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ABSTRACT. We consider the fractional critical heat equation

n+2s

ut + (—A)*u=wun-2s, inR" x (0,7),
u(x,O) = 'U'O(x)v in R™,

where 4s < n < 6s, 0 < s < 1. For sufficiently small T" > 0 and given k distinct points g1, - , g,

we show that there exists an initial condition ug such that the solution u(z,t) blows up at these k

distinct points as t — T. More precisely, the blow-up profile around each concentration point takes

the form of sharply scaled bubble and

n—2s

lu(, Lo @ny ~ (T'—t) &=n
ast—T.

1. INTRODUCTION

Semilinear heat equation of form

up = Au+uP, in R™ x (0,400),
t (0, +o0) )
u(+,0) = uo, in R™,
with p > 1 has attracted much attention since Fujita’s celebrated work [26]. Many works have been
devoted to studying this problem about the blow-up rates, sets and profiles. See, for example, [28],
[27], [30], [35], [45], [36], [37], [5] and references therein. The finite time blow-up is said to be of type
Tif
lim sup(T — t)lﬁlf1 lu(-, t)]|oo < +o00
t—=T
and of type IT if

lim sup(T — )77 |[u(- t)||se = +00.
t—T

Type I blow-up is like that of the ODE u; = uP and type II blow-up is much harder to detect. Many
studies have predicted that blow-up phenomena in problem (1.1) are very sensitive to the values of the
exponent p. It was first proved by Giga and Kohn [28] that for 1 < p < 22 only type I blow-up can

n—2’
occur for the case of convex domain. This result was generalized to general domain by Poon in [41]. For
the critical case p = 2£2 this is also the case for radial solutions [21] or the domain is star-shaped [3].
The critical case p = Z—fg is special in many ways. For the subcritical case p < Z—f; in [39] Merle
and Zaag found multiple-point, finite time type I blow-up solution and studied its stability. For the
supercritical case p > Z—J_rg, Matano and Merle classified the radial blow-up solutions in [37] and they
found that for Z—J_rg < p < pyr(n) with the Joseph-Lundgren exponent defined as
) {oo if 3<n<10
psr(n) = 4 )
I+t o n2ll
no type II blow-up can occur in radially symmetric class. In [19], del Pino, Musso and Wei constructed

non-radial type II blow-up solution in the Matano-Merle rage ng <p<pyr(n), where p = :%;’ is the

second critical exponent and the solution blows up along a certain curve with axial symmetry in the
1
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sense that the energy density approaches to the Dirac measure along the curve. For the critical case
p= Z—fg, Collot, Merle and Raphaél classified the dynamics near the ground state of the energy critical
heat equation in R™ with n > 7 in [4]. In [42], by using the energy method, Schweyer constructed the
radial, type II finite time blow-up solution to the energy critical heat equation in R*. In [21], del Pino,
Musso and Wei found the existence of finite time type II blow-up solution for the energy critical heat
equation in R®. Concerning the infinite time blow-up, in a very interesting paper [23] Fila and King
studied problem (1.1) with p = Z—f% and provided insight on the question of infinite time blow-up in the
case of a radially symmetric, positive initial condition with an exact power decay rate. Using formal
matching asymptotic analysis, they demonstrated that the power decay determines the blow-up rate
in a precise manner. Intriguingly enough, their analysis leads them to conjecture that infinite time
blow-up should only happen in low dimensions 3 and 4, see Conjecture 1.1 in [23]. Recently, this is
confirmed and rigorously proved in [20] for dimension 3. Bubbling phenomena triggered by criticality
are present in many other contexts, for example, Keller-Segel chemotaxis system, harmonic map heat
flow, Schrédinger map and geodesic flows. We refer the readers for instance to [7,9,12,13,29,32,33,38]
and the references therein.

In [6], Cortézar, del Pino and Musso investigated the following critical heat equation in bounded
domain Q C R" (n > 5)

w = Au+ui=? i Qx (0, 00),
u=0 on 08 x (0, 00),
u(-,0) = ug in Q,
and they showed the existence of infinite time blow-up whose blow-up profile takes the form of sharply

scaled bubble, and the blow-up points are determined by the Green’s function and its regular part in
Q. In [40], the existence of infinite time blow-up has been proved for the fractional case

up = —(—A)%u+ Wi in Q x (0, 00),

u =0, on (R™\ Q) x (0, 00),
u(+,0) = wo, in R™
with 0 < s < 1 and n > 4s. Here, for any point x € R", the fractional Laplacian (—A)*u(z) is defined
as
u(z) — u(y)
(—A)Yu(zx) := cn,SP.V./ ————=dy
Rn [T —y|"T2e
28 p(nt2s
with a suitable positive normalizing constant ¢, s = Lﬁ) We refer to [22] for an introduction

I'(l—s)m2
to the fractional Laplacian and to the appendix of [8] for a heuristic physical motivation in nonlocal
quantum mechanics of the fractional operator considered here.
In this paper, we consider the fractional heat equation with the critical exponent

{ut + (—A)*u = u%, in R" x (0,7), (1.2)

u(z,0) = up(x), in R™.

Throughout the paper, we assume that 4s < n < 6s, 0 < s < 1 and a function Z§ € C§°(R™) is chosen
such that

Z5(q5) <0,
where ¢; (j =1,--- , k) are distinct k points. It is well known that

U(y) = an,s (1+1|y|2>

is the bubble solving the fractional Yamabe problem

n—2s

(—A)U =U#%% in R",
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where o, 5 is a constant depending only on n and s. See, for instance [2] and [34]. The scaled bubble
is defined as £0)
n—2s xr — t

Uve=A"T2 QU |——=]. 1.3

o= v (S H0) (1.3

We show the existence of finite time blow-up for the fractional critical heat equation (1.2) and the
main Theorem is stated as follows.

Theorem 1.1. Assume that 4s < n < 6s, 0 < s < 1 and Z{(g;) < 0 for k distinct points ¢;

(j = 1,---,k). For T sufficiently small, there exists an initial condition uy such that the solution
u(z,t) to problem (1.2) blows up at qu,--- ,qr at finite time T'. Furthermore, the solution takes the
form

k
u(x,t) =Y U6, (@) + Z5(z) + O(x, 1),
j=1

where Uy, (1).¢,(1)(x) is the scaled bubble defined in (1.3),

Aj(t) =0, &) —=q; as t =T,
1Ol < T for some constant ¢ > 0. More precisely,

Xj(1) = m(T = )77 (1 + o(1)
for some positive constants k; >0, 7 =1,--- k.

Remark 1.1. Theorem 1.1 implies that
e Forn =4, finite time blow-up takes place for s € (2/3,1)
e Forn =25, finite time blow-up takes place for s € (5/6,1)
which is a continuation of the local casesm =4, s =1 in [/2] and n =5, s = 1 in [21]. Also, our

construction suggests that no finite time blow-up of this type should exist in higher dimension case
n>6,se(0,1).

The proof of Theorem 1.1 is mainly based on inner-outer gluing method, which is well developed, for
the higher dimensional concentration in elliptic settings, in [15], [16], [18], [L7] for example. Recently,
the parabolic gluing method is developed and has been successfully applied to the construction of
solutions to various parabolic problems, such as the singular formation for the harmonic map flow from
R? to S? [12], the infinite time blow-up in energy critical heat equation [6], [20], type II finite time blow-
up along a circle for supercritical heat equation [19], type II ancient solution for the Yamabe flow [7],
infinite time blow-up for the half-harmonic map flow [44], the vortex dynamics in Euler flows [9],
blow-up for the 3-dimensional harmonic map flow along a curve with axial symmetry [10] and type II
finite time blow-up for the energy critical heat equation in R® [21]. We refer the readers to the survey
by del Pino [14] for more results in parabolic settings.

The proof of Theorem 1.1 is close in spirit to [21]. However, in a central step that the linear theory
for the associated linear problem of the inner problem is required, the ODE techniques are no longer
applicable in the fractional setting. Instead, we shall develop a fractional linear theory by using a
blow-up argument inspired by [12, Lemma 4.5]. See Section 5 for full details.

By our construction, finite time blow-up also exists on the bounded domain 2 C R™. Suppose a
smooth function Z§ € L>°(Q) satisfies

Z5(q5) <0
for given k distinct points q1,- - ,qr. For the fractional critical heat equation on bounded domain
QCR”
ug + (—A)%u = u%g-;? in Q x (0, 00),
u=0, on (R™\ ) x (0, 00), (1.4)
u(+,0) = u, in R"

with ug(z) =0 in R™"\Q, 0 < s < 1,4s < n < 6s, finite time blow-up exists and we have the following
Theorem.
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Theorem 1.2. Assume that 4s < n < 6s, 0 < s < 1 and Z{(g;) < 0 for k distinct points ¢;
(j = 1,---,k). For T sufficiently small, there exists an initial condition ug such that the solution
u(z,t) to problem (1.4) blows up at q1,--- ,qx at finite time T. Moreover, at main order, the solution
takes the form

k
u(z,t) = Z U, 0,6, () + Z5(x) + L(2, 1),
j=1

where Uy, (1).¢,1)(x) is the scaled bubble defined in (1.3),

Aj(t) =0, &) =g as t =T,
| Y] < T for some constant ¢ > 0. More precisely,

Aj(t) = vj(T = )77 (14 o(1))
for some positive constants v; >0, j=1,--- k.

The proof of Theorem 1.2 can be carried out similarly as that of Theorem 1.1. So we shall only
prove Theorem 1.1 in this paper.

The paper is organized as follows. In Section 2, we construct an approximate solution and compute
its error. In Section 3, the main parts of the parameters A and £ are given. In Section 4, we develop
a linear theory for the outer problem. In Section 5, we develop a new fractional linear theory for the
inner problem. Finally, we shall prove Theorem 1.1 in Section 6.

“

Notation. In the sequel, we shall use the symbol “ < ” to denote
C independent of ¢t and 7', and C may change from line to line.

< (7 for a positive constant

2. APPROXIMATE SOLUTION AND ERROR ESTIMATE

In this section, we shall choose the approximate solution and compute its error. For simplicity, we
consider one bubble case. The multiple-bubble case is similar up to some minor modifications which
we will point out if necessary.

Our first approximate solution is

w=Uxe+Z )

and Z* is the solution to the fractional heat equation

{Z; +(=A)PZ* =0, inR"x(0,T),

where

Z*(z,0) = Z§(x), in R™.
Here,

At) = Xo(t) + Ai(t), €(t) = &o(t) + &u(t), (2.1)
where A\g(t) and &(¢) are the main order terms of A\(¢) and £(¢) respectively, and A1(t) and & (¢) are
the reminder terms which are comparatively smaller than \o(¢) and & (t) respectively. Define the error

S(u) = —up — (—A)°u+ uP,

where p := Zi—gi Direct computations imply that

S(w) == (Ung)e + (Ure + Z")P = U3,

n—2s

= AT T, (y) + AT T VU(Y) + (Une + Z5)F — UL,

where y = 555, Z,41 = 252U (y) +y - VU(y).
We look for a solution of the following form

u=Uxe+Z"+¢.
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Then S(u) = 0 yields that

S(u) = —pr = (=AY +pUL W) (p + 27) + AT E+ N(p + Z27) =0, (2.2)
where
E(y,t) = AP INZu 1 (y) + 227 VU (2.3)
and
N(p+2Z*)=(Une+ o+ Z°)V - UL, —pUL (0 + Z7). (2.4)
We look for perturbation consisting of inner and outer parts
n—2s
QD(:IZ,t) = AiT(t)nR(y)ﬁb(yvt) +w(z7t)v (25)
where R > 0, n is a smooth cut-off function such that
1, s<1,
n(s) = {0, s> 2,

and nr = n(|y|/R). Then we can express (2.2) in terms of ¢ and ¢

— gy — (—A)30 + PATE A = ) UPT () (1 + Z27) + C(9) + R(D) + A5 E(1—ng) + N(p + 27)

AT (2020 — (—A);0 + PUPT )0+ AT (1 + 27) +€) =0,

where
C(9) i= A7 [(=(= )5 = D))o + [~(~A) naly), —(~ )7 26(v)]] (2.6)
and
_n=2s_ 4 . /n—2s . . .
R(¢) 1= A" [nRA ( —+y- qus) k- 6+ 6 (Ay - Yy + € vynR)} @)
Here
A2 1w, (- g = ey, [ O IOI 00, o
with ¢,s = % Therefore, u = Uy ¢ + Z* + A2 (Onr(y) oy, t) + (. t) solves (1.2) if
(¢(y, ), (x,t)) solves the so-called inner-outer gluing system
A = —(=A)50 +pUP (y)¢ + H (¢, 1, A, €) in Byr(0) x (0,T) (2.9)
wt = _(—A)ii/J + g(d)a ZZ% )‘75)7 in R™ x (OvT) (2 10)
¥(x,0) =0, in R" '
where
H(G, A, €) 1= A2 pUP () (g + & 1) + Z* Ny +€.6) + E(.1) (2.11)
and

n+2s

= E(l—nr)+N(p+2Z"). (2.12)

G(0, 1, A, €) == pA* (1 =) U™ (y) (¥ + Z7) +C(6) + R(d) + A~
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3. CHOICES OF \¢(t) AND &p(t)

We shall choose Ao(t) and &y(t) defined in (2.1) in this section. Basically, the inner problem (2.9) will
determine the parameter functions A and £ at main order. By the fractional linear theory developed
in Section 5, the inner problem (2.9) will be solved under the orthogonality conditions

H(Qba'l;[}a Avg)ZJ(y)dy = Oa for all t ¢ (OvT)v J = 1; N + ]-7
Bar
where R is fixed sufficiently large and

n—2
2

Zi(y) =0y, U(y), j=1,---,n, Zny1(y) = Uy) +y-VU(y). (3.1)

The leading term of H is
h[Aos €o] = A3 Ko Znt1(y) + A5° 6o - VU + A(?_T%pUp_l(y)ZS(Q)
T U W)V 25 () -y,
It is reasonable to choose Ao(t), £y(t) such that
/ hlXo,&0)Z;(y)dy =0 forall t € (0,T), j=1,---,n+1

are satisfied. For j = n + 1, we have

/ h{Xo,&0] Zns1(y)dy = /\(2)‘9_1)\0/

and thus

n—2s
Zh o (y)dy + A ® pZy(q) / UP~ N (y) Zns1(y)dy

n n

n—6s+2
2

Co).\() + chg (q)>\0 = 07
where
“ :/ ZhoaWdy, cv =p [ UP"H(y) Znia(y)dy.
R R
Observer that cq is well-defined thanks to the assumption n > 4s and ¢y < 0. Therefore, in order that
A(t) = 0 as t — T, we suppose

Z5(q) <0
and then we obtain the main order
Xo(t) = a(T —t)55= (3.2)

with

_ 2cq e

- (ClZ()(q)(GS_”)) '

Similarly, we consider the case j =1, --- ,n and get
| Do S0l Zi(w)dy = 257 | fo - VU(y)Z;(y)dy + Ag%“p/n U () Z;(y)VZ5(q) - ydy.

So we can write &(t) = )\(%HE for some vector ¢. Hence, by (3.2), we obtain

So(t) =g+ O(T — )= g

for some vector ¢. The remainders A (t) and & (¢) defined in (2.1) will be chosen when we finally solve
the inner-outer gluing system in Section 6.
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4. THE OUTER PROBLEM

In this section, we shall get proper a priori estimates of the associated linear problem of the outer
problem (2.10). We consider the linear problem

{atz/)(m,t) = (=AY (x,t) + f(z,t), inR"x(0,7)

P(z,0) =0, in R™. (41)

A solution to the Cauchy problem (4.1) is guaranteed. Recall that the heat kernel to the fractional
heat operator 0, + (—A)? is given by
t
Kq(x,t) < IS ==l (4.2)
(= +[=[*) =

Then by Duhamel’s formula

Y(x,t) = /Ot - Ky(x — z,t —r)f(2,r)dzdr

is the solution to (4.1).
Define the norms

P(w,t
ol = sup @D (43)
(z,t)ER"x(0,T)  Px
flz,t
1l = sup 2O (1.4)
(z,t)ER? % (0,T)  Pxx
where )
1 g 2 (t
Py =1+ — and p.. ::1—&—%.
L+ 150 L+ 150

We have the following lemma.

Lemma 4.1. Assume that || fl«« < 400. For sufficiently small T > 0, the solution 1 to problem (4.1)
satisfies

191+ S [1f1lex-
Proof. First, we compute the asymptotic behavior of ¢ (x,t) as |x| — 400 provided || f|[«x < +00.
¢($,t)| 5 Ks(x_zvt_r)f(z7r)dZdr
R”l
t—r Ao 25 (r)
S Lo | e | dear
n S+lr—z z—q
L P ) (4.5)

t —2s
1 Ao P (r
“isl- [ [ — o | axar
o Jrr (14 [X[?)7= 1 4 |z=(t=1)2 X g
+ o (r)

where we have performed the change of variable
xr—z
(t—r)%

For the first integral in (4.5), we have

o n2dXdr<t o 4.6
e[ [ s 191 (4:6)
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We decompose the second integral in (4.5) as follows

/ / Ao **(r) dXdr
n+42s n—zs
" ‘X|2 + asf(tfr)inq ?

1+ Ao(r)
t 1 )\728
=/(/+/+/) TEEn 0 (r) ——dXdr
o \Up, Jp, Jps/ (1+|X|?) 2 14 |e=tt=r)? %X
)\0(’)”)
=J1+ o+ J3,
where
D, = {XER":‘x—(t—r)iX—(A22|$—q|},
Dy = {XGR":2|$—(]|Z |x—(t—7‘)215X—q}ZI2q}
and

Ds := {XGR":xQ_qZ‘m—(t—r);@X—q‘}.

Then we estimate term by term by recalling that A\g(¢t) ~ (T — t)ﬁ in (3.2)

e g
’ N/ / d| X |dr
1 lz—q|(t—r)" 35 1+ |X|"+25 v—q n—2s | |

1+ Ao(r)

—2s t
for Ao (1) dr < ! / (T - r)1+2(6n< = dr (4.7)
0

nEE Y e =g

3lp— —r 7% n— —2s
P B N (G RO
2~ o Jo 1+|X|n+25 v—q n—2s r
1+ Ao(r)

5 /t >‘0_28(T) J < 1 Tg;%ns
0

r
—2 ~ —92 )
1+ o—q n—2s |:L._q|n s
Ao (r)

1
Slz—q|(t—r)" 25 X|n—1 )\n—4s
JSN// X1 5 0 1(7") d| X |dr
|z—q|(t—r)~ o5 1+‘X|n+ s ‘(t_,r.)gX‘nfzs

§|x—q|n/ « y )(t_r)idT (4.9)

(4.8)

and

n—2s

(t—r)=

1 Tﬁjjn'

<
|z — q|"

Therefore, we conclude from (4.6)—(4.9) that |¢(z,t)| is bounded as |z| — +o0.
Now we build a supersolution to problem (4.1) with || f||«« < +00. Let p(y) be the solution to

1
—A)® =
(=A)p(y) = 7 T

where y = ( ) By the Riesz potential, it is direct to see that

p(y) ~ as |y| — ooc.

1
L [y[r=te
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We let ¢ (z,t) = 2| f]l«p(y) and compute

o A)® _ \ -1 2||f||**)\072S
w1+ (=AY = =2 fllrodg Y - VW) + — e
1+ 1yl
171205 )
#x 0 i y—1
z I+ 17 P = 2[[fllxAoAg Y- V() = [ f s
Observe that for some constants ~, ¢ > 0 independent of T and ¢
Co_ Ao 2 0 for |z —q| < c(T —t)2
2| fllexhog 'y - V M lero ™ JO, N ) 4.11
R e e B e

where 8 = (1=2(1=49) o take

2s(6s—mn)
o = C||fllest + 487 TP = (T = 1)°], & = b1 + ¢n, (4.12)

where C is a sufficiently large constant. Combining (4.10)-(4.12), we conclude that ¢ is a supersolution
to problem (4.1) and the estimate

[0l < 111l

follows immediately from the definititions of the norms (4.3) and (4.4). O

Remark 4.1. For arbitrary T' < T, we have
1 lloe S 2625 (T f [l

Then fractional parabolic estimates (see [31] and the references therein) imply the following Hélder
estimate

[Wla,r S A2 (Tl (4.13)
for some 0 < a < 1. Here the space-time Hélder semi-norm is defined as
[Wlaz = sup [ (@1, t1) — (@2, ta)|

e1aaeRY |T1 — To|* + [t — o] /2
tq,t2€[0,T"]

5. THE LINEAR THEORY

In this section, we shall develop a fractional linear theory motivated by [12, Lemma 4.5] for the
inner problem (2.9). Since the ODE techniques are no longer applicable in the fractional setting, we
shall use the blow-up argument instead.

In order to solve the inner problem (2.9), we consider the associated linear problem

AB¢y = —(=A)yd +pUP" (y)d + h(y,t) in Bag(0) x (0,T). (5.1)
Recall that the linearized operator
Lo = —(=A)" +pUP~"
has a only positive eigenvalue o such that
Lo(Zy) = moZo, Zo € L (R"),
where the corresponding eigenfunction Zj is radially symmetric with the asymptotic behavior
Zo(y) ~ Iyl ™" as [yl = +oo, (5.2)
see [25] for instance. Multiplying equation (5.1) by Z and integrating over R™, we obtain that
N()p(t) — pop(t) = q(t),
where
p0) = [ o) Zalu)dy and o= [ iy 0Zalu)dy

n
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Then we have
plo) = el 0 (04 [ AP (e ).
0
In order to get a decaying solution, the initial condition
p(0) = — /T g A2 ()e 5 roX T (dr gy
0
is required. The above formal argument suggests that a linear constraint should be imposed on the

initial value ¢(y,0). Therefore, we consider the associated linear Cauchy problem of the inner problem
(2.9)

(b‘l' = _(_A)284¢ +pUp71(y)¢ + h(y77—)7 in BQR(O) X (T07 OO) (5 3)
Dy, 70) = eoZo(y), in Byr(0)
where R > 0 is fixed sufficiently large, and we have performed the following change of variables
dr
— = ATE(1).
7 (t)
Let v > 0, a > 0 such that
YD -l
Define
1Plla,v.n = o (1 +[yl*) (h(y, )+ (L + Y1) XBos R, T)n.Bar ) » (5.4)
Yy 2R
T>T0

where the Holder semi-norm is defined by

Wz, 7) — h(y, 7)|
(-, 7)), = sup
[ ( )]77 Bar #.9€ Ban |.7J — yln

for 0 < n < 1. In the sequel, we consider h = h(y,7) as a function in the whole space R"™ with zero
extension outside of Bog for all 7 > 79. The main result of this section is stated as follows.

Proposition 5.1. Assume 2s < a <n —2s, v >0, ||hll2s4a,,n < +00 and
/ h(yaT)Z](y)dy:()a VT€(7'0, OO), ]:13 ,77,+1
Bar

For sufficiently large R, there exist ¢ = ¢[h](y,T) and eq = eg[h](T) solving (5.3) with

ey ([ D) o S 0 b Wi (55)

ly — a|t2e
and
leolh]| < Ihll2s+a.vm> (5.6)
for (y,7) € R™ x (19, 00).
To prove Proposition 5.1, we consider the following problem

d)‘l' = _(_A)éd) +pUp_1(y)¢ + h(y7 T) - C(T)ZO(ZU)7 in R™ x (TO7 00)7
o(y,70) =0, in R”, (5.7)
Jgn @y, 7) Zo(y)dy = 0, for all T € (10, +00).

Note that the orthogonality condition [, ¢(y,7)Zo(y)dy = 0 is well-defined because Z; is of sufficiently
fast decay. For problem (5.7), we have the following lemma.
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Lemma 5.1. Assume 2s <a <n—2s, v >0, ||hl2stavny < +00 and
h(y,T)Z](y)dyZO, VTE(TOa OO), .7:15 ,Tl+1

Bar

Then for sufficiently large 7 > 0, there exists solution (¢(y,T),c(7)) to problem (5.7) satisfying

||¢Ha,'r1 § ||h||25+a,'rl (5.8)
and
(M S 77" R*|Pll2sa.ris VT € (70,71)- (5.9)
Here the norm || - ||p.r, s defined by
1Plle,7, = S T/ [[(L+ y[*) | poe em-
T T0,T1

Proof. Tt is direct to see that problem (5.7) is equivalent to

{¢T - _(_A)S¢ _|_pU;D71(y)¢ + h(y7T) - C(T)Zo(y), in R™ x (TO, OO),

¢(y77—0) = Oa in Rn7 <510)

for
_ Je My 7) Z0(y)dy
Jen 1Z0(y)Pdy

e(7)

Some direct computations yield that

()| S 7 "B |[hll2star, VT € (70,71)-

(5.11)

Next, we prove (5.8) by using the blow-up argument inspired by [12, Lemma 4.5].
We claim that given 71 > 79, we have

[@lla, 7, < +o00.

Indeed, by the fractional parabolic theory (see e.g. [31]), given Ry > 0, there is a K = K (Rp, 1) such
that

‘¢(y57)| S K in BRO X (TO,Tl]'

For fixed Ry, choosing K sufficiently large, we get that K;p~“ is a supersolution to (5.10) for p > Ry.
Then we get that

|¢| < Ki1p™® and thus ||¢|ar < +o0.
By the definition (5.11), one has

¢)(yv T)Zo(y)dy = 07 VT € (7-07 Tl)a
R’ﬂ
and we claim that

(b(yaT)Z](y)dy:Oa VTG (7-07 T1)7 .7:17 ,Tl—|—1 (512)
Rfl

Indeed, we test problem (5.10) against 7(|y|/R1)Z;(y), where Ry is positive and the smooth cut-off
function is defined by

1 forr<l1
77(7’){

0 forr>2
It then follows that

/ oy, Tyl Ra) 2 (y)dy = / ar [ o) (L) + hnZ; — () ZonZ;) dy
R™ 0 R»
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and
[ otttz + 02—z = [ o (2-Carm [~ Cayin-(-a)iz))
b2+ e o2, )
- o(r?)

for some small positive number e uniformly on 7 € (79, 71). Then (5.12) holds by letting Ry — +o0.
We prove (5.8) by contradiction. Suppose that there exists a sequence 7'1’“ — 400 and ¢, hi, ck
satisfying

{Tm— —(=A) x4+ pUP ()1 + iy, 7) — er(T) Zo(y),  in R™ x (70, 00),

or(y,70) =0, in R",
with
“¢k|‘a,7'{c = 1a ||h/€||25-‘,-a,7'{c — 0. (513)
From (5.13) and (5.9), it holds that for any fixed R > 0,
sup 77¢p(T) = 0. (5.14)
TG(TO,T{")
We first prove that
sup 77| (y, )| = 0 (5.15)
To<T<TF

uniformly on any compact subset of R™. We prove (5.15) by contradiction.

Case 1. Suppose there exist some |yx| < R and 79 < 78 < 7f, such that

(73)" |on(yrs 1) >
By (5.13), we then have 7§ — +o00. Define

Ok(y,7) = (15) x(y, 75 + 7), by, 7) = (75) hae(y, 75 + 7), & (7) = (75)" (75 + 7).
Then

N |

Orér = Lolén] + hi — (1) Zo(y) in (19 — 75,0].
Here hy — 0 uniformly in any compact subset of R™ x (—o0, 0] and &, — 0 uniformly in any compact
subset of (—o0, 0]. Furthermore, it holds that

Gl < T
640,71 < T3

Thus by fractional parabolic regularity theory, we find that, up to a subsequence, ¢ — ¢ uniformly
in any compact subset of R x (—o0,0] with ¢ # 0 and ¢ satisfies

Tsf;:*( )545+pU”’1<5 in R™ x (—00,0],

in R™ x (19 — 74,0].

Jon (y)dy =0 for all 7 € (—00,0], j =0,1,---,n+1, (5.16)
|¢(y7 )‘ > 1+‘y‘a in R” x (—o0,0], ’
q;(ya 700) - 07 in Rn.

We now prove that ¢ = 0 which yields a contradiction. In fact, fractional parabolic regularity yields
that ¢ is smooth and a scaling argument shows that

(L+ [y (=A)2 9] + 6| + |(=A)°
Differentiating (5.16), we get 9,0, = —(—A)*¢, + pUP~L(y

7\§(1+|y|) 27, (5.17)
)¢ a
(L + [ )I(=2)2 e + [rr| + (=2)*0r| S (1+|y\)_45_“' (5.18)
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Define
Q€= [ Lo

Here ¢ satisfies certain asymptotic conditions at infinity. In particular, from (5.17), (5.18) and the
fractional parabolic regularity theory ( [31]), it holds that

Q(,9)| < +00, [Q(r,¢r)| < +00.
It then follows that

1 _ o
S0 /R 16+ 1% + Q(Jr,67) = 0. (5.19)
Recall that [p, oy, 7)Z;(y)dy = 0 for 7 € (—00,0], j =0,1,--- ,n + 1. Hence, we get

O 0:7)Zi(y)dy =0

and

Q(ér,¢7) 2 0.
So from (5.19) we have
1

=0, | |¢-*<0.
2 Rn
On the other hand, multiplying (5.16) by ¢, and integrating over R", we obtain
_ 1 -
[ 16:2 = ~30.006.5)
]Rn

Therefore, we find that

0

87 |(Z_57‘|2 S 07 / dT/ |§5T|2 < +oo.
R™ —00 n

Hence, one has

(!I)T =0,
namely that ¢ is independent of 7 and Lo [#] = 0. Since ¢ is bounded, by the nondegeneracy of the
linearized operator Ly (see [L1]), ¢ is a linear combination of Z;, j = 0,1,--- ,n + 1. Then by the
orthogonality condition
¢Z; =0,
Rn

we conclude that ¢ = 0, a contradiction. Hence (5.15) is proved.

Case 2. Suppose there exists a sequence of y with |yx| — +oo such that

() 1+ )l )] 2 5

Define
Oz, m) = (1) lyn|“ G (e + lynel=, Ly + 73).

Direct computations yield that

Or . = —(—A)* Gk + arr, + h,
where

a, = pUP™ (yi + [yxl2)

and

(2, 7) = (75)" |y P T P (i + Ll 2, [y P57 + 75) — (7)) i ey 7 + 75) Zo (y + |yi|2).
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By (5.13), (5.14) and (5.2), we obtain that
(2, 7) S o(Dik + 2|72~ ((75) " Hywl 7 + 1)
where
. k
Yk = ﬁ - =
Hence hy, — 0 uniformly in any compact subset of R" \ {é} x (—00,0] and ay — 0 uniformly in any
compact subset of R". Note that ¢;,(0,0) > 1 and
|6k (2T S [9k + 27 ((75) " Hywl o7 + 1)
Then, up to a subsequence, ¢, — ¢ # 0 uniformly in any subset of R” \ {é} x (—o0,0]. Moreover,
¢r = —(—=A)°¢  in R™\ {&} x (—00,0], (5.20)
with
|| <|z—é]7% inR™\ {&} x (—00,0]. (5.21)
For problem (5.20)—(5.21), we now claim a Liouville type result $=0.
Indeed, without loss of generality, we consider

$r = —(~A)»¢ in (R™\ {0}) x (—o0,0],
{dzl <z in (R™\ {0}) x (—o0,0]. (5.22)

Inspired by [1], we shall construct a supersolution to problem (5.22). Let 6 > 0 be an arbitrary fixed

constant and
—a >
ug(z) := {|a:_|a - lel=e

e x| <e.

Here ¢ > 0 is small enough such that § > £"~2572, Define
1)

a(x,t) := Ky(z —y,t)uo(y)dy +
RTL

where K (z,t) is the heat kernel given in (4.2). It is clear that
a(r?,0) > r=9.
Then for all M > 0, u(r?,7 + M) is a supersolution to
{asf = —(=A)%¢ in R"\ {0} x [~M,0],
Bl <lele iR\ {0} x [~M,0]
Now for t > 0 large, we estimate

1)
lu(z, )| S ; Ks(z —y,t)uo(y)dy + [

Direct computations yield that for any fixed = # 0,

t 1
Ks(x - yat)UO(y)dy‘ S / nt2s dy
Rr re (5 + |z — y|2) "2 = Jyle

</Bz | /"\Bz| |> te +\a:—y| )5

< |pne

‘ a

For any fixed (z,7) € R™ x (—00,0], we have that

4]

mn_a—"_(T—i_M)_i—’_W’ VM > 0.

[o(a, 7| S (7 + M)~ %
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Letting M — 400, we obtain that

~ 4]
5,7 S e

Since § > 0 is arbitrary, it holds that

¢(x,7) = 0.
The proof is complete. O

Proof of Proposition 5.1. First, we consider the problem
0-¢ = —(=A)*¢ +pUP~ (y)d + h(y,T) — c(7)Zo, in R x (70, +00)
o(y,m70) =0, in R™.

Let (¢(y,7),c(7)) be the solution of the initial value problem (5.7). From Lemma 5.1, for any 7 > 79,
we have

[¢(y, I S 77" (L + [yl lIhll2star for all T € (10,71), y €R”
and
le(T)| < 777 R*||h||25+q,7 for all 7 € (10, 71).
By assumption, ||A||2s4a,0,n < +00 and ||hl|2st+a,7 < ||]|2s+a,0,n for an arbitrary 7. It follows that
l¢(y, DI S 77"+ [y~ IAll2sta,y for all 7 € (10,m), y € R
and
le(T)| < 777 R*||h||25+q,0,n for all T € (19, 71).
By the arbitrariness of 7y, we have
|¢(y77—>‘ 5 T_V(l + ‘y|>_a”h”2s+aﬂ/ﬂ7 for all 7 € (7_07 +OO)7 yeR”

and
le(T)| < 77V R h||254a,,y for all T € (19, +00).

By the regularity theory of [43] and a scaling argument, we get the validity of (5.5) and (5.6). O

Remark 5.1. In the inner problem (2.9), H behaves like

n—as 1 1
H <N + .
~ (1 +lyn=2 1 ylts

Recall that 4s < n < 6s. For a > 2s, we get

AT A
< a+4s—n a—2s < a+4s—n
N1 [yt ( PR ST [ylo+2e '
Define the || - || norm as
1
AT+ [yl By, 1) — 3z, 0] \?
o||g := sup oy, )|+ (1 + |y|® / dx . 5.23
lollp = sup A0 o+ i) ([ PR (5:23)
yEB2Rr

Then by Proposition 5.1, we obtain
[958 < 1Hlln—250.n-
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6. SOLVING THE INNER-OUTER GLUING SYSTEM

In this section, we shall solve the inner-outer gluing system
Ay = —(=A)yo +pUPH(y)o + H(p, 1, A, €) in Bagr(0) x (0,7)

¥(z,0) =0, in R"

where H and G are defined in (2.11) and (2.12) respectively. We shall solve the inner-outer gluing
system as a fixed piont problem for p'= (¢,4, A, €) in a proper Banach space.

{wt=—<—A>;w+G(¢,w,A,5>, in R x (0,T)

We define f H(b N EZ,()d
y H 9 7A7 :: BZR ’ ’ ’ ] y y
C][ <¢ ¢ f)] fBQR |Zj(y)|2dy
and
B n+1
H(d, 1, A, &) =M, X, ) = > ¢5[H (.9, A, €)1 Z;.
j=1

Then the linear theory is automatically applicable to the following problem

A2¢t = —(—A)Zgﬁ—{—pU”*l(y)gb+7:l(¢,1/),)\,f), in B2R X (OvT) (6 1)
o(x,0) = eZy(x), in Bar '
Problem (6.1) can be formulated as the following fixed point problem
¢ = T H(D, 4, A, )] = Fi(e, v, A, ). (6.2)
If in addition we have
Cj[H(Qba’é/%/\vf)] =0 for all le, an+]—a (63)

we get a true solution to the real inner problem. Similarly, for the outer problem, we look for a fixed
point of

7/) = Tout[g(qsvwa >‘7£)} = f2(¢71/% >‘7£) (64)

Therefore, the inner-outer gluing system is now reduced to the system (6.2)—(6.4). We shall solve the
system by Leray-Schauder degree theory. For 6 € [0, 1], we define the homotopy class

Ho(h, A, ) (y,t) = N AZu 1 () + X716 Z5(y)
j=1

n—2s n—2s

+ATT pUP N (y)Z5 () + 27 U (y)VZ5(q) -y

+ONTIpUPT ()2 O + € 8) — Zg(q) — My - V2 (a) + ¥y + €, 1)),
Consider the following system

6 =T [Ho(6.9, 1, ) = S5, o5l Ha(6, 0, 0,612,

cij[Ho(g, 10,2, €)] =0, forall j=1,--- ,n+1 (6.5)

P = ToOG(6, 0, A\, €)]

The case §# = 1 corresponds to the original system that we need to solve.
We write

At) = Xo(t) + Ai(t), £(t) =g+ &(t), t €[0T,
where Ag(t) is defined in (3.2) and A (T) =0, &(T) =0.
Suppose that we have a solution (¢, 1, A\1,&1) to system (6.5) satisfying the constraints
M)+ &) < b0, 16l + [¢]leo < 61, (6.6)

where §p and ¢; are small positive constants to be determined later and the norm || - || g is defined in
(5.23). We also assume that | Z*||s < 1 independent of T.
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From section 3, the function Ag(t) solves the equation

Ro(t) / 72, 1dy + Xo(t) 5 Z5(g) / PUP " 2,4 1dy = 0. (6.7)
R’Vl n
The equation
Cnt1 (Hp(1, Ao + A1, €))(t) =0 t€[0,T) (6.8)

which corresponds to

n—=6s

0=30( [ Z20n) 3O 250 [ 907 Zusady
Bagr Bar

n—6s

O

i /B pU@)P N (Z*(E+ My, t) — Z5(q) — Ay - VZ5(q) + (€ + Ay, t) Znya (y)dy

can be written as

n—6:s n—6s

AW+ BAD) T = M0 (O + 07 (,€, M) (6.9)
for a suitable number 3 > 0, g = O(R™2%) and the operator 7 satisfies, for some absolute constant
c,

(&AM ST + (9] oo
By (6.7), for a suitable v > 0, equation (6.9) can be written in the linearized form

A+ A= (T — )55 go(1h, A1, £, 6)

Y
T—t
with

190(¥, A, 6,0) ()] S ¢l + T + R7°.
The linear problem

A+ = = (0 =055 (1), M(T) =0
can be uniquely solved by the operator in g,

T
M () = TOlgol(0) = ~(T =1 [ (T = )71 g (s)ds.
t
It defines a linear operator on gy with estimates
1T =175 Rl + 1T =) 75 Mlloo < llg0]loc-
Equation (6.8) then becomes
A(t) = TOgo(w, M, €, 0)](¢) for all t € [0,T)
and we get
2 g 2 _os
(T = 8)7=% A loo + (T = )75 Mfloo S ¥l + T+ R™2 (6.10)
Similarly, equations
ci[Ho(¥, X, 6)] =0 forall j=1,...,n,
can be written in vector form as
&1(t) = T (g1 (¥, Ay, &1, 0)]() for all ¢ € [0,T). (6.11)
where
T 2
T[] ::/ (T — )7 " gi(s)ds
t

and

|91 (¥, A1, 61, 0) (0] S 1Y lloe + T
From equation (6.11), we have

_2_ : —2
I =725 E o + (T = )T 1w S oo + T (6.12)
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On the other hand, we have

n2s

)\2571)'\ /\2571|§‘|
1 + |y|n—23 1 + |y‘n—2s+1

At)
1+ [y

[H (9,9, A, )y, )] < (Illoe + 127 lloe) +

hence for a > 2s, we have

n—2s

(6 o0 O, 1)] < 20T pavasn (1 412710

v
and from (6.5) and Proposition 5.1 we obtain that

16ll5 < ¥/l + 127 (oo, (6.13)

where the norm || - || g is defined in (5.23). Next we consider the outer problem in (6.5). We recall that
the outer problem is

z/}t = _(_A);w + g(¢7¢7)‘7£)7 in R™ x (OvT)
w(x70) = Oa in R"

where

G($,1h, A, 8) :=pA>* (1 = nr)UP ' (y) (¥ + Z%) + (1—=nr) +C(¢) + R(¢) + N(p+ Z*)

E(y,t) = AP A Zup(y) + A7 VU
C(9) i= A7 [(=(= )5 = D))o + [~(~A) naly), —(~A)7 26(v)]]

R(¢):=A""2 - [771%)\ (</> +y- Vy<b> +0RE - Vyd + ¢ (}\y Vynr+E- VynR)] .

[f(y) — F(@)]lg(z) —9(y)] ,

6/2f A)*2g(z)] == cp.sP.V. Y
(A2 (), ~ (D) ()] = e P V. [ SRR
with ¢, s = 2USL(FE)
8 F(lfs)w% ’
We estimate term by term. It is direct to see that
A2 =)0 )6+ 2] S e s (12 + ) (614

and

n+2s 1 ]. n—2s
2

2 E(l—nr)| S 2

AV

A~ (

/\2371/'\| + |)\231£|):|

lyI>2R (6.15)
—2s

< A 1 .

~ Rn74570 1 + |y|25+o
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Let us now estimate the term C(¢). Let us choose 0 < 0 < n —4s. Then we have

([ — (=A)**ng, —(—A)S%]) (x,t)‘

2

n—2s

-

_ _ 2
o / ) = oD (v=€)| B
~ RS)\2s n |m—y\%+5 R (14 [y|Te) "

) Ro+4s—n
< s -
SO TR

Similar computations yield that

Ill5-

1 Ra+4s—n

C < )\—28 )\_ 71;25
‘ ((b){ ~ R2s 1+|y|a ||¢HB
Ra+4sfn
D i .
SA T ol
Also, we have
)\”;23 Ro+6s—n
R <AL .
RO £ 322 ol

Now for some o € (0,n — 4s), we have

n—2s

n—zs p
Nz AT o+ 0)| § (AT ko) + (27 + gy
)\_25 /\QSR(4s—n)p+2s+U
~ L [y[2ete
Collecting the above estimates (6.14)-(6.18), we get by using Lemma 4.1 that

[Pllee ST 1270 + B~ [|9]lB
for some positive constant ¢’. By (6.10)—(6.13) and (6.19), we obtain

lloo S T 12* |0

912 S 12" loe 2
(T = = Alloe + T = 75 Asloo S T (127 oo + 1)

~

_2 : 2 ! * —2s
(T =)= e oo + (T = )= &1l ST (27| +1) + R

~

Then the inner-outer gluing system (6.5) can be written in the form

¢ = T Ho(TUOG (¢, 0, A, )], A, €)]
Y =To0G (), A, €]

A =TOGo(e, M, &1, 0)]

& =TWG(¢, M, €1,0)]

915 + (12" loo + [1[loc)"-

19

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)



20 G. CHEN, J. WEI, AND Y. ZHOU

where gg and §; can be expressed as

90(¢7 )\17 glv 9) :C}Q HG (TOUt[gg(st % >‘a 5)}’ )‘a g)ZnJrl (y)dy

Bar

91(1/1, >‘17 517 0) :C% H9(TOUt[eg(¢7 1/17 >‘a g)}’ )‘a g)VU(y)dy

Bar

for suitable positive constants c% and c}%. For € > 0 fixed sufficiently small, we consider the following
problem defined only up to time t =T — ¢

¢ =T [Ho (T 0G(0, 9, A OL AL, (y,1) € Bar x [0,T — ¢

Wb = ToU[0G (4,1, A, €)], (z,t) e R* x [0,T — ¢ (621)
M =T Go(w, M, €1,6) ], tef0,T—¢ '
& =T[5 (¢, A1, &1,0)], telf0,T—¢

where
T—e T—e

TOW0 =~ =07 [ (@ =T s, Tl [ (0 - T () ds

We consider problem (6.21) in the space of functions
(&1, A1,61) € X1 X Xo x X3 x Xy

where X, ({ =1,--- ,4) and corresponding norms are defined as

X'={¢: ¢ € C(Brx [0,T —¢]), Vs € C(Bar x [0,T =€)}, [o]lx, = 19]loo + IV lloo

X2={y: e CR" < [0,T =)}, [Wllx. =[]l

X ={: MeC0,T—d}, Mlx, = [illoo + A loo

Xt={&: G e 0,T—d}, |alx, = Il + Il

e Vi ( / [6(y,t) = d(a, 1)]? dw) v

|y — [+

As a direct consequence of Arzela—Ascoli’s theorem, compactness on bounded sets of all the operators
involved in the above expression (6.21) follows from the Holder estimate (4.13) for the operator 7"t
On the other hand, the a priori estimates we obtained for ¢ = 0 holds equally well, uniformly for
arbitrary small € > 0, and for a solution of (6.21).

We now apply Leray—Schauder degree theory in a suitable ball B containing the origin which is
slightly larger than the one defined by relations (6.20), which amounts to a choice of the parameters
0o and 97 in (6.6). The homotopy connects with the identity at @ = 0, and hence the total degree in
the region defined by relations (6.20) is equal to 1. Hence we have the existence of a solution to the
approximate problem satisfying bounds (6.20). Finally, by a standard diagonal argument, we find a
solution to the original problem for k£ = 1 with the desired size.

The multiple-bubble case of k distinct points g1, ..., qx is actually identical. In this case, we have k
inner problems and one outer problem with similar properties. We want to find a solution of the form

k
% _n=2 xr — g
u(a,t) =Y U, (@) + Z*(x,t) + A, 2 oy, nely;) + (), y; = . J (6.22)
Jj=1 J
where Z* solves heat equation with initial condition Z; which is chosen such that Z§(¢;) < 0, and
&(T)=gqj, \j(T)=0for j=1,--- k. Then by solving a series of fixed point problems similar as the
one bubble case, we obtain a solution of form (6.22). Hence we omit the details here. O
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