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NONLOCAL s-MINIMAL SURFACES AND LAWSON CONES

JUAN DAVILA, MANUEL DEL PINO, AND JUNCHENG WEI

ABSTRACT. The nonlocal s-fractional minimal surface equation for ¥ = OE where E is an open set in RY is
given by

NN Xe(®) —xEe(®)
Hs,(p) '_/RN Wdz = 0 forall peX.

Here 0 < s < 1, x designates characteristic function, and the integral is understood in the principal value
sense. The classical notion of minimal surface is recovered by letting s — 1. In this paper we exhibit the
first concrete examples (beyond the plane) of nonlocal s—minimal surfaces. When s is close to 1, we first
construct a connected embedded s-minimal surface of revolution in R3, the nonlocal catenoid, an analog of
the standard catenoid |z3| = log(r++/72 — 1). Rather than eventual logarithmic growth, this surface becomes
asymptotic to the cone |x3] = ry/1 —s. We also find a two-sheet embedded s-minimal surface asymptotic to
the same cone, an analog to the simple union of two parallel planes.

On the other hand, for any 0 < s < 1, n,m > 1, s—minimal Lawson cones |v| = alul, (u,v) € R™ x R™,
are found to exist. In sharp contrast with the classical case, we prove their stability for small s and n+m =7,
which suggests that unlike the classical theory (or the case s close to 1), the regularity of s-area minimizing
surfaces may not hold true in dimension 7.

1. INTRODUCTION

1.1. Fractional minimal surfaces. Phase transition models where the motion of the interface region is
driven by curvature type flows arise in many applications. The standard flow by mean curvature of surfaces
Y(t) in R is that in which the normal speed of each point 2 € X(t) is proportional to its mean curvature
Hy o (z) = Efi_ll k;(x) where the k;’s designate the principal curvatures, namely the eigenvalues of the second
fundamental form. Evans [13] showed that standard mean curvature flow for level surfaces of a function can
be recovered as the limit of a discretization scheme in time where heat flow u; — Au = 0 of suitable initial data
is used to connect consecutive time steps, which was introduced in [19]. When standard diffusion is replaced
by that of the fractional Laplacian u; + (—A)2u = 0 in order to describe long range, nonlocal interactions
between points in the two distinct phases by a Levy process, Caffarelli and Souganidis [6], see also Imbert [16],
found that for 1 < s < 2 flow by mean curvature is still recovered, while for 0 < s < 1, the stronger nonlocal
effect makes the surfaces evolve in normal velocity according to their fractional mean curvature, defined for
a surface ¥ = OF where E is an open subset of RV as

x5(z) — x5 (2)

Hi\(p) = 1 A { €. 1.1
E(p) /]RN |£L'—p|N+s €z or p ( )

Here y denotes characteristic function, £ = RY \ E and the integral is understood in the principal value

sense,

xe(@) = xee(@) |

H (p) = lim iz — N

070 JRN\Bs (p)
This quantity is well-defined provided that 3 is regular near p. It agrees with usual mean curvature in the
limit s — 1 by the relation

lim(1 = s) H3(p) = en Hs(p), (1.2)

s—1

J. Wei is partially supported by NSERC of Canada. J. Ddvila and M. del Pino have been supported by Fondecyt and Fondo
Basal CMM grants. We would like to thank Alessio Figalli, Jean-Michel Roquejoffre and Enrico Valdinoci for useful discussions
during the preparation of this paper. Part of this work was concluded while J. Davila and M. del Pino were visiting the PIMS
center at UBC. They are grateful for the hospitality received .


http://arxiv.org/abs/1402.4173v1

2 JUAN DAVILA, MANUEL DEL PINO, AND JUNCHENG WEI

see [16]. Stationary surfaces for the fractional mean curvature flow are naturally called fractional minimal
surfaces. We say that X is an s-minimal surface in an open set €2, if the surface ¥ N Q is sufficiently regular,
and it satisfies the nonlocal minimal surface equation

H3(p)=0 forallpeXNQ. (1.3)

For instance, it is clear by symmetry and definition (1.1) that a hyperplane is a s-minimal surface in RY
for all 0 < s < 1. Similarly, the Simons cone

Cr = {(u,0) e R™ X R™ / Jo] = [ul}

is a s-minimal surface in R?™ \ {0}. As far as we know, no other explicit minimal surfaces in RY have been
found in the literature. The purpose of this paper is to exhibit a new class of non-trivial examples. The
hyperplane is not just a minimal surface but also established in [5] to be locally area minimizing in a sense
that we describe next.

Caffarelli, Roquejofire and Savin introduced in [5 ] a nonlocal notion of surface area of ¥ = 0F whose
Euler-Lagrange equation corresponds to equation (1.3). For 0 < s < 1, the s-perimeter of a measurable set

E c RY is defined as
/ / dx dy
o o —y[N+s

The above quantity corresponds to a total interaction between points of E and E°, where the interaction
density 1/|z — y|V** is largest possible when the points € E and y € E€ are both close to a given point of
the boundary. Z,(E) has a simple representation in terms of the usual semi-norm in the fractional Sobolev
space Hz(RY). In fact,

2
L(E) = el oy = [ [ CE A (1.4)

Alternatively, we can also write

IxE(7) — xB(Y)
Zs ., s =" dxd
( ) [XE Ws.1(RN) /]RN /]RN |£L'— |N+S €Tray.

If E is an open set and 3 = JF is a smooth bounded surface we have that
(1= $)T.(E) = ex#V 1 (8) = / Vxl
RN

where the latter equality is classically understood in the sense of functions of bounded variation. Zs can also be
achieved as the I'-limit as ¢ — 0 of the nonlocal Allen-Cahn phase transition functional [ §|V2u|?+ L (1—u?)?
along functions that e-regularize xg — xge. See [22, 25].

This nonlocal notion of perimeter is localized to a bounded open set €2 by taking away the contribution of
points of E and E° outside €, formally setting

(B,9Q) / / dx dy / / dx dy
e |x— y[NFs EnQe JENQe |55 —y[Nrs

This quantity makes sense, even if the last two terms above are infinite, by rewriting it in the form

(B,9Q) / / dx dy / / dx dy
ENQ JEe |55 —y|Nts ENQe JENQ |55 —y[Nre

Again, if F is an open set with X N smooth, ¥ = 0F. The usual notion of perimeter is recovered by the
relation

lim (1 — 5)Z.(E, Q) = enHYH(ZNnQ),
Chnd

see [21]. Let h be a smooth function on ¥ supported in 2, and v a normal vector field to ¥ exterior to E.
For a sufficiently small number ¢ we let E;;, be the set whose boundary 0F,; is parametrized as

OEw = {x + th(z)v(z) | « € OE}.
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The first variation of the perimeter along these normal perturbations yields precisely

d
Y1(E Q} —— [ Hsn
dt (B )t:O /E =

and this quantity vanishes for all such h if and only if (1.3) holds. Thus ¥ = JF is an s-minimal surface in
Q if the first variation of perimeter for normal perturbations of E inside 2 is identically equal to zero.

If ¥ = OF is a nonlocal minimal surface the second variation of the s-perimeter in €2 can be computed as

2 .
ﬁPeTS(Eth,Q)L:O - —Q/Ejz[h] h. (1.5)

We call J3[h] the fractional Jacobi operator. It is explicitly computed as

lp—alV+ s el

where the first integral is understood in a pricipal value sense. In agreement with formula (1.5), we say that
an s-minimal surface ¥ is stable in 2 if

—/jg[h]h >0 forall heCPENQ).
b))

Naturally we get the correspondence between this nonlocal operator and the usual Jacobi operator

lim (1 = 5)JT5[h] = enTs[h],  Te[h] = Ash + |As|h (L.7)

where Ay is the Laplace-Beltrami operator and |Ax|? = Zf:l k? where the k; are the principal curvatures.

A basic example of a stable fractional minimal surface ¥ = OF is a fractional minimizing surface. In [5]
the existence of fractional perimeter-minimizing sets is proven in the following sense: let 2 be a bounded
domain with Lipschitz boundary, and Ey C Q¢ a given set. Let F be the class of all sets I’ with FFN Q¢ = E.
Then there exists a set £ € F with

Z,(E,Q) = inf I,(F,Q).

Moreover, 0ENQ is a (N —1)-dimensional set, which is a surface of class C1'® except possibly on a singular set
of Hausdorff dimension at most N — 2. Minimizers E are proven to satisfy in a viscosity sense the fractional
minimal surface equation (1.3). In fact, a hyperplane is minimizing in the above sense inside any bounded
set. No other example of embedded smooth fractional minimal surface in RY (minimizing or not) is known.

1.2. Axially symmetric s-minimal surfaces. After a plane, next in complexity in R? is the azially sym-
metric case, namely the case of a surface of revolution around the x3-axis. In the classical case, the minimal
surface equation reduces to a simple ODE from which the catenoid C is obtained:

C1 = {(z1,22,23) / |z3] =log(r + V12 = 1), r=1/a?+2%>1}.

A main purpose of this paper is the construction of an axially symmetric s-minimal surface C for sclose to
1 in such a way that Cs — C7 as s — 1 on bounded sets. We call this surface the fractional catenoid. A
striking feature of the surface of revolution Cy is that it becomes at main order as r — 0o a cone with small
slope rather than having logarithmic growth. It is precisely in this feature where the strength of the nonlocal
effect is felt.

The usual catenoid C cannot be obtained by an area minimization scheme in expanding domains since
it is linearly unstable, hence non-minimizing, inside any sufficiently large domain. It is unlikely that Cs can
be captured with a scheme based on the results in [5]. In fact, even worse, this is a highly unstable object
compared with the classical case: there are elements in an approximate kernel of its s-Jacobi operator that
change sign infinitely many times. The Morse index of Cy is infinite in any reasonable sense (unlike the
standard catenoid, whose Morse index is one).
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fr) ~ er

f(r) ~ catenoid

FIGURE 1. Fractional catenoid

Theorem 1. (The fractional catenoid) For all 0 < s < 1 sufficiently close to 1 there exists a connected
surface of revolution Cy such that if we set € = (1 — s) then

sup  dist (z,C1) < ci,
zeC.NB(0,2) |log &

and, for r = \/x% + x3 > 2 the set Cs can be described as |z3| = f(r), where

log(r +vr2 = 1)+ O ‘fo‘g/i‘ if r< ﬁ
T =
rye+ O(]logel|) + O Ifogi‘ if  r> \%

As we have mentioned, a plane is an s-minimal surface for any 0 < s < 1. In the classical scenario, so
is the union of two parallel planes, say x3 = 1 and 3 = —1. This is no longer the case when 0 < s < 1
since the nonlocal interaction between the two components deforms them and in fact equilibria is reached
when the two components diverge becoming cones. Our second results states the existence of a two-sheet
nontrivial s-minimal surface D; for s close to 1 where the components eventually become at main order the
cone w3 = +ry/e. As in the s-catenoid, this is a highly unstable object.

Theorem 2. (The two-sheet s-minimal surface) For all 0 < s < 1 sufficiently close to 1 there exists a
two-component surface of revolution D, = DF U D7 such that if we set € = (1 — s) then D is the graph of
the radial functions x3 = +f(r) where f is a positive function of class C* with f(0) =1, f'(0) =0, and

rVe+O()+O0(er) if >

f(r)_{ 14+ 5r2 + 0 (er) if T<%
7

As we shall discuss later, Theorem 2 can be generalized to the existence of a k-sheet axially symmetric
s-minimal surface constituted by the union of the graphs of k radial functions xs = f;(r), j = 1,...,k, with

fi>fao>->fr

where asymptotically we have
1i(r) =ajry/e + O(er) asr — +oo. (1.8)

Here the constants a; are required to satisfy the constraints

k
ap > as > - > ag, Z%‘:O (1.9)
i=1
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FIGURE 2. Two-sheet s-minimal surface
and the balancing conditions
1+J+1
_222 forall i=1,... k. (1.10)
J#i @i
A solution of the system (1.10) can be obtained by minimization of
E(ay,...,a Za —I—Z 1) log(|a; — a;))
i=1 i#]
in the set of k-tuples a = (a1,...,a) that satisfy (1.9). If this minimizer or, more generally, a critical

point a of E constrained to (1.9) is non-degenerate, in the sense that D?E(a) is non-singular, then an s-
minimal surface with the required properties (1.8) can indeed be found. This condition is evidently satisfied
by a = (1,—1) when k = 2.

The method for the proofs of the above results relies in a simple idea of obtaining a good initial approxi-
mation ¥j to a solution of the equation Hy, = 0 Then we consider the surface perturbed normally by a small
function h, Xj. As we will see, regardless that ¥y is a minimal surface or not, we can expand

Hy, = Hs, + Jy[h] + N(h)

where N (h) is at main order quadratic in h. In the classical case, N (h) depends on first and second derivatives
of h with various terms that can be qualitatively described (see [17]). We shall see that if the approximation
Yo is properly chosen, in particular so that the error Hy, is small in € = 1 — s and has suitable decay along
the manifold, then this equation can be solved by a fixed point argument. To do so, we need to identify
the functional spaces to set up the problem, that take into account the delicate issues of non-compactness
and strong long range interactions. These spaces should be such that a left inverse of J; can be found with
good transformation properties, and N (h) has a small Lipschitz dependence for the corresponding norms. The
latter issue is especially delicate, for N (h) is made out of various pieces, all strongly singular integral nonlinear
operators involving fractional derivatives up to the nearly second order. The transformation properties of
these nonlinear terms have suitable analogs with to those found by Kapouleas [17], but the proofs in the
current situation are considerably harder.

The procedure we set up in this paper, and the associated computations, apply in large generality, not
just to the axially symmetric case. For instance most of the calculations actually apply to a general setting
of finding as s — 1 a connected surface with multiple ends that are eventually conic and satisfy relations
(1.9), where the starting point is a multiple-logarithmic-end minimal surface. This paper sets the basis of
the gluing arguments for the construction of fractional minimal surfaces, in a way similar that the paper [17]
did for the construction by gluing methods of classical minimal and CMC surfaces. The fractional scenario
makes the analysis considerably harder.
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1.3. Fractional Lawson cones. The pictures associated to Theorems 1 and 2 resemble that of ”one-sheet”
and 7two-sheet” revolution hyperboloids, asymptotic to a cone |x3] = r/1 — s. It is reasonable to believe
that a cone of this form, with aperture close to v/1 — s is a fractional minimal surface with a singularity at
the origin. We consider, more in general, for given n,m > 1, and 0 < s < 1 the problem of finding a value
« > 0 such that the Lawson cone

Co = {(u,v) e R" xR" / |v| = a|ul} (1.11)

is a s-minimal surface in R™*" \ {0}. For the classical case s = 1 this is easy: since ¥ = C, is the zero level
set of the function g(u,v) = |v| — a|u| then (u,v) € C, we have

Hss(u,v) = di (Vg) 1 [n—l am—l}
) = 4 = - 9
v Val)  Vitar | [l Jul

and the latter quantity is equal to zero on X if and only if n=m =1and a =1 or

n>2 m2>2, oz:“n_l.
m—1

Following [18], we call this one the minimal Lawson cone C. For the fractional situation we have the
following result.

Theorem 3. (Existence of s-Lawson cones) For any given m > 1, n > 1, 0 < s < 1, there is a unique
a = a(s,m,n) > 0 such that the cone C, given by (1.11) is an s-fractional minimal surface. We call this
Cn (s) the s-Lawson cone.

A notable different between classical and nonlocal cases is that in the latter, a nontrivial minimal cone in

R’ﬂ
C17H(s) = {(2',xn) €R™ / |za] = an(s)]2'] },

with n > 3 does exist. This is not true in the classical case. The bottomline is that when aperture becomes
very large (o small), in the standard case mean curvature approaches 0, while the nonlocal interaction between
the two pieces of the cone makes its fractional mean curvature go to —oo. For n = 2, C%(s) is precisely the
s-minimal cone that represents at main order the asymptotic behavior of the revolution s-minimal surfaces
of Theorems 1 and 2. Letting ¢ =1 — s — 0, we have, as suspected

ax(s) = Ve +O0(e),
so that the two halves of the minimal cone become planes. In the opposite limit, s — 0, there is no collapsing.
In fact, if n < m we have

giir(l) a(s,m,n) = ag

where ag > 0 is the unique number « such that

00 t’n,fl « t’n,fl
[ [
a (1+1t2) 2 0o (1+1¢2) >

An interesting analysis of asymptotics for the fractional perimeter Z, and assoaciated s-minimizing surfaces
as s — 0 is contained in [11].

|
e

Minimal cones are important objects in the regularity theory of classical minimal surfaces and Bernstein
type results for minimal graphs. Simons [24] proved that no stable minimal cone exists in dimension N <7,
except for hyperplanes. This result implies that locally area minimizing surfaces must be smooth outside a
closed set of Hausdorff dimension at most N — 8. He also proved that the cone C§ (Simons’ cone) was stable,
and conjectured its minimizing character. This was proved in a deep work by Bombieri, De Giorgi and Giusti

[4]-
Savin and Valdinoci [21] proved the nonexistence of fractional minimizing cones in R2, which implies
regularity of fractional minimizing surfaces except for a set of Hausdorff dimension at most N — 3, thus

improving the original result in [5]. Figalli and Valdinoci [14] prove that, in every dimension, Lipschitz
nonlocal minimal surfaces are smooth, see also [1]. Also, They extend to the nonlocal setting a famous
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theorem of De Giorgi stating that the validity of Bernstein’s theorem as a consequence of the nonexistence
of singular minimal cones in one dimension less.

In [8], Caffarelli and Valdinoci proved that regularity of non-local minimizers holds up to a (N — 8)-
dimensional set, whenever s is sufficiently close to 1. Thus, there remains a conspicuous gap between the
best general regularity result found so far and the case s close to 1. Our second results concerns this issue.
Its most interesting feature is that, in strong contrast with the classical case, when s is sufficiently close to
zero, Lawson cones are all stable in dimension N = 7, which suggests that a regularity theory up to a
(N — 7)-dimensonal set should be the best possible for general s.

Theorem 4. (Stability of s-Lawson cones) There is a so > 0 such that for each s € (0,s0), all minimal
cones CI (s) are unstable if N =m +n < 6 and stable if N = 7.

Besides the reults in [24, 4], we remark that for N > 8 the cones C’ are all area minimizing. For N =8
they are area minimizing if and only if |m — n| < 2. These facts were established by Lawson [18] and Simoes
[23], see also [20, 9, 2, 10].

The rest of this paper will be devoted to the proofs of Theorems 1-4. The proof of Theorem 2 is actuallly
a simpler variation of that of Theorem 1. We will just concentrate in the proof of Theorem 1, whose scheme
we explain in Section 2. There we shall isolate the main steps in the form of intermediate results which we
prove in the subsequent sections. The proofs of Theorems 3 and 4 rely on explicit computations of singular
integral quantities, and are carried out in Sections 10 and 11.

We leave for the Appendix self contained proofs of asymptotic formulas (1.2), (1.7) in Section A, and the
computation of first and second variations of the s-perimeter in Section B.

2. SCHEME OF THE PROOF OF THEOREM 1

In this section we shall outline the proof of Theorem 1, isolating the main steps whose proofs are delayed
to later sections. We look for a set £ C R? with smooth ¥ = 9F such that

xe(y) — xe-(y)
Hi(x) = o — tdy=0, forall z€X 2.1
E( ) ‘/]R? |$ . y|3+5 Y ( )
where 0 < s < 1, 1 — s is small and the integral is understood in a principal value sense sense.
We look for E in the form of a solid of revolution around the x3-axis. More precisely, let us represent
points in space by z = (2, x3) with 2/ € R?, and denote r = |2/|. We shall construct a first approximation
for E of the form

Eo={z=(2,23) ER*xR:|2/| < Ror |2/| > R, |z3] > f(x) }, (2.2)

where f is a positive and increasing function on [R, co).
From now on we let ¢ = 1 — s. As we will demonstrate later, for an appropriate class of sets FE equation
(2.1) formally resembles

€

—2Hyx(z) + 0. (2.3)

[za] —
We will obtain the surface ¥ and the corresponding set E by first constructing an initial surface g = 0Ey

that is an approximate solution of (2.3) and then perturbing it.
For the construction of ¥y we take the standard catenoid parametrized as

lzs| = fe(r), r=I2'|>1,
where
folr)y =log(r++/r2-1), r>1. (2.4)

If we describe ¥ = OF with F as in (2.2) and assume that for r large f’(r) is small, then equation (2.3) is
approximated by

Af = (2.5)

~| ™
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This motivates us to define f.(r) as solution of the initial value problem

1
f”+_fI: , 'f'>€
oot fe (2.6)

fo(e7%) = foe™%),  fie™%) = fL(e73).

3

[SE

Let
Fo(r) = fo(r) +n(r — e 2)(fo(r) — fo(r)), 7 >1, (2.7)
where n € C*°(R) is a cut-off function with
nt)=0 fort<0, n(t)=1 fort>1. (2.8)

We define the surface X by
Yo = {|zs| = Fe(r),r > 1} (2.9)

Then
Y9=0Ey, Ey={r<1, orr>1and |x3| > F.(r)}.

Next we perturb the surface 3¢ in the normal direction. For this, let vs,(x) be the unit normal vector
field on Xy such that v5(x)zs > 0. We consider a function h defined on ¥y, and define

S ={z+ h(x)vg,(z) /| € Xo}.
If A is small in a suitable norm, then Xj is an embedded surface that can be written as X;, = 0FE) for a set
E), that is close to Ey. We can expand, for a point « € Xy and zj, = x + h(x)vs, (z):

Hs, (wn) = H, (2) + 273, (h)(x) + N (h)(2), (2.10)

where J3  is the nonlocal Jacobi operator given by

T e

5, [ =yt S [z —y[+e

for z € ¥y, and N(h) is defined by equality (2.10).
The objective is then to find A such that
HS, +2J5, (h) + N(h) = 0. (2.11)
We note that, assuming A is smooth and bounded,
h(y) — h(x) 17
V. — ——dy=—=Ax,h O(1
. /2 e W = g hnh() +O0)

as e — 0, where Ay, is the Laplace-Beltrami operator on Xy (see Lemma A.2). Therefore it is more convenient
to rewrite (2.11) as

eHs, +2:73,(h) +eN(h) =0 in Xo.
It is natural to expect that h has linear growth, and therefore we will work with weighted Holder norms

allowing such behavior. For 0 < a < 1 and v € R, we define norms for functions defined on Xy or R? as
follows:

vralf(@) = f(y)]

|z —yl|~

3

[y = sup min(1 + [z, 1+ [y[)
TFY

£ llye = NI+ [2))Y fllzoe + [fly a0

and
1Rl = 1(1+ [&]) " Bl + [[VA]lze + [[(1+ |[2)D?h]| Lo + [D*R]1 q. (2.12)

Then we look for a solution i of (2.11) with [|2[|. < oo and measure £ 73 (h) in the norm

[ flh-c.ate = 1+ ]2 = fllre + [fli-e.ase (2.13)
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More explicitly,

Hfh—mﬁaZHﬂ*ﬂﬂﬂ_ﬁﬂuw+Sgﬂmml+h$1+thm
TFY

|f () =

|z —ylote

An outline of the proof of Theorem 1 is the following. In Section 4, using estimates for f. obtained in

Section 3, we will prove:
Proposition 2.1. For ¢ > 0 sufficiently small we have

Ce:
eHS ||1— g
|| ZOHl g,ate = |10g€|

The next result is about invertibility of the operator eJ3 on a weighted Holder space.

Proposition 2.2. There is a linear operator that to a function f on 3o such that f is radially symmetric

and symmetric with respect to x3 = 0 with ||f|l1-c,a+= < 00, gives a solution ¢ of
eJs, (@) = in Xqg.

Moreover ¢ has the same symmetries as f and
||¢||* < C||f||1—a,a+€-

The proof is given in Section 7, based on preliminaries in Sections 5 and 6.
In Section 8 we obtain the estimate

Proposition 2.3. There is C' independent of € > 0 small such that for ||hi||. < ooe?, i = 1,2 we have

e|N(h1) = N(h2)|li—cate < Ce™ 2 (Rl + [|h2ll)]Ih1 — hal

Here oo > 0 is small and fixed.
With these results we can give a

Proof of Theorem 1. We need a solution h to (2.11) which we look for in the Banach space

X = {he€Cp2(Xo), I« < oo},

loc

with norm || ||.. Consider also the Banach space

Y ={feCpl® Ifli-cate < oo},

loc

with norm || [[1—c,a+e- In both spaces we restrict functions to be axially symmetric and symmetric with

respect to x3 = 0.

Let T be the linear operator constructed in Proposition 2.2. Then we reformulate (2.11) as

2h = A(h) := T(—eH3, — eN(h)).

We claim that for € > 0 small, A is a contraction on the ball

=

e
B={heX:|hl|. < M—1,
(he X bl < M=)

if we choose M large. Indeed, for h € B, by (2.14) and (2.15)
[AMR)]+ < ClleHz [1-cate + ClleN(R) 1,0+

—(C <M
Moge] )<

if we take M = 2C then let € > 0 be small. Next, for hy, ho € B,
_1
[A(h1) = A(ho)[l« < Ce72([halls + lh2ll)[[h1 = hall«

1 1
€3 2 £z
<

+ [log | [loge|’

But g*%(thH* + lha|l) < @ and so A is a contraction on B for € > 0 small.
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3. THE ODE OF THE INITIAL APPROXIMATION

The purpose of this section is to analyze the solution f.(r) of (2.6), which is used in the construction of
the initial approximation. Thanks to (2.4) we have

1 1 1
feT2)=C"3) = 5|1ogg| +1log2+ O(e)

(3.1)
fe8) =C'"(e7) = VE(1 +0(e).
Note that fI(r) > 0 so in particular
fo(r) > fo(e72) forallr>r 2. (3.2)
Lemma 3.1. We have
Crlloge| < |fo(r)| < Caflogel,  |fL(r)] < Ce* (33)
C Ce
"
< = 4L~
L2 ()] < 2 " [logel?
Jor 72 <r <|logele™ 2.
Proof. We make the change of variables
J-(r) = [logelf(e=r).
and then f satisfies
. 1
Af = 3.4
! [logel?f 4
for r > 1, with initial conditions
- 1 1 5 14+ 0(e)
)=-+0(—— 1) = . 3.5
)= 5+0(). Py = (3.5)
Integrating once (3.4) we get
~ - 1 "os
rf'(r) — f 27/—~ ds 3.6
M-I =1 | 7 (36)
for r > 1. By (3.2)
~ 1 1
>—-4+0(——) f > 1. 3.7
fr) 2 5+ Olr) forr> (37)
Therefore from (3.6) and (3.7) we obtain
~ 1 C Cr?
"r)y < = _— f > 1.
PO <7 (o * Toger) 7
This implies
f'ir) < ¢ , for 1 <r <|logel,
| log el

and using (3.5) also

f(r) <0, for1<r<|loge|

To estimate f!' we note that

~ 1 - 1
) < =)+ ——=
O T+
C C
— [ > 1.
=2 T Togep? forr>1
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We study now the asymptotic behavior of f.(r) as r — oco. For this let us write

1

1
-1 () _¢ f >_ - 3.8
1) = logel 7 (qer). forr 2 (38)
for a new function fés). Then fés) satisfies
1
AfE = — forr> ——
K= o g
and from (3.1)
1 1 log2
€) R g €
fo (|10g5|) 2 * |log e| |10g£|)
(&)1 1
=140
[fO ] (|10g6|) + (8)7
as € — 0.
Lemma 3.2. For any ro > 0 and € > 0 small there is C' such that
C
f7 @) =< T 1<

e <

for allr > rg.
Proof. Let us introduce the Emden-Fowler change of variables

fés)(r) = rip(t), where 7 = e (3.9)
for t > —log|loge|. Then v.(t) > 0 and

1/4—!—21/1;4—1/15:& for t > —log|loge|. (3.10)
Let
Gelt) = 5(01)? + 5072 —log . — 3
and note that
GL(t) = —2(¥)* <0. (3.11)

Using (3.3) we see that ¢.(0) = O(1) and ¢.(0) = O(1) as € — 0 and this implies that G.(0) = O(1) as
e — 0. Then by (3.11) G.(t) < C for all ¢ > 0 and all € > 0 small. This implies that
0<a<y:(t)<b< oo, [Y.(t)]<C forallt>0, (3.12)

and all € > 0 small, for some uniform constants 0 < a < b and C' > 0.
From (3.11)

t
/ YL(s)*ds = 2G.(0) — 2G.(t) < C
0
with C independent of € and ¢ > 0. From this we see that

/ Y2(s)ds < C (3.13)
0
with C' independent of . Using interpolation estimates (or elliptic estimates) for the equation for Z. = ¢.:

1
2l +22+ Z.(1+ ) =0
{0k

we have . /
1/2
ol =1z <c( [ zdsras)” o

t—1
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as t — 0o, by (3.13). We claim the convergence is uniform and exponential. To see this, define

Boe = 50007 + 50607 (14 5)
Then '
B = 2007 - (1)

For o > 0 to be fixed later on consider .
G. = aF,. + E2,a-
Then '
G =200 - (%) - 2atur)”
But by (3.12)

(%) <cw?

so that )
GL S 2(¢7)* — (20— O)(¥L)*.
At this point we choose « so that 2a = C'. We then obtain
@s%%ﬁ%%ﬁ (3.14)
Using (3.10) we note that for some A > 0
(=) <2002 + AWy, (315)

Using again (3.12)
Ge = [ (W0)? + %wi — log . — %} + %( )2 4 %(wg)’2 (1 + i)

E
SC(WD%H%P+(5—¢Q3

Ve
Combining (3.14), (3.15) and the last estimate we see that
G. < -CG".

This implies that .
G:(t) < Ce % forallt>0,

for some constants C, 6 > 0 independent of € > 0 small. From this we obtain
[ ()] + () — 1] < Ce™%/2 for all t > 0.
Then, after a fixed ¢; independent of e, the point . (t1), % (t1) is sufficiently close to (1,0). Let

=v+9.

1
v = Ev
Then (3.10) is equivalent to

/ 2
V1 = V1 — V102
/ (3.16)
Vg = U1 + V2.

For t; sufficiently large the point (v (t1),v2(¢1)) is sufficiently close to (1, 1), which is a hyperbolic stationary
point of (3.16). The eigenvalues of the linearization at (1,1) are —1 + i so that by applying a C! conjugacy
to the linearization at (1,1) we obtain

|(vi(t),v2(t)) — (1,1)| < Ce™" forall t >t.
This implies
[WL(t)] + |[pe(t) — 1] < Ce™", forall t >0, (3.17)
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For the function fés) we find

C
f7 ) =< AT 1< <
for all r > rg, for any ro > 0 fixed. [l
Corollary 3.1. We have the following properties of F.:

F.(r) = fo(r) =log(r+ v/r = log(2r) + O(r—?), 1<r<e?,
Cl|loga|§F5(r)§02|log5|, e72 <7 < 4|logele”?,
F.(r) =e?r + O(|loge|), r > 6|logele™?,

_ _1
Fl(r)=C'(r) = —+0(?), 1<r<ez,
Fl(r) = 0(e?), e% <1 < §|logele 3,
L Jloge]
Ry =<+ oL P> dlogelet,
1
FEH(T):CH(T‘)Z——2+O(T_4), 1<r<e e,
T
F”(T):O(i L) e72 <r<d|logele?
© r?2  |loge| - = ’
E% 1
F/(r)=0(—), r > 0|logele™ 2.
T
1
F'(r) =C"(r) = 2= + O(r™®), 1<r<es,
T
E% 1 1
F'"(r) = 0(=%), “z <r <d|logele” 2,
T
1
F(r) :O(%)u 7‘2(5|10g5|5_%.
r

Proof. The estimates for Fy, and first and second derivatives follow from the Lemmas 3.1 and 3.2. To estimate
the third derivate we can differentiate the equation and use the previous estimates. O

It will be useful for later purposes to have also estimates for the elements in the linearization of (3.8).
Namely consider

Az++z:0, for r > ; (3.18)
(fo7)2(r) |log |
The function

2(r) = f§7 = r[f§77 () (3.19)

satisfies (3.18), since the equation (3.8) is invariant by the scaling fx(r) = 1 f(Ar), A > 0. We may construct
a second independent solution Zy of (3.18) by solving this equation with initial conditions

Z(ro) = —Z(ro),  Z3(ro) = Z1(ro)-
Here ro > 0 is fixed.
Lemma 3.3. Fizrg > 0. We have
[Z(m) < C, |Er)] <

2

=1Q

forallr >rg,i=1,2.
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Proof. In terms of ¢ defined in (3.9), we may write
Zi(r) = —r/(log(r))
so that the boundedness of Z; is consequence of (3.17). For Z, we may consider the equation
¢ +2¢' +2¢ =g, fort>log(rg)

with kernel given by (i (t) = et cos(t), (2(t) = e tsin(t). Then we may express Z as a perturbation of the
correct linear combination of (7, (s.

O
4. APPROXIMATE EQUATION AND ERROR
The main result in this section is the proof of Proposition 2.1, namely the estimate
Cez
eHs ||1- < .
|| ZOHl g,ate = |10g€|
For for x € ¥y we compute Hs, (x) by splitting
Xz (y) — x5 (y)
H = 0 dy=1;+ 1,, 4.1
Yo («I) /]RS |.’II — y|4_‘,5 Y i o ( )

where

e [ xmWoxE),, g [ e e,
cr |z =yl Cr(x)e |z —y|

are inner and outer contributions respectively. The inner part is the integral on a cylinder Cg(x) of radius
R centered at x and the outer contribution the rest. We take R as a function of z € Xy, x = (2/, F.(2)),
defined by

R = (1=n(ja'| = Ro))Ry + n(|2'| = Ro)F=(|2']) (4.2)

where Ry > 0 is fixed large, R1 > 0 is a small constant and 7 is as in (2.8).
To define the cylinder, let II;, IIs be tangent vectors to ¥y at z, orthogonal and of length 1, and vy, be
the unit normal vector to g oriented such that vs, (z)xs > 0. Introduce coordinates (¢1,ta,t3) in R3 by

(tl, t2, tg) —> t1H1 + tQHQ + tgl/zo.
Define the cylinder of center x, radius R and base plane the plane generated by II;, II; as
Cr(z) = {z + t11l) + tolls + tavs, (z) : 15 + 3 < R, [ts| < R}.

For the computation of the inner integral, we represent the surface ¥y near x as the graph over its
tangent plane at 2. More precisely, if Ry > 0 in (4.2) is chosen small and ||A||. is small, there is a function
g = g : Br(0) C R? to R of class C*“ such that

YoNCr(x) ={z+ It +vs,9(t) : |t| < R}, (4.3)
where t = (t1,t2) and
IT = [I14, I15].
Then
9(0) =0, Vg(0) =0, Ag(0) = 2Hg,(x),
where Hy, is the mean curvature of ¥y at .

In the following statements we use the notation

ey sy @00
a,D — .
zyeD, sy 1T —Y|*
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Lemma 4.1. For x € ¥y and R = R(x) given by (4.2) we have

FHZO (LL')R
S

£
I =2 + Resty,

where
|Rest1| < C[D%gla,BroyR™ 7 4+ ClID*g|l7 < (r(oy B>
Here C' remains bounded as s — 1 (i.e. € = 0).
The main contribution from the outer integral is given in the next result.

Lemma 4.2. For z = (2/, F.(2")) € £y and R = R(x) given by (4.2) we have

C
[Lo| < e
and if |2/] > ez,
i 1
Io = F (1+O(€2)) .
By (4.4) and (4.7) we see that the equation Hy, () = 0 takes the form
£
—2HEO ((E) —+ E ~ O,

which motivates (2.3).

15

Lemma 4.3. Let x € ¥o, and write x = (2, F.(2')), r = |2/|. There is 69 > 0 and g : B,(0) — R of class

C%® such that
S0 N Cy() = {w + It + vg(t) : |t < p}.

where p = dor. In particular g is well defined in Br(0) where R is defined in (4.2). Moreover g satisfies

Cesr if r > 6logele2
1
9]l (Broy < § CZHEEL i e=s < < §|logele2
Chsp ot
Ce? if r > et
Dy|| < -
|| g”L (Br(0)) = {Q ZfRo <r< 57%

T

1
Ce2 . _
== ifr>e
1Dl Brioy < S -
r(0) % ifr<e

Nj= N

1
Ce2 . _
>
[D2glap, <{ o UT2E
Tg% ifTSE_ .

Nj= =

(Proof in Appendix C).
Proof of Lemma 4.1. We compute

e g(t) 1
I — / M dy = _2/ / — _ dtydt,
cn) 1T =yl it<rJo ([t +13) 2

expanding

z 1 z 1 TZ
—dty = - (4—5)22/ l-7)—=  dr.
/0 (t)2 +3)=" [t]4—= 0 (It12 + (r2)2)°=

Then
Ii=Lix+ Lo+ I3
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where

3D?g(0)[t?
Iiy = —2/ 29O,
[t|I<R |t| c

o 9(t) — 3D%9(0)[?]
Lig= 2/|t<R dt

|t|4—€

L — 94— o 1 _ 79(t) -
o )/t|<Rg(t)/o(1 S g

and D?g denotes the Hessian matrix of g. Then
A e H e
gOR _ H@R
€ €

Lin =—m

We estimate

t) — $D2g(0)[t?
[t|<R

|t]i<
< CID gl [ [E7=22dt < O[Dg) o) 0 B, (4.9)
[t|<R,teR?
Using [g(t)| < ||D?gl| Lo (B (o)) |t|*, we can bound I; 5
i3] < C||ng|\ix/ t|°dt < C||D%gl|3 < R**=. (4.10)
[t|<R,teR?
This proves (4.5). O

Proof of Lemma 4.2. Let x € Xo, x = (2/, F:(2/)). We change variables y = Rz and write g = x/R
/ XE,(Y) — xEs(y) dy— L / XEo/R(2) = XEg/R(%) J
CR(I)C Cl(iR)C

3

z — y[*—< Y= Ri—e Tr — 2|*—<

where C(Zg) denotes the cylinder of radius 1 centered at Zr and base plane given by the tangent plane to
OFEy/R at Zr. Then (4.6) follows since

<C.

/ XEo/r(2) = XE5/R(2) ds
Cl(iR)C

|jR _ Z|475

To obtain the second estimate we first note that for any dg > 0 fixed,

Z) — c z
/ 1 XEO/R~( ) X4J%)E/R( )dz < CE%,
|&r—2|>80e” 2 1R — 2|
and therefore we need to prove
zZ)— c z
/ 1 XEO/R~( ) X4E:)E/R( )dz—w < =3
C1(ZR)%,|Zr—2| <o 2 TR — 2|
We note that
/ Mzl “Xsl<l g, | (e
C1(ZRr)¢,|2—&Rr|<oe™ 2 |z — TRl

(here z = (2/,23), 2/ € R?, e3 = (0,0,1)). Indeed,

/ Xllzs|>1] = Xllzs|<1] ;.
Cr(FR)¢,|2—Fn|<Soe™ 3 |z — Zp|*—e

Xllzs|>1] — X[lzs|<1]

= — dz
_ _ 1 |Z — 7 |475
|z—ZRr|>1,|z—ZRr|<dpc” 2 R
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since by symmetry the difference of the two integrals is zero. Since

/ Xllzs1>1] = X[lzsl<1] 5, _ O(c)
|z—#r|>d0c" 3

[z — zp|ie
we get
X[|zs|>1] = X[|zs|<1]
/ L —— e dz
C1(ZR)%,|2—&R|<pe™ 2 |z — TRl
X[|z3]>1] — X[|zs]|<1] 1
= - dz+ O(e?)
/z_ng>1 |z — Zg|*~e
— 7+ 0(e7).
Therefore
/ 1 XEO/REZ) — Xgg/rR(Z) 07—
C1(XR)®,| Xn—2|<80e™ 2 | Xr — Z|*¢
- / XEo/r(Z) — Xilzal>1]  X[lzal<1] — Xes/r(Z)) izl 4 ceh
Cl(XR)C,\XR*Z\S50€7% |XR - Z|475

Note that the point Zx has the form Tp = (%, 1). Inside the region Cy(Zg)°N{z : |ir — 2| < doe~ 2}, DE,
can be represented by

1
26| = R (RIZ')

By Corollary 3.1 we have
d, 1 1
S (GF(R))| < Ce?,
in C1(Zr)°N{z: |Zr — 2| < doe~2}. Let us consider the upper part, namely Ci(Zg)° N {z : |ir — 2| <
o2} N {23 > 0}. Inside this region, the symmetric difference of the two sets Eo/R and |z3| > 1 is contained
in the cone
Fr+{(2,23) €ER?x R :|2/| < 6o 7, |23] < Ce?|2|}.

Therefore we can estimate

/ XEo/R(Z) = X[|z3|>1] F Xl|zal<1] — XEg/R(2)) "
C1(#R)%,|Fr—2]<60e 2,230 TR —2|*°
1
S / . | ngdZ S CE%
<12 <60e F s |<Ce 2] 2]
The integral over Cy(Zg)° N {z : |Zr — 2| < dpe~2} N {z3 < 0} can be handled similarly. O

Proof of Proposition 2.1. Let x € 3¢, x = (¢/, F.(z')) where |2'| > 1. Let R = R(x) be given by (4.2).
By (4.1), (4.4) we can write

eHy, () = —2mHs, R + eResty +¢cl,.
Since Y is a minimal surface for r = |z| < ™2, we have

EH%O(.I) = E1 —|—E2 —|—E3 —|—E4 —|—E5,
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where
By = nRn.(—2Hy, + %)
pimae [ HOZADBORL,
lt|<R |t[4=e

_ _ 2 ! g Tg(t) -
Boments= [ o0 [0 ) e

Ey,=¢el,(1—n.)
e
E5 - (EIO - E)n&

and 7.(r) = n(r — e~2) with 7 is the cut-off function (2.8). Here g is a function such that we have the
representation of 3y near X as the graph of g over the tangent plane of ¥y at X, as in (4.3).

We start with B;. For r > =3 + 1, F. satisfies AF, = F%a SO

_pE B 1 (FO)*FY
By = rk (AFa(l e (Fs’)2)3/2> |

(BN

But for this range F/(r) = O(c2), F'(r) = O(52), F.(r) < Cezr if r > e~ 2|loge| and F.(r) < C|loge| if

T

e3r < de~2|loge| , so
sup  r'°|Ey| = O(e?), ase— 0.

r>e—1/241
For r € [e72,e72 + 1] we have Af. = O(57), Afo = O(?), and so (fz — fo)' = O(g7), fe — fo =
O(m) in this region. Then for these r
€ € €
—AF. + —=—n.—+ —(1=n)Afc —20.(f- — fo) — A -
e . Ne Lt (=)o ( ne)Afe n:(fe — fo) ne(fe — fo)
€
=0(—).
Toge)
It follows that )
sup e By | = O(i)
11 |log |
réle” 2,e” 2 41]

To estimate the Holder part of the norm, i.e. [E1]i—c ate, it is enough to show that

=

2—¢ / €
sup r Ei(r) <C———m,
TZE?I?Q | 1( )l —= |10g€|

and the computation is analogous to the previous one.
We estimate E. By (4.9), we need to estimate

5” [D2g]BR(O),OLRa+8 H l—c,a+e

where R = R(x), g = ga, © = (2, F-(2)) € ¥o. In the regime r = |2/| > 6| logele~2 we have

R=F.(r) < Ceor, (4.11)
and by (4.8)
Ce2
[ng]ot,BR(O) < Tra (4.12)
Therefore

sup ' (e[D?9)a, BroyR*T) < Ce*F*,
r>5|logele—1/2
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In the region e~2 < r < §|logele ™2 we have
R = F.(r) = O(|loge])
and (4.12) still holds. Hence

sup r' ¢ (e[D*gla, BroyR ™) < Ca#ﬂogdo‘.
e=1/2<r<5|logele—1/2
Finally for r < e~ 2, R = log(r) + O(1) and

C
2
[D g]a,BR(O) < r2ta

s0
sup. rl=e (£[D2g]BR(O)7aRO‘+E) < Ce.
r<e 2
It follows that
2= Ballp~ < Ce.

We estimate the C* norm of E,. For this let z1 = (2, Fe(2))), x2 = (2, F-(2})) € 3o, R; = R(z;), and
gi : Br, = R be such that Xy can be represented as a graph of g; over its tangent plane at x;.

We can assume that |21| < |a2| and Ry < Ry (if Re < Ry the argument is the same). We can also assume
|$1 —$2| S %|$1|

Let us write

Ei(x1) — Ea(z2) = Evq + Ei 2,

where

dt

B 5/ 91(t) = $D%g1(0)[t?] — (g2(t) — 5D%g2(0)[t?])
b |t|<Ry L

SO R RO
' R1<|t‘<R2 |t|47€

Assume |1 —2x2| < Ry. Then note that by the same computation as in Lemma 4.1 and writing R= |z — 22,

/ 91(t) = 3D%g1(0)[t?] — (g2(t) — 5D%g2(0)[¢?])
[t|<R |t[4=e

dt

< C([D*91]a,B4(0) + [D?92)a, B RIT°

£2
< Ol =2l

where we have used (4.8). Let us estimate the integral over R < |t| < Ry. For this note that from Appendix
C

1

Ce2
1D (g1 = 92)llL=(BR,) < kal — o

if |21] > 6|logele~2. In this case we see that

R §D%1(0)2] ~ (92(t) ~ $D*: (O]
_ |t|4—a
R<|t|<R:
C 1
< 250 |2y — 2o 1t ~1 dt
2 _
|21 R<[t|<Ra
1
S Cizlxl _ lea—i-a/ |t|—s—o¢—€ dt
|z1] R<|t|<R:
Cs2 e Ce2 _
S e — @R = EE — @R
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. 1
Then recalling that Ry = O(e2|X1])

/ 91(t) = $D%g1(0)[t?] — (g2(t) — 5D%g2(0)[t?))
RB<|t|<R: [t]4—

£ 2
<C

TR e,
Therefore

3

dt

e? a+te
|E1,1|§C|$1|1+a|$1—$2| ;
if |1 > 6| logele~ 2. The other cases can be handled similarly.
For the second term we have

/ g2(t) — 3D%g2(0)[t?]
R1<|t‘<R2 |t|476

dt| < C[D2g2]a,BR2(O) (R;-l-a—s _ R}-{-a—s)
But we can estimate

1

£2

|R2 — R1| S OWLIl —_ I2|a
if [21] > e~ 2, and

Ry — Ry| < clmiz

|z 1]

: _1 .
if |z1| < &7 2. Summarizing

|:E1 _ :E2|O‘+E
| Ea(21) — Ea(x2)| < Ce e
Let us consider E5. By (4.10)

In the region |z| > J|logele™

2

| B3| < Ce||D* gl R
we use (4.11) and

M

Ce
1 D?gl| Lo (Br(0)) <
||
to obtain
sup

_ z
10l (21D (o BET7) < e
|z|>8]|logele™ 2

When e~ 2 < |z] < 6|logele™2 we get

sup

1 1
3 <[o|<d|logele™ 2

_ z
27 (<l D291} = (50 B < O3 log =]
€
Also

sup o] (£l D2gl13 w50 B2H) < Ce.
|o|<e™ 3

Similar computations as before show that if [z1] < |z2| and |21 — @3] < 5|21| then

|,’E1 _ x2|o¢+a
|E3(x1) — E3(x2)| < Ce e
To estimate Ey = el,(1 — 1) we use (4.6):

Ce
lelo(1 —n:)| <

Rl-¢’
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and note that it is supported in 7 < e~z + 1. But in this range R = log(|2’|) + O(1) and this implies

1

1—e |J‘.|17s CE?
FE. <C .

suplef " IEal < G sup | RO Tl S Togel

|z|<e™ 2

To estimate the Holder norm of E4, we actually claim that
c
2l Tog (2"
To obtain (4.13), we write = (2/, F-(2')) and write 2’ = (21, z2). We compute
X (y) — xz5(y)
Cr(z)e T —yl*e

|D, Ey(x)| < (4.13)

DIi dy:B1+B2+B3
with

XE, (Y) — x55(y)
Blz—(4—6)/ —————(r—y,Dy,x)dy
Cr@ye  |T—y[>*s

B2:_/ XEo(y)—XEg(y)<V Y=\ D, R
OCR(z)

|z —y|*== "y — 2|
By— - / XE (y) — xe; W, ay.
ACR(x) |z — 1y

where v = (11,12, v3) is the unit exterior normal to Cg(x). But D,z = e; + (0,0, D,,F.) and so By can be
combined with B3. Indeed
By =DB11+ B

where
XEo () — xEs (v)
31,1:—(4—5)/ — (T —y,e;) dy
Cr(z)e T —y[ots
XE, (Y) — xEs (y)
Bl72: _(4_5)/ - <:E_y7 (0707D1}1F )> dy.
Cr(z)e |z —y[>ts ‘
But

By = — / D, XEoW) — X5 W)

1 — c
5 / vyt / XE, (V) yﬁ(y) vy dy.
OEL\Cr(z) |z —yl ACR(x) |z —yl

where we have used the unit normal v pointing up on 9Ey, and the exterior unit normal to Cr(x). Therefore

Bl+Bg+Bgz2/ vidy + B12 + Ba.

OEN\Cr(z) 1T —y[*¢
‘We now estimate

/ = | +
—v;dy = e e
OEN\Cr(z) 1T —Y[*¢ EoNB, (2)\Cr(z) OE0\B,(x)

where we take p = |z|/100. For the outside integral we have

1
——;dy
/aEO\B,,(z) |z —y[t=e

For the inner region, we observe that |v;(y)| < ‘—2‘ < ‘% and so

S Opflfs S C|$|7175.

v; dy

- .
/anme(z)\cR(z) |z —y|*—e = |z[log(|z[)?~=
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For By we also get

Bl < ————i—
1521 < liog (el

since D, R = O(1/]xg|) while the integral is O(m). Hence
|B| < #
= |zollog(|zo|)*

and combined with the estimate for A yields (4.13).
Using (4.13) we can estimate the Hoélder norm of E4. For this let 1,22 € X, z; = (2}, Fo(x})), R; = R(x;).
We can assume that |z1] < |z2|, R1 < Ry and also |z1 — o] < L[],

Then
Brtor) ~ Bxtoa)| < Ce L g — g
< %MO,I — zp,2|”
< C%Mo,l — 0,2
Therefore

Cez
_ < —.
||1 g,a+e = |10g€|

To estimate E5 = (I, — £ )1 we use (4.7) to obtain

| Es

3
£2
|Bs| < Oy

Since R = F.(z/) = e2r + O(|loge]|) for r > §|loge|e 2, where r = |2/|, then

sup  r'7f|Es(r)| < Ce.
r>4| logs\sf%

Also
eri=e Cez
sup 7‘175|E5| <C sup ] < ] .
57%§T§5|10g5\57% 57%§T§5|10g5\57% | Og5| | Og5|
We estimate the Holder estimate for Es. Let us write = (2, F.(2)), ' = (z1,22), r = |2/|. We claim
that
L By < O—5_ forr > o|loge|e* (4.14)
—— forr . .
do; °' = T p2e - &
As in the proof of Lemma 4.2 we can rewrite E5 as
€
Es = FT]E’L

where

g / XEo/r(2) = XE5/R(2) ds
C1(aR) |Tr — z|*¢ 7

Zr = /R and C1(ZR) is the cylinder of radius 1 centered at Zr and base plane given by the tangent plane
to 0FEy/R at Zr. Then
d
dx;

Es =Dy + Dy + D3
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where
e(l—¢)dR € dr
Di=—"p= @ Dt
€ dJ
D3 = e nad_xi'

Let us estimate D3. By a translation
J:/ XB. = XE; .
c

. |Z|475
where C; is the cylinder centered at the origin, with base a unit disk on a plane parallel to the tangent plane
to Yo at x, and unit height, and E, = (Fy — z)/R.
We can write
1 1 dR 1 dx

Dea @ (et
da; oEN\C, 12117E R? dx; R dz;
1 1 dR 1 dz
" /8(,‘mmEz 2|4~ v(2) (R2 dwiz + R dxi) z

/ 1 (2) - ( 1 dR . 1 dx Vd

— v(z) (m5—24+ =—)dz,

ac.nee 12[7¢ R? dux; R dx;

where for points on 0F, v represents the unit normal vector pointing into Ey, and on 0C,, v points oust side
of C',. This follows from the transport theorem in the form

)dz

d -
S t@a= [ fww) O W),
Ty (U) ATy (U)
where v points to the exterior of T;(U). In our case E, = T,/(Eo) where Ty (y) = (y — x), x = (2/, F(2')).
Hence DmiTm/(TI_,l(z)) = —%25—5 - %jfi.

We claim that for |2/| > ¢~ 2 we have:

dJ 1
=0(— 4.1
== 0(). (415)

r = |2/|. Indeed, we compute with detail the case when |#/| > §|loge|e~2. For these 2/, R = e2r+O(|log £]),

j—fi = O(e?). Then

/ v(z) -z s
DB \Cazs>—1]n[|z|>e % /100] |2|*7¢
1
/BEm\cmm[zp—l]m[zzaé/mo] B
Inside the ball |z| < 2 /100, we have v(z) - z = O(e2)|z|. Then
/ YR 24— oehy.
17}

1 4—
B \Cazs>—1][2|<e~ % /100] 12]*7¢

<

dz = O(e).

The estimate in the lower half are similar, and therefore
1 dR 1 1
ﬁd_{'[;l /aE ¢ —|Z|4_€V(Z) czdz = O(—)
where r = |2/].
In the upper half we have

i v()

|Z|4—€

dz

C/ T
_ z|%—¢€
AE,\CzN[zz>—1]N[|z|>¢ 1/2/100| |

=0(e).

dz

IN

/<9Ez\Czﬁ[23>1]ﬁ[|z|>51/2/100
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For the integral over |z| < e~2 /100, notice that before the change of variables y — z = (y — ) /R, we have

veo(y) ()

%

1
£2
<C—ly -7

||

1
for y € X, |y — x| < |2]/100, since vs, (y) - 42 (2') vanishes at y = z and has derivative of order TTZI After
the change of variables this implies

)< 0
‘vz —|z|.
dz; - r
Therefore
dx 1
-v(z 3
/ 1 e 4—(5 ) dz = O(i)
OE.\C.N[z3>—1]N[|z|<e2 /100 |2 r
The estimate in the lower half are similar, and therefore
1 1 dx 1
— — c—dz = 0(—=).
R Jog,\c. |Z|475V(Z) dz; (7“2)
For the last 2 terms in % we observe that

[V

1 1
—V(z)~zdz—/ ——v(2)-2dz = 0(e?)
/BCmEz 2|4~ dC,NES 2|4~

since most of the integral cancels by symmetry, except a region of area O(E%) and similarly

1 1
ac.nE. |7 d; ac.ne: 2| da; r

This implies and the previous estimates imply the claim (4.15) (the range e =2 < r < de~2|log | is analogous).
The estimates for Dy, and D, are analogous, and since R = €2 |xo| we obtain (4.14).
Using (4.14), we can show, as was done before, that

1

£2
|E5(CL’1) - E5($2)| S kaﬂml — $0)2|a.

T, Ty € N, with z; = (2}, F.(x})), |a}] > e~ 2, and |z1]| < |za], |21 — 22| < —|x1]. Tt follows that

=

g

||E5||175,a+s S C——--.
| log el

5. LIMIT PROBLEM IN Y

We want to build a right inverse for the operator

€
Lo(h) = Ah+ —— h
0( ) + FE(T')277€(T) ’
which arises as the linearization of the approximate problem (2.5). Here 7. is any family continuous cut-off
functions with 7.(r) = 0 for r < e~ 2 and 7.(r) = 1 for r > 6|logele™ 2, where § > 0 is a sufficiently small
number.
We then consider the equation

Lo(¢) =g, R’ (5.1)

and work in the class of radial functions.
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Proposition 5.1. Let 1 <~ < 2. If e > 0 is small there is C > 0 such that for g radially symmetric with
|(1+|z])Yg|l L= < +o0 there exists a radially symmetric solution of (5.1) ¢ = T(g) with ||(1+ |z])7™2¢[ L~ <
400 that defines a linear operator of g with

e ¢llee < ClA+[a])gll,
and ¢(0) =

Proof. Since all functions are radial, we have to solve

"+~ ¢ + =75 (r)p =g, r>0. (5.2)

F( )
We solve this ODE with initial condition ¢(0) = ¢/(0) = 0. For r < e~z we obtain directly
|6(r)] < Cr*77|(1+ |2])7gllpe,  Vr > 0.
We also have
(e~ +1)] < O [|(1+ [a]) gl 1~ (5.3)
6 (7% + )] < C™T || (1 + [a]) gl 1~ (5.4)

Let us estimate ¢(r) for r > e~ 2 + 1. First we deal with the region e~z +1 < r < §|logele~ 2, where § > 0
is to be fixed later on. Let us rewrite (5.2) as

1
Orr + -0, =g, for e72 41 <r< 5|10g5|5*%
r

where
€

g=9-— Wﬁs(rﬂ’,

and let 7o =72 + 1. Integrating we find

o(r) = d(ro) +10¢/ (ro log / / 7g(7) drdt. (5.5)
Let us introduce the norm

o]l = supr2|o(r)],
rel

where I = [¢72 4 1,6|loge|e~2]. We have from (3.3)
Ce
ogel?’

| < I for s_%+1§7“§5|10g5|£_%. (5.6)

| €
F.(r)?
Using formulas (5.3), (5.4),(5.5), (5.6) we find
o]l < C&*[l¢ll + C(1 + |2])7gll Lo
Then we can choose ¢ > 0 small so that for all € > 0 small we find
ol < O+ |z[)7 gl -

This is the desired estimate in the region e~2 < r < e~ 2|loge|.
Let us consider the range r > 1 where 1 = 0| 10g5|5*%. Then by the previous step we have

|6(r1)] < Cri 7L+ J2l)gllze,  [6/(r1)] < Cry (L + J2]) Vgl .

We write the solution ¢ in terms of elements in the kernel of the linear operator A + %, where f. is defined
n (2.6). Let Z; be the functions introduced in (3.19) and

1
2 0|1
zi(T)ZZi( — ) r>d Olggl-
|loge| e
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By Lemma 3.3 we have

() <€, [z()]

3

IN
= [Q

; T2T1 (5.7)
We write now
¢(r) = c121(r) + c222(r) + ¢o(r), 2>, (5.8)
where ¢q, ¢y are determined so that
¢(r1) = c1z1(r1) + caza(r1),  ¢'(r1) = c1z1(r1) + c225(r1)
po(r) = —21(r) /T: %(hs)(s) ds + 2o(r) /hr %{;gs) ds.

Here W = z]20 — 212y is the Wronskian. Then W = ¢ for some ¢ and using (5.7) gives ¢ = O(1). Also by
(5.7) we see that

and

Jex + fea| < Cri7Y(I(L + ] gl
Using the estimates (5.7) we obtain

sup 172 |go(r)[[| < Ol + [2]) gl L~

r>ry

Therefore (5.8) yields
sup 77 72[(r)] < ClI(1 + |a])g] L,

r>ry
which is the desired estimate O

6. FRACTIONAL EXTERIOR PROBLEM

In this section we will construct a linear bounded operator that maps f defined on ¥ to ¢ defined also on
Yo with the property

eJ3,(9)(x) = f(x) for z € %o, || = R, (6.1)
where R > 0 will be a large fixed constant.

Proposition 6.1. If R is fized large, there is a linear operator f — ¢ defined for radial, symmetric functions
fon Zo with ||f|l1-c,a+e < 00, such that ¢ is radial, symmetric, satisfies (6.1) and

[6ll« < Cllfll1—c.ate-

Here the norms || ||« and || |[1—c,a+e are the ones defined in (2.12), (2.13).
We will also need a version of this result for right hand sides with fast decay. Let 0 < 7 < 1.

Proposition 6.2. If R is fized large, there is a linear operator f — ¢ defined for f radial, symmetric and
[+ fll Lo () < 00, such that ¢ is symmetric, satisfies (6.1) and

™l Lo (s50) < Cllla* 77 fll oo (20)-

In order to prove Propositions 6.1 and 6.2 we study first

Le(¢) + We(r)p = f  in R?, (6.2)
where
L.(¢)(x)=¢ %p.v. . % dy, (6.3)
and .
We(r) = gipa=e ), 7 =lel
where
Me(r) = (e r 1) (6.4)

and 7 is a smooth cut-off function with n(t) =1 for ¢ > 1 and n(t) = 0 for ¢ < 0.
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We start with a version of Proposition 6.1 for problem (6.2).

Lemma 6.1. There is a linear operator that given a radial function f in R? such that ||f|i—c.ate < o0
produces a radial solution ¢ of (6.2) with the property

H(b”* S CHle—a,a-l—a- (65)

Then norms are the ones defined in (2.12), (2.13) in the context of functions defined on R2.
For smooth bounded functions h, L.(h) has the expansion

L.(h) = Ah(z) + O(e) ase—0,
so equation (6.2) can be considered a perturbation of
Ah+W(x)h =g in R%

where -
W(z) = Wﬁs ()

The next lemma is a standard estimate for convolutions.

Lemma 6.2. Assume v, <2, v+ > 2. Let ||(1 + |z])7 f||p~ < 0o. Then

. s
/Rz g @) dy| < A+ | flloe (14 |77

Lemma 6.3. Let g be radial with ||(1 + |z|)Y"%g||L~ < 0o where v € (1,2). Then for e > 0 small (6.2) has
a radial solution h depending linearly on g with h(0) = 0. Moreover

11+ [2) Al < CIA+ |2]) ™ gll .

Proof. Instead of looking directly for a solution of (6.2) we will solve

x

2l — {y. )

R |x—y|2+€ (Wsh_g)dya (66)

D, h(x) = ca.c p.v./
R

for a radial function h with h(0) = 0. Here D, is the radial derivative. In (6.6) the integral converges if
(1 + |z])Y "5 (Weh — g)|| L < o0 by Lemma 6.2.
Equation (6.6) is equivalent to

Dyh — Au(h) = Ba(g) (6.7)
where
A-(h)(a) =AY
(h)(x) = caep.v. —_— .
2PV fo To— g W)W
2] — (g, )
B.(g9)(x) = —ca.-p.v. —_— dy.
(@)@) = —cocpev. [ () dy
Let Ay be the operator
|£L'| - <y7 ﬁ>
Ao(h)(z) = c2pv. | —————W(y)h(y) dy.
r2 |-yl
Then (6.7) is equivalent to
Drh — Ag(h) = A< (h) — Ao(h) + B:(9). (6.8)

We claim that given ¢ radial in R? with ||(1 + )7 14|/~ < oo we can find a radial solution A to
Dy~ Ag(h) = ¥ (6.9)
satisfying h(0) = 0 and
JL 4P e+ 2R e < O+ )] e (6.10)
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Indeed, we need to solve
/ W(s)h(s)sds =(r) for all r > 0.

Let .,
~m=Aw@w,ﬁm=Mm—ww

/W sds-——/ W(s)p(s)sds

Ah 4 W (r)h(r) = W(r)b(r), 0<r < oo.
We solve this equation using Proposition 5.1 and obtain
(L4777 Lo + P72l < Ofl(L+7)7 724 L.
Then h = h + 9 satisfies (6.9), h(0) = 0 and estimate (6.10).

Let T denote the operator that to a radial function 1 € L>°(R?) gives the radial solution h to (6.9) just
constructed, and note that by (6.10)

Then we look for & satisfying

which we write as

IT()]la < I+ )" | poe. (6.11)
where
lella = Il 2@ll Lo + 1L+ |2))*7 Vel poe.
We rewrite (6.8) as
b= T(Aa(h) — Ao(h) + B-(g)) (6.12)
in the space X = {h € WL°(R?) : h is radial, ||h]|, < oo} with norm || ||,.
We solve (6.12) by the contraction mapping principle. Consider the difference

W) - Ve d
/]Rz (|x —yl? (v) [z — y[2Te (y)) e(y)dy

where we assume that ¢ is radial and ||¢||, < oo. Let

D_{y:max(|x_y|, vl )ga_m}
lyl "z —yl

where 0 < m < 1 is fixed. Let us estimate the integral outside D. Then we can estimate separately

/D 1 1|277:-:( )o(y)dy, / ﬁhﬂi —1:(y)¢(y)dy,

e lz—ylly e |z

respectively, since e2r < CF.(r) for all r > e~ 2. First, for the integral over the region |y| > |z — y|e ™™ note
that this condition is equivalent to |y — (1 + 5)a:|2 < (6 +6?%)|x|? where § = O(e*™) as € — 0. So, for y in this
region |y| ~ |z| and hence

1 1
‘ ‘/{|y|>smxy} |z —y|tte |y|2—= ”a(y)w(y) Y

< Il s | e
S Pllery T Ton1—e T 1ae YY
A+ 2D Jymai<csiiee [T —yltte

C —
< el g payee @21 < oDl
as ¢ — 0. Similarly
1 1
n y dy‘ S o 1 SO as
‘/{|y|>5 mlo—yly |7 =yl [y? =W)ely) Wl

as € — 0.
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Next, for the integral over the region |y| < ™|z — yl, note that this condition is equivalent to |y + dz|? <
(6 4+ 62)|z|* with § = O(¢®™) as € — 0. In this region |z — y| ~ |z| and then we estimate

1 1 Cllella 1
T T eWe(y)dy < 7/ Ty
~/{|y|<5m|my|} |z —y[t+e Jy[2—= (L +lz)tre Jiyi<csr2)a) lylt—e

n—1+4e

<Clelad™ = <o(1)|¢lla-

Similarly

1 1
N (W)e(y)dy < o(1)[|¢lla-
/{ysww—yn |z —y[= 1 [y

Next consider the integrals inside D. For this we let
Ar={yeR®: |y > 20[}nD
Ay ={y e R?: [y < 2[al, o —y| > |2[/2} N D
Az ={y eR?: |z —y| < |z|/2} N D.

We have now to estimate

I= /D ( LY (y) — MWa(y)) o(y)dy

|z —y[? |z —y[2+e
T — Vi Fs(y)€ )
= 1- g(y)dy,

D|x—y|2( 7o) W
where ( )
_ Ene\y

9(y) TAME e(y)
Note that

[+ 1z)"gllLe < Cllela-

PeW)” — O(e|logel). We assume || > 10. In Ay, |z — y| ~ |y| so

lz—yl*

Ti — Yi F.(y)® ) 1
1— g(y)dy| < Celloge| ||¢|la ——dy
/Al z — g2 ( @ — vizalel I

< Cellogel[|gllalz]' 7.

Inside D we have 1 —

For the integral in As note that |z — y| ~ |z| and hence
Ti — Yi Fe(y)*

/ 2 <1 - - E g(y)
A, [ =yl [z =y

For y € A3 we have |y| ~ |z| and therefore

Ty — Yi FE : - :
[ (i A >g(y>dy‘g05|1oga|||w||a|a:| g E—
Yy

5 lz—yl? |z —yl° ly—z|<|z|/2 1T = Yl

< Celloge| [lllalz 7.

1
< (Celloge axfl/ —d
|logel [[¢lla|z] Mk

< Ce|loge] [|pllala]'

Using the previous calculation we see that the map from X to itself given by T(Az(h) — Ag(h) + B:(g)) is
a contraction for € > 0 small, and hence has a unique fixed point. This fixed point satisfies

lle < CIT(Be(9)la < CII(L+7)"" Be(g)| £

by (6.11). Using then Lemma 6.2
1Plla < ClI(L+ [2]) gl Lo

We need to verify that h solves also (6.2). We define

Wy (2) = e /R ! ( e (y) h — g)ni(y) dy.

2 |z =yl y|*e
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and

W (I) = Wy (33) — Wy, (0)
where 7, is a sequence of smooth cut-off functions with support in By, nr = 1 in By and |Dng| < 1/k%
Hence wy, are well defined and satisfy

ap.v./ wdy =(g— e () h)ne  in R™.
R2

|z —yl*e ||~

By Lemma 6.2

(T
e Dy (@) < O+ 1)~ — Ly

|I|275

<O+ [z) gl

Then up to subsequence wy, — w uniformly on compact sets of R?, [|(1+4|z|)" 1 Dw||loo < C||(1+|z|)Y 9] Lox,
and w satisfies

w(y) — w(z) ne(x) .
V. dy =g — h R™. .1
EP.V /]R? 7 — g Y=g o in (6.13)

From this equation

i =y n(y)
D, w(x) = cp, / h—g)dy = Dy, h(x).
D= ne Joo Ty "~ 7 )

Hence w and h differ by a constant and from (6.13) we see that h solves (6.2).
O

Proof of Lemma 6.1. The proof is based on the following apriori estimate for radial solutions h of (6.2) such
that |||z| = h| L~ < oo

]~ L < CIIL+ [2])' gl L=, (6.14)
and we claim it holds if € > 0 is sufficiently small.
We argue by contradiction, assuming that there are sequences ¢; — 0, radial functions g¢;, h; solving (6.2)
and satisfying
2]~ hill e =1, 11+ |2])' "= gil| L — 0 (6.15)
as i — 0o. Let z; € R? be such that
_ 1
(L f2a) " hi(za)] > 3.

Assume first that z; remains bounded and, up to a subsequence x; — x as i — oo. The bounds (6.15)
and standard estimates for L., uniform as ¢ — 0, show that h; is bounded in Cllo’?. Therefore passing to a
subsequence we find h; — h locally uniformly in R%. Let ¢ € C§°(R?). Multiplying (6.2) by ¢ and integrating
we find
/ hiLe, () + We hipi = | gip.
R2 R

2
Taking the limit we find that & is harmonic in R%. But also |h(xz)| > 4, h is radial and |h(r)| < r for all r > 0,
which is impossible.
Suppose that z; is unbounded so that up to subsequence r; = |z;| — 0o as i — oo. Let

- 1
hi(z) = —h(rz), gi(x) = ril Sig(rix)
T
so that B B
Le,(hi) + Wi(x)h; = §; in R?,
where 5 .
e, (rix)r;
W; =t
(z) Fe (riz)
Also

2|~ hll e =1, ll2]* % gill L — 0
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as i — co. Up to subsequence h; — h locally uniformly in R? and z;/r; — . Moreover |h(%)| > %

If 5;% |loge;|r;t — oo as i — oo then W;(z) — 0 uniformly on compact sets and we reach a contradiction
as before.

If &; ?|logei|r;* — Ry, then W;(z) — W(x) uniformly on compact sets where W(z) is bounded for
|z| < Ry and W (x) = # for |x| > Ry. Then h solves

Ah+Wh=0 inR?

with |h(r)] < r for all » > 0. This implies h = 0, a contradiction.
_1
Finally, if ¢; *|loge;|r; * — 0, then h satisfies
1 o
Ah+Wh:0 in R*\ {0}

with |h(r)] <r for all » > 0. Again this implies that h is trivial.

Existence of a solution to (6.2) can be deduced from the solvability obtained in Lemma 6.3 and the apriori
estimate (6.14), with an approximation argument. Namely, let g be radial with (1 + |2])}~¢g||z~ < co and
n be a smooth cut-off function with n(z) = 1 for |z| < 1, n(x) = 0 for |z| > 2. Thanks to Lemma 6.3 there
is a radial solution h,, of (6.2) with right hand side gn(z/n). By (6.14) we have ||(1 + |z|) " hn|/L~ < C and

by standard estimates h,, is bounded is C’llo’g. Up to subsequence h,, converges to a solution h satisfying
11+ [a)) " hlle < O+ [2]) =2 gl e

Finally estimate (6.5) follows from a standard scaling argument and Schauder estimates for L., which is
(—A)# up to constant, and which are uniform as ¢ — 1. O

Next we give a result analogous to Lemma 6.1 but for functions with fast decay.

Lemma 6.4. There is a linear operator that given a radial function f in R? such that ||(1+ |z|)?2T" 5 f||1= <
oo produces a solution ¢ of (6.2) with the property

[ ¢llree < ClIQA+ [ 72 flloe (6.16)

Proof. Let Y denote the space of radial functions in R? satisfying |||z|7¢||z~ < co. We claim there exists
¢ € Y that depends linearly on f satisfying

Vo) =ere | (e ) (P00 - 2000 ) a (6.17

and the estimate (6.16). This function is the desired solution. Here ¢y — 5 as € — 0.
Similar to Lemma 6.2 we have the following estimate. Assume 0 < < 2,2 <~y <3 and v+ (8 > 2. Let
|(1+ |z|)7 fllLe < co. Then

T —y x 0 p_
— d < 1+ v ) ’Y.

Using this estimate with 8 = 1+ & we see that the integral (6.17) is well defined if ||(1 + |2])?T" ¢ f|l~ < @
and ¢ €Y.
We treat (6.17) as a perturbation of the case ¢ = 0. So first we consider the equation

Ap+Ls—f R
T

with 7. as in (6.4), for which we want to construct a solution such that
)™ Bl (rey < 1L+ |2)* 7 fll Lo (re).- (6.18)

For r > ¢~2 + 1 the equation is given by

1
;&¢Y+p¢:f,rza%,
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hence we take ¢ of the form
¢(r) = cos(log(r)) /00 sin(log(¢))tf (t)dt — sin(log(r)) /00 cos(log(t))tf(t)dt

for 7 > e~ + 1. From this formula we get directly

sup 7[p(r)] < [[r*F7 f|

r>e 2

For 0 <r < e~ 2 + 1 we define ¢ as the unique solution of the equation

1
—(r¢')" + 775(;) =f r<ei4l,
r T

with initial conditions at =2 + 1 to make ¢ a global solution for r € (0, 00). Note that

14T

$(c77) =0(e?), ¢'(e72)=0( 7).

Then for r < ry we can represent

o(r)=c1+c log / / t)dtds,

c1=¢(ro) =0(e?), ¢ =ro¢ (ro) = O(e?).
With this formula we can verify (6.18). The previous solution satisfies
1 1 n-(lyl)
(bx:_/ log (fy— o(y) ) dy + Alog|z| + B

where A, B depend on f and are such that ¢(z) — 0 as |2| — oco. Therefore for the gradient we have

Vo) = o0 [ 0 (- o)) ay+ 4t

2 Jre & —yl?

o [ (-5 (rw - ) an (6.19)

Let ¢ = T(f) denote the operator that associates the function V¢ constructed above, so that in particular
(6.18) and (6.19) hold. To find a solution of (6.17) it then suffices to find ¢ € Y such that

Vo = T(Ba(f) + AO(¢) - Aa(¢))

where the operators B., Ag, A are defined as

B:(f)(x) = 0275/ (|I$__|2+s - |I|2+s)
w00 = [ (G55~ )
woe) = [ (Fe - o) T e

and ¢ is defined from V¢ by integration such that lim|;| . ¢(x) = 0 (here all functions are radial). Similarly
as in Lemma 6.3 we can show that for € > 0 small the map from Y to Y given by ¢ — T'(B:(f)+Ao(¢)— A (9))
is a contraction.

_ 1
Let rg = 7 2.

where c1, co have to satisfy

Iyl
|2 5

O

For the proof of Proposition 6.1 we need an estimate of

a-(x) = 5/2 1- <V20(y)v’/20(y)>dy

|z —y[t—e
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Lemma 6.5. Let © = (2/, Fe.(2')) € ¥g. Then

ac(z) = mlAs, [*]2’|" + O( o(

i Oo(— )
(1 + [«])Z< log([z])?~< " Nlal<e "
e

+ Wm(l + 0(1)))(‘1‘287% s
where |As, | is the norm of the second fundamental form of 3o and O(), o() are uniform x as € — 0.

Proof. Let Ry > 0 and write
a: = aj +a.,

where

a )

() = 1—<I/20(y),ugo($)>
( )—5/2(% d

: |z —y|*e
and E(jf is Yo intersected with x3 > 0 or x3 < 0 respectively. Let us split

+ _ + +
ae = al,s + a2,s’

where
1—
afs _ E/ <V20(y)7411280(:17)> dy,
’ 2 NCr, (z) |z =y
1—
CL;_E _ E/ <VEO (y)llliio(:r»dy,
' S\Chr, (2) |z —yl

and Cg, (z) is the cylinder with base the disk of radius R; on the tangent plane to Xy at x, and height Ry,
which will be chosen later depending on z. Let g : Bg,(0) C R? — R be such that 3y can be described as
the graph of g over the tangent plane at X. Then

e VIR,
l,e — .
[t|<Ry

4—¢

(It1> +g(t)*) =

A calculation gives

af () = 7 Az, (X)PR] + O(e[D?gla. b, RTT).
We choose now R; as follows. Recall that x = (2, F.(2')) and |z| ~ |2/]. If |2/| < 100 we take Ry > 0 a
fixed small constant so that the representation of ¥y N Cg, (z) by a graph is possible. If |z'| > 100, we take
R = §|2’| with § > 0 a small positive constant. By estimates (4.8)

1
Ce2 : / -1
W lf|$|2€ 2
1
2.

[D?gla,Br, <
a,BRry MLQM if |£L'/|§€_

and therefore
— X —x
€

T3 T

af . = Az, [*la’|" + O

as € — 0. On the other hand a direct estimate gives

F—0(—" ).

N

Therefore -
af = n|As, ||z + O(W)'

We can write explicitly
1—F(x) F(y)
VIHIVE(2)]? dy

) T VEGPE +
)= / (2 — 92 + (Fe(z) + Fe())?) =
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For 10 < |z < e~ 2 we estimate
1
@l << [ __ay
: izt (jo = y[2 + Fx(2)?) 2

- Ce - Ce
= Fe(x)?7¢ 7 log(z)*—=

1 Lo _
For [z > 72 we split aZ = aj _ + a, . where

1-— Y X
al_,a(‘r) _ E/ ) <VEO( )75?2( )>d§/,
S5 NCr, (.,0) X Y|

1-— Y X
a;,a(x) _ E/ ) <VEO( )741/53(5)( )>dY,
S5 \Cry(w0) X =Y

where Cg,(X) is the cylinder with base a disk of radius Ry on R? centered at (z,0). We choose Ry =
|loge|~2|z|. Then

1
() =<C [ _dy
2 y—al>R ([T —y|? + Fe(2)2) 2
- Celloge|
— |£C|2_€

For |z| > e 2 and |y — 2| < Ra, F/(z) = O(¢?) and F.(y) = F.(z) + O(¢2R) so

() — 24 0(e) d
= (7) E/my<R (2 — P2+ (F(2) + F)) =

e

W(l +0(1))

=T

where o(1) — 0 uniformly as ¢ — 0.
]

Proof of Propositions 6.1 and 6.2. The idea is to reduce problem (6.1) to one in R%. Suppose that ¢ is a
radial function on ¥, symmetric with respect to x3 = 0 vanishing in Bag(0). Here R > 0 is large and fixed,
to be chosen later. Since ¢ is symmetric with respect to z3 = 0, we can define ¢ globally in R? by

d(x) = $(a, £F.(x)), |a| > R,
and q~5 = 0in Bg(0). Let Cr be the cylinder
Cr = {(x1,20,23) € R®: 2% + 22 < R?}.

Then, for X € X of the form X = (z, F.(z)) with |z| > R, we have

oY) — o(X)
p.v. /EO\CR Y = X[i dy

W) = ¢(x) e L+ |[VE.(y)? dy

o /WR (17— 42 + (Fx(2) — Fu(y)

)
+/ P(y) — () 1+ [VE-(y)Edy
R2\Br ( )?) =

[z —yl? + (Fe(2) + Fe(y
Then we find for | X| > R, X = (z, F.(x)),

[ ) —e(x)
s, Y - X[AE

o(y) — (x)

L= dy + b(x)d(x) + Bi(d)()
r2 |y — 7

dY =p.v.
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where
1 1
bole) = /B P /c o o) v
o —— EmAmE !
By($)(@) = /RZ\BR@(” a( >)<(|x_ylg+(ﬂ($)_ RO |x_y|4_€> dy
() — (@) R
+/RZ\BR (ool + (Fue) + By ¥ T IVEWIEd
Let

1—(vs,(Y),vs, (X
aa(X):E/ZO <|)Z((_})/|sfs( )>dY,

Then (6.1) reads as
L.(d) + JT;&(»@) +eB1(6)(a) + (bla) + ac = [ T )g(@) = f(z) (6.20)

where f(z) = f(x, Fe(z)) and L. is the operator (6.3). We look for ¢ of the form ¢ = 7, where 7 is a smooth
radial cut-off function such that n(z) = 1 for |z] > 3R and n(x) = 0 for |z| < 2R. Then we ask that ¢ solves

La(w)+| |1 — @ +eB(p )+n(€b(w)+aa—| = —)p=f(z) inR? (6.21)
where
Bale)o) =<i) [ o) "I dy i) a0,

and where 7 is another radial smooth cut-off function such that 7(x) = 1 for |z| > 5R, n(x) = 0 for |z| < 4R.
If ¢ solves (6.21), then ¢ = 5y will satisfy (6.20) for || > 5R. Let T denote the operator constructed in
Lemma 6.1, so that ¢ = T'(f) is a radial solution to (6.2) satisfying the estimate (6.5). Then we rewrite (6.21)
as the fixed point problem

p = T(—eBa(p) — n(eb(z) + a. — m%w + ).

We can apply the contraction mapping principle by the following estimates
leBa(@)ll1-e.a < 0o(1)] 0]l
i
[n(eb(z) + ac — mﬁ)wl\km < o(D)[lll

where o(1) — 0 as e = 0 and R — oo, which can be proved using Lemma 6.5.
The proof of Proposition 6.2 follows the same lines as the one of Proposition 6.1. O

7. LINEAR THEORY
The purpose here is to construct a linear operator f +— ¢ which gives a solution to the problem

eJs, (@) = f in Xy, (7.1)

where J3 is the nonlocal Jacobi operator

A=) | g [ L))

o o=yl

T3, (9)(x) = p.v. dy,
and X is the surface defined in (2.9).

The main result is stated in Proposition 2.2, which we recall: there is a linear operator that to a function
f on X such that f is radially symmetric and symmetric with respect to x3 = 0 with || f||1—c a4e < 00, gives
a solution ¢ of (7.1). Moreover

Eo|

H(b”* < CHle—a,a-l—a-
The norms || ||1—c,a+e and || ||« are defined in (2.13), (2.12).
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As ¢ — 0, ¥ approaches the standard catenoid C on compact sets, which can be described by the

parametrization
y € R (V1+y2cos(d), 1+ y?sin(6),log(y + /1 +y?))

with y € R, 6 € [0,27]. Hence for smooth bounded ¢ we have
™
c78,(6) = T (Bco +4P9)

uniformly over compact sets as ¢ — 0, where A¢ is the Laplace-Beltrami operator and |A| the norm of the
second fundamental form of C (see Lemmas A.2 and A.4).

Let us recall the standard nondegeneracy property of the Jacobi operator A¢ + |A|? on the catenoid.
Linearly independent elements in its kernel are the functions

Zi(y) = —— Zs(y) = =1+ ———log(y + V/y? + 1). (7.2)

/y2 + 1 ’ /y2 + 1
The knowledge of these elements in the kernel of A¢ + |A|? immediately yields

Lemma 7.1. If ¢ is a bounded azially symmetric solution of Acd + |A|?¢ = 0 in C then ¢ = cZy for some
ceR.

Let

ac(z) = / L= (w), vsa@)

|z — y[3+s
and
be(x) = as(z)n-(x)
where 7. is smooth, radial, n(z) = 0 for |z| > e~ 2 + 1, and n(z) = 1 for |z| < ¢

Let us write
oly) — {f&w) dy
5o 1T —yl*e

1
2 .

Le(¢)(x) =ep.v.
and consider the equation

Le(¢) +be(x)¢ = f in Xo. (7.3)

We will consider from now only right hand sides f : ¥y — R which are symmetric with respect to the plane
x3 = 0, and symmetric solutions ¢.
Let 0 <7< 1.

Proposition 7.1. For e > 0 small there is a linear operator that takes f symmetric with respect to xs with
|ly*T" = fllL~ < ¢ to a a symmetric bounded solution ¢ of (7.3). Moreover

Il < Clly* ™= fll L=,

1+ 1Y) TVl < Clly** ™ fl 1o, (7.4)
and im0 ¢(x) exists.

The counterpart of this result for the Jacobi operator A¢ + |A|?, without assuming any symmetry on f or
¢ is: if [||y[**7 fllee < 0o and [, fZ1 = 0, there is a bounded solution ¢ of
Acop+|APo=f inC,

and this solution is unique except a constant times Z;. Moreover ¢ has limits at both ends, which have to
coincide. In the nonlocal setting, to simplify we work with functions that are symmetric with respect to xs,
so in some sense the condition fc fZ;1 = 0 is automatic.

For the existence part in Proposition 7.1 we study the truncated problem

Le(¢) +be¢p = [ in X N Br(0)
¢=0 on X\ Bgr(0)
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Let
_14+s 1_¢€
2 T2
Given in f € L?(Xo N Br(0)) there is a weak solution ¢ € H?(X) of
—Le(¢) = f inXoN Bg(0)
¢=0 on X\ Bgr(0)

By weak solution we mean ¢ € H?(X), ¢ = 0 on X \ Br(0) and
/ / (¢(y) — o(x))(o(y) — o(x)) dydz = | f(@)e(x) do
Yo J X0 3o

o =y

g

for all ¢ € H7(Xy) with ¢ =0 in X \ Bg(0). This solution can be found by minimizing the functional
1 / / (6(y) — ¢(x))?
- = dydx — f(x)d(x) dx
4 s, Js, lz—ylFr?0 2o

over the space {¢p € H7(Zp) : ¢ =0 on Xy \ Br(0)}. For f locally bounded and & > 0 small (o is close to
1), the solution belongs to C;%.
First we establish an apriori estimate for solutions of (7.5).

Lemma 7.2. Suppose f is symmetric and |||y|>T™ = f|L~ < oo. There are o9, Ry,C > 0 such that for
0 <e <eg, R> Ry, and any symmetric solution ¢ of (7.5) we have

[ellz= < Cllyl™fll e
Proof. If the conclusion fails, there are sequences €, — 0, R,, — 00, ¢,, solving (7.5) for some f,, such that

I¢nllzoe =1, [y fallz~ — 0
as n — 0o. We show that for any p > 0 fixed

sup |én| — 0 asn — oc.
3oNB,(0)

If not, then passing to a subsequence, for some x,, € ¥y N B,(0),
|[¢n ()| =0 > 0.

By standard estimates, ¢, is bounded in C};.. Hence by passing to a new subsequence, ¢, — ¢ locally
uniformly as n — oo. We pass to the limit in the weak formulation and obtain a bounded symmetric solution

¢ # 0 of
Achd+|AP¢=0 inC.

But by Lemma 7.1 the only bounded solution is ¢Z;, which is odd. Hence ¢ = 0 and this is a contradiction.
We claim that

||¢n||L°°(EoﬂBRn(O)) =0

as n — 0o, which is a contradiction.
Indeed, let w =1 — §|y|~". One can check that

LEn (w) S _c€n6|y|_7—_2+8”

for |y| > R where R is large and fixed and c., converges to a positive constant as &, — 0. Next we choose
d > 0 such that infg g, (0)) w > 0. We claim that

$n < C(I9ll = (zonpa(0) + 19775 fall Lo )w (7.6)

in Xy N (Bg, (0)\ Bz(0)). Note that (7.6) holds for C large depending on ¢,, because ¢,, is bounded. The
claim is that this holds for C' = Cy with

C = 2 i f -1 %
0 max< (zmlng»M S oyl

The comparison can be done by sliding. O
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Using the Fredholm alternative, we deduce the following result.

Lemma 7.3. Suppose f is symmetric and |||y|** ™ °f||L~ < co. For 0 < & < &g and R > Rq there is a
unique symmetric solution ¢ of (7.5).

Proof of Proposition 7.1. We fix 0 < ¢ < g for R > Ry and let ¢ be the solution of (7.5). Then for a
sequence R; — 00, ¢ = lim; ., ¢p, exists and is a solution of (7.3). Estimate (7.4) is obtained by scaling

7

and the gradient estimates of Caffarelli and Silvestre [7]. Finally lim |, ¢(z) exists because of (7.4). O

We need a solvability theory with a constraint on the right hand side so that the solution decays. For this
we consider the equation

Lo(¢) +bep = f —cZom  in Xy, (7.7)

where 7); is a smooth radial symmetric cut-off function on X, such that 7y (x) = 1 for |z| < Ay, m(z) =0 for
|x] > A1 +1 and A; is a fixed large constant. The function Z7; in the right hand side can be replaced by

any fo with fo(z) = O(|z|7>77%), [ foZa2 # 0.

Proposition 7.2. There is g > 0 such that for all 0 < e < eg and any [ symmetric with respect to xs with
Iyt fllL~ < oo there is a unique solution ¢, ¢ of (7.7) such that ¢ is symmetric and |||y|"¢||L~ < oco.
Moreover

Iyl dllzee + lel < Clllyl** ™= fll o~

Proof. First we prove existence. For this we let ¢y be the solution of (7.3) constructed in Proposition 7.1
with right hand side Zon;. Then lim,| o do(7) = Ac exists. We claim that A. > 0 stays bounded and
bounded away from 0 as ¢ — 0. To prove this, let Zs be given as in (7.2). Multiply (7.3) by Zonr where
nr(z) = n(x/R) and 7 is a radial, symmetric, smooth cut-off function such that n(z) =1 for |z| <1, n(x) =0
for |x| > 2. Then for R > A; 4+ 1 we find

— T
5/ ¢o($€)/ Zz(y)MZﬂ) dy dx + ¢077R90=/ Z5m

o Yo |z —yl 2o 2o
where

90 = Lo(Z3) + b.Zs.

Let us consider the first term

nr(y) — nr(z) .
g@@mwém&@—————@M—h I

EE
with
1 L (Zo) = Zo(@) ()~ mle)
n=ge [ [ oo i dyd
1 (60(y) — o) (nw) ~ mle)) ,
=g ), B0 PP o

Since ¢o(z) = A. + O(R™177) for |z| > R/4 it is possible to show that
I = a:A: + 0o(1)

where a. > 0 remains bounded and bounded away from 0 and o(1) — 0 as as € — 0 and R — oo with R — 1.
Indeed, consider the regions Ry = {x € Xy : x| < R/2}, R2 = {R/2 < |z| < 4R}, R3 = {|z| > 4R}. Then

E/ERV /ER. bo(2) (Z2(y) = Z2(x)) (nr (y) — nr(x)) dydzz = 0

|z —y|*—=
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for j = 1,3. We have

(Z2(y) — Za(x))(nr(y) — nr(z))
o Lo, 0

|z —y[t=e

1
< 2¢||¢o|l L log(R)/ / ———— dydx
wl<r/a iy > Ry2 [0 — Y|t e
< Celog(R)R™".

and

E/ / 60(2) (Z2(y) — Za(x))(nr(y) — nr(z)) dyda
rER2 JyeRs

[z —ylt=e

B 1 (Z2(y) — Z2(2)) (e (y) — nr(z)) .
=(A:+O(R ))e /IEH2 /‘UGR2 =y dyd

= (Ac + O(R™'"")Ren(1 + O() + O(R™Y)).

In the last integral we have rescaled by R and used the expansion for Z5. Other terms in I; can be handled
similarly. Also, similar calculations show that Io — 0.
Now let ¢ be the solution of (7.3) constructed in Proposition 7.1 with right hand side f. Let £ =

lim ;|00 QAS(:C), which exists by Proposition 7.1. Then ¢ = QAS — A%(bg satisfies

14
Ac(9) + b0 = f — —Zom.

€

Moreover we have the estimates |¢| < C|||ly| =27 f||L~ and

Iyl éllz= < Clllyl =" fll

by (7.4).
Let us prove uniqueness. Suppose that for a sequence ,, — 0 there is a nontrivial solution ¢,,, ¢, of (7.7)
with f = 0. We can assume

y["dllLe = 1. (7.8)

To estimate ¢, we test equation (7.7) with Zan,, where 7, is a smooth cut-off function such that 7, (r) =1
for r < R,, and n,(r) =0 for r > 2R,,, with

Rp — o0 and Rnel — 0. (7.9)
We get
n — Nn T
R R R
So 2o |z —y[t=en DO
- _Cn/ banZTIru
3o

where

In = Lan (Z2) + banZ2-
We claim that

M (Y) — 1 (@)
En /EO(En)an(:v) /ED(EH) Zs(y)———>dydr =0

o =yl

as n — oco. Indeed

. N (Y) — M () .
. / R / B dya

|z — y[i=en
(Za(y) — le(ar))(lzf(y) — @) 4 da
T —y|*en

= | ¢nZoLe, (nn) +en /EO ¢n(2) /EO

Yo
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By calculation
O(R:»=2)  if |[z| < 10R,
Ol ™y if |2| > 10R,

B

Le, (nn) () = {

Then by (7.8)

OnZoLe, ()| < C’Rf{‘d/ |x] " log(2 + |x|)
2o Bg,, CR?
L CenRE / 2"~ log(2 + |a])
Bg, CR?

< CR; " log(R,) + Ce, R """ log(R,) — 0
as n — oo by (7.9). Similarly

. / (Zo(y) = Zo(@))(m () = () 5 O(R:r ) if |z < 10R,,
s lz — gt O(T;jLE: log(4) if [z > 10R,.

This implies

(Z2(y) — Za(2)) (0 (y) — ()
En/&)(bn(a:)/zo dydx| — 0

o — y[*—en

as n — 0o as before.
We also have

g Gn(Y)n(Y)gn(y) dy — 0 (7.10)

as n — oo. Indeed, gn = Lc, (Z2) + be, Zy — 5(Ac + |A|?)Z2 = 0 uniformly on compact sets (Lemmas A.2
and A.4), so for any fixed p > 0

/ Gn(Y)0n (Y)gn(y) dy — 0 (7.11)
SoNB,

as n — oo. For the integral in ¥y \ B,, we note that
|Le, (Z2)(x) = O(log(|z)]«|*~*)
and by Lemma 6.5
_1
b () — 7| As, |?|2]f + O(W) for x| <e j +1,
0 for |[x| > e~z 4+ 1.
In the region |z| < e~ 2, % is the catenoid and hence
|Ax, 2 = O(J2| ™).

This implies that for |z] < e~ 2
b <Claf*+0—"
|be., (z)] < Clz| + log(|z|)2—<n
It follows that -
W ()] < C1 i o—
9n(2)] < Cloglelal*~* + O

Hence

/ \ Gn (Y (y)gn (y) dy| < Cp? "7 log(p) + Ce, R
$o\B,

Using this and (7.11) we deduce the claim (7.10).
It follows that
cn — 0 asn — oo.
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As in Lemma 7.2, ¢, — 0 uniformly on compact sets. Then by (7.8) there is a point z,, € X such that
(1 + ol 6n (o) > 5.
and |z, | — oo. By scaling and translating we obtain a non-trivial ¢ satisfying
Ap =0 inR?\ {0}
with
lp(x)| < Clz[ 77,
which is impossible. O

Next we establish an a priori estimate for decaying solutions of (7.1). We do not expect solutions of this
problem to decay, but that this will be the case if f satisfies a constraint. For this reason, instead of (7.1) we
consider a projected equation

eJ5,(0) = f —cfo in Xo. (7.12)

where fj is an appropriate function. For fy we can take almost any smooth function with compact support,
but it will be important that

foZ2 # 0,
Yo
and that we have a solution ¢y with ||¢o||. < oo of

eJs, (¢o) = fo in Xo.

One possibility to achieve this is the following. Let R > 0 the number given in Proposition 6.1. For p > R let
np(x) = n(x/p) where 1 is a smooth radial cut-off function in R*, such that n(z) =1 for |z| < 1 and n(z) =0
for |z| > 2. Let f, = Zsn, and ¢, be the function constructed in Proposition 6.1. We recall that it satisfies

eJ8, (6p)(X) = fo(X) for X € %y, |X|> R,

and the estimate

9ol < Cllfolli-e,ate-
Note that
[ folli-e.ate < Cplog(p).

and that since f, is smooth, ¢, is also smooth. Using elliptic estimates we deduce that [|¢,|c2.ep,) <
Cplog(p). Let

fp = 5j§0(¢p)'

A S RUNT R
Yo YoNBr ZO\BR

| e @0z =0Glose). [ Z3n,= it loglp)*(1 +o(1)
YXoNBgr >

o\Br

Then
Since

as p — oo, where ¢ > 0, we find that for p > 0 large
pr2 7& 0.
3o
We fix p large and take
b0 =,  fo=Fn (7.13)

Lemma 7.4. Assume |||z[*"7 ¢ f|| poo(s,) < 00 and ¢, ¢ is a solution of (7.12) such that |||z]|”¢|| o (sy) < c0.
If € is small enough, then there is C' independent of f, ¢, ¢ such that

)™ Gl = (20) + lel < Clllz*T77 f ]| oo (50)-
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Proof. Assume by contradiction that there are sequences €, — 0, ¢,,, ¢, solving (7.12) with right hand side
fn such that
1A+ [2)" Gl Loy =1, N+ 12)*F775 full e (se) — 0
as n — 00. Recall that X = Xo(e,,).
To estimate ¢, let Z5 be given as in (7.2). We test equation (7.12) with Zsn,, where 7, is a smooth cut-off
function such that 7, (r) =1 for » < R,, and n,(r) = 0 for r > 2R,,, with R,, — oo and

1
R, <<en?.
We get

Sy Zo(y) W) =0 (@) g g [ om0 dy
So(en) Yo(en) So(en)

o — gl

:/ fnZ277n - Cn/ fOZQWn-
20(571) EU(En)

By a calculation

nn(y) - nn(x)
. / R / By g o

o — gl

as n — 0o, and
/Z )T 2 ) dy 0

as n — oo. It follows that
cn — 0 asn — oo.

There is a point x,, € X(e,,) such that

(14 [zn])7[¢n (2n)] =

If x,, remains bounded, then up to subsequence ¢, — ¢ uniformly on compact sets of the catenoid C and ¢
is a nontrivial solution of

N =

Acod+|AP¢=0 onC
with |¢(z)] < (14 |2|)~7. By Lemma 7.1 ¢ must be zero, a contradiction.
Hence z,, is unbounded. By scaling and translating we obtain a non-trivial ¢ satisfying

Ag+—Lp=0 inR?
r
with
lp(z)| < Clz| ™7,
where 0 < 77 < 1 is a radial, non-decreasing function such that 7 = 1 for all || > m, where m > 0. For r > m
we get
o(r) = acos(log(r)) + bsin(log(r))

but then a = b =0, so ¢ = 0, a contradiction. O

Proof of Proposition 2.2. We want to solve (7.1) where f is radial and symmetric such that || f[[1—¢ a+e < 00.
First we reduce the problem to one where the right hand side has fast decay. Let ¢ = o(f) be the function
constructed in Proposition 6.1 with right hand side f, namely ¢ satisfies

eJ5,(9)(X) =f X eXo|X[=R

where R > 0 is fixed in this proposition. Then we look for ¢ of the form ¢ = ¢; + n¢ where n € C>®(R?) is a
cut-off function such n(x) =1 for |x| > 2R, n(x) = 0 for |z| < R. The function ¢; then needs to satisfy

eJs,(¢1) = f1 inX
where

i) = (1 —n@) i) - [ )T =12 g,

oA ly — alt=e
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Since the second term decays like || =7 as [x] — oo, f1 has fast decay, meaning || (1+|2[)*T7 = f|| oo (5,) < o0
In the sequel, we assume that f is symmetric, radial with [[(1 + [2])**7 ¢ f|| o (s,) < 0. First, we claim
that it is possible to find a solution ¢, ¢ to (7.12), which depends linearly on f and such that

1+ [2))7 gl o + le] < ClI(L+ )77 f poe

We construct this solution by looking for it in the form

¢ =+
and we ask that
Le(p) +bep = —[Le, o] (¥) + (L =mo) f +cfo  in X (7.14)
L.(Y)+acp = —a(1 —n)p+ f in Xg\ Br(0) (7.15)

Here
—no(x
[Le,n(¥) = Le(noy) — noLe (1) = ep.v. g 1/}(1/)% dy,
0
and R is the same as in Proposition 6.2. The smooth cut-off functions, 7y and 7. are radial in R3 and such
that

no(x) =0 for |z] < R, no(z) =1 for |z| > 2R,

ne(z) =1 for |a| <77, ne(x) = 0 for [z > e 2 +1.

We rewrite this system as a fixed point problem as follows. Let Y be the space Y = {p € L>®(Zg) :
(1 + |z])"pllre < oo} with the norm ||¢|ly = [|(1 + |z])7¢llre. Given ¢ € Y we solve (7.15) using
Proposition 6.2 and obtain a solution ¢ = (). With this ¢ we solve now problem (7.14) using Proposition 7.2
and obtain a solution @ = @(¢) € Y. Let T(p) = ¢(p) denote the operator defined in this way, so that
T:Y — Y is an affine linear operator.

We claim that T' is compact. Assume that ¢, is a bounded sequence in Y, and let v,, be the corresponding
solution of (7.15). By Proposition 6.2 ||¢,|ly < C. Let @y, ¢, be the solution of (7.14) with ¢ replaced by
1y, and ¢ by ¢,. We claim that up to subsequence ¢,, converges in Y. By standard regularity ¢,, is bounded
in Cllo’?(Eo) (any 0 < a < 1). Then for a subsequence (denoted the same), @,, — ¢ uniformly on compact
sets of g as n — oo. Let 7/ € (7,1). Then note that [L., n][t,] and (1 —no)f + ¢, fo have fast decay uniform
in £, more precisely

I+ J) 7 (= [Le mo) () + (1= m0) f + en fo)llp= < C.
By Proposition 7.2
1A+ [z)" Gnll~ < C
and hence also ||(1+ |z|)™ @z~ < co. It follows that for any r > 0

limsup sup (14 |z])7|@n — | =0

n—o00  ¥oNB,(0)

limsup _sup (L+ |2])7|@n — o < Cr7 7,
n—oo EO\BT(O)
so that limsup,, .. |¢n — ¢lly < Cr™~7". Since r is arbitrary, ||@, — @||y — 0 as n — co. This proves that
T is compact. By Lemma 7.4 and the Fredholm alternative there is a unique solution of the system (7.14),
(7.15) and hence we find a unique solution ¢ to (7.12). Moreover

I+ )7 gl + le] < ClIL+ ) F 77 f ]l ree,

by Lemma 7.4.

Finally, we solve (7.1) when ||(1 + |z[)**™ ¢ f||L= < co. For this let ¢y be be defined by (7.13). We look
now for a solution ¢ of (7.1) of the form ¢ = ¢1 + gy, where we want ¢; to have fast decay. Then (7.1) is
equivalent to

eds, (91) = f = afo.
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Given o € R, by the previous results we know that there exists ¢; = ¢1(«) and ¢1 = ¢1(a) of fast decay
solving

e, (1) = f = (a + c1(@)) fo.
We claim that it is possible to choose « such that ¢;(a) = 0. For this, consider the function Zs of (7.2) and

n a smooth cut-off function on Xg such that n(z) = 1 for |z| < R and n(z) = 0 for |z| > 2R with R such that
R — oo and eR?log(R) — 0. By the same calculation as in Proposition 7.2 we get

[ o [ Zo) ™ =D 4o [ 61 () T (Z2) ) dy
3o 3o 3o

[ — gl
— [tz +a) [ pzm (7.16)
o Yo

For the first 2 terms, we have

n(y) — n(z)
E/Eo gbl(x)/EO Zo(y)———— dy dx

|z — y|*—e =o()I(1 + |z[)" 1|l L=

<o)L+ |2)** 7= fll e + |ad)

and

o (n(y) T (Z2) () dy\ = o(1)]|(1 + |al)" 61 ]|~

< o)1+ |2)** 77 fll e + |a)

where o(1) = 0 as R — oo and € — 0. Then the equation (7.16) for « is uniquely solvable if ¢ is small. [

3o

8. THE NONLINEAR TERM

Consider hj.hg defined on X with |||/« < ooe?, where oy > 0 is a small constant. The main result in
this section is the following estimate stated in Proposition 2.3:

e[N(h1) = N(ho)1-cate < Ce™2([halle + lh2]l) [ h1 = ha]l..

Note the “extra” e~ in the left hand side.
We rewrite the fractional mean curvature in the following way. For a point x = (2, F.(z')) € 3¢ let
xp = x + vy, (z)h(x) and let Ly (z) denote the half space defined by

Li(z) = {y € R®: (y — wp,vs, (zn)) > 0},

where vy, is the unit normal vector to 0E}, pointing into Ej,. Then

XEn (Y) = XLn(@) ()
HS -2 d
Ep, (xh) /IRS |$Ch _ y|3+s y

which has the advantage that the integral is convergent.

To compute the previous integral restricted to a ball around x, let us represent 3;, near this point as a graph
over the tangent plane to ¥y at X. We start with r, # polar coordinates for z € R?, i.e. = (rcosf,rsin6)
and let 7 = ””7/ = (cosf,sin )T, 6 = (—sin6,cosH)T. Given a point = € X, z = (z/, Fe(2')) we let

_ 1 7 _[6 3
Hl(l') = g FE/(;E’)Q |:F8/(117/):| R Hg(,@) = |:0:| € R”, (81)
IT = [I1y, I15].
The unit normal vector to ¥y at X pointing up is then given by
1 —F’(:z:’)f]
Vs (X) = ———= € . 8.2
50 = S | ©2)

Then we consider coordinates t = (¢1,t2) and t3 defined by

(tl, tQ, tg) — Hl(x)tl + HQ({E)tQ + Vs, ({E)tg
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Let
R, = 6|z

where § > 0 is a small fixed constant, and let us define ty = to(x) such that II(z)to is the orthogonal projection
of = onto the plane generated by IIy (z), II2(x).

Using the implicit function theorem (see Appendix C), given h on %o with ||A|. < 002, We can represent
OEy, near x, = x + vy, (z)h(z) as

I(x)t + vs, (x)gn(t), |t —to(z)| < 2R,
where gj, is of class C*% in the ball By, (to(x)). We call G, the operator defined by
gn = Ge(h). (8.3)

Let
|t —to(x)], 100[ts|

Ry 2|z
where n € C*°(R) is such that n(s) =1 for s <1 and n(s) = 0 for s > 2. We also require ' < 0.

Let us write

02t t3) = n(

Hjp, (xn) = Hi(h)(x) + Ho(h)(x)
where

Hi(h)(zn) = 2/ Nz (y — xh)XEh' (%) ~ X£a@ (®) dy

R3 |y —y|3Ts

) =2 [ (1= naly = ) 2 =X

dy.

Let us explain the choice of cut-off function (8.4). For this, let us write
Dp,(2) = (@)t + 2+t € B2, |t — to(x)] < Ra},

which is a 2-dimensional disk on the tangent plane to ¥y at x, centered at z, and of radius R, = 6|z|. Let us
call

1
C(x) = {T(@)t + tsvsy (2) + 3 : £ € R, [t — to(x)] < Ra, |ts] < Ef(l(f'},
the cylinder with base the disk Dg, and height £2|z|/100, and
e2|z|
C(x) = {Il(x)t + tsvg, (z) +z : t € R?, |t — to(z)| < 2R., |ts] < =0 1,

which is a similar cylinder with twice the radius and height. The cut-off function (8.4) is zero outside the
C(z), while it is one on C(z). Since we assume ||h]. < 602, we have ||Dgp||z~ = O(e2) and then the set
%, separates from %o in the vs, () direction an amount bounded by O(c22R,) = O(5€%|CL'|~) over the disk
Dsyp, (x). By choosing 6 << 100 we achieve that the parts of ¥j, and the plane 0Lj inside C'(z) are in fact
contained in a cylinder with base Dyg, () but height O(8e2|z|), which is much small than the height of C(z).
We expand H;, Hy
Hi(h)(zn) = Hi(0)(x) + Hi(0)(h)(x) + Ni(h)(x)
Ho(h)(zn) = Ho(0)(x) + Hy(0)(h)(2) + No(h) ().
Estimate (2.15) will follow from similar estimates of N,(h) and N;(h), which we state in the next lemmas.

Lemma 8.1. There is C independent of € > 0 small such that for |hill. < ooe?, i = 1,2 we have

C
[Ni(h1) = Ni(ho)ll1-cave < —(lhalls + [[h2ll) [l A1 = hall..

Lemma 8.2. There is C independent of € > 0 small such that for |hill. < ooe?, i = 1,2 we have

C
[No(h1) = No(h2)|l1-c,ate < E—%(thﬂ* + [[h2ll+) |1 — hall«
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For the integral involved in H; we can write
[¢]

Hi(h)(zp) = 2/821% " Tt(g) ( (vgh(ﬁ(m))t

) .

where

s dr
’t/] S = / 775.
e=, (1+72)%
For a given C%% function g defined on Bag, (to(z)) let
[t]

an, (0) [T127€ [t]

so that
Hl(h) = Hx(Gz(h))v
where G, is the operator defined in (8.3).
For the expansion of Hyx it will be convenient to rewrite it as

_2/ /]R2 |Z|3 E 9)) B(g) dzdt,

where
A ( )(X Z) (Z+tO(X)) g(tO(X)) +(1_t)v.g(t0(X))Z
’ IZ lz|
’ 2] '
Note that
DH;(h)[l] = DHx (Gx (h))[DGx (h)[h1]],
D?H;(h)[h1, ha] = D*Hx (Gx (h))[DGx (h)[h1], DGx (h)[hs]]
+ DHx (Gx () [D?Gx (1) [ b)),
and
1zl
DHx(g)[g1] = - 7;?’_‘3 [0 (Au(9) (X, 2)) Au(91)(X, 2) B(9)(X, 2)

+ ¢ (A(9)(X, 2))B(g1)(X, 2)] dz,
D*Hx(g 91792]

t/@ 1) [ (A (9) (X, ) Bl0) (X, ) Ae(91) (X, 2)Au(92)(X, )

|Z|3 €
+ " (Ae(9) (X, 2))Ae(91)(X, 2) B(g2) (X, 2)
+ "/’H(At(g)(Xv Z))At(g2)(X7 Z)B(gl)(Xv Z)] dzdt.

For later computations we will need the following properties of DG x, D?Gx.

Lemma 8.3. Let ||hl|., [|h1]|+, ||h2]l« < 0oe2, X € Bo and
9=Gx(h), gi=DGx(W)h] i=1,2, §=DGx(h)[hi,hs).

Then
[Gx(R)]p < C

where

lglly = 1XI7 gl (mx) + IVall =By + IXIID?gll e (B) + X' [Dgla, by -

L o) (), )
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and Bx = Baopy (to(X)). Also, for z € Bx:
|4:(9)(X, 2)| < Cl|A]l.

o lhlls
|B(9)(X; 2)] < CXT |21,
[Ae(9:)(X, 2)| < Cl[hi«

lhalls,

We leave the proof of these estimate for the appendix.
Lemma 8.4. Let h, hy, hy be defined on o with |h|«, ||hill« < coe?. Let X € Sy and

Then
~ ) c
¢|DiTx(9)[3)(X)| < - e Il l1kal)
|28 01 020 < 5 s Il

Proof. Let us start with the first term in DHx (g)[g1]. Using (8.8), (8.10)

e
/R ) 1 A g)) As(g1) Blg) d |B(g)| d

5 |Z|3 €

< 1" [ Ae (1) e /

Bary (0) |Z

|38

< cnhln*/ 1 B(g)d=.
Bary (0) ) 12l

Then by (8.9)

21 |
|B(g)|dz < — dz
/BZR o Ee X] o PR
C
R

Therefore
1zl
/R n(RfE) V" (Ai(9))At(91)B(g) d=

2 |22

171l

€|X|1 5

For the second term observe that

el
/R”( ) 0/ () Blgy) 2

5 |Z|3 £

<c / |A4(9)B(g1)] dz
B2RX (0)

<
>~ €|X|1_€ gillv,

which is obtained using (8.8) and (8.11).
For the first term in D?Hx (g)[g1, g2], we have, using (8.9) and (8.10),

e
/R M) 4, 9)) As(1) As92) Blg) d

5 |Z|3 €

1
(o) |237¢

IN

IWJ”’HLwI\At(gl)l\LwHAt(gz)HLw/ |B(g)| dz

Bar

C

Wl\hlll*llhzll*-
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Similarly, for the second and third terms
1=l

()
/ ) (Ai(9)) Ai(91)B(g2) dz| < I\w”IILooIIAt(gl)IILoo/ s—|B(g2)| dz
2 |2] Bag y (0) |2|
C
< Wllhlll*llhzl\*-

Now we deal with the Holder part of the norm || ||1—c a-te-

Lemma 8.5. Let X; = (z1, F.(x1)), Xo = (22, Fe(22)) € 3o, be such that | X1| < |Xa| and | X7 — Xa| <
%|X1| Let
ng = GX]' (h) j = 172
9i,x; = DGx,(ho)[hi] i,j=1,2.
Then
|D*Hx, (9x,)[91,x, 92,x,] — D*Hx,(9x,)[91.%5 92.%, ]|
|X1 o X2|o¢+s

C
< —(||h1|]s ho|ls)||h1 — hol|« 8.12
< —(lhall + N2l A1 = he| X (8.12)
Proof. Thanks to (8.5) and (8.6), to prove (8.12) it is enough to show
|D2I~{X1 (gxl)[gqulng,Xl] - DQf{Xz (gX2)[gLX2a92,X2]|
C | X7 — Xo|ote
< Zhall by, 222 8.13
< Sl ol (8.13)
and
|DHx, (9x,)[D*Gx, (h)[h1, ho]] = DHx, (9x,)[D*Gx, (h)[hy, he]]]
C |X1 _ X2|o¢+a
< —||h1|l«llh2l|s ——— 8.14
< Zlhall<lihe| X (8.14)

Let us show (8.13). For this, write
D?Hx, (g9x,)l01,x,, 92.x,] = A1(X;) + A2(X;) + A3(X;)

where

= [ [ ?;”mmm&wwmm&w&mmamMmmm&www

E/AQ 0, )01 (013,052 B0, 0 2) s

|Z|3 €

E/AQ 0, ) A, 052 Blgt )05, 2)

|2[3—<
Let us estimate the difference

1
A(X;) — Au(X)) :/ (B1 + B2+ Bs + By + Bj) dt
0

where

() ~ (D)
B, :/ n Rx, 3_2 Rx, 1/)///(At(gX1)(X17Z))B(gxl)(Xl’Z)
R2 |2

: At(gl7X1)(X17 Z)At(gZXl)(Xla Z) dz,
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n(ﬂ"i‘ ) " "
B2:/]R = (9" (Agx,) (X1, 2)) = " (Ae(9x,) (X2, 2))) Blgx, ) (X1, 2)

5 |Z|3—€
: At(gl,Xl)(Xla Z)At(glxl)(xlv Z) dz,

(#-)
By = / T )e (Algx.) (X2, 2)) (Blgx, ) (X1, 2) = Blox,) (Xe, 2))
Rz |2|

- Ai(91,x,) (X1, 2)A(92,x, ) (X1, 2) dz,

(72)
By = /R2 T x, )W”(At(gxz)(X%Z))B(gxz)(X%Z)(At(gl,xl)(XlaZ) — A(g1,x,) (X2, 2))

|Z|37€
- Ai(g2,x,)(X1, 2) dz,

|2

(727)
Bs :/ ! ]%3)128 )wl//(At(gxz)(XQaZ))B(QX2)(X2aZ)At(gl,Xz)(X%Z)
r: 2|

(Arlg.x)(X1,2) = Aulg2.x.) (X, 2)) dz.
We estimate Bj:

|2l

|21
any) — (7o)
[B1| < ||1/f'"||L°°||At(91)||L°°||At(92)||L°°/ e |Blo)ldz
Bany, (0) |2
where we have used ’ < 0 and Ry > R;. Thanks to (8.10), (8.9) we find
|2l |2l
ha [l |lhz ]« N ayy) = (wx)
|Bl| SC” 1” H 2” / Rx, — Rx, dz
| X1 Bany, (0) |z
C
< —— ||| ]| b2« (RS, — RS
< el (R, = )
C|X1 _X2|o¢+a
<——||h hallp-
< X e IRl 2l
Let us consider Bs. Using (8.10) we get
| Ba| < Cllhlll*llhzl\*/ [Ai(9x,) (X1, 2) — Ar(gx,) (X2, 2)[|B(9) (X1, 2)| dz.
Bany, (0)

For z € Bary, (0) we have

|At(gX1)(X1a Z) - At(gxz)(XQa Z)|
< |At(gX1)(lez) - At(gxl)(X2’2)| + |At(gX1)(X2az) - At(gX2)(X2az)|'
For the first term

[A(gx,) (X1, 2) = Aulgx,) (X2, 2)| < Ml95%, 2 (Bany, (to(x1)) [0 (X1) = To(X2))]

< CHgXl”lel —X2|.

| X |
For the second term we have
X —-X
[Au(a) (X2, 2) = Al ) (X2, )] < s =l < 02,
where the last inequality follow from ... Therefore for z € Bary, (0) o make ref
C
1A4i(9x,) (X1, 2) — Au(gx, ) (X2, 2)| < = [X1 — Xo.

| X1
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This combined with (8.9) gives

/ [Ae(9x:)(X1, 2) = Al9x,) (X2, 2)[| B(g) (X1, 2) | d=
Bany, (0)

< C|X1 — X |z|F72 dz
| X1]? Bary, (0)
| X1 — Xo| C1X — Xa|oTe
<(C & <
- €|X1|2 Xy = |X1|l+a ’
and therefore N
|X1 _ X2|a 5
Bo| < C||h]|«||h2]| s ——————
|Ba| < C|ha|l«|lh2l X
For B3 we proceed as follows:
" [B(gx,)(X1,2) — Blgx,) (X2, 2)|
|Bs| < [[9"[|llg1llbllg21le pp— dz
Bary, (0) |z

Let R = 10|X; — X»| and assume that R < § min(| X1/, |X2|). We split
|B(9x,)(X1,2) = Blgx,) (X2, 2)|
< [B(gx,)(X1,2) = B(gx, )(X2, 2)| + [B(9x,) (X2, 2) — Blgx, ) (X2, 2)|.
For the first term we have
/ |B(9x,)(X1,2) = Blgx,) (X2, 2)|
Br(0)

|Z|375

dz

1 "o (ta( X + 21 _ to(Xo) + 2
S/ (1—7)/ 9%, (to(X1) + 72)[27] 479:(1(0( 2) +72)[2 ”dsz
0 Br(0) ||
1 Ra
< Clto(X1) = to(X2)[*l9x, Ja,Brio)

C|X, — Xp|ote
hS ;WHQXle-

We next estimate the integral in Bapgy, (0) \ Br(0) and for this we compute for z € Bag,, (0) \ Br(0),

|2|(B(gx,)(X1,2) — B(gx, ) (X2, 2))
= gx, (to(X1) + 2) — gx, ((to(X1)) — Vgx, ((to(X1))2z
= [9x, ((fo(X2) + 2) — gx, (to(X2)) — Vgx, (fo(X2))z]

= /0 (Vgx, (27 + 2) = Vogx, (1) = gk, (27)2) (to(X1) — to(X2)) dT

= [ [ o 202 = )2) 10 (X0) = (X)) i,
where x,; = 7to(X1) + (1 — 7)to(X2). Then
21| B(gx,) (X1, 2) — B(gx, ) (X2, 2)| < [95%, Ja,Ba (@) |21 T [t0(X1) — to(X2)|

< CHgX1 Hb|X1|_1_a|Z|1+a|X1 — X2|
Integrating

/ |B(gx1)(X1,Z)—B(gxl)(Xz,Z)l
Bany, (0)\Br(0) |2[3~=

dz

< Cllgx, |1+ X177 X1 — Xo| RO
< Cllgx, o] X711 X0 — Xa|*TE.

(8.15)
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To estimate

/ |B(gX1)(X27Z) _B(gX2)(X2aZ)| dz
Bary, (0)

|2[3-=
we observe that

|B(9x,)(X2,2)=B(gx,)(X2, 2)|

<lz |/ (1—-71 |g (to(X2)+72) — g’)’<2 (to(X2) +72)|dz

< |Z|1+a ||gX1 _gX2||b < O|Z|1+a

X1 — Xo.
X[ = |X1|2+“| 1= Xl

Integrating we find

B X - B X C
/ | (gXI)( 272) — (ng)( 272)' dz < 1+Q|X _X2|oz+a'
Bry, (0) 2|3~ | X1

This shows that
C |X1 _ X2|o¢+a
e | X[t
The estimates of By and Bj are similar and we omit the details. This proves the estimate
| X — Xo|ote

| X, [T

|Bs| < 19115119215,

C
|A1(X1) — A1(X2)| < ;Hh1||*||h2||*

Let us estimate the difference
1
A (X)) — As(Xo) = / (B1+ Ba+ B3+ By)dt
0

with

() — ()
B = [ ) (61, 2) A ) (X1 2) Bl ) (X1, 2)

(72)
By :/]R? ! T (1/}//(At(gX1)(X1az))_1/}//(At(gx2)(X2aZ)))At(glyxl)(Xlaz)

|Z|3—€
- B(g2,x,)(X1,2)dz

|2

(7-)
Bs = /R 7|7z|§x V" (Ar(g9x2) (X2, 2)) (Ae(91.x:) (X1, 2) = Arl(91,x2) (X2, 2))
- B(g2,x, )(X1,2)dz

(7:;)
By :/R - X2 (Ap(gx,) (X2 2)) Ar(91,x,) (Ko, 2)

PERE
- (B(g2,x,)(X1,2) — Blg2,x,) (X2, 2)) dz
The terms B;, Be, B3 are similar as before and we have

C | X1 — Xp*F
<
| B1| + | Ba| + | B3 e

C X1 = Xp|*F
c |X |l+o¢

H91Hb||92||b

< il el
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Let us focus on
|B(92,x,)(X1,2) — B(g2,x,)(X2,2)|

Bany, (0) |z|3~¢

|Ba| < Cllhal| dz. (8.16)

The difference with the estimate for (8.15) is that now we cannot control |gs x, || only assuming | hl.
bounded, since g» x, involves derivatives of h.

We proceed by the following observation. We will see that g x, can be decomposed in 2 parts, one of
them being regular enough to perform the previous calculations, and the second part having a special form.
A model for the second part is

Dyh(t + to(X;))b(X;, t + to(X;))
where h is h composed with an appropriate change of variables (this in reality also depends on X, but for
to explain the idea here we will omit this dependence), and

b(Xj,t0(X;)) = 0.

Let us see what we get if we assume for the moment that

92,Xj = Dth(t + to(Xj))b(Xj, t + to(Xj)).
Then we have
B(g2,x,)(Xj,2) = |—i| [Dih(z + to(X;))b(X;, 2 + to(X;)) — Deh(to(X;)) Dib(X;, t0(X;))]

and so
|B(g2,x,)(X1,2) — B(g2,x,)(X2,2)| <A+ B

where
A= %}(Dtﬁ(z + to(X1)) — Dyh(to(X1))b(X1, 2 + to(X1))
— (Dih(z + to(X2)) — Dih(to(X2)))b(Xa, 2 + to(X2))‘
B = | Dbt (X)) (Db, t0(X0)z =~ b1 10(X1))
— Dyh(to(X2))(Dib(Xa, to(X2))z — b(Xa, tO(XQ)))’.
For A we write
A< A+ A
where
Al = |?1|‘D1JL(Z + to(Xl)) — DtiL(to(Xl))
— (Deh(z + to(X2)) — Deh(to(X2)))|[b(X1, 2 + to(X1))|
Ay = |71|‘(Dtl~z(z +to(X2)) — Dih(to(X2)))(b(X1, 2 + to(X1)) — b(Xa, 2 + to(X2)))|

For the first term we split the integral in Br(0) and outside, where R = 10|X; — X2| and we assume

R < 15|X1]. For z € Bg(0) we estimate

1 [t - -
Ay < m/ | Dich(7z + to(X1)) — Duh(72 + to(X2))| dr2||[b(X1, 2 + to(X1))]
0

Xl, zZ + to(Xl))
2|

| X1 — Xo|*|2]
|X1|1+a ?

b
e ™

where we have used
b(Xl, z + to(Xl))
|2

[z < 00 (8.17)
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and the norm is computed in a ball Bygy (0). Therefore

1 X = Xp@
/ 1141 dzgc%/ |Z|8_2d2
B | 1Xalt T Jpao

MORE
| X1 — X3|* R®
[Xi[Fe e
_ClXy — Xp|ote
T | X, 1+

=C

For the integral outside Br(0) we estimate
X17 z + tO(Xl))

||

1
. - b
Ay C [ [Dub(z+ t0(X0) = Duklto (X)) arl 1 — ol | X PNE
0

where {X, : 7 € [0,1]} denotes a path joining X; to Xo, with |4LX,| < C|X; — X»|. Hence

b(X1, 2+ to(X1)) | X1 — Xo
A <C oo e,
1 <0 E Iz X, |2
Integrating,
1 X1 — X
/ ——Ardz < C’% 2|53+ 4y
Bany,, (0)\Br(0) |2 | X1 Bany, (0)\Br(0)
[ X1 — Xo| oy
<ol 2 pe +a
= X[
_ a—+te
_ C|X1 Xo|
X, [T
The estimate for As works directly by using
|2]] X1 — Xo

|b(X1,Z+tQ(X1))_b(X272+t0(X2))| <C |X1|2

and there is no need to split the integral.
For B we estimate as

B < B+ B
where
1 - -
By = m\(Dth(to(Xl)) — Dih(to(X2)))(Deb(X1,to(X1))z — b(X1, 2 + to(X1)))|
1 -
By = E}Dth(to(Xg))(Dtb(Xl,to(Xl))Z - b(Xl,Z + to(Xl))
— (Dib(X2,t0(X2))z — b(Xa, 2 + to(X2))))]-
Using
2
z
‘Dtb(Xl,to(Xl))Z—b(Xl,Z—i-to(Xl))‘ S C% (818)
we get
11Xy —-—X
B; < m%‘Dtb(Xl,to(Xl))z — b(X1,2 + to(X1))|
11X = Xof J2?
I I D €1 . €1
and then

1
—Bidz < C——"7F7——.
/B2RX2 (o) 1237¢ | X[
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For Bs, let R = 10|X; — X2| and we assume R < %|X1|. Then, using
’Dtb(Xl,to(X1)>Z — b(Xl, z+ to(Xl))

| X1 — Xo|*z[?
— (Deb(X2,t0(X2))z — b(Xa2, 2 + to(X2)))| < CW, (8.19)
we have
C | X1 — X|%z?
By < —— — = 7
P Xt
and we obtain
1 X1 — X,lote
Br(o) |21>7¢ | X1
To estimate the integral outside Br(0) we use
|Dtb(X1, to(Xl))Z — b(Xl, z+ to(Xl))
| X1 — Xo|z['*
_ (Dtb(Xg, tQ(XQ))Z — b(XQ, z+ tQ(Xg)))‘ S Cw, (820)
and we get
1 X —-X 1
Bary, (0\Br(0) |z | X1 Bary, (0)\Br(0) |2|

o C X1 — Xo|ote
= Xt

Let us verify the assertions on b made in (8.17)—(8.20). The function b(X, z + to(Xp)) is given at main
order by

b(X,t+1o(X))

P BlE)) — 0 9 o+ oy,

— ,® (4)
v ((E)I/ (.’I] + T'Oy(x, To o

), (8.21)

where v are the components of the unit normal vector to ¥, which we consider as functions of  with
X = (x,F.(x)), ro = 0|X]|, and y is a change of variables from variables (¢1,t2) parametrizing the tangent
plane to ¥y at X to R2. It has a bounded C%® norm. Then

Ib(X, &+ to(X))| < C[[ Vv L=]t|
but ro = 8|X| and ||Vv||z~ = O(5x7), and this implies (3.17).
To prove (8.18) note that
|Deb(X,t0(X))z = b(X, 2 + to(X))| < [ Deeb(X, )| o] 2%,

where the L norm is in ball of center 2 and radius O(§| X ). By using formula (8.21) we get || Dyb(X1, )| n =

1
% and we obtain (8.18).

Estimates (8.19) and (8.20) can be prove similarly.
The complete argument is given next. Thanks to (C.11) we can decompose
92.x; = J2.x; + J2,X;
where gz x; can be chosen so that it does not involve derivatives of h, and satisfies the estimate

[192.x; s < Cllh2]+.
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Then one can prove as was done for (8.15):

|B(92,x,)(X1,2) — B(g2,x,) (X2, 2)| C Xy — Xp|**e
dz < ——————||g2.x. |l
|2|3—¢ e |Xy|ite .
Bary, (0) 1
C |X1 _ X2|oz+a
=T mpe el

For go x; we claim that the same estimate holds, that is, we claim that

/ |B(g2,x,)(X1,2) = B(g2,x:)(X2,2)] | C'| X1 — Xo|*T<
By, (0) |2[3—= = e Xt

12

To prove this, we use representation
G2,x, (t) = B2 (X5, 6)Qo(Xj, 1, h(X;, t), Deh(Xj, 1)),

where the functions ;LQ(X i t)s B(X j,t) are obtained from hy and h through a change of variables:

h(Xj’ t) = h(ij (t))a hQ(Xja t) = hQ(ij (t))a

55

(8.22)

(8.23)

as in the Appendix C. Here, for a given X € 3o, Qo = Qo(X, t, h, &), is defined for t € R?, |t —to(X)| < 4Rx,

h € R, ¢ € R? and is explicitly written in (C.12). It has the properties
QO(Xja tO(XJ)a h7 5) =0
DhQO(Xju tO(X7)7 h7 5) =0

De, Qo(Xj,t0(X;), h, &) = 0.
Let us define

QX t+10(X),§) = Qo(X,t +to(X), h(X, 2),£)
so that
Go.x; (t) = ha(X;,H)Q(X;, t + to(X;), Dih(X;,1))).
Now we write

Blgax,)(X;, ) = G2.x,; (2 + to(X})) = g2.x, (to(X;)) = Vg2 x, (to(X;))z

E

C ha(XG, 2+ to(X))QXG, 2 + to(X), - ) — ha(X,t0(X)))DeQ(X;, to(X;), .. )z

|2
(X5, 2+ to(X5)) = ha(X, to(X5) QX 2 + to(X;), - )
|2
N ha (X5, to(X))(Q(X, 2 + to(X;), .. ) — DiQ(X;, to(X)), .. )2)

3

2|

where we are using the notation

QX2 +to(X;),...) = Q(X;, 2+ to(X;), Deh(X;, z + to(X;)))

Q(Xj, to(Xj), .. .) = Q(Xj, to(X;), Deh(Xj, to(X;))).

We have to estimate

B(g2,x,)(X1, 2) = B(g2,x,)(X1,2) = D1 + D2 + D3
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o Dy = (ha(X1, 2 + to(X1)) = ha(X1,t0(X1))Q(X1, 2 + to(X1), - )
_ (ha(Xs, 24 to(X2)) — B2|<Z)|(2,to<xz>>>c2<x2, 2+ to(Xa2),...)
Dy = (ha(X1,t0(X1)) — iLQ(XQ,tO(XQ)))laXhZ +to(X1), .- -)|;| DiQ(X1,to(X1),...)z
Ds = ha.x, (fo(X2)) [Q(lez +to(X1),..) |_Z|DtQ(X1,t0(X1), .)2)
_Qx,(z+10(Xs), . -)|;|DtQX2 (to(X3), .. .)Z]
The estimate
= L

can be proved in the same way as before, since for D difference quotients of () involve only difference quotients
of Dih which can be controlled by ||A]|., and for Dy we need only to consider difference quotients of h.
The estimate of D3 is more delicate, and we proceed with detail. We further split

D3 = ;LQ,Xz (tO(XQ))(D?,,a + D?’)b)

where

D3 = |—i|[Q(X1, 2+ to(X1), Dih(X1, 2+ to(X1))) — Q(X1, 2 + to(X1), Dih(X1,t0(X1)))

— (Q(Xa, 2 + to(Xa), Dih(Xa, 2 + to(X2))) — Q(Xa, 2 + to(X2), Dih(Xo, to(X2))))]
%[Q(le 2+ to(X1), Deh(X1, t0(X1))) — DeQ(X1to(X1), Deh(X1, to(X1)))
— (Q(Xa, 2 + to(X2), Dih(Xa,t0(X2))) — DiQ(Xa,to(Xa), Dtﬁ(Xz,to(Xz))))] -

To estimate the integral of ‘z‘% |D3.4| over Bry (0) we divide the region of integration in Br(0) and Br,, (0)\
Bgr(0), where R = 10| X; — X3|. To estimate the integral inside Br(0) we compute

D3y =

1 [td -
Dyo = [ Q005+ (0. D (X 72 5 10 (X))
— Q(Xa, 2z + to(X2), Deh(X2, 72 + to(X2)))] dr
1
= |?1|/ [DgQ(Xl,Z+tQ(X1),DtiL(X1,TZ—f—to(Xl)))Dtt]Nl(Xl,TZ+t0(X1))
0

— DeQ(X2, 2 + to(X2), Dih(Xa, 72 + to(X2))) Deth(Xa, 72 + to(X2))] dr.
From this
|D3.a| < D3a,1+ D3,a2

where

1 1
Dyor =1 / |[DeQ(X1, 2 + to(X1), Dehi(X1, 72 + t0(X1))
0

— DeQ(Xa, z + to(X2), Deh(Xa2, 72 + to(X2)))| Dech(X1, 72 + to(X1))| dr

1
D3.q2 = / |DeQ(Xa, 2 + to(X2), Dih(Xa, 72 + to(X2))))
0

- [Duh(X1,72 + to(X1)) — Duh(Xa, 72 + to(X))] | dr
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Using regularity of Q(X, ¢, h, &) with respect to X and that we we have control of D2h we have
|DeQ(X1, 2 + to(X1), Dih(X1, 72 + to(X1)))

i X —X
- DEQUXa, + 1o(X2), DibXa, 72 + ()| < IR
Using this and that |DZh| < ||h|./| X1 we find
1 ~
J, o = (PeQUX1 2+ (X)) = DeQUXay2 + to(Xa), . ) Dich(Xa, 72 +t0(X1))z d2
2Rx,
< oK Xal L, < C1X = Xo*™e
B | X1]2 Bry, (0) |z]2== 77 T & |X|iHe
For the second term we use
|DeQ(Xoa, 2 + to(Xa),...)| < C|2|
and
- 3 R
[Duh(X1, 72 + to(X1)) = Duh(Xa, 72 + 10(X1))| < C%
Then we obtain
1 - 7 ~
/B o 21" |DeQ(X2, 2 + to(X2),...)(Duh(X1, 72 + to(X1))z — Duh(Xa, 72 + to(X1))2)| dz
R

- g |X1 _ X2|a+s
= [Xq|te
Therefore we get
| piDaalds < G 1% — Xol"
Br(0) 12[°7° e X[t
Let us proceed with the estimate of the integral of |Zl‘%€|D37a| over the region Bry, (0) \ Br(0).
Recall that the points X; have the form X; = (z;, F:(z;)), j = 1,2. For for 7 € [0,1] we let X, =

(xr, Fe(z;)) where x, = 121 + (1 — 7)x2. We compute

1 [td
D3,a = _/ _[Q(Xruz+t0(XT)7Dth(XTvz+t0(XT)))
|z Jo dr

— Q(X;, 2+ to(Xr), Dih( X+, t0(X7)))] dr

and so
1
|D3 4] < / (D301 + Ds.a2+ D3 a3+ D3 qa)dr
0
where
_ X — X -
Diur = %‘DXQ(XT,Z T to(Xo), Deh(Xr, 2+ to(X,)))
— DxQ(X7, 2 + to(X+), Deh( X7, t0(X7)))]
_ X — X -
D3 g0 = %KDtQ(Xn 24 to(X7), Dih(Xr, 2 4+ to(X7)))
— DyQ(Xr, 2 + to(X7), Dih(X7, to(X-)))) Dxto(X,)|
_ X — X -
DS,a,3 = %| [DSQ(X‘M z+ to(X-,—), Dth(XT7 z+ tO(X‘r)))

— DeQ(X7, 2 + to(X,), Deh(X+, to(X,)))] DX A X7, 2 + to(X7))|
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| X1 — Xo

Do = B | DQUX 2 410X ), DB (X (X))

DX (X7, 2 + to(Xr)) — DX h(X 7, to(X7))]]

- %Xﬁ [DeQ(Xr, 2 + to(Xr), Deh(Xr, 2 + to(X+)))

— DeQ(Xr, 2 + to(X7), Dih( X7, to(X,))] DER(X 7, 2 + to(X-)) Dxto(X,)|

X — X -
%\Dg@m,z T to(X,), Deb(Xo s t0(X,)))

[D}h(X,, 2+ to(X;)) — DER(Xr, to(X,))] Dxto(X;).

D36 =

The most delicate terms are the ones involving differences of second derivatives of h. For example, for D3 4.
we use

IDeQ(Xr, 2 + to(X7), Deh(Xr, to(X:)))| < Cl2]

and
ID2R(X, 2+ to(X2)) — DER(Xr, (X)) < Ol
|X1 |l+0¢

and obtain

1 Xo|
————D3,6dz < C / |z|°‘ 3T dz
/BzRX (0) |Z|3 ‘ |X1|1+a Bary,

|X1 o X2|o¢+s

<C
= | X, [+
Other terms in D3, are estimated similarly and we find

C |X1 _ X2|oz+€
|X1|1+a

|D3 ale
/BgRX (0)\Br(0) |Z|3 c

All other terms can be handled with analogous computations, and this establishes (8.13).

Let us prove now (8.14). Let
ng = D2GXj (h)[hl, hg]
We claim that
r7 ~ ad ~ O |X X2|a+5
[DHx, (9x:)19x:] = DHxa (950191 < — [lhalls [zl T

For this we write
DHx,(9x,)lix,] = As(X;) + As(X;)

where

()
) = [ T (il (6. 2) A, ) (5. 2) Bl (X 2)

1 (2 ‘ )
A5(X;) = / I (A, ) (X 2) Bax, ) (X, 2) d.

|Z|3 €

The most delicate difference is

1
A5(X1)—A5(X2):‘/O (Bl +BQ+B3)dt
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where

|21

Blz/ n(R—Xl)_W(R)Q)1/)/(At(gxl)(X1,z))B(gXI)(Xl,Z)dz,

R2 |2]5~=
B2 = / %(1/}/("475(9)(1)()(173)) - 1/)/(At(gx2)(X2,Z)))B(gxl)(Xl,Z) dz,
Bry, (0) |2|

1 N N
B :/ T ¥ (Ae(9x, ) (X2, 2)) (B(9x, ) (X1, 2) = B(gx,) (X2, 2)) d2.
Bry, (0) 2|
Let us focus on the most delicate term, Bs. It can be estimated as follows:
Bl < [ B (X2 - Blo) (Xa.2)|ds
Bry, (0) ) 121

and we claim that

B X — B Xo, 2)| dz " .
| 0)| ERE 9x,)(X1,2 9x2)( X2, = 1 2 |X |1 =

The computation involves a similar difficulty as in the estimate of (8.16), except that now the functions gx;
involve up to second derivatives of h. They can also be decomposed as follows

9x; = Jo.x; + 91.x; + G2,x;-

Since B is linear we have to estimate
1 R N
[ e Bl ) (.2~ o) (X, 2)| s .20
Br. (0) Ed

for k= 0,1,2. For go x, we have
190.x;1l6 < Cllha|[«[[ 2]« (8.25)
and so we can estimate the integral as we did for (8.15), using (8.25). For ¢ x, we have the same properties

as for go x; in (8.23) and so the estimate of the integral can be done in the same way as in the proof of (8.22).
Let us show that (8.24) holds for k£ = 2. This function has the form:

G2.x; = Duh(X;,t +to(X;))b(X;, £+ to( X)),
with b now satisfying
|t )
X517
Let us sketch the computations, assuming no dependence on the first variables in h and b, and #o(X) = X
ie.

(X, t+to(X;)) = O(

IZI

B(g2,x,)(Xj,2) =
and so

B(Qz X, )(X1,2) = B(g2,x,) (X2, 2)

=T [Dtth(z + X1)b(2) — Duh(z + X2)b(z)]
Note that the functions
1

||4€

are integrable.
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We have to estimate

/ 411 c [Dieh(z + X1)b(2) — Dush(z + X2)b(2)] dz
Bry, (0) |2

1 1
:/ o Duh(z + X1)b(z )dz—/ — Duh(z + Xa)b(2) d
Br |Z| Br |Z|

Let R =10|X; — X3| and X be the middle point between X; and Xy: X = %(Xl + X5) in this simplified
calculation.
Then

1 1
/ 1= EDtth(z+X1)b(z) dz — / 1= EDtth(z+X2)b( )d
Br(0) 12 Br(0) 12

IN

1 -
/ ) 21+ aKDtth(Z"'Xl) — Dyh(z 4+ X2))b(2)| dz
Br(0)

5 b 1
< C[D?h]o] X1 — Xo|* sup L /
0)

|Z|2 |Z|275
b R®
< O[DH]a| X1 — Xo|* sup LN
lz|> e
- |X1|l+a
and we need here
7 ¢ b(2)]
2
[D*h]a < X, , quad sup e <C.

The remaining part is

1 1
(a) :/ L Duh(z+ X1 (z)dz—/ o Duh(z + Xa)b(2) dz
Bry, (0\Br(0) |2 Bry, (0\Br(0) |Z|

1 _
/B (O\Br(0) 12"~ feie (Puh(z + X1) = Dul(X))b(z) dz
Ry, R

_/B O\B(0) 121*° (Duh(z + Xz) = Duh(X))b(z) dz
Rx, R

1 - -
- / T a=z (Deeh(2) = Duh(X)b(z — X1) dz
Bry, (X1)\Br(X1) |Z - 1|
1 - o
- / T iz (Deth(2) = Duh(X))b(z — X3) dz,
Bry, (X2)\Br(X2) |Z - X2|

where we have added and subtracted

Duh(X) /B L ) ae

rx, (0\Br(0) 21177
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Let us decompose

dz

1 s S b(Z—Xl) b(Z—XQ)
= Dyh Dyh(X —
(a) / | |2 €| tt () tt ( )| |Z—X1|4_8 |Z_X2|4_5
1 . oo
+ /Rl W(Dtth(z) - Dtth(X))b(Z — Xl) dz
1 . oo
— ————(Dyh(z) — Dyth(X))b(z — Xo) dz,
| e Dwh) = Db (e — )
1 . oo
+ ————(Dyh(z) — Dyth(X))b(z — X1) dz
|| e D) = Db (e~ )
1 - oo
— ————(Dyh(z) — Dyth(X))b(z — Xo) dz.
| e D) = Db (e — )
where
A = [Bry, (X1) \ Br(X1)] N [Bry, (X2) \ Br(X2)]
Ry = Bpry, (X1) \ Bry, (X2)
Ry = BRX2 (XQ) \BRX2 (Xl)
R = Br(X2) \ Br(X1)
Ry = Br(X1) \ Br(X2).
Note that
BR/2( )CACBQRX (X)
We estimate
=S b(Z—Xl) b(Z—Xg)
/ | |2 letth( ) Dtth(X)| |Z—X1|475 |z—X2|4*5 dz
=~ = b(Z — Xl) b(Z — XQ)
< 2 _ X _
<C[D h]a/|z X]| X - Xp dz
< 2 _ o | T ( )
CID%h //|z x| dt7|z_x|4 | dzat
where X; = tXo 4 (1 — ¢)X;. Assuming
sup |(|2) <C
IVb( |
NE
we get
b(Z—Xl) _ b(Z—XQ) |X1—X2|
lz— X132 2= Xot| = Tz = X P
Then
=S b(Z—Xl) b(Z—Xg)
/ | |2 letth( ) Dtth(X)| |Z—X1|475 |z—X2|4*5 dz

_X|0¢
< C[D2R]a| X1 — X |2 dt
Dol X1 2|//A|Z_Xt|3sz

< C[D?h]4| X1 — Xo |z — Xy |oT 3 dz
Bp2(X)e
[D?h]a| X1 — Xo|ROT!

C
< C[D?h]o| X1 — Xo|*Fe.
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Now we estimate

1 7 ~ -
/ W(Dtth(Z) — Dtth(X))b(Z _ Xl) dz
Ry 72—
) C[D%]a/ |z — X1 |2 dz

Bry,+1x1-X2| (X\Bry, —1x; - x5/ (X1)
< C[D*ha((Rx, + X1 — X2)*™ — (Rx, — [ X1 — X3|)*"*)
< C[D2h]o R HX1 — X
< C[D%h]o| X1 — Xo|*Fe.

The estimate of Ro, R3 and R4 are analogous.

O
Proof of Lemma 8.1. Write
N;(h1) = Ni(ha) = H;(h1) — H;(h2) — DH;(0)[h1 — h2]
1
= / (DH;(thy + (1 — t)ha)[h1 — ha] — DH;(0)[h1 — h2]) dt
0
1
= / / DzHi(S(thl + (1 - t)hg))[hl — hz,thl + (1 - t)hz] dsdt
o Jo
Using Lemma 8.4 we get
C
|Ni(h1)(X) — Ni(h2)(X)| < Wﬂhl = hall« (1Al + l[h2ll+)-
By Lemma 8.5, if | X7 — X»| < 15 min(|X1], | X2),
|Ni(h1)(X1) = Ni(h2)(X1) = (Ni(h1)(X2) — Ni(h2)(X2))|
C |X) — Xp|ote
— hi — ha|l«(||h1]l« + [[h2]]+)-
< St gt — hall-(all + hal.)
O
Proof of Lemma 8.2. By a direct and long computation we obtain
C
el D*Ho (h)[h1, ha) ()] < ————|hal|s[|h2]l+
ez |x|t—e
for x € ¥, and if x1, 20 € Xg, |21 — 22| < %0|x1|, then
2 2 |71 — 3|0 7F°
e|DHo(h)[h1, ha](z1) — D= Ho(h)[hy, ho)(22)| < C————||h1|[+[[h2] s
3|z It
Then the lemma follows as in the proof of Lemma 8.1.
O

9. LAYERED FRACTIONAL MINIMAL SURFACES

Proof of Theorem 2. The proof is essentially the same as for Theorem 1. This time we look for a set E C R?
of the form

E={(z',23) :€ R® : |3| > f(2')},

where f : R? — R is a positive radially symmetric function. We take as a first approximation
Eo = {(z',23) :€ R? : |a3| > fo(a)},

where f. is the unique radial solution to

Afazfi, f.>0, inR? (9.1)
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with f.(0) = 1. Then f.(z) = fi(e2x) where f is the radial solution of Af = % with f1(0) = 1. The same
analysis of Section 3 applies to show that fi(r) = r+ O(1) as r — oo and one obtams the same estimates for
fe as for F.. This leads to the estimate

HEHE() Hlfs,aJrs < Ce.

As before, we construct the surface ¥ and the corresponding set E by perturbing the surface 3¢ in the
normal direction vg, (it could also be done using vertical perturbations). That is, for a function h defined on
Yo (small with a suitable norm) we let

S ={z+ h(z)vg,(z) / x € To}.
As before, we are led to find h such that
HS, +2J5,(h) + N(h) =

We solve for h in this equation using the contraction mapping principle, employing the same norms as in
(2.12), (2.13). The solvability of the linearized problem

eJs,(h) = f inXg
in weighted Holder space and the estimates for N(h) are very similar to the ones in Theorem 1. 0

We can also construct axially symmetric solutions with multiple layers. Suppose that

fi>fo>...> fr,
are radially symmetric functions on R"™ and consider the surface X defined by
Y ={(z,2y41) ER" xR : 2,1 = fi(z), for some i}.

We claim it is possible to choose f; such that this surface is s-minimal for s close to 1.

We will not give a detailed proof of this statement, but only derive formally the form of the elliptic system
that plays the role of the equation (9.1) for the case of two layers and mention a few of its properties.

For the derivation of the system, we assume that the functions f; have small gradient, a condition that a
posteriori is verified. Note that the surface ¥ is the boundary of the region E given by

E={(z,zn11) € R : f;(x) > zp11 > fj11(2) for j even, j € {0,...,k}},
with the convention fo = oo, fr41 = —o0.
Consider a point X = (z, In+1) with an . We split the integral

o Y (Y
Loy S ¥ = / [ =
Rn+1\Bpr(X) X Y] yER™ Jynp1>fi—1(y) |X Y|

/ / xe(Y) = xpe(Y dY+/ / xe(Y) = xg(Y) qy.
YyER™ Jyn 1< fit1(y) |X Y|n+1+s yeR™ 1(Y)>Ynt1>fir1(y) |X - Y|n+1+s

Remark that for b > a > f;(x)

i AYnt1 dy
// (ly — =2 + (Yng1 — fila))2) "=

brfile) 1 1
= const / dt = const( - )
o fiw) 1 (@ = fi(x))*  (b— fi(x))®
1 1

a— fi(z) B b— fi(x)

~ const(

)
and for fi(z) >b>a

+1+sdn d
// Iy = af + G~ fila)y e
),

= const(

fz(x) —b fz(x) -
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where const > 0.
By decomposing into a ball and its complement and assuming for instance f;_1 — f; > fi — fit+1, we have

/ / xe(Y) —xee(Y) o
yeR™ J fi_1(y)>yn+1>fit1(y) |X—Y|n+1+s

( ) . 1 j'L l(y) 1
~ (=1 Z—Z )i / / mrre WYny1 dy
s v Lapi s (Jy =22 + (Y1 = fil@)?) 2
-Afl fl 1(z) 1
~ (—1) ) 1/ / s WYnt1 dy
T—s ' wJafi@)— i@ (Y = 22 + (Y1 — fil@))2) =2
 Afi = ( ! ! )
~(—-1)——+(=1)"""const | — + 9.2
(=1) 1—s (=1) fici(x) = filz) ~ fil®) = fis1 () 62

The case fi—1 — fi < fi — fit1 leads to the same formula.

We compute
Y c Y
[ 0o,
yGR" Yn+1>fi—1(y) |X Y|

. 1i(y) 1
= Z(_l)J / / oy ntlts dyn-i—l dy
=0 nJf; 2

1) (ly — 22 + (Yns1 — fi(2))?)

Q

/ /fg(r) 1
s AYnt+1 dy
o @) ([y = 22+ Yor1 — fil@)2) 7

j 1 — !
~ Constjgo(_l)‘ (fj—l—l(x) _ fl(;[;) f7($) - fz(x)) (93)

Y - c Y
QGR" Ynt1<fit1(x) |X ol

1
i QYnt1dy
/"/f ) (ly = 22+ (Ynsr — filw))) "2

1 1
st 3 0 (o =) o)
Adding (9.2), (9.3) and (9.4) we find

Similarly

A f H—J
0= (— 1)1f + 2const(— llzfz
JFi
and hence we are lead to
z+j+1
Af; = 2conste 9.5
S 8:5)

J#i

To be able to carry out the construction of a solution with multiple layers we need a solution of (9.5), and
we show next how to find a certain family. For this we shall work with € = 1, that is, we consider now

1+]+1

Afl_zz . (9.6)
por fl Iz
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We look for a solution of the form

1
fi=aifo, Afo=—. (9.7)
fo
Then the a; have to satisfy
’L+J+1
a; =2 Z (9.8)

—aj
i BT

Note that Ele fi is harmonic and radially symmetric, so it is constant. Since Y f; = fo > a; is a constant
we must have Y a; = 0.
A solution of the system (9.8) can be obtained by minimization of

E(ay, ..., ax Za + Z (—1)"* log(|a; — a;])

1,j1i#£]

subject to

Let
Az{(al,...,ak)eRk: ap > ag > ...> ap, aj = —ap—;41 Vj € {1,...,k}}.

Proposition 9.1. The minimum of E over A is achieved.

Proof. Consider a sequence a'”) € A such that F(a”) — infy E as i — co. We claim that a(? remains
bounded and
liminf min agi) (Z 41 >0. (9.9)

To prove these claims, for j € {1,...,k— 1} let xg.i) = ag.i) (Z)l > 0. Then

k
%Z @y —QZlog @y +2Zlog J+1)

j=1 -
@ 4 (@)
+.o 4+ (=DF2log(x” + ... +2,”).
Consider [ an odd integer in {1,...,k —1} and j; € {1...k —1}. Then
k—(1+1) k—1 .
S log(al 4 w2l > log(a! + ...+, ), (9.10)
i=1 i=13#5

since this is equivalent to

k=(+1) _ k—1 _
[T @ +..+afl)= (@) + .+,
j=1 J=15#5

The product in the right hand side is always present as a term on the left hand side, while the other terms
in the left hand side are positive.
From (9.10) we have

k—(1+1)
_ ZlOg(ac;l) + .+ x;ilfl) + Z log(:vg.l) +...+ xgi ) > —log(x § Dy .xg.lz)Jrlfl).

Jj=1
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Suppose that k is odd and let m = k — 2 be the largest odd integer that is less or equal than k — 1. Then j,,
is either 1 or 2 and

k
4 1 % 7 i i
E(a") > 5 Z(ag- ))2 - 210g(:v§-1)) — 2log(z;, ( ) 4 xgg)ﬂ)
j=1
— 2log(a}y) 4.+l ). (9.11)

The last term is 1og(:1:§i) S+ x(l) 5) = 1og(agi) - aézl) or log(xél) .+ 3:(1) )= log(agi) - a,(j)) depending
on whether j,, =1 or j,, = 2 In any case both terms are equal by the symmetry. Then we obtain

K3 1 K3
C > E(a) 52 m—i—l)log(() a,(c)l)
and we deduce that a9 remains bounded as i — co.
In the case that k is even, let m = k — 1. Then j,, =1
k

4 1 7 p % i
E(a®) > 5 Z(ag- ))2 — 210g(:v§-1)) — 2log(z;, o 4 xgg)ﬂ)
j=1
—2log(z{" + ...+ 2" ) (9.12)

and the last term is log(ag) - ak ) Again from E(a)) < C we see that a() remains bounded as i — oco.

Using now that a(” remains bounded as i — oo, and (9.11) or (9.12) we obtain (9.9). Once we have
established that a(® is bounded and (9.9) it is direct that up to subsequence a” converges as i — 0o to a
minimizer of E over A. O

There is however a further restriction on a solution a; to (9.8) that we need to impose for our method to
work, and it is related to the linearization of the system (9.6) around a solution of the form (9.7) . Indeed,
the linearized operator around the approximate solution (9.7) is given by

_22 1)it b9

e ATl
Let us write this operator acting on the vector & = (gbl, co, Op) as
AD + A@
13
where A = (a;;) has entries
2 if i £ j
@ij = - e
23 =

Note that fo ~ r as r — oo, so the linearized operator is asymptotic to
1
A® + - AD,
T

as r — o0.

As done before, a natural space to find the solution ® should involve norms allowing linear growth. We
see that it is possible to find such solutions for a given right hand side of the form ~ 1/r if the matrix A has
no eigenvalue equal to —1, since otherwise, ®(r) = rv with v an eigenvector of A associated to eigenvalue 1
would be in the kernel of the operator.

‘We note that ‘
> 2(—1)itk (aljak)Q ifi#k
@i 125, () L ifi=k,

so that
D?E =1+ A.
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At a local minimum of E, D?E > 0 which means that eigenvalues of A are greater or equal than —1. If
(ai,...,ax) is a non degenerate local minimum of E then D?E > 0 and the eigenvalues of A are greater than
—1.

10. EXISTENCE OF s-LAWSON CONES

Proof of Theorem 3.
Let us write

Eo={z=(y,2) : yeR", z€R", [2[ > aly| }, (10.1)
so that C, = 0F,.

Existence. We fix N, m, n with N =m +n, n <m and also fix 0 < s < 1. If m = n then C} is a minimal
cone, since (1.1) is satisfied by symmetry. So we concentrate next on the case n < m.

Before proceeding we remark that for a cone C, the quantity appearing in (1.1) has a fixed sign for all
p € Cq, p # 0, since by rotation we can always assume that p = rp, for some r > 0 where

with
™ = (1,0,...,0) e R™ (10.2)

and similarly for e{™. Then we observe that

XE,(T) = xEe(x) 1 . XE, (T) — XEs (2)
p.v. /]RN d . '/RN

s |I_pa|N+s

= dx.
[ rpal N+ = ’

Let us define

H(a) =p.v. /]RN XErx(gi)Z;rngfs(x) dx (10.3)

and note that it is a continuous function of « € (0, c0).
Claim 1. We have
H(1) < 0. (10.4)

Indeed, write y € R™ asy = (y1,y2) with y; € R™ and y; € R™ ™. Abbreviating e; = egn) =(1,0,...,0) €

R™ we rewrite

XE: (2) — XEe ()

H(1) = lim dx
= RN\B(p,5) [T PN
. 1
- }m(l) 1 2 2 1 2\ Nts
0S4 (lyn — el + 2l + |2 — zeal?) 2
. 1
— lim N+s )

=0, (g1 — e+l + [ = perp) T
where

1 1
As = {212 > [ya? + [w2l?, |1 — —261|2 +lyal® + |z — —261|2 > 6%}

V2 V2

1 1
Bs = {|z]> < [y1]* + [y2]?, |1 — —261|2 +lyal® + |z — —261|2 > 6%}

V2 V2
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But the first integral can be rewritten as

1
N+s
/,45 (1 — Ler? + [y + = — Zper2) 3

1
= N+s
/,45 (1 — der + [y + 12— Jpeal?) ™

where

~ 1 1
As = {ln|* > |21* + ly2l?, yn — —261|2 +ly2l® + |2 = —=ea|* > 6°}

V2 V2

(we just have exchanged y; by 2z and noted that the integrand is symmetric in these variables). But As C Bs
and so
Xe (#) — xpg ()
Nt dx
RN\ B(p1,6) |z — p1]

1
= _/ . 1 1 e <0
BiVis (o — el + ol + [z — Ler?)™3

This shows the validity of (10.4).
Claim 2. We have

H(a) =» 400 as a — 0. (10.5)
Let 0 < ¢ < 1/2 be fixed and write
H(a) = In + Ja
where
I :/ X, (7) —fVEfS(I) i
RN\ B(pa,6) |z — pal
Jo = pov. / xr.(7) ’fVEfs(x) da.
B(pa,d) |z — pal
With ¢ fixed

dx > 0. (10.6)

lim 7, :/ _—
a=0"" " Jan\Bpa.6) [T — polN TS

For J, we make a change of variables * = aZ + p, and obtain

o= / XE. (2) —xmg (@) LI / XFa (T) = Xrg (%)
“ B(pa,s) 1T —palVTE as B(0,6/a) |z N+s

where F, = é(Ea — pa). But

[ MA@ [ w0,
B(0,5/) |Z|NFs RN || NFs

di (10.7)

as @ — 0 where Fp = {z = (y,2):y e R™, z e R", |2+ egn)| > 1}. But writing z = (21,...,2,) we see that

XFy (I) — XFg§ (I) / X[z1>0 or z1<—2] — X[—2<21<0]
. ———%—dz >p. d
o [z e [ [ ’
X[ |z1[>2]
> ———d
2 [, st
and this number is positive. This and (10.7) show that J, — 400 as & — 0 and combined with (10.6) we

obtain the desired conclusion.
By (10.4), (10.5) and continuity we obtain the existence of o € (0,1] such that H(a) = 0.
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Uniqueness. Consider 2 cones C,,, Cy, with a1 > ae > 0, associated to solid cones F,, and F,,. We claim
that there is a rotation R so that R(E,,) C Ea, (strictly) and that

XR(Ea,) XR(EQI)C( )
H(ay) =p.v. NTs dx.
RN JRN |517 - pa2|

Note that the denominator in the integrand is the same that appears in (10.3) for as and then

(a v/ / XR(Eal) XR(EQI)C(‘T) da
1 =p. RN JRN |:c— g [N TS

XEa, (T) = XEg
<pV/)/‘ Fay (7 E()dx:ng. (10.8)
RN JRN LN

II—

This shows that H(«) is decreasing in o and hence the uniqueness. To construct the rotation let us write as
before x = (y,z) € RY, with y € R™, z € R", and y = (y1,%2) with y; € R", yo € R™™" (we assume alway
n < m). Let us write the vector (y1,2) in spherical coordinates of R?" as follows

cos(¢1)
sin(¢p1) cos(2)
= Sin(@l) Sin(902) COS(‘PS)

sin(ip1) sin(p2) sin(g03') ...sin(pn—_1) cos(en)

sin(ip1) sin(ps2) sin(gs) . . . sin(py, ) cos(@nt1)

sin(p1) sin(ps) sin(is) . . sin(an_) cos(wan_1)
sin(p1) sin(p2) sin(ws) . . . sin(pa,—2) sin(wan—1)

where p > 0, po,_1 € [0,27), ¢; € [0,7] for j =1,...,2n — 2. Then
|2|? = p?sin(p1)?sin(p2)? . . .sin(pn)?,  yaf* + |2 =
The equation for the solid cone E,,, namely |z| > a;|y|, can be rewritten as
p? sin(p1)?sin(p2)” ... sin(pn)? > of (Jy|” + [y2f*).

Adding a?|z|? to both sides this is equivalent to

sin(gol)2 sin(<p2)2 . sim(cpn)2 > sin(ﬁi)2(1 +

2 )

where f3; = arctan(a;). We let = 81 — 82 € (0,7/2), and define the rotated cone Ry(E,,) by the equation

|y2|2
P

|y2| )

sin(g1 + 0)2sin(p2)? ... sin(pn)? > sin(B1)?(1 + >

We want to show that Rg(E,,) C E4,. To do so, it suffices to prove that for any given ¢ > 1, if ¢ satisfies the
inequality |sin(¢ + 6)| > sin(51)t then it also satisfies |sin(p)| > sin(f2)¢t. This in turn can be proved from
the inequality

arccos(sin(f1)t) + 0 < arccos(sin(f2)t)

forl <t < bm(

checked by computing a derivative with respect to ¢. The strict inequality in (10.8) is because R(E,,) C Eaq,
strictly. O

I For ¢t = 1 we have equality by definition of #. The inequality for 1 < ¢ < bm( 5 can be



70 JUAN DAVILA, MANUEL DEL PINO, AND JUNCHENG WEI

11. STABILITY AND INSTABILITY

We consider the nonlocal minimal cone C? (s) = OF, where E, is defined in (10.1) and « is the one of
Theorem 3. For 0 < s < 1 we obtain a characterization of their stability in terms of constants that depend
on m, n and s. For the case s = 0 we consider the limiting cone with parameter ag given in Proposition 11.2
below. Note that in the case s = 0 the limiting Jacobi operator ‘78% is well defined for smooth functions
with compact support.

For brevity, in this section we write ¥ = C7 (s).

11.1. Characterization of stability. Recall that

¢y) — ¢lx) , dy + b(x )/ 1—<V($)7V(y)>dy
z

JS[](x) = p.v.
Slel(@) 5w |y — /Nt |z —y|N+s
for ¢ € C3°(X\ {0}). Let us rewrite this operator in the form

s _ (b( ) ¢( ) Ao(m,n,s)2 x
Flele) = . [ SOy 2

where

ol = [ LD VO g

p— [Nt

and this integral is evaluated at any p € ¥ with |p| = 1. We can think of J3 as analogous to the fractional
Hardy operator

1+s c . —
—(=4A)™ ¢+W¢ in RV,

for which positivity is related to a fractional Hardy inequality with best constant, see Herbst [15]. This suggests
that the positivity of Js is related to the existence of 3 in an appropriate range such that Jg[|z|=?] < 0, and
it turns out that the best choice of fis § = X _22_5. This motivates the definition

1 | |_N 2—s

—ly

H(m,n,s):p.v./ —_
s |p—y|Nts

dy

where p € 3 is any point with |p| = 1.
We have then the following Hardy inequality with best constant:

Proposition 11.1. For any ¢ € C§° (X \ {O}) we have

v)?
(m,n,s / |:E|1+S _2// |$_y|N+S = dady (11.1)

and H(m,n,s) is the best possible constant in this inequality.

As a result we have:
Corollary 11.1. The cone C%(s) is stable if and only if H(m,n,s) > Ao(m,n,s)?.

Other related fractional Hardy inequalities have appeared in the literature, see for instance [3, 12].

Proof of Proposition 11.1. Let us write H = H(m,n,s) for simplicity. To prove the validity of (11.1) let
w(z) = |z|7? with 8 = 2=2=5 5o that from the definition of H and homogeneity we have

v./w(y)_w(‘r)d + @) =0 forallzex\ {0},
b))

_ N+s Y 1+s
ly — 2 ||

Now the same argument as in the proof of corollary B.1 shows that

L[ 6w =60 [ H
L) = [ |1+s¢“d (112)

P f s,
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for all ¢ € C°(2\ {0}) with ¢ = 2 € C3°(2\ {0})
Now let us show that H is the best possible constant in (11.1). Assume that

5 [ ) 1 (6(z) — d(y))?
A [ o<y [ e
for all ¢ € C§°(X\ {0}). Using (11.2) and letting ¢ = wip with ¢ €€ C§°(X \ {0}) we then have
g [ w)(x)? w(z)®Y(x)®
| s f‘i
() *w(z)w(y)
// |x— y[V s dzdy.

For R > 3let ¢p : ¥ — [0, 1] be a radial function such that ¢ g(z) = 0 for |z| < 1, ¢¥r(z) =1 for 2 < |z| < 2R,
Yr(x) =0 for |z| > 3R. We also require |Vyg(z)| < C for |z| <3, |V¢r(x)] < C/R for 2R < |z| < 3R. We
claim that

2 2
aplog(R) — C < / %m < aglog(R) + C (11.3)
b
where ag > 0, C' > 0 are independent of R, while
(Yr(@) — ¥Yr(y) wz)w(y)
// |x— iz dzxdy| < C. (11.4)

Letting then R — oo we deduce that H < H.

To prove the upper bound in (11.3) let us write points in ¥ as = (y, 2), with y € R™, 2 € R™. Let us
write y = 7w, 2 = rws, with r > 0, w; € S™~ !, wy € S"~! and use spherical coordinates (61,...,60,_1) and
(P15, pn—1) for wy and wo as in (11.6) and (11.7) . We assume here that m > n > 2. In the remaining
cases the computations are similar. Then we have

2 2 4R
/ Mdm < ao/ ;LTN72CZT <aglog(R) +C
b 1

|x|l+s TN—Q—S rl-i—s

where
ao=V1+a2A, 14,1

and Ay, denotes the area of the sphere S* C R*! and is given by

k+1
2m 2

L)

Ap =

(11.5)

The lower bound in (11.3) is similar.
To obtain (11.4) we split ¥ into the regions Ry = {z : 2| <3}, Re ={z:3 <2< R}, Rg={z: R <
|| <4R} and Ry = {z : |x| > 4R} and let

o (r(@) — ry)) w@)wly)
Iz,_] - ~/m€Ri /yERj |I—y|N+S d dy

Then I, ; = I;; and I; ; = 0 for j = 2,4. Moreoover I; ;1 = O(1) since the region of integration is bounded
and ¥ g is uniformly Lipschitz.
Estimate of I; o: We bound w(z) < C for |z| > 1 and then

R
w(y) 1 L N2
IILzISC/yeR2 Wdyﬁc/z) Tt rs0

where p € 3 is fixed with [p| = 2.
By the same argument [; 3 = O(1) and I; 4 = O(1) as R — oo.
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2—s

Estimate of I3 3: for y € R3, w(y) < CR="==, s0
_ 2
L / (Yr(z) — Yr(Y)) dydz
yER3

Ry |$|% |x_y|N+S

2—s

|_[2)3| S C"R_Ni2 /

_N-2-s VOZ(R3) / 1
RN+s 2€R, |£L'|N 22 s

Estimate of I 4:

1 1 1
= I ==t
By scaling
/ ! ! \dy<CR_%_% for x € R
yeRr, |7 —y[N Ty == T 2’
so that
[Ia| <CR %73 / %dﬂ? <C
w€Ry || T2

To estimate I3 5 we use |¢Yr(z) — Yr(y)| < %|x —y for x,y € R3, which yields

o 1 / I

RZRN=2=s [ o o —y[N+s2

The integral is finite and by scaling we see that is bounded by C RN =%, so that
|Is3] < C.

|Ig)3| S dyd:v

Estimate of I3 4:

oal < CR?N}H/ / 1 L
3,4 > s y— yax.
Tz€R3 JYER, |‘T - y|N+S |y|N 22

By scaling

/ 1 1 du < C
s dy <
yeR, [T —y[NF |y|N s |a:|N;
for x € R3. Therefore
—2—s 1
Iy <CR™ "3~ ——dz < C.

N+ts
rER3 xl 2

This concludes the proof of (11.4). O

11.2. Minimal cones for s = 0. Here we derive the limiting value ag = lims_,o @y where ay is such that
Cq, is an s-minimal cone.

Proposition 11.2. Assume that n < m in (10.1), N = m +n. The number aq is the unique solution to

[es} tnfl (e t’n,fl
a (14+t)= o (1+t2)=2
Proof. We write r = (y,2) € RV with y € R™, z € R". Let us assume in the rest of the proof that n > 2.

(m) . (n)
1

The case n = 1 is similar. We evaluate the integral in (1.1) for the point p = (e; ', ae;"’) using spherical

coordinates for y = rwy and z = pwe where r,p > 0 and

cos(61)
sin(6;) cos(6z)

wy = : (11.6)
sin(6y) sin(6z) . . . sin(0,—2) cos(Op,—1)
sin(@l) sin(@z) “ee sin(@m,g) Sin(@mfl)
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cos(p1)
sin(¢1) cos(p2)

: (11.7)

sin(py) sin(p2) . .. s'in(cpn_g) cos(pn—1)
sin(¢1) sin(ps2) . . . sin(p—2) sin(p,—1)

where 0; € [0,7] for j =1,...,m—2, 0,1 € [0,27], ¢; € [0,7] for j =1,...,n =2, ¢,,—1 € [0,27]. Then

[(y,z) — (egm) ael )|2 =72 41— 2rcos(h) + p* + a* — 2pacos(ip1).

Assuming that a = s > 0 is such that C,, is an s-minimal cone, (1.1) yields the following equation for «

p.V./0 "7 (Aq,s(r) — Ba,s(r))dr =0 (11.8)

n 1 .. m—2 .z n—2
/ / / sin(61) sin(ep1) 0, dydp
(r2 4+ 1 —2rcos(bh) + p? + a2 — 2paccos(p1)) 2

n 1 m—2 n—2
/ / / Sln(al) Sln((pl) N+s db: d/spldpv
(r2 4+ 1 —2rcos(bh) + p> + a2 — 2paccos(p1)) 2

which are well defined for r # 1. Setting p = rt we get

where

Aq,s(r)
t"~1lgin sin f)"—2
R =S
(1+ & — 2cos(6h) + 12 + 2 — 2tacos(pr)) 2
n—1
_ Cm)nr—m—s/ tiNﬂ +O( —m—s—l)
o (1432

as r — oo and this is uniform in s for s > 0 small. Here ¢, ,, > 0 is some constant. Similarly

n—1

“t
Ba,S(T) = Cm,n/pfmfs/ 75 L+ O(,r,fmfsfl)
0 (1+2)"="

Then (11.8) takes the form

o_/02...dr+/:o...dr_0(1)+cs(a)[°r1Sd7~_0(1)+

[ee] tnfl « t’n,fl
C( :/ 7th—/ S
(@) o (14142)72° 0o (1412)7°

and O(1) is uniform as s — 0, because 0 < a5 < 1 by Theorem 3, and the only singularity in (11.8) occurs at
r = 1. This implies that o = lims_,0 a5 has to satisfy Cp(ag) = 0. O

—S8

28 Cy()

where

11.3. Proof of Theorem 4. In what follows we will obtain expressions for H(m,n,s) and Ag(m,n,s)? for
m>2,n2>1,0<s<1. We always assume m > n. For the sake of generality, we will compute

1— |z~
(mnsﬁ—pv/| ||L,+S
where p € 3, |p| =1, and 8 € (0, N — 2 — s), so that H(m,n,s) = C(m,n,s, N‘;_S).
(m) (n))

Let © = (y,2) € ¥, with y € R™, z € R". For simplicity in the next formulas we take p = (e; ', aes
(see the notation in (10.2)), and h(y, z) = |y|=?, so that

C(m,n,s, ) =(1 Jro?)%w-/E %ﬁ(ﬁd%
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Computation of C(m,1,s,3). Write y = rwy, z = ar, with r > 0, w; € S™~ 1. Let us use the notation
P =%nN[z>0], X, =XN][z <0]. Using polar coordinates (61, ...,0,,-1) for w; as in (11.6) we have

|z —p|* = [rb1 — 61m)|2 + a?|rh; — e§m)|2 =72 41— 2rcos(fy) +a?(r —1)%
for z € ¥F and
|z — p|* = |rb; —61 )|2—|—Oz2|r91 m)|2 =72 41— 2rcos(fy) + a?(r+1)%

for x € ¥ . Hence, with h(y, ) = |y|=*#

/ |x_p|NJrS de =14+ a?A,,_ gpv/ (1_7'75)(]+(7°)+I_(T))7‘N*2dr (11.9)

where
T sin(f;)™ 2
Li(r) = / (61) - db
0o (r2+1-2rcos(f1)+a?(r—1)?)"2
: m—2
I () = sin(6) = a6,

(r24+1—2rcos(01) +a?(r+1)2)7=
and A,,_» is defined in (11.5) for m > 2. From (11.9) we obtain

1
C(m,1,s,8) = (1+ a2)%Am_2/ (rN=2 — pN=228 s B (I (1) + T (r))dr. (11.10)
0

Computation of Ay(m,1,s)%. Let z = (rf, £ar), p = (egn), «) so that

v(z) = M v(p) = (Lgnl)
\/H—CY2 ' \/H—CV2 3
and hence
/Z%dx— V1+a2A,,_ 2/ (Jo(r) + J_(r))rN " 2dr
= VT [ V0 + )
where
o a (1 — cos(#y)) sin(fy)™2
J+(T)_1+a2/ (r2+1—2COS(91)+042(T_1) )N+Sd91
r) = 1 T 24+ a® —a?cos(6y))sin(f;)m?
J(r) 1—|—a2/ (r2+1—2rcos(f;) + a?(r +1)2 )N+s

Therefore we find
1
Ao(m, 1,5 = (1+02)*F 4,,_, / (PN =2 1) (1) + J_ (r))dr
0

Computation of C(m,n,s,3) for n > 2. Write y = rwy, 2 = rws, with 7 > 0, w; € S™7 1 wy € §7°1
and let us use spherical coordinates (01, ...,0,_1) and (¢1,...,¢n—1) for wy and wy as in (11.6) and (11.7).
Recalling that p = (egm), ozeén)), we have

lz—p2 = |1y — ™ 2+ 16y — {™ 2 =12 + 1 — 2rcos(6y) + a?(r> + 1 — 2r cos(¢1)).
Hence, with h(y, z) = |y| ="

p.v. / L =V1+a?A, 24, ap.v. / (1 —r= P I(r)rN2dr
)

lz —p|N

1
=V1+a?4, 1A, o / (rN=2 — pN=22B s B [(r)dr
0
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1 2 3

S
ot
(@)}
\]

2 | H | 0.8140 | 1.0679
A2 | 3.2669 | 2.3015
3 | H | 1.1978 | 1.2346 | 0.3926
AZ | 25984 | 1.7918 | 0.4463
4 | H |1.3968 | 1.3649 | 0.4477 | 0.1613
AZ | 2.0413 | 1.5534 | 0.4288 | 0.1356
5 | H | 1.5117 | 1.4570 | 0.4895 | 0.1845 | 0.06978
AZ | 1.7332 | 1.3981 | 0.4118 | 0.1398 | 0.04849
6 | H | 1.5833 | 1.5231 | 0.5215 | 0.2031 | 0.08013 | 0.03113
AZ | 1.5318 | 1.2841 | 0.3955 | 0.1412 | 0.05173 | 0.01885
7 | H [1.6303 | 1.5719 | 0.5465 | 0.2182 | 0.08885 | 0.03583 | 0.01416
A2 | 1.3872/| 1.1951 | 0.3802 | 0.1409 | 0.05381 | 0.02051 | 0.007704

TABLE 1. Values of H(m,n,0) and Ag(m,n,0)? divided by (1 4+ a2)*5" A9 A, s

where

. - in(f m—2 .: n—2
I(r) = / / wnif) i) Nts df1der.
o Jo (r*+1—=2rcos(f1)+a?(r* +1—2rcos(e1))) 2

We find then that

1
C(m,n,s,B) = (1+ O‘)HTSAm—ZAn—Q/ (N2 = pN7278 s PR [ (r)dr
0

75

(11.11)

Computation of Ay(m,n,s)? for n > 2. Similarly as before we have, for * = (rw;,arws) € %, and

p= (™, aey”):

_ (—owr,we) B (—ozegn),l)
= A Y e
Hence
/ —1 _ <V(x)1,v1/(p)> dr = \/l—i——oﬂAm,gAn,g/ TNiQJ(T)dT
s |p—ax|Nts 0
1
=1+ aQAm_gAn_g/ (rN=2 4 %) I (r)dr
0
where

N+s

(1241 —2rcos(01) + a?(r? + 1 — 2rcos(p1)) 2

™ ™ 2 _ 2 _ : m—2 .; n—2
J(r) = 1 (14 a* — a*cos(fy) — cos(p1)) sin(f;) sin(ep1) d0ydior.
1 + Oé2 0 0

We finally obtain

1
Ag(m,n,s)? = (1+ a2)¥Am,2An,2/ (rN 72 ) I (r)dr.
0

3+s

In table 1 we show the values obtained for H(m,n,0) and Ag(m,n,0)2, divided by (1+a2)*s" Apy_s A, _s,
from numerical approximation of the integrals. From these results we can say that for s = 0, X is stable if
n+m = 7 and unstable if n +m < 6. The same holds for s > 0 close to zero by continuity of the values with

respect to s.

Remark 11.1. We see from formulas (11.10) and (11.11) that C(m,n,s, () is symmetric with respect to

N—2—s

N—2—s
5 —_—s.

2

and is mazximized for B =
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Remark 11.2. In table 2 we give some numerical values of v, H(m,n,s) and Ag(m,n,s)? divided by (1 +

a2)3;SAm72An72 for m = 4, n = 3, which show how in this dimension stability depends on s. One may
conjecture that there is so such that the cone is stable for 0 < s < sy and unstable for sp < s < 1.

APPENDIX A. ASYMPTOTICS

We prove convergence of geometric fractional quantities as s — 1 (¢ = 1 — s — 0). Let ¥ C R"*! be a
smooth embedded hyper surface.

Lemma A.1. Assume ¥ = OFE. Then for any X € &

Y)— xge(Y
(1 - 8) ~/]R"+1 X|E)E —) Y|il<f14(rs ) dY = _HE(X)TLW” + 0(1 - S)v

as s — 1, where Hy(X) = Btedin s the mean curvature of ¥ at X and wy, is the volume of the unit ball

m R™.

Proof. Let us fix R > 0 and X € ¥ and assume X = 0 for simplicity. Let Xp be X intersected with the

cylinder Bg(0) x (=R, R), Br(0) C R™. After rotation, we describe X g as the graph of g : Br(0) — R with
9(0) =0, Dg(0) =0,

and assume F lies above X g.
Note that
/ xe(Y) = xge(Y)
(Br(0)x(—R,R))e | X = Y[nHl+s

dy = 0(1)

as s — 1. We compute

Y) = xge(Y 9(t) 1
I :/ xe(¥) Xfli ) gy — _2/ / S —
Br(0)x(~R,R) | X —Y[rFits BrcrrJo o (Jt2+t3) 2

expanding
z 1 z ! TZ
———dl3 = —n+1+322/ 1—7 ——dr.
/0 (612 +3) "= ¢+ ( ) 0 ( )(Itl2 +(r2)2)™2"
Then
I=L+1L+1I;
where
3D?g(0)[t? t) — $D?g(0)[t?
hLi=— / - ngJElJ)r[s ]dt’ L= _2/ A0 2n+1fs( 1 ]dt’
[t|<R |t| [t|<R |t|
2 ' T9(t)
I3 :2(3+S)/ g(t) / (1—-7) — dr dt,
tI<R 0 (It + (rg(8))?) 2
where D?¢ denotes the Hessian matrix of g. Then
1—s 1—s
I - ~wanAg(0)R _ —nwnHE(X)R .
1—s (1—29)

For the other terms we have I = O(1) and Is = O(1) as s — 1.

For the next results we assume that there is C such that for all0 < s <1 and X € ¥

1
———dY < C.
/YeE,Y—X|21 | X — Y|ntits
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Lemma A.2. If h is C*%(X) and bounded,

h(X)

(1 —=s)p.v. 7|X Vorits

dy = %Agh(X) +0(1-s),

area(S" 1)

as s — 1, where Ay, is the Laplace-Beltrami operator on 3 and w,, = is the volume of the unit ball

mn R™.
For the proof we use the following computation.

Lemma A.3. If ¢ € C*>*(Bg(0)),

(1 —s)/B . O = 00) jy _ “n A w0) 4001 — s), (A1)

|t|n+1+s 2
as s — 1.
Proof. We expand
1
6(t) = 6(0) + D$(0)t + 5 D*G(0)[£”] + O(|t***)
as t — 0 and compute
¢(t) — ¢(0) 1 [ D?¢(0)[t*]
———dt == ————dt 1
/BR |t[nt1+s 2 Jp, [tntits +0(1)
B larea(S"‘l) Ri=s
2 n 1—s
as s — 1. (]

Ap(0) +0(1)

Proof of Lemma A.2. Let us fix R > 0 and X € ¥ and assume X = 0 for simplicity. Let ¥ be 3 intersected
with the cylinder Br(0) x (=R, R), Br(0) C R™. After rotation, we describe X as the graph of g : Bg(0) = R
with

9(0) =0, Dg(0)=0.

MY) = h(X)
/EC X vy = 00)

Then

as s — 1. We have

/ YY) = h(X) o / hig(t)) - Mmdt
) Br(0) (

o |X _ Y|n+1+s ( ) + |t|2

The previous lemma also holds if ¢ depends on s and ¢ — ¢ in C?® as s — 1. We apply (A.1) to

h(g(t)) — h(g(0))

s = ) Tits 1 D 2
Ch o Rl
and note that ¢, — ¢ as s — 1, where
h —h
o(t) = (9(t)) — h(g(0)) TEDg(0F

and
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Lemma A.4. Let v be smooth choice of normal vector v on %. Then

(1- S)/E ) =2 D) gy = @) + o)

|z —y|r it 2

as s — 0, where |A(x)|? is the norm squared of the second fundamental form at x, i.e. > . | k2, where k1,
.., Ky are the principal curvatures at x.

Proof. We apply Lemma A.2 with h(y) = v(y) - v(z) — 1 and use that
Ash(z) = —|A(z)|*.

APPENDIX B. THE JACOBI OPERATOR

In this section we prove formula (1.5) and derive the formula for the nonlocal Jacobi operator (1.6).

Let E C RY be an open set with smooth boundary and €2 be a bounded open set. Let v be the unit
normal vector field of ¥ = JF pointing to the exterior of E. Given h € C§°(Q2 N X) and ¢ small, let Ey, be
the set whose boundary dFy;, is parametrized as

OEy, = {z + th(z)v(z) / © € OE},
with exterior normal vector close to v.

Proposition B.1. For h € C*(2NY)

2

d—Pers(Eth,Q)’ - —2/j§[h]h—/ W2 HHS, (B.1)
dt2 t » b))

where J$ is the nonlocal Jacobi operator defined in (1.6), H is the classical mean curvature of ¥ and HE is
the nonlocal mean curvature defined in (1.1).

In case that ¥ is a nonlocal minimal surface in 2 we obtain formula (1.5). Another related formula is the
following.

Proposition B.2. Let X, = 0E,. For p € ¥ fized let pr = p + th(p)v(p) € Een. Then for h € C=(X) N
L>=(%)

S, () =270 (0). (B2)

A consequence of proposition B.2 is that entire nonlocal minimal graphs are stable.
Corollary B.1. Suppose that ¥ = OE with
E={(,F()) eRY :2/ e RN}

18 a nonlocal minimal surface. Then

—/ Js[hlh > 0 for all h e C5°(X). (B.3)
by

Proof of Proposition B.1. Let
1
Ks(z) = MTJFS%(Z)

where ns(z) = n(z/d) (§ > 0) and n € C>°(RY) is a radially symmetric cut-off function with n(z) = 1 for
|z| > 2, n(x) =0 for |z| < 1.

Consider
Perg s(E, ) = / / Ks(z —y)dyde + / / Ks(x — y)dydzx. (B.4)
FEip,NQ ]RN\Eth Eth\Q Q\Eth
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We will show that 4
hood of 0 and that

£ Per&g(Eth, Q) approaches a certain limit Ds(t) as 6 — 0, uniformly for ¢ in a neighbor-

0):—2/J§[h]h—/h2HH§.
b)) b

First we need some extensions of v and h to RY. To define them, let K C ¥ be the support of h and Uy
be an open bounded neighborhood of K such that for any z € Up, the closest point & € ¥ to z is unique and
defines a smooth function of x. We also take Uy smaller if necessary as to have Uy C 0. Let 7 : RN — RN be
a globally defined smooth unit vector field such that (z) = v(&) for 2 € Uy. We also extend h to b : RY — R
such that it is smooth with compact support contained in Q and h(z) = h(z) for z € Uy. From now one we
omit the tildes (V) in the definitions of the extensions of v and h. For ¢ small Z — & + th(Z)v(Z) is a global
diffeomorphism in RY. Let us write

u(z) = h(z)v(z) for z € RY,

and let
Ji(@) = Jidgrtu(Z)
be the Jacobian determinant of id + tu.
We change variables

r=1I+tu(x), y=g+tu(y),
n (B.4)

Pers s(Eum, Q) = / / Ks(e — ) 7u(2)J,(5)dgdz,
ENg:(Q) JRN\E

+ / / Ks(z — ) Ju(5)dydz,
E\¢:+(Q2) Yo (D\E

where ¢, is the inverse of the map = — T + tu(z).
Differentiating with respect to ¢:

d _ N T
oo = [ [ [9Ks(e 90t - uw) ) 40)
+ Ks(w = y)(J(@) (@) + () 7/(5))| dgda

" /E'\qbt(ﬂ) /t(g)\E {VK‘s(x —y)(u(@) — uw(y))Je(Z) ] (y)
+ Ks(z —y)(J;(2) Je(y) + Jo(z )Jt’(g))} dydz,

where
H@) = S0
1\ T) = dt +\T).
Note that there are no integrals on 0¢ () for ¢ small because u vanishes in a neighborhood of 9f2.
Since the integrands in 4 i Pers s(Eyp, Q) have compact support contained in ¢;(€2) (¢ small), we can write
d
GPeresBan® = [ [ [VKsle —3)(u(@) - u@) 1@ 1)
RN \E

+ Ks(z — y)(Ji(2) e (y) + Jo(2) J{(y)) | dydz.

Differentiating once more
2

WPQTS,(;(EHH ) = A(S,t) + B(4,t) + C(6,1)
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where
A= [ [ DKo - y(u(e) - u(@) (o) - u(g) H@) o)y
E JRN\E
B =2 [ [ VKs(e—p)(ute) u@)HID + @)
C(6.) = / / Ks(x — o) (@) J(G) + 270E)T(G) + Ji(2)J(§))dgdz.
E JRN\E

We claim that A(4,t), B(4,t) and C(d,t) converge as § — 0 for uniformly for ¢ near 0, to limit expressions
A(0,t), B(0,t) and C(0,t), which are the same as above replacing ¢ by 0, and that the integrals appearing in
A(0,t), B(0,t) and C(0,t) are well defined. Indeed, we can estimate

1
Aeo-aoo<c/ f iy,
w€ENKy JycEe |u—y|<2s |T — Y[V T*

where Ky is a fixed bounded set. For x € E N Ky we see that

dy < — ;
w/yEEC,w—yS26 |.I - y|N+S dZSt(Ia EC)S

and therefore
1
A(5,t) — A0, )| <C <C —  _dz < C§E.
[4(5:7) = A0, 9)] wCENKy, dist(z,Be)<20 dist(z, E€)*
The differences B(d,t) — B(0,t), C(d,t) — C(0,t) can be estimated similarly. This shows that
2

d
ﬁPeTS(Eth; Q)

2

Cd
oy = m  Pers(Eu0)|

= lim A(5,0) + B(6,0) + C(6,0).
t=0 §—0

In what follows we will evaluate A(4,0) + B(4,0) + C(5,0). At t =0 we have

A0 = [ [ D ile —)) )00 @)~ ) dy
= A + Ao+ Aoy + Axp

where

Ay = / / Dy, Ks(z — y)u' (z)u? (z) dy da
EJRN\E
Ajp = —/ / Dy, Ks(x — y)u'(x)u? (y) dy dx
E JRN\E
Aoy = —/ / Dao, Ks(z — y)u' (y)v’ (z) dy da
E JRN\E
Az = / / Dy, Ks(z — y)u' (y)u (y) dy dor.
EJRN\E

Let us also write

B0 =2 [ [ DKot~ )(we) =0 0) v ()) + v ()) dy e

= B11 + Bi2 + Ba1 + Bao,
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where
By = 2/ / D, Ks(x — y)uj(:zr)div (u)(x) dy dx
E JRN\E
By = 2/ / Dy, Ks(z — y)u? (z)div (u)(y) dy da
E JRN\E
By = —2/ / Dy, Ks(z — y)u! (y)div (u)(z) dy dx
E JRN\E
By =2 / / Dy, Ks(x — y)u? (y)div (u)(y) dy da,
E JRN\E
and
0(57 O) = Cl + 02 + 037
where

Cy = /E /RN\E Ks(z —y) [div (u)(x)? — tr(Du(x)2)} dy dx
= [ [ Koty —r(Due)] dyds
C3=2 /E /]RN\E Ks(z — y)div (u)(x)div (u)(y) dy dz.
We compute
A = /E/]RN\E Dy, {Dzj Ks(x — y)u'(x)u? (3:)} dy dz
- / / Dy, Ks(x —y)Dy, [ul(x)u] (ZC)} dy dx
E JRN\E
= / / Dy, Ks(z — y)u'(z)u (z)v' (z) dy dz
OE JRN\E
- / / D, Ks(x —y) [Dzlul(x)u] (z) 4+ u'(x) Dy, v’ ()| dy da.
E JRN\E

Therefore

Ai + Biy = / / Dy, Ks(x — y)ui () () (z) dy da:
OE JRN\E

+ /E /RN\E D, Ks(x —y) [Dxuz(:zj)u](:p) _ u’(:z:)Dzu](x)} dy dz.

We express the first term as
/ / Dy, Ks(z — y)u'(z)u? (z)v' (z) dy dz
OE JRN\E
=— / / Dy, Ks(x — y)u' (z)u! (z)v' (z) dy dx
oE JRN\E
= / Ks(x — y)u'(x)u? (z)v' (2)v7 (y) dy dx
oE JOE

- / Ks(x — y)h(a)2v(@)v(y) dy da.
OF JOE

81
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For the second term of A1 + Bi1 let us write
/ / Dy, Ks(z — y)Dy,u (2)v (2) dy dz
E JRN\E
- / / Da, [Ks( — y) D (@) ()] dy
E JRN\E
- / / Ko(x — ) Da, [ Do (@) ()] dy i
EJRN\E
— [ ] Ko - ) Dei @y @) o) dy d
oE JRN\E
- / / Ks(x —vy) [ijmiui(x)uj (z) + div (u) (3:)2} dy dz.
E JRN\E
The third term of Ay + B is
- / / Dy, Kl — y)u'(@) Dy, () dy da
E JRN\E
E JRN\E
+ / / Ks(x —y) Dy, {uz(x)leuJ(:v)} dy dx
E JRN\E
= / / Ks(x — y)u'(x) Dy v? ()17 () dy dx
oE JRN\E
+ / / Ks(x —y) [Dm]. u'(2) Dy, () + u' () Dy, 0,0 (:c)} dydzx.
E JRN\E
Therefore
Ay + By = / Ks(x —y)h(x)?v(z)v(y) dy dx
oE JoE
t [ Ksle =) [Dei @ @0 @) ~ o @)Dy (2} ()] dyd
OE JRN\E
+ / / Ks(x —v) [ijui(x)Dmuj(:C) —div (u)(m)z} dy dx,
E JRN\E
so that

At + Buy 4 Cy = / Ks(x — y)h(@)?v(@)v(y) dy do
OF JOFE

w [ Ksle =) [Dei @ @0 @) - (0) Dy ()7 (0)] dy d
OE JRN\E
But using v = vh and div (v) = H where H is the mean curvature of OF we have
Dyu'(2)u? (2)v7 (2) — u'(x) Dy, (2)17 (2) = h(z)? H(x)

and therefore

A11+Bll+01:/

Ks(x — y)h(z)zy(:c)u(y) dy dx + / / Ks(x — y)h(:c)2H(:17)
o JoE OE JRN\E
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In a similar way, we have
Ags + Bay + Cy = / Ks(x — y)h(y)v(@)(y) dy da
OFE JOFE
~ [ [ Kata =) [Dui 0w )07 (5) =)Dy () ()] dy
E E

_ / Ks(x — y)h(y)?v (@) (y) dy dz — / Ks(z — y)h(y)*H(y) dy dz.
OF JOF FE JOFE

Further calculations show that

App = —/ Ks(x — y)h(z)h(y) dydx
OFE JOFE
[ K i ) @) dy de
OE JRN\E
[ [ Kste = v )@ )r(y) dyda
oOF

[ [, Rl e 0

A9 = —/ Ks(z = y)h(z)h(y) dydx
oOF JOE
=[] sl = i @)@ @) @) dy ds
oE JRN\E
[ Katw - y)div (@) (v () dyda
E JOFE

- /E /]RN\E Ks(z — y)div (u)(z)div(u)(y) dy dz,

and
But B =2 [ [ Ko~ y)div (w))ed (@7 &) dy do
oE JRN\E
2 [ Kl - y)div (@)@ () () dyda
OF
- 4/ / Ks(z — y)div (u)(x)div(u)(y) dy dz,
E JRN\E
so that
Az + Ag1 + Bia + Ba1 + Cs3 = —2/ Ks(x —y)h(x)h(y) dydz.
o JoE
Therefore
d2
EPGTs,a(Etha Q)‘ = 2/ Ks(x —y)h(z)*(v(z)v(y) — 1) dy dx
t=0 OE JoE

2 / W) [ Ks(x — y)(hy) - hiz) dyde
oF oF

- / W) H () / (xe W) — X () Kz — v) dy da
oF

RN
Taking the limit as 6 — 0 we find (B.1).
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Proof of Proposition B.2. Let v(z) denote the unit normal vector to 0F; at x € JE; pointing out of E;.
Note that v(x) = vo(x). Let L; be the half space defined by L, = {x : (x — pt, v1(pe)) > 0}. Then

13,00 = [

RN |517 — Pt

XE, (®) = XL, (%) = Xpe (%) + X1¢ (2)
|N+s

dx (B.5)

since the function 1 — 2xr, has zero principal value. Note that the integral in (B.5) is well defined and
XE: (I) — XL (I)
HE =92 oty 2t 2 da.
Eth(pt) /RN |$—pt|N+5 X
For § > 0 let € C*°(RY) be a radially symmetric cut-off function with n(x) = 1 for |z| > 2, n(x) = 0 for
|z| < 1. Define ns(x) = n(x/J) and write

/ XEt(I) — XLt('r)
RN

N e = f5(1) + gs(0)

where

f5(t) = /RN M%(I — ) dz

|z — pe|N+s
and gs(t) is the rest. Then it is direct that fy is differentiable and
h(z)
P T
"= fop o= ppr ol =)

3 hp)(w(p),v(p) = (v —p, 28 ,g)
L. FEEFIAE e =)

+ e onG) [ X0 e~ phda

~hip) [ X (o - ), vl

We integrate the third term by parts
Xe(r) = XLy (%)
(N + ) /RN W(m —p,v(p))ns(z — p)dx
1
== [ (o) = X0 )NV T () — )

[ [

B |z —

XE(z) — XLO(:E)
_ - — dx.
+/]RN |£C—p|N+S <V775(I p),u(p» €

Since 75 is radially symmetric,

_ o Onlpe)
/ @b ) o~ pyda = 0
OLg

|z — p|Nt
and then
, h(x v(x),v
O = [ e e —hip) [ e~ gy,

which we write as

£1(0) = /a M) = 1p), o~ pyde+ 1) / 1= @) vl o ) da

g |z —pNts op |lv—p/Nts
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We claim that g5(¢t) — 0 as § — 0, uniformly for ¢ in a neighborhood of 0. Indeed, in a neighborhood of p,
we can represent OF; as a graph of a function G over L; N B(py, 20), with G, defined in a neighborhood of 0
in RV=1/G4(0) =0, V,yG1(0) = 0 and smooth in all its variables (we write y’ € RN ~1). Then g5(¢) becomes

Gi(y') 1 . )
/ / N (1 —=ns(y',yn))dyndy
ly| <26 (v +y3) 2

so that 50
’ t
gs(t)Z/ ——— () (1 —ns(y', yn))dy'.
wi<2s (Jy'|2 + Gt(y )2)%2" Ot
But [G¢(y')| < K|y'|* and | %5 (y')| < K|y/|?, so

gs(t) < C&' .

Therefore
d . . h(z) — h(p)
dtHZth (pt) =0 - 2%&% [/(?E |$ _p|N+s 775(:E p)d.’[]
1— (v(x),v(p))
+ h(p / ——————"ns5(z —p)dz|.
D) Jop g TP
Letting 6 — 0 we find (B.2). O

Proof of Corollary B.1. The same argument as in the proof of Proposition B.2 shows that if F : ¥ — R is
a smooth bounded vector field and we let F; be the set whose boundary ¥; = JF; is parametrized as

OEy, = {z +tF(z) | v € E},

with exterior normal vector close to v, then
S, ()| =27F )0,
where py = p+1F(p). Taking as F'(z) =eny = (0,...,0,1) we conclude that w = (v, en) is a positive function
satisfying
Js[w](z) =0 forall z € X.
More explicitly

by / %d +w(x)A(z) =0 forallx eX, (B.6)
where
o) = [ e,

As in the classical setting we can show that ¥ is stable in the sense that (B.3) holds. Let ¢ € C5°(X) and

observe that
)p(x)
// it = [ [ SO

Write ¢ = wip with ¢ € C§°(X). Then

// |I_ |N+S dxdy—// |x_ |)lev+(f)w(w) dudy

b [ [ GV 1, .

=T

Multiplying (B.6) by w1/)2 and 1ntegrat1ng we get
y)w(z)(x)?
/ / |$ — y|N+s drdy = /;A(x)w($)21/)(x)2dx - /;A(I)¢(I)2dx (B8)
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For the second term in (B. 7) we observe that

/ / Ix—) |1(V+) PO iy / / |x_ fifgw)w(y)dwdy- (B.9)

Therefore, combining (B.7) (B 8) (B 9) we obtain

o gt = [

() *w(z)w(y)
dxdy.
/ / |:v _ y|N+s ray
and tis shows (B.3). O

APPENDIX C. GRAPH REPRESENTATION

Let 7,0 be polar coordinates for € R?, i.e. & = (rcosf,rsinf). Then we define # = £ = (cos 6, sin 07,

0 = (—sind,cosf)T. Given a point X € Xo, X = (z, F.(x)) we let II;(X), II5(X) and vs,(X) be tangent
and normal vector to ¥ at X as defined in (8.1), (8.2) and let IT = [II;, ITz]. Then we consider coordinates
t = (t1,t2) and t3 defined by
(t1,ta,t3) — 1 (X))t + Ha(X)t2 + vs, (X)ts.
Let
Rx = 4| X]|
where § > 0 is a small fixed constant.
Given h on 3¢ with ||hl|, < 0oe2, we can represent ), near X;, = X + vs, (X)h(X) as
I(X)t 4+ vs, (X)g(t), |t —to(X)] < 2Rx
where g is of class C*“ in the ball Bag, (to(X)), with tg = to(X) such that II(X)ty is the orthogonal
projection of X onto the plane generated by II; (X)), IIo(X). We call Gx the operator defined by

an = GX (h)
To get the correct dependence of the various functions on | X, let 7o = |z|. Let us change variables
y=xz+roBy, t=rot, g=rog (C.1)
where the 2 X 2 matrix B is given by R
= [F, 0]
(and depends on X), so that the equation takes the form
—:c + By

_ 1
0=TI(X)t+ gvs,(X) — } o —h(x + roBy)vs, (x + 1o BY).

Ty F (z + roBYy)
To simplify notation we will omit the bars in ¢, ¢, g and let ® = (y, g).
We search for a function ®(¢) = (y(t),g(t)), y(t) € R?, g(t) € R that solves
F(®,X,h) =0 (C.2)
where
—:c + By(t)

F(®, X, h)(t) = T(X)t + g(t)rs, (X) — [To LE (& + 0 By(1))

- %h(x +roBy(t))vs, (x 4+ 1o By(t)).

We search for functions y, g defined in a ball Bs,(to(X)), where dp > is some small fixed number. By
shifting ¢ to ¢ — to(X) we will assume o(X) = 0.

Let X be a Banach space of functions over Bs,(0) C R? with values in R®. We will take later X either C,
C? or C**. Let Bs, (®9) C X be the open ball of radius d; > 0 centered at the function

(I)O = (yOa O)
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where yo(t) = t. Note that F(-, X, h) maps Bs, (®¢) into X. We intend to show that if g is fixed small, §; is
small depending on ¢, and ||h|«, then there is a unique solution ® € Bs, (®g) of F(®, X, h) = 0.
For this we need to construct a bounded left inverse for DgF(®g, X, h). We have, for ® = (y,g)

Do F(®, X, h) (C.3)
~Biy — Dy vih =)Dy b —Bis— Dyvdh— D n WD (X
(

)
0
=| —Bayy — Dylu(;;h - V%)Dylh —Bay — Dyzu(;?h - ugé;pyzh VS (X) ]
3 3 3 3 3
—Dy, F. — Dy’ h — ) Dy =Dy, Fe — Dyyisi)h — 43 Dyyh 1S (X)

where h, vs,, F. are evaluated at x+ 7 By(t) when it is not explicitly written to depend on X (third column).

We write 1/(213 the i-th component vy, .

We take 1
=
as a simple approximation of the inverse of D¢ F(®g, X, h). We claim that
[A(F(®1, X, h) = F (P2, X, h)) = (P1 — Pa)||lx < LI|P1 — Palx (C.4)
for ®1,®, € By, (®g), where 0 < L < 1 and that
[AF(®o, X, h)||x < (1 — L)1 (C.5)

With (C.4), (C.5) we conclude from the contraction mapping principle, applied to
T(®) = & — AF(®, X, h) (C.6)
that there is a unique ® € By, (®g) such that F(®, X, h) = 0.
To prove estimates (C.4), (C.5) we always assume ||hl|, < ooe?.

We consider first the case ro > de~2|loge|. Let us proceed with (C.4) and || || x = || [[c1. Let 1 = (y1,91),
9 = (y2,92) € Bs, (Pp). Then we claim that

JA(F(@1, X, h) = F(®2, X, h)) = (B1 = Ds)||cn < &2[|®1 — B[ (C.7)
Indeed
A(F(®1,X,h) — F(Do, X, 1)) — (P1 — P2) = Dy + Do + Ds.
We estimate the norm of
Dy = (g1 — g2) (Avs, —e3),
where e3 = (0,0,1). By Corollary 3.1 |Avs, — es| < Ce? so
IDi1lor < Ce? || @1 = B1lcn.

Next,
— 0
? ro (Fe(x + roByi(t)) — Fe(x + roBya(t)))

and using Corollary 3.1
ID2]|cr < Ce? || @1 — Dafcn.
Finally
1
D3 = o (h(z 4+ roBy1(t))vs, (x + 1oBy1(t)) — h(z + roBy2(t))vs, ( + ro By (t)))
S0

sup |Ds| < Ce? ||y — @ cn.
[t]<do
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We write the derivative as
D,D3s = (Dh(x 4+ roByi1(t)) — Dh(z + roBya(t)))Dy1 (t)
+ Dh(z + 19 By2(t)) B(Dy1(t) — Dya(t)).

Since ||k, < ooe? and || |. is weighted C2* norm we have

sup |(Dh(z + 0By (t)) — Dh(z + r0Bya(t))) Dy (t)]

1
<|D?h| L= llyr — yallor lwaller < [Bllllyr — yaller < Ce?|[@1 — Pal|cn.
The other term in D; D5 is estimated as

‘SIHP |Dh(x + o By2(1))|(B(Dy (t) — Dya(t))] < Ce? || @1 — Do e
t|<do
Therefore )
[Dslcr < Ce?|[ @1 — @2f[cn,
and this proves (C.7).
Regarding (C.5), we have

A‘F((I)Oa Xa h)

= ‘%A F(z0) — F:)(xo n roBt)} +4 (H(X) - [?D t

1
— T—h(xo + ToBt)VEO (LL'Q + TQBt),
0

and we see that )
||A]:((I)Q,X0, h)”cl S 085.

Then (C.4), (C.5) hold with C* norm and 6; = Cez. We conclude that there is a unique ® with ||® —

®oll 1 (35, (0)) S Ce? such that F(®, X, h) = 0.
We can get also estimates for ® in C%®. For this we claim that for ®;,®5 € C?(Bs,(0)):
ID*{A(F (@1, Xo, h) — F(Pa, Xo,h)) — (B1 = P2)} | co
< Ce3(|D1]|2: [ @1 — Daf|Z0 + [ 1llcr [ @1 — Daflcr + | D*®1 o[ @1 — Ba|co
+[|D*(®@1 = P2)]|co)-

Let us consider @, ®y with ||®; — ®o|jc1 < Ce? so [|[®;]|cr < C. Then we can simplify the above estimate to

| D*{A(F(®1, Xo, h) — F(P2, X0, h)) — (@1 — P2)}|co
< C22 (@1 = Bo|&a + [ D?®1[col| @1 — Bslgo + [ D (@1 = Bs)|co)-
In a similar way, assuming [|®;||c: < C,
[D*{A(F (@1, Xo,h) — F(P2, Xo, 1)) — (P1 = $2)}a, B,
< Ce3([D*(®1 — B2)la.py, + 1+ | D21|co + [ DA(B1 — B2)| o).
Let T be the operator defined by (C.6) and @y, the sequence defined by
Ppt1 = T(Pr), Po = (¥0,0).
As shown before @}, is a Cauchy sequence in Bs, (®o) with C' topology. Using (C.8) we get
[D*®@pes1]lco < | D*(T(@r) — T(Ro))lloo + | D*T (o)l o
< Ce? (| D*®pflco +1).
Iterating this inequality shows that || D?®y||co remains bounded as k — oo. Similarly

[D2T(®r41)]a,5s, < Ce2 ([D*T(D4)]a,55, + 1)

(C.8)
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and iterating this shows that [D*T(®)]a,5,, remains bounded. Therefore the fixed point ® actually satisfies
® € C?%(By,). Again using (C.8) and (C.9) we find actually

|® — B[z < Ce2.

Proof of Lemma 8.3. Estimate (8.8) follows from the definition and the mean value formula.
Let us prove (8.9):

9(z + to(X)) — g(to(X)) — Vg(to(X))z = /O (1= 7)g" (to(X) + 72)[2°] dr,

so that

lglls, .
1B < N19" [l (Bar y (tox)]2] < xp 2l in Baax (0).

To prove the estimates for g; = DG x (h)[h;] we give first and expression for this function. Next we compute
gi = DGx (R)[h;]. For this we write h(y, s) = h(y) + sh;(y), and let us write & = Z®, where ® = (y,g). We
use the scaled variables as defined in (C.1) and find

DgF®" = hi(x + roBy(t))vs, (x + roBy(t))

where DgF is given in (C.3) and is evaluated at ®, X, h. From this formula we get

gi(t) = ha(e + roBy(t)) =,

5 (C.10)

where
m = mg + hmy
and D is the determinant of D¢ F and can be written as
D = Do+ hDy+ Dy, hDy + Dy, hDs.

The functions D;, mg, m1, have the following expressions:

Do = V(z)(X)(leDuZF By Dy, F) — V(z2)(X)(BllDy2F B1aDy, F') + ’/(3) (X)

Dy = v3) (X)[Bar Dyl + Dy FDyvS) + Dy Dy 1Y)
~ Dy FDy 1Y) — Boa Dy 1Y) — Dy A D, 03|
— v (X)[BuDy, ) + Dy i) Dy, F + D, v3) D, )
~ Dy FDy1i) — BiaDyy i) — Dy A D, 03]
+ v (X) [BiiDy, v + Boa Dy, ) + Dy, v3) Dy, )
— By Dy,1) — BiaDy, 1) — Dy, i) Dyl
where all functions are evaluated at x + roBy(t) if not explicitly written;
Dy = Dy, F(r) (X)) — v (X)) + Baa () (X)) — ) (X))
+ Bua(vgy) (X)) — 1) (X))
Dy = =Dy, F(rd) (X)) — o) (X)) + By () (X)) — o) (X))
+ Baa () (X)) — ) (X)),
For mg, m1 we have a similar expressions

mo = v (Ba1 Dy, F — Boo Dy, F) — A2 (Bi1 Dy, F — B1aDy, F) + v3)
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mi = ) [Ba Dy i) + Dy, FDy vs) + Dy v Dy vl

— Dy FDylY) — Boa Dyt — Dy A D, 03]
— V(EO) [BllDyQU(B) + Dyll/g)DyQF + Dy, vs, p )D 1/(3)
~ Dy FDy) — BiaDy Y — Dy i D, 03]
(3) [BllDy2 1/(20) + B2 Dy, V(EO) + Dy, V(Elo)Dy2 V(EQO

_B21DU2V(E) Bl?Dyly(E)_Dyly(;)Dyzy(El)}

0

Let us rewrite (C.10) as
9i = i + Gi (C.11)
where

gi = hi(z +roBy(t))

fh(t) = hl(x + ToBy(t)) (mO - DO) ( Dl)h Dy, hDy — DthD3

Do + th + Dy, hDy + D,,hDs

These expressions imply the following estimate (after changing variables back from (C.1)):
lgillo < Clihill
where || || is the norm (8.7). Therefore

Moreover we can write g; as
9i(t) = hi(z +roBy(t))Q(X,t, h, Dih)
where

(mo — Do) + (m1 — D1>h, — §1D2 — €2D3
Do+ hDy+ & D2 + &2D3 '

Q(X,t,h &) = (C.12)

Let us use the notation

h(t) = h(z 4+ roBy(t)), hi(t) = hi(z + roBy(t)),
Q(ta 5) = Q(Xa tv iL(t)v 5)

so that ) ) )
i(t) = hi(t)Q(t, Deh(t)).
Observe that Q(to(X),€) = 0, DeQ(to(X),€) = 0. Then we have

IB(§:)(X, 2)| = ﬁ Rz + t0(X)O(z + to(X), Dih(z + to(X)))

— halto(X)) DyQto(X), Dihi(to(X)))=

<A+ A+ Ag
where
A = ] B+ 10(X) = Bulto ()Q(= +10(X). Di(z + (X))
4y = |71||ﬁi<to<X>>|]@<z +10(X), Deb(z + to(X))) = Q= + to(X), Deh(to(X)))|
Ay = (10 (X)) QU=+ 10(X). Dib(0((X))) = DiQto((X). Dih(to(X))) 2]
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We then have for z € Bag, (to)
Ed

A1 < Ollhill By )] 2] < Cllhill*m-

For A2

1
Ay < |71|/0 |DeQ(z + to(X), Dih(12 + to(X)))|| Dech(72 + to(X))| dr2|

2]
< Cllhillezg

since | DeQ(z + to(X), Dih(Tz + to(X)))| < C|z| for this range of arguments. Finally also

2|
Az < CW%H*m
because
Q= + to(X), Dyh(to(X))) — DiQ(to(X), Dih(to(X)))z| < %

in this range of argument. This establishes (8.11).
The estimate (8.8) and (8.10) are direct since the expression A; involves only one derivative the function
where it is applied to, and we have control of one derivative of g; directly from (C.11). O
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