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INTERIOR BUBBLING SOLUTIONS FOR THE CRITICAL
LIN-NI-TAKAGI PROBLEM IN DIMENSION 3

MANUEL DEL PINO, MONICA MUSSO, CARLOS ROMAN, AND JUNCHENG WEI

ABSTRACT. We consider the problem of finding positive solutions of the prob-
lem Au — M + u® = 0 in a bounded, smooth domain  in R3, under zero
Neumann boundary conditions. Here A is a positive number. We analyze the
role of Green’s function of —A+ X in the presence of solutions exhibiting single
bubbling behavior at one point of the domain when X is regarded as a param-
eter. As a special case of our results, we find and characterize a positive value
A« such that if A — A* > 0 is sufficiently small, then this problem is solvable
by a solution uy which blows-up by bubbling at a certain interior point of
as Al Ax.

1. INTRODUCTION

Let Q be a bounded, smooth domain in R™. This paper deals with the boundary
value problem

Au—Adu+u? =0 in Q,

u>0 1in Q, (1.1)
ou
W 0 on 09.

where p > 1. A large literature has been devoted to this problem when 1 < p < Z—f%
for asymptotic values of the parameter \. A very interesting feature of this problem
is the presence of families of solutions uy with point concentration phenomena. This
means solutions that exhibit peaks of concentration around one or more points of

Q or 012, while being very small elsewhere. For 1 < p < Z—fg, solutions with this
feature around points of the boundary where first discovered by Lin, Ni and Takagi
in [19] as A — +o0. It is found in [19, 21, 23] that a mountain pass, or least energy

positive solution uy of Problem (1.1) for A — +o00 must look like
ux(z) ~ )\ﬁV(A%(:ﬂ —zy))
where V' is the unique positive radial solution to

AV -V +VP =0, lim V(y)=0 inRY (1.2)
ly|—o00

and z) € 9 approaches a point of maximum mean curvature of 9. See [8] for a
short proof of this fact. Higher energy solutions with this asymptotic profile near
one or several points of the boundary or the interior of €2 have been constructed and
analyzed in many works, see for instance [6, 9, 14, 17, 20] and their references. In
particular, solutions with any given number of interior and boundary concentration
points are known to exist as A — 4o00.
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The case of the critical exponent p = Z—J_rg is in fact quite different. In particular,
no positive solutions of (1.2) exist. In that situation solutions uy of (1.1) do exist
for sufficiently large values of A\ with concentration now in the form

_n=2

ur(@) ~ iy T U (! (& — 22) (13)

where 1y = 0(A~2) — 0 as A — +00. Here

n—2
2

U(x):an( 1 > . o= (n(n—2))" 7,

1+ [yl

is the standard bubble, which up to scalings and translations, is the unique positive
solution of the Yamabe equation

AU+U#2 =0 inRY. (1.4)

Solutions with boundary bubbling have been built and their dimension-dependent
bubbling rates py analyzed in various works, see [1, 2, 13, 15, 16, 22, 27, 28, 30]
and references therein. Boundary bubbling by small perturbations of the exponent
p above and below the critical exponent has been found in [11].

Unlike the subcritical range, for p = Z—f%

as A — +oo are harder to be found. They do not exist forn =3 orn > 7, [7, 24, 25],
and in all dimensions interior bubbling can only coexist with boundary bubbling

solutions with interior bubbling points

[25]. To be noticed is that the constant function uy := A7 T represents a trivial
solution to Problem (1.1). A compactness argument yields that this constant is the
unique solution of (1.1) for 1 < p < ng for all sufficiently small A, see [19]. The
Lin-Ni conjecture, raised in [18] is that this is also the case for p = Z—f%
turns out to be quite subtle. In [3, 4] it is found that radial nontrivial solutions for all
small A > 0 exist when (2 is a ball in dimensions n = 4, 5, 6, while no radial solutions
are present for small A for n = 3 or n > 7. For a general convex domain, the Lin-Ni
conjecture is true in dimension n = 3 [29, 31]. See [13] for the extension to the
mean convex case and related references. In [26] solutions with multiple interior
bubbling points when A — 07 were found when n = 5, in particular showing that
Lin-Ni’s conjecture fails in arbitrary domains in this dimension. This result is the
only example present in the literature of its type. The authors conjecture that a
similar result should be present for n = 4, 6.

. The issue

In the case n = 3 interior bubbling is not possible if A — +o00 or if A — 0T, for
instance in a convex domain. In this paper we will show a new phenomenon, which
is the presence of a solution uy with interior bubbling for values of A near a number
0 < A«(€) < 400 which can be explicitly characterized. Thus, in what remains of
this paper we consider the critical problem

Au—du+u®=0 inQ,

u>0 1in Q, (1.5)
% =0 on 9.

where Q2 C R? is smooth and bounded. We will prove the following result.
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Theorem 1. There exists a number 0 < A\, < 400 such that for all X > \* with
A — A sufficiently small, a nontrivial solution uy of Problem (1.5) exists, with an

asymptotic profile as A — A} of the form
fix 2 1
uy(z) =3 +0(pn3) inQ,
0=t () oud)
where puy = O\ — i) and the point xx € Q stays uniformly away from OS.

I

The number A, and the asymptotic location of the points z can be characterized
in the following way. For A > 0 we let G\ (z, y) be the Green function of the problem

ALG(z,y) — AGA(z,y) + 0y(z) =0 in Q
0G
W(m,y) =0 on N
(1.6)

so that, by definition
G)\(xay) = F(‘r7y) - HA(x,y)
and H,, the regular part of G, satisfies

where I'(z,y) = m
1
A Hy(z,y) — MNHy(2,y) — ———— =0 inQ 1.
Az, y) Az, y) y p— 0 in (1.7)
O0H) 0 1
—(z,y) = -———— o0
ov (2,9) v 4r|z — y| on
Let us consider the diagonal of the regular part (or Robin’s function)
ga(z) .= Hx(z,z), =z €. (1.8)

Then we have (see Lemma 2.2) gy(z) — —oo as & — 0Q. The number A,(€) in
(1.9)

Theorem 1 is characterized as
A« () :==inf{A > 0 / supgx(x) < 0}.
z€eQ

In addition, we have that the points x) € ) are such that
fim ga (@) = sup gy = 0. (1.10)

As we will see in §2, in the ball = B(0,1), the number A, is the unique number

A such that
A—1
VA exp (2VA) = 1,

VA+1
so that \* ~ 1.43923.
It is worthwhile to emphasize the connection between the number A, and the so

called Brezis-Nirenberg number 5\*((2) > 0 given as the least value A\ such that for
all \* < A < A; where Ay is the first Dirichlet eigenvalue of the Laplacian, there

exists a least energy solution of the 3d-Brezis-Nirenberg problem [5]

Au+u+u®=0 inQ,
(1.11)

uw>0 in £,
u=0 on of.

A parallel characterization of the number ), in terms of a Dirichlet Green’s function
] and its role in bubbling phenomena further explored in

has been established in [
]. It is important to remark that the topological nature of the solution we find is

[
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not that of a least energy, mountain pass type solution (which is actually just the
constant for small A). In fact the construction formally yields that its Morse index
is 4.

Our result can be depicted (also formally) in Figure 1 as a bifurcation diagram
from the branch of constant solutions u = u,. At least in the radial case, what our
result suggests is that the bifurcation branch which stems from the trivial solutions
at the value A = A\o/4, where Az is the first nonzero radial eigenvalue of —A under
zero Neumann boundary conditions in the unit ball, goes left and ends at A = ..
In dimensions n = 4,5, 6 the branch ends at A = 0 while for n > 7 it blows up to
the right.

el

FiGURE 1. Bifurcation diagram for solutions of Problem 1.1, p = Z—L

Theorem 1, with the additional properties will be found a consequence of a more
general result, Theorem 2 below, which concerns critical points with value zero for
the function gy, at a value Ao > 0. We state this result and find Theorem 1 as
a corollary in §2, as a consequence of general properties of the functions g,. The
remaining sections will be devoted to the proof of Theorem 2.

2. PROPERTIES OF g)x AND STATEMENT OF THE MAIN RESULT

Let g (z) be the function defined in (1.8). Our main result states that an interior
bubbling solution is present as A | Ao, whenever gy, has either a local minimum or
a nondegenerate critical point with value 0.
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Theorem 2. Let us assume that for a number Ay > 0, one of the following two
situations holds.
(a) There is an open subset D of ) such that

0 =supgy, > supgx, - (2.1)
D oD

(b) There is a point xg € Q such that gx,(z0) =0, Vg, (z0) =0 and D2gy,(zo)
is non-singular.

Then for all X > Ao sufficiently close to Ao there exists a solution uy of Problem
(1.1) of the form

: 3 €2,
= 3l/4 S o S— O(p3 EPNELISEY 0 2.2

U,A(Z') /1%\ + |£L'—.’E)\‘2 + (:u)\)’ ,LLX 'Y )\ > ( )
for some v > 0. Here xx € D in case (a) holds and x5 — xq if (b) holds. Besides,
for certain positive numbers o, 8 we have that

a(A = o) < ga(za) < B(A = o) (2.3)

Of course, a natural question is whether or not values A\g with the above char-
acteristic do exist. We shall prove that the number A, given by (1.9) is indeed
positive and finite, and that Ag = A, satisfies (2.1). That indeed proves Theorem 1
as a corollary of Theorem 2.

Implicit in condition (b) is the fact that gy,(z) is a smooth function and in
inequality (2.3) the fact that gy increases with \. We have the validity of the
following result.

In this section we establish some properties of the function g (z) defined in (1.8).
We begin by proving that g(z) is a smooth function, which is strictly increasing
in A

Lemma 2.1. The function gy is of class C*°(Q)). Furthermore, the function 68% 18

well defined, smooth and strictly positive in §). Its derivatives depend continuously
on A.

Proof. We will show that gy € C¥, for any k. Fix x € Q. Let hy  be the function
defined in © x §2 by the relation

Hy(z,y) = Bilz —y| + hia(z,y),

where 81 = —8%. Then h; ) satisfies the boundary value problem
—Ayhl)\ + )\hl’,\ = —)\ﬁ1|x — y| in Q,
dhl,glfx,y) — 8F(gy—y) - B a\gzyl on 9.

Elliptic regularity then yields that hy x(z,-) € C?(). Its derivatives are clearly
continuous as functions of the joint variable. Let us observe that the function
Hy(z,y) is symmetric, thus so is k1, and then hy »(-,y) is also of class C? with
derivatives jointly continuous. It follows that hq x(z,y) is a function of class C?(Q x
Q). Tterating this procedure, we get that, for any k

k

H)\(.’E,y) = ZB]'x - y|2j_1 + hk,)\(xay)
j=1
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with 8,11 = —AB;/((2j + 1)(25 + 2)) and hy » solution of the boundary value
problem
—Ayhk)\ + )\hk’)\ = —)\ﬂk|l‘ — y|2k—1 in €,
x xr— z—y|? !
bagled) Wl 40 00

We may remark that —Ayhgy1x + Ahgy = 0 in Q. Elliptic regularity then yields
that hyy, is a function of class C*+1(Q x Q). Let us observe now that by definition
of gx we have gx(x) = hy x(x, ), and this concludes the proof of the first part of
the lemma.

For a fixed given = € Q, consider now the unique solution F'(y) of

F
—AF+AF=G(z,y) yeq, a—yzO y € 0fd.

0

Elliptic regularity yields that F is at least of class C%®. A convergence argument
shows that actually F(y) = aahgf (z,y). Since A > 0 and G is positive in {2, using
F_ as a test function we get that F_ = 0 in 2, thus F' > 0. Hence, in particular
%L/\A(x) = F(z) > 0. Arguing as before, this function turns out to be smooth
in x. The resulting expansions easily provide the continuous dependence in A of its

derivatives in the z-variable.

([l
Lemma 2.2. For each fized A > 0 we have that
gn(x) = —o0, as x — N (2.4)
We define
M) = sup gx(z).
e
Then
My — —o0 as A — 0T, (2.5)
and
My>0 as A— 4. (2.6)

Proof. We prove first (2.4). Let z € 2 be such that d := dist(x, 0) is small. Then
there exists a unique T € 9 so that d = |z — Z|. It is not restrictive to assume that
T = 0 and that the outer normal at Z to 92 points toward the x3-direction. Let
x* be the reflexion point, namely z* = (0,0, —d) and consider H*(y,x) = m.
The function y — H*(y,x) solves

dp or

—Ayp+Xp=A'(y—z"), yeQ, W E(y—xL y € 0.

Observe now that

I'(y—a") = =
Amlz —y| 4w | |y —afly — 2| drlx — y|

with O(1) uniformly bounded, as d — 0, for y € 9Q. This gives that Hy(y,z) =
—H*(y,z) + O(1), as d — 0. Thus

1 1 [ly—=|-|y—a7| 1

+0(1),

1

Hy(@.2) = = i on)

+ O(1),
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as d — 0. So we conclude the validity of (2.4).
Next we prove (2.5) and (2 6)

Proof of (2.5). Let p(x) := iy [y, Ha(z,y) dy. Observe that
p(z) |Q|/ y)dy + ——= ] / AH) (z,y)dy =
] / v dy + >\|lQ| - aa}ﬁ do(y) =
Q|/ dy+A|lm - gl;( —y)do(y) = — AIQI + po(z)

where a is a positive constant and pp(x) is a bounded function. Define now Hy(z,y)
to be the bounded solution to

fAHO:%', %:%(x—y) y € 00, /QHO:O.
We write
Hy(z,y) = A|Q| +po(a) +Ho(,y) + H(z,y). (2.7)
=p(z)
By definition, H solves
—AH + MH = \[[(z — y) — Ho(z,y) + po(z)], %—Ij =0 on 09, /QI;T =0.

Thus we have that H = O(1), as A — 0. Taking this into account, from decompo-
sition (2.7) we conclude that

rarjl&}l{g,\( x) :?G%HA(QU’JJ"K m—!—O( ) — —00, as A — 0.

This proves (2.5).

Proof of (2.6).  Assume, by contradiction, that for some sequence A, — o0, as
n — oo, one has maxzeq g, (z) < —1. Fix 29 € Q, so that dist (z,00) =
maxgcq dist(x, 0§2). Thus we have that —Ay Hy, (y,z9) — 00, as n — co. But on

the other hand, a direct application of divergence theorem gives

or

[ ot ) dy=— [ S~ y)doty).
Q a0 oV

The left side of the above identity converges to co as n — oo, while the right and
side is bounded. Thus we reach a contradiction, and (2.6) is proved.
O

The above considerations yield Theorem 1 as a consequence of Theorem 2.

Corollary 2.1. The number A\, given by (1.9) is well-defined and 0 < A, < +o0.
Besides, the statement of Theorem 1 holds true.
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Proof. From Lemma 2.1, and relations (2.5) and (2.6), we deduce that the number
A, is finite and positive. Besides, by its definition and the continuity of gy, it clearly
follows that

sup ga. (z) =0
zEQ
and that there is an open set D with compact closure inside €2 such that
sup gx, <supgy, =0.
oD D
Hence, Theorem 1 follows from Theorem 2. O
As it was stated in the introduction, the number A*(€2) can be explicitly com-

puted in the case Q = B(0,1) as the following Lemma shows.
Lemma 2.3. Let Q = B(0,1). The number \* defined in (1.9) is the unique

solution of the equation
VA—1
exp (2VA) = 1,
VA+1 P(2v3)

so that \* ~ 1.43923.

Proof. The minimizer of Hy(z,z) is attained at x = 0. We compute the value
H,(0,0) for A > 0. The function G(0,y) is radially symmetric and it satisfies the
equation

—Aka—ﬁ-)\G,\:(So yEB(O,l), 8TGA(O,y):0 yeaB(O,l). (2.8)
Letting r = |y|, we have

Gr(0,y) = —— |3 4 QSmh(*ﬂ) . (2.9)

47y 14+ Y2 f+1 exp (2v\)

Indeed, @ and ef\fr are radial solutions to A¢+ A¢ = 0 for |y| > 0. If we define

A
Galr) = e + QI\\;H ’

where A is a constant, then 9,G4 = 0 on dB(0,1). Since limy_,o [y|GA(0,y) = ﬁ,
if we choose

1 1
T ir VA-1
1+ f+1 exp (2v/))
then G4, satisfies (2.8). By uniqueness G4, = G»(0,y), and we get (2.9). Thus

1 o 2sinh(v/Ar
H,\(an)zﬁ (1—e V27— SL )\f
1—|—f+1exp(2 A)
and
2v/A

1

g>\(0) = H,\(0,0) = — \5—
4 V-1

0 1+ a1 &P 2v/\




INTERIOR BUBBLING SOLUTIONS FOR THE CRITICAL LIN-NI-TAKAGI PROBLEM 9

We deduce that A* is the unique value such that gy (0) = 0, therefore A* satisfies

\\/f;\;i exp (2V) = 1.

Then A\* ~ 1.43923. ]

The rest of this paper will be devoted to the proof of Theorem 2. The proof
consists of the construction of a suitable first approximation of a bubbling solution
for A slightly above A\yg. The problem is then reduced, via a finite dimensional
variational reduction procedure, to one in which the variables are the location of
the bubbling point and the corresponding scaling parameter. That problem can be
solved thanks to the assumptions made. We carry out this procedure in Sections
§3-87.

The rest of this work will be devoted to the proof of Theorem 2. In Section 3 we
define an approximate solution U ,, for any given point ¢ € {2, and any positive
number p, and we compute its energy E(Ug,,.), where

1 A 1
@ =g [ (VuP+5 [P =g [ (2.10)

In Section 4 we establish that in the situation of Theorem 2 there are critical points
of Ex(U,) which persist under properly small perturbations of the functional.
Observe now that, for € > 0, if we consider the transformation

o) = 0 (5)

then v solves the problem

_ 2y, _ .5 _ .
{ Av + &2\ gv 0 v>0 in Q. (2.11)
S = 0 on 09,

where . = e71Q. We will look for a solution of (2.11) of the form v = V + ¢,

where V' is defined as U¢ ,(z) = EI%V (f), and ¢ is a smaller perturtation. In

Section 5 we discuss a linear problem that will be useful to find the perturbation
¢. This is done in Section 6. We conclude our construction in the final argument,
in Section 7.

3. ENERGY EXPANSION
We fix a point ¢ € © and a positive number u. We denote in what follows

1/4 M1/2

vl =3 =P

which correspond to all positive solutions of the problem
—Aw —w® =0, inR3.

We define 7¢ ,(x) to be the unique solution of the problem

_AWCJJ«—’_)‘WC,H = _)‘wC’H iIlQ,
onch  _  _Owch o g0, 3-1)

We consider as a first approximation of the solution of (1.1) one of the form

U = we,p + g e (3.2)
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Observe that U, satisfies the problem

*AUC ut )‘UC v = w? " in €,
’ ’ ’ 3.3
{ 8%# =0 on Of). (3:3)

Let us also observe that
[ wbu=cu (o), asp—o,
Q

5
Weop

which implies that Twt- 0, as p1 — 0, uniformly on compacts subsets of Q\ {¢}.

It follows that on ea%h Cf)? this subsets
Ueule) = [ 08,) 60,0 = 2 (1 00) Gr(0) (30)

where G (z, () denotes the Green’s function defined in (1.6).
Using the transformation U ,(z) = ﬁv (%) we see that V solves the problem
—AV + 2V — wg, w = 0 inQ
Vo ) ondQ.,

ov
11/2

where wer v (2) = 31/4\/ﬁ and (' =71, @ =e .

The following lemma establishes the relationship between the functions ¢ ,(x)
and the regular part of the Green’s function G (¢, z). Let us consider the (unique)
radial solution Dy(z) of the problem in entire space,

_ _ 1/4 R U
ADy, = A3 L/W Z} in R?,
Dy — 0 as |z| — oo.

Dy(z) is a CO! function with Dy(2) ~ |z|~log |z, as |z| — oo.

Lemma 3.1. For any o > 0 we have the validity of the following expansion as
uw—0
— L= C —o
() = AN G) — Do (T ) B (39)

where for j =0,1,2, i = 0,11+ 7 < 2, the function ,uj%H(C,u,x) is bounded
uniformly on x € Q, all small p and C, in compacts subsets of . We recall that
H), is the function defined in (1.7).

Proof. Let us set Dy (z) = uDo(u~t(z — ()), so that D; satisfies

—-AD; = )\[[;Fl/zwgy#(x) —4m3/A0(z — Q)] z e,
P~ pPlogp on 99, as u — 0.

Let us write S1(z) = pu~/2n¢ ,(z) + 473V Hy (¢, ) + D; (). With the notation of
Lemma 3.1, this means

Sl(x) = M2709(M’ Cv l’)
Observe that for x € 99, as u — 0,

V(™ Pwg (@) + 473 T (@ = Q) - v ~ p?|le — (|77
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Using the above equations we find that S; satisfies

{ —AS1+ A5 = Dy r €,

% = O(p®logp) on Q. (36)

Observe that, for any p > 3,

/ D1 (2)|Pd < Hp+3/ Do (x)["dz,
Q R3

so that || Dy z» < Cpu'™3/P. Elliptic estimates applied to problem (3.6) yield that,
for any o > 0, ||S1|lcc = O(1?>~9) uniformly on ¢ in compacts subsets of Q. This
yields the assertion of the lemma for i, j = 0.

We consider now the quantity So = 0¢S1. Observe that So satisfies

—ASy + Sy = )\8(1)1 x €1,
9% = O(Plogp) on 9.

Observe that 0:D1(z) = =V Dy (%), so that for any p > 3,

| ocDu@)rds < [ [9Dya)Pds
Q R3

We conclude that ||Ss]|cc = O(u?~9), for any o > 0. This gives the proof of the
lemma for i =1, j = 0. Now we consider S3 = (109,,51. Then

—AS3+\S3 = /\;@MDI x € Q,
% = O(plogp) on 08,

Observe that

01 () = Do~ Do) (24
where Dy(z2) = VDO(Z) - z. Thus, similarly as the estimate for S; itself we obtain
[1S5]|0c = O(u?=9), for any o > 0. This yields the assertion of the lemma for i = 0,
j = 1. The proof of the remaining estimates comes after applying again ud,, to the
equations obtained for Sy and S3 above, and the desired result comes after exactly
the same arguments. This concludes the proof. O

Classical solutions to (1.1) correspond to critical points of the energy functional
(2.10). If there was a solution very close to U= ,» for a certain pair (¢*, 1*), then we
would formally expect E) to be nearly stationary with respect to variations of ({, i)
on Ug,, around this point. It seems important to understand critical points of the
functional (¢, p) — EA(Uc,,). In the following lemma we find explicit asymptotic
expressions for this functional.

Lemma 3.2. For any o >0, as p — 0, the following expansion holds
EA(Ucu) = ao + a1pga () — azp®X — azp®g3 () + ,ﬁ—“e(g, p o (37

where for j = 0,1,2, i = 0,1, i +j < 2, the function p =2 VIGE T 8 =0(C, 1) is bounded
uniformly on all small p and ¢ in compact subsets of Q). The a;’s are explicit positive
constants, given by relation (3.11) bellow.
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Proof. Observe that
E\x(U¢y) =141+ 1141V +V 4+ VI,

where
lv 2 Lo M= | (Vwe, Ve, —
B |Vwe 6“’(,# ) = Q( We,p* VTC,p wg,;ﬂrcﬁu)v
1
Hl—g/ (Ve ul? + Xwe o + 7 u)me ] s
A 5
IV = 5/(“}4,;1"'”(’#)1”(,#’ V= _5/ wéﬂ?w
Q Q
1
VI = _6/9 [(wC,u + ”C’#)G - wg,u - ng,uﬂ-ﬁau - 15wg,uﬂ-g7u] .

Multiplying equation —Aw¢ , = wzu by w¢, and integrating by parts in Q we

obtain
1 8w< 1
I=- oK - 6
2/3Q oy Went 3/9“’47“

1 Owe 1/ 6 1/ 6
_2/39 ov wC7M+3 R3 Yo 3 RS\QwC’H.

Now, testing the same equation against m¢ ,, we find

8w< 871’(
II :/ L —/ e
90 8V GH 50 81/ GoH

where we have used the fact that ¢, solves problem (3.1). Testing the equation
—Ame, + Ame = —Awe,, against ¢, and integrating by parts in €2, we get

1 .
Il = = / %WC L
2 850 aV ’

Testing equation —Aw¢ , = wg”ﬂ against U¢, = w¢,, + m¢, and integrating by
parts twice, we obtain

1 (97'(4 1 8w< 1
Iv== sH = M _ 7/ 5 .
2 90 (‘31/ T, 2 ~/89 aV wCHU‘ 2 QwC,}LTrC#‘

From the mean value formula, we get

1
VI = —10/ ds(1—s)? / (we,p + s7¢ ) -
0 Q

Adding up the previous expressions we get so far

1 1 )
EX(UC»M) = g /IR3 w?,u - i/ﬂwg,;ﬂ%u - 5/91021,;;72,“ + R, (38)

where

1 1
Ry = —g/ wgu — 10/ ds(1— 5)2 / (we,p + 57TC7N)37T§”M. (3.9)
R3\Q 0 Q

We will expand the second integral term of expression (3.8). Using the change of
variable z = ¢ + pz and calling 2, = = 1(Q — ¢), we find that

A = /nguﬂc,uda::,u/ wél(z)u_lm”gu(c-i-uz)dz

I
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From Lemma 3.1, we have the expansion

PP e W (C+ pz) = =43V HL(C + pz, ¢) — pDo(2) + 1~ 70(C, 1, € + pz).

According to Lemma 2.1,

A
Hx(C+ pz,¢) = ga(€) — gu\ZI +O((, ¢ + pz),

where © is a function of class C? with ©((,¢) = 0. Using this fact , we obtain

31/4
Ay = =53 ©) [ a2 [ s [ Pote) - el a4 %
R3 R3
with
Ro =i [ wha(IOCC+ 1) + 120G, pnC -+ )l (3.10)
i 31/4
i [ b [P - oAl s a3 s (@) [ s
BS\Q, 2 R\Q,

Let us recall that —ADy = 31/4\ [\/lei - |le] , so that,

—/ U}alDo(z) = AU}()JDQ(Z)
R3 R3

1 1

= w ADz:31/4)\/w ey
/RB 0,1AD0(2) o 0L H 1o

Combining the above relations we get

Ay == a3 g Q) [ k()

1 1 1
24yq91/4 P
— A3 / wo.1(z — — —wy 1|z
Hn s [ 0,1( )< Tt \z|2 |z|> 9 0,1| |

: _ 4 2
Let us consider now Ay = fQ we , TE ‘We have

dZ +R2

v =p [ w1272, (C+ uz)ds

2
:MQ/ wg 1 (2) [—47r31/4H>\(C + pz,¢) — uDo(2) + 1> ~70(C, 1, ¢ + ,uz)} dz,
Qﬂ
which we expand as

Ap = H2g§(<)16ﬂ231/2/ wy,1 + Ra.
R3
Combining relation (3.8) with the above expressions, we get so far

1 5
Ex(U¢,p) = ao + a1puga(Q) — aoAp® — azp®g3(¢) + R — ;R2 = 5Rs,
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1
ap :g wgJ, a; = 2r3t/4 wgvl, asg = 407231/2 wé,l
R3 R3 R3

3L/4 () 1 1 N 1 e
a9 =—— w, z —_— Y — W, z Z.
2 2 s 0,1 |Z| /71 T |Z‘2 2 0,1

An explicit computation shows that
1
ap = 1\/57727 a1 = 8V31%, ay =372, az = 120V37% (3.11)

Finally, we want to establish the estimate ;i %Rl = O(u379), for each j =
0,1,2, i =0,1,i4+j5 < 2,1 =1,2,3, uniformly on all small 4 and ¢ in compact
subsets of 2. Arguing as in the proof of Lemma 2.1 in [11] we get the validity of
the previous estimates. This concludes the proof. O

4. CRITICAL SINGLE-BUBBLING

The purpose of this section is to establish that in the situation of Theorem 2 there
are critical points of E(U,,¢) which persist under properly small perturbations of
the functional. As we shall rigorously establish later, this analysis does provide
critical points of the full functional Ey, namely solutions of (1.1), close to a single
bubble of the form U, ¢.

Let us suppose the situation (a) of local maximizer:
0 = sup ga, (z) > sup gx, ().
z€ z€d

Then for A close to A\g, A > Ag, we have
supga(z) > AA—Xg), A>0.
xTE

Let us consider the shrinking set
A
Dy = {y €: galz) > 5(/\ - /\0)} .

Assume A\ > )g is sufficiently close to g so that gy = g()\ — o) on 9D,

Now, let us consider the situation of Part (b). Since gx(¢) has a non-degenerate
critical point at A = A\g and ( = (p, this is also the case at a certain critical point
¢y for all X close to Ag where |(y — (o] = O(A — Ap).

Besides, for some intermediate point (j,

gr () = ga(Co) + Dga(Cr) (G — o) = A(X = Xo) + (A — Ao)
for a certain A > 0. Let us consider the ball B;‘ with center ¢y and radius p (A— o)
for fixed and small p > 0. Then we have that g\(¢) > 4 (A — Ag) for all ¢ € B;‘. In
this situation we set Dy = B;}.

It is convenient to make the following relabeling of the parameter p. Let us set

_ a1 9(Q)

o 2@2 A
where ( € D, and ay, a2 are the constants introduced in (3.7). We have the
following result.

A, (4.1)
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Lemma 4.1. Assume the validity of one of the conditions (a) or (b) of Theorem
2, and consider a functional of the form

(A, Q) = Ex(Upc) + 92(O)? 01 (A, ) (4.2)
where p is given by (4.1) and
|0x] + VO] + |VOAON| = 0, as Al Ao (4.3)

uniformly on ¢ € Dy and A € (6,67%). Then 1y has a critical point (Ay,(y) with
(r €Dy, Ay — 1.

Proof. Using the expansion for the energy with p given by (4.1) we find now that

a2 2
A, €) = BA(Uc)+97(€)? 0a(A ©) = a0t & 28 = A%]+9:(0)* 62(A, Q)
(4.4)

where 6, satisfies property (4.3). Observe then that dyvy = 0 if and only if
A =1+0(1)6a(A.C). (4.5)

where 6, is bounded in C'-sense, as A | Ag. This implies the existence of a unique
solution close to 1 of this equation, A = A\(¢) = 1 + o(1) with o(1) small in C*
sense, as A | A\g. Thus we get a critical point of ¥ if we have one of

PA(C) = Ua(Ar(Q),€) = a0 + cga(¢)? [L + o(1)] (4.6)

with o(1) — 0 as A | \g in C'-sense and ¢ > 0. In the case of Part (a), i.e. of the
maximizer, it is clear that we get a local maximum in the region D) and therefore
a critical point.

Let us consider the case (b). With the same definition for py as above, we have

UpA(Q) = 2690(0) [Vn +0(1) 2] (4.7)

Consider a point ( € 9Dy = 632‘. Then [Vgx(¢)| = |D?gx(2)(¢—C\)| = ap(A— o),
for some o > 0, when X is close to Ag. We also have g)(¢) = O(A — \g), as A Ao.
We conclude that for all ¢ € (0,1), the function Vgy +to(1) g does not have zeros
on the boundary of this ball, provided that A — Ag is small. In conclusion, its degree
on the ball is constant along ¢. Since for ¢ = 0 is not zero, thanks to non-degeneracy
of the critical point (), we conclude the existence of a zero of Vpy(¢) inside Dj.
This concludes the proof. [

5. THE LINEAR PROBLEM

Hereafter we will look for a solution of (2.11) of the form v =V + ¢, so that ¢

solves the problem
L(¢) N(¢)+E in (.,
% = 0 on 0.,

(5.1)

where
L(¢) = —A¢+e*Ap =5V, N(¢)=(V+¢)°—V>=5Vi, E=V°"—uwl ,.
Here V is defined as Uc ,(z) = 511/2V (f), where U, is given by (3.2), while

('=¢e"1¢,and ' = p.
Let us recall that the only bounded solutions of the linear problem

AZ + 5’(1/21/7#/2 = 07 in RS
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are given by linear combinations of the functions

aw/ ’ . aU}/ ’
a@) = =5 @) 1=1,23, (@) = =2 ().

In fact, the functions z;, i = 1,2, 3,4 span the space of all bounded functions of the
kernel of L in the case e = 0. Observe also that

/ zjzp = 0,if j # k.
R3

Rather than solving (5.1) directly, we will look for a solution of the following
problem first: Find a function ¢ such that for certain numbers c;,

L(¢) = N(¢) + E + 2?21 ciwg,,“/zi n QE,
o= on 0., (5.2)
Jo, werzie = 0 for i =1,2,3,4.

We next study the linear part of the problem (5.2). Given a function h, we consider
the linear problem of finding ¢ and numbers ¢;, i = 1,2, 3,4 such that

L(¢) = h+ Yo, el iz inQ,
2 =0 on 0€),, (5.3)
Jo, Wi pmd = 0 for i =1,2,3,4.

Given a fixed number 0 < o < 1 we define the following norms
£l == sup (L+ |z = )@, [1Fllee = sup (1+ |z — [PF9)|f(2)].
€N, rE€Q,
Proposition 5.1. There exist positive numbers dg, €9, g, Bo and a constant C > 0
such that if
0
dist(¢’, 00) > ;0 and oy < p' < By, (5.4)

then for any h € C%(Q.) with ||h||«« < oo and for all e < &g, problem (5.3) admits
a unique solution ¢ = T'(h) € C**(€).). Besides,

[T ()« < Clihllw  and  [ci] < Cllhflar, i =1,2,3,4. (5.5)
For the proof of Proposition 5.1 we will need the next

Lemma 5.1. Assume the ezistence of a sequences (fi),)neN, (¢, )neN, (En)nen such
that g < pil, < Bo, dist(C,00.) > 22, ¢, — 0 and for certain functions ¢, and

en’

hy, with ||hn /s — 0 and scalars ¢, i = 1,2, 3,4, one has

4 .
L(¢n) = hn+i c?wawlz? in Qe ,
% = O on aQEna
fﬂsn wi’%z{‘(bn = 0 fori=1,2,3,4
where
2 =0y we 1= 1,23, 2 = Op,wey g,
then

lim [én[l. =0
n— 00
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Proof. By contradiction, we may assume that ||¢, ||« = 1. We will proof first the
weaker assertion that

lim ||¢nlec = 0.

n—oo
Also, by contradiction, we may assume up to a subsequence that lim, . ||¢n|lcc =
v, where 0 < v < 1. Let us see that

lim ¢ =0,7=1,2,3,4.

n—roo

Up to subsequence, we can suppose that p!, — p/, where ag < p/ < fy. Testing the
above equation against z]”(x) and integrating by parts twice we get the relation

0zl
Lz’-’gbn—k/ —ngﬁn:/ hpn2i + / w, /z
/an (J) 09., v Q. Z Cro

Observe that

Q oq. OV Q

En En €n

< Cllhnll« + o(1)]|dnlls,

Hence as n — oo, ¢ =+ 0,7=1,2,3,4.
Let z,, € ., be such that sup,cq_ @n(2) = ¢n(zs), so that ¢, maximizes at
this point. We claim that there exists R > 0 such that

|z, — (| <R, Vn eN.

This fact follows immediately from the assumption |[¢, . = 1. We define fn(z) =
é(x + ¢!)) Hence, up to subsequence, ¢, converges uniformly over compacts of R3
to a nontrivial bounded solution of

~A¢—5w) ¢ = 0 inR3
Jrawi pzi¢ = 0 fori=1,2,34

where z; is defined in terms of ' and ¢/ = 0. Then ¢ = Z _, @;zi(x). From the
orthogonality conditions fRs woyﬂ,zlqﬁ =0,:=1,2,3,4, we deduce that a; =0, ¢ =
1,2,3,4. This implies that ¢ = 0, which is a contradiction with the hypothesis
limy, 00 [|n]|oc = > 0.

Now we prove the stronger result: lim, o |[|[¢,||« = 0. Let us observe that ¢,

is a bounded sequence, so (,, — (, as n — oo, up to subsequence. Let R > 0 be
a fixed number. Without loss of generality we can assume that |, — (| < R/2,

for all n € N and B((,R) C Q. We define 1, (z) = % ¢, (;7) , ¢ €  (here we

suppose without loss of generality that p, > 0, Vn € N). From the assumption
lim, o ||¢n ||« = 1 we deduce that

()] < ﬁ for @ € B(C, R).

Also, 1, (x) solves the problem

{—AwnHwn = e S U, )+ o+ S, 2wd | ZP} in @

% = 0 on 0,
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where g, (z) = hy, (EL) and Z"(z) = 2! (Ei) Since limy, o0 ||An ||+« = 0, we know
that
€2+a

n(2)] <ol n , for xz € Q.

Also, by (3.4), we see that

(/2 Ugu i (2))* = Cef (1 + 0(1))G (2, Cn) (5.6)
away from (,. It’s easy to see that ¢, Zle C?wé“un Z; = o(1) as €, — 0, away

from (,. We conclude (by a diagonal convergence method) that ., (x) converges
uniformly over compacts of 2\ {¢} to ¥ (z), a bounded solution of
o

—AY+Xp=0 inQ\{¢}, 87:0’ on 0f2,

such that |¢(z)| < ﬁ in B(¢,R). So ¢ has a removable singularity at ¢, and

we conclude that 1(z) = 0. This implies that over compacts of Q\ {¢}, we have
|hn(@)| = o(1)ey,.

In particular, we conclude that for all x € Q\ B(¢,, R/2) we have |1, (z)| < o(1)eZ,
which traduces into the following for ¢,

|on ()] < o(1)e7, for all x € Q. \ B({),, R/2¢). (5.7)

Consider a fixed number M, such that M < R/2e,, for all n. Observe that ||¢,]|cc =
o(1), so

(14 |2]7)|¢n(z)| < 0(1), for all z € B(, M). (5.8)
We claim that
(1+ |2]|7)|¢n(z)] < o(1), for all z € A, wr, (5.9)

where A, v = B(C,, R/2¢,,) \ B(!,, M). This assertion follows from the fact that
the operator L satisfies the weak maximum principle in A., s (choosing a larger
M and a subsequence if necessary): If u satisfies L(u) < 0 in A, p and u < 0 in
0Ac, m, then u < 0 in A, 5. This result is just a consequence of the fact that
L(lx —¢,|77) > 0in A, a, if M is larger enough but independent of n.

We now prove (5.9) with the use of a suitable barrier. Observe that from (5.7)
we deduce the existence of n} — 0, as n — 0 such that &, |¢, ()| < n}, for all x
such that |z| = R/2e,. From (5.8) we deduce the existence of n2 — 0, as n — o
such that M?|¢,(z)| < n2, for all x such that |z| = M. Also, there exists 75 — 0,
as m — 0o such that

|+ G L(¢n)] <y in Ac,

We define the barrier function ¢, (z) = nnm, with 7, = max{n:,n2,n3}.
Observe that L(p,) = o(1 —a)nnW + (62/\—5‘/4)77"@. It’s not hard to
see that |L(¢n)| < CL(py) in Ay, ar and [¢n ()] < Cpp, in AL, ar, where C'is a
constant independent of n. From the weak maximum principle we deduce (5.9) and
the fact ||¢nllcc = o(1). From (5.7), (5.8), (5.9), and ||¢n|lcc = 0(1) we conclude
that ||¢n, ||« = o(1) which is a contradiction with the assumption ||¢,|. = 1. The
proof of Lemma (5.1) is completed. O
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Proof of proposition 5.1. Let us consider the space
H = {¢> € H(Q) / W ez =0, 0= 1,2,3,4.}
Q

endowed with the inner product, [¢, 9] = fQE VoV + €2\ fQE ¢. Problem (5.3)
expressed in the weak form is equivalent to that of finding ¢ € H such that
4
5V4ip + h+ Z ciwé,)#/zi

6.1 [ E >

The a priori estimate || T(h)||« < C|h|l« implies that for h = 0 the only solution
is 0. With the aid of Riesz’s representation theorem, this equation gets rewritten
in H in operational form as one in which Fredholm’s alternative is applicable, and
its unique solvability thus follows. Besides, it is easy to conclude (5.5) from an
application of Lemma (5.1). O

v, for all ¥ € H.

It is important, for later purposes, to understand the differentiability of the
operator T : h — ¢, with respect to the variables u’ and ¢/, for a fixed ¢ (we only
let 11 and ¢ to vary). We have the following result

Proposition 5.2. Under the conditions of Proposition 5.1, the map T is of class
C' and the derivative Ve wOuwT exists and is a continuous function. Besides, we
have

Ve w TR + IV 8 T (R) [« 4 < Cllh]|es-
Proof. Let us consider differentiation with respect to the variable ¢, k = 1,2, 3.
For notational simplicity we write % = 8%. Let us set, still formally, X = 84;9 0.
Observe that X}, satisfies the following equation

4 4
L(Xy) =50 (V)¢ + > diw ez + > cid (wh z), in Q.

i=1 i=1
Here df = BC,Q ¢, 1 = 1,2,3. Besides, from differentiating the orthogonality condi-
tions fQ wé,wzi =0,1=1,2,3,4, we further obtain the relations

/;2 _kag/“u‘/zi = _/;Z ¢a<]/c (wg/’#/zi)7 7, = 172,3,4.

€

Let us consider constants b;, ¢ = 1,2, 3,4, such that

4
/ (Xk - sz> wh ez =0, j=1,2,34.
Q.

i=1
These relations amount to

4
Zbl/ Wer u Zi2j = / d)a%(wg/#/,%’j), j = 1,2,3,4.
i=1 Q. Q

€

Since this system is diagonal dominant with uniformly bounded coefficients, we see
that it is uniquely solvable and that

bi = O(ll¢]+)

uniformly on ¢’, ¢/ in the considered region. Also, it is not hard to see that
190¢, (V)| < Cli -
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From Proposition (5.5), we conclude
4

> aide (wl )

i=1

We set X = X}, — 2?21 b;z;, so X satisfies

< s

Kok

4
LX) =f+) bFwg pz, inQ,
i=1

where
4

4
F=50 (VYD biLl(z) + > cibor (W p2i)
i=1 i=1
Observe that also,

/Xwg,ﬁu,zi:O, i=1,2,3 4.
QE

This computation is not just formal. Indeed, one gets, as arguing directly by
definition shows,

4
O o= bizi +T(f), and [dg &lls < Cl[]a-
=1

The corresponding result for differentiation with respect to p’ follows similarly.
This concludes the proof. (I

6. THE NONLINEAR PROBLEM

We recall that our goal is to solve the problem (5.1). Rather than doing so
directly, we shall solve first the intermediate nonlinear problem (5.2) using the
theory developed in the previous section. We have the next result

Lemma 6.1. Under the assumptions of Proposition 5.1, there exist numbers e, > 0,
Cy > 0, such that for all € € (0,e1) problem (5.2) has a unique solution ¢ which
satisfies

o]l < Che.

Proof. First we assume that p and ¢ are such that ||E|l.. < 1. In terms of the
operator T defined in Proposition (5.1), problem (5.2) becomes
¢=T(N(¢) + E) = A($).

For a given v > 0, let us consider the region F, := {¢ € C(Q)||6]+ < V|| B}
From Proposition (5.1), we get

[A@)l+ < CTUN(D)lex + [ Els] -
The definition of N immediately yields || N ().« < Col|¢||?. It is also easily checked
that N satisfies, for ¢1, 92 € F,

IN(#1) = N(¢2)[lx < Coyl|Ellxlldr — |-

Hence for a constant C; depending on Cy, C, we get
[A@)lx < Cr [VIIE[ex + 1] | Bl [ A(G1) = A(2) [l < CLYIIE sl 1 — o]l

Choosing v = C;, €1 = we conclude that A is a contraction mapping of F,,

1
202>
and therefore a unique fixed point of A exists in this region.
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Assume now that ' and ¢’ satisfy conditions (5.4). Recall that the error intro-
duced by our first approximation is

E= V5 - wg’,;ﬂ = (wkb',f’ (y) + \/57T(€y))5 - wg’,u’(y)7 Yy e QE'
Using several times estimate (3.5), we get

#/2

Hg(u’2 +ly— 2)2 ) =0(e),

as € — 0. This concludes the proof of the Lemma. ([

1E]l. = O (| Ver(eghwer o () ) = O <

k%

We shall next analyze the differentiability of the map (¢, u') — ¢.
We start computing the || - ||..-norm of the partial derivatives of E with respect
to u' and ¢’. Observe that

1 ly=dP—p"
2 (g — P+ p?)E
We derive F with respect to ¢’ and deduce

3
10 Bl = O (|Vem(g)wl 0 Burtver o) + O (\|52wg,1”,aﬂ(sy)||**)

O(ng’(lyﬁ’lzu/z) )+0( 2 >

J
(W2 + 1y — )3 (W2 + 1y —?)?
=0(), as e—0.
Tloy _
Vidly = ¢ ~, fori=123.
(W2 +ly =)

We derive E with respect to ¢/ and deduce for i = 1,2, 3

3
106, Bllex = O (I Ver(ey)ud wdgwersollee) + O (It 0. m(ey)llne)
120, _ !
o(lreiaml.) ol )

W2+ ly = C)°
Moreover, a similar computation shows that

=0(), as e—0.
Ve wOuEllss < O(), as e—0.

O wer =

o

3

Note that

|0¢;wer | =

Nl2

(T 1y = OPP

3
£2

Collecting all the previous computations we conclude there exists a positive constant
C > 0 such that

VElles + 1V 0 Elle + 1V 8y Bl < Ce.

Concerning the differentiability of the function ¢(¢’'), let us write
Az, 9) = ¢ = T(N(p) + E).

Observe that A(¢’,¢) = 0 and 04A(¢",¢) = I + O(e). It follows that for small ¢,
the linear operator 0y A((’, ¢) is invertible, with uniformly bounded inverse. It also
depends continuously on its parameters. Differentiating respect to ¢/ we obtain

0 A, ¢) = = (0 T)(N(¢) + E) = T(0¢ N (¢) + 9¢: R).
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where the previous expression depend continuously on their parameters. Hence the
implicit function theorem yields that ¢(¢’) is a C* function. Moreover, we have

0erd = —(05A(¢", 9)) O AL, 9)]-
By Taylor expansion we conclude that
10 N (@) |lsx < C[|llx + [10¢ @ll) DMl < CUENwx + [|0¢ @l ) 1 E ] s
Using Proposition (5.2), we have
10¢: 1l < CUIN(P) + Ellws + 10 N (&) llsx + [|0¢ Ell4x),

for some constant C' > 0. Hence, we conclude that

[0c: Ml < CUIEN s + |10¢ £l ss)-
A similar argument shows that, as well

[0 &l < CUIE]lws + [0 Ell ),
and moreover

Ve 0w dlls < CUElx + IV w Ellss + [[Ver o Opr El s )-

This can be summarized as follows.

Lemma 6.2. Under the assumptions of Proposition 5.1 and 6.1 consider the map

(¢', ') = ¢. The partial derivatives Vg, Vo, Ver 00,0 exist and define contin-

uous functions of (¢',u'). Besides, there exist a constant Coy > 0, such that
IVerwolle + Ve wOwdlls < Cae

for all € > 0 small enough.

After Problem (5.1) has been solved, we will find solutions to the full problem
(5.2) if we manage to adjust the pair (¢/,u') in such a way that ¢;(¢’,n') = 0,
i1 =1,2,3,4. This is the reduced problem. A nice feature of this system of equations
is that it turns out to be equivalent to finding critical points of a functional of the

pair (¢, ) which is close, in appropriate sense, to the energy of the single bubble
U.

7. FINAL ARGUMENT.
In order to obtain a solution of (1.1) we need to solve the system of equations
¢i(¢',p/)y=0 forallj=1,....4. (7.1)

If (7.1) holds, then v = V 4 ¢ will be a solution to (5.1). This system turns out to
be equivalent to a variational problem. We define

F(, 1) =E.(V +9),
where ¢ = ¢(¢’, 1’) is the unique solution of (5.2) that we found in the previous
section, and F. is the scaled energy functional

1 g2\ 1
E _ 1 2 A 2 _ 1 6
(=5 [vr+ S [wp-g [
Observe that Ex(Uer, ) = E-(V).

Critical points of F' correspond to solutions of (7.1), under the assumption that
the error E is small enough.
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Lemma 7.1. Under the assumptions of Propositions 5.1 and 6.1, the functional
F({',u') is of class C' and for all € sufficiently small, if VF = 0 then (¢',p)
satisfies system (7.1).

Proof. Let us differentiate with respect to '
4
OuwF(¢' 1) = DE(V + §)[0wV + O o] = Z/Q Cjwer 250wV + Oy g,
j=179

From the results of the previous section, we deduce 0, F is continuous. If 9,/ F(¢', 1) =
0, then

4
Z/ cng’,u’zj [0V + 0w ¢] = 0.
j=179

Since |0y ||+ < C(|Ellsx + |0 E||+x), we have, as € — 0, 0,y V + Oprp = 24 + 0(1),

with o(1) small in terms of the * * —norm as ¢ — 0. Similarly, we check that 9¢, I
is continuous,

4
O F(¢' ") = DE(V + ¢)[0¢, V + 0, ¢] = Z/Q w7 [0g V + d¢ ¢ = 0,
=170

and OV + Oy ¢ = 2z +0(1), for k =1,2,3.
We conclude that if VI = 0 then

4
Z/ wg,’u,zj[zi +o(1)]=0, i=1,2,34,
j=1"5k

with o(1) small in the sense of % * —norm as € — 0. The above system is diagonal
dominant and we thus get ¢; =0 for all j =1,2,3,4. O

In the following Lemma we find an expansion for the functional F'.

Lemma 7.2. Under the assumptions of Propositions 5.1 and 6.1, the following
expansion holds

F(C 1) = Ec(V) + (1B ]lex + Ve Ellax + Ve O El] 0(¢, 1),
where 0 satisfies
0] + |VC/7M/0| + |VC’,M’8M’0| <C,
for a positive constant C'.

Proof. Using the fact that DF(V + ¢)[¢] = 0, a Taylor expansion gives
1
F(V+¢)-F(V)= / D2F(V +td)[o, ¢)(1 — t)dt
01
= [ ([ W+ mos [ 51t 0?) 0 - nar
0 Qe Q.

Since ||¢]|« < C||E||ss, we get
F(V +¢) = F(V)=O(|E|,).
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Observe that
Ve [F(V+¢) - F(V)]

/ (/ Ve ¢)+E)¢’]+/ 5Ver [(V4—(V+t¢)4)¢2]>(1—t)dt.

€

Since ||[V¢r @« < ClE|ax + [[Ver o B +x), we easily see that
Vouw F(V +¢) = F(V)] = O(|E|Z, + Ve wElZ.)-
A similar computation yields the result. [

We have now all the elements to prove our main result.

Proof of Theorem 2. We choose

_ algA(C) A
2&2/\ ’

where ¢ € Dy. A similar computation to the one performed in the previous section,
based in the estimate (3.5), allows us to show that

1 1
|Elew + IV e Ellee + Vg0 0 Bl < Cid et
where 0\ = supp, (|gr| + [Vgal). Since ag < p' < o, we have

F(¢' 1) = Be(V) + p*830(C 1),
with 6]+ |VC/7IL/0| + |V</7“/6ﬂ/9| < C. We define (A, ¢) = F(¢',1'). We conclude
that

UA(A, Q) = Ex(Uc,u) + gr(€)*0 (¢, A),

where 0, is as in Lemma 4.1. Thus, v, has a critical point as in the statement

of Lemma 4.1. This concludes the proof of our main result, with the constant
ai

V= 2a5c O
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