rn p—1

If we choose & so that

——— (% +9).

Wt Die <,

then we still have
d2
ds?
for any choice of h and yq.

Froys)(w + s(f +&))]s=0 <0

In view of Theorem 6.1, it is natural to ask whether the constant solution is F-
stable. By the second variation formula, it is clear that the zero solution is F-stable.
Next, we will show if w = %k, then the only way to decrease the Fp; functional is
to translate in space; this will not be used elsewhere.

Proposition 6.3. If w = +x, then for any function ¢ € HL(R") satisfying

/ yiopdy =0, 1=1,2,---n,

there exist g, h such that
d2
ds?
To prove this proposition, we need some information on the eigenvalues of the
operator Ly defined by

Fos)u0s)(w + 50)[s=0 > 0.

Lot = —AY + % v
Lemma 6.4. The eigenvalues of the operator Ly are given by
/\k:|a|/27 062(0617062,"‘ Jan)u
where a; s a nonnegative integer for 1 <i < n.

Proof of Proposition 6.3. We consider only the positive case, that is,

_1
1\t
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Plugging this into (4.2), we have

d2
@Fx(s),t(s) (w + S¢)|s:0
6.5)
2hw h2w? (
=/ IVolPpdy — | ¢*pdy+—— [ dpdy — —2/ pdy
n Rn p - 1 Rn (p - 1) n

Take a constant a so that
[ (0= apdy=0 (6.6)

and let ¢o(y) = ¢(y) — a. Then
d2

ds?

= / IVool?ody — [ dgpdy
R™ R"

() e g )
— | —— a— —a
p—1\p-1 (p—12\p-1

1

2
[ h ( 1 )
= — —_— —_— _a
p—1\p—1

If we choose h so that

Flu().1(5) (W + 80)|s=0

+ | |Vaol’pdy — | ¢opdy.
R» Rn

then Lemma 6.4 implies
d2
ds?

The proof of Proposition 6.3 is thus complete. U

Fos)u(s)(w + 50)[s=0 > 0.

7. ENTROPY
The entropy A(w) of a bounded smooth function w is defined to be

AMw) = sup Footo(w).
zoER",toG(—O0,0)
Remark 7.1. The notion of entropy is used by Colding and Minicozzi (see [7]) in

mean curvature flow to classify generic singularities. This quantity can be used to
measure the complexity of self shrinkers.

As discussed in [7], the advantage of the entropy functional is that it is invariant
under dilations, rotations, or translations of w. The main disadvantage of the en-
tropy is that for a variation wy, it need not depend smoothly on s. To deal with
this, we define the definition of entropy stable as follows.

Definition 7.2. A bounded function w is entropy stable if it is a local minimum for
the entropy functional.
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7.1. The entropy is achieved for bounded self similar solutions. Although
in the definition of entropy, the supremum is over a noncompact space-time domain,
the next lemma shows that for a bounded solution of (SS), the function (xg,ty) —
Foo1,(w) has a global maximum at xy = 0,y = —1.

Lemma 7.3. If w is a bounded solution of (SS), then A(w) is achieved at (0, —1).

Proof. For any bounded solution of (SS), set u(z,t) = (—t)"YPDw(x//—1). It
follows from Lemma 2.3 that for any (z,t) € R" x (—o00,0) and T" > t,

1 p+1

E(S;l’,T, U’) :é(_s)ﬁ |VU(y,T+S)|2G(y—l‘, S)dy
R™

1 pt1
— ———(—s)r1 u(y, T + s)[PTG(y — z, s)d
o LA AL PGy )dy
1 2/ 2
+ ———(—s)r 1 u(y, T+ s)°G(y — z, s)dy
S [ TG
is nonincreasing with respect to s in (—oo, —(7'—1t)]. By the definition of u, we have
p+1
1 s p=T x s
E(s;x,T,u) == Vuw(y)*G |y — ,— d
st =5 (=) [ vut) <y —— TH) ’

pt+1

: ( S ) [w(y) PG
- w

(“m"ﬂs)dl’

+2(P1—1> <T18>ﬂ/nw(y)20 (y_ \/ﬁ’_zﬂij v
- (w).

T Ve T
We take
1 1
T—t=1 x=x904/——, T=1+—.
to to

Since E(s;z,t,u) is nonincreasing with respect to s in (—oo, —1|, we have
E(=Liz,T,u) = Fyyt(w) < lim E(s;z,T,u) = Fy_1(w).
s——00
Since (xg,tg) € R™ x (—00,0) can be arbitrary, we conclude that \(w) achieves its
maximum at (0, —1). O

By the definition of the energy E(w) and the F-functional, we have F(w) =
Fy—1(w). Hence Lemma 7.3 implies the following corollary.

Corollary 7.4. If w is a bounded solution of (SS), then A\(w) = E(w).

Lemma 7.3 only tells us the location where the F-functional achieves the maxi-
mum. For applications later, we also need to show that if w is a bounded solution
of (SS) and

Vw-yy #0, foranyyo e R"\{0}, (7.1)
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then (xo,t9) — Fioto(w) has a strict global maximum at zp = 0,tp = —1. The
condition (7.1) says that w is not a solution of (SS) in low dimensions.

Lemma 7.5. Suppose w is a bounded solution of (SS) satisfying (7.1). Then for
every € > 0 sufficiently small, there exists 6 > 0 such that

SUD{ Fhyto () : [zo] + [log(—to)| > £} < A(w) — 6. (7.2)

Proof. Since w satisfies (SS), we know from Proposition 3.3 that w is a critical point
of the Fj-functional. Moreover, using the second variation formula with ¢ = 0, we
see the second derivative of Fj ) s)(w) at s = 0 along the paths

x(s) = syo, t(s)=—(1+ sh)

is given by
d2
ds?

1 1 i
:—5/ \Vw~yo\2pdy—h2/ (Z)le‘i‘%'vw) pdy.

This quantity is clearly non-positive. Moreover, it equals 0 only if

h=0, Vw-y,=0

Fz(s),t(s) (w + 5¢) |s:0

or
Y

1
Vw-y=0, ——w+ = -Vw=0.
p—1 2
If yo # 0 and Vw - yo = 0, then we get a contradiction with the assumption (7.1).
If yo = 0 and h # 0, then
d2
S Fat a0+ 590 = 0
implies
1 y
— =.Vw =0.
. 1w + 9 w
In particular, w is 2/(p — 1)—homogeneous. Since we have assumed that w is a
bounded solution of (SS), it is only possible that w = 0, which contradicts our
assumption that w is not translation invariant in any direction again.

We conclude from the above analyses that the second derivative at (0, 1) is strictly
negative. As a consequence, the function (zo,ty) — Fjy, 4 (w) has a strict local
maximum at (0,1). Thus for every € > 0 sufficiently small there exists § > 0 such
that

max F,i(w) < AMw) — 4.
(z,t)€{|z[+|log(—t)|=e}

For every (zg,to) satisfying |zo| + |log(—to)| > ¢, it follows from the proof of
Lemma 7.3 that for every s < —1,

FIOvtO (w) S F zQ st (w). (7'3)

Viotittgs' totlttgs
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Since .
lim —— =
§——00 \/tg + 1+ toS
and
Sto

lim ——— % =1,
§——00 to + 1+ toS

there exists § such that

i Sto
,— - | € {|z| + |log(—t)| = ¢}.
( TES Y to—l—l—l—tos) {lz] + |log(=t)] = &}

By (7.3), we know that F,,;,(w) < A(w) — 6. Hence (7.2) holds. O

7.2. The equivalence of F-stability and entropy-stability. Our next objective
is to prove that if w is a bounded non-constant solution of (SS) and there exists a
positive constant C' such that

w(y)| < C(1+|y)) 7T, inR", (7.4)

then F-stability and entropy stability are equivalent. In the course of the proof, we
need a result concerning the first eigenfunction of the operator £ defined in (LO).

Lemma 7.6. Assume w is a bounded non-constant solution of (SS). Let A be the
first eigenvalue of L, and f be a positive eigenfunction associated to A\i. Then there
exists a positive constant C such that

(L+ 1) | f ()] + (L + )T (V)| < €, inR™ (7.5)

Proof. Since w is a bounded non-constant solution of (SS), A\; < —1. Hence (7.4)
implies there exists a positive constant R such that that

2 2
— P o )y 14 plwfrt A <0, in R™M\Bg(0).  (7.6)
p—1 p—1
By taking R large enough, we may also assume that
1
-+ plwlP~ 4+ A <0, in R™\Bg(0). (7.7)
p _

By standard elliptic regularity theory (see [25]), there exists a positive constant M
such that ,
D

|f| < MR 71, in Bpg. (7.8)

For any k > 1, consider the Dirichlet problem
Agr =4 -V — 250k +plwP g + Mgk =0, in Bryx\Bg,
gk = [, on 0Bk, (7.9)
_ 2
gk = M’y| P, on OBR+k,
Since we have assumed that (7.7) holds, the zeroth order term of the second order
elliptic equation in (7.9) is negative. Observe that

_2p 2p 2p _ _ _ 2
(E‘i‘)\l)’y‘ P—pl = |:—F (n—Q—F) ‘yl 2+1+p|w|p 1"‘)\1 ‘y| p_pl.
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Thus, it follows from (7.6), [25, Theorem 8.3] and the maximum principle that for
any k > 1, (7.9) has a unique smooth solution g, which is bounded above by
M|y|~@p)/(e+1) | By using the maximum principle again, g is also bounded below by
0. Letting k — oo, we get from the Arzeld-Ascoli theorem that {gx} (after passing
to a subsequence) converges to some function g, in C? (R™\Bg), where

Agoo - % : v.goo - Iﬁgoo +p|w|pflgoo -+ )\1900 = 0, n RH\BR, (7 10)
Joo = f7 on 8BR '
Moreover,
9ol < Mly|™7"T,  in R™\Bp. (7.11)

Multiplying both sides of (7.10) by g.p and integrating over R™\ Bg, we get

/ |V g |2 pdy < 0. (7.12)
R"\Bp

We claim that g, = f.
Indeed, by denoting h := f — g, then h satisfies

Ah—%-Vh— Zﬁh+p|w|p’1h+)\1h:0, in R™\ Bg,

h =0, on 0Bg.
Let ¢ be a smooth cutoff function such that ¢, = 1 in By, ¢, = 0 outsider By, and
|Vor| < C/k. Multiplying both sides of (7.13) by h¢?p and integrating by parts,
we get

(7.13)

1
o= [ nPeipdy - = [ Watpdy
R”\ Br p—1 R\ B

Y A R N (7.14)
R"\Bgr R"\Bgr

— 2/ hoiVh - Vi pdy.
R™\Br
Recall that we have assumed that (7.7) holds, so
/ IV ¢ipdy < —2 / hérVh - Vppdy.
R™\Bg R™\Bpr
This yields

[ (whPatody < C [ Evapdy

R"\Bp Rr

where C' is a positive constant independent of R. Letting & — oo, we conclude that

/ |Vh|*pdy = 0.
R™\Bpr

Hence h = 0 and the claim is proved.
By (7.8) and (7.11), there exists a positive constant C' such that

2p
p—1

lfI<C1+|yl) >, inR" (7.15)
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Let

ute.t) = (0771 (S5 ) o = or s ().
Then f satisfies
Of = Af+pluf™'f, in R" x (—00,0).
Combining (7.4), (7.15) and parabolic estimates, we see there exists a positive con-
stant C' depending only on n,p, w and f such that

Vf(x )]+ [V2f(a,t)] < C(=tMF, in (Bo(0)\Biya(0) x (=2,0).  (7.16)
This implies
2p 4 221212 o Ton
A+ )T VA+ A+ g7V <O, in RM\B,. (7.17)
By (7.15) and (7.17), we see (7.5) holds. d
Now we can prove the main result in this section.

Theorem 7.7. If w is a bounded non-constant solution of (SS) satisfying (7.4),
then there is a variation wy with wg = w such that

Aws) < A(w)
for all s # 0. In particular, w is not entropy stable.

Proof. Take the one-parameter variation ws = w + sf for s € [—2¢,2¢|, where f is
the positive, first eigenfunction of the operator £ defined in (LO).
By the proof of Theorem 6.1, we know that for any x(s) and ¢(s) with z(0) = 0

and t(0) = —1,

d2

@Fx(s),t(s) (ws)‘szo < 0. (718)
We will use this to prove that w is not entropy stable. For this purpose, we define
a function G : R" x R™ x [—2¢,2¢] — R to be

G(xo,to, S) = Fry 1o (ws). (7.19)
We will show that there exists some €1 > 0 such that if s # 0 and |s| < ey, then
Mws) = sup G(zo,to,s) < G(0,—1,0) = Fy _1(w) = AM(w). (7.20)

onR",toG(foo,O)

This will give the desired variation ws.

The proof of (7.20) is divided into the following seven steps.

Step 1: G has a strict local maximum at (0, —1,0).

Since w is a bounded solution of the equation (SS), it follows from Proposition
3.3 that VG vanishes at (0, —1,0). Given yp € R",a € R and b € R\{0}, the second
derivative of G(syo, —(1 + as),bs) at s = 0 is just

d2 d2

@G(syo, —(1+ as),bs)|s=0 = b2@Fx(s),t(s) (ws)]s=0
with

z(s) = 5@, t(s) = — (1 + %s) :
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Thus
2

d
@G(Syo, —(1 + CLS), bS)ls:()

2 1 y 2
= 262/ IV - o2 pdy— 7 (Z:IU—I—E-VM) pdy.

Similar to the reasoning used in the proof of Lemma 7.5, it is negative. In other
words, the Hessian of G at (0, —1,0) is negative definite. It follows that G has a
strict local maximum at (0, —1,0).

As a consequence, there exists 5 € (0,¢) such that

G(C(]o,to,s) < G(O,—LO) (721)

provided that 0 < |zo|* + |log(—to)|* + s* < 3.
Step 2: |0;G| is bounded on R™ x R™ x [—2¢, 2¢].
By the definition of G' and the first variation formula, we have

8SG(:vo,tg, ) ( to) /H(Vw Vf) ( —xg,to)dy

_(—ty)iH / w+ sfP " (w+ sf)fGly — o to)dy  (7.22)

1 2
m(_to)r /n fwG(y — xg, to)dy.

The first two integrals can be estimated as follows. By Lemma 2.2 and Lemma
7.6,

+

_pt+1 _2p
IVw(y)| < C(L+[y)) >, V)| <CA+y) 71"
Hence

Vuw@)|[VF(y)] < CO+y)) 7T

<C(l1+ |y|)72% (because

2P+1

< Cly[7»

Similarly, because

w(y)] < CO+ )7, 0< fy) <CO+y) 7T,
we also have .
w(y) + sf ) Fy) < Clyl >
Because p is supercritical, we have
P
p—1

which implies that |y| ™ s locally integrable on R™.
Then the integral we want to estimate is controlled by

2
o[l ) e (P ) ay
n 0
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n 1
=(4m)" 2 |z|_2% exp <—— ‘ T _ z
R™ 4 —t[)

2
) dz (by letting z = y/+/—to)

In the above, to estimate the last integral, we consider two cases separately, |xo|//—to <
10 and |zo|/+v/—to > 10. For the first case, the integral is bounded by a di-

1
mensional constant C'(n), by using the local integrability of |z|_25%1 and the de-

cay of the exponential function at infinity. For the second case, the integral can
be estiamted by decomposing R™ into two domains, B, /2,=%)(To/+/—t0) and

R™\ By i/(2v=2) (¥0/ v/ = 1o)-
As above, the third integral in (7.22) is controlled by

If |to| < 1, this integral is bounded by

1 2
/nexp <_4_1 \/x—_o_to—z )szC’(n).
If |to| > 1, this integral is bounded by
+1 1| =z 2
—to) ! 2|72 exp | —— 2| da
( 0) o | | ( 4 \/__tO
As in the first case, it is bounded by a dimensional constant C'(n).
Step 3: Because G(zo,t,0) = F,,4,(w) and G(0,—1,0) = Fy _1(w) = AMw), by

Lemma 7.5, G(xg, to,0) has a strict global maximum at (0, —1). In fact, there exists
a positive constant ¢ > 0 such that

G(xo,t(), 0) < G(O, —1, O) -9 (723)

for all zg, to satisfying e3/4 < 22 + (log(—to))%.
By Step 2, we have

G(zg, to, s) < G(xg, to,0) + C(n)|s|.

Combining this inequality with (7.23), we see for all zg,t, satisfying 3/4 < z3 +
(log(—tp))?, there exist €3 > 0 such that for any |s| < &,

G (o, to, s) <G(xo,to,0) + C(n)]s|
<G(0,-1,0) =6 + C(n)es
<Aw).
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Combining this fact with the result in Step 1, we finish the proof. O

8. THE ENERGY OF SELF SIMILAR SOLUTIONS WITH A NATURAL DECAY

In this section, we turn our attention to the energy of functions in B,. We will
prove that if w € B, and there exists a positive constant C' such that (7.4) holds,
le.

2
jw(y)] < CA+y[) 7, inR",
then F(w) > E(k) strictly.
Lemma 8.1 (Blow up criteria). Let w be a solution of (RF). Assume for any
M > 0, there ezists a positive constant C(M) such that

lw| < C(M) in R™ x [0, M].
Let

p+1

() = <28l + 257 | [ |

Iif
I(w(m)) >0

for some 1y € (0,00), then w blows up at some finite time.

Proof. This is exactly [33, Proposition 2.1]. O

Lemma 8.2. Suppose

e w is a bounded solution of the equation (SS) such that (7.4) holds;
e f is the positive, first eigenfunction of the linearized operator L at w.

There exists a positive constant s, such that if 0 < s < s,, then

A(w—l—sf)—%-V(w+sf)—]%(w+sf)+|w+sf|pl(w—i-sf) >0, inR"

Proof. By the assumptions, we have

A(w + sf) —%~V(w+sf)—}%(w+sf)+|w+sf\p1(w+sf)

Jw+ /P w+ 5f) — [ w — splufLf — sk f
with A being the first eigenvalue of £. Take the decomposition
R" = Q; UQy U Q3 UQy,

where
O ={z e R" : w(z) > 0},

Oy ={x e R":w(z) < 0,w(x) + sf(x) > 0},

N :{x eR":w(x)+sf(z) <0, |w(z)| < (_;1);1},

Qy :{x €R": w(x) +sf(z) <0, w(z) > (‘pAl)ph}.
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Case 1. For any a > 0,b > 0, we have (a + b)? > aP + pa?~1b. Therefore,
lw+ sfIP w4 sf) — |wPrw — splw|PHf —sAf >0, in Q.
Case 2. If x € Oy, then |w(z)| < sf(x) and
w(z) + 57 (@) (w(a) + £(z)) — ()P w(z) > 0. (5.1)

By Lemma 7.6, f is bounded in R". Hence there exists a positive constant s, ; such
that

plu(@)P~ < =M
provided that 0 < s < s, ;. Combining this with (8.1), we have
lw+ sfP"Hw+ sf) — |wP w — splw|PHf —sA\f >0, inQy

provided that 0 < s < s, 1.
Case 3. If x € ()3, it is easy to see that

w(@) + sf(2)P~H(w(@) + sf(2) — Jw(@)" " w(x) >0
and
plw()P~t + A < 0.
Hence
lw+ sfP (w4 sf) — [w]Prw — splwfPtf —sAf >0, in Qs.
Case 4. Finally, for x € €y,
w(z) + sf (@)~ (w(@) + 5f (@) = [w(@) P~ w(z) — splw@) "~ f(z) — shf(z)
=|w(@) + sf (@)~ (w(z) + sf(2)) = [w(z) P~ w(z) — splw(@) + sf (@)~ f(2)
+splw(z) + sf(2) 7 f(x) = splw(@) P~ f(z) — shf(x)
>splw(z) + s f (@)~ f(2) — splw(@) P~ f(z) — shuf(2).

Because |w| is bounded from below and above in €y, there exists a positive constant
C depending only on n, p, \; such that

splw + sfIPHf — splw|PHf — sAf > —Cs*f? — s\ f, in Q.
Hence there exists a positive constant s, o such that
lw+ sfPHw+ sf) — [w|Prw — splwPtf —sA\f >0, in Qy

provided that 0 < s < s,.
The proof is finished by choosing s, = min{s, 1, s.2}. O
Lemma 8.3. Assume w and f satisfy the condition in Lemma 8.2. If w is the
solution to the Cauchy problem
D= AT Y.Vi— L@ aPE
%w—Aw 5V — Su+ |wf~w, (8.2)
w(70) :U)‘I—Sf,

where s < s, is a small positive constant, then w blows up in finite time.
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Proof. Without loss of generality, we may assume that {w > 0} # (). Otherwise, we
can consider —w instead of w. Assume by the contrary that w exists in R™ x (0, +00).
Step 1: We claim that

0w >0, inR" x (0,+00). (8.3)
Since w satisfies (8.2), we have
~ 1
0,0(0) = Aw+5f) = 5 V(wtsf) = = (wt 8) + ot 5P w+ ).
By Lemma 8.2, we have
J-w(-,0) >0, inR".

We also have the equation for d,w,
~ - 1 ~ ~ - .
0,0, = AD, T — g V0 — —— 0,0+ pl@* 0@, iR x (0, 400).
p —

By the maximum principle, we get (8.3).

Since w is monotone increasing with respect to 7, there exists a function w., such
that w(y, ) tends to We, as T — o0.

Step 2: We, # +00 is a weak solution of (SS).

Let {7} be a sequence such that limy_ ., 7, = +00. Without loss of generality,
we may assume that limy_,o (7411 — 7%) = +00. By the monotonicity formula, the
energy of w(r), E(w(r)) is decreasing in 7. Thus for any 7 > 0,

E(w(r)) < E(w(0).

By Lemma 8.1, for any 7 > 0,

@) = ~26(@() + 2 | [ o] T
Hence
B 2 ;o | [ at T so

In particular, £(w(7)) is bounded in [0, +-00). This in turn implies that |[w ()| 12 &n)
is bounded.

Because
E@() = - [ @) pay,

there exists a positive constant C' independent of k£ such that

Tk+1
/ / (0,w)*pdydr < C.
Tk n

Testing (8.2) with w, we obtain

[ amoaemy = [ -8R - e+ 1ar sy
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Combing these two estimates with the boundedness of ||w(7)z2 gy and E(w(7)),
an application of Cauchy—Schwarz inequality gives

Tk+1
p—|— T / . |w[PT pdydr < C.

Because E(w(7)) is bounded in [0, +00), this implies that

Tk+1
/ / (V] + @*] pdydr < C.
Tk n

Therefore, there exists a function w such that wg (-, 7) = w(-, 7 + 7) — We weakly
in L7 ((0,00), HL(R™)) N L} _((0,00), LEFL(R™)). Moreover, 1, is a weak solution

loc loc
of (8.2). Since we have proved that w(-,7) is increasing with respect to 7, then

Woo = Weo and We, € HL(R™) N LEF(R™) is a weak solution of (SS).
Step 3: w blows up at a finite time.
Let € be a connected component of {w > 0}, then w satisfies

Aw — £ - Vw——w+wp—0 in Q,
w =0, on 0€2.

Since Wy, is a weak solution of (SS), we get from Step 1 that the restriction of Wy,
on {2 is a weak solution of (SS) such that

Weo > w in g,

For each R > 1 such that Br(0) N # 0. Let A\ g p be the first eigenvalue of the
eigenvalue problem

Ap—5-Vo— Lo+pw’ o+ Ap =0, in QN Bg(0),
Qb:(), on 8(QOQBR(O)),

then [1, Corollary 2.4] yields A\ g p is positive. Let A;p be the first eigenvalue of
the eigenvalue problem

1 ~1 _ :
Aé—%-Vé— Lo+pur o+ Aé=0, in,
¢ =0, on 0€.
Since the first Dirichlet eigenvalue is decreasing with respect to the domain and w is
bounded, then A; p is finite. Moreover, we have limp_,oc A1 r.p = A1,p and Ay p > 0.

On the other hand, by choosing w as a test function, it is easy to see that A\; p <0,
this contradiction yields that w can not exist on R" x (0, 400). O

Lemma 8.4. Let 1 be the first blow up time of w. There exist R > 0 and C > 0
such that

lw| < C, in (R"\Bg(0)) x (0,71). (8.4)
In particular, if we use X to denote the blow up set of w, then 3 is a compact subset
of R™.

Proof. Since w satisfies (7.4), by Lemma 2.2 and Lemma 7.6, there exists a positive
constant C' such that

L+ )T hw(y) + 1+ [y) 7= [Vu(y) < C, R
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and

L+ )T f @)+ A+ ) = [V () <G inR™
Thus given dp > 0, > 0, there exists R such that if |yo| > R and (zo,7) €
Bs,(yo) % (11 — 05, 71 + 05), then

Ezoroy(w +5f) < e,

where
2 _
1—5+1 v

1 _ly=2/?
570”’ s IV (w + sf)|%e 0 dy

g(zoﬂ'o)(w + Sf) =

ly—z0!?

1 2 -npy _ly==l”
—p+170p_1 2+/ lw + sfPTle” o dy

1 2.1 e
+m%p / (w+sf)e o dy.

Following the arguments in the proof of [17, Theorem 3.1] (starting from formula
(3.12)) or [28, Theorem 4.1}, we obtain

__2
jw] < Cub ™", in Biyya(yo) x (11 — 05, 71),

where C, is a universal positive constant. The estimate (8.4) follows from this
estimate and the definition of 7. O

Proposition 8.5. If w € B,, and (7.4) holds, then
E(w) > E(k).
Proof. The proof will be divided into several steps.

Step 1: Let w be the solution of (8.2) and let 71 be the first blow up time. Then
there exists a positive constant C' such that

@) < C(r —7)77 71, inR"x (0,7). (8.5)

By Lemma 8.4, the singular set > is a compact subset of R™. Fix R > 0 such that
¥ C Bgy2(0). By Lemma 8.2 and the maximum principle, there exist 0 < 79 < 7y
and a positive constant ¢y such that

O,w > ¢y, on (Br(0)x {7 =m})U(0Br(0) x [10,71]). (8.6)

Moreover, by the choice of R, there exists a positive constant C; such that
|lwlP < C;, on (Bgr(0) x {7 =7}) U (0Br(0) x [10,71]) . (8.7)
Combining (8.6) and (8.7), we see there exists a small positive constant € such that
o,w > e|lwl’; on (Br(0) x {T =7}) U (0Bg(0) X [19,71]) - (8.8)

Because w satisfies (8.2), we get from Kato inequality that
- - - | -
0,1 < Al ~ 5 - VI@| = 1| + plal" (8.9)

Then the chain rule gives

. ~ Yy - 1|~ O ~ ~
Orlwl” < Alwl? = 2 - V]wl + plw]? Haol? — [p(p = D@V |@]]* + @]
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Let v(y, 1) = 0,w(y, ) — e|w(y, 7)|P, where € is a small positive constant satisfying
(8.8). Then v satisfies

{ Orv —Av+ 4 Vo + o —plof~tv > 0, in Bg x (79, 71), (8.10)
v>0 on (Bgr(0) x {7 =19}) U (0Bg(0) X [10,71]) -
By the maximum principle,
v >0, in Bg X (79,71)-
This is equivalent to
o-w > e|w|’, in Br X (70,71). (8.11)

For any 70 < 7 < 17 — 0, integrating (8.11) from 7 to 7y — § gives
|w(r — &P —|w(r)|" P < —(p—De(r — 6 — 7).
Hence
@(y,7)| < M(r, =6 —7)"71, in Bg x (1,71 — ),
where M = ((p — 1)e)~ /=1,
Sending § — 0, we conclude that

@(y,7)| < M(ry —7)"% 1, in Bg x (10,71),

Combining this with Lemma 8.4, we get (8.5).
Step 2: There exists a smooth solution w, of (SS) such that E(w,) < E(w).
Assume (y;,71) is a blow up point. Set

w(z,¢) = (1— eT_Tl)v%lw (eT_;l g1+ (1 — ™ ™)Y2, T> :

where
¢=—loge " —e ).

Then w is a solution to (RF) with initial data

(2, —log(l — ™)) = (1 — e ™7 [w(f) + sf(7)],

where § = e /2y + /1 —e 2.

Let {c.} be a sequence such that limy_, sx = 0o and let wy(z,¢) = w(z, ¢ + ).
Similar to the proof of [21, Proposiiton 4], lim;_,., w, = w, for some solution of
(SS) uniformly on compact subsets. By applying the monotonicity formula (see [21,
Proposiiton 3]), we have

E(i(z, —log(1 — e™™))) > E(@,). (8.12)
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We compute

E(w(z,—log(1 —e™™)))

_/n |:%|VID(Z, —log(l — 6—7'1>>|2 _ L UAJ(Z7 _ 10g<1 _ 6—T1))|p+1 p(z)dz

p+1
1
+ — W(z,—log(l — e ™))p(2)dz
S L o1 ™))
1 - = —T1 —T1
=51 —e l)p—l/ IVw(y) + sV ()P Gly —e ™y, e ™ = 1)dy
Rn
1_ = -7 —T1
—p+1(1—€_“)“/ lw(y) + sf) PTGy — e 7Py e ™ — 1)dy
1 — - =1 —T1 —T1
ot Te )/ [w(y) + sf@)PGly — ey e = 1)dy

:Fe*71/2y176771—1(w _|_ Sf)

By the proof of Theorem 7.7,
Fe—ﬁ/?yl,e—ﬁ_l(w + 8f> < E(U})

provided that s is small enough. Combining this with (8.12), we conclude the proof
of this step.

Step 3: The function w, in the previous step is k.

Since w satisfies (8.11), a direct calculation using the definition of w shows that

1 z
7 U+ 3 Vi + 0w > elw|P >0, inR" x (—log(l —e™™),00).
p —_—
By Step 1, there exists a positive constant C3 such that
lw] < C3, in R" x (—log(l —e™ ™), 00).

Let {wy} be the functions defined in Step 2. Then J. converges to 0 uniformly on
compact subsets. By the above analysis, we conclude that w, is a solution of (SS)
satisfying
|75*| < 03 in Rn,
and
1 z ~ .

——w, + = - Vw, >0, inR".

p—1 2
By Proposition 5.1, w, is a constant solution of (SS). Moreover, Theorem 3.1 in [17]
implies w, # 0, SO W, = k.

Combining Step 1, Step 2 and Step 3, the proof is complete. O

9. CONSTANT SOLUTIONS HAVE THE LOWEST ENERGY

In this section, we will combine the Federer type dimension reduction arguments
with the results obtained in the previous sections to prove that the positive constant
solution of (SS) has the lowest energy among functions in B,,.
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Lemma 9.1. Let B,,,, be the set defined in (1.2). There ezists a positive constant
C depending only on n,p, m such that if w € B, ,,, , then

C'<Ew)<C.
Proof. 1t follows from (3.5) and (E) that
1 1
Bw)= |- — P pdy. 9.1
= (5 57) [ lwP*oay (0.1
By Kato inequality (see [29]), we have
Aw - sgn(w) < Alw|, in D'(R™),

here sgn(w) is the sign function. Since w satisfies (SS), we have
Yy 1
Alw| = = - Vjw| — —— P>0.
|w] 5 |w| p_1|w|+|w| >

Testing this inequality with p and integrating over R", we get
1
[ Juldy+ [ Ppdy >0
p—1Jmn R
Therefore, we have either

supw > Kk > infw,
R R™

or

infw < —k < supw.
Rn Rn

In particular, there exists a point yo € R™ such that w(yp) = k. Since w € B, , it
follows from Lemma 2.1 that there exists a constant r; > 0 depending only on n,p

and m such that )
1 p—1

> — in B, )

o> (gpyy) B

Therefore, there exists a positive constant C' depending only on n,p and m such
that

WP pdy > [ fuptiedyz C (9.2)

R™ BT1 (yo)

By (9.1) and (9.2), we have
E(w) < (% - L) c (9.3)

p+1

Next, since w € B, ,,, then

1 1 1 1
Bw)= (- —— Pldy < (= — —— ) . 9.4
= (5 p) [t s (5= 1) m (9.4
Combining (9.3) and (9.4), we finish the proof. O

Lemma 9.2. There exists wy € By, such that
E(wy) = inf E(w).

we n,m
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Proof. Let {w;} be a sequence such that
lim E(w;) = inf E(w).

1—00 weBn,m

It follows from Lemma 2.1 that |w;|+|Vw;|+|V?w;|+|V3w;| are uniformly bounded.
By the Arzela-Ascoli theorem, we know that there exists a function wy such that
lim; ..o w; = wp. Since the functions w; converge to wy uniformly on compact
subsets of R", then wy is a bounded solution of (SS) such that ||wg||;e®n) < m. The
convergence also implies that

E(wp) = lim E(w;),

1—00
Using the functions {w;} are uniformly bounded once again, we know that there
exists a positive constant Ry such that for each 1,

1 1 /
- — w; [P pdy < (40) 7,
(2 D+ 1) R™\ B, (0) il ()

here C is the constant in Lemma 9.1. Thus we have

1 1 /
- — wi|P M pdy > (4C) 71,
(3 ) [, o= a0

so wp can not be zero and it attains the minima in B, ,,. Il

Proof of Theorem 1.1. By Lemma 9.2, there exists wy € B, such that

E(w) = welgf,m E(w). (9.5)
Since Kk € By, 1, it is clear that
E(wo) < E(k). (9.6)

We will prove by induction that
E(wy) = E(k). (9.7)

If n = 1,2, by Theorem 2.7, wy = k or —k. Hence (9.7) trivially holds.
Let us assume that Theorem 1.1 holds for n — 1 with n > 3. That is to say, for
any w € Bn—l,m7

E(w) > E(k), (9.8)

and the inequality is strict unless w = +k. We want to show that Theorem 1.1
holds for dimension n.

If wy is the constant solution of (SS), then we are done. Therefore, we assume wy
is not the constant solution of (SS). Set ug(z,t) = (—t)~Y/®Vwy(x/\/—t). Since
wo € Bym, uo is an ancient solution of (F) satisfying

o) < m(—t)"77, in R" x (—o0,0).

Next we divide the discussion into two cases.
Case 1. ug blows up at some point xg # 0.
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Blowing up ug at (xo,0) gives a wy € B, ,, which is translation invariant in the
xq direction. Equivalently, w; € B,,_1,,. By the inductive assumption,
E(wy) > E(k).
By Lemma 2.5, ©(zg,0; ug) < 6(0,0;up). Hence
E(wy) = ©(0,0;u0) = E(w1) > E(k).

Case 2. ug does not blow up at any xy # 0.
By this assumption, there exist C1, dy such that

|UO‘ < Cl, in {1/4 < ‘ill" < 1/2} X (—50,0)

This is equivalent to

2 1
jwol < Chlyl" 71, in[y| > Wi
Thus wy € B, satisfies (7.4). By Proposition 8.5,

E(wo) > E(k),

which contradicts (9.6) again.

Finally, let us show that wy = k (or —k). First by the analysis of the above Case 2,
ug must blow up at some point xg # 0. Next, by the analysis of Case 1 and inductive
assumption, ©(xg) = E(k). Then by Lemma 2.5, ug is translation invariant in the
x¢ direction. This implies wy € B,_1,,. Using the inductive assumption again, we
deduce that wg = k or —k. OJ

10. PROOF OF THEOREM 1.3 AND PROPOSITION 1.9

In this section, we prove Theorem 1.3 and Proposition 1.9.

10.1. Energy gap. First, we prove that not only does the positive constant solution
achieve the lowest weighted energy among functions in B, ,,, but there is a gap to
the second lowest.

Proof of Theorem 1.3. Suppose instead that there is a sequence of self-similar solu-
tions {w;} C By, ., which is not equal to the positive constant solution with

E(w;) < BE(k) +27". (10.1)
Since {w;} C B, m, regularity theories imply there exists a positive constant C'(n, p, m)
such that for any ¢
wi| + [Vwi| + V2w + [VPwi| < C(n,p,m).

By the Ascoli-Arzela theorem, there exists a function w., € C*(R™) such that w; —
Weo uniformly on compact subset of R™. Moreover, wy is a solution of (SS) such
that

E(ws) < E(K).

Because Theorem 1.1 says that « is the unique least energy solution, wy, = k or —k.
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Let Ay ; be the first eigenfunction of
1 _
Lip = =Dg o+ 5V =0 = pluif ™y

and let f; be the positive, first eigenfunction satisfying fRn f2pdy = 1. That is to
say, f; satisfies

1
Since {w;} C By, it follows from (5.2) that the eigenvalues A;; are uniformly
bounded. By choosing a subsequence if necessary, we may assume that
)\Li — )\1’00, as 1 — o0.

Multiplying both sides of (10.2) by f;p and integrating by parts, we see {f;} are
uniformly bounded in A (R"). Then standard elliptic regularity theory implies that
{fi} are uniformly bounded in C>%(R"™). Using the Ascoli-Arzela theorem again,
we know that there exists a function f,, such that f; — f. uniformly on compact
subsets of R™. Taking limit in (10.2), we deduce that f., is a C? solution of the
equation

Afoo_g.vfoo‘i‘foo"‘)\l,oofoozoa in R™. (10.3)

Since we have assumed that f; is positive and fRn f2pdy = 1, f. is positive and
Jan f2pdy = 1. Hence A is the first eigenvalue of the linear operator

Lot =AY = 2- Vi + ¥+ 20

and fo is the associated eigenfunction. By Lemma 6.4, A\; oo = —1 and f = 1. By
Lemma 5.4 and Proposition 5.1, we have

2
/ Ji (—wi +y- Vwi) pdy = 0.
n p—1

Sending ¢ to oo gives

2
/ Joo <—woo +y- Vwoo> pdy = 0.

Since foo =1 and w, = K, this is a contradiction. U

10.2. Proof of Proposition 1.9. In this section, we combine Theorem 1.1 and
Theorem 1.3 to prove Proposition 1.9.

Proof of Proposition 1.9. Define the stratification of the blow up set to be
SQCSl"'CSn:E,

where S, consists of all blow up points whose tangent functions are at most trans-
lation invariant in k directions. By [41, Theorem 8.1], the Hausdorff dimension of
S;, 1s at most k. Set

Eno1 = (BN Br(0)\Sp-3(R), Zp—2 = (XN Br(0))\E,-1,
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then Xp = XN Br(0) = 3,1 UX, 5. Moreover, the Hausdorff dimenion of ¥, 5 is
at most n — 3. Thus we have proved both (1) and (3).

If (x9,T) € ¥,,_1, then the tangent functions are at least translation invariant in
n — 2 directions. Hence any tangent function can be regarded as a bounded solution
of (SS) in R%. By Theorem 2.7 and [17, Theorem 3.1], any tangent function is the
positive constant solution of (SS). Hence we have proved (4).

In order to finish the proof of Proposition 1.9, it still remains to prove (2). First,
we prove that X, is relative open in YXz. Assume it is false, then there exists a
point (zo,T) € ¥,_1 and a sequence {(z;,T)} C 3, o such that lim; ,., z; = xo.
Since {(x;,T)} C ¥X,,_2 , we get from Theorem 1.3 that

O(x;, T;u) > E(k) +¢.

Since (zo,T) € ¥,,—1, then
O(xy, T;u) = E(k).
Applying Lemma 2.4, we have
O(zo, T;u) = E(k) > limsup O(x;, T;u) > E(k) + &,
1—00
which is a contradiction. Thus we have shown that >, ; is relative open in Xg.
Once this is established, the claim that ¥,_; is (n — 1)— rectifiable follows from
Velazquez [37]. Although in [37], only the subscritical case is considered. However,
by checking the proof, the arguments there still work in the supercritical case under
the assumption that u satisfies (F), (1.8) and for each xy € 3,

lim (T — )7 Tu(zo + y(T — )2, ) = k. 0
t—T

11. PROOF OF THEOREM 1.7

In this section, we prove Theorem 1.7. First, we study the case when 1 < n <
Jl<p<oworn>3and1l<p<(n+1)/(n—3). If we view any homogeneous
positive solution w of (1.6) as a suitable weak solution of (SS), then w is not the
lowest energy solution among self-similar solutions. The proof of this fact is based
on the following classification result.

Proposition 11.1. Assume 1 < n < 3,1 < p < ooorn >3 and 1l < p <
(n+1)/(n—3). If ® is a bounded positive solution of (1.7), then ® = gY/®=1)

Proof. The proof of this rigidity result can be found in [3, Theorem 6.1], [20, Theo-
rem B.2] and [16, Theorem 1]. O

Lemma 11.2. Assumen > 3 and 1 < p < (n+1)/(n —3). If w is a positive
homogeneous of (1.6), then

E(w) > E(r) (a1.1)

Proof. Let ® be a positive function defined on S"~* such that w(r, §) = r=2/P=Dd(9).
Then ® satisfies (1.7). By Proposition 11.1, we have ® = g/~ It follows that
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w = 61/(1)_1)7"_@%1. Then
1 1
E(w) = (— - —) / wP™ pdy
2 P + ]_ Rn
pt1

(1 1 ) 2 ( 5 2 ) p—1 ‘ ’—2(p+1) J
o —_— n — e —. p—1
2 p+1) |p—1 -1 . pay

Thus in order to get (11.1), it suffices to show that

pt1
2 2 p=1 —2(p+1) pt1

— | n-2-—- y| 1 pdy > (p—1) r1. 11.2

i (e 2] L e e

This has essentially been proved by Matano and Merle in [31]. In [31], Matano

and Merle gave a “parabolic proof” without using the explicit formula. To be self

contained, we will give a more direct proof in Appendix B. O

Proof of Theorem 1.7. Similar to the proof of Theorem 1.1, we will prove by induc-
tion. If n = 1,2, we get from Theorem 2.7 that F,I consists only of the constant
solutions, so Theorem 1.3 holds.

Assume that Theorem 1.3 holds for n — 1 with n > 3. We want to show that
Theorem 1.3 holds for dimension n.

Let u(x,t) := (—t)~Y®=Yy(x/\/—t), which is a suitable weak solution of (F).

Assume u blows up at some point xy # 0, then we can apply the Federer dimension
reduction to get a solution w; of (SS) such that w; is translation invariant in the
direction. Moreover,

E(wy) = 0(x0,0;u) < 0(0,0;u) < E(w).

By the inductive assumption,
E(w) > E(x),

and the proof is complete.
Next, assume u does not blow up at any point zy # 0. By standard parabolic
regularity theory, there exist C, dy such that

u<Cy, in{l/4 <|z| < 1/2} x [=0dy,0].

This is equivalent to
1

e

2
w< Chly™7 T, infy[ >
There are two cases.
e Case 1: There exists a constant Cy such that
w < C(], in Rn,

e Case 2: There exists a point yg € R™ such that wy blows up at .
In Case 1, wy satisfies (7.4). Then we can apply Lemma 8.5 to obtain

E(w) > E(k).
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In Case 2, we choose a sequence {\;} such that limy o Ay = +oo. For any k,
define wy(y) = A;Z/(p_l)w()\gl(y —Yo0)). Then wy, satisfies the equation

—2 -2
& 1wk+w§;:0. (11.3)

By the convergence theories obtained in [40], there exists a function we, such that
limy, o wr = ws strongly, where w,, is a homogeneous suitable weak solution of
(1.6). Therefore, there exists a function ® defined on S*! such that w.(r,8) =

r_%q)(@), where (r,0) is the polar coordinate. If ® is not smooth on S"~! we can
apply the Federer dimension procedure (see [39, Section 4]) once again to reduce to
the case that ® is smooth on S"~2. By Lemma 11.2,

E(w) > E(ws) > E(k). O

12. EXTENSIONS AND SOME RELATED QUESTIONS

We have defined F-functional and entropy for bounded smooth functions. These
definitions can be extended to a larger class of functions, for example, the class G,,
of suitable weak ancient solutions as defined in Definition 1.5. The Morrey space
bound therein ensures that the F ; -functional is well defined for any (xg, ), and
the monotonicity formula (in particular, Lemma 2.5) ensures that the entropy is
also well defined. Moreover, if w is a self-similar, suitable weak ancient solution in
Gur, then Lemma 2.5 implies that

AMw) = E(w).

The first variation formula and the second variation formula also hold for them.
We just replace various integration by parts techniques used before by substituting
suitable smooth vector fields into the stationary condition (1.5) and the localized
energy inequality (1.4).

Our main results, Theorem 1.1 and Theorem 1.7, suggest the following natural
problem.

Conjecture 12.1. For any w € F,, if w # 0, then
E(w) > E(k).
Moreover, there exists a constant € such that if w # +k, then
E(w) > E(k) +e.

It seems that the main obstruction to prove this conjecture lies in the class of
“elliptic solutions” in F,,, or more precisely, 2/(p — 1) homogeneous solutions of the
elliptic equation (1.6). If w is such a solution, then there exists a function ® defined
on S"!, which is a solution of the equation (1.7), such that w(r,d) = r=2/®=Dd(4).
The energy functional for (1.7) is

1 1 1
E(D :/ {—V@M—qﬂ——wﬂ do.
(®) g1 2' | 23 p+1| |

The above conjecture will follow if we can prove the following conjecture.
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Conjecture 12.2. For any bounded solution of (1.7),
E(®)>¢€ (5@) :

This conjecture says once again, among all bounded solutions of (1.7), the con-

stant solution 8/®~1 has the lowest energy.

A. PROOF OF THEOREM 4.3

In this appendix, we prove Theorem 4.3.

Proof of Theorem 4.3. Because w is a bounded solution of (SS), for any ¢ € C3°(R"),

d
%Fw(s),t(s) (w + 5¢)|5:0 =0.

Substituting (3.3), (3.4) and (3.7) into (4.1), we have
d2
@Fx(s),t(s) (w + S¢) |s:0

p+1 2 2/ 9
= —h Vw|®pd
2p—1)p—1 Vuledy

p
+—h/ wopdy
p—1 n
p+1 o [nh | y-yo  Rly)?

_ Py Dy g
p—1 Rn|vw|p{2+ 2 1 | Y
2 nh  y-yo  hlyl?
S ) p+1 o A
ot p[2+ 2 1 | Y

2 h . hly|?
—mh/nwzp [%*%—%1 dy
1 _
+/ <|V¢|2 + pT1¢2 — plwl” 1¢2) pdy

) 2
+2/n(Vw-V¢)p {M—M} dy

2 4
. y-yo  hlyl
-9 p—1 A LA N
[ Julr g |10 - T 4y
2 : hly|?
N w¢p{y Yo Iy!}dy
p—l Rn 4

2
1 nh y-yo  hlyly2 | nl® wl? PPyl
R

Jrzw“”’p{zJr 2 s 2 2 (VY

(A.1)
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1 nh Y-y hlyl2]2 nh® yl*  PPyl?
= p+1 o . o o d
) AL p{[Q T L T 2 2 (VY
1 2> Jnh |y h!y\zr nh* yl> PPyl
- nh - - - dy.
+2(p—1)/Rnwp{[2 T i R R 2 (Y
Notice that
1 : 2
_ptly |VM22ﬁ+yzm_Mm dy
p—1" Jan 2 2 4
2 nh  y-yo  hlyl
_h p+1 o J JYV I d
oo e g s | Y
2 nh y-yo  hly
h 2 | = - d
(p—1) Rnwp[Q i 2 4 Y
p 1 \1 o [nh y-yo  hlyl?
——o (Lt — )= v G A LAY
(;9—1+p—1)2Rn|“}")[24r 2 1 |
p 1 1 L [nh yewe hlyl
2h A el LA
+ (p—1+p 1)p+1 ol p[2+ 2 g |
1 1 oy hly[?
Con (P, /wzp nho Yy PP
p—1 p—1)2p-1) 2 2 4
h o [nhy-yo  hlyP
o I dy.
L Rnwp{Q 2 4 |
Thus
d2

Fx(s),t(s) (’LU + S¢) ’s:O

ds?
1, , 2
=— = 1)2h w pdy—i—mh wopdy
2ph 1 nh  hly|?
“o-12/, [Vwl*p {7 - qu dy
2ph1 il lw|Ptp {nh h|i|2} dy
p
2ph 1
. / w?p y dy
p—12(p—1) Jgn 4
h 2 (Ph Y yo y
— d
+p_ | y
2y 1 w1
Vol + Zﬁ ¢
Y-Y dy

Towenlie s

49

(A.2)
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) 2
— 2 |wPlwep [y Yo _ M} d

o 2 4
2 y-yo  hlyl?
2 UL
+p_1 wcbp{ 5 1|
1 nh y-yo h|y!2}2 nh® yl*  PPyl?
- - d
2/ [Vl p{[ T R 2 2 (Y
| P+ 'yo h|y[2]2 1 nh’ _ |yol® _ h?ly[® dy
p+1 4 2 2 2
-yo thIQ]2 nh® yl*  Ryl?
- . dy.
MCTI) 2( { i R R 2 (Y
(SS

Multiplying both sides of ) by (y - yo)¢p and integrating by parts, we obtain

o:/jﬁmmww—;7w+mp hyWMMy

== / pVwV ((y - yo)¢) dy +/ P~ w(y - yo)ppdy
n Rn
1
——— | w(y-yo)epdy (A-4)
p—1Jgn
= - / (Vw - yo)ppdy — / (Vw - Vo) (y - yo)pdy
_ 1
+/ [wl” w(y - yo)gpdy — —— [ wly - yo)dpdy.
n p - R
Multiplying both sides of (SS) by |y|?¢p and integrating by parts, we get

1 1
o=/‘}wmww———w+mwwLwW@

= _/ pNVwV ([ylPe)dy + [ |w]P twly|*opdy
n Rn
! [y6pd (A.5)
——— [ wyl"opdy '
p — 1 Rn p

= Q/n(vfw -y)ppdy — /H(Vw Vo) ly|*pdy

+/ wlP~ wlyl*dpdy — L/ wlyl*dpdy.
R p—1Jgn
Substituting (A.4) and (A.5) into (A.3), we get
d2
ds2

1
/ (!V¢!2 Fd)z—p\w\“qbZ) pdypdy

F ),t(s) (w + SQS)’s 0
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+ h/n (Llw + Vw - y) ppdy — /H(Vw *Yo)ppdy

p_

2 2

p—12 Pl =74 | Y

_ o

2ph 1 [P+ n_h_h|y|2 dy

p—1p+1 Jgu 2 4
_ 2ph 1 / w?p n_h_h|y|2 iy

p—12(p—1) Jgn 2 4

h o [nh y-wo  hly)? h? / 2

— — - dy - — d
+p—1 R”w [2 2 4 ¢ (p—1) Rnwpy

2 2 2

1 nh .
+ = |Vw|2p{[—+y o
R'I’L

4 2 2 2

h|y|2]2 N nh® yl*  PPyl?

nh?® lyl* Ryl

Cp+1 S 2 2

1 |w|p+1p{ [@—}— Y-Y% hly|?

2
4 ] 2 2

h? _ [yo|? . h2|yl®

+

1 hoy- hly|?72
/wzp [n_+y Yo !y\} L
2(p— 1) Jgn 2 2 4 2 2

51

(A.6)

To continue the proof, we need several more identities. Multiplying both sides of
(SS) by (g — ﬁ) (Vw - yp)p and integrating by parts, we get

4

1 1 2
0 :/ [—div(pr — ple + |w|p—1w} (ﬁ — M) (Vw - yo) pdy

)
s[5 e

2 4

1 n 2
-—— | w (— - M) (Vw - yo)pdy

n 2
+/ lw[P~ w <§ — %) (Vw - yo)pdy

=— —/ w?(y - yo)pdy +
Rn

4(p—1) 2
_4(p1—1)/n <g_%

1 / nolyl
_|_ i
2p+1) Jgm \2 4

2
1

1
2p+1) Jg

) w?(y - yo) pdy
) [w[P*(y - yo) pdy

1 1
5 [ o Fe ety - 5 [ Tl wody
n Rn

|wP*(y - yo) pdy

(A7)
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Multiplying both sides of (SS) by (Vw - yo)(y - yo)p and integrating by parts, we
obtain

1. 1 _
0 :/ {;dlv(pr) — Fw + |w|? 1w] (Vw - 40)(y - yo) pdy

- / pVw -V [(Vw - o) (y - yo)ldy + | |wl" w(Vw - y0)(y - yo) pdy

R
1

I w(Vw : yo)(y : yo)/?dl/
b - R™

1 2 9 1 / 2012
- y - yo|*w?pdy + w*|yo|* pdy A8
1 1
4 — . . wP—H dy — —— wp—i—l 2 d
2(p + 1) /Rn(y yo) (y - yo) |w[”* pdy | \ P yo | pdy
1
— IVw - yo|* pdy — 1/ IVwl*ly - yol* pdy
Rn Rn

+= | [VwPlyol*pdy.
R”L

Multiplying both sides of (SS) by (4§ — %)(Vw - Vp) and integrating by parts, we
get

:_/ PV - v{(%-%) (Vlogp-Vw)} dy

oL - )
LG

2
|y| ) ’erl Vp)d

1
p+1

1 / 2 1 +1 2
= w?|y|*pdy — w[P |y| pdy
1 no Yyl (o P\ .
- S A NS Y [ LA d A.
2(p—1)/w<2 1 J\2 4 )0 (A.9)

1 no P\ (n WY, e
[ (2B (2D d
ot Rn<2 )\ ) el edy

1

n
+7 [ VwPpdy— 2 [ [Vw-yl*pdy
R™ R™

1 n y|? 2
-5/ (5—%) [Vulpdy.
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Combining (A.7), (A.8) and (A.9), we have

1 o [nh  y-wo Ay’
5 ]lep{z + 5 1 dy
1 nhy-yo byl
p+1 J _JU d

“ori ! {2 L T
1 , [nh y-we  hyP)?
- o BN LANN

+2(p—1)/Rnwp{2+ 2 s | Y
h2

h2
— w2yl ody — wlP Y12 pd
S0 — 1)/ ly|*pdy D RnH ly|”pdy
2

nh2 h
/ [Vw|? pdy—z [Vw - y|* pdy

- 2
1

- = !Vw-yo!2pdy+—/ IVwIZIyOIdey
2 Rn 4 Rn

w|Pyo|*pdy (A.10)

h h
- - d - P, d
2(p—1)/ w?(y - yo)pdy + ] I'wl (y - yo)pdy

h
b [ (Vue (Vo wpdy - 5 N
n R'n

2

1 h
=— 5/ IVw - yo|* pdy — 7 | [Vw- yI*pdy
Rn R

2

h 2 [T |y|2
+h | (Vw-y)(Vw-yo)pdy + = | [Vuwl® |5 === pdy
n Rn

1 vol® [yl 1 / orlvol® [yl
v Y pd W pd
3/, |{2+4]y+2(p—1) ST ey

1 Yol y|*
L [ e
R?’L

where we have applied (3.7). Then

1 h . hlyl212 h2 2 R2ly2
[ vl {[n TN L T }dy

2 2 4 2 2 2

M ‘3/0 h\yPr L nh? el Ryl a
2( 4 2 2 2

1 | |p+1p 'ZJO h’y|2r X nh? _ |yol? _ h2ly|? dy
Cp+1 4 2 2 2

no|yl? nJyP
—p2 - dy — —— pl | 2 d
IVI[2 4}py ) Rn!w! 5~ 4| P
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h2 n Y 2 h2
+ / w? {— - u} pdy — — [ |Vw - y|*pdy

2(p — 1) 2 4 4 Jan
1
=5 [ [Vw-yol*pdy + h/ (Vw - y)(Vw - yo)pdy.
]R’I’L n

Plugging this into (A.6), we get

d2
ds?

1
= /n (|V¢|2 + pTlcbz —p\w\p_1¢2> pdy

2
+ h/Rn (]:erVw : y) dpdy — /H(Vw - Yo)ppdy

2
(p+ 1)h1 |Vw|2p |:n_h o h|y| :| dy

Fx(s),t(s) (w + S¢) |s:0

C p—1 2 Jpm 2 4
Dh 1 h  hlyl?
<p+ ) |w|p+1p [n__ |y| :|dy

1 1 2

(p+1Dh / w2 | PR, (A.11)

p—1 2(p—1) Jgn 2 4

h s [nh y-yo hly? h? / )
i Rnwp{QjL 2 el
h2 2 h2

£l } pdy —— [ |Vw-y|*pdy
Rn

n
— Vuwl? | = - 2
+2Rn’w‘{2 4 1

1
—5 [ IVw-yol’pdy + h/ (Vw - y)(Vw - yo) pdy.
Rn n

ly|?

Multiplying both sides of (3.2) by (§ — %~

1 1 2
0= /n {;div(pr) — ple + ]w’plwl (g — %) wpdy

_ n_ WP 11 o (n |y
L[5 )] (5

2
+ [ Jwt <— - %) pdy
]Rn

Jwp and integrating by parts, we get

|3

2
n Y 1
=— [ [Vuwl (5 - ‘Tl) pdy + 5/ w(Vw - y)pdy
Rn n
1 o |y ny?
N —_ Y ) ol ptl (2 _ L) g
p—1 /)" (2 ) pdyt [ el G =T ) edy

_ 2 (Il 1/ 2.
= Rn\Vw! <2 4)p+4 n(Vw y) pdy
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1 o (n |y nly?
- R L d p+1 [ 7 d
A (2 y ) rdut | w5 =T edy
n |y 1/ o(n P
— [ vl (2 -2 pay — - n d
vl (2 4)py 2 ) U \2 T )P

1 o |y n o |yl?
N — d ptl (2 d
p—1 Jen " (2 1)yt [Tl g = ) ey

Therefore
lyl* 1 / 2 (n_ P
=—— = | pdy — - — dy (A.12
0= p+1 | |< ) LLe e pdy (A.12)
1 n_ |y
I o R A Y
ol |wi <2 L) Py
By (3.6) and (A 12), we have
_ 1 lyl*
=-—7 !lepy—— | wl? __T pdy. (A.13)
Substituting (A 13) and (3.6) into (A 11) gives
d2
d2F 3),t(s) (w+8¢)’s 0
1 _
/ (!V¢I2 +——¢" = plul’ 1¢2> pdy
n p—1
2
+ h/ (p—lw + Vw - y) ppdy — / (Vw - yo)dpdy (A.14)
Rn - n
h s [nh  y-yo  hlyl? h? / 5
— — - dy — — d
+p—1 Rnwp[2+ 2 4 ! (p—1)? Rnwpy
h2

1
T IVw yl? pdy—§ IV - yol*pdy

+h / (V- 9)(V - yo)ody.
Recall that £ is the linearized operator defined by
1
Ly = =D+ 5 Vit =i = pluf v,

By Lemma 5.4, 2/(p—1)w+y - Vw is an eigenfunction of £ associated to the eigen-

value —1 and w;,7 = 1,2,--- ,n are eigenfunctions of £ associated to the eigenvalue
—1/2. Since L is self-adjoint, for any yo € R",
2
/ (Ew +y- Vw) (Vw - yo)pdy = 0. (A.15)

By (A.15), we have

/H(Vw y)(Vw - yo) pdy
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2
=— — w(Vw - yo)pdy (A.16)
p—1Jrn

1
=T oo (Vw? - yo) pdy
RTL
1

T 2-1) /IR wely - wo)dy:

h? o [n lyl?
n_Wlg
p—1/Rnwp[2 1 | Y

2
=— h / w?Ap
p—1Jgn

h2
= / Vw? - Vpdy (A.17)
h2
=— w(Vw - y)pdy.
P /R w(Vw-y)pdy
Substituting (A.16) and (A.17) into (A.14) gives
d2

ds?

= / <|ch5|2 + p%lcf — plwlp‘1¢2) pdy

+ h/Rn (Llw + Vw - y) opdy — /H(Vw o) ppdy (A.18)

Finally, we have

Foo) 105 (w + 50)|s=0

p_
h? , h? /
- w”pdy — w(Vw - y)pd
(p—1)2/Rn pdy = | wVw-y)pdy
h2 2 1 2
=7 [ NweyPpdy =5 | [Vw-yol pdy.
R™ R™
Since
h? h? h?
- W/R w’pdy — - 1/ w(Vw - y)pdy — - ; Vw - y|?pdy
1 Y 2
= B2 w2 d
[ (e bv) o
we get (4.2) with the help of (A.18). O

B. PROOF OF (11.2)

In this appendix, our main objective is to prove (11.2). The calculation in this
appendix is inspired by Stone [36].
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Proof of (11.2). By the definition of p, we have

_ 2(pt+1)
ly|” 71 pdy
Rn
n ( ) 2
—(am) |yl e (B.1)
Rn

where w,,_; is the area of the unit sphere S*~! in R™. Recall that we have assumed
p > (n+2)/(n —2), so the above integral is well defined. Let r = 2y/s. Then
dr = s~'/2ds and

_2(P+1) 7‘2

+o0o
E(w) :c(n,p)/ I T e
0

2(p+1)

+oo
:c(n,p)/ §72(2¢/5)" T T e 0ds
0

where

I

“+oo
I(r) = / s" e %ds
0

and

In order that Lemma 11.2 holds, we need only to show

pt —r
2 p—1 2 1 p—1
p

p—1 p-1 r'(3)
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This is equivalent to

(=)
n—2 1 \rt 2
_ — —— > 1. B.3
(5 -7) —m .
To obtain (B.3), we set & =2/(p — 1). Using p > (n +2)/(n — 2) again, we have

a € (0,(n—2)/2). Let

x:g,fmozzggéfﬂl@_1_%f”
and
¢(x) = log f(z) =logT(z — 1 — a) — log I'(z) + (1 + a) log (;p - %) ,
Then / /
S =T T1me T et o
and

we have
1 1 1 { 1 1}
Ita|(r—1-2)" (r+2)° (r—12 72
1 (1+a)2r—1) 21 — 1

2 1) 1 1
= T — —_—
(r—1-2)2(r+2)* 7(r-1)7
>0.
Taking 7 =  + [ — /2 in the above inequality, it gives

2003 [ S e ] R e

— r—1+1—a/2)? (z+1—a«a/2)?

Thus ¢ is convex. By the mean value theorem, we have

1 = _
x—l—g_z(x+l) i

2 =0

o0

1
(r—1—a+1)?.
—0

1+ — -
(1+a) e

< ¢'(z) < (14a)

l



ENTROPY FOR SUPERCRITICAL FUJITA EQUATION 59

It follows that lim, . ¢'(z) = 0; and for any « € (0, (n — 2)/2), ¢ is decreasing in
[3/2,4+00). Moreover, we see from (B.4) that ¢/(z) = O(|z|™2) as + — oo. Thus
there exists a constant ¢y such that lim, ,, ¢(x) = ¢y. By the Stirling’s formula (see
[42]), we have for m = 1,2, -+,

1 1 B By o4l —2m—1
logI'(z) = (x— 5) logz —x + §log(27r) —l-;mx +O(x )

where By are the Bernoulli numbers. Therefore, as © — oo,
o(r) =logT(zr — 1 —a) —logT'(z) + (1 + «) log (x 11— g)

:(x—l—a—%)log(a?—l—a)_(x_l_o‘) 2

1 a -1
— (93—E)log$+x+(1+a)log<x—1_§>+O(|$| )

_ (x _ %) log (1 B 1;—&) +(1+a) [log (1 + m> + 1] +O(|z| 7).

Because
. 1 1+«
zlggo (m—ﬁ) log (1— " ) =—(14a),
we get
o(z) = O(lz|™"), asz — +oo.
This then implies that for any a € (0, (n — 2)/2), if x > 1, then ¢(z) > 0. O
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