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ABSTRACT. In this article we study bubbling solutions of regular SU(3) Toda
systems defined on a Riemann surface. There are two major difficulties corre-
sponding to the profile of bubbling solutions: partial blowup phenomenon and
bubble accumulation. We prove that when both parameters tend to critical po-
sitions, if there is one fully bubbling blowup point, then under one curvature
assumption, all the blowup solutions near a blowup point satisfy a spherical Har-
nack inequality, which completely rules out the bubble-accumulation phenome-
non. This fact is crucial for a number of applications.

1. INTRODUCTION

In this article we consider the following SU(3) Toda system defined on a com-
pact Riemann surface (M,g):

∆gu1 +2ρ1(
h1eu1∫

M h1eu1dVg
−1)−ρ2(

h2eu2∫
M h2eu2dVg

−1) = 0(1.1)

∆gu2 −ρ1(
h1eu1∫

M h1eu1dVg
−1)+2ρ2(

h2eu2∫
M h2eu2dVg

−1) = 0

where the volume of M is assumed to be 1 for convenience. h1,h2 are positive
smooth functions, ρ1,ρ2 are positive constants.

The standard space for u = (u1,u2) is that each component is in

H̊1(M) := {v ∈ H1(M);
∫

M
v = 0.}

and system (1.1) is the Euler Lagrange equation of the following variational form:

Jρ(u) =
1
2

∫
M

2

∑
i, j=1

ai j
∇gui∇gu jdVg −

2

∑
i=1

ρi log
∫

M
hieuidVg

where a11 = a22 = 2
3 , a12 = a21 = 1

3 . It is proved by Lin-Wei-Yang-Zhang in [21]
that a priori estimate holds if (ρ1,ρ2) ∈ (4π(m− 1),4πm)× (4π(n− 1),4πn) for
m,n ∈ N (the set of natural numbers). Thus a degree-counting program can be
defined by this a priori estimate. Since this degree counting program links the local
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blowup analysis with the topology of M, it reveals important interplay of different
fields of mathematics.

Even though the a priori estimate requires ρ = (ρ1,ρ2) to be away from mul-
tiples of 4π , it is also important to study blowup solutions when both parameters
tend to multiples of 4π . For comparison if the Toda system is reduced to one equa-
tion, which is the Liouville equation, the critical parameter for Liouville equation
is when the parameter ρ is a multiple of 8π . The case ρ = 8π is studied by Lin-
Wang [22] that reveals significant ties among elliptic functions, blowup solutions
and the number of critical points of the Green’s function on a torus. The study of
Toda system with critical parameters should also lead to possibly surprising con-
nections between fields. In fact (1.1) is the simplest Toda system that connects
many fields of mathematics and physics. Since the literature is too vast to be listed,
we just mention the following works closely related to the topic in this article
[1, 2, 3, 7, 8, 9, 10, 11, 12, 16, 17, 18, 19, 21, 23, 24, 26, 27]. As a matter of fact,
the research of Toda system has been so dynamical that many breakthroughs come
from inspirations of different fields and exciting ties among seemingly far-reached
fields have been greatly strengthened by new discoveries.

A sequence of solutions uk = (uk
1,u

k
2) is called bubbling solutions, or blowup

solutions, if maxM{uk
1(pk),uk

2(pk)} → ∞ for pk → p ∈ M. If uk converges to a
global SU(3) Toda system after scaling according to the maximum of both com-
ponents, uk is called a fully bubbling sequence. Otherwise uk is called to have a
partial blowup phenomenon. In other words, fully bubbling solutions converge to
an entire Toda system, while partially blown-up solutions tend to only one equation
after scaling. In blowup analysis there are two major difficulties, the first one is the
partial blowup phenomenon, the second one is the bubble-accumulation situation:
disjoint bubbling disks may tend to the same point, which makes the study of the
profile of bubbling solutions particularly challenging.

The main purpose of this article is to remove the bubble accumulation phenom-
enon and thus greatly simplifies the profile of bubbling solutions. The following is
a curvature assumption we make on the coefficient function hk

i : For each x ∈ M,

(1.2) ∆g(loghi)(x)−2K(x) ̸∈ 4πZ, i = 1,2.

where Z stands for the set of integers, K(x) is the Gauss curvature at x. Then our
main theorem is

Theorem 1.1. Let uk be a sequence of blowup solutions to (1.1) with parameters
ρk → (4πm,4πn) for some positive integers m and n. If there exists a fully bubbling
blowup point and (1.2) holds, around each blowup point pl we have

(1.3) uk
i (x)+2log |x− pk

l | ≤C, i = 1,2,

where pk
l → pl is a local maximum of one component of uk.

The inequality (1.3) implies that around pk
l , the spherical Harnack inequality

holds for both components, thus Theorem 1.1 completely rules out the bubble-
accumulation phenomenon and provides a key estimate for construction of bub-
bling solutions as well the degree-counting program mentioned before. It is also
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important to point out that Theorem 1.1 does not rule out partial blowup phenom-
enon. The construction of a (4,2) type blowup by Musso-Pistoia-Wei [29], which
contains a partial blowup situation, does satisfy the spherical Harnack inequality
around a blowup point. It is an interesting open question whether (1.2) also leads
to the elimination of partial blowup phenomenon. Here we also point out that hav-
ing a simple blowup situation leads to key information about curvature as well.
For example, in [24], [23] and [47], only fully bubbling solutions are assumed
for Toda systems, the authors proved surprising vanishing estimates on coefficient
functions, which serve as guidelines of bubble construction, degree counting and
other applications.

Remark 1.1. The assumption ρk = (ρk
1 ,ρ

k
2) → (4mπ,4nπ) is more general than

the assumption in [43] where ρk → (4π,4mπ) or ρk → (4mπ,4π) was assumed.

Since the proof of the main theorem is quite involved, we describe an outline of
the proof at the end of the introduction. The statement of Theorem 1.1 is equiva-
lent to saying that the spherical Harnack inequality holds around a local maximum
of a component. As is well known, if the spherical Harnack inequality does not
hold, one would obtain bubbling disks mutually disjoint from one another. Inside
each bubbling disk, the profile of the blowup solutions is either that of a global
solution of the SU(3) Toda system, or that of a global solution of a single Liouville
equation. To eliminate the bubble accumulation we employ the ideas in a series
of paper of Wei-Zhang [38], [39] and [40]. One major difficulty is to rule out the
case that one bubbling disk of uk

1 is placed between two bubbling disks of uk
2. This

part is placed in section three in three stages: In stage one: After removing uk
1 from

the equation of uk
2, the equation of uk

2 is similar to a singular Liouville equation
with a quantized singular source. uk

2 has two local maximum points and there is a
Pohozaev identity corresponding to each local maximum. After working on these
two Pohozaev identities we shall see that the first derivatives of the coefficient func-
tions are involved with the location of blowup points. Next we compare the two
pohozaev identities with those of a global solution. The comparison of Pohozaev
identities will lead to an initial vanishing rate of certain coefficient functions. Then
in stage two we improve the pointwise estimate as well as the vanishing rate of the
first derivative of the coefficient functions. The key point of the proof of stage two
is that the blowup solutions look like different global solutions around each local
maximum, which is the main reason of the contradiction. The in stage three, we
employ the argument of stage two and the vanishing rate of the first derivatives of
the coefficient functions to obtain a better global pointwise estimate. In this case
the precise pointwise estimate of the single Liouville equation plays a crucial role.
These three stages rule out the case (2,4) as well as (4,2) under the curvature con-
dition stated in Theorem 1.1. The other cases of blowup solutions violating the
spherical harnack inequalities are relatively easier and they are handled in section
four. There are quite a few key estimates in the proof and they are explained in
details as the proof is carried out.
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2. A LOCALLY DEFINED SYSTEM

In this section we write the SU(3) Toda system as a set of locally defined equa-
tions near a fixed point. For any fixed point we use isothermal coordinates: Let g0
be the flat metric and φ satisfy g0 = e−φ g. Then ∆g = e−φ ∆ and φ satisfies

(2.1) φ(0) = |∇φ(0)|= 0, ∆φ(0) =−2K(p).

Let ûi = ui − log
∫

M hieui , i = 1,2. Then we have
∫

M hieûi = 1. Then for û =
(û1, û2) we have

∆û1 +2ρ1h1eû1+φ −ρ2h2eû2+φ = (2ρ1 −ρ2)eφ ,

∆û2 −ρ1h1eû1+φ +2ρ2h2eû2+φ = (2ρ2 −ρ1)eφ

Let Bτ be a ball of radius τ centered at the origin. For τ > 0 small we set f1 and f2
as

∆ f1 = (2ρ1 −ρ2)eφ , f1(0) = 0, f1 = constant on ∂Bτ(2.2)

∆ f2 = (2ρ2 −ρ1)eφ , f2(0) = 0, f2 = constant on ∂Bτ .

Then by setting
ui = ûi − fi, i = 1,2

and
hi = ρihieφ+ fi , i = 1,2

in a neighborhood of 0, say Bτ we have

∆u1 +2h1eu1 −h2eh2 = 0,(2.3)

∆u2 −h1eu1 +2h2eh2 = 0, in Bτ .

3. BLOWUP ANALYSIS FOR A LOCAL SYSTEM

In this long section we derive a vanishing estimate for a locally defined Toda
system. Let B1 be the unit ball in R2 and we consider the following locally defined
system:

∆uk
1 +2hk

1eu
k
1 −hk

2eu
k
2 = 0,

∆uk
2 −hk

1eu
k
1 +2hk

2eu
k
2 = 0, in B1,(3.1)

and postulate usual assumptions:

(3.2) max
x∈K

{uk
1(x),u

k
2(x)} ≤C(K), K ⊂⊂ B1 \{0}.

Boundary oscillation finite-ness:

(3.3) max |uk
i (x)−uk

i (y)| ≤C, i = 1,2, ∀x,y ∈ ∂B1.

and there exists a C > 0 such that

(3.4)
1
C

≤ hk
i (x)≤C, ∥hk

i ∥C3(B1) ≤C.
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and there is a uniform bound on the total integration:

(3.5)
∫

B1

hk
i eu

k
i ≤C.

Let φ k
i be the harmonic function defined by the oscillation of ui on ∂B1:

∆φ
k
i (x) = 0, in B1, φ

k
i (x) = uk

i (x)−
1

2π

∫
∂B1

uk
i dS, x ∈ ∂B1.

The following quantity is used to describe the concentration of the integrals of
eu

k
i : Let

σi =
1

2π
lim
δ→0

lim
k→∞

∫
Bδ

hk
i eu

k
i .

Note that in this article we don’t distinguish sequence and a sub-sequence. Then it
is well known (see [43], for example) that

(σ1,σ2) = (2,0),(0,2)(2,4),(4,2),(4,4).

The main result of this section is:

Theorem 3.1. Let uk = (uk
1,u

k
2) be solutions of (3.1) such that (3.2),(3.3), (3.4) and

(3.5) hold for hi and uk. Suppose uk is a (2,4) type blowup sequence that violates
the spherical Harnack inequality around the local maximum of uk

1, and

(3.6) max
B1

uk
1 > max

B1
uk

2 +5logδ
−1
k

where δk is the distance between one local maximum of uk
2 and one local maximum

of uk
1. Then we have

∇ loghk
2(0)+∇φ

k
2 (0) = o(1),

and
∆ loghk

2(0) = o(1)

Remark 3.1. There are two formations of the blowup type (2,4). The one that
violates the spherical Harnack inquality has one bubbling disk of uk

1 in the middle
of two bubbling disks of uk

2 on both sides. The second formation consists of a
bubbling disk of uk

1 on top of uk
2. In the second case, if uk

2 is scaled according to its
maximum, the limit function is

∆v+2ev = 4πδ0, in R2,
∫
R2

ev < ∞.

What Theorem 3.1 covers is the first case.

Proof of Theorem 3.1:
Let pk

0 be the location of the local maximum of uk
1, pk

1 and pk
2 be the locations of

local maximums if uk
2. In the (2,4) formation, it is known that [43]

lim
k→∞

|pk
1 − pk

0|
|pk

1 − pk
2|

=
1
2
, lim

k→∞

pk
1 − pk

0

|pk
1 − pk

0|
= lim

k→∞

pk
1 − pk

2

|pk
1 − pk

2|
.

Suppose δk = |pk
1 − pk

0| and we write pk
1 = pk

0 +δkeiθk . Then we set

ṽk
i (y) = uk

i (pk
0 +δkeiθk y)+2logδk, i = 1,2.
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Now the system can be written as

∆ṽk
1(y)+2hk

1(pk
0 +δky)eṽk

1 −hk
2(pk

0 +δky)eṽk
2 = 0,(3.7)

∆ṽk
2(y)−hk

1(pk
0 +δky)eṽk

1 +2hk
2(pk

0 +δky)eṽk
2 = 0, in Ωk

where Ωk = B(0,τδ
−1
k ) for some τ > 0 and Gk be the Green’s function on Ωk with

respect to the Dirichlet boundary condition:

Gk(y,η) =− 1
2π

log |y−η |+Hk(y,η)

where

(3.8) Hk(y,η) =
1

2π
log(

|η |
Lk

|
L2

kη

|η |2
− y|), Lk = τδ

−1
k .

Then we remove ṽk
1 from the equation of ṽk

2. Let

f k
1 =−

∫
Ωk

Gk(y,η)hk
1eṽk

1dη +
∫

Ωk

Gk(0,η)hk
1eṽk

1dη

we have
∆ f k

1 = hk
1(pk

0 +δky)eṽk
1 , f k

1 (0) = 0
and let

vk
2 = ṽk

2 − f k
1 ,

and
hk

i (δky) := hk
i (pk

0 +δky), i = 1,2.
Since we will use complex numbers to represent points on R, we use e1 to denote
(1,0) and eiπ to denote (−1,0). For y around e1 or eiπ , since the singularity of ṽk

1
is at the origin, standard estimate can be used to obtain

f k
1 (y) = 2log |y|+O(µk

1e−µk
1 )+O(δ 2

k ), y ∈ B(e1,τ)∪B(eiπ ,τ)

for some τ > 0 small, where we use µk
1 and µk

2 to denote the heights of the bubbles:

µ
k
1 = maxvk

1, µ
k
2 = vk

2(e1).

In this section we use E1 to denote

E1 = O(µk
1e−µk

1 )+O(δ 2
k ).

Then the equation of vk
2 now becomes

(3.9) ∆vk
2 + |y|2+E1hk

2(δky)evk
2 = 0

It is important to observe that after scaling, the local maximum of vk
1 is the origin

and one local maximum of vk
2 is e1, the other local maximum of vk

2 is eiπ + o(1).
We use Qk

0 to denote e1 and Qk
1 to denote the other local maximum of vk

2. (add a
footnote)

By the pointwise analysis of single Liouville equation, vk
2 is around −µk

2 away
from bubbling disks in B10, vk

1(y) =−µk
1 +O(1) in the same area.

Now we provide a rough estimate for vk
i outside the bubbling area:
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For r > 2, let v̄k
2(r) be the spherical average of vk

2 on ∂Br, then we have

d
dr

v̄k
2(r) =

d
dr

(
1

2πr

∫
Br

∆vk
2

)
=−12π +o(1)

2πr
.

Because of the fast decay of v̄k
2(r) it is easy to use the Green’s representation of vk

2
to obtain the following stronger estimates:

vk
2(y) =−µ

k
2 − (6+o(1)) log |y|+O(1), 2 < |y|< τδ

−1
k .

vk
1(y) =−µ

k
1 +o(1) log |y|+O(1), 2 < |y|< τδ

−1
k .(3.10)

3.1. An initial vanishing estimate of the first derivatives. Now we consider vk
2

around Qk
l . Using the results in [5, 45, 15] we have, for vk

2 in B(Qk
l ,ε), the following

gradient estimate:

(3.11) δk∇(loghk
2)(δkQ̃k

l )+2
Q̃k

l

|Q̃k
l |2

+∇φ
k
l (Q̃

k
l ) = O(µk

2e−µk
2 ), l = 0,1

where φ k
l is the harmonic function that eliminates the oscillation of vk

2 on ∂B(Qk
l ,ε)

and Q̃k
l is the maximum of vk

2 −φ k
l that satisfies

(3.12) Q̃k
l −Qk

l = O(e−µk
2 ).

Using (3.12) in (3.11) we have

(3.13) δk∇(loghk
2)(δkQk

l )+2
Qk

l

|Qk
l |2

+∇φ
k
l (Q

k
l ) = O(µk

2e−µk
2 ).

For the discussion in this section we use the following version of (3.13):

(3.14) δk∇(loghk
2)(0)+2

Qk
l

|Qk
l |2

+∇φ
k
l (Q

k
l ) = O(δ 2

k )+O(µk
2e−µk

2 )

and the first estimate of ∇φ k
l (Q

k
l ) is

Lemma 3.1. For l = 0,1,

(3.15) ∇φ
k
l (Q

k
l ) =−4

Qk
l −Qk

m

|Qk
l −Qk

m|2
+O(µk

2e−µk
2 ) l ̸= m.

Proof of Lemma 3.1:
From the expression of vk

2 on Ωk = B(0,τδ
−1
k ) we have, for y away from bub-

bling disks,

vk
2(y) = vk

2|∂Ωk +
∫

Ωk

Gk(y,η)|η |2hk
2(δkη)evk

2(η)dη(3.16)

= vk
2|∂Ωk +

1

∑
l=0

Gk(y,Qk
l )
∫

B(Ql ,ε)
|η |2hk

2(δkη)evk
2dη

+∑
l

∫
B(Ql ,ε)

(Gk(y,η)−Gk(y,Qk
l ))|η |2hk

2(δkη)evk
2dη +O(µk

2e−µk
2 ).
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Before we evaluate each term, we use a sample computation which will be used
repeatedly: Suppose f is a smooth function defined on B(Qk

0,ε), then we evaluate

(3.17)
∫

B(Qk
0,ε)

f (η)|η |2hk
2(δkη)evk

2(η)dη .

Let Q̃k
0 be the maximum of vk

2 − φ k
0 , and set ĥk(y) = |y|2hk

2(δky) then it is known
[45, 15] that

(3.18) Q̃k
0 −Qk

0 = O(e−µk
2 ).

Moreover, it is derived that

vk
2(y) = φ

k
0 (y)+ log

eµk
2

(1+ eµk
2

ĥk(Q̃k
0)

8 |y− Q̃k
0|2)2

(3.19)

+cke−µk
2 (log(2+ eµk

2/2|y− Q̃k
0|))2 +O(µk

2e−µk
2 )

for some ck ∈ R. We use Uk to denote the leading global solution. Using the
expansion above and symmetry we have∫

B(Q̃k
0,ε)

f (η)|η |2hk
2(δkη)evk

2(η)dη(3.20)

=
∫

B(Q̃k
0,ε)

f (η)ĥk(y)evk
2(y)dy

=
∫
( f (Q̃k

0)+∇ f (Q̃k
0)η̃ +O(|η̃ |2)(ĥk(Q̃k

0)+∇ĥk(Q̃k
0)(η̃)+O(|η̃ |2)

· eUk(1+φ
k
0 + cke−µk

2 (log(2+ eµk
2/2|η̃ |))2 +O(µk

2e−µk
2 )+O(|η̃ |2))dη

where η̃ = η − Q̃k
0. In the evaluation we use symmetry, for example,∫

B(Q̃k
0,ε)

eUk η̃dη = 0.

Also using φ k
0 (Q

k
0) = 0 and Qk

0 − Q̃k
0 = O(e−µk

2 ) we have∫
B(Q̃k

0,ε)
eUk φ

k
0 = O(e−µk).

Carrying out computations in (3.20) we arrive at∫
B(Qk

0,ε)
f (η)|η |2hk

2(δkη)evk
2(η)dη = 8π f (Q̃k

0)+O(µk
2e−µk

2 ).

Since (3.18) holds we further have

(3.21)
∫

B(Qk
0,ε)

f (η)|η |2hk
2(δkη)evk

2(η)dη = 8π f (Qk
0)+O(µk

2e−µk
2 ).

Using the method of (3.21) in the evaluation of each term in (3.16) we have,

vk
2(y) = vk

2|∂Ωk −4
1

∑
l=0

log |y−Qk
l |+8π

1

∑
l=0

Hk(y,Qk
l )+O(µk

2e−µk
2 ).
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The harmonic function that kills the oscillation of vk
2 around Qk

m is

φ
k
m =−4(log |y−Qk

l |− log |Qk
m −Qk

l |)

+8π

1

∑
s=0

(Hk(y,Qk
s)−Hk(Qk

m,Q
k
s))+E, l ̸= m.

The corresponding estimate for ∇φ k
m is

(3.22) ∇φ
k
m(Q

k
m) =−4

Qk
m −Qk

l

|Qk
m −Qk

l |2
+8π

1

∑
s=0

∇1Hk(Qk
m,Q

k
s)+O(µk

2e−µk
2 ), l ̸= m,

where ∇1 stands for the differentiation with respect to the first component. From
the expression of Hk in (3.8), we have

∇1Hk(Qk
m,Q

k
l ) =

1
2π

Qk
m − τ2δ

−2
k Qk

l /|Qk
l |2

|Qk
m − τ2δ

−2
k Qk

l /|Qk
l |2|2

(3.23)

=
1

2π
τ
−2

δ
2
k

τ−2δ 2
k Qk

m −Qk
l /|Qk

l |2

|Qk
l /|Qk

l |2 − τ−2δ 2
k Qk

m|2

=− 1
2π

τ
−2

δ
2
k eiπl +O(σkδ

2
k ).

where σk = maxl |Qk
l − eπil|. Later we shall obtain more specific estimate of σk.

Thus using (3.23) in (3.22) we have

∇φ
k
m(Q

k
m)(3.24)

=−4
Qk

m −Qk
l

|Qk
m −Qk

l |2
−4τ

−2
δ

2
k

1

∑
l=0

eπil +O(σkδ
2
k )+O(µke−µk)

=−4
Qk

m −Qk
l

|Qk
m −Qk

l |2
+O(σkδ

2
k )+O(µk

2e−µk
2 ) l ̸= m.

Since we don’t have the estimate of σk we use the following weak version for now:

∇φ
k
m(Q

k
m) =−4

Qk
m −Qk

l

|Qk
m −Qk

l |2
+E, l ̸= m.

where
E = O(δ 2

k )+O(µk
2e−µk

2 ).

Lemma 3.1 is established. □

3.2. Location of blowup points. In this subsection we establish a first descrip-
tion of the locations of Qk

1. The result of this section will be used later to obtain
vanishing estimates of the coefficient function hk

2.
The Pohozaev identity around Qk

1 now reads

(3.25) −4
Qk

l −Qk
j

|Qk
l −Qk

j|2
+2

Qk
l

|Qk
l |2

=−∇(loghk
2)(0)δk +E, j ̸= l.
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Using L to denote ∇(loghk
2)(0):

L = ∇(loghk
2)(0),

we write (3.25) as
1

Q̄k
l
= 2

1
Q̄k

l − Q̄k
j
− L

2
δk +E, j ̸= l

where Q̄k
l is the conjugate of Qk

l .
Q0 = e1, Q1 =−e1 −mk

1 where every number is in the complex plane. Now the
two equations from the Pohozaev identity are

1− 2
2+ m̄k

1
=−L

2
δk +E

− 1
1+ m̄k

1
+

2
2+ m̄k

1
=−L

2
δk +E.

From these two equations we obtain

(3.26) m̄k
1 =−Lδk +E.

With this fact we can further write ∇1Hk(Qk
m,Q

k
l ) in (3.23) as

(3.27) ∇1Hk(Qk
m,Q

k
l ) =− 1

2π
τ
−2

δ
2
k eπil +O(δ 3

k )+O(µk
2e−µk

2 ),

and ∇φ k
l (Q

k
l ) in (3.15) and (3.24) as

(3.28) ∇φ
k
l (Q

k
l ) =−4

Qk
l −Qk

m

|Qk
l −Qk

m|2
+O(δ 3

k )+O(µk
2e−µk

2 ), m ̸= l.

3.3. Initial Vanishing estimates of ∇hk
2(0). Before we get into the details we

would like to mention that the most important observation is that the difference
between the Pohozaev identities of vk

2 and that of a global solution can be evaluated
in detail. Using the result in the previous section we shall see that the coefficient
of ∇hk

2(0) is not zero.
First we recall the equation for vk

2:

∆vk
2 +hk

2(δky)|y|2evk
2 = E1, |y|< τδ

−1
k

with vk
2 = constant on ∂B(0,τδ

−1
k ). Moreover vk

2(e1) = µk
2 . Now we set Vk to be

the solution to

∆Vk +hk
2(δke1)|y|2eVk = 0, in R2,

∫
R2

|y|2eVk < ∞

such that Vk has its local maximums at e1 and −e1, and Vk(e1)= µk
2 . The expression

of Vk is

(3.29) Vk(y) = log
eµk

2

(1+ eµk
2 hk

2(δke1)
32 |y2 − e1|2)2

.
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In particular for |y| ∼ δ
−1
k ,

Vk(y) =−µ
k
2 −8logδ

−1
k +C+O(δ 2

k )+O(e−µk
2 ).

Let wk = vk
2 −Vk and Ωk = B(0,τδ

−1
k ), we shall derive a precise, point-wise

estimate of wk in B3 \B(Q1,τ) where τ > 0 is a small number independent of k.
Here we note that among 2 local maximum points, we already have e1 as a common
local maximum point for both vk

2 and Vk and we shall prove that wk is very small
in B3 if we exclude B(Q1,τ). Before we carry out more specific computations we
emphasize the importance of

(3.30) wk(e1) = |∇wk(e1)|= 0.

First we consider the Green’s representation of vk
2 on Ωk

vk
2(y) =

∫
Ωk

Gk(y,η)|η |2hk
2(δkη)evk

2(η)dη + vk
2|∂Ωk ,

where in B(0,Lk) (Lk = τδ
−1
k ). Similarly for Vk we obtain from the asymptotic

expansion of Vk to have

Vk(y) =
∫

Ωk

Gk(y,η)|η |2hk
2(δke1)eVk(η)dη +V̄k|∂Ωk +O(δ 2

k )+O(e−µk
2 ),

where V̄k|∂Ωk is the average of Vk on ∂Ωk and we have used the fact that the oscil-
lation of Vk on ∂Ωk is O(δ 2

k )+O(e−µk
2 ). The combination of these two equations

gives, for y ∈ B3,

wk(y) =
∫

Ωk

Gk(y,η)|η |2(hk
2(δkη)evk −hk

2(δke1)eVk)dη + ck +O(δ 2
k )+O(e−µk

2 ).

Using wk(e1) = 0, we clearly have

wk(y) =
∫

Ωk

(Gk(y,η)−Gk(e1,η))|η |2(hk
2(δkη)evk −hk

2(δke1)eVk)dη

+O(δ 2
k )+O(µk

2e−µk
2 ).(3.31)

If we concentrate on y ∈ B3 \∪1
l=0B(Qk

l ,τ) for τ > 0 small, we first claim that the
harmonic part of Gk only contributes O(δ 2

k ) in the estimate:

(3.32)
∫

Ωk

(Hk(y,η)−Hk(e1,η))|η |2(hk
2(δkη)evk −hk

2(δke1)eVk)dη = O(δ 2
k )

where Gk(y,η) =− 1
2π

log |y−η |+Hk(y,η). The proof of (3.32) is elementary and
does not require delicate estimates: From

Hk(y,η) =
1

2π
logLk +

1
2π

log | y
|y|

− η |y|
L2

k
|, L = τδ

−1
k ,

we see that for y ∈ B3,

|Hk(y,η)−Hk(e1,η)| ≤CL−2
k |η |.

Thus if |η | is O(1), the desired estimate is trivial. For |η | large, we need to use the
fast decay of evk and eVk to prove that the corresponding integral is at most O(L−2

k ).
Thus (3.32) holds.
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Combining (3.31) and (3.32), we have

wk(y) =
∫

Ωk

1
2π

(log |e1 −η |− log |y−η |)|η |2(hk
2(δkη)evk

2 −hk
2(δke1)eVk)dη

+O(δ 2
k )+O(e−µk

2 ).(3.33)

To evaluate the right hand side, first we observe that the integration away from
the two bubbling disks is O(e−µk

2 δk) based on the asymptotic behavior of Vk. So
we focus on the integration over B(Qk

l ,ε) for l = 0,1.
If l = 0, Qk

0 = e1 by definition, we show that the integration over B(e1,ε) is an
insignificant error.

For l = 1, recall that the local maximum points of Vk are at 1 and eiπ . By standard
estimates for single Liouville equations, we have

1
2π

∫
B(Qk

l ,ε)
(log

|e1 −η |
|y−η |

|η |2(hk
2(δkη)evk

2 −hk
2(δke1)eVk)dη

=4log
|e1 −Qk

l |
|y−Qk

l |
−4log

|e1 − eiπ |
|y− eiπ |

+O(µk
2e−µk

2 )

=4log
|1−Qk

l |
2

−4log
|y−Qk

l |
|y+1|

+O(µk
2e−µk

2 ).(3.34)

Finally for B(e1,τ) we claim to have

(3.35)
1

2π

∫
B(e1,τ)

log |e1 −η ||η |2(hk
2(δkη)evk

2 −hk
2(δke1)eVk)dη = E

and for y ∈ B3 away from bubbling disks,

(3.36)
1

2π

∫
B(e1,τ)

log |y−η ||η |2(hk
2(δkη)evk

2 −hk
2(δke1)eVk)dη = E.

The proof of (3.36) follows easily from the same sample computation in the
derivation of (3.21). To prove (3.35) we first remark that by scaling around e1 and
using the expansion of bubbles for single Liouville equation, we have∫

B(e1,τ)
log |e1−η ||η |2hk

2(δkη)evk
2dη =−8πµ

k
2 +ck(µ

k
2)

2e−µk
2 +O(µk

2e−µk
2 )+O(δ 2

k )

where ck is a constant coming from hk
2. After computing the term with hk

2(δke1) we
see that after cancellation the left-over becomes

O(δk(µ
k
2)

2e−µk
2 )+O(µk

2e−µk
2 )+O(δ 2

k ).

Thus (3.35) is verified because by Cauchy’s inequality O(δk(µ
k
2)

2e−µk
2 ) is bounded

by the two other terms. Putting the estimates in different regions together we have

(3.37) wk(y) = (4log
|e1 −Qk

1|
2

−4log
|y−Qk

1|
|y+ e1|

)+O(µk
2e−µk

2 )+O(δ 2
k ).
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Now we consider the Pohozaev identity around Qk
1. Let Ω1,k = B(Qk

1,τ) for
small τ > 0. For vk

2 we have∫
Ω1,k

∂ξ (|y|2hk
2(δky))evk

2 −
∫

∂Ω1,k

evk
2 |y|2hk

2(δky)(ξ ·ν)(3.38)

=
∫

∂Ω1,k

(∂νvk
2∂ξ vk

2 −
1
2
|∇vk

2|2(ξ ·ν))dS.

where ξ is an arbitrary unit vector. Correspondingly the Pohozaev identity for Vk
is ∫

Ω1,k

∂ξ (|y|2hk
2(δke1))eVk −

∫
∂Ωs,k

eVk |y|2hk
2(δke1)(ξ ·ν)(3.39)

=
∫

∂Ω1,k

(∂νVk∂ξVk −
1
2
|∇Vk|2(ξ ·ν))dS.

The second term on the left hand side of (3.38) or (3.39) is O(e−µk
2 ), so both

terms are considered as errors. Now we first focus on (3.38). After using the
expansion for single equation as in the evaluation of (3.16), the first term on the
left hand side of (3.38) is:∫

Ω1,k

∂ξ (|y|2hk
2(δky))evk

2

=
∫

Ω1,k

∂ξ

(
log(|y|2hk

2(δky))
)
|y|2hk

2(δky)evk
2

=8π(2
Qk

1

|Qk
1|2

+δk∇(loghk
2)(δkQk

s)) ·ξ +E.

Here we recall that E = O(δ 2
k )+O(µk

2e−µk
2 ). In a similar fashion, the first term of

the left hand side of (3.39) is∫
Ω1,k

∂ξ (|y|2hk
2(δke1))eVk = 16π(eiπ ·ξ )+E.

Recall that Qk
1 =−(e1 +mk

1)+E, we have

Qk
l

|Qk
l |2

+ e1 =
1

Q̄k
l
+ e1

=m̄k
1 +E =−Lδk +E.

Here we used (3.26). Thus the difference of the left hand sides gives the following
leading term:

−8πδkL ·ξ +E.

To evaluate the right hand side, since vk
2 = Vk +wk +E, the right hand side of

(3.38) is ∫
∂Ωs,k

(∂νvk
2∂ξ vk

2 −
1
2
|∇vk

2|2(ξ ·ν))dS
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=
∫

∂Ωs,k

(∂νVk∂ξVk −
1
2
|∇Vk|2(ξ ·ν))dS

+
∫

∂Ωs,k

(∂νVk∂ξ wk +∂νwk∂ξVk − (∇Vk ·∇wk)(ξ ·ν))dS+E.

where we have used wk(y) = O(δk) + E. Thus the difference of two Pohozaev
identities gives

−8πδk∂ξ (loghk
2)(0)+E(3.40)

=
∫

∂Ω1,k

(∂νVk∂ξ wk +∂νwk∂ξVk − (∇Vk ·∇wk)(ξ ·ν))dS

Now we evaluate ∇wk on ∂B(Qk
1,r) for r > 0 fixed. For simplicity we omit k in

mk
1 and Qk

1. For y =−e1 + reiθ we obtain from (3.37) that

∇wk(y) = (−4
y−Q1

|y−Q1|2
+4

y+ e1

|y+ e1|2
)+E

= 4(
1

ȳ+ e1
− 1

ȳ− Q̄1
)+E

= 4
−e1 − Q̄1

(ȳ+ e1)(ȳ− Q̄k
1)

+E

= 4
m̄1

(ȳ+ e1)2 +E.

Then for y =−e1 + reiθ , we have

∇wk(y) =
4
r2 e2iθ m̄1 +E.

If we use m1 = a+ ib, we can write ∇wk(y) as

(3.41) ∇wk(y) =
4
r2 ((acos2θ +bsin2θ)+ i(asin2θ −bcos2θ))+E.

On the other hand from the expression of Vk in (3.29) we have, for y = −e1 +
reiθ ,

(3.42) ∇Vk(y) =−4
y+ e1

|y+ e1|2
+O(µk

2e−µk
2 ) =−4eiθ

r
+O(µk

2e−µk
2 ).

Correspondingly we have,

(3.43) ∂νVk =−4
r
+E.

For ∂ξ wk we have, using m1 = a+ ib in (3.41)

(3.44) ∂ξ wk =
4
r2

(
(acos(2θ)+bsin(2θ))ξ1 +(asin(2θ)−bcos(2θ))ξ2

)
+E.

Similarly

∂νwk

=
4
r2 [(acos(2θ)+bsin(2θ))cosθ +(asin(2θ)−bcos(2θ))sinθ ]+E(3.45)
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=
4
r2 (acosθ +bsinθ)+E.

Using (3.43) and (3.45) we have

(3.46)
∫

∂Ωs,k

∂νVk∂ξ wk = E.

To evaluate other terms on the right hand side, we use (3.42) to have

(3.47) ∂ξVk =−4
r
(cosθξ1 + sinθξ2)+E

By (3.45) and (3.47) we obtain from direct computation that

(3.48)
∫

∂Ω1,k

∂νwk∂ξVk =−16π

r2 m1 ·ξ .

Now we compute
∫

∂Ωs,k
(∇Vk ·∇wk)(ξ ·ν).

By the expressions of ∇Vk and ∇wk in (3.42) and (3.41), respectively, we obtain,
after integration that ∫

∂Ω1,k

(∇Vk ·∇wk)(ξ ·ν) =−16π

r2 m1 ·ξ .

Combining (3.46), (3.48) and (3.49) we have

(3.49)
∫

∂Ωs,k

(∂νVk∂ξ wk +∂ξVk∂νwk − (∇Vk ·∇wk)(ξ ·ν) = E

Comparing with the left hand side we have

∇ loghk
2(0) = O(δ−1

k µ
k
2e−µk

2 )+O(δk).

3.4. Improved vanishing rate of the first derivatives. Our next goal is to prove
the following vanishing rate for ∇hk

2(0):

(3.50) ∇(loghk
2)(0) = O(δkµ

k
2)

Note that in the previous section we have proved that

∇(loghk
2)(0) = O(δ−1

k µ
k
2e−µk

2 )+O(δk).

If δk ≥Cεk, there is nothing to prove. So we assume that

(3.51) δk = o(εk).

By way of contradiction we assume that

(3.52) |∇hk
2(0)|/(δkµ

k
2)→ ∞.

Another observation is that based on (3.26) and the initial vanishing rate of hk
2(0)

we have
ε
−1
k |Qk

1 − eiπ | ≤Cε
ε
k

for some small ε > 0. Thus ξk tends to U after scaling. We need this fact in our
argument.
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Under the assumption (3.51) we claim

(3.53) |vk
2(−1+ εky)−Vk(−1+ εky)| ≤Cε

ε
k (1+ |y|)−1, 0 < |y|< τε

−1
k .

for some small constants ε > 0 and τ > 0 both independent of k. The proof of
(3.53) is very similar to Proposition 3.1 of [39] and is omitted.

One major step in the proof of the main theorem is the following estimate:

Proposition 3.1. Let wk = vk
2 −Vk, then

|wk(y)| ≤Cδ̃k, y ∈ Ωk := B(0,τδ
−1
k ),

where δ̃k = |∇hk
2(0)|δk +δ 2

k µk
2 .

Proof of Proposition 3.1:
Obviously we can assume that |∇hk

2(0)|δk > 2δ 2
k µk

2 because otherwise there is
nothing to prove. Now we recall the equation for vk

2 is (3.9), which can be written
as

∆vk
2 +hk

2(δky)evk
2 = O(µk

1e−µk
1 ).

Since µk
1 is very large, the right hand side is at least O(δ 4

k ).
vk

2 is a constant on ∂B(0,τδ
−1
k ). Moreover vk

2(e1) = µk
2 . Recall that Vk defined

in (3.29) satisfies

∆Vk +hk
2(δke1)|y|2eVk = 0, in R2,

∫
R2

|y|2eVk < ∞,

Vk has its local maximums at 1 and −1, and Vk(e1) = µk
2 . For |y| ∼ δ

−1
k ,

Vk(y) =−µ
k
2 −8logδ

−1
k +C+O(δ 2

k ).

Let Ωk = B(0,τδ
−1
k ), we shall derive a precise, point-wise estimate of wk in

B3 \ B(Qk
1,τ) where τ > 0 is a small number independent of k. Here we note

that among the two local maximum points, we already have e1 as a common local
maximum point for both vk

2 and Vk and we shall prove that wk is very small in B3 if
we exclude all bubbling disks except the one around e1.

Now we write the equation of wk as

(3.54) ∆wk +hk
2(δky)|y|2eξk wk = (hk

2(δke1)−hk
2(δky))|y|2eVk +E2

in Ωk, where ξk is obtained from the mean value theorem:

eξk(x) =


evk

2(x)−eVk(x)

vk
2(x)−Vk(x)

, if vk
2(x) ̸=Vk(x),

eVk(x), if vk
2(x) =Vk(x).

An equivalent form is

(3.55) eξk(x) =
∫ 1

0

d
dt

etvk
2(x)+(1−t)Vk(x)dt = eVk(x)

(
1+

1
2

wk(x)+O(wk(x)2)
)
.

For convenience we write the equation for wk as

(3.56) ∆wk +hk
2(δky)|y|2eξk wk = δk∇hk

2(δke1) · (e1 − y)|y|2eVk +E2
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where
E2 = O(δ 2

k )|y− e1|2|y|2eVk +O(µk
1e−µk

1 ), y ∈ Ωk.

Note that the oscillation of wk on ∂Ωk is O(δ 2
k ), which all comes from the oscil-

lation of Vk. It is a trivial and important fact that E2 is small round e1 but greater
around Q1. This is the reason that our analysis will first be carried out around e1
and pass to Q1 later.

Let Mk = maxx∈Ω̄k
|wk(x)|. We shall get a contradiction by assuming Mk/δ̃k →

∞. This assumption implies

(3.57) Mk/(|∇hk
2(0)|δk)→ ∞, Mk/(δ

2
k µ

k
2)→ ∞.

Set
w̃k(y) = wk(y)/Mk, x ∈ Ωk.

Clearly maxx∈Ωk |w̃k(x)|= 1. The equation for w̃k is

(3.58) ∆w̃k(y)+ |y|2hk
2(δke1)eξk w̃k(y) = ak · (e1 − y)|y|2eVk +E3,

in Ωk, where ak = δk∇hk(0)/Mk → 0,

(3.59) E3 = o(1)|y− e1|2|y|2eVk +O(δ 2
k (µ

k
2)

−1), y ∈ Ωk.

where we used µk
1e−µk

1/Mk = o(δ 2
k (µ

k
2)

−1.
Also on the boundary, since Mk/δ̃k → ∞, we have

(3.60) w̃k =C+o(1/µ
k
2), on ∂Ωk.

By (3.53)

(3.61) ξk(e1 + εkz) =Vk(e1 + εkz)+O(εε
k )(1+ |z|)−1

Since Vk is not exactly symmetric around e1, we shall replace the re-scaled ver-
sion of Vk around e1 by a radial function. Let Uk be solutions of

(3.62) ∆Uk +hk
2(δke1)eUk = 0, in R2, Uk(0) = max

R2
Uk = 0.

By the classification theorem of Caffarelli-Gidas-Spruck [4] we have

Uk(z) = log
1

(1+ hk
2(δke1)

8 |z|2)2

and standard refined estimates yield (see [5, 45, 15])

(3.63) Vk(e1 + εkz)+2logεk =Uk(z)+O(εk)|z|+O((µk
2)

2
ε

2
k ).

Also we observe that

(3.64) log |e1 + εkz|= O(εk)|z|.

Thus, the combination of (3.61), (3.63) and (3.64) gives

2 log |e1 + εkz|+ξk(e1 + εkz)+2logεk −Uk(z)(3.65)

=O(εε
k )(1+ |z|) 0 ≤ |z|< δ0ε

−1
k .
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for a small ε > 0 independent of k. Since we shall use the re-scaled version, based
on (3.65) we have

(3.66) ε
2
k |e1 + εkz|2eξk(e1+εkz) = eUk(z)+O(εε

k )(1+ |z|)−3

Here we note that the estimate in (3.65) is not optimal. In the following we shall
put the proof of Proposition 3.1 into a few estimates. In the first estimate we prove

Lemma 3.2. For δ > 0 small and independent of k,

(3.67) w̃k(y) = o(1), ∇w̃k = o(1) in B(e1,δ )\B(e1,δ/8)

where B(e1,3δ ) does not include other blowup points.

Proof of Lemma 3.2:
If (3.67) is not true, we have, without loss of generality that w̃k → c > 0. This

is based on the fact that w̃k tends to a global harmonic function with removable
singularity. So w̃k tends to constant. Here we assume c > 0 but the argument for
c < 0 is the same. Let

(3.68) Wk(z) = w̃k(e1 + εkz), εk = e−
1
2 µk

2 ,

then if we use W to denote the limit of Wk, we have

∆W + eUW = 0, R2, |W | ≤ 1,

and U is a solution of ∆U + eU = 0 in R2 with
∫
R2 eU < ∞. Since 0 is the local

maximum of U ,

U(z) = log
1

(1+ 1
8 |z|2)2

.

Here we further claim that W ≡ 0 in R2 because W (0) = |∇W (0)|= 0, a fact well
known based on the classification of the kernel of the linearized operator. Going
back to Wk, we have

Wk(z) = o(1), |z| ≤ Rk for some Rk → ∞.

Based on the expression of w̃k, (3.63) and (3.66) we write the equation of Wk as

(3.69) ∆Wk(z)+hk
2(δke1)eUk(z)Wk(z) = Ek

2 ,

for |z|< δ0ε
−1
k where a crude estimate of the error term Ek

2 is

Ek
2(z) = o(1)εε

k (1+ |z|)−3.

Let

(3.70) gk
0(r) =

1
2π

∫ 2π

0
Wk(r,θ)dθ .

Then clearly gk
0(r)→ c > 0 for r ∼ ε

−1
k . The equation for gk

0 is

d2

dr2 gk
0(r)+

1
r

d
dr

gk
0(r)+hk

2(δke1)eUk(r)gk
0(r) = Ẽk

0(r)

gk
0(0) =

d
dr

gk
0(0) = 0.
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where Ẽk
0(r) has the same upper bound as that of Ek

2(r):

|Ẽk
0(r)| ≤ o(1)εε

k (1+ r)−3.

For the homogeneous equation, the two fundamental solutions are known: g01,
g02, where

g01 =
1− c1r2

1+ c1r2 , c1 =
hk(δke1)

8
.

By the standard reduction of order process, g02(r) = O(logr) for r > 1. Then it is
easy to obtain, assuming |Wk(z)| ≤ 1, that

|g0(r)| ≤C|g01(r)|
∫ r

0
s|Ẽk

0(s)g02(s)|ds+C|g02(r)|
∫ r

0
s|g01(s)Ẽk

0(s)|ds

≤Cε
ε
k log(2+ r). 0 < r < δ0ε

−1
k .

Clearly this is a contradiction to (3.70). We have proved c = 0, which means
w̃k = o(1) in B(e1,δ0)\B(e1,δ0/8). Then it is easy to use the equation for w̃k and
standard Harnack inequality to prove ∇w̃k = o(1) in the same region. Lemma 3.2
is established. □

The second estimate is a more precise description of w̃k around e1:

Lemma 3.3. For any given σ ∈ (0,1) there exists C > 0 such that

(3.71) |w̃k(e1 + εkz)| ≤Cε
σ

k (1+ |z|)σ , 0 < |z|< τε
−1
k .

for some τ > 0.

Remark 3.2. The reason that we have σ ∈ (0,1) is because we currently don’t
have a very good estimate of w̃k outside the bubbling area, except knowing it is
o(1). Once a better estimate of w̃k outside the bubbling disks is known, (3.71) can
be improved.

Proof of Lemma 3.3: Let Wk be defined as in (3.68). In order to obtain a better
estimate we need to write the equation of Wk more precisely than (3.69):

(3.72) ∆Wk +hk
2(δke1)eΘkWk = Ek

3(z), z ∈ ΩWk

where Θk is defined by

eΘk(z) = |e1 + εkz|2eξk(e1+εkz)+2logεk ,

ΩWk = B(0,τε
−1
k ) and Ek

3(z) satisfies

Ek
3(z) = O(εk)(1+ |z|)−3, z ∈ ΩWk.

Here we observe that by Lemma 3.2 Wk = o(1) on ∂ΩWk. Let

Λk = max
z∈ΩWk

|Wk(z)|
εσ

k (1+ |z|)σ
.

If (3.71) does not hold, Λk → ∞ and we use zk to denote where Λk is attained. Note
that because of the smallness of Wk on ∂ΩWk, zk is an interior point. Let

gk(z) =
Wk(z)

Λk(1+ |zk|)σ εσ

k
, z ∈ ΩWk,
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we see immediately that

(3.73) |gk(z)|=
|Wk(z)|

εσ

k Λk(1+ |z|)σ
· (1+ |z|)σ

(1+ |zk|)σ
≤ (1+ |z|)σ

(1+ |zk|)σ
.

Note that σ can be as close to 1 as needed. The equation of gk is

∆gk(z)+hk
2(δke1)eΘk gk = o(ε1−σ

k )
(1+ |z|)−3

(1+ |zk|)σ
, in ΩWk.

Then we can obtain a contradiction to |gk(zk)| = 1 as follows: If limk→∞ zk = P ∈
R2, this is not possible because that fact that gk(0) = |∇gk(0)| = 0 and the sub-
linear growth of gk in (3.73) implies that gk → 0 over any compact subset of R2

(see [5, 45]). So we have |zk| → ∞. But this would lead to a contradiction again by
using the Green’s representation of gk:

±1 = gk(zk) = gk(zk)−gk(0)

(3.74)

=
∫

Ωk,1

(Gk(zk,η)−Gk(0,η))(hk
2(δke1)eΘk gk(η)+o(ε1−σ

k )
(1+ |η |)−3

(1+ |zk|)σ
)dη +o(1).

where Gk(y,η) is the Green’s function on ΩWk and o(1) in the equation above
comes from the smallness of Wk on ∂ΩWk. Let Lk = τε

−1
k , the expression of Gk is

Gk(y,η) =− 1
2π

log |y−η |+ 1
2π

log(
|η |
Lk

|
L2

kη

|η |2
− y|).

Gk(zk,η)−Gk(0,η) =− 1
2π

log |zk −η |+ 1
2π

log | zk

|zk|
− ηzk

L2
k
|+ 1

2π
log |η |.

Using this expression in (3.74) we obtain from elementary computation that the
right hand side of (3.74) is o(1), a contradiction to |gk(zk)| = 1. Lemma 3.3 is
established. □

The smallness of w̃k around e1 can be used to obtain the following third key
estimate:

Lemma 3.4.

(3.75) w̃k = o(1) in B(eiπ ,τ).

Proof of Lemma 3.4: We abuse the notation Wk by defining it as

Wk(z) = w̃k(eiπ + εkz), z ∈ B(0,τε
−1
k ).

Here we point out that based on (3.26) and (3.51) we have ε
−1
k |Qk

1 − eiπ | → 0. So
the scaling around eiπ or Qk

1 does not affect the limit function.

ε
2
k |eiπ + εkz|2hk

2(δke1)eξk(eiπ+εkz) → eU(z)

where U(z) is a solution of

∆U + eU = 0, in R2,
∫
R2

eU < ∞.
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Here we recall that limk→∞ hk
2(δke1) = 1. Since Wk converges to a solution of the

linearized equation:
∆W + eUW = 0, in R2.

W can be written as a linear combination of three functions:

W (x) = c0φ0 + c1φ1 + c2φ2,

where

φ0 =
1− 1

8 |x|
2

1+ 1
8 |x|2

φ1 =
x1

1+ 1
8 |x|2

, φ2 =
x2

1+ 1
8 |x|2

.

The remaining part of the proof consists of proving c0 = 0 and c1 = c2 = 0. First
we prove c0 = 0.
Step one: c0 = 0. First we write the equation for Wk in a convenient form. Since

|eiπ + εkz|2hk
2(δke1) = hk

2(δke1)+O(εkz),

and
ε

2
k eξk(eiπ+εkz) = eUk(z)+O(εε

k )(1+ |z|)−3.

Based on (3.58) we write the equation for Wk as

(3.76) ∆Wk(z)+hk
2(δke1)eUkWk = Ek

l (z)

where
Ek

l (z) = O(εε
k )(1+ |z|)−3 in Ωk,l.

In order to prove c0 = 0, the key is to control the derivative of W k
0 (r) where

W k
0 (r) =

1
2πr

∫
∂Br

Wk(reiθ )dS, 0 < r < τε
−1
k .

To obtain a control of d
drW k

0 (r) we use φ k
0 (r) as the radial solution of

∆φ
k
0 +hk

2(δke1)eUk φ
k
0 = 0, in R2.

When k → ∞, φ k
0 → c0φ0. Thus using the equation for φ k

0 and Wk, we have

(3.77)
∫

∂Br

(∂νWkφ
k
0 −∂νφ

k
0Wk) = o(εε

k ).

Thus from (3.77) we have

(3.78)
d
dr

W k
0 (r) =

1
2πr

∫
∂Br

∂νWk = o(εε
k )/r+O(1/r3), 1 < r < τε

−1
k .

Since we have known that
W k

0 (τε
−1
k ) = o(1).

By the fundamental theorem of calculus we have

W k
0 (r) =W k

0 (τε
−1
k )+

∫ r

τε
−1
k

(
o(εε

k )

s
+O(s−3))ds = O(1/r2)+O(εε

k log
1
εk
)

for r ≥ 1. Thus c0 = 0 because W k
0 (r)→ c0φ0, which means when r is large, it is

−c0 +O(1/r2).



22 JUNCHENG WEI, LINA WU, LEI ZHANG

Step two c1 = c2 = 0. We first observe that Lemma 3.4 follows from this. Indeed,
once we have proved c1 = c2 = c0 = 0 around 1 and −1, it is easy to use maximum
principle to prove w̃k = o(1) in B3 using w̃k = o(1) on ∂B3 and the Green’s repre-
sentation of w̃k. The smallness of w̃k immediately implies w̃k = o(1) in BR for any
fixed R >> 1. Outside BR, a crude estimate of vk is

vk
2(y)≤−µ

k
2 −8log |y|+C, 3 < |y|< τδ

−1
k .

Using this and the Green’s representation of wk we can first observe that the oscil-
lation on each ∂Br is o(1) (R< r < τδ

−1
k /2) and then by the Green’s representation

of w̃k and fast decay rate of eVk we obtain w̃k = o(1) in B(0,τδ
−1
k ). A contradiction

to max |w̃k|= 1.
There are 2 local maximums with one of them being e1. Correspondingly there

are 2 global solutions Vk and V̄k that approximate vk
2 accurately near Qk

0 = e1 and
Qk

1, respectively. For V̄k the expression is

(3.79) V̄k = log
eµ̄k

2

(1+ eµ̄k
2

D̄k
|y2 − (e1 + pk)|2)2

, l = 0, ...,N,

where pk = E and

(3.80) Dk =
32

hk
2(δke1)

, D̄k =
32

hk
2(δkQk

1)
.

The equation that V̄k satisfies is

∆V̄k + |y|2hk
2(δkQk

1)e
V̄k = 0, in R2.

Since vk
2 and V̄k have the same common local maximum at Qk

1, it is easy to see from
the expression of V̄k in (3.79) that

(3.81) Qk
1 =−1− pk

2
+O(|pk|2),

Let M̄k be the maximum of |vk
2 −V̄k| and we claim that M̄k and Mk are comparable:

(3.82) M̄k ∼ Mk,

The proof of (3.82) is as follows: We use L̄ to denote the limit of (vk
2 − V̄k)/M̄k

around e1:
(vk

2 −V̄k)(e1 + εkz)
M̄k

= L̄+o(1), |z| ≤ τε
−1
k

where
L̄ = c̄1

z1

1+ 1
8 |z|2

+ c̄2
z2

1+ 1
8 |z|2

If both c̄1 and c̄2 are zero, we can obtain a contradiction just like the beginning of
step two. So at least one of them is not zero. By Lemma 3.3 we have

(3.83) vk
2(e1 + εkz)−Vk(e1 + εkz) = O(εσ

k )(1+ |z|)σ Mk, |z|< τε
−1
k .

To determine L̄ we see that
vk

2(e1 + εkz)−V̄k(e1 + εkz)
M̄k
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=o(εσ

k )(1+ |z|)σ +
Vk(e1 + εkz)−V̄k(e1 + εkz)

M̄k
.

This expression says that L̄ is mainly determined by the difference of two global
solutions Vk and V̄k. In order to obtain a contradiction to our assumption we will
put the difference in several terms. The main idea in this part of the reasoning is
that “first order terms” tell us what the kernel functions should be, then the “second
order terms” tell us where the pathology is.

We write Vk(y)−V̄k(y) as

Vk(y)−V̄k(y) = µ
k
2 − µ̄

k
2 +2A−A2 +O(|A|3)

where

A(y) =
eµ̄k

2

D̄k
|y2 − e1 − pk|2 − eµk

2
Dk

|y2 − e1|2

1+ eµk
2

Dk
|y2 − e1|2

.

Here for convenience we abuse the notation εk by assuming εk = e−µk
2/2. From A

we claim that

Vk(e1 + εkz)−V̄k(e1 + εkz)(3.84)
=φ1 +φ2 +φ3 +φ4 +R,

where

φ1 = (µk
2 − µ̄

k
2)(1−

4
Dk

|z+O(εk)|z|2|2)/B,

φ2 =
8

Dk
δk∇hk

2(δke1)(Qk
1 − e1)|z|2/B

φ3 =
8

DkB
Re((z+O(εk|z|2)(

−p̄k

εk
))

φ4 =
|pk|2

ε2
k

(
2

DkB
− 8|z|2

D2
kB2 −

8
D2

kB2 |z|
2 cos(2θ −2θ

k
1 )

)
,

B = 1+
4

Dk
|z+O(εk|z|2)|2,

and Rk is the collections of other insignificant terms. θ k
1 and θ come from

|pk|eθ k
1 = pk, z = |z|eiθ .

The proof of (3.84) can be found in Appendix A. Here φ1, φ3 correspond to solu-
tions to the linearized operator. Here we note that if we set ε̄k = e−µ̄k

2/2, there is
no essential difference in the proof. If |µk

2 − µ̄k
2 |/M̄k ≥C there is no way to obtain

a limit in the form of L̄ mentioned before. Thus we must have |µk
2 − µ̄k

2 |/M̄k → 0.
After simplification (see φ3 of (3.84)) we have

c̄1 = lim
k→∞

|pk|
4M̄kεk

cos(θ k
1 ),(3.85)
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c̄2 = lim
k→∞

|pk|
4M̄kεk

sin(θ k
1 )

Since |pk|= E, an upper bound for M̄k is

(3.86) M̄k ≤Cµ
k
2εk +Cδ

2
k ε

−1
k .

Equation (3.85) gives us a key observation: |c̄1|+ |c̄2| ∼ |pk|/(εkM̄k). Recall
that

w̃k = (vk
2 −Vk)/Mk,

ŵk would converge to
c1z1 + c2z2

1+ 1
8 |z|2

near Qk
1, with Mk ∼ |pk|

εk
. Then we see that M̄k ∼

Mk. (3.82) is established. From now on for convenience we shall just use Mk.

Set
w̄k = (vk

2 −V̄k)/Mk,

then we have w̄k(Qk
1) = |∇w̄k(Qk

1)|= 0.
The equation of w̄k can be written as

∆w̄k + |y|2hk
2(δkQk

1)e
ξ1w̄k(3.87)

=σk∇hk
2(δkQk

1)(Q
k
1 − y)|y|2eV̄k −

δ 2
k

Mk
∑

|α|=2

∂ αhk
2(δkQk

1)

α!
(y−Qk

1)
α |y|2eV̄k

+O(
δ 3

k
Mk

|y|2|y−Qk
1|2eV̄k .

where σk = δk/Mk and we omitted k in ξ1. ξ1 comes from the Mean Value Theorem
and satisfies

(3.88) eξ1 = eV̄k(1+
1
2

Mkw̄k +O(M2
k w̄2

k)).

The function w̄k satisfies

(3.89) lim
k→∞

w̄k(e1 + εkz) =
c̄1z1 + c̄2z2

1+ 1
8 |z|2

.

First we have

w̄k(y) =
∫

Ωk

(Gk(y,η)−Gk(Q1,η))(hk
2(δkQ1)|η |2eξ1w̄k(η)(3.90)

+σk∇hk
2(δkQ1)(η −Q1)|η |2eV̄k

−
δ 2

k
Mk

∑
|α|=2

∂ αhk
2(δkQk

1)

α!
(y−Qk

1)
α)dη +O(δ 3

k /Mk)

with σk satisfying σk|∇hk
2(0)| = o(1). The evaluation of (3.90) is involved with

integration on the two major disks: One around Q1 and the other one around e1.
For the integration around e1, it is more convenient to replace eV̄k by eVk based on
the following estimate:

V̄k(e1 + εkz)−Vk(e1 + εkz)
Mk

= w̄k(e1 + εkz)+o(εσ

k (1+ |z|)σ ).
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The following identity, which is due to (3.84), provides a key computation of
(3.90): ∫

B(e1,τ)
hk

2(δkQ1)|η |2eξ1w̄k(η)+σk∇hk
2(δkQ1)(η −Q1)|η |2eV̄k(3.91)

−
δ 2

k
Mk

∑
|α|=2

∂ αhk
2(δkQk

1)

α!
(η −Qk

1)
α |η |2eV̄k dη

=
π

4
|pk|2

ε2
k M2

k
Mk −2π

δ 2
k

Mk

∆hk
2(δkQk

1)

hk
2(δkQk

1)
+o(εk).

The proof of (3.91) can be found in Appendix B.
Equation (3.91) also leads to a more accurate estimate of w̄k in regions between

bubbling disks. By the Green’s representation formula of w̄k it is easy to have

w̄k(y) =− 1
2π

∫
Ωk

log
|y−η |
|Qk

1 −η |

(
w̄k(η)hk

2(δkQk
1)|η |2eξ1

+σk∇hk(δkQk
l )(η −Qk

l )|η |2eV̄k +O(
δ 2

k
Mk

)|η −Qk
1|2|η |2eV̄k

)
dη +o(εk)

for |y| ∼ 1 and y ̸∈ (B(Q1,τ)∪B(e1,τ)). Writing the logarithmic term as

log
|y−η |
|Qk

1 −η |
= log

|y−1|
|Qk

1 −1|
+(log

|y−η |
|Qk

1 −η |
− log

|y−1|
|Qk

1 −1|
),

we see that the integration related to the second term is O(εk). The integration
involving the first term is O(εσ

k ) by (3.91). Therefore

|w̄k(y)|= o(
1

µk
2
), y ∈ B3 \∪1

s=0B(Qk
s ,τ).

Thus this extra control of w̄k away from bubbling disks gives a better estimate than
(3.83) around Qk

1: Using the same argument for Lemma 3.3 we have

(3.92) |w̄k(Qk
1 + εkz)| ≤ o(εk)

(1+ |z|)
log(2+ |z|)

, |z|< τε
−1
k .

Now we deduce a better estimate of w̄k away from the two bubbling disks.

w̄k(y) =
∫

Ωk

(Gk(y,η)−Gk(Qk
1,η))

(
hk

2(δkQk
1)|η |2eξ1w̄k(η)

+σk∇hk
2(δkQk

1)(η −Qk
1)|η |2ev̄k −

δ 2
k

Mk
∑

|α|=2

∂ αhk
2(δkQk

1)

α!
(η −Qk

1)
α |η |2eV̄k

)
dη

+o(εk).

Note that the boundary term is O(δ 3
k )/Mk. Since Mk/δ 2

k → ∞ and δk = o(εk) we
have O(δ 3

k /Mk) = o(εk).
The integration of the first part is o(εk). The integration on the region away from

the two bubbling disks is also clearly o(εk). So the main focus is the integration on
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B(e1,τ). For this integration we set

H2,y(η) = Gk(y,η)−Gk(Qk
1,η)

then the integration over B(e1,τ) is now

H2,y(e1)
∫

B(e1,τ)
|η |2(hk

2(δkQk
1)e

ξ1w̄k +σk∇hk
2(δkQk

1)(η −Qk
1)e

V̄k

−
δ 2

k
Mk

∑
|α|=2

∂ αhk
2(δkQk

1)

α!
(η −Qk

1)
α |η |2eV̄k)dη

+
∫

B(e1,τ)
(H2,y(η)−H2,y(e1)|η |2(hk

2(δkQk
1)e

ξ1w̄k

+
∫

B(e1,τ)
(H2,y(η)−H2,y(e1))|η |2eV̄k

(
σk∇hk

2(δkQk
1)(η −Qk

1)+
O(δ 2

k )

Mk
|η −Qk

1|2
)
.

The first term is a fixed quantity determined by (3.91). The second term is only
involved with the integration of the term with w̄k. The other two terms lead to
o(εk). The result of this computation is

H2,y(e1)(
π

4
(
|pk|

εkMk
)2Mk −2π

δ 2
k

Mk

∆hk
2(0)

hk
2(0)

)+16πεk(∂1H2,y(e1)c̄1 +∂2H2,y(e1)c̄2).

Then we estimate
vk

2(y) = V̄k(y)+Mkw̄k(y),

for y away from two balls:

vk
2(y) = V̄k(y)+Mk

(
H2,y(e1)

π

4
(

pk

εkMk
)2Mk(3.93)

+16πεk(∂1H2,y(e1)c̄1 +∂2H2,y(e1)c̄2)

)
+o(Mkεk).

Obviously another evaluation is

vk
2 =Vk +Mkw̃k.

The comparison of these two expressions will lead to a contradiction. Let

ŵk =
vk

2 −Vk

Mk
,

then by exactly the same computation, let

H1,y(η) = Gk(y,η)−Gk(e1,η),

we have

ŵk(y) = H1,y(Qk
1)

(
π

4
(

pk

εkMk
)2Mk −2π

δ 2
k

Mk

∆hk
2(0)

hk
2(0)

)
+16πεk(∂1H1,y(Qk

1)c̄1 +∂2H1,y(Qk
1)c̄2)+o(εk).
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Now we determine the limit function of vk
2−Vk
Mk

near Qk
1 based on (V̄k −Vk)/Mk.

Since the difference between µ̄k
2 and µk

2 is insignificant we use simplified notations:

V̄k = µ
k
2 −2log(1+

eµk
2

D
|y2 − e1 − p|2)

Vk = µ
k
2 −2log(1+

eµk
2

D
|y2 − e1|2).

V̄k −Vk = 2log(1+
eµk

2
D (|y2 − e1|2 −|y2 − e1 − p|2)

1+ eµk
2

D |y2 − e1 − p|2
)

= 2log(1+A) = 2A−A2 + insignificant error.

where

A =
eµk

2
D (|y2 − e1|2 −|y2 − e1 − p|2)

1+ eµk
2

D |y2 − e1 − p|2
.

y =−1− pk
2 + εkz,

y2 = 1+ pk −2εkz+ ε
2
k z2 +O(µkε

3
k z).

Then

|y2 −1|2 = 4ε
2
k

(
|z− εkz2

2
|2 −2Re((z− εkz2

2
)

p̄k

2εk
)+ | pk

2ε2
k
|2

+O(µkε
2
k |z|2)

)
|y2 −1− pk|2 = 4ε

2
k (|z−

εk

2
z2|2 +O(µkε

2
k |z|2).

Using these expressions we have

A =

−1
8

(
2Re(z p̄k

2εk
)+ | pk

2εk
|2 +O(µkε2

k |z|2)
)

1+ 1
8 |z|2

The leading term of A2 is

|z|2| pk
2εk

|2 cos2(θ −θ1)

64(1+ 1
8 |z|2)2

Thus the leading term of 2A−A2 is

−1
4 Re(z p̄k

εk
)+2| pk

2εk
|2

1+ 1
8 |z|2

−
|z|2| pk

2εk
|2 cos2(θ −θ1)

64(1+ 1
8 |z|2)2

+O(µkε
2
k |z|2(1+ |z|)−4.

It is also important to observe that

c1 =−1
4
|pk|

Mkεk
cosθ1, c2 =−1

4
|pk|

Mkεk
sinθ1.
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Corresponding to (3.93) we also have

vk
2(y) =Vk(y)+MkH1,y(Qk

1)

(
π

4
| pk

εkMk
|2Mk −2π

∆hk
2(0)

hk
2(0)

δ 2
k

Mk

)
(3.94)

+16πεk(∂1H1,y(Qk
1)c1 +∂2H1,y(Qk

1)c2)

)
+o(Mkεk).

From (3.93) and (3.94) we have

V̄k −Vk

Mk
= (H1,y(Qk

1)−H2,y(e1))

(
π

4
| pk

Mkεk
|2Mk −2π

∆hk
2(0)

hk
2(0)

δ 2
k

Mk

)(3.95)

+16πεk((∂1H1,y(Qk
1)+∂1H2,y(e1))c1 +(∂2H1,y(Qk

1)+∂2H2,y(e1))c2)+o(εk)

H1,y(Qk
1)−H2,y(e1) = Gk(y,Qk

1)−Gk(y,e1).

Now we evaluate the left hand side when y is away from e1 and eiπ .

V̄k(y)−Vk(y)

=2log
1+ eµk

Dk
|y2 −1|2

1+ eµk

Dk
|y2 −1− pk|2

=2log
e−µk Dk + |y2 −1|2

e−µk Dk + |y2 −1− pk|2
.

To evaluate the second term we have

|y2 −1− pk|2 = |y2 −1|2(1−2Re(
y2 −1
|y2 −1|2

p̄k)+
|pk|2

|y2 −1|2
).

In order for the comparison in (3.95), obviously Mk = O(εk). This fact means
|pk|= O(ε2

k ). The the left hand side of (3.95) is

V̄k(y)−Vk(y)
Mk

= 4Re(
y2 −1
|y2 −1|2

p̄k

Mkεk
)εk +O(ε3

k ).

Then

(H1,y(Qk
1)−H2,y(e1))M̃k =− 1

2π
M̃k log

|y−1|
|y+1|

+o(εk)

where

M̃k =
π

4
(
|pk|

Mkεk
)2Mk −2π

∆hk
2(0)

hk
2(0)

δ 2
k

Mk
.

c2
1 + c2

2 = | pk

4Mkεk
|2.

The second term on the right hand side is

2εk

(
(

y1 +1
|y+1|2

+
y1 −1
|y−1|2

+1)cosθ1 +(
y2

|y+1|2
+

y2

|y−1|2
)sinθ1

)
.

If Mk ≥Cεk, the O(δ 2
k /Mk) is an error term. By choosing |y| large we see that the

logarithmic term is close to 1, while other terms tend to zero, which violates the
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equality. If Mk = o(εk), (3.95) is also violated if |y| is large because the terms of y
tend to zero in different rates. Lemma 3.4 is established. □

Proposition 3.1 is an immediate consequence of Lemma 3.4. □.

Now we finish the proof of (3.50).
Let ŵk =wk/δ̃k. (Recall that δ̃k = δk|∇hk

2(0)|+δ 2
k µk

2 ). If |∇hk
2(0)|/(δkµk

2)→∞,
we see that in this case δ̃k ∼ δkµk

2 |∇hk
2(0)|. The equation of ŵk is

(3.96) ∆ŵk + |y|2eξk ŵk = ak · (e1 − y)|y|2eVk +bkeVk |y− e1|2|y|2eVk ,

in Ωk, where ak = δk∇hk
2(0)/δ̃k, bk = o(1/µk

2). By Proposition 3.1, |ŵk(y)| ≤ C.
Before we carry out the remaining part of the proof we observe that ŵk converges
to a harmonic function in R2 minus finite singular points. Since ŵk is bounded, all
these singularities are removable. Thus ŵk converges to a constant. Based on the
information around e1, we shall prove that this constant is 0. However, looking at
the right hand side the equation,

(e1 − y)|y|2eVk ⇀ 8π(e1 − eiπ)δeiπ .

we will get a contradiction by comparing the Pohozaev identities of vk
2 and Vk,

respectively.
Now we use the notation Wk again and use Proposition 3.1 to rewrite the equation

for Wk. Let
Wk(z) = ŵk(e1 + εkz), |z|< δ0ε

−1
k

for δ0 > 0 small. Then from Proposition 3.1 we have

(3.97) hk
2(δky) = hk

2(δke1)+δk∇hk
2(δke1)(y− e1)+O(δ 2

k )|y− e1|2,

(3.98) |y|2 = |e1 + εkz|2 = 1+O(εk)|z|,

(3.99) Vk(e1 + εkz)+2logεk =Uk(z)+O(εk)|z|+O(ε2
k )(log(1+ |z|))2

and

(3.100) ξk(e1 + εkz)+2logεk =Uk(z)+O(εk)(1+ |z|).
Using (3.97),(3.98),(3.99) and (3.100) in (3.96) we write the equation of Wk as

(3.101) ∆Wk +hk
2(δke1)eUk(z)Wk =−εkak · zeUk(z)+Ew, 0 < |z|< δ0ε

−1
k

where

(3.102) Ew(z) = O(εk)(1+ |z|)−3, |z|< δ0ε
−1
k .

Since ŵk obviously converges to a global harmonic function with removable
singularity, we have ŵk → c̄ for some c̄ ∈ R. Then we claim that

Lemma 3.5. c̄ = 0.

Proof of Lemma 3.5:
If c̄ ̸= 0, we use Wk(z) = c̄+ o(1) on B(0,δ0ε

−1
k ) \B(0, 1

2 δ0ε
−1
k ) and consider

the projection of Wk on 1:

g0(r) =
1

2π

∫ 2π

0
Wk(reiθ )dθ .
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If we use F0 to denote the projection to 1 of the right hand side we have, using the
rough estimate of Ew in (3.102)

g′′0(r)+
1
r

g′0(r)+hk
2(δke1)eUk(r)g0(r) = F0, 0 < r < δ0ε

−1
k

where
F0(r) = O(εk)(1+ |z|)−3.

In addition we also have

lim
k→∞

g0(δ0ε
−1
k ) = c̄+o(1).

For simplicity we omit k in some notations. By the same argument as in Lemma
3.2, we have

g0(r) = O(εk) log(2+ r), 0 < r < δ0ε
−1
k .

Thus c̄ = 0. Lemma 3.5 is established. □

Based on Lemma 3.5 and standard Harnack inequality for elliptic equations we
have

(3.103) w̃k(x) = o(1), ∇w̃k(x) = o(1), x ∈ B3 \B(eiπ ,δ0).

Equation (3.103) is equivalent to wk = o(δ̃k) and ∇wk = o(δ̃k) in the same region.

In the next step we consider the difference between two Pohozaev identities. We
consider the Pohozaev identity around Qk

1. Let Ω1,k =B(Qk
1,τ) for small τ > 0. For

vk we have (3.38). Correspondingly the Pohozaev identity for Vk is

∫
Ω1,k

∂ξ (|y|2hk
2(δke1))eVk −

∫
∂Ω1,k

eVk |y|2hk
2(δke1)(ξ ·ν)

=
∫

∂Ω1,k

(∂νVk∂ξVk −
1
2
|∇Vk|2(ξ ·ν))dS.

Using wk = vk
2 −Vk and |wk(y)| ≤Cδ̃k we have∫

∂Ω1,k

(∂νvk
2∂ξ vk

2 −
1
2
|∇vk

2|2(ξ ·ν))dS

=
∫

∂Ω1,k

(∂νVk∂ξVk −
1
2
|∇Vk|2(ξ ·ν))dS

+
∫

∂Ω1,k

(∂νVk∂ξ wk +∂νwk∂ξVk − (∇Vk ·∇wk)(ξ ·ν))dS+o(δ̃k).

If we just use crude estimate: ∇wk = o(δ̃k), we have∫
∂Ω1,k

(∂νvk
2∂ξ vk

2 −
1
2
|∇vk

2|2(ξ ·ν))dS

−
∫

∂Ω1,k

(∂νVk∂ξVk −
1
2
|∇Vk|2(ξ ·ν))dS = o(δ̃k).
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The difference on the second terms is minor: If we use the expansion of vk
2 =

Vk +wk and that of hk
2(δky) around e1, it is easy to obtain∫

∂Ω1,k

evk |y|2hk
2(δky)(ξ ·ν)−

∫
∂Ω1,k

eVk |y|2hk
2(δke1)(ξ ·ν) = o(δ̃k).

To evaluate the first term, we use

∂ξ (|y|2hk
2(δky))evk

2

(3.104)

=∂ξ (|y|2hk
2(δke1)+ |y|2δk∇hk

2(δke1)(y− e1)+O(δ 2
k ))e

Vk(1+wk +O(δ 2
k µk))

=∂ξ (|y|2)hk
2(δke1)eVk +δk∂ξ (|y|2∇hk

2(δke1)(y− e1))eVk

+∂ξ (|y|2hk
2(δke1))eVk wk +O(δ 2

k µk)eVk .

For the third term on the right hand side of (3.104) we use the equation for wk:

∆wk +hk
2(δke1)eVk |y|2wk =−δk∇hk

2(δke1) · (y− e1)|y|2eVk +O(δ 2
k )e

Vk |y|2.

From integration by parts we have∫
Ω1,k

∂ξ (|y|2)hk
2(δke1)eVk wk

=2
∫

Ω1,k

yξh
k
2(δke1)eVk wk

=2
∫

Ω1,k

yξ

|y|2
(−∆wk −δk∇hk

2(δke1)(y− e1)|y|2eVk +O(δ 2
k )e

Vk |y|2)

=−2δk

∫
Ω1,k

yξ

|y|2
∇hk

2(δke1)(y− e1)|y|2eVk

+2
∫

∂Ω1,k

(∂ν(
yξ

|y|2
)wk −∂νwk

yξ

|y|2
)+o(δ̃k)

=∇hk
2(δke1)

(
−16δkπ(eiπ ·ξ )(eiπ − e1)+O(µk

2ε
2
k )

)
+o(δ̃k),(3.105)

where we have used ∇wk,wk = o(δ̃k) on ∂Ωs,k. For the second term on the right
hand side of (3.104), we have∫

Ω1,k

δk∂ξ (|y|2∇hk
2(δke1)(y− e1))eVk(3.106)

=2δk

∫
Ω1,k

yξ ∇hk
2(δke1)(y− e1)eVk +δk

∫
Ω1,k

|y|2∂ξh
k
2(δke1)eVk

=∇hk
2(δke1)

(
16Nπδk(eiπ ·ξ )(eiπ − e1)+O(µkε

2
k )
)

+δk∂ξh
k
2(δke1)(8π +O(µk

2ε
2
k ))+o(δ̃k).

Using (3.105) and (3.106) in the difference between (3.38) and (3.39), we have

δk∂ξh
k
2(δke1)(1+O(µk

2ε
2
k )) = o(δ̃k).

(3.50) is established.
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3.5. Laplacian Vanishing Property. First we consider the case that δk ≤Cµk
2εk.

In this case ε
−1
k δ 2

k ≤Cεε
k for some ε ∈ (0,1). The whole argument of Proposition

3.1 can be employed to prove

(3.107) |wk(y)| ≤Cδ
2
k (µ

k
2)

7
4

In order to employ the same strategy of proof, one needs to have two things: first
ε
−1
k δ 2

k = O(εε
k ). This is clear from the definition of δk. Second, in the proof of

Lemma 3.4 and in (6.1) we need

δ
3
k /Mk = o(εk),

where Mk > δ 2
k (µ

k
2)

7/4. Since δk ≤Cµk
2εk, the required inequality holds. The proof

of Proposition 3.1 follows.

The precise upper bound of wk in (3.107) leads to the vanishing rate of the
Laplacian estimate : If we use

Wk(z) = wk(eiπ + εkz)/(δ 2
k (µ

k
2)

7
4 ), |z|< τε

−1
k

where el ̸= e1. We shall show that the projection of Wk over 1 is not bounded when
|z| ∼ ε

−1
k , which gives the desired contradiction.

We write the equation of wk as

∆wk + |y|2eξk wk = (hk
2(δke1)−hk

2(δky))|y|2eVk .

Then

∆Wk(z)+ eUkWk(z)

=a0eUk +a1zeUk +
1

2µ
7/4
k

∆hk
2(0)|z|2eUk +

1

µ
7/4
k

R2(θ)|z|2eUk +O(εε
k (1+ |z|)−3).

where
a0 = (hk

2(δke1)−hk
2(δkel))/(δ

2
k (µ

k
2)

7/4),

a1 =−∇hk
2(δkel)/(δk(µ

k
2)

7/4),

R2 is the collection of spherical harmonic functions of degree 2. Note that there is
no appearance of εk or ε2

k in the equation for Wk. This is a key point in the proof.
Around e1, the terms are small, while around −1, the terms are far greater. This
discrepancy leads to contradiction.

Let gk(r) be the projection of Wk on 1, by the same ODE analysis as before, we
see that gk satisfies

g′′k +
1
r

g′k(r)+ eUk gk = Ek

where

Ek(r) = O(εε
k )(1+ r)−3 +

1
2(µk

2)
7/4

∆(loghk
2)(0)r

2eUk .

Using the same argument as in Lemma 3.2, we have

gk(r)∼ ∆(loghk
2)(0)(logr)2

µ
−7/4
k , r > 10.
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Clearly if ∆(loghk
2(0) ̸= 0 we obtain a violation of the bound of wk for r ∼ ε

−1
k .

The laplacian vanishing theorems is proved under the assumption

(3.108) ε
−1
k |Qk

1 − eiπ | ≤ ε
ε
k .

We need this assumption because the ξk function that comes from the equation of
wk needs to tend to U after scaling. From (3.13) in [38], |Qk

1 − eiπ | = O(δ 2
k ) +

O(µk
2e−µk

2 ). If δ 2
k ε

−1
k ≥ C, the argument in the proof of (3.50) cannot be used

because either ξk does not tend U or c0 = 0 cannot be proved.

Proof of the Laplace Vanishing property for δk ≥ µk
2εk.

In this case we write the equation of wk as

∆wk + |y|2hk
2(δky)evk −|y|2hk

2(δke1)eVk = 0.

From 0 = ∇wk(e1) we have

(3.109) 0 =
∫

Ωk

∇1Gk(e1,η)|η |2(hk
2(δkη)evk −hk

2(δke1)eVk)dη +O(δ 3
k )

Note that vk is close to another global solution V̄k which matches with a local
maximum of vk at Qk

2. Evaluating the right hand side of (3.109) we have

∇1Gk(e1,Qk
2)−∇1Gk(e1,eiπ) = O(ε2

k µk)+O(δ 3
k ).

This expression gives

Qk
2 − eiπ = O(δ 3

k )+O(µkε
2
k ).

This estimate will lead to a better estimate of wk outside the two bubbling disks.
From the Green’s representation for wk we now obtain

wk(y) =
∫

Ωk

(Gk(y,η)−Gk(e1,η))|η |2(hk
2(δkη)evk

2(y)−hk
2(δke1)eVk)dη +O(δ 2

k )

where the last term O(δ 2
k ) comes from the oscillation of wk on ∂Ωk. Then we have

wk(y) =− 1
2π

∫
Ωk

log
|y−η |
|e1 −η |

|η |2(hk
2(δkη)evk

2 −hk
2(δke1)eVk)+O(δ 2

k )

=−4log
|y−Qk

2|
|e1 −Qk

2|
+4log

|y− eiπ |
2

+O(δ 2
k µk).

By |Qk
2 − eiπ |= O(δ 2

k ) we see that wk(y) = O(δ 2
k ) on |y− eiπ |= τ .

The standard point-wise estimate for singular equation ( see [45, 15] ) gives

vk(Qk
2 + εkz)+2logεk

= log
eµk

2

(1+ eµk
2

8hk
2(δkQk)

|z|2)2
+φ

k
1 +Cδ

2
k ∆(loghk

2)(0)(log(1+ |z|))2, |z| ∼ ε
−1
k .

Vk(eiπ + εkz)+2logεk
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= log
eµk

2

(1+ eµk
2

8hk
2(δke1)

|z|2)2
+φ

k
2 +O(ε2

k (logεk)
2), |z| ∼ ε

−1
k .

Thus

wk(Qk
2 + εkz) = O(ε2

k (logεk)
2)+φ

k
1 −φ

k
2 +C∆(loghk

2)(0)δ
2
k (log(1+ |z|)2),

for |z| ∼ ε
−1
k . Taking the average around the origin, the spherical averages of the

two harmonic functions are zero and O(δ 2
k ) respectively, since they take zero at the

origin and a point at most O(δ 2
k ) from the origin. So the spherical average of wk is

comparable to
∆(loghk

2)(0)δ
2
k (logεk)

2

for |z| ∼ ε
−1
k . Thus we know ∆(loghk

2)(0) = o(1) because wk = O(δ 2
k µk) in this

region, The Laplacian vanishing theorem is established for all the cases. Theorem
3.1 is established. □

Obviously the proof of Theorem 3.1 can be used to rule out (4,2) and (2,4) if
the spherical Harnack inequality is violated.

4. PROOF OF THEOREM 1.1

Let uk be a sequence of blowup solutions and let p be a blowup point. In a local
coordinate, if around p there is a (2,4) type blowup profile with a violation of the
spherical Harnack inequality around the local maximum of uk

1, then we see from
the derivation of (2.3) that uk = (uk

1,u
k
2) can be written as a locally defined blowup

solutions: uk = (uk
1,u

k
2) of

∆uk
1 +2hk

1eu
k
1 −hk

2eu
k
2 = 0,

∆uk
2 −hk

1eu
k
1 +2hk

2eu
k
2 = 0,

where
hk

i (x) = ρ
k
i hk

i (x)e
φi+ fi , i = 1,2

where φi and fi are defined in (2.1) and (2.2), respectively. Since in this case we
have limk→∞ ∆(loghk

2)(0) = 0 and

∆(loghk
2)(0) = ∆ loghk

2(pk)−2K(pk)+4mπ

for some m ∈ Z we obtain a contradiction to the curvature assumption (1.2). The
assumption that µk

1 > µk
2 +5logδ

−1
k is guaranteed by the existence of a fully bub-

bling blowup point. Around that blowup point, uk
1−uk

2 =O(1) away from bubbling
disks. Then the crude estimate of uk

1 and uk
2 around the three disks in the formation

(2,4) gives that µk
1 = µk

2 +(6+o(1)) logδ
−1
k +O(1). Thus the two types (2,4) and

(4,2) are ruled out if their formations violate the spherical Harnack inequality.
In order to prove the main theorem we also need to rule out the blowup type

(4,4) if the spherical Harnack inequality is violated. In the formation of (4,4).
There are four situations where the spherical Harnack inequality is violated. Be-
cause of similarly we only describe two of them. In the first case there are four
bubbling disks all tending to one point. Among the four disks, two bubbling disks
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of uk
2 are in the same line of one bubbling disk of uk

1 and the distance from each
local maximum of uk

2 to the local maximum of uk
1 is δk. On the other hand there is

another bubbling disk of uk
1 whose center (which is also a local maximum of uk

1)
is δ̄k away from the previous local maximum of uk

1. In this case δ̄k/δk → ∞ even
though δ̄k → 0.

The second case is that there are two bubbling disks, in the first bubbling disk,
uk

1 and uk
2 both satisfy spherical Harnack inequality and the height of uk

1 minus the
height of uk

2 tends to infinity. If the equation for uk
2 is scaled according to the height

of uk
2, the new function vk

2 after scaling tends to a global solution of

∆v2 + |y|2ev2 = 4πδp, in R2.

Beside this bubbling disk, there is another disk of uk
1 that is of distance δk away

from the center of the first bubbling disk.
Now we rule out the first case: Let pk

0 be the center of the disk of uk
1 that is

placed in the middle of two uk
2 disks. By setting

ṽk
i (y) = uk

i (pk
0 +δky)+2logδk, i = 1,2.

For this function we set Ωk = B(0,τδ
−1
k ). Note that there is another blowup point

pk
1 → p, but |pk

1 − pk|/δk → ∞. We use δ̄k := |pk
1 − pk

0|. So after scaling, the pk
1

becomes Lk = δ̄k/δk away from the origin. We first give a rough description of the
heights of bubbling disks. Let ṽk

1(p0) = µk
1 , let µk

2 be the height of ṽk
2 in one of the

two disks. Let µ̄k
1 be the height of ṽk

1 at the other bubbling disk. By calculating
the spherical average around 0 and Qk (which is the image of pk

1 after scaling,
|Qk| ∼ Lk), we have

−µ
k
1 =−µ̄

k
1 −4logLk +o(1)Lk +O(1).

Because of the fully bubbling disk, uk
1 −uk

2 = O(1) on ∂B(pk
0,τ), this leads to

−µ
k
2 − (6+o(1)) logLk =−µ̄

k
1 − (4+o(1)) logLk +O(1).

Thus we have
µ̄

k
1 = µ

k
2 +(2+o(1)) logLk

µ
k
1 = µ

k
2 +(6+o(1)) logLk.

In the setting of previous sections we use the following function f k
1 to remove ṽk

1
from the equation for ṽk

2:

f k
1 (y) =−

∫
Ωk

Gk(y,η)hk
1(δk·)eṽk

1dη +
∫

Ωk

Gk(0,η)hk
1(δk·)eṽk

1dη .

So f k
1 satisfies

∆ f k
1 = hk

1(δky), f k
1 (0) = 0.

For |y| ∼ 1 we have

f k
1 (y) = 2log |y|+2log |y−Qk|+o(δ 2

k ).
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Applying the gradient estimate as before, we first have

δk∇hk
2(0)−2

Qk

|Qk|2
= O(µk

2e−µk
2 )+O(δ 2

k )

Since 1
|Qk| = δk/δ̄k, the equality above cannot hold if µk

2e−µk
2 = O(δk). Thus we

consider µk
2e−µk

2 >> δk, which implies µk
2 = O(logδ

−1
k ). In this case the second

gradient estimate gives

δk∇hk
2(0)−

2Qk

|Qk|2
= O(δ 2

k µ
k
2).

But this cannot hold because the Qk
|Qk|2

majorizes all other terms. We have ruled out
the case of (4,4) if the spherical Harnack inequality does not hold in the formation
of (2,4).

Next we rule out the case that (4,4) consists of one bubbling disk of (2,4) and
(2,0) but the (2,4) satisfies a spherical Harnack around some point. In other words
uk

1 stays on top of uk
2. We use λ̄ k

1 to represent the height of uk
1 in the bubbling disk

that has local maximums of uk
2, we let λ k

2 represent the height of uk
2 and set λ k

1 to
represent uk

1 in the other disk. The distance between these two bubbling disks is
δk → 0.

Let pk be a local maximum of uk
2 and qk be the local maximum of uk

1, which is
also the center of a bubbling disk outside the bubbling disk of uk

2. By the context
just mentioned, we set 2δk = |pk −qk|. If we set

vk
i (y) = uk

i (pk + ε2,ky)+2logε2,k, i = 1,2.

where ε2,k = e−λ2,k/2, then vk
2 converges, along a sub-sequence to

∆v2 +2ev2 = 4πδ0, in R2.

Note that the limit function v2 also satisfies
∫
R2 ev2 < ∞ because of the restriction

from uk
2. By the classification theorem of Prajapat-Tarantello [31]

v2(y) =−6log |y|+O(1), |y|> 1.

Then for |x− pk| ∼ δk we have

uk
2(y) =−6logδk +4logε2,k +O(1) =−6logδk −2λ

k
2 +O(1).

Since one assumption of Theorem 1.1 is that there is a fully bubbling point. The
estimate of fully bubbling sequence, as well as Harnack inequality imply that for
|x− pk| ∼ τ , uk

1 − uk
2 = O(1). By Green’s representation formulas one can also

obtain the finite difference for

|uk
1(x)−uk

2(x)| ≤C, |x− pk|= 5δk.

If we employ the point-wise estimate for single Liouville equation (see Li [20])
we have, for |x−qk| ∼ δk,

uk
1(x) =−λ

k
1 −4logδk +O(1), |x−qk|= δk/2.
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On the other hand, for vk
2 we have

vk
2(y) =−6log

δk

ε2,k
+O(1), |y|= 1

2
δk/ε2,k,

which is equivalent to

uk
2(x) =−2λ

k
2 −6logδk +O(1), |x− pk|=

1
2

δk.

Thus we have
λ

k
1 = 2λ

k
2 +2logδk +O(1).

Note that the appearance of bubbles implies

λ
k
2 +2logδk → ∞

Next we derive the relation between λ̄ k
1 and λ k

1 .
The equation of 1

3 vk
1 +

2
3 vk

2 is

−∆(
1
3

vk
1 +

2
3

vk
2) = hk

2(pk + ε2,ky)evk
2(y), |y| ≤ 1

2
δk/ε2,k.

Because of the fast decay of evk
2 it is easy to use a bounded function to remove it

from the right hand side of the equation. Then we have

(4.1) (
1
3

vk
1 +

2
3

vk
2)|∂B1 = (

1
3

vk
1 +

2
3

vk
2)|∂BLk

+O(1)

where Lk =
1
2 δkε

−1
2,k . The value of vk

1 on ∂B1 is −(λ̄ k
1 −λ k

2 )+O(1) based on stan-
dard estimates for single Liouville equation ( [20]). It is also obvious that vk

2 =O(1)
on ∂B1. On the other hand vk

1 =−λ k
1 −4logδk −λ k

2 +O(1) on ∂BLk based on the
analysis of single equation. In fact it is also the value for vk

2 because of the influ-
ence of the fully bubbling profile. If we compute the value of vk

2 from its limit, it
is

vk
2(y) =−6log(δk/ε2,k)+O(1), |y|= Lk.

Using these information in (4.1) we have

λ̄
k
1 = λ

k
2 +9(λ k

2 +2logδk)+O(1).

Now we consider

v̂k
1(y) = uk

1(ε2,ky+ pk)+2logε2,k.

The Pohozaev identity gives

ε2,k∇ loghk
1(pk)+∇φk(0) = O(εk

3 µ
k
3)

where φk is the harmonic function that eliminates the oscillation of v̂k
1 around B1.

ε3,k = e−
λ̄k

1−λk
2

2 , µ
k
3 = λ̄

k
1 −λ

k
2 = 9(λ k

2 +2logδk)+O(1).

Recall that

(4.2) λ̄
k
1 −λ

k
2 = 9(λ k

2 +2logδk)+O(1).



38 JUNCHENG WEI, LINA WU, LEI ZHANG

The harmonic function φk is determined by the singular source, which is now lo-
cated at δk

ε2,k
away from the origin. The derivative of this function is comparable to

ε2,k/δk. So the contradiction boils down to whether
ε2,k

δk
>> ε

2
3,kµ3,k.

Using (4.2) we see that we need

e4(λ k
2+2logδk) >> 9(λ k

2 +2logδk).

Since this quantity goes to infinity, it holds. Theorem 1.1 is established. □

5. APPENDIX A

In this section we provide a proof of (3.84). Here we briefly explain the roles
of each term. φ1 corresponds to the radial solution in the kernel of the linearized
operator of the global equation. In other words, φ k

1/M̄k should tend to zero. φ k
2/M̄k

is the combination of the two other functions in the kernel. φ4 is the second order
term which will play a leading role later. φ k

3 comes from the difference of hk
2 at Qk

1
and e1. Before we derive (3.84) we point out that

|pk|
εk

≤Cε
−1
k µ

k
2e−µk

2 +Cε
−1
k δ

2
k ≤Cµ

k
2εk.

The derivation of (3.84) is as follows: First by the expression of e1 in (3.81) we
have

y2 = 1+2εkz+ ε
2
k z2,

where y = e1 + εkz. Then

|y2 − e1|2 = 4ε
2
k |z+

εk

2
z2|2

|y2 − e1 − pk|2

=4ε
2
k

(
|z|2 −2Re(

εk

2
|z|2z̄)−2Re(z

p̄k

2εk
)+ | pk

2εk
|2 +O(ε2

k |z|4)+O(µk
2ε

2
k |z|2)

)
.

Next by the definition of Dk in (3.80)

Dk − D̄k

D̄k
= δk∇(loghk

2)(δke1) · (Qk
1 −1)+O(δ 2

k ).

eµk
2−µ̄k

2

D̄k
=

1
Dk

(1+
Dk − D̄k

D̄k
+ µ̄

k
2 −µ

k
2 +O(µ̄k

2 −µ
k
2)

2 +O(δ 2
k )).

(5.1)

=
1

Dk
(1+δk∇ loghk

2(δke1) · (Qk
1 − e1)+ µ̄

k
2 −µ

k
2 +O(µ̄k

2 −µ
k
2)

2 +O(δ 2
k )).

Then the expression of A is ( for simplicity we omit k in some notations)

A =

(
eµ̄2−µ2

D̄k
(4
(
|z|2 −2Re(z

pk

2εk
)+

|pk|2

4ε2
k
+O(εk|z|3)

)
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− 4
Dk

(|z|2 +O(εk)|z|3)
)
/B

After using (5.1) we have

A =

(
1

Dk
(δk∇(loghk

2(δke1)(Q1 −1)+ µ̄
k
2 −µ

k
2 +O(µ̄k

2 −µ
k
2)

2)4|z|2(5.2)

−4Re(z
p̄k

εk
)

1
Dk

+
|pk|2

ε2
k Dk

+O(εk)|z|3 +O(δ 2
k )|z|2

)
/B.

(5.3) A2 = (
16
D2

k
(Re(z

−p̄k

εk
)2)/B2 +other terms.

The numerator of A2 has the following leading term:

8
D2

k

(
|z|2( |pk|

εk
)2(1+ cos(2θ −2θ

k
1 )
))

where z = |z|eiθ , pk = |pk|eiθ k
1 . Using these expressions we can obtain (3.84) by

direct computation.

6. APPENDIX B

In this section we derive (3.91). Here we first point out that we shall use (3.84).
The terms of φ1 and φ3 will lead to o(εk), the integration involving φ2 cancels with
the second term of (3.91). The computation of φ2 is based on this equation:∫

R2

hk
2(δkQk

1)
4 σk∇hk

2(δkQk
1)(Q

k
1 − e1)|z|2

(1+ hk
2(δkQk

1)
8 |z|2)3

dz = 8πσk∇(loghk
2)(δkQk

1)(Q
k
1 − e1),

and by (3.51)

(6.1) ∇ loghk
2(δkQk

1)−∇ loghk
2(δke1) = O(δk) = o(εk).

The integration involving φ4 provides the leading term. More detailed informa-
tion is the following: First for a global solution

Vµ,p = log
eµ

(1+ eµ

λ
|zN+1 − p|2)2

of

∆Vµ,p +
8(N +1)2

λ
|z|2NeVµ,p = 0, in R2,

by differentiation with respect to µ we have

∆(∂µVµ,p)+
8(N +1)2

λ
|z|2NeVµ,p∂µVµ,p = 0, in R2.

By the expression of Vµ,p we see that

∂r

(
∂µVµ,p

)
(x) = O(|x|−2N−3).
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Thus we have ∫
R2

∂µVµ,p|z|2NeVµ,p(6.2)

=
∫
R2

(1− eµ

λ
|zN+1 −P|2)|z|2N

(1+ eµ

λ
|zN+1 −P|2)3

dz

=− λ

8(N +1)2

∫
R2

∆(∂νVµ,p) = 0.

From Vµ,p we also have∫
R2

∂PVµ,p|y|2NeVµ,p =
∫
R2

∂P̄Vµ,p|y|2NeVµ,p = 0,

which gives

(6.3)
∫
R2

eµ

λ
(z̄N+1 − P̄)|z|2N

(1+ eµ

λ
|zN+1 −P|2)3

=
∫
R2

eµ

λ
(zN+1 −P)|z|2N

(1+ eµ

λ
|zN+1 −P|2)3

= 0.

Now we need more precise expressions of φ1, φ3 and B:

φ1 = (µk
2 − µ̄

k
2)(1−

4
Dk

|z+ 1
2

εkz2|2)/B,

φ3 =
8

DkB
Re((z+

1
2

εkz2))(
−p̄k

εk
))

B = 1+
4

Dk
|z+ z2

εk|2,

From here we use scaling and cancellation to have∫
B(0,τε

−1
k )

φ1

Mk
B−2 = o(εk),

which is based on (6.2) and ∫
B(0,τε

−1
k )

φ3

Mk
B−2 = o(εk)

which is based on (6.3). Thus (3.91) holds.
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