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Abstract

Weconsiderthefollowing singularlyperturbedNeumannproblem:���������	��
����������� in ��� ����� in � and
� ���� ��� on

� �
where ��� �"!#%$'&)(+*(-, *. is the Laplaceoperator, �	�/� is a constant,� is a

boundedsmoothdomainin 0 ! with its unit outwardnormal
�
, and � is super-

linear andsubcritical. A typical � is ������1�2�43 where 57698:6 
<; when= �:> and 5<6?8�6 !�@ �!BA � when
=DC�E

.
We show that thereexistsan �GFH�I� suchthat for � 6 � 6 �GF andfor each

integer J boundedby 5<K�JLK M !�N O�N P� ! GQSRUTV�WQ � !
whereM !�N O�N P is aconstantdependingon

= �X� and � only, thereexistsasolution
with J interiorpeaks.(An explicit formulafor M !�N O�N P is alsogiven.)As acon-
sequence,weobtainthatfor � sufficiently small,thereexistsatleast Y[Z]\'^ _]`a \cbed�f g a d h%\ji
numberof solutions.Moreover, for eachkml n� � = � thereexist solutionswith
energiesin theorderof � !oAqp .
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1 Introduction

Themainthemeof this paperis theconcentrationphenomenaof thefollowing
singularlyperturbedelliptic problem

(1.1)

st uwvWxzy|{�}~{|��{��?�D� in ���{���� in ����z���� �L� on ���
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where y�� �"��n�V� � ��z� �# is theLaplaceoperator, v��/� is a constant,theexponent�
satisfies�7�~�I� �1� x��� x for ���D  and �?�~�¡�/¢ for � �¤£ , and � is abounded
smoothdomainin ¥ � with its unit outwardnormal ¦ .

For thelastfifteenyears,problem(1.1)hasreceivedconsiderableattentionasit
hasbeenshown thatits solutionshave rich andinterestingstructures.In particular,
thevariousconcentrationphenomenaexhibitedby thesolutionsof (1.1)seemboth
mathematicallyintriguingandscientificallyuseful.

Although problem(1.1) takes a classicalform of singularperturbations,the
traditionaltechniquesin thatareadid notseemhelpfulastheerrortermsappeared
in theinnerandouterexpansionsareexponentiallysmallin v��§� .

In thepapers[22, 28, 29], theauthorsstudiedthefollowing “energy” functional
in ¨ ��© �«ª associatedwith (1.1)via avariationalapproach

(1.2) ¬H¯® {±°²� �£ ³µ´ © v x·¶ ¸ { ¶ x �¹{ x ª } �� � � ³µ´ { � � �� �
where{ � �Dº¼»¾½�¿�{ � ��À .

It is easilyseenthat ¬« is notboundedabove norboundedbelow. However, Ni
andTakagiobserved in [28] that,amongall possiblesolutionsof (1.1), thereis a
“least-energy” solution{  ; thatis,asolution{  with minimalenergy. Furthermore,
they showedin [28, 29] that,for each v?�m� sufficientlysmall, {  hasexactlyone
(local) maximumpoint Á� in Â� , and Á� mustbelocatedon ��� andnearthe“most
curved” part of the ��� . More precisely, {  musttendto � , as v«ÃÄ� , everywhere
on Â� exceptat Á� , and ¨ © Á��ª Ã º�»¾½'Å�Æ � ´ ¨ © Á	ª where ¨ denotesthe mean
curvature of the boundary ��� . (Suchpoints Á� will be referredto aspeaksor
spikes.) The crucial ideain [28, 29] is to establishthe following energy estimate
for v small

(1.3) ¬H © { �ª �Lv � ®UÇ � } Ç x ¨ © Á��ª v���È © v ª °
where Ç � �-Ç x aretwo positive constants.From(1.3), theabove conclusionon the
locationof thepeakÁV is derived.

Sincethe publicationof [29], problem(1.1) hasreceived a greatdeal of at-
tentionandsignificantprogresshasbeenmade.More specifically, solutionswith
multiple boundarypeaksaswell asmultiple interior peakshave beenestablished.
It turnsout thata general guidelineis that while multipleboundaryspikestendto
clusteraroundthe local minimumpointsof theboundarymeancurvature ¨ © ÁÉª ,
thelocationof theinterior spikesare governedby thedistancebetweenthepeaks
as well as the boundaryof ��� . (See[3, 4, 6-10, 12-15,19, 20, 29-36] andthe
referencestherein.) In particular, it wasestablishedin Gui andWei [14] that for
anytwo givenintegers ÊË� � �WÌ�� � and Ê � Ì �Í� , problem(1.1)hasa solution
with exactly Ê interior spikesand Ì boundaryspikesfor every v sufficiently small.
Thissolutionhasits “energy” still at thelevel v � andagainhasthepropertythatit
tendsto � everywherein Â� exceptat thoseÊ � Ì points. Thus,in generalwe call
suchspiky solutionsassolutionswith �'} dimensionalconcentration sets.
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It seemsnaturalto askif problem(1.1) hassolutionswhich “concentrate”on
higherdimensionalsets,e.g.curves,or surfaces.In thisregards,wementionthatit
hasbeenconjecturedfor alongtimethatproblem(1.1)actuallypossessessolutions
which haveÎ } dimensionalconcentrationsetsfor every �¼Ï Î Ï2Ð7} � . (Seee.g.
[27].) Furthermore,it is intuitively clearthatthe“energy” levelsof many solutions
with Î } dimensionalconcentrationsetswould beat theorder v ���±Ñ . Progressin
thisdirection,althoughstill limited, hasalsobeenmadein [2, 23, 24,25, 26].

In this paperwe shall explore the questionof the maximalnumberof spikes,
in termsof the small parameterv9�Ò� , a solutionof (1.1) could possiblyhave.
Our main result,Theorem1.1 below, assertsthat for everypositiveinteger Ó ÏÇ © v ¶ÕÔnÖ v ¶ ª ��� , where Ç is a suitableconstantdependingonlyon � and � , problem
(1.1)hasa solutionwith exactly Ó peaks. As acorollary, onederivesimmediately
that problem(1.1) alreadypossessesspiky solutions {  (i.e. solutionswith only�'} dimensionalconcentrationsets),with “energy” levels

(1.4) ¬  ® {  °�×/v ���±Ñ
where Î rangesfrom � to � } � . (In this paperwe use“ ØÙ ×ÛÚ	Ü Ü to denotethat
thereexist positive constantsÇ)Ý and Ç�Ý Ý suchthat Ç)Ý Ï ØÙßÞ Ú  Ï Ç�Ý Ý for v small.)
Thusit seemsdifficult to usedifferentenergy levelsto characterizesolutionswith
concentrationsetsof differentdimensions.Thisfurtherillustrateshow complicated
thesimpleproblem(1.1)couldbe,andits richnessseemssomewhatsurprising.

Our proof usesa “localized energy” methodas in [13], but we now needto
obtainaccurateestimatesof the “interactions”betweentwo peaksaswell asthe
“interactions”betweena peakandtheboundaryof the domain � . This is not an
easytask– it requiresa thoroughunderstandingof variousapproximationsof the
solutionsof (1.1)wearelooking for.

To stateourmainresult,weshallincludeaslightly moregeneralequationthan
(1.1),namely,

(1.5)

st u"v+xzy|{�}~{à�âá © { ª �D� in ���{¡�§� in �)������� �D� on ����ã
We will alwaysassumethat áwä ¥ Ã ¥ is of classÇ � �²å for some� �/æ Ï �

andsatisfiesthefollowing conditions(f1)-(f2):

(f1) á © { ª<ç � for {¡Ï§� � á © � ª �Lá Ý © � ª �D� .
(f2) Thefollowing equation

(1.6)

st u·èêé } é �âá © é ª �D� � é �§� in ¥ � �é © � ª ��º¼»¾½ë Æ�ì ! é ©Sí ª-� é Ãî� at ¢[�
hasauniquesolution é ©Sí ª and é is nondegenerate,i.e.

(1.7) Kernel
© yÛ} � �âá Ý © é ª�ª � spanï � é� í � �zã�ã�ã�� � é� í �9ð ã



4 F.-H. LIN, W.-M. NI, J.-C.WEI

Occasionally, weassumefurtherthat á satisfies(f3):

(f3) Theprincipaleigenvalueof yD} � �Ëá Ý © é ª is positive. Thatis, thereexists
aneigenvalue ñ � �D� andthecorrespondingeigenfunctionòôó (whichcan
bemadepositive andradiallysymmetric)satisfying

(1.8) y ò ó } ò ó �âá Ý © é ª�ò ó � ñ � ò ó �-ò óÙõ ¨ � © ¥ � ª-ã
Onetypical exampleof á is: á © { ª ��{ � }2ö·{�÷ , where ö � � �����ùø¡�L�§�© �1� x��� x ª � © � ¢ if � �/£�ú-� �1� x��� x if � ��£ ª . For theuniquenessof é , see[5], [17]

and[18].
Theenergy functionalassociatedwith (1.5) is

(1.9) ¬«¯® {û°²� �£ ³µ´ © v x ¶ ¸ { ¶ x �¹{ x ª } ³µ´7ü © { ª-� { õ ¨ � © �Hª
where

ü © { ª �Dý �ó á ©Xþ ªÕÿ þ .
Wenow stateourmainresultin thispaper.

Theorem 1.1. Let á satisfyassumptions(f1)-(f2). Thenthereexistsan v ó �§� such
that for � � v � v ó andanypositiveinteger Ó satisfying

(1.10) � Ï Ó Ï � ��� ´ � �v � © ¶ÕÔnÖ v ¶ ª � �
where � ��� ´ � � is a constantdependingon �¡�+� and á only, problem(1.5) hasa
solution {�� which possessesexactly Ó local maximumpoints � � � �zã�ã�ã����  � such that

(1.11) {  ©
	 ª � ���¯�V� é © 	 } � �v ª �¹È © �]ª
andwehavethefollowingenergy estimate

(1.12) ¬H-® {  °B�Lv � Ó��® é ° © � ��È © �]ª�ª
where �® é ° is theenergy of é :

(1.13) �® é °B� �£ ³ ì ! © ¶ ¸ é ¶ x � é x ª } ³ ì ! ü © é ª-ã
As a consequence, for each integer Î õ ® � �W�9ª , there existsa solution {  to

(1.5)with thefollowingenergy bound

(1.14) ¬H¯® {  °²×Lv ���±Ñ ã
WhenÎ � � , wehavea solution {  with thefollowingenergy estimate

(1.15) ¬«¯® {  °�× © ¶ÕÔnÖ v ¶ ª ��� ã
If wefurther assumethat á satisfies(f3), thentheMorseindex of {  is at leastÓ .

A simplecorollary is the following resultwhich givesa lower boundon the
numberof positive solutionsto (1.5).
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Theorem 1.2. For v sufficientlysmall,problem(1.5)hasat least

��� !�N O�N P !������  � !�� num-

berof positivesolutions.

Remarks: 1. It seemsthattheupperboundfor Ó is “almost” bestpossible.Note
thatwhen � � � , theupperboundis �  . When � � £ , becauseof theboundary
meancurvature,it seemsthatthebestupperboundcouldbe � !��
�����  � � ! , wherethe
bestconstantÇ shoulddependon �¡� á , andthedomaingeometry.

2. Theconstant� ��� ´ � � canbemademoreprecise.Let � Ï[º¼»¾½ � Æ ´ ÿ © �|�+���Hª
bea smallpositive number. We denoteby Ó ´ © ��ª , themaximumnumberof non-
overlappingballswith equalradius� packed in � . By checkingthecomputations
of theproofof Theorem1.1(see(5.4)),wecantake

(1.16) � Ï Ó Ï Ó ´"! ©$# �&% æ£ æ � � �£µ�q� ª v ¶ÕÔnÖ v ¶ ' �
where æ is theHölderexponentof á Ý ã
Let

(1.17) Ç ´ � Ô�( º (nÖ*)+-, ó � � Ó ´ © ��ª-ã
Thenwemaytake

(1.18) � ��� ´ � � � Ç ´ ! £ æ© # �.% æcªÕ� � å� ó�ó ' � ã
3. Unlike [13], wherethe limiting locationof thespikes

© �  � �zã�ã�ã����  � ª canbe
identifiedassphere-packingpositions,we cannot saymuchmoreaboutthe loca-
tionsof thespikes.This remainsaninterestingquestion.

To concludetheIntroduction,we includea brief descriptionof thebackground
of (1.1). Problem(1.1) arisesin many modelsconcerningbiologicalpatternfor-
mations.For instance,it givesriseto steadystatesin theKeller-Segelmodelof the
chemotacticaggregationof thecellularslimemolds([19, 22]) andit alsoplaysan
importantrolein theGierer-Meinhardtmodeldescribingtheregenerationphenom-
enaof hydra.

By a straightforwardscalingargument,we caneasilyconstructpositive steady
statesolutionsof thefollowing systemfrom solutionsof (1.1)

(1.19)

s/t /u10�2 � ÿ � y 0 } 0 �43 3576 in �48 © � � � ¢2ª-�9;: 2 �m} : � �� ´ � : ��< ý ´ 0 + �� 3��� �D� on ���48 © � � � ¢2ª-�
whereÿ � �/vWx � ¶ � ¶ is themeasureof � , and�c�Wø��=�¾� þ � 9 arenonnegative andsatisfy� � � } �ø � �þ � � ã
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Problem(1.19) is, in turn, the shadow-systemof the well-known activator-
inhibitor systemproposedby Gierer and Meinhardt following Turing’s idea of
diffusion-driveninstability, in modelling the regenerationphenomenonof hydra
in morphogenesis([11, 32]), seealso the survey [27]. More precisely, (1.19) is
obtainedformally by letting ÿ x Ã � ¢ in thefollowing system

(1.20)

s/t /u 0 2 � ÿ � y 0 } 0 � 3 3> 6 in �?8 © � � � ¢2ª-�9;@ 2 � ÿ x y @ } @ �43BA> C in �48 © � � � ¢§ª-�� 3��� � � >��� �D� on ���48 © � � � ¢§ª-ã
Indeed,thesystem(1.20)wasmotivatedby biologicalexperimentsonhydra in

morphogenesis.Hydra, an animalof a few millimetersin length,is madeup of
approximately100,000 cellsof about15 differenttypes. It consistsof a “head”
region locatedat oneendalongits length. Typical experimentson hydra involve
removing part of its “head” region andtransplantingit to otherpartsof the body
column.Then,a new “head” will form if andonly of thetransplantedareais suf-
ficiently far from the(old) “head”. Theseobservation have led to theassumption
of theexistenceof two chemicalsubstances– a slowly diffusing(short-range)ac-
tivator anda rapidly diffusing (long-range)inhibitor. In 1952,A. Turing argued,
althoughdiffusionis asmoothingandtrivializing processin a singlechemical,for
systemsof two or morechemicals,differentdiffusion ratescould force the uni-
form steadystatesto becomeunstableandleadto nonhomogeneousdistributions
for suchreactants.This is now known asthe“dif fusion-driveninstability”. Explor-
ing this ideafurther, in 1972,GiererandMeinhardtproposedthesystem(1.20)to
modeltheabove regenerationphenomenonof hydra.

Thepaperis organizedasfollows. Notation,preliminariesandsomeusefules-
timatesareexplainedin Section2. Section3 containsthestudyof a linearproblem
which is thefirst stepin theLiapunov-Schmidtreductionprocess.In Section4 we
solve anonlinearproblemwhichsetsupa maximizationproblemin Section5. Fi-
nally in Section6 weshow thatthesolutionto themaximizationproblemis indeed
asolutionof (2.2)andsatisfiesall thepropertiesof Theorem1.1.

Throughoutthis paper, unlessotherwisestated,theletter Ç will alwaysdenote
variousgenericconstantswhich are independentof v and Ó , for v sufficiently
small.

2 Notation and Some Preliminary Analysis

In this sectionwe introducesomenotationandpresentsomepreliminaryanal-
ysisonapproximatesolutions.

Without lossof generality, wemayassumethat � õ � . By thefollowing rescal-
ing:

(2.1)
	 �Lv-D � D õ �� ä �m¿4v-D õ � À �
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equation(1.5)becomes

(2.2) E y|{�}~{à�âá © { ª �L� in ��W�{��§� in ��+� and
������ �D� in ����+ã

For { õ ¨ x © ���ª , weput

(2.3) F²-® {û°²�Ly|{�}~{|�âá © { ª-ã
Then(2.2) is equivalentto

(2.4) FB¯® {û°²�D� � { õ ¨ x © ���ª-� {I�§� in ��-� � {��¦ �L� on ����+ã
Associatedwith problem(2.2) is thefollowing energy functional

(2.5) G  ® {û°�� �£ ³ ´ a © ¶ ¸ { ¶ x �w{ x ª } ³ ´ a ü © { ª-� { õ ¨ � © �  ª-ã
Notethat G  �Dv ��� ¬  .

Wedefinetwo innerproducts:

(2.6) � { �=H �  � ³ ´ a { Hû� for { �=H õJI x © ���ª ú
(2.7)

© { �=H'ªÕ � ³q´ a © ¸ { ¸ H �¹{ H'ª-� for { �=H õ ¨ � © ���ª-ã
Let

(2.8) K � # �â£ ææ �
beafixedpositive constant.Now wedefineaconfigurationspace:

(2.9) L ä � E © � � �zã�ã�ã���� � ª õ � �NMMMMM�O © � � �zã�ã�ã���� � ª��PK v ¶ÕÔ Ö v ¶RQ
where

(2.10) O © � � �zã�ã�ã���� � ª � º (nÖ� � � � S �V� ��T�T�T�� � � �VU�*� © ¶ � � } � � ¶ � £ ÿ © � S �+���Hª�ª-ã
Let é betheuniquesolutionof (1.6).By thewell-known resultof Gidas,Ni and

Nirenberg [12], é is radially symmetric: é ©Sí ª � é © ¶ í ¶ ª andstrictly decreasing:é Ý © �·ª"� � for � � � �=� � ¶ í ¶ . Moreover, we have the following asymptotic
behavior of é :
(2.11)é © ��ª � Ø � � � !BA &�?W � + © � �YX © �� ª�ª-� é Ý © �·ª �Í} Ø � � � !oA &�?W � + © � �PX © �� ª�ª-�
for � large,whereØ � �D� is a constant.Let Ó © �·ª bethefundamentalsolutionof}Ùy/� � centeredat � . Thenwehave

(2.12) é © ��ª � © Ø ó �PX © �� ª�ªÕÓ © �·ª-� é Ý © �·ª � © } Ø ó �YX © �� ª�ªÕÓ © �·ª-� for �|�¤�
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whereØ ó is apositive constant.
For � õ � , wedefineé  � � to betheuniquesolutionof

(2.13) y H } H �âá © é ©[Z } � v ª�ª �D� in ��W� � H��¦ �D� on ����-ã
Wefirst analyzeé  � � . To thisend,set

O  � � ©
	 ª � é © ¶ 	 } � ¶v ª } é  � � © 	 v ª-ã
Westatethefollowing usefullemmaon thepropertiesof O  � � .

Lemma 2.1. Assumethat \ x v ¶ÕÔnÖ v ¶ Ï ÿ © �|�+���Hª Ï4] where ] is sufficientlysmall.
Wehave

(2.14) O  � �~�Í} © Ø ó ��È © �]ª�ªÕÓ © ¶ 	 } �"^ ¶v ª �YX © v�_ x \ �B��� � ª
where � ^ � � �â£ ÿ © �|�+���Hªß¦a`� , ¦�`� denotestheunit outernormalat Â� õ ��� andÂ� is theuniquepointon ��� such that ÿ © Â�|���?ª � ÿ © �à�+���Hª .
Proof. Let b� ©
	 ª betheuniquesolutionof

(2.15) v x y b� } b) �D� in ��� �cb���¦ � � on ����ã
It is easyto seethat

(2.16) � �db� ©
	 ª Ï b � ©
	 ª Ï ÇÙ� for v �m�µã
Ontheotherhand,O  � � ©
	 ª satisfiesv x è H } H �D� in �)� �eH��¦ � ���¦ é © ¶ 	 } � ¶v ª on ����ã
Using(2.11),weseethaton ��������¦ é © ¶ 	 } � ¶v ª � �v é Ü © ¶ 	 } � ¶v ª � 	 } �à�+¦ �¶ 	 } � ¶�Í} © Ø � ��È © �]ª�ª[f !BAhg�?W � d , Aji dk � 	 } �|�+¦ �¶ 	 } � ¶ !�@ &� �

which implies,by acomparisonprinciple,that

(2.17) ¶ O  � � ©
	 ª ¶ Ï Ç v _ x \ �B�1� � b� ©
	 ª-� if ÿ © �à�+���«ª1� ©ml £ K � � ��£ ª v ¶ÕÔnÖ v ¶ ã
Thereforeit remainstoconsiderthecasewhen \ x v ¶ÕÔnÖ v ¶ Ï ÿ © �|�+���Hª Ï © l £ K �� �â£ ª v ¶ÕÔnÖ v ¶ . In thiscase,weusethefollowing comparisonfunction

O � ©
	 ª �Û} © Ø ó }¹v &n ªÕÓ © ¶ 	 } �"^ ¶v ª �âv _ x \ �B�1� � b�Wã
For

	 õ ����� ¶ 	 } � ¶ Ï[v-o-p[q , wehave� 	 } �à�+¦ �¶ 	 } � ¶ � © � �YX © v &� ¶ÕÔ Ö v ¶ ª�ª � 	 } �"^]�+¦ �¶ 	 } � ^ ¶ �



MULTI-PEAK SOLUTIONS 9¶ 	 } � ¶v � © � �YX © v &� ¶ÕÔ Ö v ¶ ª�ª ¶ 	 } �r^ ¶v �
andhence � O  � ���¦ ©
	 ª Ï ���¦ ! © } Ø ó �âv &n ªÕÓ © ¶ 	 } � ^ ¶v ª ' Ï � O ���¦ ã
For

	 õ ����� ¶ 	 } � ¶ � v-o-p[q , wehave� O  � ���¦ Ï Ç W �  A &Rstn Ï§£qv _ x \ �B�1� � Ï � O ���¦ ã
Summarizingwehave for

	 õ ��� ,� O  � ���¦ Ï � O ���¦ ã
By a comparisonprinciple,wehaveO  � � ©
	 ª Ï O � ©
	 ª-� for

	 õ ��ã
Similarly, weobtain

O  � � ©
	 ª1� } © Ø«ó �âv &n ªÕÓ © ¶ 	 } �"^ ¶v ª }wv _ x \ �B�1� � b  for
	 õ ��ã u

For v � © � � �zã�ã�ã���� � ª õ L , wedefine

(2.18) é � © D ª � é © ¶ DÉ} � �v ¶ ª-� é  � w © D ª � ���¯�V� é  � � x ã
Thenext lemmaanalyzesé  � w in �� . To this end,we divide �� into Ó � � -

parts:

(2.19) �� � � �Í¿ ¶ D7} � �v ¶ Ï �£qv O © v�ª À �Vy � �µ�zã�ã�ã��WÓ¡� �� � � � � � ��[z|{ ��-�V� �� � �
whereO © v�ª is definedat (2.10).

Lemma 2.2. For D õ �  � � �Vy � �µ�zã�ã�ã��WÓ , wehave

(2.20) é  � w � é  � � x �PX © Ó v~} � ª � é © ¶ DÉ} � �v ¶ ª �YX © Ó v�} � ª-ã
For D õ �  � � � � , wehave

(2.21) é  � w ��X © Ó v~} � ª-ã
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Proof. For Ê��� y and D õ �� � � , wehaveé  � ��� © D ª � é © ¶ DÉ} � Sv ¶ ª } O  � ��� © v�D ª��X © W � � � � i �a � � W � � � � i;��a � �âv \ �B��� � ª ��X © v~} � ª
andso �S U�*� é  � ���H�?X © Ó v~} � ª
whichproves(2.20).Theproofof (2.21)is similar.

u
Next westateausefullemmaabouttheinteractionsof two é ’s.

Lemma 2.3. For
� � & � � � � large, it holds

(2.22)
³ ì ! á © é © ¶ D7} � �v ¶ ª�ª é © ¶ D	} � xv ¶ ª � ©R� ��È © �]ª�ª é © ¶ � � } � x ¶v ª

where

(2.23)
� � ³ ì ! á © é © ¶ í ¶ ª�ª W � ë & ÿ í ã

Remark: Notethat
� �§� . SeeLemma4.7of [31].

Proof. By (2.11),wehave for ¶ v í ¶ �7� ¶ � � } � x ¶ ,é © ¶ í � � � } � xv ¶ ª � © Ø � ��È © �]ª�ª © v¶ v í � � � } � x ¶ ª !oA &� W � � ë � i & Ahi �a �
� é © ¶ � � } � x ¶v ª W �B� ë � i & Ahi �d i & Ahi � d
� �c� ��� ë � � ã

Thusby Lebesgue’s DominatedConvergenceTheorem³ ì ! á © é © ¶ D?} � �v ¶ ª�ª é © ¶ D	} � xv ¶ ª � ³ ì ! á © é © ¶ í ¶ ª�ª é © ¶ í � � � } � xv ¶ ª� © � ��È © �]ª�ª é © ¶ � � } � x ¶v ª ³ ì ! á © é © ¶ í ¶ ª�ª W �B� ë � i & Aji �d i & Aji � d
� ÿ í � ©R� �)È © �]ª�ª é © ¶ � � } � x ¶v ª-ãu
Let usdefineseveralquantitiesfor lateruse:

(2.24) Ú  © � � ª �Í} ³ ´ a á © é � ª O  � � x � Ú  © � � ��� � ª � ³ ´ a á © é � ª é � ã
Thenwehave

Lemma 2.4. For v � © � � �zã�ã�ã���� � ª õ L , it holds

(2.25) Ú  © � � ª � ©R� �âÈ © �]ª�ª é © £ ÿ © � � �+���Hªv ª ��È © é © K ¶ÕÔnÖ v ¶ ª�ª-�
(2.26) Ú  © � � ��� � ª � ©R� ��È © �]ª�ª é © ¶ � � } � � ¶v ª ��È © é © K ¶ÕÔnÖ v ¶ ª�ª-ã
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Proof. Notethat ØÙózÓ © � � � � � � ª � © � �¹È © �]ª�ª é © � � � � � � ª andby Lemma2.1Ú  © � � ª � © � ��È © �]ª�ª ³�´ a á © é � ª é © ¶ DÉ} � ^� } � �v ¶ ª �YX © v _ x \ �B�1� � ª
� ©R� ��È © �]ª�ª é © ¶ � � } �r^� ¶v ª ��È © é © K ¶ÕÔnÖ v ¶ ª�ª � ©R� ��È © �]ª�ª é © £ ÿ © � � �+���Hªv ª ��È © é © K ¶ÕÔnÖ v ¶ ª�ª-ã

(2.25)follows from Lemma2.1.To prove (2.26),wenotethatÚ  © � � ��� � ª � ³ ì ! á © é © ¶ í ¶ ª�ª é © ¶ í } � � } � �v ¶ ª } ³ ì !�� ´ a N i # á © é © ¶ í ¶ ª�ª é © ¶ í } � � } � �v ¶ ª
� ©R� ��È © �]ª�ª é © ¶ � � } � � ¶v ª �YX © W � � � ��� � �-� b i # N ( O ha W � � b i x N ( O ha ª� ©R� ��È © �]ª�ª é © ¶ � � } � � ¶v ª ��È © é © K ¶ÕÔnÖ v ¶ ª�ª-ã u

Finally we statethefollowing which providesthekey estimateson theenergy
expansionanderrorestimates.Theproofof it is delayedto theappendix.

Lemma 2.5. For any v � © � � �zã�ã�ã���� � ª õ L and v sufficientlysmallwehave
(2.27)G· ® �� ���V� é  � � x-°²� Ó��® é °G} �£ �� �n�V� Ú  © � � ª } �£ �� � �¯�V� ��T�T�T�� � � �VU�*� Ú  © � � ��� � ª �)È ! é © K ¶ÕÔnÖ v ¶ ª ' �
and

(2.28) ��FB¯® ���¯�V� é  � � x-° ��� 6 � ´ a � Ï Ç)Ó 6 @ &6 �²å v } b & @ � h�
for any ø � � x .

3 An Auxiliary Linear Problem

In this sectionwe study a linear theory which allows us to perform the finite-
dimensionalreductionprocedure. The key to our argumentis to show that the
constantsareindependentof

© v �WÓ~ª .
Fix v õ L . Wedefinethefollowing functions

(3.1)� � � � � © y } �]ª � � é �� D ��� � © D ª � � where� � © D ª � � ! £ ¶ v�D7} � � ¶© K } �]ª v ¶ÕÔnÖ v ¶ ' � � �µ�zã�ã�ã��WÓ��ey � �µ�zã�ã�ã��W�¡�
where� ©
� ª is asmoothcut-off functionsuchthat � ©
� ª � � for ¶ � ¶ �¤� and� ©
� ª �D�
for ¶ � ¶ � \ �\ � � � . Notethatthesupportof

� � � � belongsto Ú } � A &� } �����  � © � # ª .
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In this section,we considerthe following linearproblem:Given � õ.I x © ��Õª ,
find a function � satisfying

(3.2)

s/t /u I -®�� °cä �Ly � } � �âá�Ü © é  � w ª7� � � � � S�� �$� S�� � � S�� � ú�P�V� � � � � �  �D� � � � �µ�zã�ã�ã��WÓ¡� y � �µ�zã�ã�ã��W�¡� and
�¢¡��� �D� on ����+�

for someconstants� S�� � �+Ê � �µ�zã�ã�ã��WÓ¡�WÌ � �µ�zã�ã�ã��W� . To this purpose,we definetwo
norms

(3.3) ����� ^ � ������£ � N 6 � ´ a � �&� á � ^=^ � � á � � 6 � ´ a � �
whereø � � x is afixednumber.

Wehave thefollowing result:

Proposition 3.1. Let � satisfy(3.2). Thenfor v sufficientlysmalland v õ L , we
have

(3.4) ����� ^ Ï Ç������ ^=^
where Ç is a positiveconstantindependentof v �WÓ and v õ L .

Proof. Arguingby contradiction,assumethat

(3.5) ����� ^ � � ú ����� ^=^ �[È © �]ª-ã
Wemultiply (3.2)by

�$¤ #� � x � � © D ª andintegrateover �� to obtain� S¥� � � S�� � �
� S�� � � � é �� D �¦� � © D ª �  � } �§�B� � é �� D �¦� � © D ª � � � y � } � �âá Ü © é  � w ª7�V� � é �� D �¦� � © D ª � �ã(3.6)

Fromtheexponentialdecayof é onefinds�d�B� � é �� D �¦� � © D ª �  �DÈ © �]ª-ã
Observe that

�$¤ #� � x � � © D ª satisfies
(3.7)y © � é �� D � � � © D ª�ª } © � é �� D ��� � © D ª�ª �:á Ý © é � ª © � é �� D �¦� � © D ª�ª �L£ ¸ � � é �� D � ¸ � � � � © y � � ª � é �� D � ã
Integratingby partsandusingLemma2.2,wededuce� y � } � �âá Ü © é  � w ª7�V� � é �� D �¦� � © D ª �  � � © á Ü © é  � w ª }¹á Ý © é � ª�ª � é �� D ��� � © D ª-��� �  �rX © v } A &� ����� ^ ª�¨X © Ó å v�} �� ����� ^ ª �DÈ © ����� ^ ª �DÈ © �]ª
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wherewehave usedthefactthat K �ª© � x åå � andthat� © á Ý © é  � w ª }wá Ý © é � ª�ª � é �� D � � � � ^=^ Ï Ç�� ¶ é  � w } é � ¶ å ¶ � é �� D � � � � ^ Ï Ó å v } �� ã
It is easyto seethat

(3.8) � � � � � � � é �� D � � � © D ª �  �Í} ³ ì ! á Ý © é ª © � é� í � ª x ÿ í �¹È © �]ª-ã
Ontheotherhand,for Ê��� � wehave

(3.9) � � S¥� � � � é �� D � � � © D ª �  �D�
andfor Ê � � and Ì��� y , wehave

(3.10) � � � � � � � é �� D � � � © D ª �  �?X © v \ ª-ã
Theleft handsideof (3.6)becomes� � � � � � � U�*� X © v \ � � � � ª �LÈ © �]ª

andhence

(3.11) � � � � �DÈ © �]ª-� � � �µ�zã�ã�ã��WÓ��Vy � �µ�zã�ã�ã��W��ã
To obtainacontradiction,wedefinethefollowing cut-off functions:

(3.12) � � � � � Ý� � where� Ý� � � ! £ ¶ v-D7} � � ¶© K } K � � ª v ¶ÕÔnÖ v ¶ ' � � � �µ�zã�ã�ã��WÓ�ã
Notethat � Ý� � � for D õ Ú } � A &� } �����  � © � # ª andthesupportof � belongsto Ú } � �����  � © � # ª .

Thentheconditions�§�V� � � � � �  �L� is equivalentto

(3.13) �§� � � � � � � �  �L� ã
Theequationfor � � becomes

(3.14) y � � } � � �âá Ý © é  � w ª7� � � � � � � � � � � � � � � � Ý� �â£ ¸ � ¸ � Ý� � © y � Ý� ª7�
Lemma2.2yields

(3.15) á Ý © é  � w ª7� � � © á © é � ª ��È © v \ pßx ��� ª�ª7� � ã
Using(3.13)and(3.15),acontradictionargumentsimilar to thatof Proposition

3.2of [13] gives

(3.16) ��� � �+÷ £ � N 6 � ´ a � Ï Ç���� � Ý� �+÷� 6 � ´ a � � Ç�� £ ¸ � ¸ � Ý� � © y � Ý� ª7���+÷� 6 � ´ a � ã
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Next, wedecompose

(3.17) � � ���n�V� � � � ò
whereò � � © � } � ��n�V� � Ý� ª . Thentheequationfor ò becomes

(3.18) y ò } ò �âá Ý © é  � w ª�ò � � © � } ���n�V� � Ý� ª }w£ �� �n�V� ¸ � ¸ � Ý� } ���n�V� © y � Ý� ª7�Vã
By Lemma2.2, á Ý © é  � w ª�ò �DÈ © �]ª�ò . Standardregularity theorygives
(3.19)�¯ò«�+÷ £ � N 6 � ´ a � Ï Ç���� © � } �� �n�V� � Ý� ª¥�+÷� 6 � ´ a � � Ç¬� £ ���n�V� ¸ � ¸ � Ý� � �� �n�V� © y � Ý� ª7���+÷� 6 � ´ a � ã

(Observe that the constantÇ in the I ÷ -estimatesof (3.19) is independentofv �Ä� . Inequality (3.19) in the caseof Dirichlet boundarycondition hasbeen
provedin Lemma6.4of [31]. Inequality(3.19)in thecaseof Neumannboundary
conditioncanbeprovedsimilarly.)

Combining(3.17),(3.16)and(3.19),weobtain����� ÷ £ � N 6 � ´ a � Ï Ç�� �� ���V� � � � ÷ £ � N 6 � ´ a � � Ç��¯ò«� ÷ £ � N 6 � ´ a � Ï Ç �� ���V� ��� � � ÷ £ � N 6 � ´ a � � Ç��¯ò«� ÷ £ � N 6 � ´ a �
Ï Ç ! �� ���V� ��� � Ý� � ÷� 6 � ´ a � � ��� © � } �� ���V� � Ý� ª¥� ÷� 6 � ´ a � ' � Ç ���n�V� � £ ¸ � ¸ � Ý� � © y � Ý� ª7��� ÷� 6 � ´ a �Ï Ç¬�����+÷� 6 � ´ a � �YX © ¶ÕÔ Ö v ¶ � � ª¥�����+÷ £ � N 6 � ´ a �
since

(3.20)

�� �n�V� © � Ý� ª ÷ � © � } ���n�V� � Ý� ª ÷ Ï�£ � ¶ ¸ � Ý ¶ � ¶ y � Ý ¶ Ï Ç © ¶ÕÔnÖ v ¶ ª � � ã
Thisgives

(3.21) ������£ � N 6 � ´ a � �DÈ © �]ª-ã
A contradictionto (3.5).

u
Proposition 3.2. There exists v ó �Û� such that for any � � v � v ó the following
propertyholds true. Given � õ® x � ÷ © ��ßª , there existsa uniquepair

© �V�-¯�ª �© �V� ¿ � � � � À �n�V� ��T�T�T�� � � �¯�V� ��T�T�T�� � ª such that

(3.22) I  ®�� °B� � � � � � � � � � �
� � � � �

(3.23) �§�V� � � � � �  �D� � � � �µ�zã�ã�ã��WÓ�� y � �µ�zã�ã�ã��W�¡� �����¦ �L� on ����-ã
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Moreover, wehave

(3.24) ����� ^ Ï Ç������ ^=^
for somepositiveconstantÇ .

Proof. The boundin (3.24) follows from Proposition3.1 and(3.11). Let usnow
prove theexistencepart.Set° �¨±'{ õ ¨ � © ��ßª ¶h² { � © y } �]ª � � � � � �$³  �L�e´
wherewedefinetheinnerproducton ¨ �]© ���ª as© { �=H ªÕ � ³µ´ a © ¸ { ¸ H ��{ H'ª-ã

Notethat,integratingby parts,onehasfor µ õ ¨ �]© ���ªµ õ ° if andonly if �PµH� � � � � �  �L� � � � �µ�zã�ã�ã��WÓ¡�Vy � �µ�zã�ã�ã��W�¡ã
Observe that � solves(3.22)and(3.23)if andonly if � õ ° satisfies³ ´ a © ¸ � ¸ µ � ��µôª } � á Ü © é  � w ª7�V�=µ �  � �§�B�=µ �  � ¶�µ õ ° ã
Thisequationcanberewrittenas

(3.25) � �&· © �Bª � Â� in
° �

where� is definedby dualityand ·§ä ° Ã °
is a linearcompactoperator.

UsingFredholm’s alternative, showing thatequation(3.25)hasa uniquesolu-
tion for eachÂ� , is equivalentto showing thattheequationhasauniquesolutionforÂ� �D� , which in turn follows from Proposition3.1andourproof is complete.

u
In thefollowing, if � is theuniquesolutiongivenin Proposition3.2,weset

(3.26) � �d¸  © ��ª-ã
Notethat(3.24)implies

(3.27) � ¸  © ��ª¥� ^ Ï Ç������ ^=^ ã
4 Liapunov-Schmidt Reduction: A Nonlinear Problem

In thissectionwereduceproblem(2.4) to afinite-dimensionalone.
For v smallandfor v õ L , we aregoingto find a function �� � w suchthat for

someconstants� � � � �Vy � �µ�zã�ã�ã��W� , thefollowing equationholdstrue

(4.1)

s/t /u y © é  � w � �Bª } © é  � w � �Bª �âá © é  � w � �Bª � � S¥� �$� S�� � � S¥� � in ��W��§�V� � � � � �  �D� �Vy � �µ�zã�ã�ã��W�¡� �¢¡�]� �D� on ����-ã
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Thefirst equationin (4.1)canbewrittenasy � } � �âá Ü © é  � w ª7� � © } F²¯® é  � w ° ª � �É ®�� °'� � � � � � � � �
� � � � �

where

(4.2) �	¯®�� °²�Û} � á © é  � w � �Bª }wá © é  � w ª }wá Ü © é  � w ª7� � ã
Lemma 4.1. For v õ L and v sufficiently small, we havefor ����� ^ � ��� � � ^ ���� x � ^ Ï � ,
(4.3) �+�É ®�� ° � ^=^ Ï Ç������ � �²å^ ú
(4.4) �+�  ®�� � °�} �  ®�� x ° � ^=^ Ï Ç © ��� � � å ^ � ��� x � å ^ ª¥��� � } � x � ^ ã
Proof. Inequality(4.3) follows from themean-valuetheorem.In fact, for all D õ�� thereholds á © é  � w � �Bª }wá © é  � w ª �Lá Ü © é  � w �.¹ �²ª7�Vã
Sinceá�Ü is Höldercontinuouswith exponentæ , wededuce¶ á © é  � w � �²ª }¹á © é  � w ª }¹á Ü © é  � w ª7� ¶ Ï Ç ¶ � ¶ � �²å �
which implies(4.3). Theproofof (4.4)goesalongthesameway.

u
Proposition 4.2. For v õ L and v sufficiently small, there existsa unique � ��� � w such that (4.1) holds. Moreover, v»ºÃ �� � w is of class Ç � as a map into x � ÷ © ��ßªB¼ °

, andwehave

(4.5) ���  � w � ^ Ï �qÓ 6 @ &6 �²å v } b & @ � h�
for someconstant� �§� .
Proof. Let ¸  beasdefinedin (3.26).Then(4.1)canbewrittenas

(4.6) � �d¸  � © } F  ® é  � w ° ª � �  ®�� ° � ã
Let � beapositive (large)number, andset½ + � ï�� õ ° ¼  x � ÷ © �  ª ä ����� ^ �Y�qÓ 6 @ &6 �²å v } b & @ � h� ð ã
Definenow themap ¾� ä ½ + Ã ° ¼  x � ÷ © ���ª as¾� ®�� °B�§¸  � © } F²¯® é  � w ° ª � �	 ®�� ° � ã
Solving (4.1) is equivalent to finding a fixed point for ¾� . By Lemma2.5 and
Lemma4.1,for v sufficiently smalland � largewehave��¾�z®�� ° � ^ Ï Ç¬��F²¯® é  � w ° � ^=^ � Ç¬�+�É ®�� ° � ^=^ �Y�qÓ 6 @ &6 �²å v } b & @ � h� �



MULTI-PEAK SOLUTIONS 17��¾� ®�� � °±}À¿ ¯®�� x ° � ^ Ï Ç��+�	¯®�� � °±} �	 ®�� x ° � ^ � �£ ��� � } � x � ^ �
which shows that ¾� is a contractionmappingon

½ + . Hencethereexistsa unique� � �  � w õ ½ + suchthat(4.1)holds.
Now we cometo the differentiability of �� � w . Considerthe following map¨� ä Ld8 ° ¼  x � ÷ © ���ª�81Á � � Ã ° ¼  x � ÷ © ��Õª�8ÂÁ � � of classÇ �

(4.7)

¨¼ © v ���V�-¯�ª �ÄÃÅÅÅÆ
© yÛ} �]ª � � © F² ® é  � w � � ° ª } � � � � � � � � © y } �]ª � � � � � �© �V� © y } �]ª � � � � � � ªÕ

...© �V� © y } �]ª � � � � � � ªÕ
Ç�ÈÈÈÉ �

Equation(4.1) is equivalentto ¨¼ © v����V�-¯�ª �Í� . We know that,given v õ L ,
thereis a uniquelocal solution �  � w � �  � w obtainedwith theabove procedure.We
prove thatthelinearoperator��¨  © v ���V�-¯�ª� © �c�-¯�ª MMMMM � w�� ¡ a N Ê � Ë a N Ê � ä ° ¼  x � ÷ © ���ª�81Á � � Ã ° ¼  x � ÷ © ���ª�81Á � �
is invertiblefor v small.Thenthe Ç � -regularityof v®ºÃ © �� � w � �  � w ª follows from
theImplicit FunctionTheorem.Indeedwehave

��¨  © v ���V�-¯�ª� © �c�-¯�ª MMMMM � w�� ¡ a N Ê � Ë a N Ê � ® µH�-Ì °<� ÃÅÅÅÅÆ
© y } �]ª � �4© F Ý ® é  � w � �� � w ° © µôª�ª } � � � � ÿ �Í� © y } �]ª � � � � � �© µ«� © y } �]ª � � � � � � ªÕ

...© µH� © y } �]ª � � � � � � ªÕ
Ç�ÈÈÈÈÉ ã

Since ���  � w � ^ is small,thesameproof asin thatof Proposition3.1shows that��Î a � w�� ¡ � Ë �� � ¡ � Ë � ¶ � w�� ¡ a N Ê � Ë a N Ê � is invertiblefor v small.

Thisconcludestheproofof Proposition4.2.
u

5 The reduced problem: A Maximization Procedure

In thissection,westudyamaximizationproblem.
Fix v õ L . Let �� � w bethesolutiongivenby Proposition4.2.Wedefineanew

functional

(5.1) Ï  © v�ª � G·¯® é  � w � �� � w °oä L Ã Á|ã
Weshallprove

Proposition 5.1. For v small,thefollowingmaximizationproblem

(5.2) º¼»¾½�¿ Ï  © v�ª ä v õ L À
hasa solution v  õ L�Ð -theinterior of L .
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Proof. Since G· ® é  � w � �� � w ° is continuousin v , themaximizationproblemhasa
solution.Let Ï  © v  ª bethemaximumwhere v  õ L .

Weclaim that v  muststayin theinteriorof L .
We first obtainanasymptoticformulafor Ï  © v�ª . In fact for any v õ L , we

have Ï  © v�ª � G· ® é  � w °� ³µ´ a © ¸ é  � w ¸ �� � w � é  � w �� � w ª } ³µ´ a á © é  � w ª7�� � w �YX © ���� � w � x ^ ª� G·¯® é  � w °�� ³µ´ a © } F²¯® é  � w ° ª7�� � w �YX © ���� � w � x ^ ª� G· ® é  � w °��PX © ��F² ® é  � w ° � ^=^ ���� � w � ^ ª �PX © ���� � w � x ^ ª� G  ® é  � w °��YX © Ó x � �6 � x å v \ � � �²å � ª � G  ® é  � w °���È © é © K ¶ÕÔnÖ v ¶ ª�ª
by Lemma2.5,Proposition4.2andthechoiceof K at (2.8).

By Lemmas2.4and2.5,weobtain
(5.3)Ï  © v�ª � Ó��® é °G} �£ ©R� ��È © �]ª�ª ���n�V� é © £ ÿ © � � �+���«ªv ª } �£ ©R� �)È © �]ª�ª � �tU�*� é © ¶ � � } � � ¶v ª �)È © é © K ¶ÕÔ Ö v ¶ ª�ª-ã

Next, we obtaina lower boundfor Ï  ä Recall that Ó ´ © �·ª is the maximum
numberof non-overlappingballswith equalradius� packedin � . Now wechooseÓ suchthat

(5.4) � Ï Ó Ï Ó ´ © K �â£ �£ v ¶ÕÔnÖ v ¶ ª-ã
Let v ó � © � ó � �zã�ã�ã���� ó � ª bethecentersof arbitraryÓ ballsamongthoseÓ ´ © \ � x �x v ¶ÕÔnÖ v ¶ ªballs.Certainly v ó õ L . Thenwehaveé © £ ÿ © � ó� �+���Hªv ª Ï W � � � b i F# N ( O ha Ï�v \ � x � � é © ¶ � ó� } � ó� ¶v ª Ï[v \ � x �

andhence
(5.5)Ï  © v  ª1�PÏ  © v ó ª���Ó��® é °G} Ó £ ©R� ��È © �]ª�ª v \ � x � } Ó x£ ©R� ��È © �]ª�ª v \ � x � ��È © é © K ¶ÕÔnÖ v ¶ ª�ª�§Ó��® é °û} Ó x ©R� ��È © �]ª�ª v \ � x � �âÈ © é © K ¶ÕÔ Ö v ¶ ª�ª-ã

On theotherhand,if v  õ �eL , theneitherthereexists
© � �Vy�ª suchthat ¶ � � }� � ¶ � K v ¶ÕÔnÖ v ¶ , or thereexistsa Ê suchthat ÿ © � S �+���Hª � \ x v ¶ÕÔnÖ v ¶ . In bothcases

wehave

(5.6) Ï  © v  ª Ï Ó��® é °�} �£ ©R� ��È © �]ª�ª é © K ¶ÕÔnÖ v ¶ ª ��È © é © K ¶ÕÔnÖ v ¶ ª�ª-ã
Combining(5.6)and(5.5),weobtain

(5.7) é © K ¶ÕÔ Ö v ¶ ª Ï[£ Ó x v \ � x � Ï Ç v \ © ¶ÕÔnÖ v ¶ ª � x �
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which is impossible.
Weconcludethat v  õ L . Thiscompletestheproofof Proposition5.1.

u
Remark: SinceK �ª© � x åå � , wemaychooseK �Ñ© � x åå � � �q ó�ó , suchthat(5.4)
is exactly (1.16).

6 Proof of Theorem 1.1

In this section,we apply resultsin Section4 andSection5 to prove Theorem
1.1.

Proofof Theorem1.1. By Proposition4.1,thereexists v ó suchthatfor � � v � v ó
wehave a Ç � mapwhich,to any v õ L , associates�  � w suchthat

(6.1) F²-® é  � w � �� � w °�� �S �V� ��T�T�T�� �ÓÒ � �V� ��T�T�T�� � � SÔ�
� S�� � ��§�� � w � � � � � �  �D�

for someconstants� SÔ� õ Á � � .
By Proposition5.1,wehave v  õ L , achieving themaximumof themaximiza-

tion problemin Proposition5.1. Let {  � é  � w a � �� � w a . ThenwehaveÕ � # N x ¶ � # � � a# Ï  © v  ª �[� � � � �µ�zã�ã�ã��WÓ��Vy � �µ�zã�ã�ã��W��ã
Hencewehave³ ´ a � ¸ {  ¸ � © é  � w � �� � w ª�c� � � � MMMMM � # � � a# �Ù{  � © é  � w � �� � w ª�c� � � � MMMMM � # � � a#}«á © { ßª � © é  � w � �  � w ª�c� � � � MMMMM � # � � a# � �L� �
whichgives

(6.2)
�S �V� ��T�T�T�� �ÓÒ � �V� ��T�T�T�� � � SÔ� ³µ´ a

� S¥� � � © é  � w � �� � w ª�c� � � � MMMMM � # � � a# �D� ã
Weclaimthat(6.2)isadiagonallydominantsystem.In fact,since�§�� � w � � � � � �  �� , wehave that ³ ´ a � S�� � ���� � w a�c� � � � �Í} ³ ´ a �� � w a �

� S�� ��c� � � � �L� if ÊÖ�� � ã
If Ê � � , wehave ³µ´ a � S�� � �×�� � w a�c� S�� � �Í} ³µ´ a �

� S�� ��c� S�� � �� � w a



20 F.-H. LIN, W.-M. NI, J.-C.WEI� � � � S¥� ��×� S¥� � � ^=^ ���� � w a � ^=^ ��X © Ó 6 @ &6 �²å v } b & @ � h� � � ª �?X © v } b & @ � h� � � 6 @ &6 �²å � ��� � ª �?X © v } � ª-ã
For Ê��� � , wehave³µ´ a � S�� � � é  � � a#�c� � � � � ³q´ atØ~Ù } � dnf g a d � i a �a �

� S�� � � é  � � a#�c� � � � �?X © v \ ª-ã
For Ê � � , wehave³ ´ a � S�� � � é  � � a ��c� S�� � � ³ ´ atØ�Ù } � d�f g a d � i a �a �

� S¥� � � é  � � a ��×� S�� ��Í}Ùv � � ] � � ³ ì ! á Ý © é ª © � é� í � ª x �PX © �]ª-ã
For each

© Ê��WÌXª , theoff-diagonaltermgivesX © v~} � ª � �S U��� v \ � �S ��� � � U�*� X © v ª �?X © v�} � � Ó v \ �âv ª �DÈ © �]ª
by ourchoiceof K �ª© � x åå � .

Thusequation(6.2) becomesa systemof homogeneousequationsfor � SÔ� and
thematrixof thesystemis nonsingular. So � SÔ� ç � �+Ê � �µ�zã�ã�ã��WÓ��WÌ � �µ�zã�ã�ãU� .

Hence{  � � ��n�V� é  � � a# � �� � � a & ��T�T�T�� � a Ú is asolutionof (2.2).
By ourconstructionandMaximumPrinciple,it is easyto seethat {  �§� in � .

Moreover by (5.3)andLemma2.2

(6.3) G  ® {  °²� Ó��® é °'�PX © Ó x v \ ª ��È © é © K ¶ÕÔnÖ v ¶ ª�ª � Ó��® é ° © � ��È © �]ª�ª-�
andhence¬H ® {  °²� Ó��® é ° © � ��È © �]ª�ª .

Furthermore,by Lemma2.2,for ¶ D7} � ax ¶ �®\ x v ¶ÕÔ Ö v ¶ , wealsohave{  � é  � w a � �� � w a � é © D } � �v ª �rX © Ó v�} � � Ó 6 @ &6 �²å v } b & @ � h� ª � é © D } � �v ª �rX © Ó v�} � ª-�
since ���� � w a ���ÜÛ � ´ a � �?X © ���� � w a � £ � N 6 � ´ a � ª . For D õ ��[z © { ��-�V� Ú } � �����  � © � ax ª�ª-� {  �X © Ó v } � ª-ã

Note that at a local maximumpoint of {  , the valueof {  mustbegreatthan

somefixedpositivevalue{ ó . So {  canonlyhavemaximumpointsin { ��¯�V� ÚÞÝ © � ax ª
for someÁÛ�¤� . For eachy � �µ�zã�ã�ã��WÓ , {  satisfiesy|{  }~{  �âá © { Õª �D� � D õ ÚßÝ © � �v ª-ã

Let à� x a be a local maximumpoint of {  in ÚÞÝ © � ax ª . Since {  © D ª � é © D�}� ax ª �2È © �]ª for D õ ÚÞÝ © � ax ª , it is easyto seethat ¶ � � }âá� � ¶ � È © v ª . We look at

thedifference�� © D ª �D{  © D ª } é © D�} à�ex a ª . Thensimilar to theproofof Step2 of
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Theorem1.1 in [28], onecanshow that �� Ã � in Ç x � � © Ú¬ã � © � ax ª�ª for � � � � �
andhence{  canhave only onelocalmaximumpoint in ÚÞÝ © � ax ª . Thisshows that{  hasexactly Ó localmaximumpoints á�  � �zã�ã�ã�� á�  � suchthat á� � } � � �DÈ © v ª-�Vy ��µ�zã�ã�ã��WÓ .

(6.3)alsoshowsthatif wetake Ó � ® v �±Ñ ° , then G·¯® {  °B×Lv �±Ñ , whereÎÒ�§� .
(Hence¬H ×Ív ���±Ñ .) If we take Ó � ® � !�N O�N P !������  � ! ° , thenwe have a solution {  with

energy G· ® {  °²× � !������  � ! . (Hence¬H × © ¶ÕÔnÖ v ¶ ª ��� .)

Finally, if á alsosatisfies(f3), weshow thattheMorseindex of {  is at leastÓ .
In fact,let ò ó begivenby (1.8).Set

(6.4) ò ó � � © D ª � ò ó © D7} � �v ª � � © D ª-�Vy � �µ�zã�ã�ã��WÓ
where� � © D ª is definedat (3.1). It is easyto seethatfor v sufficiently small³q´ a � © ¶ ¸ ò ó � � ¶ x � ò xó � � ª }«á Ý © { �ª�ò xó � � � � ³q´ a � © ¶ ¸ ò ó � � ¶ x � ò xó � � ª }Ùá Ý © é � ª�ò xó � � � � ³µ´ a © á © é � ª }«á Ý © { �ª�ª�ò xó � �
(6.5) Ï/} ñ �£ ³ ´ a ò xó � � � � �Vy � �µ�zã�ã�ã��WÓ¡ã
This, togetherwith thefactthatthesupportsof ò ó � � �zã�ã�ã ò ó � � aremutuallydisjoint,
impliesthattheMorseindex of {  is at leastÓ .

u

Appendix: Proof of Lemma 2.5

We prove the energy expansionformula anderror estimatesgiven in Lemma
2.5.Themainconcernis thatwehave to makeprecisethedependenceof theerror
termson Ó .

WedecomposeG·¯® ���¯�V� é  � � x¯°�� ���¯�V� G·¯® é  � � x °�� �£ � �VU�*� ³ ´ a © ¸ é  � � # ¸ é  � � x�� é  � � # é  � �ex ª
} ³ ´ a � ü © ���-�V� é  � � x ª } ���-�V� ü © é  � � x ª �
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(1.1)� ���¯�V� G· ® é  � �ex-°'� �£ � �VU�*� ³µ´ a á © é � ª é  � � xô} ³q´ a � ü © ���-�V� é  � � x ª } ���-�V� ü © é  � � x ª � ã
Observe that G· ® é  � � # °�� �£ ³q´ a á © é � ª é  � � # } ³q´ a ü © é  � � # ª� ³ ´ a ® �£ á © é � ª é � } ü © é � ª °'� �£ Ú  © � � ª } ³ ´ a ® ü © é  � � # ª } ü © é � ª °� ³µ´ a ® �£ á © é � ª é � } ü © é � ª °�} �£ Ú  © � � ª } ³µ´ a ® ü © é  � � # ª } ü © é � ª �2á © é � ª O  � � # ° ã

Notethat³ ´ a ® �£ á © é � ª é � } ü © é � ª °²� ³ ì ! ® �£ á © é � ª é � } ü © é � ª °W} ³ ì ! � ´ a ® �£ á © é � ª é � } ü © é � ª °� �® é ° �YX © v \ � � ��� � � ª-�MMMMM ³ ´ a ® ü © é  � � # ª } ü © é � ª }wá © é � ª O  � � # ° MMMMM Ï Ç ³ ´ a © ¶ é � ¶ å ¶ O  � � # ¶ x � ¶ O  � � # ¶ x �²å ªÏ Ç v \ � � ��� � � ã
So

(1.2)

�� �n�V� G· ® é  � � # °�� Ó��® é °û} �£ ���n�V� Ú  © � � ª �YX © Ó v \ � � � � � � ª-ã
Next wehave� �VU�*� ³ ´ a á © é � ª é  � � xH� � �VU�*� ³ ´ a á © é � ª é � } � �VU�*� ³ ´ a á © é � ª O  � � x

(1.3) � � �VU�*� Ú  © � � ��� � ª � � �tU�*� X © W � d i # AjiÜ�x da ª � � �VU�*� Ú  © � � ��� � ª �YX © Ó x v�_ x \ ª-ã
It remainsto computethelast termin (1.1). To this end,we divide thedomain

into
© Ó � �]ª } partsasin (2.19).On �� � � � � , wehave³ ´ a N Ú @ & � ü © é  � w ª } ���¯�V� ü © é  � � x ª � �?X ! ³ ´ a N Ú @ & © ¶ ���¯�V� é  � � x ¶ x �²å � ���¯�V� é x �²å � � x ª '�?X © Ó x �²å v \ � � � � � � ª-ã

On �� � � �Vy � �µ�zã�ã�ã��WÓ , wehave³q´ a N x � ü © é  � w ª } ���¯�V� ü © é  � � x ª � � ³q´ a N x � ü © é  � �ex]� � � U�*� é  � �Bä ª } ü © é  � �ex ª } � � U�*� ü © é  � �Bä ª �
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wherethelasttermcanbeestimatedas� � U�*� ³ ´ a N x ¶ ü © é  � �Bä ª ¶ Ï Ç � � U�*� ³ ´ a N x ¶ é  � �Bä ¶ x �²åÏ Ç)Ó W � � � ��� � ��å b Ê ha Ï Ç)Ó v \ � � ��� � � ã
So ³µ´ a N x � ü © é  � � x�� � � U�*� é  � � ä ª } ü © é  � � x ª } � � U�*� ü © é  � � ä ª �� ³�´ a N x � ü © é  � � x � � � U�*� é  � � ä ª } ü © é  � � x ª � �YX © Ó v \ � � � � � � ª

� � � U�*� ³ ´ a N x á © é  � � x ª é  � � ä �rX © Ó v \ � � � � � � ª � ³ ´ a N x ! ¶ é  � � x ¶ å © � � U�*� é  � � ä ª x � © � � U�*� é  � � ä ª x �²å '
wherethelasttermcanbeestimatedby³µ´ a N x ! ¶ é  � � x ¶ å © � � U�*� é  � ��ä ª x � © � � U�*� é  � �Bä ª x �²å 'Ï Ç)Ó x v \ � � ��� � � � Ç7Ó x �²å v \ � � ��� � � Ï Ç)Ó x �²å v \ � � ��� � � ã

Notethat³µ´ a N x á © é  � �ex ª é  � � ä � ³q´ a N x á © é � ª é  � � ä �YX © ³�´ a N x ¶ é � ¶ å ¶ O  � � x ¶ é  � � ä ª�DÚ  © � � ��� � ª �YX © v _ x \ ª-ã
Thus ³�´ a � ü © é  � �ex�� � � U�*� é  � �Bä ª } ü © é  � � x ª } � � U�*� ü © é  � ��ä ª �
(1.4) � � � U�*� Ú  © � � ��� � ª �YX © Ó o �²å v \ � � ��� � � � Ó x v _ x \ ª-ã

Combiningtheestimates(1.2),(1.3)and(1.4)together, wearriveG· ® é  � w °²� Ó��® é °G} �£ �� ���V� Ú  © � � ª } �£ � �tU�*� Ú  © � � ��� � ª �rX © Ó o �²å v \ � � � � � � � Ó x v _ x \ ª
SinceX © Ó o �²å v \ � � ��� � � � Ó xzv _ x \ ª ��X © v \ v \ � � � � o �²å � � �)v _ x \ � x � ª �DÈ © é © K ¶ÕÔnÖ v ¶ ª�ª
by ourchoiceof K at (2.8),weobtain(2.27)of Lemma2.5.

Finally weprove (2.28).Observe thatF²¯® é  � w °B�Lá © ���-�V� é  � � x ª } ���-�V� á © é � ª
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In �� � � � � , wehave¶ F  ® ���¯�V� é  � �ex ° ¶ Ï Ç © ¶ � � é  � � x ¶ � �²å � � � é � �²å� ª
Ï Ç)Ó å ���¯�V� é � �²å � �ex � � � é � �²å�

ÏdX © Ó � �²å W � & @ �� a|æ � w � ª ÏçX © Ó � �²å v } b & @ � h� ª-ã
Hence

(1.5) ��F²¯® ���-�V� é  � � x ° � � 6 � ´ a N Ú @ & � ÏçX © Ó � �²å v \ � & @ �� � ª-ã
In �� � � �Vy � �µ�zã�ã�ã��WÓ , wehave¶ FB-® �� ���V� é  � � x-° ¶ � ¶ á © é  � �ex ª }«á © é � ª ¶ �rX ! � � U�*� ¶ é  � � x ¶ å é  � �Bä � © � � U�*� é  � �Bä ª � �²å ' �rX © � � U�*� é � �²å� ª
� ¶ á © é  � �ex ª }wá © é � ª ¶ �PX ! Ó v } b & @ � h� � Ó � �²å W } b & @ � h� ' �YX © Ó v } b & @ � h� ª

(1.6) � ¶ á © é  � � x ª }wá © é � ª ¶ �YX © Ó � �²å W } b & @ � h� ª-ã
Therefore,weobtain³�´ a N x © F² ® ���¯�V� é  � �ex-° ª ÷ Ï Ç ³µ´ a N x ¶ á © é  � � x ª }"á © é � ª ¶ ÷ �èX © Ó ÷ � ÷ å W 6 } b & @ � h� ª

Ï ³µ´ a N x é ÷ å� ¶ O  � � x ¶ ÷ �YX © Ó ÷ � ÷ å W 6 } b & @ � h� ªÏdX © v 6 } b & @ � h� � Ó ÷ � ÷ å W 6 } b & @ � h� ª
and
(1.7)���¯�V� ³µ´ a N x © F²¯® ���¯�V� é  � � x-° ª ÷ �?X © Ó v 6 } b & @ � h� � Ó ÷ � ÷ å¾� � W 6 } b & @ � h� ª �?X © Ó ÷ � ÷ å4� � v 6 } b & @ � h� ª-ã

Combining(1.5),(1.6)and(1.7),weobtain��FB-® ���¯�V� é  � �ex¯° � � 6 � ´ a � ÏçX © Ó � �²å v } b & @ � h� � Ó � � &6 �²å W } b & @ � h� ª Ï Ç)Ó � � &6 �²å W } b & @ � h� ª
whichproves(2.28)of Lemma2.5.

u
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[27] Ni, W.-M. Diffusion,cross-diffusion,andtheirspike-layersteadystates.Noticesof Amer. Math.
Soc.45 (1998),9-18.

[28] Ni, W.-M.; Takagi,I. On theshapeof leastenergy solutionto a semilinearNeumannproblem.
Comm.PureAppl.Math.41 (1991),819-851.

[29] Ni, W.-M.; Takagi, I. Locatingthe peaksof leastenergy solutionsto a semilinearNeumann
problem.DukeMath.J. 70 (1993),247-281.

[30] Ni, W.-M.; Takagi,I.; Wei, J.-C.On the locationandprofile of spike-layersolutionsto singu-
larly perturbedsemilinearDirichlet problems:intermediatesolutions.DukeMath.J. 94 (1998),
597-618.

[31] Ni, W.-M.; Wei,J.-C.Onthelocationandprofileof spike-layersolutionsto singularlyperturbed
semilinearDirichlet problems.Comm.PureAppl.Math.48 (1995),731-768.

[32] Turing,A. M. Thechemicalbasisof morphogenesis.Phil. Trans.Roy. Soc.Lond.B 237 (1952),
37-72.

[33] Wei, J.-C.On theconstructionof single-peaked solutionsto a singularlyperturbedsemilinear
Dirichlet problem.J. Diff. Eqns. 129 (1996),315-333.

[34] Wei, J.-C.On theboundaryspike layersolutionsof singularlyperturbedsemilinearNeumann
problem.J. Diff. Eqns.134 (1997),104-133.

[35] Wei, J.-C.On the interior spike layer solutionsto a singularlyperturbedNeumannproblem.
TohokuMath.J. 50 (1998),159-178.

[36] Wei, J.-C.On the effect of the domaingeometryin a singularlyperturbedDirichlet problem.
Diff. Int. Eqns.13 (2000),15-45.

[37] Wei, J.-C.; Winter, M. Stationarysolutions for the Cahn-Hilliard equation,Ann. Inst. H.
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