ARMA manuscript No.
(will be inserted by the editor)

Singular limits of a two-dimensional
boundary value problem arising in corrosion
modelling

JUAN DAvILA, MANUEL DEL PINO, MONICA MUSSO,

JUNCHENG WEI

Abstract

We consider the boundary value problem

Au =0 in 2, %:2)\sinhu on 02
v

where (2 is a smooth and bounded domain in R? and A > 0. We prove that
for any integer k > 1 there exist at least two solutions u) with the property

that the boundary flux satisfies up to subsequences A — 0,

2k
2Xsinh(uy) = 27 Y (=1)77' 4,
j=1

where the &; are points of 912 ordered clockwise in j.

Key words. Singularly perturbed elliptic problem, exponential Neumann
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1. Introduction

Let 2 be a bounded domain in R? with smooth boundary 9. A very
common boundary condition arising in corrosion modelling in a planar sam-
ple represented by {2 is associated to the names of Butler and Volmer. In
its simplest form it asserts an exponential relationship between boundary

voltages and boundary normal currents which takes the form

% = (2Pt — 200wy L g on O

where the constant 0 < 8 < 1 depends on the constituents of the electro-
chemical system but not on their concentrations. Here A is a constant highly
dependent on their concentrations and g an externally imposed current. As-
suming the presence of no sources or sinks in {2, the balanced situation g = %

and g = 0, the boundary value problem satisfied by the voltage potential

becomes in ideal situation

Au =0 in (2, ? = 2Asinhwu on 0f2. (1.1)
v

We refer the reader to [13] and [5] for the derivation of this and related
corrosion models and references to the applied literature.

We assume throughout this paper that A > 0. We are interested in so-
lutions to this problem when A\ assumes very small values. A surprising
example of explicit solution when 2 = D, the unit disk in R?, was exhib-

ited by Bryan and Vogelius in [3]. Consider 2k points on 9D, &1, ..., &y
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corresponding to vertices of a regular polygon, ordered clockwise, and set
(1.2)

where oy, = [(k + 2))/(k — 2)\)]25. We observe the meaningful singular
concentration behavior the nonlinear boundary condition exhibits as A — 0.

Indeed we have that

2k

2Asinhuy — 27y (=1)771 5,

j=1
in the sense of measures in 9D, where J¢, denote Dirac masses at points &;.
In [10] possible behaviors of solutions u with boundary condition 2 sinh(uy )
of uniformly bounded mass is established: the limit of the boundary flux
along subsequences is a sum of Dirac masses located at a finite set of points
with weights greater than or equal to 47 potentially accompanied by a reg-
ular part which is one-signed. Solutions to the problem with this property
were found by Kavian and Vogelius in [8] via Ljusternik-Schnirelmann the-
ory, however their asymptotic behavior is only partly understood by virtue
of the above result. It remains an open question if solutions of the form
(1.2) exist in general two-dimensional domains.

The purpose of this paper is to show that in any domain {2 there are at
least two distinct families of solutions which exhibit exactly the qualitative
behavior of the explicit solution (1.2), namely with limiting boundary flux
given by an array of 2k Dirac masses with weight 27 and alternate signs.

The location of the 2k concentration points can be accurately characterized

as special critical points of a functional ¢ defined explicitly in terms of
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G(z,y), the Green’s function for the Neumann problem

AG(z,y) =0 in 2
28 (2,y) = 218, (w) — 2% on 00 (1.3)
Jo0 Gz, y)dx = 0.

We denote by H(z,y) its regular part:

H(x,y) =G(z,y) —log ——. 1.4
(@) = Glay) ~ log —— (1.4)
For m > 1 and points &1, ...,&, on 02 ordered clockwise we define
m(&r, oy &m) = D HEG) + Y (DTG, &) (1.5)
=1 j#1

Our main result states as follows.

Theorem 1. Let k > 1 be a positive integer. There is a number A\ > 0

such that for any 0 < XA < A\ there are two solutions uxy # —uxy with
)\/ |sinhwuy| — 8kw  as A — 0.
o

More precisely, given any sequence X\ = A\, — 0, there is a subsequence, two
arrays of 2k points of 012 (&1,&2,...,& 2k) ordered clockwise and distinct
modulo cyclic permurations, positive constants u; = py;, for j =1,...,2k,

and two solutions uy; of (1.1), 1 = 1,2 such that, omitting the subindex ,

2k

— 24,
=S (11 ; o
ux(z) j:l( Do o= (& + ) .

where v; denotes unit outer normal to 052 at &; and

2k
2Asinhuy — 27y (=1)771 4, .

j=1
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Moreover, the 2k-tuples (&1, -..,&2k) are critical points of pop, and the

constants p; are explicitly given by

log 25 = H(&5,85) + > (-1 G(&,4).
I#j

It is easily checked that the solutions (1.2) correspond exactly to this
description in the case 2 = D. Medville and Vogelius [10] have established
that if the limit boundary flux has no regular part, then the concentration
points (&1, ..., & 2;) necessarily constitute a critical point of o, and that
the weights of the delta functions are equal to 2w. They provide numerical
evidence that solutions with a boundary flux having a non-trivial regular
part exist but this remains an open question. Let us mention that in [11]

Medyville and Vogelius considered the nonlinear boundary condition

@ = Du+ 2Asinhu  on 02,
v

where D > 0. They analyze the difference in blow-up as A approaches
0 from the right (pointwise blow-up) and from the left (blow-up ”almost
everywhere”).

It is interesting to mention the analogy existing between this result and
the problem —Awu = Ae" under Dirichlet boundary conditions, whose solu-
tions with X [, o € uniformly bounded have become well understood after
the works [12,2,9]. It follows from those results that concentration occurs
in the form Ae" — 87 ) d¢,. In [1,6,7] solutions with these properties have
been built. In [4] the problem

Au —u =0, % = Ae" (1.6)
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was analyzed and given any k£ > 1, a solution peaking in such a way that
et — 21 Z?zl d¢, was built up, using as basic cells (after suitable zooming-

up) explicit solutions of

Av =0 in Ri
1.7
e (1.7)

W e’ on GRi,

where R? denotes the upper half plane {(z1,22) : 2 > 0} and v the unit

exterior normal to OR?, given by

2
(@1 —1)* + (22 + p)?

wy, (21, x2) = log (1.8)

where ¢t € R and g > 0 are parameters. The solutions predicted in Theorem
1 are also constructed using these ones suitably scaled and projected to
make it up to a good order for the boundary condition. Solutions are found
as a small additive perturbation of these initial approximations. A lineariza-
tion procedure leads to a finite dimensional reduction, where the reduced
problem corresponds to that of adjusting variationally the location of the
concentration points. An important element in the reduction procedure is
the non-degeneracy of these solutions up to variations of the parameters ¢
and p in (1.8). Problem (1.1) has a basic difficulty in comparison with (1.6),
linked to the fact that the limiting equation formally satisfied by the seeked

solution u) is

whose solution is not unique but invariant under the addition of constants.

This is not such an innocent matter since this hidden limiting invariance is
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not present in the equation itself, and unlike the other “obvious” elements of
the limiting kernel (see (2.1), (2.2) below), it is not localized near the points
of concentration. To be mentioned is that the simple use of an additive
constant as an extra parameter in the solution does not suffice, basically
because the constant itself is not a good approximation of an element of
the kernel before reaching the limit. We are able to overcome this difficulty
by identifying an extra element of the approximate kernel (see (3.5) below),
which introduces another parameter to be adjusted in the problem. We will

devote the rest of this paper to the proof of Theorem 1.

2. Preliminaries

Let us define

To + [
2w=1-2p—5—-—"—, 2.1
0 'ux%—k(a:g—i-,u)? 21)
and
n=-25—t (2.2)

af + (z2 + p)?’
which correspond to derivatives of the basic solutions wy,,, with respect to its
parameters respectively of translation and dilation. These objects obviously
lie in the kernel of the linearization of problem (1.7) at the solution wyg ,,
namely they solve the problem
Ap=0 inR3

0¢ 24 s

— - = R2.
v B 0 on JR:

Reciprocally, we have the following.
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Lemma 1. Any bounded solution of (2.3) is a linear combination of zy and

Z1.

Proof. This result was established in [4]. For the sake of self-containedness,

we shall present a proof here. Let ¢ be a solution to (2.3) and set
_ Y
w(y) = ¢ <2 - (Qu)) -
[l
The function w is just the Kelvin transform of ¢ about the point (0, —pu).
The domain of w is the disk D = B((0, i% i) and w is a bounded function

that satisfies Aw =0 in D,

ow

i 2pw  on 0D\ {0}, (2.4)

where 1/ is the exterior unit normal to D. To see this observe that the map

y — K(y) ﬁ — (0, p) is anti-conformal (preserves angles and reverses
orientation) and maps the normal vector to D to a normal vector to OR3.

More precisely, if v/ is the exterior unit normal vector to D then

w _ 1 9¢
o |y|2ov’
Thus on 0D
Ow 1 ok,
o' |y?

and a calculation shows that

L pwonmen 2 L2y
P P

Since w is bounded, by elliptic regularity (2.4) holds in all 9D.
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By translating in the yo direction we can assume that D is the disk
centered at the origin with radius i We think of w as the real part of an

analytic function w and write
oo
w(y) = Z aprFett?
k=0

with y = re?®. Condition (2.4) is equivalent to

Re <Z ar(k — 1)e“€9> =0 V6
k=0

and hence a9 = 0, ax = 0 for all £ > 1. Looking at the real part of w,
and recalling that we shifted in the yo direction we see that it is a linear
Lo+ 1 O

1 _
zand Yo — 5. = =it — 5

- _ 21
combination of y; = P Ex e T (etn)? 2

In what remains of this paper we fix £ > 1 and denote m = 2k We will
provide a first approximation for the solutions of problem (1.1) predicted
in Theorem 1. For j = 1,...,m, let & be clockwise ordered points on the

boundary of {2 and p; positive numbers. Define, for z € {2,

20,4
A j
u’ (x) = log 2.5
/@) |z =& = Auyvs)? (25)

and H ]’\(ac) to be the unique solution of

A .
AH? =0in £, (2.6)
OH? ou? A 1 A
J — J u; )\7 U .Q 2.

By o + de 997] ane on 0 (2.7)

with the property that

A
Hi(z)dx = f/ ug\(:zz) dz. (2.8)
an an
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We look for a solution to (1.1) of the form

u(z) =U(x) + D(x) (2.9)
where
U(z) = Z(—l)j_l(U?(w) + Hj (x)) (2.10)

while @ is a lower order term with respect to U.
The function H J/\ above resembles the shape of the regular part of the

Green’s function. Indeed, the following estimate for H J’\ holds true.

Lemma 2. For any 0 < a < 1,

Hj’\(x) = H(z,&;) —log2u; + O(A%) (2.11)

uniformly in 2.
Proof.

The normal derivative of H j)‘ on the boundary of {2 can be computed

explicitly, namely

OH) 1L— (&) - v(@) (@ = &) v()
= O \iLs 2
o0 =P N & e = 6 - AP
1 by
W uj (x)
092] Joo©
Thus
- 9H? (2 —&) v(x) 2

since

204 1
)\/ e @) — ) J :2/ I
00 o0 [T — & — A (§;)]? 20 ly —v(0)]?

Ap
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=2 1142 —) | =2 N1 T
</_Do 1+¢2 O(/)\lﬂjl 142 )) 7+ O(arctan(Au;) 2)

=271 + O(arctan(Apu;))
— 2+ O(wy). (219

Define zy(z) = H]’\(Jj) + log2u; — H(x,&;). Since the regular part of
the Green’s function H(x,¢&;) is harmonic in (2 and satisfies the Neumann

boundary condition

OH (x —y) - v(x) 27
—(x,y) =2 — € 012,
or, PV T T ¢
the difference z) solves the problem
—AZ,\ =0 in {2

Ozx OH} 2(3: —&)v(x) 27

on O0f2.

o~ ow EETFERRRAFTTs]

Since 2y is harmonic in £, for any 1 < p < o0, 2, € WHP(£2) and, by

Poincaré inequality, we get

1
ll2x — |69|/89 2le2) < 1D2all e (o)

Hence, by L? theory, we have for any 0 < s < %

1 5‘z>\ 1
llzx — m /6(2 ZA”WHS"’(Q) = OHEHLP(BQ) S

where the last inequality can be obtained arguing like in Lemma 3.1, in [4],
and using (2.12). This implies the existence of a constant [ such that, for
any « € (0,1),

zx(x) =1+ 0(\Y)

uniformly in 2, where [ = lim_ \Tlm faﬂ zy dx.
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In order to get the result, we are left to show that [ = 0. We have

[ = lim

1 1
— [ H} log 2t — —— [ H(z,&; . (214
i [ [ w0 s+ os; - o [ g 210

We directly compute from (2.8)

1 1 21
— HMNz)dr = ——— log J dx
02] Joo 7Y = 7100 oo B e — )P
1 1
=—log2u; — — log ———— dz
7 1002] Joo |z — &l?
1 (x—¢&) Ny}
+— log [ 1+ 2 p,v (&) - Lo+ ! dx
0% Joe ( &) g T e—gp

= —log2p; + L/ H(z,&;)dx + O(X)
022] Jog
where the last equality is consequence of the definition of the regular part
of the Green’s function. Hence (2.14) yields that [ =0. O
By the following scaling,

£
)\ )

=Ny, yEMh= v(y) = u(Ay)

solving problem (1.1) is equivalent to solving

9 =2)\?sinhv on 92,. (2.15)

Av:OinQ,\, )
v

In the expanded domain {2y, the main term (2.10) of the ansatz (2.9)

looks now like

Viy) =D (1) [log —— 9 —2log A+ H)Ay) | (2.16)

where £} = A71¢; and v =v()).
We call

24

v;(y) = uj (Ay) +2log A = log PR
J J
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and
Vi(y) = v;(y) — 2log A + H}(y).

A function v of the form

v(y) =V(y) +o(y), ye
is a solution for (2.15) if and only if ¢ solves

Ap =0 in 2,

99 _We¢ =R+ N(p) on 912y,

where
W =2X%cosh V,
R=— ov —2)%sinh V
ov
and

N(¢) = 2\? [sinh(V + ¢) —sinh V — cosh V¢].

13

(2.17)

(2.18)

(2.19)

(2.20)

We claim that V is a good approximation for a solution of (2.15) under

the assumption that we choose the parameters p;’s to be given by the

relation

log2u; = H(&;,6) + Y (- G(&,4).

I#j

(2.21)

This is the content of estimate (2.22) contained in the following Lemma

Lemma 3. Assume (2.21) holds true. Then, for any o € (0,1), there exists

a positive constant C independent of A such that, for any y € 2y,

m

[R(y)| < CA* >

j=1

1

L+ y—¢

/|7 Vye'(zk7

(2.22)
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and
Z 5(1+0x(y)), (2.23)
ly — € - ug V|
with
0A(y)] < OX+CAY ly — &1, (2.24)
j=1

Proof: First we observe that a direct consequence of condition (2.21) is

that for [y — &;| < %, the following expansion holds true

. . 2t
(0w + 3 (108 s =g e + 0

= (1Y (H(E, &) ~ log2) + 3 (~1) T G (€,€) + OO) +O(Ay—&)))
i#j
= 0(x*) + Oy — &) (2.25)

We prove (2.22). By definition

m

—RzZ(—l)j P 2,u )| 2\%sinh V

o
= i /

The last term in R can be controlled by O(\?). Indeed, the following fact

holds true

m

A =00y by - . (226)

j=1 082 i

as a direct consequence of (2.13).

On the other hand, if [y — &}| < S

2\2sinh V = A2 {exp (zm:(—l)jl(u?()\y) + Hj(Ay)))

—exp (Z YOw) + HXOw)) )|
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(-p’~!
=\? 215 X
N2ly — & — uv (&)1

exp | (—1)—LE> “11 (10 24 A
P [( DTEOe) + ;( D (l N2y — & — (€ T Qy))}

(-1’
_)\2 2:“] X
Ny =& — (&)

i—1 77 i—1 24 A
exp | (CUTH )+ () (log/\QIyﬁéuiV(fé)l2+Hi “y))

(using (2.25))

(—=1)i—1 (-1)
— 2 243 - 2 x
N2y — & — piv(€)2 Ny =& — nv ()P

OO +OAy=¢51)

_ (_1\i—1 2#’]' o _ e 4
= (1) |y_§_MW®DP(L+OQ)4%XMy &) + 0. (2.27)

Hence, we get, for |y — £| < %,

R=3 0 g e (00 + 00l = 6)).

j=1

If we are far away from the points, namely if |y — &} > % for all 7, then
R = O()\?). This implies (2.22).

Estimates (2.23) and (2.24) follow from the same arguments used to

obtain estimate (2.27). O
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3. Analysis of the linearized equation

In this section we study the linear problem

—Ap=f in 2,
(3.1)
9¢

=Wo+h on df2
ov

together with appropriate orthogonality conditions, where W is a function
that satisfies (2.23) and (2.24), and f, h are given. Throughout this section
we only assume that the numbers p; appearing in (2.23) satisfy % <upu; <C

independently of A and that the points &; € 0f2 are uniformly separated

& =&l = d Vi, (3-2)

where d > 0 is fixed.

The orthogonality conditions mentioned above are related to the kernel
of (3.1) when A — 0. Let us look at (3.1) with f =0, h=0as A — 0 at
a fixed distance from one of the points, say 53, and let us translate and a
rotate so that f; = 0 and {2, converges to the upper half plane Rf_. Then
equation (3.1) approaches (2.3). By lemma 1 we know that any bounded
solution to (2.3) is a linear combination of zy and z; defined in (2.1), (2.2).
We define appropriate versions of zy and z; in {2 through a diffeomorphism
F; : B,(&;) — Np where p > 0 is fixed and N is an open neighborhood of
the origin such that F;(20B,(&;)) = RZNNy, F;(02NB,(&;)) = IRZ NN,

and such that F}; preserves area. We define, for y € (2,

J

FMy) = 1 EiOw) (33)
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and
Zij(y) = zi;(Fj(y))  i=0,1 j=1,...,m,
where z;; denotes the function z; with parameter p = p; (i = 0,1 j =

1,...,m):

To + oy = 2 T

2 =1— 22 HI N
” M (w0 )2 ot + (22 + 1)

Next we fix a large constant Ry > 0 and a nonnegative smooth function
X : R — R so that x(r) = 1 for r < Ry and x(r) = 0 for r > Ry + 1,
0 < x < 1. Then set
Xi(y) = X(F} (y)))- (3.4)
Let 0 < b < 1 and define
min(1 — A, Zo;(y)) if [y — &l < 3,

Z(y) = (3.5)
1—Ab if ly—&|>% Vi=1,...,m.

We will establish a-priori estimates for solutions to (3.1) under the or-

thogonality conditions

/ XjZ1j¢:O Vj:l,,m (36)

02

and

/ X7 =0, (3.7)
0

where

m
X=X
j=1
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Let us introduce the norms

|h(y)|
||hH* = Sup m 1~
yeo, 2 (L +ly =&~

and

) )
1Fll-e = sup s iy Ty — a2

where o > 0 is a fixed small constant.

Proposition 1. For fized d > 0 there exist A\g > 0, C such that if 0 < \ <
Xo, § €002 (j=1,...,m) satisfy (3.2) and ¢ € L>(£25) is a solution of

(3.1) such that (3.6) and (3.7) hold, then

1
1l (20) < Clog (Il fllx + lIAll)-

We will prove this estimate by contradiction assuming that there exists a
sequence A — 0, points &; € {2 satisfying (3.2) (we omit the dependence on
A in the notation) and functions h € L>®(942)), f € L>(2)), ¢ € L>=(£2))

such that

||¢HL°°(Q,\) =1
1 1
log +[[All« = o(1), log <[ fll«x = o(1). (3.8)
Given 0 < a < 1 fix 0 < v < 8 < « and consider the function p given
by
1 ifr <A77,

— —6_ . _ _
p(r) = | oA Polorr i \or < p < A8, (3.9)

0 if r> X8,
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Define
Zoj(y) = 20;(F} @)P(EM W) G =1,...,m.
Let
$=0¢— fjl d; Zo;,
P

where the numbers d; are chosen so that f(h XjZqug = 0 for any j =

1,...,m, namely d; = M Observe that
Y & jn/\ Xij 405
dj=0(1),  ||¢llL=(ay) =O().

Furthermore ¢~> solves the problem

—A(ZE:fﬁ-ZdeZOj in _Q)\
9 = o7 (3.10)
[N = Zo;
3 = W¢+h+jz::ldj(WZ0j oy ) on 082,
and satisfies
/ XiZij¢=0 Vi=0,1 Yj=1,...,m. (3.11)
2

To reach a contradiction we will establish the following

Lemma 4.

¢—0 uniformly in §2).

Lemma 5.
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This will prove proposition 1.

We delay the proofs of these lemmas and mention first some key steps.

Lemma 6. For all j=1,...,m and R >0

¢—0 uniformly in 25 N Br(&;).

Proof. Assume that for some R > 0 and j = 1,...,m there is ¢ > 0
so that SUP B (&) \<§| > ¢ > 0 for a subsequence A — 0. Translate and
rotate {2, so that f; = 0 and {2) converges to the upper half plane Ri. By
elliptic estimates (,Z; — g?)o uniformly on compact sets and c;)o is a nontrivial
solution of (2.3). Applying proposition 1 we conclude that (Z)O is a linear
combination of zg and z;. On the other hand, consider the limit as A — 0 of
the orthogonality conditions (3.11). After a translation and a rotation Z;;
converges to z; implying erﬁr )Zziqgo = 0 for ¢ = 0,1. This contradicts the

fact that <;~50 £20. O

Lemma 7.

-
Il

¢ — 0.
10025 Jag,

Proof. By potential theory

1
27(' IO

0Zy;
v

GO A)(Wo+h+ > di(WZo; —
J

))dz
1 Gy, A2)(f E d;AZy:)d
+ 2/A ( Y, Z)( + ; J Oj) Z,

where G is Green’s function defined in (1.3).
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Integrating equation (3.10) yields

- ~ EYAY ~
W¢+h+2dj(WZ0j — al?J)dZ+/_(3 (f+ZdeZQj)dZ:0.
- N ;

J

EIeN
Taking into account that G(\y, A\z) = log % +log ﬁ + H(\y, \z), where

H is the regular part of Green’s function H (c.f. (1.4)) we have

= 1 1
3) 0= 5 [ tom =+ HOW )

0Z;
ov

(W(;"Fh—‘erj(WZoj - )) dz

J

1 / 1 ~
+ — log ——— + H(A\y, \z + d;AZy;)dz.
o7 Q)\( g|y_z|2 ( Y ))(f EJ: J 0])
(3.12)

Let us sketch how the proof works postponing some of the calculations.
Since g?)(y) — 0 uniformly on sets of the form |y — ;| < R, we can select
a sequence Ry — oo such that

¢(y) — 0 uniformly for |y — &;| < Ra.

We can assume R) — oo as slow as we need.

For each { =1,...,m select a point y; € 02, so that |y, — /| = Rx. We
claim that when we evaluate (3.12) at y; all terms in the right hand side
of (3.12) converge to zero except for [, log ‘yl_%lgAZoj dz = 2m8,; + o(1)
(where ¢;; is Kronecker’s delta). Thus, we claim that

dy;)—d=d;+o(1) Vi=1,...,m. (3.13)

But the orthogonality condition (3.7) implies that

m

Zdjaj =0 where a; = / X;Z5; > 0. (3.14)
2 '

j=1
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Multiplying (3.13) by a;, adding and using (3.14) we find

Zaj(;(yj) — ag =0o(1) where a = Zaj.
j=1

J=1

Since qg(yj) — 0 and a is bounded away from zero we reach the conclusion
¢ =o(1).

In what follows we will obtain the necessary estimates to prove (3.13).

Claim.
1 ~ .
/ log ———5 AZy; dz = 2mé;; + o(1) Vil=1,...,m.
2y ly1 — 2|
Proof. Let
Z0j(7) = Zoj(F)) 7M@) = 205(2)p(|2), (3.15)

where p was defined in (3.9). Let us write y = (Fj’\)_l(x). Since p'(r) has a
jump at 7 = A=Y and r = A~? and is otherwise smooth we see that Ay Zoj

is a measure:

ArZoj = 2V20;Vp + 2050/ (A7) pa— + 205 [0/ (A7) pa-s
Y AP

THA-Y T 20; THA-5,

=2Vz;Vp — 20— _
% (3 —7)log & (8 —7)log 3

where [p'(r)] = p/(r*) —p'(r~) denotes the jump of p’ at  and let u, is the

1-dimensional measure on the circle of radius r.
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Changing variables yields

/ AZoyp = / (2VpV20; + O] [7220;]) + OAVE, ) x
2 ATr<Lz| <A P

p((F7) () dx

v [
Gt T oy (0 O 200 @) d

23
+
(

G —Nloa L x|))zo; MN=1(2)) da
5—7)log % LM(”O(AI D)z00(F) ™ () d

(3.16)

for any ¢ € C(£2).

Let us consider first the case | = j:

1 ~ 1 1 ~
log ————AZy,; dz = / (log — log VAZy; dz
/m lyy — 227 oy =z |65 — =127
1 ~
+/ log ——AZy; d=.
o gz
(3.17)

By the previous remarks, using the fact that zoj(x) = 14+ O(|z|™!) and the

expansion (F}')~!(z) = &} 4+ x4+ O(A|z|) (after rotation) we have

AY .
(5 —log 1 | a0z 10g T
)\’)’ 1—~ y — _, -
:m(1+0()\ N+ OANTAT (21og A7 + O(AI=))
—or g 0
=2 ﬂ77+0(/\ ),

where we fix

0 < 6 < min(y,1—f).
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Similarly
)\ﬁ/ 20;(1 + O(A|z])) log L dx
(B=)log % Jr=x-s 165 — (F)H (@)]?
B 0
=2 O(A
i X

and a calculation using Vzg; = O(ﬁ), V2205 = O(ﬁ) shows that

1
(2VpVzo; + O(N|z]|V?Z0]) + (A VZ0;])) log — dx
! ! &) — (F) = (a)]?

A<z <A P

= O\).
Therefore

1 -
log ——— AZy; dz = 21 + O(\9).
/m & — o7

For the first integral in the right hand side of (3.17) we can assume Ry — oo

slow enough so that

ARy — 0.
Then
|yj - 5/‘|

log log <C——~

og 2 ~ 8 g —ap = O
and it follows that

1 1 ~ ~
A J

Next we show that if [ # j then

1 ~
log ———— AZy; dz = o(1).
/QA Sl =227 o
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In fact

1 ~ 1 1 ~
log ——— AZ, »dz:/ log — log AZy;dz
/!A g|yz*Z|2 o Qx( lyr — 2|2 |@ﬂ*§}|2) !

1 ~
+/ log —————=AZy; dz.
e 7

We can assume that Ry < %, so that

1 1
log——— —log ————| < C\z — &

Thus

1 1 ~
log ——— — log ————)AZy; dz| = O(\?).
], 008 s o g A e = O

Finally

| AZoydz = ~(am £ OO+ OO 5

=0\ (3.18)

1 _
lo 7/ AZy;dz = o(1).
& = &2 Jo, =" M

Claim. For any 0 < o < 1

~ 070 e A
W(y)Zo;(y) — a;” (y)20(1+|y—§<|)+0(1og
J

)
A (3.19)

I

for [y — 7| <
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Proof. Set

W(z) = W((F) (@)

where the map Fj)‘ is defined (3.3). Recall that W satisfies (2.23) and (2.24),
that is

2144

= m(l + O\ (1 + [y]))).
J ]

W(y)
Since (F}')~!(x) = & 4+ x 4+ O(A|z]) we find

W(z) = W((F) (x) = W(E + 2+ O(Az])

2,Uj A )
= o) = (21,0), |z| < ~. 3.20
Tt O = @0kl (3:20)

A
On the other hand

0Zy; Oz, i
al/ - 8552 +O(A‘m||VZO]|)

and using the fact that p has zero normal derivative on IR we deduce

820]' o 6ZOJ' ) )

Gt = g+ OO (|Vplz0; +p|Vzs]) (3:21)
- aZOj A A (S
B p@xg +O(log§)+0(l+r) T<)\’

where 7 = [y — &J| (observe that Vp = O(—11)).

rlog %
Using (3.20) we find

A A%

0Z0,
NS s

oY) = W (y) Zoj(y) = O

)
!
&< =
log 1 ) lw=gl<s
O
Claim. Similarly

1 ~  0Zy;
log —— (W Zy; — —2 = 1=8Y = o(1
/am % |y—z\2( 7 oy Jdz = O™ = o(l),

and this is uniformly for y € 92,.
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Proof. Using (3.19) and the fact that if |y — & > % for all j we have

W(y) = O()\*) and % = O()\?), we see that

Y 1
WZy; — 2| =0\ "FP—). 3.22
L W20 = S = 0 (322)

Since log ﬁ = O(log 1) for |y — z| > R where R > 0 is fixed, and

1
/ [log ——5|dz < C
02\NBRr(y) |y_Z|

we conclude the validity of the assertion. O

Claim.

/ log #h(z) dz = o(1) (3.23)
o0y |1y —2?

and

1
/QA log Wf(z) dz = o(1). (3.24)

Proof. We have log ﬁ = O(log }) for |y — z| > R where R > 0 is fixed,

and [50 5.y 1108 ﬁ| dz < C and therefore

1 1
log ———=hdz| < Clog —||h|l« = o(1),
[ o8 gt el < Clos Sl = o)

by hypothesis (3.8). The proof of the other assertion is similar. O

Claim.

1 -
log ———Wopdz = o(1).
Lém By g ¢4z =oll)

Proof. Arguing as before, it is sufficient to show that
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Integrating equation (3.10) we find

(W Ts —
/M(W¢+h+2d](w 0~ ) de

J

+/ (f—f—Zd]AZoj)dZ:O
2 y

The conclusion follows then from (3.18), (3.22), (3.8). O
Claim.

GZOJ-
ov

A= /anA H(/\y,)\z)(Wg?)+h+Zdj(WZOj - ))dz

J

+/{h H()\y, /\Z)(f—FZd]AZOJ)dZ:O(l),

J

uniformly for y € 0£2,.

Proof. Let
1 if r < A7Y/2
()= i a2 <r<d
0 ifr> 3%
and set
¥(z) = Zm:H(Ay,éj)C(lz =&l
j=1

Multiplying (3.10) by ¢ and integrating by parts we have

~ N - YAy
/m(erzj:deZm)?/”r/89A(W¢+h+zj:dj(WZOj - S0y
- &8—1/] + [ ¢Ap=o0.

IO v 2
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Subtracting this from A we find

B - e 0Zy;
A= o (H(\y,A\z) — ) (W + h + ZJ: dj (W Zoj — = 2)) dz
+ [ (0w =0+ X 4,4%,) iz
A j

+ ég—w - | oAy

a2 v 2y
Since H and v are bounded

| o (H(Ay, Az) —)hdz| < C|h[l = o(1) (3.25)
| Y (H(Ay, A2) — ) f dz| < C|f[[sx = o(1). (3.26)

A calculation shows that

GAY = O(——

o log %

)=o), [ G5 =0(5) =ol1). (320)

log %

For instance, the first integral in (3.27) can be estimated as follows

[ 609 < 13l = /Q Ay,

2
But At is a measure with support on the ares 7 = A\™%/2, 7 = & (r = lz—=&3)

and

1 6 1 1
+2 ~0
A12log+ A glog%) (log%

/Q |Ap| = O\ 1? ) = o(1).

Now, at distance greater that % from all £; we have W = O(A\?) and H,

(;NS are bounded, thus

/ (H(\y, \2) — )W = o(1). (3.28)
02x\(U; Bs/» (€5))
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On the other hand, at distance less than % from &} we have H(\y, A\z) —

H(\y, &) = O(\[z = &|) and W = O(L), r=1z- €il. So

| / (H(y, A2) — (=))W dz]
d2\NB, _1/2(€})

=| (H(\y,\2) — H(\y, &)W dz|
d2x\NB, _1/2 (&)

5/A 1 1
< )\/ —dr =O0(\log —) = o(1). (3.29)
1T A

In the region A\™1/2 < 7 = |z — &l < % we use that H, ¢, ¢ are bounded
and that W = O(%), so

5/

(HOwA2) —9()Wodz| <C [~ Lar
A—1/2

/zmmBs/A(s;)\B“/z(&;)
= O(\Y2) = o(1).
(3.30)
Collecting (3.25)—(3.30) and recalling (3.18), (3.19) we obtain the desired

conclusion. 0O

Proof. of lemma 4 Let ¢(2) = ¢(x/)), z € £2. Then ¢ satisfies

.1 . & . .
—Agzbzﬁ(f—FZdeZoj) in 2
j=1
({9(,23 1/~ = e 820j
- X(W +h;dj(wzojf - )) oo

where f(z) = f(z/)\), h(z) = h(z/N), /V[7(a:) = W(z/\) and Zo(z) =

N

Zo1(z/A). For a given § > 0 let Es = 2\ UL B5({;). Then %”fHLOO(E(;) <

Cllf e = 0, 3 Al (oms) < CllAlle — 0, and {[IW |0 (i) < CA. Fur-

thermore, in E5 we have that Zoj = 0. We also know: ||gf)|\Loo(Q) <1, and
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fa Qq{) — 0. From this it follows that (;3 — 0 uniformly in Fs and this implies
¢ — 0 uniformly in 2y \ UL Bs/a(&)), for any § > 0.

For a given R; > 0 let A; denote the annulus
Aj = Bs/A(&)) \ Br, (&)

Given A > 0 small enough there exist B; > 0 independent of A and %; :

2N A; — R smooth and positive so that

c
A > —C imnA,
Ty &l SR

8’1/}j Cc
— —Wi; > —— o NA;
v WV g MO A
c<y; <C in 2N A,

where C', ¢ > 0 can be made independent of A. Indeed, the function

Yi(y) = =&

with Cj a fixed large constant satisfies the requirements, see [4] Lemma 4.3.

Thanks to the barrier 1; we deduce that the following maximum prin-

ciple holds in 2\ N A;: if ¢ € H'(£2\ N A;) satisfies

—A¢ >0 in 2N A

%—quzo on 042, N A,
ov

p>0 onfHNA;

then ¢ > 0 in 2, N A;. By the properties of 1; and this maximum principle

we deduce that there exists a fixed C' > 0 so that

ol < C¥;( sup o[+  sup (] + [|hll« +[[f]l) in 22N A;
2\NOBR, (€]) 2xN0B5 ) (€))
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But supg, nony, () |¢| — 0 by lemma 6, and SUP 0, 9B; 5 (€)) || — 0 as

shown above. This proves the result. 0O

Proof. of lemma 5 Multiplying (3.10) by Zoj and integrating we obtain
-~ ~ 07 ~ ~

d](/ (—AZOJ')ZOJ‘ —|—/ ZOj( 803 — WZO])) = —/ Zojh

2y IO v GIoN

- 0T - ~ -
—/ Zoi f + ¢(870j - WZy;) + d(—AZy;).
2 I v 2

We claim that

-~ ~ 07 ~
—AZ-Z-+/ Zoj (2 —WZy;) > ——,
/fh( 0]) 07 20 07 v J log§

(3.31)

for some fixed ¢ > 0. Assuming this for a moment we can prove the lemma,

since

~ ~ 1 1 1
Zoih| < Al Zojll L < Clog —||h||« =o(1
, Zoshl S Wl sl ) < Ol 3l oy = 00y
and
| Zast =ov);
0] = O ——
N J log%
Similarly the other terms can be estimated as follows
O . - 0Z0; ~ _
[T = W2 < [0liion) [ 1~ Wy = ON),
IO ov o0, OV

using (3.22); and

1

log -

- - ~ - c -
[ 3(=AZ0)| < 16l imony | 1AZu] < 113l (00) = o)
2 2 ng A
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Let us prove (3.31) using (3.16) to compute f!h AZvojgoj. For the part

of AZOJ- supported on 7 = A7 we have

)\"/
(B—7)log 5
A’Y
S A I T et A TS N 0 1O RO N 2 Nt
(ﬁ—wk%§(+ AT+ O0WN))
- T L0  0<0<min(y,1-4).

[ aron)@pd
r=\—"7

Analogously, for the part supported on r = A™# we find

28

W/ (A O0QkD);pde =0
X Jr=AT

since p(A™?) = 0. Also

S TP ORI 20, + (T )2
<Lz <AT

= O(/\g).
Thus

AZy; Zoj = —

o0,
o G—)iogL M)

Finally, similarly as in (3.22)

~ 070 ~ ,
/ %ﬂa“*W%ﬂ:mMﬁm
GION v

and this proves (3.31). O

Proposition 2. Let d > 0 and m a positive even integer. Then there exists

Ao > 0 such that for any 0 < XA < Ag, any family of points &1,...,&n € 012
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satisfying (3.2) (i.e. |& —&;| > d Vi # j), and any h € L>®(042y), f €

L (£2y) there is a unique solution ¢ € L™ ({2)), co,¢1,...,¢m € R to
—Ap=f in §2)
g—f —We¢=h+ ZTZI ¢iXjZ1j + coxZ on 082y (3.32)
fQAXjleqS:O Vi=1,...,m, fmegb:O.

Moreover there is C > 0 independent of A such that

1
9]l o= (1) < Clog < ([[All + [ f1++),

max([col, .+, |em|) < CAllw 4 [[fll4x)-

Proof. We deal first with the following linear problem

—A¢p = f+ Z;’;l dix;jZ1j + doxZ in £2
9 _W¢=h ondf (3.33)
fQAijlj(b:O Vi=1,...,m, kaXZ(b:O’

where h € L*®(02)), f € L>®(§2)) are given. Let us show that for any

¢ € L™(12)), do,dy, ... ,dy, solution to (3.33) we have

1
1]l 2~ 25y < Clog ~ (llallx + 1| £]lx) (3.34)

|dj| < C(IAll« + 1flle) Y5 =0,...,m. (3.35)
Since by proposition 1 we have

1 m
19l 20y < Clog (IRl + [Lfllx + > ldj), (3.36)
=0

it suffices to prove that (3.35) holds.
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Consider a cut-off function 7 such that

ﬁzlinB%(O),ﬁEOinRz\B%(O)
0<7<1, |Vl <CONG, |V < CN?/6% in R?.
and for j =1,...,m set

n;(y) = (N (),
where Fj’\ is defined in (3.3). Multiplying (3.33) by 7;Z1;, i = 1,...,m and

integrating by parts we obtain

on;
di/ XiZy = — hn; Zy; — IniZy + ] 877 AT
2 812y 2 802 v (3.37)
074,
+ oni( 3 L oWZy)— | dAmiZu).
GIeN v a2
Since Zy1; = O(Tlrr) and V7 = O()\) we have
on; 1
71 < 0o log —. .
] 0% 7l < ol Aos 5 (3.39)

As in the proof of (3.19) we have

8Z1i . A

)
and this implies

071 ,
/ mi| = — W Zy| =00, i=1,....m, (3.39)
A2 aV

where 0 < o/ < a. Since 0 < a < 1 is arbitrary so is o’ and so from now on
we will just write a.
We also compute

AmiZii) = AniZyi + 20V Z1; + 0, AZq

/\2
147

=0O( )+ i AZy.

A
)+O(1+r2
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But A, Z1; = Ayz1 + O(\|z||[V221]) + O(A|Vz1|) (where we have rotated 2
appropriately and = = F*(y)). Thus

A A2

AZy; = O(—2—
! O(1+r2)+0(1+r)
and it follows that
1
[ 1amz10] = 0(Alog ) = 00x°) (3.40)
2y )\

Combining (3.37), (3.39) and (3.40) we conclude

d; /Q XiZ3i < CUIRlle + fllex + A% (18l oe (24))
A

and this together with (3.36) yields

m

il < CUAIL A 1l + A 1dsl),  i=1,...,m. (3.41)

=0

On the other hand, multiplying (3.33) by Z we obtain

A
do/ XZQ:— fZ—/ hZ + qb(a——WZ)—/ PAZ.
[oXN 2 802y X0 ov (o3

(3.42)

We estimate as before

YA / YA .
Z w2z < - ZZ Wz < ON/? -
| o, ¢(81/ N < Dl o 2, oo, O | < 19l oo (2,)

(3.43)

and

[ 0421 < 16li(a /Q |AZ] < ON||@l|L=(0)- (3.44)

From (3.42) and (3.36) we see that

m

[dol < (Il + [[fll + X2 " 1d5]).

Jj=0
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Using this and (3.41) we deduce (3.35) and (3.34).

Now consider the Hilbert space

H:{aéeHl(rzA):/Q xZ¢>=o,/Qszmzow:l,...,m}

with the norm [[¢]|%, = [, [V¢[*, which is indeed a norm in H since by
choosing Ry large enough (the size of the support of the cut-off functions
Xj, c.f.(3.4)) we have fﬂx xZ # 0. Equation (3.33) can be formulated as to

find ¢ € H such that

Jovove— [ wou= [ gus [ wo ween

By (3.34) this problem has at most one solution, and by Fredholm’s alter-
native we deduce that given f, h indeed there exists a solution.

For convenience of notation in the rest of the proof we write
Zo=2, xo=x and Z;=Z2y; Vi=1,...,m.
Let Y; € L*(f2)), dij € Ri,j = 0,...,m be the solution to (3.33) with
h = x;Z1; and f =0, that is

_AYi = Z;n:o dinij in Q/\
D WY, = —x;Z; on 00, (3.45)
IQAXJ'Z]'K =0 Vj=0,...,m.

There exists a unique Y; € L>°({2)) solution to this equation and we have

the estimates

1
[Yill oo (20) < Clog Y |dij| < C, (3.46)
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for some constant C' independent of A. We shall show that d;; = Ad;; +
O(NY/?) where A > 0 is independent of A. Indeed, writing 19 = 1, let us

multiply (3.45) by 1,Z; and integrate by parts

0Z; an;
dij 727 + 0ij ‘22:/ - Wz Y+/ —17;Y;
J/QA Xi4 J 8mXJ J BQA( o ;i . J
— | YiA(n;Z;)
25
= 0(\"?).

To estimate the integrales in the right hand side above for the case j =
1,...,m, we argue exactly as in (3.38), (3.39), and (3.40). For the case
j =0 we use (3.43) and (3.44).

It follows that the matrix D with entries d;; 4,5 =0, ..., m is invertible
for small A and ||[D7!|| < C uniformly in A. To prove the solvability of
(3.32) let f € L>(£2)), h € L*>°(912)) be given. We find ¢1, do, ... ,d,, the

solution to (3.33) and define
p=d1+ Y Y
i=0
where ¢; is such that 21‘10 cidij = —d; ¥j = 0,...,m. Then ¢ satisfies

(3.32) and we have the estimate

m 1 m
161l (23 < 91l Lo (20) + D les] < Clog 3 Ul + (1Rl + Y ldil

=0 i=1

1
< Clog 3 ([ f o + [I7ll.),

by (3.35). O

The previous result implies that the unique solution ¢ = T'(h) of (3.32)

with f = 0 defines a continuous linear map from L (9(2) with the norm



Singular Limits 39

| - |l« into L°(§2y). For fixed h € L*>°(92) let us compute derivative of

¢ = T'(h) with respect to §. Formally Y = O¢¢ satisfies the equation
AY =0 in Q)\,

and on 02\ the boundary condition

)% -
Y WY = 55;(W) ¢+ c 85;(21le) + Zdj Z1jXj + o0 (xZ) + dox 2

j=1
where (still formally) d; = % (¢j), 5 =0,...,m. The orthogonality condi-
tions now become
/ leXjY = 0, lfj 75 l
0
/ ZuxiY =— | Oa(Zuxi)¢.
2 2

/ xZY = — 0e1(XZ) .
2 2

Let us write Y =Y + bix1Z1; + boxZ where by, b; are defined through

bo / 2 = / 6 00(x2), b / N / 6 0, 0aZu).
.Q,\ .Q,\ -Q/\ Q/\

Hence fm YXjle =0 for all j and fm f/xZ = 0, Y satisfies the equation

AY =a in 2,
and the boundary condition
6}'} N m
5, ~ WY =b+ > " dj Zijx; + dox Z,
j=1

where

a=bA(xiZ1) + boA(xZ)
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and
o2
b= 0g(W) ¢+ c1 0 (Zuxa) + code; (x2) + bl(% ~ WxiZu)
d(x2)
+bo( 5 - WxZ2),
with
bl < Clog~lhll.,  llalles < Clog ~la]
* = 0g A\ *9 Aflxx > og N .
Thus
1 2
19¢; 1l . (25 < C(log 1)*[|All.. (3.47)

4. The nonlinear problem with constraints

Let 7 be a small parameter and consider
Vily) =V(y) +72(y) ye (4.1)

where V' is given by (2.16) and Z is the function introduced in (3.5) at the
beginning of section 3.

A function v of the form

v(y) =Vi(y) +y), Y€
is a solution for (2.15) if and only if ¢ solves

Ap =0 in 2y, )
%f ~Wi¢ =R, + Nl(ég) on 012y,

where

Wi = 2X\%cosh 17, (4.3)
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__|on 2
Ry =— [61/ — 2)\*sinh Vl] (4.4)
and
N1 (§) = 222 [sinh(v1 + ) —sinhV; — cosh(vl)gﬂ . (4.5)

Observe that from the definition of the function Z we see that Z(y) =

O(1) all over £2). This readily implies that

Vily) =V(y) +O(7]) Vye 2 (4.6)

We consider first the following auxiliary nonlinear problem

A¢1 =0 in _Q,\,

%¢1 - W1¢1 = Rl + N1(¢1) + Z;nzl Cijle + C()XZ on 8(2,\, (47)

v

fQX XjZ1j$r =0Vji=1,..,m, fgA XZ¢p1 =0

where W1 is as in (4.3) and Ny, R; are defined in (4.5) and (4.4) respectively.

Lemma 8. Let m > 0, d > 0. Let a be any number in the interval (0,1)
and 7 = O(X?) with 0 > &. Then there exist \g > 0, C > 0 such that for
0 < X< Ao and for any &1,...,&n € 00 satisfying (3.2), problem (4.7)

admits a unique solution ¢1, cg,C1,...,Cn Such that
1611l Lo (20) < CA™. (4.8)
Furthermore, the function (7,&') — ¢1(7,&') € C(£2) is C* and
[Derdrllno=(ay) < C A%, |Dr 1]l Loy < CAP, 01 <60, (4.9)
Proof. First we observe that

Wi(y) = W(y) + 2M\%sinh(V)7Z 4+ 72X\ cosh(V + 72) Z2,
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where |7| < |7]. The equation for ¢; can be written as

A¢1 =0 in Q)\,
8¢1 W¢1 = TB¢1 =+ R1 =+ N1(¢1) + Z] 1 C]XJZU =+ 80XZ on 89)\,

Jo XiZ1jo1=0Vj=1,...m, [, xZ¢1 =0,
(4.10)

where B = 2\?sinh(V)Z + 1A% cosh(V + 7Z)Z2. Remark that from (2.23)
and (2.27) we have the estimate | B||. < C.

Let A be the operator that associates to any ¢ € L°°({2)) the unique
solution given by proposition 2 for h = 7B¢; + Ry + Ni(¢1) and f = 0.
In terms of the operator A, equation (4.10) is equivalent to the fixed point

problem
¢1=A(¢1). (4.11)
Let us consider the set
F={o€C(2) : |[gllr=(ay < A}
From proposition 2 we get
| A@Dlz() < Cllog Al | 17/ [Bérll. + N1 (o0l + 1 Rall.]

Let us estimate || R1||«. We have

—av aZ —2X%sinh(V + TZ)}
0z 9 . 5 .
= R(y) — o + 2X\°sinh(V + 72) — 2A*sinh V
14

= R(y) — [Zf — WZ] + A\72sinh(V + 72) 22,
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where |7| < |7]. For |y — &}| < %, we have g—f -WZ = O(#a_f,l) where
0 < a < 1 will be fixed shortly, while for |y — §;| > g we have ‘g—f -WZzZ=
O(\?), thus ||2Z —WZ||, < CX*~7. Similarly || R|l, < CA*~7. On the other

hand || A2 sinh(V + 7Z2)Z2||. < C and hence
[R1ll« < IR|lw + [T|A“"7 + CT2 < C(A"77 + X%,

since 7 = O(A\?). We choose 0 < a < 1 and ¢ > 0 small so that a — o > a (o
is the number that appears in the definition of the norms || - ||« and || - ||4«).

Furthermore, ||N1(é1)|« < C||¢1||%x(m) as a direct consequence of
(4.5) and
TI1Bo1llx < [7llé1]l o (0 [ Bl < CX*FP.
We get, for any ¥1,19,19 € F, the existence of a positive constant C,
such that
J AWl (s < Cllog Al [ AT+ 4 X2 4 =7 4 32
JA®W1) — A(W2) || L (0y) < C [log A|(A? + A%) [|[tb1 — Yo L (0y)-
It follows that for all A sufficiently small A is a contraction mapping of F,
and therefore a unique fixed point of A exists in F.

Let us now discuss the differentiability of ¢;. Since R; depends contin-

uously (in the *-norm) on

(T7 El) = (T’ 61, A 76':'”)7
using the fixed point characterization (4.11) we deduce that the map (7,&’) —

¢1 is also continuous. Then, formally, for 5 =& or 8 =T,

— 95Ny (1) = 202 [(cosh(Vl + 1) — cosh V4 — sinh qusl)agvl
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+ ( sinh(V] 4+ ¢1) — cosh V1) Op (;51} .

It can be checked that ||03Vi ||« is uniformly bounded, for both 8 = £}, and

(B = T, so we conclude

195N (@)l < C {161l (a2 + 1501 (22|61 =2
< C [N 4 85611 a2 | A

Using the notation T'(h) for the operator that to h € L>(£2)) associates the

solution of the linear problem (3.32) with f = 0 we may write, for 3 = &,
O 1 = (0g, T) (TB¢1 + Ni(¢1) + Rl) + T(ag;c [TB¢1 + Ni(o1) + RlD,
while for g =7,
Orp1 = T(Bor + 70-(Bo1) + 0-N1(¢1) + 0-Ry).
Thus, from proposition 2 and (3.47) we deduce for § = &,
18 ¢l oo (20) < C1log AP[[(N1(¢1) + Ra)ll« + [log A[[|9g; N1 (¢1)]]

+ |0 Rall)

< CAlog A2 < CAY,
since it can be seen that [|0g B« < CA®. For 8 =7 we get
107611l o (20) < ClIog Al(ll @]l Lo 20y + A7 + A7) S CA™, 61 <6

since ||0r Ry ||« < C(||%—f —WZ|« + 7| A2sinh(V + 72) Z2%|.) < C)°.
The above computation can be made rigorous by using the implicit func-
tion theorem and the fixed point representation (4.11) which guarantees C'!

regularity in 7 and &’. O
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Remark. It is possible to verify that given 71,7 = O(\?), with 6 > 5, the

unique solutions ¢1, ¢ of lemma 8 satisfy

lp1 = 2llLe 2y < CXJr1 — 7. (4.12)

This follows from the fixed point characterization (4.11) of these solutions.
Indeed, let A(7,¢) be the nonlinear operator introduced in this lemma,
i.e., the one that to ¢ € L*({2)) associates the unique solution given by
proposition 2 for h = 7B¢+ R1(7) 4+ N1(¢1) and f = 0. Using proposition 2

we see that

|A(T1,0) — A(T2, )| L (0,) < CA|m1 — 7.

Lemma 9. Let m >0, d > 0. For any 0 < a < 1 there exist Ag >0, C >0
such that for 0 < X\ < Ao, any &1, ..., &n € 082 satisfying (3.2), there exists
a unique T with |T| < CA*"%2 such that problem (4.7) admits a unique

solution ¢, cg,c1, ..., Cm with cg = 0 and such that

Bl Lo (20) < CA™. (4.13)

Furthermore, the function & — ¢(¢') is C' and

| Der @l oo (2,) < CA*.

Proof. Given &1, ...,&, in 002 such that |§; — &;| > d and 7 = O(\?) with

§ <0 < a,let ¢1, co,c1,...,Cn be solutions to (4.7). Multiplying (4.7)



46 J. DAviLA, M. DEL PiNo, M. Musso, J. WEI

against Z and integrating by parts, we get

o0z
Co/ X2 = — ¢1(W12—((T)— R Z — Ni(¢1)Z
k03N 002 082 002\

— qf)lAZ — ch/ XjXZUZ'
25 j=1 0825

(4.14)

Now we have:

\/ 61AZ) < Cllnl| L= () N < OAH;
2

| Nl((bl)Z| < OH(ZSlH%oo o0 < OAZ&;
( >\)
EYPN

oz
| (W1 Z — 87” < OXN¥(|p1 ][ Lo (2y) < CA*®
IO v

\/ XiXZ1;Z] < CA
CIPN

YA
,/ mzz/ RZ+i/ }——+sz+#v/ sinh(V +72)2*
BIeN BIeN BIEN ov 292y

Let us estimate the second integral in the right hand side. Observe that in
the regions {Z < 1 — A’} (which are of size |y — &j| < 1;A"/%) we have by
a calculation similar to (3.19)

Z
/ 92 w1z = o).
ly—&51<u;A=b/2,y€d02x v

For the rest, that is at distance uj)\’b/z <l|y-— §§| < % we have that Z is
constant, so for a given j =1,...,m

2% Ly

w:/ wZz?
v pgAT 2 <y =€) <% yedn

/ujkb/2<|y§;<§,yearzA

=4\ o(\Y2).

Hence

(/ kég+w7w=4mvﬂ+qvﬂy
RIPN 61/
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We also have

|| Rz|<cx
A2

and from the expansion (2.27)
22 / sinh(V +72)2% = O(\Y/?).
082

This shows that it is possible to find 7 = O(A*~%/2) so that ¢y = 0. The
uniqueness of 7 can be seen also from the previous estimates. Indeed, sup-
pose we have 7,7 = O(A?) and solutions ¢, ¢~> such that for the corresponding
coefficients we have ¢y = ¢y = 0. From equation (4.14) and the estimates

that follow we obtain
A2)r — F| < OXY||¢ — || oo (2y) + |7 — F|(I7] + [F]) AP/

and using (4.12) we deduce T = 7.

Let us now discuss the differentiability of ¢ with respect to £'. We have

o) = ¢1(r(£), €)

where ¢ is the solution to problem (4.7) given by lemma 8 while 7(¢’) is
the unique positive number so that in problem (4.7) we have ¢y = 0.

Hence,
Dg ¢(&') = Drgn(7(£),€") Dy 7(€') + Dey 1 (7(€), €.

Since from (4.14) with co = 0 we can deduce that [Dg, 7(£')] < C)\ | from

(4.8) and (4.9) we conclude that

Dy d(E') | e (2) < CA°.
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5. Variational reduction

In view of lemma 8 and lemma 9, given £ = (&1,...,&,) € 02™ satisfy-
ing & —&;| > d Vi # j, we define ¢(§) and ¢;(§) to be the unique solution
to (4.7) with ¢o = 0 satisfying the bounds (4.8) and (4.9).

Let

Ji(u) = 7/ | Dul? — 2)\2/ coshu dx.
2 Ja, a0,

Given & = (&1,...,&n) € 002™, define

FX(§) = A(Vi(§) + 9(8)) (5.1)
where V1 (&) = V(&) + 7(£)Z(€) with 7(£) given by lemma 9.

Lemma 10. If £ = (&1,...,&,) € (02)™ satisfying (3.2) is a critical point
of F then v =V1(&) + ¢(&) is a critical point of Jyx, that is, a solution to

(2.15).

Proof. Let &' = &/)\. Therefore

OFy _10L (W (E) + o)

ovi(&) | 99(&)
o, A o€}, D\ ’

TDL(A(E) + o)) 25+ og

Since v’ = V1 (&) + ¢(&') solves (4.7) with ¢g =0

8V1 (&) , 99(¢)
)\2614 XzZM afk + 851,6 :|

Let us assume that DF)(£) = 0. From the previous equation we conclude

Ie

that

ici/ VeE=1,...,m

i=1 /08

) | 20N _

Xz‘Zu[ 852 afllc
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Since ||8f;g) | o (2,) < CAY and 8‘55(2/) = +Z; + o(1) where o(1) is in

the L° norm as a direct consequence of (4.6), it follows that

ZCi/ XiZ1i(£Z1k +0(1)) =0  Vk=1,...,m,
i=1 002

which is a strictly diagonal dominant system. This implies that ¢; = 0
Vi=1,...,m.

a

In order to solve for critical points of the function F), a key step is its
expected closeness to the function Jy(V;(€)), which we will analyze in the

next section.
Lemma 11. Assume « € (%, 1). The following expansion holds

(&) = IA(V) +0x(E)

where

|9>\| —0,

uniformly on points satisfying the constraints (3.2).
Proof. We write
V1 +¢) = (V) = [In(Vi + 8) — IA(V1)] + [ (Vi) — Ia (V)]

=A+B.

Let us estimate A first. Taking into account that DJy(Vi + ¢)[¢] = 0, a

Taylor expansion and an integration by parts give

1
A= / D2\ (Vi +td)[¢]> (1 —t) dt
0
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- ' 2)\?2 [cosh(V} + t¢) — cosh(V] + ¢)] ¢*
NC o

+ /{m [N1(#) + Ry] ¢) (1—t) dt,

so we get
D(Vi+ ) = (Vi) = O(N*)
taking into account that ||@||e(0,) < CA®.
On the other hand
B=1J\(V+7Z)Z]
for |7| < |7, and hence, since Z is almost an element of the kernel of J; (V),
we get
Ia(V1) = Ja(V) = o(1)7 — 0.
Hence |05 ()| = o(1) uniformly on points satisfying (3.2).
The continuity in £ of all these expressions is inherited from that of ¢

and its derivatives in & in the L* norm. 0O

6. Energy Computations and proof of the Theorem

In this section we compute the expansion of the energy functional Jy
evaluated at V' and we give the proof of Theorem 1.

We have

Lemma 12. Let m > 0, d > 0. Let p1; be given by (2.21) and let V be the
function defined in (2.16). Then for any 0 < a < 1 the following expansion
holds true

1
Jn(V) = 2mmlog X +m(By — 2m + 27w log 2) (6.1)
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—mpm (§) + O(X%)

uniformly on points € = (&1,...,&m) € (002)™ such that |§; — &;| > d for all
i # j. In the previous formula, ©,,(€) is the function introduced in (1.5),

namely

Pm(€) = Pm(Ers. - Em) = [ZH(&@) +Y_(-n"ag,a)
=1 G#l

while By is the constant defined by

1 1
= 1 .
po /Rl—i—sc2 1122
Proof: Since V(y) = Z;n:l(—l)j’l(u?()\y) + H])‘()\y)) satisfies AV =0 in

2y, we write

1 v
JV:f/ V——2)\2/ cosh(V).
e 2 Jon, Ov EYPN V)

We compute the second term first:

2/\2/ cosh(V) = \?2 i/ eV +e ")+ 00
082

=1 J092\NBs 1 (&;)

Suppose [ is odd first. Then, recalling the notation introduced in section 2

vi(y) = u(y) + 2log A, we get

/\2/ e +eV) = /\2/ e’ + 0\
d2\NBs/x(€]) d2\NBs /A (€])

= / et oD THIAE i (CDTT WIHHD) | o ()
dN2\NBs ) (€))
=21 + O(\%).

Thus

)\2/ (¥ +e V) = 2n + O(A%), (6.2)
39Aﬁ35/x(§;)
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Similarly for I even, we also have (6.2). So we obtain
22 / cosh(V) = 2mm + O(\%). (6.3)
EYeN

It remains to compute |, 50, VL.

v _ (1)1 4 B ).
/amvay— m(ﬂZ( 1) (j+Hj)>

=1

- i—1 v; 1 - i—1 v
'<§]4y “ ) Y Ame>

i=1 i=1
_ - j—1 u)\ A G o iflevi
L (g
- ‘3;2A| >yt /an 6“) /E)Q ( (Ujl(UjA'JFH]\))

since by (2.26)

For j # i, we have
[ e+ ) = 2nGi. ) + 00). (6.4)
o2y
For j = i, we have
. 204 1 20
v A A J J
et + B = [ ((log ) +log
/am ( o0, 1Y — 15V; 2( A? ly — pjv;)?
+H(&, &+ My) — log(Quj)> +0(\%)

1
= 2mlog 5 +2m(H(&;,&5) — log 215) + 200 + O(A%)
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(using (2.21)) so
1
/ evi(u) + H)) = 27 log 2 + 200 + 47 log 2 (6.5)
0825

+27T< H(&;,85) — Z 1) G( f]afz)) +0(\%)
i#]
Combining (6.4) and (6.5), we obtain that

oV _ S _1)iti evi (u) A @
/m ve =S (- / () + HY) + O(A%)

ij=1 99

= 2mm log % + 2mfy + 4mm log 2 (6.6)
+ 27 ( =) H(&, &) — Y ()G, &)) +0(\)
i=1 i

Summing up equations (6.3) and (6.6), we finally arrive at

1
Jn(V) = 2mmlog Y + m(Bo — 2w + 2w log 2)

+ O(1%)

—W[Z &)+ (-G, &)
=1

J#l

We now have all ingredients to give the proof of Theorem 1.

Proof of Theorem 1. Define, for { = (&1,...,&y,) € (002)™ with |§;—&;| >

d, the function
v(y) = Vi) () + o) (y) y € 2

where V1(€) is given by (4.1) and ¢(£) is the unique solution to problem
(4.7) with ¢y = 0, whose existence and properties are established in Lemma

9. Then, according to Lemma 8, v is solution to (2.15) provided that ¢ is a
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critical point of the function Fy(§) defined in (5.1), or equivalently, £ is a

critical point of

F,\(g) = % (Qmﬂ'logi +m(Bo — 27 + 2w log 2) — FA(£)> .

Let m = 2k and £2,,, be the set of points & = &1y, &m) € (002)™ ordered
clockwise along a given connected component of 942 and such that |§;—&;| >
d for all i # j, for some d > 0 sufficiently small so that all the previous
results hold true. Namely, if we denote by p : [0,27] — O0f2 a continuous

parametrization of this connected component of 92, then we can write

Cm ={6=(p(01),...,p(0m)) € (O™ : |p(0:) —p(0;)| = d if i j}.

It is not restrictive to assume that 0 € 9f2. Lemmas 11 and 12 guarantee

that for £ € 2,

() = em(§) + X760 () (6.7)

where @) is uniformly bounded in the considered region as A — 0. We will
show that F) has at least two distinct critical points in this region, fact that
will prove our result. The function ¢,, is C*, bounded from above in O
and if two consecutive points get closer it becomes unbounded from below,

which implies that

Om(&ry. .. &m) — —00 as |§ — &;| — 0 for some @ # j.

Hence, since d is arbitrarily small, ¢, has an absolute maximum M, in Qo
so does F whenever )\ is sufficiently small. Let us call M), this value, so that

My = My + o(1) as A — 0. On the other hand, Ljusternik-Schnirelmann
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theory is applicable in our setting, so we can estimate the number of critical
points of ¢,, in 2, by cat (flm), the Ljusternik-Schnirelmann category of
2., relative to £2,,. We claim that cat (f)m) > 1. Indeed, by contradiction,
assume that cat(£2,,) = 1. This means that (2, is contractible in itself,

namely there exist a point £0 € 2., and a continuous function I : [0,1] x

Q,, — 2, such that, for all £ € f)m,

rog=¢ 11¢=¢".

Let f: 81 — £2,, be the continuous function defined by

m—1

F) = 0).p0 + 27, p(0+ 27" 1)), w =, 0 e f0,27]

Let :[0,1] x S* — S! be the well defined continuous map given by

B 71 O F(t,f(:r))
n(t,x) = 10 I'(t, f(x))|

where 71 denotes the projection on the first component. The function 7
is a contraction of S! to a point and this gives a contradiction. Thus we

conclude that

¢op = sup inf ¢, (), (6.8)
cez el

where

5={CcC 2, : C closed and cat (C) > 2},

is a finite number, and a critical level for ¢,,. Call ¢) the number (6.8) with
©m replaced by F\, so that ¢\ = co + o(1). If ¢y # M), we conclude that
there are at least two distinct critical points for F\ (distinet up to cyclic

permutations) in Q. Ifex=M A, we get that there must be a set C', with
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cat (C') > 2, where the function Fy reaches its absolute maximum. In this
case we conclude that there are infinitely many critical points for F in
2, Since cyclic permutations are only in finite number, the result is thus

proven. 0O

Acknowledgements. This work has been partly supported by grants Fondecyt
1030840, 1040936, 1020815 and FONDAP, Chile, Progetto Nazionale ex 40%
Metodi variazionali e topologici nello studio di fenomeni non lineari, Italy, and

an Earmarked grant CUHK4238/01P from RGC, Hong Kong.

References

1. S. BARAKET, F. PACARD: Construction of singular limits for a semilinear
elliptic equation in dimension 2. Calc. Var. Partial Differential Equations 6,
1-38 (1998).

2. H. Brezis, F. MERLE: Uniform estimates and blow-up behavior for solutions
of —Au = V(x)e" in two dimensions. Comm. Partial Differential Equations
16, 1223-1253 (1991).

3. K. BryaN, M. VOGELIUS: Singular solutions to a nonlinear elliptic boundary
value problem originating from corrosion modeling. Quart. Appl. Math. 60,
no. 4, 675-694 (2002).

4. J. DAvILA, M. DEL PINO, M. Musso: Concentrating solutions in a two-
dimensional elliptic problem with exponential Neumann data. (2005) To ap-
pear in Journal of Functional Analysis.

5. J. DECONINCK: Current distributions and electrode shape changes in elec-
trochemical systems. Lecture Notes in Engineering, vol. 75. Springer-Verlag,

Berlin, 1992.



10.

11.

12.

13.

Singular Limits 57

M. DEL PiNno, M. KOWALCZYK AND M. Musso: Singular limits in Liouville-

type equations. Calc. Var. Partial Differential Equations 24, 47-81 (2005).

P. EsposiTo, M. GRrossI, A. PisTo1A: On the existence of blowing-up solu-
tions for a mean field equation. Ann. Inst. H. Poincare Anal. Non Lineaire

22, 227-257 (2005).

O. KaviaN, M. VOGELIUS: On the existence and ”blow-up” of solutions to a
two-dimensional nonlinear boundary-value problem arising in corrosion mod-

elling. Proc. Roy. Soc. Edinburgh Sect. A 133, 119-149 (2003).

Y. L1, I. SHAFRIR: Blow-up analysis for solutions of —Au = Ve" in dimension

two. Indiana Univ. Math. J. 43, 1255-1270 (1994).

K. MEDVILLE, M. VOGELIUS: Blow up behaviour of planar harmonic functions
satisfying a certain exponential Neumann boundary condition. STAM J. Math.

Anal. 36, 1772-1806 (2005).

K. MEDVILLE, M. VOGELIUS: Existence and blow up of solutions to certain
classes of two dimensional nonlinear Neumann problems. (2005) To appear in

Ann. Inst. H. Poincare Anal. Non Lineaire.

K. NAGAsAkI, Y. SuzUKI: Asymptotic analysis for two-dimensional elliptic
eigenvalue problems with exponentially dominated nonlinearities. Asymptotic

Anal. 3, 173-188 (1990).

M. VoGELIUs, J.-M. XU: A nonlinear elliptic boundary value problem related

to corrosion modeling. Quart. Appl. Math. 56, 479-505 (1998).



58 J. DAviLA, M. DEL PiNo, M. Musso, J. WEI

J. Déavila, M. del Pino:Departamento de Ingenieria Matemética and CMM,
Universidad de Chile, Casilla 170 Correo 3, Santiago, Chile.

e-mail: jdavila@dim.uchile.cl, delpino@dim.uchile.cl
and

M. Musso: Dipartimento di Matematica, Politecnico di Torino,
Corso Duca degli Abruzzi 24,10129 Torino, Italy and
Departamento de Matematica, Pontificia Universidad Catolica deChile,
Vicunia Mackenna 4860, Macul, Chile.

e-mail: mmusso@mat.puc.cl
and

J. Wei: Department of Mathematics, The Chinese University of Hong-Kong,
Shatin, Hong Kong.

e-mail: wei@math.cuhk.edu.hk



