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ESTIMATES FOR LIOUVILLE EQUATION WITH QUANTIZED
SINGULARITIES

JUNCHENG WEI AND LEI ZHANG

ABSTRACT. For Liouville equations with singular sources, it is well known that
blowup solutions may exhibit non-simple blowup phenomenon if the blowup
point happens to be the singular source and the strength of the singular source is
a multiple of 47. In this article we prove that even in this case some coefficient
functions must vanish at the singular source and bubbling solutions can still be
accurately approximated by global solutions.

1. INTRODUCTION

In this article we study bubbling solutions of the following singular Liouville
equation

(1.1 Au+h(x)e" =4nady in QCR?

where Q is an open, bounded subset of R? that contains the origin, & > —1 is a
constant and & is the Dirac mass at 0, & is a positive and smooth function. One of
the main difficulties in the study of blowup solutions to (L.I)) is when the blowup
point happens to be the location of a singular source. It is known from the works of
Kuo-Lin [16], Bartolucci-Tarantello [4] that if o ¢ N ( the set of natural numbers)
blowup solutions satisfy spherical Harnack inequality around the singular source
and the asymptotic behavior is relatively easy to understand. However, when the
strength of the singular source is a multiple of 47 (¢ € N), the so called “non-
simple blowup” phenomenon does occur, which means the bubbling solutions may
not satisfy spherical Harnack inequality and multiple local maximums near the sin-
gular source could appear. In this article we prove new estimates for non-simple
bubbling solutions. Since the analysis is carried out in a neighborhood of the sin-
gular source, we just require the domain to be a small neighborhood of the origin,
so our assumption of bubbling solutions is as follows: Let i be a sequence of
solutions of

(1.2) Al (x) + hy(x)e™ =4nN&, in B

for some 7 > 0 independent of k. B is the ball centered at the origin with radius
7. In addition we postulate the usual assumptions on @ and /;: For a positive
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constant C independent of k, the following holds:
1hllcsgy <C, ¢ <h(x)<C, xeB,

(1.3) J5. hxe™ < C,

| (x) — i (y)| <C,  Vx,y € 9B,

and since we study the asymptotic behavior of blowup solutions around the singular
source, we assume that there is no blowup point except at the origin:

1.4 i < C(K).
(1.4) L (K)

Also, for the convenience of notation we assume 7 (0) = 1 and use the value of 7
on dB; to define a harmonic function ¢ (x):

A¢k(x) — 0, iIl B»r’
(1.5)

O (%) = up(x) — 5= Jop, WdS, x € JdB:.

Using the fact that A(5-log|x|) = &, we set

(1.6) uy (x) = iig(x) — 2N log |x| — ¢r(x),
which satisfies

(1.7) Auy(x) + [x|*N g (x)e"™* =0, in B
for

(1.8) e(x) = By (x) %),

It is easy to see that ¢ (0) = 0 and u is a constant on dB;.
In this article we consider the case that:

(1.9) m%xuk(x)—|—2(l—|—N)log |x| — oo,
XED|

which is equivalent to saying that the spherical Harnack inequality does not hold
for ug. It is well known [[16]] that u; exhibits a non-simple blowup profile. It is
established in [16, 4] that there are N + 1 local maximum points of uy: pg,....,pf‘v
and they are evenly distributed on S! after scaling according to their magnitude:
Suppose along a subsequence

lim pf/|pt| = €,
k—yoo

then .

lim p—f{ = ei(9°+%), I=1,..,N.

k= [ pg
For many reasons it is convenient to denote | p’5| as & and define p as follows:
(1.10) Sc=Iphl and = u(pf)+2(1+N)logd,

Since pf‘ s are evenly distributed around dBg,, standard results for Liouville
equations around a regular blowup point can be applied to have ux(p¥) = ui(p§) +
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o(1). Also, (L9) gives py — . The interested readers may look into [16, 4] for
more detailed information.
The first main theorem is about using a sequence of global solutions of

(1.11) AU + x|V =0, in R /2|x|2NeU<0<>.
R

to approximate u;. For regular Liouville equation, this type of approximation,
initiated by Y.Y.Li [17], and further extended and refined by a series of works
[2 14, 19} (13} 128} [29] played an important role in a number of applications such as
degree counting theorems [9, [10], uniqueness results [3], etc. Our Theorem
below seems to be the first such result for quantized singular sources:

Theorem 1.1. Let uy, @y, hi, &, Uy be defined by (L2), (1.3), (L.8), (1.10) respec-
tively. If 5,3 Je M < ¢q for some co > 0 independent of k, we have, for some ¢; > 0
independent of k and a sequence of global solutions Uy, of (LL1) such that

e (x) = B (x) = Ur(x)| < 1 (8eeh/? + pge™™), x € Br.

Remark 1.1. For dist(x,0) ~ 1, ux(x) = —ug(pk) + O(1). This is already estab-
lished in [116].

If 62 /(e M) — oo, we set
(1.12) Ex = O(8, *ie M)+ 0(&).

Then in the second main result we prove the following vanishing estimates for the
second derivatives of log A

Theorem 1.2. Under the same context of Theorem [L 1) if 87 /(e ) — oo, we

have,

(1.13) A(logh)(0) = Ex, if N=>2,

where Ey, is defined in (LI2), and for N = 1, we have

(1.14) (e, (10g 1) (0)) = (9, (10g 1) (0))* — 20e,e; (log 1) (0) = Ey,

0o, (log i) (0) 9, (log ) (0) + 9, .. (log 1) (0) = Ex,

where e, = p’(‘) /| p’(‘) , ekL is an unit vector orthogonal to ey.

Remark 1.2. Theorem [[.2] is surprising because it is usually difficult to obtain
vanishing estimates at a singular source. There are many cancellations for Po-
hozaev identities around the singular source. However we would like to point out
that some vanishing estimates for bubbling solutions of Toda systems have been
obtained exactly at singular sources [20], [30].

Remark 1.3. The dichotomy in Theorem[[ 1] and Theorem[L2 appears to be con-
tradictory to Lemma 9 of [16]], which asserts that 8§} = ctye M (1+o0(1)). How-
ever we found (4.18) of 116]] incorrect. In fact there should not be any deterministic
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relation between Ly and 8, because for any & € R? and any A € R,
Ak

e

(1+ (1+N |xN +l §k|2)2

Uk(x) = log

is a sequence of solutions to AU + |x|*NeY = 0.

The study of bubbling solutions of (I.7) near the quantized singular source rep-
resents a core difficulty in many related problems. For example the following mean
field equation defined on a Riemann surface M:

u d
B 0 L)

represents a metric on M with conic singularity. Also it is derived from the mean
field limit of point vortices in the Euler flow [6l 7] and serves as a model equation
in the Chern-Simons-Higgs theory [15] and in the electroweak theory [1], etc. The
rich geometric and physical background manifests the importance of the study in
this article.

The phenomena of non-simple bubbling solutions not only occur in single equa-
tions, but also in systems. In a recent work of the second author and Gu [14], the
non-simple blowup solutions are studied for singular Liouville systems.

To end the introduction we would like to briefly explain the idea of the proof.
In [16] and [4] it is already established that there are exactly N + 1 local maximum
points evenly distributed around the origin. Kuo-Lin and Bartolucci-Tarantello in-
dependently obtained this important information by studying the Pohozaev identity
around each local maximum. The main contribution of this article is to go further
in this investigation. Roughly speaking, what is achieved in [16, 4] is informa-
tion contained in the leading terms in those Pohozaev identities. By studying more
terms in the expansion of these identities we found further important information
on the location of these local maximums and corresponding geometric quantities.
From our proof the interested readers will see the more precise information about
the location of local maximum points, which should be very useful for constructing
such solutions in related studies.

The organization of this article is as follows: In section two we establish some
preliminary estimates, in section three we establish precise locations of local max-
imum points. The approximation by global solutions (Theorem is proved in
section four and the proof of vanishing theorem (Theorem is arranged in sec-
tion five. Finally in the appendix we prove a sharp estimate of bubbling solutions
if the spherical Harnack inequality holds.

Notation: We will use B(xp,r) to denote a ball centered at xy with radius r. If
Xo is the origin we use B,. C represents a positive constant that may change from
place to place.
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2. PRELIMINARY DISCUSSIONS
Writing Po as 170 Sce'% we define vy as
2.1 vi(y) = u (8ye'®) +2(N+1)log &, |y < 78, "
If we write out each component, is
vi(y1,2) = ui (O (y1 cos O — y2 sin 6 ), 8 (vq sin O + y, cos 6)) + 2(1 + N)log &.

Then it is standard to verify that v; solves

(2.2) Avie(y) + 7V b (8e)e* Y =0, |y] < 7/,
where
(2.3) be(x) = i (xe'®), |x| <.

Thus the image of p’(‘) after scaling is Q’l‘ =e; = (1,0). Let 0%, Qk,...,Qf‘v be the
images of pi-‘ (i=1,...,N) after the scaling. It is established by Kuo-Lin in [16]
and independently by Bartolucci-Tarantello in [4] that

2Umi

2.4) hm Qz = 11mp1/5k—eN+l [=0,....,N.
Choosing € > 0 small and independent of k, we can make disks centered at Qf‘
with radius & (denoted as B(Q¥,¢)) mutually disjoint. Let

(2.5) W = max vg.
B(Qf.€)

Since Qé‘ are evenly distributed around dBj, it is easy to use standard estimates for
single Liouville equations ([228} (13} (9]) to obtain

max vy = W +o(l), [=1,..,N.
B(Q}€)

Recall that v; satisfies and vy is a constant on dB(0,78, '). The Green’s
representation formula for v; gives,

= /Q GO bi(8em)e Vdn +vi g,
k
where Q; = B(0,75, ') and

1
G(y,n) = ~5.108 ly—nl+H(y,n)

where

Inl 7?8°n
i) = goe (L P 1)

Also for r > 2, let v (r) be the spherical average of v; on dB,, then we have

i / Avi N—|—1)7r—|—0(1)
dr dr27rr 2nr
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Because of the fast decay of v (r) it is easy to use the Green’s representation of vy
to obtain the following stronger estimate of vy:

(2.6) ve(y) = — — (4N +4)logly| +O(1), 2<]y| < 15,:1.

Now we consider v; around Q; . Using the results in [9, 28, [13]] we have, for v
in B(Q; k. €), the following gradient estimate:

(2.7) &V (logh) (801x) + 2N glk

ToE + Vi (Oix) = O(pre ™),
1k

where ¢ x is the harmonic function that eliminates the oscillation of v on dB (Q’l‘, €)
and Ql’k is the maximum of vy — ¢ that satisfies

(2.8) Ori — Qui = 0(e™H).
Using 2.8) in @2.7) we have

(2.9) 8:V (logbe) (8:014) +2N 1

|Quil?

For the discussion in this section we use the following version of (2.9):

Ork
[en

The following lemma provides the first estimate of V¢; (Qf‘):

+ V1 i(Qrx) = O(ure™ ).
2100 &V(loghy)(0) + 2N

NE +V0r(Qui) = O(8) + O(uxe ™).

Lemma 2.1. Forl=0,...,N,

k( Ak al Oik — Omi
@1 Voi(0) = - Sk B
m=0,m+#l ’QUC - Qch‘
where
= 0(80) + O(uxe ™).
Proof of Lemma

From the expression of v on & = B(0,75, l) we have, for y away from bub-
bling disks,

(2.12) Vk(y)ZVklaszﬁ/Q GO )NV br(8m)e M
k

N
= vloa, + Y, G0 0f) / PRURCOE

1=0 B(Q.e

FE [, 0001 = GO.0)In P bu(m)ean + Ofpse ).

Before we evaluate each term, we use a sample computation: Suppose f is a
smooth function defined on B(Q%, €), then we evaluate

@13 | rnPome Man.
B(Q:¢)



SINGULAR LIOUVILLE EQUATION 7

Let Q’(‘) be the maximum of vy — (j)(’)< , then it is known [28| [13]] that
(2.14) 05— 06 = O(e ™).

Moreover, it is derived that

2.15)  w(y)—9¢5(y) =log

e Hi

_ _ +O(ufe ).
k12N k ~
(14 e DO, G2

Setting ¥y = v — q)(’)‘ and iy = % |2V b (8ky), we can write 2.13)) as

/ S (1)e™Man.
B(0he)

Using the Taylor expansions of f and /i around Q’(‘) and the symmetry of the global
solution in (2.13)) it is easy to see that

g P0G V= 877(08) + Olpe
0

Since (2.14)) holds we further have

@16 [ p)inPY(@m)erMdn = 8nf(06) + Olue ).

B(QO’S)
Using the method of (2.16)) in the evaluation of each term in (2.12) we have,

N N
ve(y) = viloo, —4 Y logly— Oui| + 87 Y H(y, Q1) + O(tice ™).
i=0 i=0

The harmonic function that kills the oscillation of vx around Q,, x is
N

on=—4 Y (logly—Qf|—log|QF, — Of)

1=0,l#m
+87[Z y7Ql vaQ[))“‘O(,Ukei‘uk).

The corresponding estimate for VX is
i 0,0
1=b7m O — |0k, — O

where V| stands for the differentiation with respect to the first component. From
the expression of H, we have

Von(Qh) = — +8nZV1H 0k 0K+ O (e ™).

1 Qm - T257 Qk/’Ql ’2
 2m |k — 25,20 /|0F PP

— LT—25 7252Qm Q?/’Qﬂz
2m° T |0f/ |0k — T 2820k P

1 5o omi
=57 282V T + 0(0187).

27l . . .
where 0 = max; |Q;‘ — eN+T|. Later we shall obtain more specific estimate of oy.
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Thus
(2.18) V¢,fz<an>

"‘l k _ N 2mil _
i Bl g o o) ot
1=0.1m i=0
N
Qm_Q _
=4 Yy 7|Qk_Q,f|2+0(6k5k2)+0(Nk€ He)
1=07m 19m — Qi

2ali/(N+1)

where we have used Z?’:O e = 0. Since we don’t have the estimate of oy

now we have

N
0 — 0}
Vq)m Qm =—4 +E
= 072[75"1 |Qm Qk|2

Lemmal[2.1lis established. [J

3. LOCATION OF BLOWUP POINTS

Let E = O(87) + O(uge ). The Pohozaev identity around Q¥ now reads

NooQk— 0k oF
- k k2+2N k2
Jj=0,j#l ‘Ql _Qj‘ ‘Ql‘

Using L to denote V(loghx)(0), we have, treating every term as a complex number,

V (log by) ()8 + E.

NL =2 i _ Eék +E,
0 a0l 2
where L is the conjugate of L. Thus
N Qk ;
(3.1 N=2 SkQ, +E.

JOJ#IQI Qk 2

Let B = 27l /(N + 1), we write QF = /P 4 p¥ for p¥ — 0. Then we write the first
term on the right hand side of (3.1) as

of _ g
Q-0 P —ePitpi—ph
_ P+ p}
(et —ePi)(1+ (pf — P/ (et —ePr))
eiﬁl pé‘ eiﬁl

- _ k_ ok 2
T eiB — oiB; T b — B (eifi — ¢iB)2 (p1 —pPj) +0(0)
_ Py
e —eifi T (e —eiPi)2

+0(c}).
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Using
N iBy
e
3.2 N=2 TR
( ) j:;j;ﬁl elﬁl — e’ﬁj

we write (3.1)) as
N e lpj —e Py

G IZEran

L . .
— =8P =E+0(c})
Jj=0,j#l 4

for/=0,1,2,....,N. Setting pf‘ = eiﬁlmf‘ and Bj; = B; — B we reduce (3.3) to

N eBit pk N iB I
(3.4) Yy ——-( ¥} B PV S P
j=gar (L= P2\ Gy (1 P2 4
=E+0(c}) + 0(80v)
for/ =0,1.....,N. It is easy to verify that
oif | | X

(3.5) (=2~ 2cos6 1) 4sind(8)2)

To deal with coefficients of m’]‘ in we set

di= — j=1,..,.N
! sinz(l\{—fl) /
and
N
D= Y dj
=071
Since d; = dy41—; it is easy to check that D does not depend on /:
Ya=y ]
D=) d=)Y ———.
k=1 k=1 Slnz(Nk—ﬁ)
Now (3.4) can be written as
N
(3.6) — Y djymh+Dmf— L& =E+0(c}), 1=0,....,N.

JAT=0
For [ = 0, we have By = 0 and m’(‘) = 0. Thus from (3.6) we have

N
(3.7) =Y dimh—L& =E+0(c}).
j=1

If we take (m’l‘ ,...,mX) as unknowns in (3.6)), the last N equations of (3.6) ( for
[=1,...,N) can be written as

m’l‘ P
m’é P
(3.8) Al T | =L&| . |+E+O0(c}).

mﬁ‘v /Py
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where
D —d . —dy_1

—d D e —dn_2
A= ) . .

—dy_1 —dy_ ... D

Since D = |d;| + ...+ |dy| and each d; > 0, we see that the matrix is invertible,

thus |[m¥| = O(8y) for all i. This is a standard fact and we include a short proof for

completeness:

Lemma 3.1. Let B = (b;j)uxn be an n x n matrix that satisfies
’b,‘,“ > Z ’b,‘j‘, fOI‘ all i.
J#i
Then B is invertible.

Proof of Lemma 3.1t Apply row reduction to B by eliminating all the entries in
the first column except for by, it is easy to see that B can be changed to

biy by ... by,

c» ... Cp
0 Cc3 ... C3p
0 Cnp2 ... Cpn

for
by j

bu
Direct computation shows that

lcil > Y lcijl, i=2,...,n.
J#i

C,'j:bij— bila i:2,...,n, j:2,...,n.

Lemma[3.1lis established. [J

Since the O(0}) is only an infinitesimal perturbation of A, equation (3.8) can be
written as

(A+0(cp)(mk,....mK) = L& (P, ....ePV) +E.

Thus we have, using Lemma [3.1]

ml{ eiﬁl
mlg o= e'P

3.9) . =A""&L(0) . +E.
mf‘v eibN

With this fact we can further write V1H (Q%,, 0¥) in Z17) as

no

1 i
(3.10) ViH(Q},.0f) = —5 1 8N + 0(5),
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and V¢f(QF) in 2Z11) and (2.I8) as
k
3.11) Vol =—4Y \Qk —Qn oo +0(83) + O ™).
m#l m

Using (a@'/),x, to denote A~!, we rewrite (3.9) as

(3.12) mf = &L(0) Y. a*e +0(87) + O(me ™), [=1,...,N.
s=1

4. APPROXIMATE u; BY GLOBAL SOLUTIONS

First we note that for simple blowup solutions, the approximation of u; using
global solutions is much easier. This part will be discussed in the appendix.

Proof of Theorem [I.T: The assumption is §et/? < ¢. Fixing the neighborhood

of one QX the expansion of vy is, taking O, as the origin,

e;uk,m

k 2 _
0 ) + +0 e
(1 + el"k,me} _ Q’[g1|2)2 (PM(y) (;u’ke )

4.1) vk(y) = log

where iy, = vi(QF). First we claim that

(4.2) Hem — e = O(8¢) + O(uge ™).

From the Green’s representation formula for v, we have, for y away from bubbling
areas and |y| ~ 1,

W) = wlag+ [ GO infedn,
'k

N
=vk|agk+ZG<y,Q¢> LR COE
1

+Z )’7Q1))m’2Nf)k(5k77) dn+0(e ™),
= Vk’&Qk + SWZG (3, Q) + O(xe ™)

€

where Q; = B(0,75, "). In particular if we consider y located at |y — QX | = 5,

expression of v, can be written as

(4.3) Vk(y) = vk|3§2k 410g |y Qm| + (Pll‘f‘l

—4 Z 10g|Qm Ql|+87rZH Qman)—i_O(,uke IJk)
1=0,l#m =0
where

y |y Ql
Z IOg |Qk +87[Z y)Ql Qm)Ql))
1=0,l#m
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Comparing and (4.1} we have

2N S
(44) e log |Qm| bsk( «0h)
N N
=—4 ) log|Q,, — Ol +8nY H(Q), 0f) +vilao, + O(uge ™).
1=0,l#m =0

To evaluate terms in (4.4) we observe that
0,7 =1+0(8),  h(80y) =14 0(&),
0h =108, O =0k +0(e™),
and by the expression of H(y,n) we have
1
H(Qy, Q1) = 77 08(78; H+0(8).

Thus two terms in ([ﬂ]) are

4.5) 87 ZH 0%, 00) =4(N+1)log(t5, ") + O(&)
=0
N k k N 2mmi 2mli
(4.6) Z log |0, — O] = Z log [eN+T — eN+T | + O( &)
1=0,l#m 1=0,l#m
=1log(N+1)+O(&).
Using (4.3) and (@.6) in (4.4) we have

(4.7) Vilog, = — Umx +log8 +4log(1+N) —4(1+N)log(t§, ')
+0(8) +0(ute ™), m=0,1,..,N
Clearly from we see that holds. In order to approximate v; with a

global solution we find U, which exactly has local maximums located at eV
and Uy (e;) = W

e:u'k
Uk(x) = log

et

(1+ 8(1+N)2 |y —61|2)2

where e; = (1,0) on R2,
First in the region B(Q¥, e */2), the comparison between vy and Uy boils down
to the evaluation of:

(4 8) log e‘ul,k log e:u'k
. m —log——m
I+ S ly—p?? (5P
for | px| = O(8). By elementary computation we see that the difference between

the two terms in @.8) is O(§xeH*) if |y| < Cet+/2. On the other hand, for Ce /2 <
ly| < €/2, the comparison of expressions of v, and Uy leads to the same conclusion.
Moreover

vi = U = O(8) + O(uge ™) on  IB(Qf,é€).
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Also we observe from the expression of Uy that
v — U = 0(5k) + 0(#}?6_“]‘) on 0.

Thus we obtain the the closeness of v and Uy on Q \ (U;B(QF,€/2)) by the small-
ness of vy — Uy on dQ; and standard estimates by Green’s representation formula.
Theorem [L.1lis established. (]

5. DISCUSSION OF 87 > Cpye M

The main purpose of this section is to prove the vanishing rate of the second
derivatives of log bz (0).
The equation of Pohozaev identity now becomes

ok 0k — 0,
—4 = Em
(s Z# 0F — Ok 2

(5.1) 2N + 8.V (log by (807) = E3

with
E; = 0(5,3) + O(er_uk).
After simplification (3.1]) becomes

k
=4y 9 -+ 8V (log ) (8:0) 0 = Es.
m#l Ql - Qm

According to previous computation (for simplicity we use m; instead of mf in this
section)

%
-0
. eiﬁ’(l—l—ml)
e (1— ePit +-my — mjeiﬁfl)

_ 1 m; — mjeiﬁf" n my
C1—ePi (1—ePi)2 1P

(my —mjePi)?  my(my—mjePn)

- 3
(l—eiﬁj1)3 (l—eiﬁﬂ)2 +0(6k)
After simplification we have
Qf _ 1 &bt
Qéc - Qljc B 1 —ePi + (] _eiﬁﬂ)Z (mj _ml)
< iB 3
+m(ml_mj)(ml_mje jl)+0(6k)+E

Using for each [, we have
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N 4¢P N 4eiPi -
(5.2) l 1)+ , —m;)(m; —mePi)
JZOZ;# 1— b2 j X; l_eﬁﬂ) ' '
+8,V(log be) (80f)eP (1 4+ my) = E,

Using L to denote Vlog b and (3.3), we write (3.2)) as

(5.3)
N
— ), djjymj+Dmy
j=0,j#l
N 4¢P N 4B (1 4 P ul 4¢2Bjr
+( Z 74} Z # mj)my + Z 74}
j=o gzt (1= €1 J=0.j#1 elbir)? j=0g (1 =€)

+ 8L(8,0N) P + 8L(0)ePrm; = E.

for/ =1,...,N. Note that in the last term on the left hand side we used mf‘ =0(),
so for this term there is no need to evaluate at Qf‘ .
For [ = 0, using By = 0 and my = 0, we have

(5.4) - Z dim;+ Z m + SL(8QF) =
J#0 1750

For the case N = 1 we have
DZI, dlzl, B()l:—ﬂ?, ﬁlzﬂ', ﬁoZO.
Thus (3.3)) and (3.4) are reduced to
{ ny — %m% — 5kl_4(_5lef) — 6ki(0)m1 = E,
—my + %m% + 5kL(5kQ]6) =
From the first equation of (5.3)) we have

(5.5)

(5.6) my = §L(0) +0(8}).
Adding the two equations in (3.3) and using (3.6)), we have
(5.7) SL(80F) — SL(8:.0%) = (8L(0))> +E.

By Of = 1+0(&) and Q¥ = —1+ O(§;) we evaluate L as
i Jdiloghy 5kQ0 ) ( d1 log b (0 +3k31110gbk(0) ) 2
L(0Q0) = ( 91 10g b (8:0f) & loghi(0) + 8 loghy (0) ) T 0(8).

and

o O1logh(80F) 1 log hx(0) — 011 1og bk (0) ) 2
L(5kQ1)_<9210ghk 5ka ) ( A2 log hi(0) — 612 log hi(0) %)

By comparing coefficients we have
(5.8) at — a3 —2ay; = O(8) + O(8; * e ™),
aiax +ap = 0(6]() + 0(6]:2[.1](67“"),
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where a1 = d11(loghe)(0), a1z = di2(loghk)(0), a1 = di (log hi ) (0), a2 = > (log b« ) (0).
Direct computation from b(x) = /i (xe'%) gives
= 01 (logh)(0) cos 6 + A (log iy ) (0) sin 6, = J,, (log 1k )(0),
ap = 0 (loghy)(0)(—sin 6;) + d»(log ) (0) cos B = 861% (logh)(0),

ay; = d11(loghy)(0) cosz(Qk) + 2012 (log Ay ) (0) cos B sin 6 + d»; (log i) (0) sin’ 6;
=0, (log i) (0),

ap = (dxn — di1)(loghg)(0) sin B cos O + dj2(log Ay ) (0) (cos2 0 — sin® k)
=0,,,: (log ) (0).
Thus (I.14) in Theorem [1.2]is established.
For the case N > 2 we take the sum of all equations in (5.3), (5.4) and obtain

Zc,ml+chlmlmj+5kZL5le ‘ﬁ’+5kZL e‘ﬁ’m,:E,
1=0 I£)

where the coefficients ¢; and c¢j; will be specified later. We first deal with
(5.9) Z SL(50N)ePr = Z S (L(8:0F) — L(0))eP,

where we have used Z[:o ePr=0. If weuse a;; =9y (loghy)(0), ajp = d12(loghy)(0)
and ay; = dn(loghi)(0), we see that

L(8.0f) — L(0)
=0, logh(80}) — idxlog h(8Qf) — (91 log h(0) — idz log h(0))
=(ay16rcos By + ayzsin f;) — i(aj cos By + axy sin fy)

Thus the real part of (5.9) is
2 2 : .22y NA1 2
O; (Z ay1 cos” By + 2aipcosPy sin B + ax sin” ) = (a1 +axn)d;
1=0
and the imaginary part of is
N
6,3(2(6111 —ap) sin fBycos By — ajpcos(2f;)) =0,
1=0

where we have used
N
Z B = 0.
=0
To compute the coefficients of ml2 and mym, for [ # t, we use
e¥(14¢%)  icos(6/2)
(1—€®)3 " 4sin’(6/2)

Since cos(+) is even and sin(-) is odd, we see that the summation of cross terms
mym; is zero: c;; = 0.
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The following two properties are useful for evaluating c¢;:

(5.10) L“ _ _lsin(9/2)3+icos(9/2)’
(1—e?) 8 sin”(0/2)
0 1sin(—6/2)+icos(—6/2)
(1-€i®)3 8 sin’(6/2) '
By the two identities in (5.10), we see that the coefficient of m7 is
N 4Bt 46%B1j
= : + . ,
l jooa (1=€Pi)3 = (1 —eiPi)3
_h oy (sin( D7) +icos(Url®)  sin(URhT) +icos( <J'N—+l>1ﬂ>>
. i—1 . —i
27 oy s1n3((jv +)1”) s1n3((N i)ln)
=0.
Thus all the terms related to m; cancel out. By (3.12)) we have
N
GAD YLD -L0) + SLO)P L ePareh .
=0 st

The first term in (3. 11)) is

N

i 7OV SMFLA( 0
Y L0~ Lope — (X740 ) g,
1=0

For the second term in (5.11) we use the symbolic computation of matlab to obtain
n
(5.12) Y ePateP = 0.
st=1

Consequently the following holds:
A(loghy) (0) = O(8; e ™) + 0(8y)-

Since A(log ) (0) = A(log bz )(0), we obtain the conclusion stated in Theorem [L2]
for N > 2. Thus, Theorem [1.2]is established. [J

6. APPENDIX: SIMPLE BLOWUP SOLUTIONS

In the section we approximate simple bubbling solutions using global solutions.
Recall that uy, satisfies
Ay + x|V (x)e =0, |x| <,

max uy = Ay — oo,
B

0 is the only blowup pointin B,

and
uy is a constant at  dB;.

Since we talk about simple blowup solutions, we have

(6.1) ur(x) +2(14+N)log|x| <C
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for some C > 0 independent of k.

Let
e
(6.2) &g =e (1)
and
(6.3) ve(y) = ur(&y) +2(1+N)loger, |y <1/&.
Then clearly v, < 0 and satisfies
(6.4) Avi+hi(e)lyPNe ™ =0, i |yl < 7/e.

It is easy to see that a subsequence of v, which is denoted as v; as well, con-
verges uniformly to v over any fixed compact subset of R?. The limit function v,
which solves

(6.5) w)+ b =0, in B[ pPYe <o,

also satisfies
v(y) <0
and, by the classification theorem of Prajapat-Tarantello [23]]

/ W2V = 87(1+N).
R2
The asymptotic behavior of v is determined by the total integration of [g2 [y

v(y) = —4(1+N)logly|+0O(1) for |y|>1.

So v; — v over any fixed Bg in R?. Next we consider the behavior of v, outside
Bg.
For r € (2&R,7/3), let

|2Nev:

- 1
P(y) = ue(ry) +2(1+N)logr, 5 <[y <2.
Then clearly v satisfies
AW (y) + |y PN i (ry)e™ ) =0, B\ By)s.

Let ¢y be the bound for v;: ¥ < ¢o in By \ By /2 and we set g = ¥ — cp — 1 which
immediately satisfies gx < —1in B, \ B; /2- Thus the equation for g can be written
as

vV (ry) €™

Agr+ g(y)=0, in By\Bjp.

The coefficient of g is clearly bounded. Thus standard Harnack inequality on dB;
gives

max(— < c¢1(co) min(—
aBl( gk) < ci(co) aBl( gk)

where ¢y > 1 only depends on ¢g. Going back to 7, we have

~<1 inv + (co+1)(1 1)
maxv — min?v C ——).
0B k= C1 0B k 0 C1
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For uy, it is
(6.6) max uy < lminuk —2(1+N)(1— i)logr—i— (co+1)(1— l)
9B, c1 9B, 1 1
Let v (r) be the spherical average of v; on dB,. Then for r > R for some R large,
Vk(r) < (—4(1+N)+8;)logr+0(1)

because
d _ 1 N
= - h v (¥) gy,
o) =5 | P hle)e Oy

From the value of v;(R) and the estimate above, it is immediate to see that
(6.7) Vi(r) < (—4(N+1)+¢€(R))logr+c¢, r>R.
For r > R, the spherical Harnack inequality for u; gives,
r(r)lgrka < C—llrgéflvk —2(1+N)(1— Ci)logr—i-cz
where ¢, = (co+1)(1 — —) This inequality readily gives the following estimate
of vy:
vi(y) < (-2(1+N) = 8)loglyl, R<|y| <7g.!
for some 6 > 0. Then it is easy to use Green’s representation formula to obtain
vi(y) < —4(1+N)log(1+y[) +¢, Iyl <7/e
The classification theorem of Prajapat-Tarantello [23]] gives
A
[ — D
where parameters A > 0 and £ € C. By the argument in Lin-Wei-Zhang [19] there
is a perturbation of Ay — A and & — & such that
Ak
(1 g DT = &)

v(y) = log

Vi(y) := log

satisfies
(6.8) ve(y) = Ve(y)| < Cec(1+1y]), y<€B(0,g").

The idea of the proof in [19] for this case is the following: Choose 1 << |p;| <<
|p2| << |p3| such that the following matrix invertible:

aA(m) Z(p2)  F(ps)
(6.9) agl - (p1) 5’51 (p2) 5’51 (p3)
8&2 = (p1) 8&2 = (p2) 8&2 = (p3)

where § = & +i&. Thus if a o(1) perturbation is placed on v (to make v(p;) =
Vi(pj) for j=1,2,3), all we need to do is change the parameters A, & by a compa-
rable amount. So even though we have a sequence of parameters Ay, L, they are
not tending to infinity.
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Now we improve this estimate. Let

wi(y) = v (y) —Vi(y), [yl < 1/

The equation for wy, is

2
(6.10) Awi+ [y 5wy = —PV (Y &dih(0)y' + O(glly*))e™

=1

fory € B(0,7¢, ). In addition, we know that wy(p,) = 0 for # = 1,2,3 and wy(y) <
O(&)(1+ [y|) and the oscillation of wi on B(0,7e, ') is O(gp ™).

Our next step is to improve the estimate of wy. From the Green’s representation
formula for w; we have

W) = [ GomInP (i) + &Y A (0)Y

+0(e2n[») e M dy +wi| 5o, +O(eN ).

where Q; = B(0,7¢, 1) and wy|yq, is the average of wy on d€. Using crude
estimate of w; we rewrite the above as

©.11)  wi(y) = /Q G(y,m)0(&)(1+n]) >N dy + wi|ag, + O} ™).

k

Since wi(p1) = 0. Evaluating the above at p; we have

612 0= /Q G(p1,m)0(e)(1+ 1) ~>2"dn +wilag, + O ").
The difference of and gives

613 w) = [ (Gum) = Glpr.m)O(e) (1 +In)) > dy+0(e™).

Then elementary estimate gives

wi(y) = O(&)log(2 +|yl).

Next we shall identify the O(g) term in the expansion of v;. Let f; and f> be
solutions of the following equations respectively:

Afi+y™Ne' fi=—yie' |y, in R%
Af+ NV fo=—ye" N, in R
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Here is why f, f> exist: Let ¢ = aA, 0 = and ¢ = % where & = & +i&,.
Direct computation gives
1 1 ZNJrl 2
(6.14) $o=—— ‘ é\ >
s A ZN-H _é_
1= 2 A )
0 A AN+ é
2 = )
4(1+N) 1+ (1+N2| €|2

By Lin-Wei-Ye [[18]], the kernel in the linearized equation is spanned by ¢g, ¢, ¢
if a less than linear growth condition is imposed. Using this fact and (6.14), we
observe that

[onebe=0. j=o.1.2

/Rzylev\y!md)j
:/ V1A,

_1}1330/ NPy — /31¢j

Indeed,

where the last equality is due to the asymptotic behavior of ¢; and V¢; at infinity.
Thus f; exists. The existence of f, can be derived in a similar way. By standard
elliptic theory, the estimate of f; at infinity is:

LGOI <CA+D™, yeR?, i=12.
Let
(6.15) wh = edih(0) fi + &0l (0) fo.
By the estimate of w; we write the equation of wy as

Awi+ |y e wi = (hi (0) — Iy (&) [y ™ + O(2) (1+ [y]) 2.

Comparing with the equation for w’f, we now write the equation for wy, — w’l‘ as

A(wi —wh) + [y e (wi —wh) = 0()) (1 + y)) >, yeR%

Since the matrix in is invertible, we adjust the parameters of Vj by O(&) to
make the new global functions V; satisfy

(6.16) vi—Vi—wi=0, for y=pi,ps,ps.

Note that the parameters in V;, are O(&) different from those in V.
Let

k o k
wy = v — Vi —wi,
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because of the closeness of Vj and V;, the equation for wlg is still
Ak [y Netwh = 0(e]) (1 +1y) 2, y e RE
Claim:
(6.17) Wi()| < Ceglog(2+y])-

To prove (6.17), we assume

A 200
v gflog(2+|y|)

Suppose Ay is attained at yy. Let

)= wa(y)
Ake‘,flog(2+ [vk|)

From this definition we immediately see that

 wO)loe+b)  _ log2+ D)
Acgtlog(2+ [y[)log(2+ [yi]) ~ log(2+ [yxl)

On |y| < g, !, Wk satisfies

)

(6.18) A + |y P ek = 0(1) 0 ——
2+l 2 ()Aklog(2+|yk|)

y| < te !

Moreover, since Vy has a perturbation of O(gy ') on dB(0,7¢, '), we have
W) =o(l), yeIB0,g ).
If yr — y*, W’é converges to a solution of
A+ ™o =0, R?,

with mild growth:
[9(y)] < Clog(2+y]).

By the non-degeneracy of the linearized equation,

00) = a1 32 )+ 23 0)+ x5 )

Using ¢(p;) = 0 for i = 1,2,3, we have, by the invertibility of matrix (6.9), ¢; =
¢, = c3 =0, thus ¢ =0, a contradiction to w’;(yk) =41.

So we only need to consider the case that |y;| — oo. In this case the Green’s
representation formula of W4 (yy) gives

log(2+[n]) —o(1)(1+[n|) 22"

dn +o(l).
log(2 + e n-+ol)

+1=wh(w) = /QkG(yk,n)
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Using w5 (p1) = 0 we can further write the above as

(6.19)

+1=75(y)

0 —0 —2—2N
_ /Qk(G()’hn)_G(Plan))l g2+ n)) —o()(1+n))

log(2+ |y|)

However by standard evaluation of the Green’s function, the right hand side of
is o(1). This contradiction proves that v can be accurate to O(g?) by two
terms. So the conclusion of this section is

Theorem 6.1. Let vy, Vi, wh, & be defined in (16.3),6.16)),(6.13) and (6.2), respec-
tively, then

dn+o(1).

Vi (y) = Ve(y) = wh(y)] < Ceglog(2+[yl),  Iv] < zg .
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