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ABSTRACT. In this article we study bubbling solutions of regular SU(3) Toda
systems defined on a Riemann surface. There are two major difficulties corre-
sponding to the profile of bubbling solutions: partial blowup phenomenon and
bubble accumulation. We prove that when both parameters tend to critical po-
sitions, if there is one fully bubbling blowup point, then under one curvature
assumption, all the blowup solutions near a blowup point satisty a spherical Har-
nack inequality, which completely rules out the bubble-accumulation phenome-
non. This fact is crucial for a number of applications.

1. INTRODUCTION

In this article we consider the following SU (3) Toda system defined on a com-
pact Riemann surface (M, g):

hle”I hze“Z
1.1 A 20i(————1)— ————1)=0
(1.1) g+ pl(thleuldVg ) pZ(thzeudeg )
hyett hye™?
A — — 1 200 (—————1)=0
guZ pl(thleuldVg )+ pZ(thZeudeg )

where the volume of M is assumed to be 1 for convenience. hj,h, are positive
smooth functions, p;, P> are positive constants.
The standard space for u = (u;,u,) is that each component is in

H'(M) = {ve H'(M); /Mv:O.}

and system (1.1) is the Euler Lagrange equation of the following variational form:

1 2 2
Jp (Lt) = 5/ Z aljvguivgujdvg_ Zpllog/ hie”"dVg
M i=1 M
12

ij=1

where a!! = a?? = %, a? =a*' = % It is proved by Lin-Wei-Yang-Zhang in [21]

that a priori estimate holds if (py,p,) € (4m(m — 1),4wm) x (47(n— 1),47n) for
m,n € N (the set of natural numbers). Thus a degree-counting program can be
defined by this a priori estimate. Since this degree counting program links the local
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blowup analysis with the topology of M, it reveals important interplay of different
fields of mathematics.

Even though the a priori estimate requires p = (p1,p2) to be away from mul-
tiples of 4, it is also important to study blowup solutions when both parameters
tend to multiples of 4. For comparison if the Toda system is reduced to one equa-
tion, which is the Liouville equation, the critical parameter for Liouville equation
is when the parameter p is a multiple of 87. The case p = 8 is studied by Lin-
Wang [22] that reveals significant ties among elliptic functions, blowup solutions
and the number of critical points of the Green’s function on a torus. The study of
Toda system with critical parameters should also lead to possibly surprising con-
nections between fields. In fact (1.1) is the simplest Toda system that connects
many fields of mathematics and physics. Since the literature is too vast to be listed,
we just mention the following works closely related to the topic in this article
[1,2,3,7,8,9,10, 11, 12, 16, 17, 18, 19, 21, 23, 24, 26, 27]. As a matter of fact,
the research of Toda system has been so dynamical that many breakthroughs come
from inspirations of different fields and exciting ties among seemingly far-reached
fields have been greatly strengthened by new discoveries.

A sequence of solutions uf = (u]{,ué) is called bubbling solutions, or blowup
solutions, if maxy {u (pr),u (pi)} — o for pr — p € M. If u* converges to a
global SU(3) Toda system after scaling according to the maximum of both com-
ponents, u* is called a fully bubbling sequence. Otherwise u* is called to have a
partial blowup phenomenon. In other words, fully bubbling solutions converge to
an entire Toda system, while partially blown-up solutions tend to only one equation
after scaling. In blowup analysis there are two major difficulties, the first one is the
partial blowup phenomenon, the second one is the bubble-accumulation situation:
disjoint bubbling disks may tend to the same point, which makes the study of the
profile of bubbling solutions particularly challenging.

The main purpose of this article is to remove the bubble accumulation phenom-
enon and thus greatly simplifies the profile of bubbling solutions. The following is
a curvature assumption we make on the coefficient function hf.‘: Foreachx € M,

(1.2) Ag(loghi)(x) —2K(x) € 4nZ, i=1,2.
where Z stands for the set of integers, K(x) is the Gauss curvature at x. Then our

main theorem is

Theorem 1.1. Let u* be a sequence of blowup solutions to (1.1) with parameters
p* — (4m,47n) for some positive integers m and n. If there exists a fully bubbling
blowup point and (1.2) holds, around each blowup point p; we have

(1.3) ub(x)+2loglx—pf| <C, i=1,2,
where plf — py is a local maximum of one component of u~.

The inequality (1.3) implies that around p’l‘, the spherical Harnack inequality
holds for both components, thus Theorem 1.1 completely rules out the bubble-
accumulation phenomenon and provides a key estimate for construction of bub-
bling solutions as well the degree-counting program mentioned before. It is also
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important to point out that Theorem 1.1 does not rule out partial blowup phenom-
enon. The construction of a (4,2) type blowup by Musso-Pistoia-Wei [29], which
contains a partial blowup situation, does satisfy the spherical Harnack inequality
around a blowup point. It is an interesting open question whether (1.2) also leads
to the elimination of partial blowup phenomenon. Here we also point out that hav-
ing a simple blowup situation leads to key information about curvature as well.
For example, in [24], [23] and [47], only fully bubbling solutions are assumed
for Toda systems, the authors proved surprising vanishing estimates on coefficient
functions, which serve as guidelines of bubble construction, degree counting and
other applications.

Remark 1.1. The assumption p* = (p¥, pX) — (4mm,4n7) is more general than
the assumption in [43] where p; — (47,4mn) or p* — (4mm,47) was assumed.

Since the proof of the main theorem is quite involved, we describe an outline of
the proof at the end of the introduction. The statement of Theorem 1.1 is equiva-
lent to saying that the spherical Harnack inequality holds around a local maximum
of a component. As is well known, if the spherical Harnack inequality does not
hold, one would obtain bubbling disks mutually disjoint from one another. Inside
each bubbling disk, the profile of the blowup solutions is either that of a global
solution of the SU(3) Toda system, or that of a global solution of a single Liouville
equation. To eliminate the bubble accumulation we employ the ideas in a series
of paper of Wei-Zhang [38], [39] and [40]. One major difficulty is to rule out the
case that one bubbling disk of u'f is placed between two bubbling disks of u’ﬁ This
part is placed in section three in three stages: In stage one: After removing u’f from
the equation of ué, the equation of ué is similar to a singular Liouville equation
with a quantized singular source. ué has two local maximum points and there is a
Pohozaev identity corresponding to each local maximum. After working on these
two Pohozaev identities we shall see that the first derivatives of the coefficient func-
tions are involved with the location of blowup points. Next we compare the two
pohozaev identities with those of a global solution. The comparison of Pohozaev
identities will lead to an initial vanishing rate of certain coefficient functions. Then
in stage two we improve the pointwise estimate as well as the vanishing rate of the
first derivative of the coefficient functions. The key point of the proof of stage two
is that the blowup solutions look like different global solutions around each local
maximum, which is the main reason of the contradiction. The in stage three, we
employ the argument of stage two and the vanishing rate of the first derivatives of
the coefficient functions to obtain a better global pointwise estimate. In this case
the precise pointwise estimate of the single Liouville equation plays a crucial role.
These three stages rule out the case (2,4) as well as (4,2) under the curvature con-
dition stated in Theorem 1.1. The other cases of blowup solutions violating the
spherical harnack inequalities are relatively easier and they are handled in section
four. There are quite a few key estimates in the proof and they are explained in
details as the proof is carried out.
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2. A LOCALLY DEFINED SYSTEM

In this section we write the SU(3) Toda system as a set of locally defined equa-
tions near a fixed point. For any fixed point we use isothermal coordinates: Let gg
be the flat metric and ¢ satisfy go = e ?g. Then Ay = e ?A and ¢ satisfies

2.1) ¢(0) =[Vo(0)] =0, A9(0)=—2K(p).

Let it; = u; —log [, hie"', i=1,2. Then we have j}whieﬁi = 1. Then for & =
(@1,02) we have

Aty +2p1h1e" 0 — pahpe™ 0 = (2p) — pa)e?,
Aily — p1h1€ﬁl+(Z> + 2p2h2€a2+¢ = (2])2 —pP1 )€¢

Let B; be a ball of radius 7 centered at the origin. For 7 > 0 small we set f] and f>
as

(2.2) Afi = (2p1 —p2)e®,  f1(0)=0, fi = constant on dB;

Af, =(2p, — pl)eq’7 f2(0) =0, f, =constant on dB;.
Then by setting

w=a;,—f;, i=1.72
and
bi = pibie®™, =12
in a neighborhood of 0, say B; we have
(2.3) Aup +2b1e" — el =0,
Ay — B +2h2¢" =0, in B..

3. BLOWUP ANALYSIS FOR A LOCAL SYSTEM

In this long section we derive a vanishing estimate for a locally defined Toda
system. Let B; be the unit ball in R? and we consider the following locally defined
system:

Auk + 20k et — pket =0,
3.1) Ak — ket £ oKke =0, in By,
and postulate usual assumptions:
(3.2) r&e}?{u’f (x),u5(x)} <C(K), K cCCB;\{0}.
Boundary oscillation finite-ness:
(3.3) max |uf (x) —uk(y)| < C, i=1,2, Vx,y€dB.
and there exists a C > 0 such that

I
(3.4) o ShW<Co Ao, <C.
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and there is a uniform bound on the total integration:

(3.5) / Heet < C.
B
Let qbl-k be the harmonic function defined by the oscillation of u; on dB;:
1
A¢¥(x)=0, inBy, oF(x) = uf(x) — —/ ukdS, xc dB.
21 Jos,

The following quantity is used to describe the concentration of the integrals of
k
e'i: Let

.. . k
6= — lim lim [ h¥e".
2T 50k—eo /B

Note that in this article we don’t distinguish sequence and a sub-sequence. Then it
is well known (see [43], for example) that

(Gl ) 62) = (27 0)7 (07 2)(274)7 (472)7 (474)
The main result of this section is:

Theorem 3.1. Let uf = (uk u4) be solutions of (3.1) such that (3.2),(3.3), (3.4) and
(3.5) hold for b; and w*. Suppose v* is a (2,4) type blowup sequence that violates
the spherical Harnack inequality around the local maximum of u/f, and

(3.6) rrllgallxu’f > rrllgallxulﬁ +5log 8!

where O is the distance between one local maximum of ug and one local maximum
of u]f. Then we have

Vlogh3(0) + V95 (0) = o(1),
and

Aloghs(0) = o(1)

Remark 3.1. There are two formations of the blowup type (2,4). The one that
violates the spherical Harnack inquality has one bubbling disk of u’f in the middle
of two bubbling disks of ug on both sides. The second formation consists of a
bubbling disk of u’l‘ on top of ug. In the second case, if u§ is scaled according to its
maximum, the limit function is

Av+2¢' =4ndy, in R, /zev < oo,
R
What Theorem 3.1 covers is the first case.

Proof of Theorem 3.1:
Let p’é be the location of the local maximum of u’f, p’f and pg be the locations of
local maximums if u’é. In the (2,4) formation, it is known that [43]

) T N L T
=_, = .

ke [Py —=phl 27 ko |pi = ppl ko |pf - P

Suppose & = |pk — pf| and we write p§ = p§ + §e'%. Then we set

ﬁﬁ‘(y) = uf‘(pﬁ + 5kei9ky) +2logdy, i=1,2.
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Now the system can be written as
~ k ~k
G.7 AV (y) + 2K (g + 8y)e™ —h5(ph + Gy)e™ = 0,
AT (v) = (Pl + 8iy)e™ + 215 (ph + Sev)e™ =0, in O

where Q; = B(0,76, 1) for some 7 > 0 and Gy, be the Green’s function on Q; with
respect to the Dirichlet boundary condition:

1
Gi(y,n) = —5=logly—n|+Hi(y,n)

2
where
1. nl Lgn -
3.8 H = —log(—|—5 — Ly =16 ".
(3.3) k(yan) o Og( Ly "n‘z y’)a k= TO
Then we remove 17'1‘ from the equation of 1715. Let
~k ~k
fi=—[ Guly,mhie"dn +/ Gi(0,m)H\e"dn
Qp Qi
we have
~k
Aff =5 (po+ Bey)e™,  f1(0)=0
and let
==t
and

b (80y) := A (p + 8y), i=1,2.
Since we will use complex numbers to represent points on R, we use e; to denote
(1,0) and ¢ to denote (—1,0). For y around e; or ¢/, since the singularity of 7
is at the origin, standard estimate can be used to obtain

f{((y) = 2log|y|+ 0(.”{{37#{() + 0(5,{2)7 y € B(ey, 1) UB(ei”7 T)

for some 7 > 0 small, where we use u{‘ and ué‘ to denote the heights of the bubbles:

k_ k k_ k
pi =maxvy, ) =vh(er).

In this section we use E| to denote
k
E| = O(ufe ) —1—0(5,3).
Then the equation of vg now becomes

(3.9) AV + [y > Er bl (8y)e = 0

It is important to observe that after scaling, the local maximum of v’f is the origin
and one local maximum of V4 is e, the other local maximum of V4 is e +o(1).
We use Q’(§ to denote e; and Q’l‘ to denote the other local maximum of v’§. (add a
footnote)

By the pointwise analysis of single Liouville equation, v’ﬁ is around — /.Lé‘ away
from bubbling disks in Bjg, V& (y) = —puf 4+ O(1) in the same area.

Now we provide a rough estimate for vi-‘ outside the bubbling area:
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For r > 2, let 7 (r) be the spherical average of v& on dB,, then we have

d . d1 ) 127+ 0(1)
Lok =L — [ ak) =)
a2 dr<2m/3, v2> 21r

Because of the fast decay of \7’2‘ (r) it is easy to use the Green’s representation of vg
to obtain the following stronger estimates:

() == — (6+0(1))logy| +0(1), 2<ly| <75 ".
(3.10) V() = =i +o(l)loglyl +0(1), 2<y| <78 ".
3.1. An initial vanishing estimate of the first derivatives. Now we consider 14

around Q;‘ . Using the results in [5, 45, 15] we have, for v’ﬁ in B( f‘, €), the following
gradient estimate:

0F i »
G T VONOh =0t ), =01
l

where ¢ is the harmonic function that eliminates the oscillation of v4 on dB(Q¥, €)
and Q’l‘ is the maximum of vg — ¢lk that satisfies

G.11) & V(logh)(8:01) +2

(3.12) Of —0f =0(e™).
Using (3.12) in (3.11) we have

k
(3.13) &V (logh5)(8:0F) +2 ‘ QQ,("Z +V9f(Qf) = O(ufe ).
1
For the discussion in this section we use the following version of (3.13):
0f _
(3.14) 69 (10gb8)(0) + 2755 + VO£ (0f) = O(&) + Olue i)
1

and the first estimate of V¢ (QF) is
Lemma 3.1. Forl=0,1,
01 — O

_yk
—4W—F0([J§€ ”2) l;ém
I m

(3.15) Vor(0f) =

Proof of Lemma 3.1:
From the expression of V& on Q; = B(0,75, ') we have, for y away from bub-
bling disks,

(3.16) V50) = laa, + [ GilsmnPoh(&im)etMan
k
] -
=lao, + Y. Gr(, Q’f)/ In|265(8en)e'2an
1=0 B(Qy.,€)

P 0G0 = Gr 0 O PO B + Ok ).
[ 15
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Before we evaluate each term, we use a sample computation which will be used
repeatedly: Suppose f is a smooth function defined on B(Q’(;, €), then we evaluate

(3.17) / £k (8en)e Man.
B(Ql(()vs)

Let 0% be the maximum of v — ¢f, and set /i (y) = |y|>h5(8y) then it is known
[45, 15] that

(3.18) 05— 0k =0(e ).
Moreover, it is derived that

ik
(3.19) A (y) = 95 (y) + log °

W0 A
(1+ e by — Of )2
_yk k ~ gk
+ee 2 (log(2+ €22y — Of|)* + O(use )

for some ¢, € R. We use Uy to denote the leading global solution. Using the
expansion above and symmetry we have

G200 [ fInPosEmetan
B(0f )
= [ ety
B(05.)

= [(£(05) +V£(@h)7 + 07 ) (0F) + Vin(OF) () + O(|*)
€U (14 9 + cre ™ (log(2+ eM/2[]))2 + O(ube ™) + O(7[?))dn

where j =1 — Q’(‘) In the evaluation we use symmetry, for example,
/  Mfjdn = 0.
B(Ql(()vs)
Also using ¢f(QK) =0 and Qf — 05 = O(e_“é) we have

| eof=oem).
B(0f.€)

Carrying out computations in (3.20) we arrive at
/ Fm)n o5 (8n)e>Mdn = 8xf(0F) + O(uke ).
B(0k€)
Since (3.18) holds we further have
(3:21) /B oo ()0 25 (8en)e*Man = 87 f(QF) + O(uke ™).
0

Using the method of (3.21) in the evaluation of each term in (3.16) we have,

1 1
_ ok
V5(v) =v5laq, —4 Y logly— Of| + 87 Y Hi(v,07) + O(use ).
[=0 [=0
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The harmonic function that kills the oscillation of v4 around Q¥ is

¢k = —4(log |y — Of| —log|Q%, — OF))
1
+87m Y (H(y,0F) — Hi(Q4,05) +E, 1 #m.
s=0

The corresponding estimate for VoF is

Q Qk 1
W‘Fgﬂzvﬂ‘[k (O O) +O(use Hz) I #m,

where V stands for the differentiation with respect to the first component. From
the expression of Hy in (3.8), we have

1 05 —7T8°01/I0f7
27 |0), — 128,20} /| 0F 1P

_ 1 g T80, 01/I0)
2 10/ 10f — 725204 2

1
== 252e™ 1+ 0(0,87).

where o) = max; |QF — ¢™!|. Later we shall obtain more specific estimate of o}.
Thus using (3.23) in (3.22) we have

(3.22) Von(0k) =

(3.23) ViH (04, 0F) =

G324 V0,(Q)
Qk _ Qk 1 )
—4—m = 472§ Y ™+ 0(018) + O (ke ™)
k
L4 @A oG8+ o(e ™) 1 4m.
1O — O
Since we don’t have the estimate of o} we use the following weak version for now:
Y
Von(O) = gD Q,j|2 +E, [#m.
where

= 0(82) +O(uhe™).
Lemma 3.1 is established. [

3.2. Location of blowup points. In this subsection we establish a first descrip-
tion of the locations of Q’l‘ . The result of this section will be used later to obtain
vanishing estimates of the coefficient function hé.

The Pohozaev identity around Q’[ now reads

-0 . of
— +2 ——
0F— 0% " Tl

(3.25) V(logh5)(0)8+E, j#L
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Using L to denote V(logh5%)(0):

L= V(logh3)(0),

we write (3.25) as

1 1 L
o 03 2
where Qf‘ is the conjugate of Q;‘ .
Qp=c¢e1, 01 =—e;— m’{ where every number is in the complex plane. Now the

two equations from the Pohozaev identity are

2 L

l-——=—=&+F
24wk 2"
1 2 L

— + — 2§ +E.
L4k 24mk 2™

From these two equations we obtain
(3.26) ik = —L& +E.
With this fact we can further write V{H; (0%, Qf‘) in (3.23) as

(3.27) ViH (0K, 0F) = —%7*26,3&“’ +O(8) +O(ube ™),
and V¢ (QF) in (3.15) and (3.24) as
k(o oky o — 0, 3 Kk
(3.28) Vo () = +0(8)+0(ye™ ™), m#l

lof -0k

3.3. Initial Vanishing estimates of Vh5%(0). Before we get into the details we
would like to mention that the most important observation is that the difference
between the Pohozaev identities of v4 and that of a global solution can be evaluated
in detail. Using the result in the previous section we shall see that the coefficient
of Vb4(0) is not zero.

First we recall the equation for vé:

k —
AV +05(8)y%e = Er, |yl <78

with v& = constant on dB(0,75, '). Moreover v&(e;) = p¥. Now we set V; to be

the solution to
AVi+b5(8er)yPe* =0, in R, /R pPe" < e

such that V; has its local maximums at e; and —ey, and Vi(e;) = /.Lf . The expression
of Vj is

k
et

o b4 (8eer)

(1+ 3 |y2_el|2)2
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In particular for [y| ~ &, ',
Vi(y) = —pth —8log 8. +C+0(82) + 0(e ).

Let wy = vé — Vi and Q = B(0, 76, 1), we shall derive a precise, point-wise
estimate of wy in B3 \ B(Q1,7) where 7 > 0 is a small number independent of k.
Here we note that among 2 local maximum points, we already have e; as a common
local maximum point for both v’é and V; and we shall prove that wy is very small
in B3 if we exclude B(Q;, 7). Before we carry out more specific computations we
emphasize the importance of
(3.30) wi(er) = [Vw(e1)] = 0.

First we consider the Green’s representation of v4 on Q;
k
K00 = [ GurmInPos(&me M +15sq,,
k

where in B(0,L;) (Ly = 1:5,:1). Similarly for V, we obtain from the asymptotic
expansion of V; to have

Vk(y) - /Q Gk(yvn)’n’zhé(skel)ew(n)dn +Vk‘99k+0<6k2)+0(67“§)7
k

where Vk|agk is the average of V; on d€; and we have used the fact that the oscil-

lation of V. on 9 is O(87) + O(e_“é). The combination of these two equations
gives, for y € Bs,

W)= [ Gy )P (04(8m)e™ — bh(Gien)eh)an + cx-+ 0(57) + O(e ).
Using wy(e;) = 0, we clearly have
wie(y) = /Q (Ge(y,m) = Giler,m) NP (05(8km)e™ — b5 (Seer)e't)dn

(3.31) +O(82) +O(pke ).

If we concentrate on y € B3 \ U_,B(QX, 7) for T > 0 small, we first claim that the
harmonic part of Gy only contributes O(8?) in the estimate:

(3.32) /Q’(Hk(y,n) — Hi(er,m)) I *(05(8n )e™ — b5 (8cer)e™)dn = O(&¢)

k

where Gy (y,n) = — 5= log |y — 0|+ Hi(y, ). The proof of (3.32) is elementary and
does not require delicate estimates: From

1 1
Hi(y,n) = —longJrflog‘l_ nly|

=, L=1§"
2r 2 Sy L : ko

we see that for y € B3,

[Hi(y.n) — Hier,m)| < CL[n].
Thus if [n| is O(1), the desired estimate is trivial. For |n| large, we need to use the

fast decay of e’ and e"* to prove that the corresponding integral is at most O(Lk_z).
Thus (3.32) holds.
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Combining (3.31) and (3.32), we have

1 k
1@@)=A;zﬂbmm—4H—bgw—HMHVwﬁ&nk%—hﬁ&ak”Mn
(3.33) +0(82)+0(e™M).

To evaluate the right hand side, first we observe that the integration away from
the two bubbling disks is O(e 2 ;) based on the asymptotic behavior of Vi. So
we focus on the integration over B(Q¥, €) for 1 =0, 1.

Itli=0, Q’é = e by definition, we show that the integration over B(ey,€) is an
insignificant error.

For [ = 1, recall that the local maximum points of V; are at 1 and ¢/*. By standard
estimates for single Liouville equations, we have

1 lerv =M, ok - §
P lo 6 evz_ 5 eneV)d
ey — O e — | .y
:410g7—410g7+0(u e /'Lz)
ly— 0l ly— ei*| 2
-0y y— O] o
' =41 —41 iy
(3.34) g o2 | + O(uye™2)

Finally for B(e;,7) we claim to have

1
635) 5o [ togler—nlInP (58’ —bi(Ser)e ) = E
27 JB(err)

and for y € B3 away from bubbling disks,

1
(360 o [ logly=nlnP(5(Em)e’ b (Sier e ) — E.
T B(E],T)

The proof of (3.36) follows easily from the same sample computation in the
derivation of (3.21). To prove (3.35) we first remark that by scaling around e; and
using the expansion of bubbles for single Liouville equation, we have

/B< Jogler — 1| 265(8m)e*dn = —8mpk +c (k) 2e e + O(ube ) +0(82)
er,

where ¢y is a constant coming from h%. After computing the term with b5 (8ze1) we
see that after cancellation the left-over becomes

O(8c(uh) e ) + O(uke ) + O(8D).

Thus (3.35) is verified because by Cauchy’s inequality O(J( /.Lé‘)ze_“; ) is bounded
by the two other terms. Putting the estimates in different regions together we have
le1 — O y— o4l

e - = o =it k*/.lk 2
330 )= (1o 2 aiog VBl ot ) 4 o).
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Now we consider the Pohozaev identity around Q%. Let Q;; = B(QX, 1) for
small T > 0. For v4 we have

(3.38) L acvPuseane’t — [ ethPhi(6nE-v)

1,k
1
= [ g, (43— IVAP(E v))as

where & is an arbitrary unit vector. Correspondingly the Pohozaev identity for Vj
is

639 [ a(yPobEe)e - [ PriEenE-v)

5,k

1
= OVidz Vi — =|VVil 2 (& - v))dS.
Lo (2eVidsVem 3 IV (V)

The second term on the left hand side of (3.38) or (3.39) is O(e*”§ ), so both
terms are considered as errors. Now we first focus on (3.38). After using the
expansion for single equation as in the evaluation of (3.16), the first term on the
left hand side of (3.38) is:

| 2e(yPos(sane?

= [ 3 (1ostb P ) P G)e”

k

~sn(, QQ;P 1 6. (logh)(8.04)) - & +E.
1
2

Here we recall that E = O(§;) + O( u§e‘“§ ). In a similar fashion, the first term of
the left hand side of (3.39) is

| 9% (lsPob(6ien))et = 162 &)+ E.

Recall that Q% = —(e; +m!) + E, we have

of 1
+e1 == +e
|0k Ok

Here we used (3.26). Thus the difference of the left hand sides gives the following
leading term:

—SﬂSkL-g +E.

To evaluate the right hand side, since v’é = Vi +wi + E, the right hand side of
(3.38) is

1
|, (08004 = SIVAPR(E - v)as

s,k
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1
- / (OVidsVi — = [VVi[2(E - v))dS
90y 2

+ /89 (8ka8¢ Wk + 8vwk85 Vi — (VVk . Vwk)(é . V))dS—i—E.
s,k
where we have used wi(y) = O(6)+ E. Thus the difference of two Pohozaev
identities gives

(3.40) — 875 (logh’)(0) + E

= o (8ka8¢wk + avwk(?g Vi — (VVk . VWk)((é . V))dS
1k

Now we evaluate Vwy on dB(Q¥%, r) for r > 0 fixed. For simplicity we omit & in
m’l‘ and Q’l‘. Fory=—e; + re'® we obtain from (3.37) that

4 Y= y+ei

Vwi(y) = +E
)= y—01? |y+61!2)
1 1
=4(= ———=)+E
yter y—0i
—e1— 0
=4 —————+E
(F+e)(3—0F)
my
=4 — S +E
(Y+er)?
Then fory = —e| + re'®, we have

4 .
Vwi(y) = ﬁemn‘il +E.

If we use m; = a+ ib, we can write Vwy(y) as

4
(3.41) Vwi(y) = - ((acos26 +bsin20) +i(asin26 —bcos260)) + E.
r

On the other hand from the expression of Vj in (3.29) we have, for y = —e; +
re'?,

y+ep b —uk 40 b —uk
342 VWie(y) = —4 +O0(we ) = — +O0(uye t2).
( ) k(y) ’y+el|2 (ouZ ) r (ou2 )
Correspondingly we have,
4
(3.43) WV = - +E.

For 8‘5 wy we have, using m| = a+ib in (3.41)

(3.44) Iewy = %((acos(ZG) +bsin(26))&; + (asin(260) — bcos(20))E) +E.
Similarly

Oy Wi

(345 = %[(acos(ZG) +bsin(26))cos 6 + (asin(20) —bcos(20))sin 0] + E
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4
= —(acos +bsin6) +E.
;

Using (3.43) and (3.45) we have
(3.46) / (9ka8§ Wi = E.
an,k
To evaluate other terms on the right hand side, we use (3.42) to have

4
(3.47) eV = ——(cos 8&; +sinBE) +E
r
By (3.45) and (3.47) we obtain from direct computation that

16w
(3.48) /89.,k 8vwka§Vk = —r—zm1 E.

Now we compute [ (VVi-Vwi)(§-v).
By the expressions of VV; and Vwy in (3.42) and (3.41), respectively, we obtain,
after integration that

/aQLk(vvk.ka)(g V) = —lri;’m1 £

Combining (3.46), (3.48) and (3.49) we have

(3.49) /89 (akaa‘: Wi+ 85Vk8vwk — (VVk . Vwk)@ . V) =F

s,k

Comparing with the left hand side we have
Vioght(0) = (8, 'uhe ™) + O(8).

3.4. Improved vanishing rate of the first derivatives. Our next goal is to prove
the following vanishing rate for Vb4 (0):

(3.50) V(logh3)(0) = O(8ci13)
Note that in the previous section we have proved that
V(logh})(0) = O(8; ' uke )+ 0(&y).

If Oy > Cégy, there is nothing to prove. So we assume that

(3.51) S = o(&)-
By way of contradiction we assume that
(3.52) [VO5(0)]/(Sepz) — oo.

Another observation is that based on (3.26) and the initial vanishing rate of h%(0)
we have
g oY — e < Cef
for some small € > 0. Thus & tends to U after scaling. We need this fact in our
argument.
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Under the assumption (3.51) we claim
(3.53) WA (=14 &) = Vi(—1 +&y)| < Cef(1+ )™t o<y < 1:8,:1.

for some small constants € > 0 and T > 0 both independent of k. The proof of
(3.53) is very similar to Proposition 3.1 of [39] and is omitted.
One major step in the proof of the main theorem is the following estimate:

Proposition 3.1. Let wy = Vi — Vi, then
Wk ()| <C&, y € Qui=B(0,78 "),
where &, = |Vh’§(0)|6k + 5](2%{

Proof of Proposition 3.1:

Obviously we can assume that |Vh5(0)|8, > 287 u% because otherwise there is
nothing to prove. Now we recall the equation for v’é is (3.9), which can be written
as

AV 405 (81y)e" = O(ufe H1).
Since uf is very large, the right hand side is at least O(5}).

V& is a constant on dB(0,78, ). Moreover v4(e;) = pk. Recall that Vi defined

in (3.29) satisfies

AV B (enPe’ =0, in B [ pPe <o

Vi has its local maximums at 1 and —1, and Vi (e;) = p¥. For [y| ~ §, ',
Vi(y) = —p3 —8log 8, ' +C+ O(}).

Let Q; = B(0,78, "), we shall derive a precise, point-wise estimate of wy in
B3\ B(QX,7) where 7 > 0 is a small number independent of k. Here we note
that among the two local maximum points, we already have e; as a common local
maximum point for both vé and V; and we shall prove that wy, is very small in B3 if
we exclude all bubbling disks except the one around e;.

Now we write the equation of wy, as

(3.54) Awi + b5 (8y) [y *e%wi = (b5 (Sker) — bA(8wy))|y[*e™ + Ex

in Q, where & is obtained from the mean value theorem:

M if Vk(x) 7& v, (x)
E(x) _ V()= Vi (x)? 2 k\X),
e

i Wk (x) = Vi(x).

An equivalent form is

Ld 1
(3.55) 50 = /0 Ee”g(x)“]_’)vk(x)dt =01+ EWk(x) +O0(wi(x)%)).

For convenience we write the equation for wy as

(3.56) Awi + 05 (8ey) |y[*e% wi = 8V hh (Sker) - (e1 —y) |yl e" + Ea
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where
Ey = 0(8)ly—eiPyPe" + o(ufe ™), yeoy.

Note that the oscillation of wy on dQy is O(82), which all comes from the oscil-
lation of V. It is a trivial and important fact that E5 is small round e; but greater
around Q;. This is the reason that our analysis will first be carried out around e
and pass to Q later. 3

Let My = max, g |wi(x)|. We shall get a contradiction by assuming My /& —
oo, This assumption implies
(3.57) Mi/(IVO5(0)|8) = 0o, Mi/(8715) — oo
Set

v'(/k(y) = wk(y)/Mk, x € Q.

Clearly max,cq, |Wi(x)| = 1. The equation for Wy is
(358)  A(Y) + [y 05 (8er) e (y) = ar- (1 —y) I’ + B,
in Qy, where ajp = (Ska)k(O)/Mk — 0,
(3.59) Es=o(l)ly—eil’[yl’e" + 0(8 (13)™"), y€ Qs
where we used ,u{‘e_“{(/Mk = o(8(ub)~1.

Also on the boundary, since My /d — oo, we have

(3.60) Wi =CHo(1/ub), on 9.
By (3.53)
(3.61) E(er +&2) = Vi(er +&2) +O(5) (1 +2)) 7!

Since Vi is not exactly symmetric around e, we shall replace the re-scaled ver-
sion of V} around e; by a radial function. Let U, be solutions of

(3.62) AU+ b5 (8cer)e% =0, in R?, Uk(0) = max Uy = 0.
R
By the classification theorem of Caffarelli-Gidas-Spruck [4] we have
o 1
k
(1+ @ 12]2)2
and standard refined estimates yield (see [5, 45, 15])

Uk(Z) =lo

(3.63) Vier + &2) +2log & = Ui (2) + O(&) || + O((115)°&F).
Also we observe that
(3.64) log |e1 + &z| = O(&)|z|.

Thus, the combination of (3.61), (3.63) and (3.64) gives
(3.65) 2log|e; + &z| + Er(e1 + &z) +2log g — Ui (2)
=0(ef)(1+1z]) 0< 2] < &g "
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for a small € > 0 independent of k. Since we shall use the re-scaled version, based
on (3.65) we have

(3.66) &rler + gzPes @) = Ul 4 O(ef ) (1+2])
Here we note that the estimate in (3.65) is not optimal. In the following we shall

put the proof of Proposition 3.1 into a few estimates. In the first estimate we prove

Lemma 3.2. For 6 > 0 small and independent of k,
(3.67) we(y) =o(1), Vwe=o(l) in B(e1,8)\B(e1,6/8)
where B(e1,30) does not include other blowup points.

Proof of Lemma 3.2:

If (3.67) is not true, we have, without loss of generality that wy — ¢ > 0. This
is based on the fact that Wy tends to a global harmonic function with removable
singularity. So Wy tends to constant. Here we assume ¢ > 0 but the argument for

¢ < 0 1is the same. Let
1,k

(3.68) Wk(Z) = Wk(el +&2z), &= e 2H2,
then if we use W to denote the limit of W, we have
AW +eW =0, R?, |W|<1,

and U is a solution of AU + eV = 0 in R? with [, eV < oo. Since 0 is the local

maximum of U,
1

(I+ 3PP
Here we further claim that W = 0 in R? because W (0) = |[VW (0)| = 0, a fact well

known based on the classification of the kernel of the linearized operator. Going
back to Wi, we have

U(z) =log

Wi(z) =0(1), |z| <Riforsome Ry — oo.
Based on the expression of Wy, (3.63) and (3.66) we write the equation of W, as
(3.69) AW (2) + bh (8ker )" Wi (z) = ES,
for |z| < Sog, ' where a crude estimate of the error term EX is
E3(z) = o(1)ef (1+2]) .

Let
1 2
(3.70) &(r)==— [ Wi(r,0)de6.
21 Jo
Then clearly g&(r) — ¢ > 0 for r ~ g !, The equation for gk is

4 1 d . _
36+ 1 gh(r) + 5Bl (r) = ()

d
ko) k() —
80(0) = *drgo(o) 0.
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where E§(r) has the same upper bound as that of E4(r):
E(r)] < o(D)gg(147) 7>

For the homogeneous equation, the two fundamental solutions are known: go;,
802, where

_ 1 —cyr? o bi(Sker)
14c7%’ ! g8
By the standard reduction of order process, go2(r) = O(logr) for r > 1. Then it is

easy to obtain, assuming |W;(z)| < 1, that

180()] < Cleor (1) | sIES(©)g0a(6) s +Clena(r)] [ sleor (VS ()]s
< Ceflog(2+7r). 0<r<dog .

Clearly this is a contradiction to (3.70). We have proved ¢ = 0, which means
wr =o(1) in B(ey, ) \ B(e1,00/8). Then it is easy to use the equation for W and
standard Harnack inequality to prove Vi, = o(1) in the same region. Lemma 3.2
is established. [J

801

The second estimate is a more precise description of Wy around e;:
Lemma 3.3. For any given ¢ € (0,1) there exists C > 0 such that
(3.71) Wi(er +&2)] <Cel (14 2])°, 0< |z < 18,,;1.
for some T > 0.

Remark 3.2. The reason that we have ¢ € (0,1) is because we currently don’t
have a very good estimate of Wy outside the bubbling area, except knowing it is
o(1). Once a better estimate of Wy, outside the bubbling disks is known, (3.71) can
be improved.

Proof of Lemma 3.3: Let W, be defined as in (3.68). In order to obtain a better
estimate we need to write the equation of Wy more precisely than (3.69):
(3.72) AW, + b (Sre1)e® W, = EX(z), z€ Qi
where Oy is defined by
2O — ey +8kz,2€§k(61+8kz)+210g£k’
Qwi = B(0,7¢, ") and EX(z) satisfies
Ej(z) = 0(e)(1+z)) 7, z€ Q.
Here we observe that by Lemma 3.2 Wy = o(1) on dQy. Let
Ay = max 7G‘Wk(z)| .
Qi €7 (14 2])°

If (3.71) does not hold, Ay — oo and we use z; to denote where Ay is attained. Note
that because of the smallness of Wy on dQyyy, zi is an interior point. Let

Wi (Z)

=——"—— 7€ Qwx,
A1+ |ze])o€f Wk

8k(2)
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we see immediately that

W) (41D _ (A +]z])?
gf A(1+1zD)e (T +1z)e = (1 +zl)®
Note that ¢ can be as close to 1 as needed. The equation of g is
(1+1z)~°
(1+Jzl)e’
Then we can obtain a contradiction to |g(zx)| = 1 as follows: If limy_,eezx = P €
IR?, this is not possible because that fact that g;(0) = |Vgx(0)| = 0 and the sub-
linear growth of g; in (3.73) implies that gy — 0 over any compact subset of R?

(see [5, 45]). So we have |z;| — oo. But this would lead to a contradiction again by
using the Green’s representation of gg:

(3.74)
+ 1 = gi(zx) = gx(zx) — &x(0)

- /Q“(Gk@kan)—Gk(o,n>)<b§<6ke1)e®kgk<n)+o<g,g o)

(3.73) gk (2)] =

Agi(z) + b5 (Ser)e® g = o(g} ) in Qi

(1+n)~°
(1+[ze])®
where Gi(y,n) is the Green’s function on Qp and o(1) in the equation above
comes from the smallness of Wy, on Q. Let Ly = TE, ! the expression of Gy is

)dn +o(1).

(|n|,

1
1 Z Z
Ga(st.1) = Gu(0.7) =~ loge =]+ - o | 2 - ’”|+ —log|n].

Using this expression in (3.74) we obtain from elementary computatlon that the
right hand side of (3.74) is o(1), a contradiction to |gx(zx)| = 1. Lemma 3.3 is
established. [J

The smallness of Wy around e; can be used to obtain the following third key
estimate:

Lemma 3.4.
(3.75) wi=o0(1) in B(e™,1).
Proof of Lemma 3.4: We abuse the notation W, by defining it as
Wi(z) = (e +&z), z€B(0,7g ).
Here we point out that based on (3.26) and (3.51) we have 8]:1 \Q’f —e'™ — 0. So

the scaling around ¢'® or Q’l< does not affect the limit function.

€2 + 27 (Spey ) STy (UL)

where U (z) is a solution of

AU +éV =0, in R?, /zeU<<x>.
R
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Here we recall that limy_,.. h5(Se1) = 1. Since W, converges to a solution of the
linearized equation:

AW +eW =0, in R
W can be written as a linear combination of three functions:

W (x) = coo +c1¢1 + 202,

where
R L
0= ——""7 15
1+ £ |x2
X1 X
1= ; 2 = .
¢ 1+§|x|2 ¢ l+%|x]2

The remaining part of the proof consists of proving ¢yp = 0 and ¢; = ¢, = 0. First
we prove co = 0.
Step one: ¢y = 0. First we write the equation for W, in a convenient form. Since

€ + &:2|*b5 (8ke1) = 5 (8cer) + O(&kz),
and .
18T — U9 4 O(ef) (14 12)) .
Based on (3.58) we write the equation for W as
(3.76) AW (2) + b5 (Srer ) e W = Ef (2)

where
Ef(z)=0()(1+]z])"> in Q.
In order to prove ¢y = 0, the key is to control the derivative of Wok(r) where

1 ;
Wy (r) = I /83, Wi(re'”)dS, 0<r<rteg .
To obtain a control of %Wé‘(r) we use ¢(’)‘(r) as the radial solution of

AQE +65(Scer)eV 9k =0, in R

When k — oo, q)g — co@®p. Thus using the equation for ¢§ and W, we have

(3.77) || (@l — 2,05W) = ofef).
Thus from (3.77) we have
d k _ L _ [ 3 —1
(3.78) erO (r) = S /aB, Wi =o(g)/r+0(1/r), 1<r<zg .

Since we have known that
Wy (e, ) = o(1).
By the fundamental theorem of calculus we have

W§(r) = Wi (te, ") 4—/1;_1 (O(jlf) +0(s73))ds = 0(1/1%) +0(£,flog;€)

for r > 1. Thus cg = 0 because Wé"(r) — ¢o@p, which means when r is large, it is
—co+0(1/r?).
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Step two ¢; = ¢, = 0. We first observe that Lemma 3.4 follows from this. Indeed,
once we have proved c¢; = ¢y = cg =0 around 1 and —1, it is easy to use maximum
principle to prove wy = o(1) in B3 using Wi = o(1) on dBj3 and the Green’s repre-
sentation of w;. The smallness of w; immediately implies w; = o(1) in Bg for any
fixed R >> 1. Outside Bg, a crude estimate of v is

W(y) < —ub —8logly|+C, 3<|y| <18 "

Using this and the Green’s representation of w; we can first observe that the oscil-
lation on each 9B, is o(1) (R < r < ©5, ' /2) and then by the Green’s representation

of Wy and fast decay rate of e"* we obtain w; = o(1) in B(0, 75, '). A contradiction
to max |w| = 1.

There are 2 local maximums with one of them being e;. Correspondingly there
are 2 global solutions V; and V that approximate v’é accurately near Q’(‘) = e and
Ok, respectively. For V; the expression is

ik
_ et
(3.79) Vi =log

ok
(145252 — (e + p)l2)?
where p; = E and

32 - 32
(3.80) Die -2 p—_ 2
b5 (8ce1) b (5:0%)
The equation that Vi satisfies is
AV + |y[?05(8.0)e"% =0, in R

Since v’ﬁ and V, have the same common local maximum at Q%, it is easy to see from
the expression of V; in (3.79) that

G81) ot =—1-T+o(p).
Let M; be the maximum of [v4 — V;| and we claim that M and M;, are comparable:
(3.82) M, ~ ML,

The proof of (3.82) is as follows: We use L to denote the limit of (v§ — V) /Mj
around ey:
P
via—=Vi)ler+&z) - _
v kj)é 1+ &) =L+o(l), |z <tg!
k

where
= 21 _ 22

=C1 Co
Ltgll? "1+ gl

If both ¢; and ¢, are zero, we can obtain a contradiction just like the beginning of
step two. So at least one of them is not zero. By Lemma 3.3 we have

(383) vé(elﬁLSkZ)*Vk(elﬁLng) :0(81?)(1+’Z|)6Mk, |Z| < ‘L'Sk_l.

To determine L we see that
v’é(e1 + SkZ) — Vk(el + SkZ)
My
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Vi(e1 + &z) — Vi(er + &z)

—o(e?)(1+12])° + i

This expression says that L is mainly determined by the difference of two global
solutions V; and V. In order to obtain a contradiction to our assumption we will
put the difference in several terms. The main idea in this part of the reasoning is
that “first order terms” tell us what the kernel functions should be, then the “second
order terms” tell us where the pathology is.

We write Vi (y) — Vi(y) as

Vi(y) — V() = s — 15 +2A — A* + O(A]?)

where

S el S i

D D

A(y): : & : .
1+eka|y2—€1|2

. . . _k
Here for convenience we abuse the notation &, by assuming & = e H2/2 From A
we claim that

(3.84) Vi(er + &z) — Vi(e + &z)
=01 + @2+ 93+ 01 + R,

where
4
o1 = (ub—5)(1— D—klzw(ek)lzlzlz)/B,
8
0 = Hk5kvb]§(5k€1)(Qlf —e1)|z]*/B

: -
03 = 5 pRe((+ O(edP) (%)
Pk!2< 2 8> 8

Py =~ 2 2
e2 \DiB D!B> DB

|z]* cos(26 — 29{‘)) ,

4
B=1+—|z+0(&lz*)
Dy
and Ry is the collections of other insignificant terms. 9{‘ and 0 come from

pele® = p, z=|z]e’®.

The proof of (3.84) can be found in Appendix A. Here ¢, ¢3 correspond to solu-
tions to the linearized operator. Here we note that if we set & = e/ 2, there is
no essential difference in the proof. If |u¥ — fi¥| /My > C there is no way to obtain
a limit in the form of L mentioned before. Thus we must have |u% — |/, — 0.
After simplification (see ¢3 of (3.84)) we have

[P
k€

(3.85) ¢ = lim cos(6Y),
k—
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- . el ok
= 1 e O

Since | px| = E, an upper bound for M; is
(3.86) My < Cube +C82e "

Equation (3.85) gives us a key observation: |¢1|+ |¢2| ~ |pk|/(&Mj). Recall
that
Wi = (v — Vi) /My,
€121 + €222
L+ glzl?
M. (3.82) is established. From now on for convenience we shall just use M.

Wi would converge to near QF, with M ~ %. Then we see that M;, ~

Set
Wi = (v — Vi) /M,
then we have W, (QX) = |V (QX)| = 0.
The equation of wy can be written as
(387 M+ [y 05 (8Q1)et
5 v 9“b5(&Q1)

=V (&N (@ — )Pt — U = EER - oD et
|a|=2 ’

53 -
Oik 2, k|2 Vk'
+ (Mklyl ly— 01l

where o) = /M and we omitted k in &;. &; comes from the Mean Value Theorem
and satisfies

5 1
(3.88) e = eV (1 + S Mo+ O(M>w?)).
The function wy, satisfies
. C121 +C222
3.89 lim wy(e; + &z) = —————.
(3-89) k—oo dlert&) 1+ |22

First we have

(3.90) w() = [ (Gilm) ~ Gu(Q1. M) (B5(8:21)In e (m)

+ 0, V5 (8:01)(n — 01) | 2"
& y 9*b5(801)

Mgy o (y=01)*)dn +0(& /My)

with oy satisfying o|Vh4(0)| = o(1). The evaluation of (3.90) is involved with
integration on the two major disks: One around Q) and the other one around e;.
For the integration around ey, it is more convenient to replace e"* by ¢' based on
the following estimate:

Vi(e1 + &z) — Vi(er + &z)
M

= Wk(el + EkZ) +0(8kc(1 + |Z|)G).
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The following identity, which is due to (3.84), provides a key computation of
(3.90):

(3.91) /B( b(8001) [ PeEme(n) + oeVBA(8:01) (m — 01) [ e

&% v 9b5(8QY)
Mk =2 o!
_7 el 5; Ab5(8:01)
Cae T M (60
The proof of (3.91) can be found in Appendix B.

Equation (3.91) also leads to a more accurate estimate of wy in regions between
bubbling disks. By the Green’s representation formula of wy it is easy to have

1
) = 35 [ o2 o (800 n e

+oV(8.00) (0~ Of) e + 0 )In 0PIl Vk)dn+o<ek>

(n—0%)%n|?e%dn

+ O(Sk).

for [y| ~ 1 and y & (B(Q1,7) UB(e1, T)). Writing the logarithmic term as
y—nl y—1] y—nl y—1]
= log —log ),
of—nl ~ Tlef—1 et -al T lef -1l
we see that the integration related to the second term is O(g). The integration
involving the first term is O(€Z) by (3.91). Therefore

1
I(IO(H

k
2

log + (log

), ¥ E€B3\Us_oB(Qy, 7).

Thus this extra control of wy away from bubbling disks gives a better estimate than
(3.83) around Q’l‘ : Using the same argument for Lemma 3.3 we have

(1+2])
log(2+1z])’
Now we deduce a better estimate of wy away from the two bubbling disks.
w0) = [ (Gim) ~ Gu(0hm) (DBl ()
k
52 Z Qahk 5ka)

|06| 2

(3.92) Wi (OF + &2)| < o(&) Iz < Tg; "

+0,Vh5(5.00) (n — 0F)n|*e™ — (n—0H* |T”2€Vk>dn

+0(€k).

Note that the boundary term is O(8;)/My. Since My/8? — oo and & = o(g) we
have O(8} /M) = o(&).

The integration of the first part is o(€& ). The integration on the region away from
the two bubbling disks is also clearly o(&). So the main focus is the integration on
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B(e1, 7). For this integration we set

Hay(n) = Gk(y,m) — Gk(QF, 1)

then the integration over B(ej,T) is now
Hyle) [ IMPOAGONE T+ ob (30 (1 — ek
er,T
5 9“52(5le)

M. - 2 vk
Mkazz (=01 n[*e")dn

- B(e 'L')(sz(n) HZY(el)’T” (h2(5le) élwk

+ (Hyy(n) —Hay(er))n|"e Gkvbz(&ch)(n Ql) i - o).
B(ey,7) :

The first term is a fixed quantity determined by (3.91). The second term is only
involved with the integration of the term with w;. The other two terms lead to
0(&). The result of this computation is

T |p 82 AB%(0 _ _
H27y(el)(4(!k;4‘k)2Mk — Zﬂﬁkk f)];(g)) ) + 167T8k(31H27y(61)(31 + 82H27y(61)62).

Then we estimate
Vi (y) = Vi(y) + Mowe(y),

for y away from two balls:

(3.93) V3 (0) = Vi) + My (Hz,y(el)j(sfﬂ’;ka

+167’L’£k(81H27y(€1)51 + 82H27y(61)52)) + O(MkSk).

Obviously another evaluation is
Vo = Vi + Mg
The comparison of these two expressions will lead to a contradiction. Let

—Vi
M,

Wi =
then by exactly the same computation, let

Hiy(n) = Gi(y,n) — Gile1,m),

we have

2 ARk
w5 - 50

+ 167e, (01 H, 7y(Q]1()E] + dxH, ,y(Qllc)EZ) + 0 (&)
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k_ _
Now we determine the limit function of VZMka near Q’l‘ based on (Vi — Vi) /M.

Since the difference between ﬁé‘ and /.Lé‘ is insignificant we use simplified notations:

k
_ et
Vi = ,uf —2log(1+ Fb/z —eq —P|2)

k
et
V=~ 2log(1 + 1 — ).

k
2 1.2 2 2 2
_ - —e|"— |y —e—
Ve — Vi = 2log(1 4 -2 ([y—e1]*=y* —e1 —p| ))

uk
L+ 52 —er = p?

=2log(1+4A) = 2A — A® + insignificant error.
where

k
e

a oW el —b?—e—pl*)

T ST S
+ 5y —er—pl
y:—l—%Jrskz,

y2 = lerk*ZEkZJrE,gZzﬁLO(LLkS/?Z).
Then

2 2 =
2 2 2 & n &7\ Pk Dk 2
—1P =4 |z— 2P —2Re((z— )22y 4 | £

+o<uke,3|z|2>)

&
= 1= e = 4ef (o~ 5 2 + (e |of)-

Using these expressions we have

(2Rl + 145+ O(ueflaP) )

A=
1+ |22

The leading term of A? is
2214 [2eos?(6 - 6)
64(1 + ¢[z[?)2
Thus the leading term of 24 — A? is
~IRe(B) + 2L [P 4P eos’(0 - 6)
1+ i 64(1+ § 2P

It is also important to observe that

= —lﬂcosel ) =—-
4Mk8k ’ 4Mk8k

+O(ueeg |2 (1+[2) ™
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Corresponding to (3.93) we also have

b%(0) M

+167e(d1Hy (0F)er + 92H1,y(Qlf)02>> + o(My&).

k 2
(3.94) @@%=WOO+MHAAQ®< o _QnNh®>@>

From (3.93) and (3.94) we have
(3.95)

7 v AB%(0) 82
kMk £ = (Hl,y(Q’f)—sz(el))<4’M & My ~2m f)zz(é))f‘;>

1678 (91 H y (QF) + A1 Hay(e1))er + (2 H y (QF) + Doy (e1))ea) +o(&r)
Hiy(QY) — Hay(e1) = Gi(3. OF) — Gl e1).-
Now we evaluate the left hand side when y is away from e; and e'*.
Vie(v) = Vi(v)

1+ e“k’ 2 |2
1+eﬂk| 2—1—pk|2

e MDy + |y* —1J?
e MeDy +[y* — 1 — pi|*
To evaluate the second term we have

=2log

=2lo

2 2
o1 Wﬂtuud&eiiw+““>

In order for the comparison in (3.95), obviously My = O(g). This fact means
|pk| = O(€?). The the left hand side of (3.95) is

Vi(y) = Vi(v) V=1 pi 3
—r =2 — 4R — )&+ O0(€)).
M e(|y2_1|2Mk8k) e+ 0(e)
Then | "
_ 1 y—
k
(Hl-,y(Ql)—HZ.,y(el))Mk:—EMkIOgm‘f‘o( %)
where

k
4 Mg, ha(0) M
’ Pk |2
AMe, '

k 2
i1 = TP gy g AOEO) &

c1—|—

The second term on the right hand side is

yi+1 yi—1 ¥ » )
2¢&; <( + +1)cos 0 + + )sm91>.
12 y—1p2 ) (!y+1\2 ly—1/2

If My > Cegy, the O(82 /M) is an error term. By choosing |y| large we see that the
logarithmic term is close to 1, while other terms tend to zero, which violates the
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equality. If My = o(&), (3.95) is also violated if |y| is large because the terms of y
tend to zero in different rates. Lemma 3.4 is established. [
Proposition 3.1 is an immediate consequence of Lemma 3.4. [.

Now we ﬁnisll the proof of (3;50).

Let Wy = wy/ 0. (Recall that & = &|Vh5(0)|+ 82ub). If [VH5(0)|/ (Sul) — oo,
we see that in this case & ~ & u5|Vh5(0)|. The equation of vy is
(3.96) A+ |y e = ag - (e1 — ) [y e + bre¥ly —e1 |y e,

in Q, where a; = 8, Vh5(0)/&, by = o(1/u%). By Proposition 3.1, i (y)| < C.
Before we carry out the remaining part of the proof we observe that W, converges
to a harmonic function in R? minus finite singular points. Since W, is bounded, all
these singularities are removable. Thus W, converges to a constant. Based on the
information around e, we shall prove that this constant is 0. However, looking at
the right hand side the equation,

(er —y)|y[?e" — 8m(ey — €™) 8,

we will get a contradiction by comparing the Pohozaev identities of v’é and V,
respectively.
Now we use the notation W, again and use Proposition 3.1 to rewrite the equation
for W;. Let
Wi(z) = wi(e1 +&2),  [2] < g !
for &y > 0 small. Then from Proposition 3.1 we have

(3.97) b5 (8ky) = b5 (Sker) + 8 VH(Sker) (v —e1) + O(87) |y — e %,
(3.98) ly]> = |er + &2)? = 14 O(&) |z],

(3.99) Vi(er + &z) +2log e, = Ui(z) + O(&)|z| + O(&f) (log(1 + |2]))?
and

(3.100) Ekler +&z) +2loger = Uk(z) + O(&) (1 +z]).

Using (3.97),(3.98),(3.99) and (3.100) in (3.96) we write the equation of W, as
(3.101) AW, +bE(Sper) e OW, = —grar - 2% +E,,,  0< |z] < &g
where

(3.102) Ev(2) =0(e)(1+12)) 73, 2] < Sogr "

Since Wy obviously converges to a global harmonic function with removable
singularity, we have w; — ¢ for some ¢ € R. Then we claim that

Lemma 3.5. ¢ =0.

Proof of Lemma 3.5:
If ¢ # 0, we use Wi(z) = ¢+o(1) on B(0,8¢, ")\ B(0,18¢, ') and consider
the projection of Wy on 1:

1 2 0 46
go(r)—ﬂ A Wi (re'”)do.
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If we use Fj to denote the projection to 1 of the right hand side we have, using the
rough estimate of E,, in (3.102)

1
go(r)+ ;gé(r) +05(Scer)e" go(r) =Fy, 0 <r< &g
where
Fo(r) = O(g) (1 +2)) 2.

In addition we also have
lim go(8e, ') = ¢ +o(1).
k—o0

For simplicity we omit & in some notations. By the same argument as in Lemma
3.2, we have

go(r) = O(&)log(2+7r), 0<r< &g '
Thus ¢ = 0. Lemma 3.5 is established. [

Based on Lemma 3.5 and standard Harnack inequality for elliptic equations we
have

(3.103) Wi(x) = o(1), Vinx(x) = o(1), x € B3\ B(e'™, &).
Equation (3.103) is equivalent to wy = o(&;) and Vw = o(&) in the same region.

In the next step we consider the difference between two Pohozaev identities. We
consider the Pohozaev identity around Q’f. Let Q= B(Q’l‘ ,7) for small 7 > 0. For
vi we have (3.38). Correspondingly the Pohozaev identity for Vj is

[, 2s(bPrien = [ yPri(een) (& v)

1.k

1
= [ OV~ 5IVViP(E-v))as.
Q1 2
Using wy =& — Vi and |wi(y)| < C&; we have

1
[ (@hags = SIVHR(E - v))ds

1k

1
= IWVide Vi — = |VVi 2 (E -v))dS
L, (idee = SIVP(E )

+ o (8ka85 wi + 8vwk8§ Vi — (VVk . Vwk)(?; . V))dSJr 0(6]{).
1k

If we just use crude estimate: Vwy = o(J), we have

1
| (@n4ogh =S IVAR(E-v)as

1k

—A K&W%W—%Wwﬂémmw:d&)

Qe
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The difference on the second terms is minor: If we use the expansion of V& =
Vi + wy and that of b'zc(ﬁky) around e, it is easy to obtain

/391,k ek |)’|2f)]§(5ky)(‘§ . V) _/8 er|y|2f)§(5kel)(§ . V) — 0(3’()'

Qi
To evaluate the first term, we use
(3.104)

% (5?08 (8c) e
=0z (Iy*05(8ker) + [y V05 (8ker) (v —e1) + O(87)) e (1 +wi + O(8 1))
=0 ([y*)05(Scer)e™ + 8.0 (|y[PVh5(Seer) (v — ex) e
+ g ([y*h5(Sker) e wi + O(8 )™
For the third term on the right hand side of (3.104) we use the equation for wy:
Awy+ 5 (Scer)e [y wi = —8VB5(Sker) - (v —en) [y + O(87) e[y

From integration by parts we have

| 2e(bPmb(sienetim

Qi

:2/ yeh(Scer)eVwy
Qi

y
=2 Q ﬁ(—AWk—5th]§(5k€1)(y—€1)|)’|2€Vk+0(5k2)€vk|y|2)
1,k

y
— 2§, / 25 VB (Scer) (y — 1)y
Qi |y|
Ve

Yeé 2
2 oy (=2 Ywy — dywp—= 5
* /39171{( v<|Y’2)Wk vk ‘y|2)+0( k)

(3.105)  =Vh5(Ser) ( —1687(e'™ - &) (7 —e1) + 0(ué‘e£>) +0(8),

where we have used Vwy, wy = O(Sk) on dQ; . For the second term on the right
hand side of (3.104), we have

(3.106) /Q 50z (Y205 (Seer) (v — e1))e"

=26 [ yeVoh(Bien -+, | Poghh(6en)e”
1,k 1,k

=Vh5(Ser) (16NTS (e - E) (e —e1) + O(ed))
+ 8¢9z b5 (Scer) (8T + O(usel)) +o(&).
Using (3.105) and (3.106) in the difference between (3.38) and (3.39), we have
895 (8eer) (1 + O(u3€)) = o(&e).-
(3.50) is established.
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3.5. Laplacian Vanishing Property. First we consider the case that §; < C /,Lé‘ek.
In this case g, 15,3 < Cg for some € € (0,1). The whole argument of Proposition
3.1 can be employed to prove

(3.107) Wi (y)| < C82(uk)s

In order to employ the same strategy of proof, one needs to have two things: first
g, '8% = O(gf). This is clear from the definition of &. Second, in the proof of
Lemma 3.4 and in (6.1) we need

8. /My = o(&),

where M > 82 (15 )7/4. Since 8 < Cukg, the required inequality holds. The proof
of Proposition 3.1 follows.

The precise upper bound of wy in (3.107) leads to the vanishing rate of the
Laplacian estimate : If we use

Wel(z) = we(e'™ + &) /(82 (u5)7), || < 7"

where ¢; # e. We shall show that the projection of W; over 1 is not bounded when
|z| ~ &', which gives the desired contradiction.
We write the equation of wy as

Awg+ [y e%wi = (5 (8eer) — b5 (8uy)) [y e

Then
AWk(Z) +6U"Wk(Z)
1 1
=aoe’ +ayze + . 7/4N)]§(0)|Z’2€U" + TMRZ(Q)’ZFeUk +O0(gf (1+12)) 7).
Ly My

where
ag = (b5 (Seer) — b5 (Seer)) /(82 (u5)"),
ay = —Vh5(eer) / (Se(u3)"/*),

R, is the collection of spherical harmonic functions of degree 2. Note that there is
no appearance of & or 8,3 in the equation for W;. This is a key point in the proof.
Around ey, the terms are small, while around —1, the terms are far greater. This
discrepancy leads to contradiction.

Let gi(r) be the projection of W; on 1, by the same ODE analysis as before, we
see that g; satisfies

1
g+~ 8k(r) + Vg = B
where

E(r) = 0(g{)(1+1r) 7 + A(logh3)(0)r*e®.

2(ug)"
Using the same argument as in Lemma 3.2, we have

gi(r) ~ Alogh%)(0) (log )2, %, r> 10.
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Clearly if A(log h%(0) # 0 we obtain a violation of the bound of wy for r ~ &, .
The laplacian vanishing theorems is proved under the assumption

(3.108) g '|Oh — ™| < €f.

We need this assumption because the &, function that comes from the equation of
wy needs to tend to U after scaling. From (3.13) in [38], |Q’f — | = 0(5,3) +

O(ué‘e‘“g). If 62¢, I'> C, the argument in the proof of (3.50) cannot be used
because either & does not tend U or ¢y = 0 cannot be proved.

Proof of the Laplace Vanishing property for &, > ué‘ek.
In this case we write the equation of wy as

Awy+ [y1705(8ey)e™ — [y[*h5 (et )e's = 0.

From 0 = Vwy(e) we have
3109 0= [ ViGiler.mnP(5(8m)e’ — b5 (Sier)e)dn +0(5)
k

Note that v; is close to another global solution V; which matches with a local
maximum of vy at Q’g. Evaluating the right hand side of (3.109) we have

ViGi(e1,05) — ViGi(er,e™) = O(& ) + O(&}).
This expression gives
03 — €™ = 0(&)) + O(1&y).-

This estimate will lead to a better estimate of wy outside the two bubbling disks.
From the Green’s representation for w; we now obtain

i) = [ (Glvom) = Gelerm)InP(04(8m)e ™) ~ bi(8ien)e ) +0(87)

where the last term 0(5,3) comes from the oscillation of w; on dQ;. Then we have

1 — k
) = =5 [ 10g =L P08(Emet — bh(Bien)e™) +0(87)

o ler — 1|
y— 05 ly—e| 2
= —4log——=- +4log + O(Of ).
le1 — Of] 2 ‘

By |04 — ™| = O(82) we see that wy(y) = O(82) on [y — ™| = 1.
The standard point-wise estimate for singular equation ( see [45, 15] ) gives

Vk(QIE—i-SkZ) —|-210g8k
k
et _
=log : +0f +C87A(logh5)(0)(log(1+2]))*,  |z] ~ & "

M2 2\2
(I+ gr.00 141

Vk(ei” + Ekz) +2log &
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k
et

=log + 95 +0(et(loger)?), |z ~ g "

k
et 2)2
(I+ 805 (8ker) l2I*)

Thus
wi (05 + &2) = O(&f (logr)®) + 9f — 95 + CA(logh5)(0) &7 (log(1 +2])),

for |z| ~ & !, Taking the average around the origin, the spherical averages of the
two harmonic functions are zero and 0(5,3) respectively, since they take zero at the
origin and a point at most 0(513) from the origin. So the spherical average of wy, is
comparable to
A(logh3)(0)87 (log &)

for |z| ~ € '. Thus we know A(logh%)(0) = o(1) because wy = O(82u) in this
region, The Laplacian vanishing theorem is established for all the cases. Theorem
3.1 is established. [J

Obviously the proof of Theorem 3.1 can be used to rule out (4,2) and (2,4) if
the spherical Harnack inequality is violated.

4. PROOF OF THEOREM 1.1

Let u* be a sequence of blowup solutions and let p be a blowup point. In a local
coordinate, if around p there is a (2,4) type blowup profile with a violation of the
spherical Harnack inequality around the local maximum of u’f , then we see from
the derivation of (2.3) that u* = (uX,u%) can be written as a locally defined blowup
solutions: u* = (uf k) of

Auk 4 2pkett — phets =0,
Ak — b’fe”ﬁ + 2f)§e”g =0,
where
by (x) = pfhi (x)e? i, i=1,2

where ¢; and f; are defined in (2.1) and (2.2), respectively. Since in this case we
have lim_,.. A(logh%)(0) = 0 and

A(logh5)(0) = Aloghs (px) — 2K (pi) + 4mm

for some m € Z we obtain a contradiction to the curvature assumption (1.2). The
assumption that ,u{‘ > ,uf +5log 5k_1 is guaranteed by the existence of a fully bub-
bling blowup point. Around that blowup point, u’l‘ — ué = O(1) away from bubbling
disks. Then the crude estimate of u’l‘ and ug around the three disks in the formation
(2,4) gives that uf = pX + (6 +0(1))log 8, ' +0O(1). Thus the two types (2,4) and
(4,2) are ruled out if their formations violate the spherical Harnack inequality.

In order to prove the main theorem we also need to rule out the blowup type
(4,4) if the spherical Harnack inequality is violated. In the formation of (4,4).
There are four situations where the spherical Harnack inequality is violated. Be-
cause of similarly we only describe two of them. In the first case there are four
bubbling disks all tending to one point. Among the four disks, two bubbling disks
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of u4 are in the same line of one bubbling disk of u} and the distance from each
local maximum of ué to the local maximum of u’l< is &. On the other hand there is
another bubbling disk of u’f whose center (which is also a local maximum of u'l‘ )
is Sk away from the previous local maximum of u’l‘ In this case Sk /O — oo even
though & — 0.

The second case is that there are two bubbling disks, in the first bubbling disk,
u’l‘ and u§ both satisfy spherical Harnack inequality and the height of u’f minus the
height of u§ tends to infinity. If the equation for u’j is scaled according to the height
of ué, the new function v'ﬁ after scaling tends to a global solution of

Avy + |y[*e”? =4n8,, in R~

Beside this bubbling disk, there is another disk of u’{ that is of distance &; away
from the center of the first bubbling disk.
Now we rule out the first case: Let p’é be the center of the disk of u’f that is
placed in the middle of two ué disks. By setting
P (y) = uf (p + 8y) +21og &, i=1,2.

For this function we set ; = B(0,75,"). Note that there is another blowup point
P& — p, but |pk — pi|/& — . We use & = |p% — pk|. So after scaling, the pk
becomes Ly = & /& away from the origin. We first give a rough description of the
heights of bubbling disks. Let \7’; (po) = u{‘, let ué‘ be the height of 1715 in one of the
two disks. Let [L{‘ be the height of \7’{ at the other bubbling disk. By calculating
the spherical average around 0 and Qj (which is the image of p’f after scaling,
|OQk| ~ L), we have

—uk=—gF—410g Ly +0(1)Ly +0(1).
Because of the fully bubbling disk, uf —u% = O(1) on dB(pf, ), this leads to
1tk — (6+o(1))log L = —fif — (4+0(1))logLi + O(1).
Thus we have
fif = ph + (2+0(1)) log Ly
ui = g3+ (6+o(1)) log Ly
k

In the setting of previous sections we use the following function f} to remove ¥
from the equation for ¥:

0=~ [ GmntEetan+ | Guo.mbi@etan.

So f{‘ satisfies
Aff =Bi(8), fi(0)=0.
For |y| ~ 1 we have

ft(y) =2log|y| +2log |y — Ok| + (&)
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Applying the gradient estimate as before, we first have

O
|Ok|?

Since ‘Q—lu = 8/ &y, the equality above cannot hold if ,uﬁ‘e*“é( = O(&). Thus we

§VH5(0) — 2 = O(ke ™) + 0(82)

consider ,ué‘e‘“éc >> §, which implies p% = O(log Sk_l ). In this case the second
gradient estimate gives

20k

&Vh5(0) — o = O(8;15).
But this cannot hold because the ‘QQ—:‘Q majorizes all other terms. We have ruled out

the case of (4,4) if the spherical Harnack inequality does not hold in the formation
of (2,4).

Next we rule out the case that (4,4) consists of one bubbling disk of (2,4) and
(2,0) but the (2,4) satisfies a spherical Harnack around some point. In other words
u’f stays on top of u’ﬁ. We use )_le to represent the height of u’l‘ in the bubbling disk
that has local maximums of %, we let A¥ represent the height of 4 and set Af to
represent u’f in the other disk. The distance between these two bubbling disks is
6k — 0.

Let p; be a local maximum of u’ﬁ and gy be the local maximum of u’f , which is
also the center of a bubbling disk outside the bubbling disk of ulg. By the context
just mentioned, we set 26, = |pr — qx|- If we set

k

V() = uf (pr+ &24y) +2logeas, =12,

where & ; = e %24/2 then v’g converges, along a sub-sequence to
. 2
Avy+2e =4rmdy, in R“.

Note that the limit function v, also satisfies [, €' < oo because of the restriction
from u§ By the classification theorem of Prajapat-Tarantello [31]

va(y) = —6logly[+O(1), [y|>1.
Then for |x — pi| ~ & we have
s (y) = —6log & +4logé&  +O(1) = —6log & — 2054 0(1).

Since one assumption of Theorem 1.1 is that there is a fully bubbling point. The
estimate of fully bubbling sequence, as well as Harnack inequality imply that for
lx — pi| ~ 7, uk —uk = O(1). By Green’s representation formulas one can also
obtain the finite difference for

U (x) —us(x)| < C,  |x— pi| = 56

If we employ the point-wise estimate for single Liouville equation (see Li [20])
we have, for |x — gi| ~ &,

ub(x) = —Af —4log&+0(1), |x—qi| = &/2.
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On the other hand, for 14 we have
Sk 1
v3(y) = —6log—+0(1), |y =58/,
&k 2
which is equivalent to

1
() = —2M —6log &+ 0(1), |x—pil = 58

Thus we have
=225 +2log &+ O(1).
Note that the appearance of bubbles implies
AX 4 2log & — oo

Next we derive the relation between Af and Af.
The equation of —i— v2 is
1
—A
(3
Because of the fast decay of e itis easy to use a bounded function to remove it
from the right hand side of the equation. Then we have
1, 2 1 2
(3V1 + 3"/5 laB, = (gvlf + *Vg)faBL +0(1)
where L; = %6](82_ - The value of v1 on 0By is — lk 7L£c ) 4+ O(1) based on stan-
dard estimates for single Liouville equation ( [20]). It is also obV1ous that v’é =0(1)
on dB;. On the other hand V¥ = —Af —4log & — A¥ + O(1) on 9By, based on the
analysis of single equation. In fact it is also the value for v& because of the influ-

ence of the fully bubbling profile. If we compute the value of v’§ from its limit, it
is

2 k 1
Vi + Vz) b5(p k+82,ky)eV2(y)a |y‘§§6k/82,k~

“4.1)

v (y) = —6log(8/e24) +O(1), |y =
Using these information in (4.1) we have
= A5 +9(A% +21og &)+ O(1).

Now we consider

V]f (y) = u (&24y+ pr) +2log ey .

The Pohozaev identity gives
&xV logh' (pi) + Vi(0) = O(e33)
where ¢ is the harmonic function that eliminates the oscillation of \3’1‘ around Bj.

Aok _
gp=e 7, p¥=2AF—25 =9(M +210g &)+ O(1).

Recall that
(4.2) Af =25 =9(Af +21og &) +0(1).
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The harmonic function ¢ is determined by the singular source, which is now lo-
cated at 5k - away from the origin. The derivative of this function is comparable to
€ i/ O. So the contradiction boils down to whether
8 \
5 >> 83,k.U3J<-

%
Using (4.2) we see that we need

AR +2l0g) o 9(AS 4 2log &).
Since this quantity goes to infinity, it holds. Theorem 1.1 is established. [J

5. APPENDIX A

In this section we provide a proof of (3.84). Here we briefly explain the roles
of each term. ¢@; corresponds to the radial solution in the kernel of the linearized
operator of the global equation. In other words, q)f‘ /M should tend to zero. ¢£‘ /M.
is the combination of the two other functions in the kernel. ¢4 is the second order
term which will play a leading role later. (])é‘ comes from the difference of f)’ﬁ at Q’f
and e;. Before we derive (3.84) we point out that

|Pel
&

The derivation of (3.84) is as follows: First by the expression of e in (3.81) we
have

< Ce,;lu"e*"z +Ce '8 < Cude.

y: = 1+42ez+ €2,
where y = e| + &.z. Then

&
Iy —ei|* =4eg)z+ gkzz 2

Y —ei—pil?
&k
e (|2~ 2Re( 3 z2) ~2Relc )+ | 2L P+ O(eHf) + Olpbedle) ).

Next by the definition of Dy in (3.80)

D,—D
£ K = 8V (loghs) (8er) - (0F — 1) + O(8}).
5.1
P | D, — Dy s
Tk—ﬁk(1+ By +5 — 3+ O(15 — 1)+ 0(8)).

1 _ _
= 8V logh3(Scer) - (Qf —e1) + 13 — 5 + O[3 — p3)* + O(87)).

Then the expression of A is ( for simplicity we omit k in some notations)

6”2_“2
A= 2 _2Re
(%5, (40 ~2rel

75+ 2 ofed)

2g
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~ el o)) ) /B

After using (5.1) we have

1
(52 A= (Dk(ékvaogh’zwkel)(@ — 1)+ i3 — p5 + O0(j15 — u3) )4z

Pry 1 |Pk|2 3 27112
—4Re(z—)— + +O0(g +0(68 B.
e(zsk)Dk 8,3Dk (&)le] (06l )/

16 —p
(5.3) A% = (—Z(Re(zﬂ)Z)/B2 + other terms.
Dk Ek

The numerator of A2 has the following leading term:
8 21kl k )
Z 1 +cos(260 —26
D%(wgk)( (260 -26))

where z = |z]e®, pr = |pk\ei91’(. Using these expressions we can obtain (3.84) by

direct computation.
6. APPENDIX B

In this section we derive (3.91). Here we first point out that we shall use (3.84).
The terms of ¢ and ¢3 will lead to o(&), the integration involving ¢, cancels with
the second term of (3.91). The computation of ¢, is based on this equation:

k S k
[ 202 5, Vb4 (8:04)(0F — en) 2
R2 (1+ M‘pr

dz =870,V (logh’)(8.01)(Qf —e1),

and by (3.51)

(6.1) Vlogh3(8Q1) — Viogh3(8er) = O(8) = o(e)-
The integration involving @4 provides the leading term. More detailed informa-
tion is the following: First for a global solution
et

Vi, =1o

mr TR (R pPY

of ,
8(N+1
AV p+ (;_)Iz\mevw =0, in R?

by differentiation with respect to 4 we have

8(N+1)2

A(aﬂvﬂp) + (;_) |Z‘2N6Vu‘p8uVu7p = 0, in Rz.

By the expression of V, , we see that

00 (Vi ) () = 0012,
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Thus we have
(6'2) /I’{Z a‘uVu7p’Z|2NeVﬂ1’
i
R R it
Rz (1+ %’ZNH —PJ2)3

2
e e /Rz A(dViip) =0.

From V), , we also have

/]Rz PV ply|?Ne'ir = /]Rz OpViply[PNe'vr =0,

which gives

(6.3)

o = i
P i Y <l -
R2 (1+%|ZN+1—P’2)3 2 (1+%|ZN+1—P’2)3

Now we need more precise expressions of ¢, ¢3 and B:

_ 4 1
¢ = (uh—p5)(1— E‘ZJF ~&z**)/B,

2
8 L o0, — Pk
- ° R - _Fk
03 DB e((2+2€kz )( e )
4
B=1+— 2e|?
+Dk|z+z |

From here we use scaling and cancellation to have

/ ﬂB_z = 0(£k)7
B

(0,2e.") My
which is based on (6.2) and

[ g
B(0,7e; ") My

which is based on (6.3). Thus (3.91) holds.
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