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ABSTRACT. We consider the fractional nonlinear Schrédinger equation
(—=AYu+V(x)u=u’inRN, u—0as|x| - +oo,
where V(x) is a uniformly positive potential and p > 1. Assuming that

L

a
V(x) = Voo+7+o(|x‘m+0

x|
and p,m, 0, s satisfy certain conditions, we prove the existence of infinitely many
positive solutions for N = 2. For s = 1, this corresponds to the multiplicity re-
sult given by Del Pino, Wei, and Yao [24] for the classical nonlinear Schrodinger
equation.

) as |x| = +oo,

1. INTRODUCTION
In this paper, we consider the fractional nonlinear Schridinger equation
(=APu+V(x)u—uP =0 inR?% u— 0as|x| = +oo, (1.1)
where (—A)®, 0 < s < 1, denotes the fractional Laplace operator, V(x) is a non-
negative potential, and 1 < p < £
We are interested in the existence of infinitely many spike solutions to (L.1).

1-s*
The natural space on which to look for solutions of (1.1 is the space H?(IR?) of all
functions u € L?(IR?) such that

oo+ ) @(@)%z < oo,

where ~ denotes the Fourier transform. The fractional Laplacian (—A)*u of a func-
tion u € H?*(IR?) is defined in terms of its Fourier transform by the relation

(—A)yu = |20 € IX(R?).

Problem arises from the study of standing waves ¢(x, t) = u(x)e't! for the
following nonlinear Schrddinger equations:

ipr = (—A) ¢+ (V(x) —E)g — |9/ g. (12)
Equation was introduced by Laskin [33] as an extension of the classical non-
linear Schrodinger equation for s = 1, where the Brownian motion of the quan-
tum paths is replaced by a Lévy flight. Namely, if the path integral over Brow-
nian trajectories leads to the well-known Schrodinger equation, then the path in-
tegral over Lévy trajectories leads to the fractional Shcrédinger equation. Here,
¢ = ¢(x,t) represents the quantum mechanical probability amplitude for a giv-
en unit-mass particle to have position x at time ¢ (the corresponding probability
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density is |@|?), under a confinement resulting from the potential V. We refer the
reader to [33}134}[35] for detailed physical discussions and the motivation for equa-
tion (1.2).

Note that the fractional Schrodinger case exhibits interesting differences from to
the classical case. For instance, the energy of a particle of unit mass is proportional
to |p|* (rather than |p|?; see, e.g., [33]). Furthermore, space/time scaling of the
process implies that the fractal dimension of Lévy paths is 2s (unlike in the classical
Brownian case, where it is 2).

Lévy processes occur widely in physics, chemistry, and biology for instance in
high energy Hamiltonians of relativistic theories and the Heisenberg uncertainty
principle. See [9,[30] for further motivation of the fractional Laplacian in modern
physics. Stable Lévy processes that give rise to equations with fractional Lapla-
cians have recently attracted significant research interest, and there are many re-
sults in the literature regarding the existence of such solutions, for example in
[2,13,[12, 18] 28] 44] and references therein.

Let us come back to equation (1.1). When s = 1, ie,, (—A)® reduces to the
standard Laplacian —A, equation (1.1) becomes

— Au+ V(x)u = uP inR?, u(x) — 0as |x| — 4oo. (1.3)
Equation (1.3) has been extensively studied in the last thirty years. If
0 < inf V(x) < Voo := lim V(x), (1.4)
xeR? x| o0

then one can show that has a least energy (ground state) solution by using
the concentration compactness principle (cf.[37, [38]). However, if does not
hold, then problem may not admit a least energy solution, and one has to
look for higher energy level solutions. Results in this direction are presented in
[6,17,18], where a positive solution has been found using variational methods under
a suitable decay condition on V at infinity.

Let us now consider the semi-classical limit case:

—Au+W(x)u—u? =0inRY, u >0, uc H(RY), (1.5)

where £ > 0 is a small parameter. Naturally, problem is equivalent to for
V(x) = W(ex). Itis known that as ¢ goes to zero, highly concentrated solutions can
be found near critical points of the potential W [1}[10}[11}19}20} 21} 22} 29} 31} 142 48]
or near higher dimensional stationary sets of other auxiliary potentials [3} 23] 39].
The number of solutions of may depend on the number or types of critical
points of W(x).

By assuming that V = V/(|x|) is radially symmetric, Wei and Yan [50] proved
that problem (1.3) admits infinitely many positive non-radial solutions if there ex-
ist constants Voo > 0,24 > 0,m > 1 and ¢ > 0 such that

a
V(r):Voo—i-r—m—i-O( ),asr—>oo. (1.6)

ym+o
The proof given in [50] relies heavily on the radial symmetry of the potential V.
Inspired by this result, Wei-Yan proposed the following conjecture:

Wei-Yan’s Conjecture: Problem (I.3) admits infinitely many positive solutions if
there exist constants Voo > 0,4 > 0,m > 1 and ¢ > 0 such that the potential V' (x)

satisfies (L.6).
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Recently, del Pino, Wei, and Yao developed an intermediate Lyapunov-Schmidt
reduction method to solve this conjecture under some additional conditions on
m, p,o. The result is as follows for a general dimension N:

Theorem A. Suppose that V (x) is a locally Holder continuous function, Vo = inf, g2 V(x) >
0 and hold for some constants Veo, a > 0, and

min{l,pzl}m>2, o> 2. 1.7)
Then, problem admits infinitely many non-radial positive solutions, whose energy
can be made arbitrarily large.

Regarding the existence of multiple spike solutions for more general non-symmetric
potentials, in [14] Cerami, Passaseo, and Solimini proved the following existence
result:

Theorem B. Let the following assumptions hold:
(h1) V(x) = Voo > 0as |x| — oo,
(h2) V(x) > Vo > Oforall x € RN,
(h3) V € LN/2(RN),

loc
(h4) there exists 7] € (0,/Veo) such that limy| s |V (x) — Vo e = o0
is satisfied.
Then, there exists a positive constant A = A(N, 7, Vo, Vo) € R, such that when

[V(x) = Voo n/2,00c 1= sup [V(x) = Veo|pnr2p, () < A,
yeRN

equation admits infinitely many positive solutions belonging to H' (RN).

For further results regarding the existence of (1.3) with non-symmetric poten-
tials, we refer the reader to [5,[15} 16, 17] and references therein.

For the fractional case where 0 < s < 1, Ddvila, del Pino, and Wei [18] recently
obtained the first result regarding multiple spikes for the corresponding fractional
nonlinear Schrodinger equation with 1 < p < %f%g Subsequently, Wang and
Zhao [47] extended the result of Wei and Yan [50] (which was also achieved by Wei,
Peng, and Yang [49] independently ) to the fractional case, under the following

assumption:

Assumption 1. V is positive and radially symmetric, i.e., V(x) = V(|x|) > 0 and
there exist constants @ > 0 and Ve > 0 such that

a 1
V(r) :Voo+r7m+0(r7m), astr — oo,
where

max{O,(N—f—Zs)[l—(p—l)N—Zps—f—max{s,p—I;’H} <m < N+ 2s.

A natural question is to ask whether or not we can obtain the multiplicity result
of for a potential V(x) without the radially symmetric assumption adopted
in the paper of [24] for the s = 1 case . In this paper, we will provide an affirmative
answer to this question under the following assumption on the positive potential
V(x):
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Assumption 2. There exist constants m,a > 0 and Ve > 0 such that
a 1
T+ Ol
where m, 0, p, and s satisfy the following conditions:
25+3 1+s
<p<

V(x) = Ve + +0 ), as |x| — oo, (1.8)

2512 PS 1oy (1.9)
and there exists 1 < u < 2+ 2s such that
m+g—4;j_4<min{71,12,73,r4,m+23_n:2},1<m<2+2s, (1.10)
where
. ™m m
gl :mm{m+3,m+a,2m+1,2m+S+1,45+2+M},

T = min{2m, pm}, 73 = min{m(p —1),m,2s + 1} + 19, 74 = min{27, p10},

and

. pm
= ————,25+2— .
T mm{pm e 10728 y,m}

Remark 1. It is not difficult to see that we can choose s sufficiently close to 1,
p sufficiently large, m sufficiently close to 2 + 2s, ¢ sufficiently large, and py >
1 sufficiently close to 1 such that holds. Therefore, there exist parameters
m,o,p, and s satisfying Assumption 2. On the other hand, we can also obtain
similar results for N > 3 under certain conditions on m, 7, s, and p if we assume
further that

V(x) =V, x") =V, —-x"), (1.11)
where x = (x/,x") € R? x RN=2. For the sake of the simplicity of the statement,
we only consider the case with N = 2 in this paper.

Our main result in this paper is stated in the following theorem.

Theorem 1.1. If Assumption 2 holds, then the problem admits infinitely many non-
radial positive solutions. Moreover, the energy of these solutions can be made arbitrarily
large.

Remark 2. We develop an intermediate Lyapunov-Schmidt reduction method for
the fractional Laplacian Schridinger equation (I.I). For s = 1, this has been carried
out by Del Pino, Wei, and Yao in [24]. For s = 1, the spikes decays exponentially.
As a result, each spike only interacts with neighboring spikes. Meanwhile, for
0 < s < 1 the spikes decay algebraically and each spike interacts with all the other
spikes, which makes the reduced problem more complicated than in the s = 1
case. A complicated matrix T is present in the reduced problem (see Lemma [5.2),
and we must precisely obtain the decay rate for this matrix. Unlike in the case
that s = 1, all of the entries in the matrix are nonzero for 0 < s < 1, and we
must carefully estimate the eigenvalues and determine the exact decay rate. This
is a new result, and is the main contribution of this paper (see the final section).
We believe that our technique can be employed in the construction of solutions
for fractional Laplacian equation or the equation with a critical exponent in future
work.
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Throughout thispaper, we will employ the following notation and conventions:
e For quantities Gx and Hg, we write Gx ~ Hg to indicate that there exists
a positive constant C such that £ < I% < C for sufficiently large K. Fur-

is uniformly bounded as K tends

thermore, Gx = O(Hg) means that ’g—’;

to infinity, and Gx = o(Hg) denotes that ‘g—’; — 0as K — oo.

e For simplicity, the letter C denotes various generic constants that are inde-
pendent of K. This is allowed to vary from line to line, as well as within
the same formula.

e We shall employ the notation |y| = ||y/||2 for the Euclidean norm in various
Euclidean spaces RN when no confusion can arise, and we always denote
the inner product of a and b in RN by a - b.

e The transpose of a matrix A shall be denoted by AT.

This paper is organized as follows. Some preliminary facts and estimates are
explained in Section 2. In Section 3, we describe the procedure for our construction
and describe the main ideas of each step. In Sections 4-6, we shall prove each of
the steps outlined in Section 3, and then complete the proof of Theorem We
omit certain technical results in the final section.

2. PRELIMINARIES

In this section, we study the fractional Laplacian operator and the ground state
solution w of the following equation:

(—AYw+w—w’ =0inRY, w — 0as |x| — co. (2.1)

Let 0 < s < 1. Various definitions exist for the fractional Laplacian (—A)*¢ of a
function ¢ defined in RV, depending on its regularity and growth properties.

For ¢ € H*(RN), the standard definition is given via the Fourier transform ~ .
(—A)¢ € L?(RN) is defined by the formula

EP¢(E) = (—A) 9. 22)

When ¢ is additionally assumed to be sufficiently regular, we obtain the direct
representation

x) —

(—Ay9(x) =don | 4)35 _) ylﬁgs) dy (2.3)
for a suitable constant d, n, where the integral is to be understood in a principal
value sense. This makes sense as a direct integral when s < % and ¢ € Co%(RN)
with a > 2s, or if ¢ € CV*(RN) with 14 a > 2s. In the latter case, we can desin-
gularize the representative integral in the following form:

(—A)S(P(X) _ ds,N /]RN (P(JC) — (P(y) — V(P(X) (x — y)d

x — y|N+2s Y-

Another useful (local) representation, found by Caffarelli and Silverstre [13], is
given via the following boundary value problem in the half space RY ™ = {(x,y) |
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x € RN,y >0}:

V- (y"2Vp) =0 inRYM,

P(x,0) = ¢(x) on RN,
Here, ¢ is the s—harmonic extension of ¢, explicitly given as a convolution integral
with the s—Poisson kernel ps(x,y),

$(x,y) = /]I;N ps(x —z,y)¢p(z)dz,

where
y4sfl
Ps(X,]/) = CN,S N-_1t4s
(I +[y?) =
and Cys satisfies [pn p(x,y) = 1. Then, under suitable regularity conditions,
(—A)°¢ is the Dirichlet-to-Neumann map for this problem, namely,

(~AY9(x) = lim y"a(xy). (24)

The characterizations (2.2)-(2.4) are all equivalent, for instance, in Schwartz’s space
of rapidly decreasing smooth functions.
Form > 0and g € L?>(RN), let us consider now the equation

(—A)¢p+mp = ginRN.
In terms of the Fourier transform, for ¢ € L? this problem reads

(151> +m)p = g,

and it admits a unique solution ¢ € H*(RN) given by the convolution
¢(x) =Tulgl == | | Glx—2)3(z)dz, (2.5)
where .
é(g) = W

Using the characterization (2.4) written in a weak form, ¢ can be characterized by
$(x) = ¢(x,0) in a trace sense, where ¢ € H is the unique solution of

7 1-2 o
//Rﬁ“ VoVoey S+m/RN¢go— /]RNgq), forall ¢ € H. (2.6)

Here, H is the Hilbert space of functions ¢ € H}. C(]RI}: *1) such that
191 = [ fon V9P [ 19 < oo

or equivalently the closure of the set of all functions in C¢° (]Rﬁ *1) under this norm.
A useful fact for our purpose is the equivalence of the representations (2.5) and

for ¢ € L2(RN).

Lemma 2.1. Let g € L2(RN). Then, the unique solution ¢ € H for the problem is
given by the s—harmonic extension of the function ¢ = Ty, [g] = G * Q.
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For the proof, we refer the reader to Lemma 2.1 in [18]. Let us recall the main
properties of the fundamental solution G(x) in the representation (2.5), which are
stated, for instance, in [28]] and [27].

We have that G is radially symmetric and positive. Thatis, G € C*(RN \ {0})
satisfies:

|G(x)| + |x||VG(x)] forall [x| <1,

C
=< |x|N—25

lim G(x)|x|N*2 =4 >0,
[x|—00

|x|[VG(x)| forall |x| > 1.

In order to consider an a priori estimate involving the fractional Laplacian op-
erator, we require the following Lemmas (see [18])):
Lemma 2.2. Let 0 < u < N + 2s. Then, there exists a positive constant C such that
1L+ (2D Ton (@) o vy < CHHA A+ [x]F)g | 1o -
Lemma 2.3. Assume that ¢ € L?>(RN) N L®(RN). Then. the following holds. If ¢ =
Tmg], then there exists C > 0 such that
il;}; W < Cligllreomny 2.7)
where p = min{1,2s}.
Lemma 2.4. Let ¢ € H? be the solution of
(—A)Y 9+ We =gin RN (2.8)
with a bounded potential W. If inf,cgn W(x) =:m > 0,¢ > 0, then ¢ > 0in RN,

The next lemma provides an a priori estimate for a solution ¢ € L*(RN) N
L®(RN) of (2.8).
Lemma 2.5. Let W be a continuous function, and assume that for k points g1, 492, - - , g
there exist R > 0 and B = U}‘Il Br(q;) such that

inf  W(x) =:m >0.
x€RN\B
Then, given any number g <y < N + 2s, there exists a uniform positive constant C =
C(u, R) independent of k such that for any ¢ € H?(RN) N L®(RN) and g satisfying
with
1 - 1
o™ 8y < oo, where p(x) = ) 3 o

]

the following estimate is valid:

lo ™ @l @wyy < CUIPls@y) + o™ gl @mn))-
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Proof. We write as

(=8ye+We =g,
where § = (m — W)xpp +g W = mxpg + W(1 — xp), and xp is the characteristic
function on B. We observe that

201 < (Nl + o7 l=(z) ) o < Mp,

where
k

-1
M=C 0 su T + -1 S
T (B)xeg(z 1+|x ) el

1 -1 —1
< CllollLo(s) 111§1]a<xkx€s;3u}() ) (m) + llp g||L°°(]RN)

< Cllgllo(zy (1 +R*) + [lp™ gl o mvy

< C(u R) (el sy + lo~ "8l o)) -
From LemmaR.2lwith 0 < < N + 2s, the positive solution ¢ to the problem
1
(14 [x])*
satisfies pg = O(|x| ") as |x| — +o0. Because inf,.gn W(x) > m, we clearly have
that

(=A) o+ mepo =

s N)o > : 1
((—A) +W)¢*M§m’

where ¢(x) = MZ;-‘:l @o(x — q;). Setting ¥ = ¢ — ¢, we find that
(ZA)yp+Wyp=g<0,

with § € L2. By using Lemma[2.4) we obtain that ¢ < @. By a similar argument for
—¢, we obtain that |¢| < @. Then, it holds that

1 -1 Kk
o~ ¢l ny < o™ lloomey = MH( W> )" go(x — ;)

i1 L (RN)
1 1
< CM’ - _
‘(j_l 1+ |x—q;]) H) l; 1—|—|x—ql) HL‘”(]RN)
< CM.
The desired estimate follows immediately. O

From the above Lemma, we can immediately obtain the following corollary.
Corollary 2.1. Let p(x) be defined as in the previous lemma. Assume that ¢ € H*(RN)
satisfies equation (2.7), and that

inf W(x)=:m> 0.

x€RN
Then, we have that ¢ € L°°(1RN ), and it satisfies
lo™"@ll e ryy < Cllo™ gl o (rmy 2.9)
where C = C(p) is independent of k.
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A useful fact is that if f,¢ € L>(RN) and W = Ty (f), Z = Tu(g), then the
following holds:

Jnz=ayw— [ wayz= [ Tulflg— [ Tulglf,

where we have used the fact that the Green kernel G is radially symmetric.

Next, we recall some basic and useful properties regarding the ground state

solution w of (2.1).

Lemma26. Let N > 1, 5 € (0,1) and 1 < p < XEE. Then, the following hold:
(1). There exists a nonnegative function w > 0 with w # 0 solving , and
there exists some xo € RN such that w(- — xp) is radial, positive, and strict-
ly decreasing in |x — xo|. Moreover, the function w(x) = w(|x|) belongs to

HZHH(RN) N C®(RN), and satisfies

G C
11 [x|NF2 <w(x) <5 T k[N
with some constants C, > Cy > 0.
(2). The linearized operator L = (—A)° +1— pwP~ is non-degenerate, i.e., its kernel
is given by

Ker((—A)s +1-— pwp—l) N L°°(1RN) = Span{axlw, .. .,awa}.

forx € RN, (2.10)

Proof. One can find a proof of the above lemma in [27, Proposition 3.1, Theorem 3,
and Theorem 4]. Il

Remark 3. From the asymptotic behavior of the Green kernel G (see Lemma
and the above Lemma we obtain the following more accurate description of
the asymptotic behavior of w and w':

A
w(r) = 5 (1+0(1), A>0asr — oo, 2.11)

and
! — 0
w(r) = m(l 0(1)), B <0, asr / 2.12)

under the assumption that (N + 2s)p > N + 2s + 1, i.e., condition for N = 2.

3. DESCRIPTION OF THE CONSTRUCTION

In this section, we shall briefly describe the solutions to be constructed later,
and will describe the main ideas of the construction.

First, without loss of generality we can assume by suitable scaling that Vo, = 1.
Following the developments in [50], we will use the loss of compactness to con-
struct solutions. More precisely, we will construct solutions with large numbers of
spikes whose inter-distances and distances from the origin are sufficiently large.

By the asymptotic behavior of V at infinity, the basic building block is the
ground state solution w of (2.1). The solutions we construct will consist of small
perturbations of sums of copies of w, centered at some carefully chosen points in
R,



10 WEIWEI AO, JUNCHENG WEI, AND WEN YANG

Let K € IN.; be the number of spikes, whose locations are given by Q; € R?,j =
1,2,---,K. We define

wj(x) = w(x — Q;) and U(x Z wj(x), and x € R?. (3.1)

In order to further describe the configuration space of the Q;’s, we define
Q] = (Rcosbj,Rsin6;) € R?, forj=1,2,--- K,

where

. 27

Here, « is a parameter representing the degeneracy resulting from rotations, and R
is a positive constant to be determined later. Observe that each point Q}) depends

on «. Thus, we write Q? = Q?(zx). The number of spikes K and the radius R are
related by the so-called balancing condition:

0; 0;
Y ¥(2Rsin L)sin - —TR™™"! =0, (3.2)
i 22

whereI' = 4 f]RZ w? (x)dx > 0, and ¥ is the interaction function defined by
Y(t) = — / w(x — @)div(w (x))dx. (3.3)
R

Here, @ can be any unit vector in IR2. For ¥ (t), we obtain the following expansion:

Lemma 3.1. For large t, the following expansion holds for ¥ (s):

Y(t) = t25+3 (140(1)), 3.4)
where
&= /IRZ wP ! (|x]) x|dx) Jim ' (124 > 0. (3.5)

Proof. By the definition of ¥ (¢) and the use of a Taylor expansion, we have that
Y(t) =— /2 w(x — té)div(wP (x)€é)dx
R
— [ por e () - () + 0/ (98- () + 0w (1))

x-@

:u/(t)(/]R2 Iﬂuﬂ(x)"_lw’(IXI)Té x+o(1))
=cpt >3 (1+0(1)).

Thus, we have proved the Lemma.

O
From the above balancing condition (3.2) and Lemma we can obtain that
K = O(R'" %), (3.6)

Because we require that 1 < m < 2 + 2s, we have as a consequence of (3.6) that

|Q§-)| = Rand myg1{|Q? - Q) = 2Rsin% — 400, as K — oo.
]
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Next, we define a small neighborhood of Q° = (QY,---,Q%) on (R?)X and
introduce an additional parameter. Let f]-, gj € R, j=1,2,---,K. Then, we define

Q] = Q?+]‘—]Tl]+g]t] = (R—f—fj)n]-—i-gjtj, (3.7)
where
nj = (cos 0;,sin 6]-), and t; = (—sin 0;, cos 6]-).

Note that f; and g; measure the displacement in the normal and tangential di-
rections, respectively. Writing Q; = Q;(«),n; = nj(a) and t; = t;(a), we note the
following trivial but important fact:

Qj(oc +2m) = Q]-(zx), Vo € R, and Vj=1,2,---,K. (3.8)

We can now introduce an additional parameter q and define a suitable norm.
Denote

q=(fi,, fig, gk € R
With this notation, we can define the configuration space of the Q;’s by

Ak ={(Qi, -+, Qk) € (R})¥ | Q is defined in and lale <1}, (39)
Forany (Q1,Q2, - -+, Qk) € Ak, aneasy computation shows thatforj=1,2,--- K,
|Qjl = R+ fj + O(RTY),
and
Qi1 = Qjl = d +2(f; + &) + O(K).
We will prove Theorem 1.T|by demonstrating the following result.
Theorem 3.1. Under the assumption of Theorem there exists a positive integer Ko

such that for all integers K > Ky there exist & € [0,27) and (Q1,Q2,- -+ ,Qk) € Ak
such that the problem has two solutions of the form

K
u(x) =Y w(x— Qi)+ ¢(x), (3.10)
j=1
where [|@|| o (r2y — 0 as K — +oo.

To prove Theorem it is sufficient to show that for sufficiently large K there
exist parameters « and q such that U + ¢ is a genuine solution for a small perturba-
tion ¢. To achieve this, we will adopt the techniques for the singularly perturbed
problem. Unlike for the problem (L.5), there is no apparent parameter in this case .
As stated in Theorem 3.1} we adopt the number of spikes as the e—type parameter.

Let u = U + ¢. Then, solving (—A)*u + V(x)u — u” = 0 is equivalent to solving

Ll¢] +E+N(¢p) =0, (3.11)
where
Ligl = (=AP¢ +V(x)¢ — pu" ¢,
E=(-AP®U+V(x)U-UP,
and

N(p) = —(U+¢) +UP +pUP'g.
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As mentioned in Remark 2| in the introduction, we will employ intermediate
Lyapunov-Schmidt reduction to solve this. We will solve (3.11)) through the fol-
lowing two steps.

Step 1: Solving the projected problem Let « € R and q satisfy (3.9). We shall first
solve a projected version of (3.1I). More precisely, we look for a function ¢ and
some multiplier 8 € R?X such that

L[(P}_‘_E—FN((P):B'%A (312)
f]RZgbZdex:O, vVi=1,---,K ’
where the vector field Zg, is defined by
ZQ].(x) = Vw(x - Q)). (3.13)

By direct computation, we have that

E;l(’ll =—(Zg, 1, ,Zg, nk. Zo, t1,  , Zo, -tK)T.

This constitutes the first step in the Lyapunov-Schmidt reduction. It is per-
formed in Section 4 using an a priori estimate and the contraction mapping the-
orem. A required condition in this step is the non-degeneracy of w. It is worth
noting that the function ¢ and the multiplier 3 found in Step 1 depend on the
parameters & and q.

Step 2: Solving the reduced problem

From Step 1, we know that j is small. However, it is not easy to solve (&, q) =
0 directly, because the linear part of the expansion of f in q is degenerate.

More precisely, let us write

pla,q) = Tq+®(x,q),
where Tq is the linear part and ®(«, q) denotes the remaining term. As we will see
in Section 5, Tq does not depend on «, and there is a unique vector (up to scalar)
qO = (O/ o /0/1/' o /1)T S RZK/
——— N——

’

K K

such that Tqg = 0.

By applying Lyapunov-Schmidt reduction again (called the secondary Lyapunov-
Schmidt reduction), the step of solving the reduced problem j(a,q) = 0 can be
divided into two steps. To write the projected problem of 8 = 0 in a proper norm,
note that

Ko/ ou ou L. ou
Z (fjag gjanj) =Rao+q7) 5o, G149
where gt = (=g, f) for q = (f, ). Hence, we define

B=p—v(Rqo+q"), forevery v € R. (3.15)
With this notation,

s ou  —oU E)U
P oq ﬁaq Tou
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Clearly, the multiplier B depends on the parameters &, q and . Thus, we write
p=pa q7).

Step 2.A: Solving S(«, q,y) = 0 by adjusting  and q
In this step, for each &« € R we will determine parameters (1, q) such that

B(a,q,7) =0, and q L qp. (3.16)

This can be viewed as the step of solving the projected problem in the secondary
Lyapunov-Schmidt reduction. To achieve this, we will make use of condition (3.2).
This step is performed in Section 5 by using various integral estimates and the
contraction mapping theorem. A key condition in this step is the invertibility of
a 2K x 2K matrix, the proof of which is given in the final section. As mentioned
before, the analysis of this large matrix is the key contribution of this paper, where
the properties of circulant matrices and the Fourier series of the Bernoulli and
Euler polynomials are used.
After Step 2.A is completed, we denote the unique solution of by (y(a), q(a)).

Then, the original problem is reduced to the problem 7 (a) = 0 in one dimen-
sion.

Step 2.B: Solving 7(a) = 0 by choosing « In this final step, we want to prove
that there exists an « such that y(a) = 0. As a result, the function u = U + ¢ is a
genuine solution of (1.).

This constitutes the second step of solving the reduced problem in the sec-
ondary Lyapunov-Schmidt reduction. To achieve this step, note that by Step 2.A
the function ¢ = ¢(x, a, q(«)) determined in Step 1 solves the following problem:

{Lm +E+N(9) = ()Y,

3.17
Jr29Zodx =0,¥j =12, K, (8.17)

where all of the quantities depending implicitly on (&, q) take values at («, q(«)).
To solve y(a) = 0, we first apply the so-called variational reduction technique to
show that finding a solution of the equation y(«) = 0 is equivalent to finding the
critical point of the energy function F(a) = £(U + ¢). Second, by using it
is not difficult to see that F(a) = 0 is 27 periodic in a. Hence, it has at least two
critical points. More details for this step are presented in Section 6.

In the following three sections, we shall complete Step 1, Step 2.A, and Step 2.B,
respectively.

4. LYAPUNOV-SCHMIDT REDUCTION

This section is devoted to completing the first step in the procedure of our con-
struction.

Before stating the main result, we first introduce some notation. We define the
weighted norm as follows:

-1
|h||« = sup ! W) h(x)|, 4.1)

K
xeR? (j—l (14[x—Q;
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where Q); is defined in Section 3 and y > 0 will be chosen later. In the following,
we assume that (Qy, - -+, Qk) € Ay, i.e., the parameter q satisfies (3.9).
We first claim that

[Pl L2y < ClIRl- (4.2)

To prove 1) it suffices to show that Z] 1 W

x € IR?, suppose without loss of generality that Q; is the point such that
|x - Ql' = In]m{|x - Q]|/ ] = 1/2/' o /K}

Itis known that [x — Q1] + |x — Q[ > |Q1 — Qi|, and we can deduce that [x — Q;[ >
3/Q1 — Qil. Then,

< +oc0. Indeed, for any

—— < C+C <C+C sin(——r
L < hgmar <CC®) X (nlem)
(5)+1
Ky 1 p
< =
_c+c(R) L ]H_c+c( ) (4.3)
where we have used that
. (j—1 , K
|Qj — Q1] ~ 2Rsin (Tn) forje [2, [E] +1],
K—-j+1 ) K
1Qj — Q1| ~ 2Rsin (in) forj € [[5]+2K],
Ky
and Z][. 2 ]1 ],, < C for u > 1. Here, [x] denotes the integer part of x. By using the
relation K = O(R'~ %32 ), we can obtain that

K 1

)= L i g

<C

from (4.3). Denote

B, ={he L°°(]R2)’||h|\* < o}.
Then, B, is a Banach space with the norm |[|1||. To demonstrate its completeness,
suppose that {h,} is a Cauchy sequence in B.. By (4.2), {h,} is also a Cauchy

sequence in L®(IR?). Hence, h, converges to a function e in L*(IR?). It is easy to
see that for any ¢, there exists 119 € IN such that

K 1

-1
(2 m) i (x) = I (2)| < ||l — el < &, ¥ € R, if n,k > ny.
j=1 i

By letting k — co, we obtain that
K 1

-1
(Z m) [ (x) — heo(x)| < &, Vx € R?, if n > ny,
j=1 i

which implies that ||, — heo ||« — 0 as n — +oo.

In the following, we always assume that 1 < u < 2+ 2s. Now, we can state our
main result for this section.
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Proposition 4.1. Suppose that V (x) satisfies for constants Voo >0, x € R, m > 1,
and o > 0, given 1 < y < 2+ 2s. Then, there exists a positive integer Kg such that for all
K > Ky, « € R, and q satisfying , there exists a unique function ¢ € H* (R?) N By
and a unique multiplier ¢ € R?*X such that

—c.- %
Lig] + E+N(9) = c- 5, (44)
f]RN(pZdex:O, Vi=1,,--,K,
where
B ={¢ e L°RY) | |l¢ll. < CR™™®,
and
— mi __pm _
To_mm{pm 25—|—2'25+2 y,m}.

Here, C is a positive constant that is independent of K. Moreover, («,q) — ¢(x;a,q) is
of class C1, and

< CR_min{p_l’l}TO.

*

S

5

The proof of Proposition[4.1]is somewhat standard, and can be divided into two
steps:
(i) Studying the invertibility of the linear operator.
(if) Applying fixed point theorems.
Let M denotes a 2K x 2K matrix defined by
ou ol
i = —=—,Vij=12,---,2K 4.5
Lemma 4.1. Assume that m > 1. Then, for sufficiently large K, given any vector b &
RZK there exists a unique vector ¢ € R2K sych that Mc = b. Moreover,
lellec < Clb|eo, (4.6)
for some constant C that is independent of K.
Proof. To prove the existence, it is sufficient to prove the a priori estimate (4.6).
Suppose that |cj| = ||c||. Then, by the definition we have that

K

i=1

For the entries Mj;, a simple computation gives that

| M| ~ ’212 sin (%n) ‘_25_3, Vit (4.8)

and
My = [ (@0nw)dx=co>0,¥j =12, 2K (49)
Hence, by (.7)-(#.9) we have for sufficiently large K that
co
collellee = colej| < 3 IMiilleil + [bj] < = llelleo + [[blloo,
i#]
from which the desired result follows. O
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Before we give the proof of Proposition we first study the following lin-
earized problem.

Proposition 4.2. Under the assumption of Proposition 4.1} given 1 < p < 2 + 2s, there
exists a positive integer Ky such that for all K > Ky, a € R, q satisfying , and
h € B, there exists a unique function ¢ € H?>(R?) N B, and a unique multiplier
¢ € R?K such that

Lig) =h+c- 94 (4.10)
Jro #Zqdx =0,Vj=12,--- K. ‘
Moreover, we have that
¢« + [lello < CllR|x, (4.11)

for some constant C that is independent of K.

Proof. By following the same process as in the proof of Proposition 4.1 in [18], it
suffices to prove the a priori estimate (4.11).

To prove (4 , we first multiply the equation (4 by and integrate over
IR?, to obtain N 3
Me = / Lfg)2Y — / 124y,
RR2 oq Jr2 dq
where M is a 2K x 2K matrix as defined in (&.5).
Using integration by parts, we obtain that

/R2 Lip)Zg dx = / LI Zo,|dx
Then, observe that
L[Zo] = (V(x) = 1)Vw; — p(UP~ — 0l ) Ve, (4.12)

We begin by studying the first term on the right hand side of (4.12). For the sake
of the simplicity of our argument, we shall discuss the first term on the right hand
side of for i = 1. The other terms can be treated in a similar manner. From
Section 3, we have that p(x) is uniformly bounded. Then,

1
| JuV @ = 1)Vwig] < Cligle [ oV 1] gy
1
< Cllo|l« lx‘§|%|P(x)|V(x)_1|(1+‘X_Q1|)2s+3dx
1
+C||¢||* x|> |&|p(X)‘V(JC)—1’(1+|x_Q1|)25+3dx
< Cliglls oot +C||<PH* =0(1)[|[[«as R — oo,

Next, we consider the second term on the right hand side of (4.12). We divide
R? into K parts:

K
=9,
j:l

where
Q] = {x € 1R2Hx7Q]| :I'niin|X7Qi|, i= 1/2/' o IK}
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When 1 < p <2, it holds that

[ @i = urzo] <cll [ oo Kwr) Iz

j=2
1

p—1
< Cllgll (Z 01— Q |2s+2) ,/Ql (14 [x — Qu)=+3

< C||¢|\*(§)( Sy

7

and for ¢ # 1 we have that

|, @ - ur ) Zop] < Cligll [ o) ( 3 u)) 20, dx

J=2

: 1 (2s+2)(p—1) 1
< . =
_C||4>|| -/Qg |:(1+|X—Qé|)(25+2)(p71) + (R) i| (1+|X7Q1|)25+3dx

est2)(p-1) 1 1
< Cli¢ll« [(ﬁ) 10— Q1 01— QZ|ZS+3—(2—(25+2)(17—1))+]'

Then,

. . -
‘/]Rz\(h (wf - 1)ZQ1¢

K) (25+2)(p—1) 1 1

K
< Cli¢ll« égz [(ﬁ |01 — Q&1 + |Q1 — Qp?s+3- (2~ (2s+2)(p-1))+

[(5>25+1+(2s+2)(p71) N (K>2s+37(27(25+2)(p71))+} .

< *
<Clgl 2

Therefore, we obtain that

= o(D)l¢]l+-

p—1
‘,/Ql(wl —-Uu )ZQ1

For the case that p > 2, we have that

ur —w) ™ < c(wf? iw]- +( i”’f')p_1>

and
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As a consequence, we have that
p—1 -1
[l = urZg,0)

< C”(P”*/Ql Cp(x)[<%)2s+2wf—z+ (%)(ZSHM—DMZQJ

K 1 K\ (25+2)(p—1)
+Cllg)ls / +(3 Zq|dx
-3 ), lorng et (&) )%l

< C”(PH* {(%)25-&-2 n (g)25+3—(2—(25+2)(p—1))+:| _ 0(1)”4)”*

Therefore, we can conclude that

[ #LIZgJdx = o(1) 9] @19
On the other hand, it is easy to see that
/}RZ hZg,dx < C||il.. (4.14)
By using (.13), (.14), and Lemma [£.T} we obtain that
¢ =o(1)[[@[lx + OM)[A]] (4.15)

Now, we prove the a priori estimate - We argue by contradiction. Suppose
that there exist hg and ¢ solving - 4.10) for h = hg, R = Ry, with ||hg||« — 0 and
llpx ||« = 1 as K — oo. For simplicity, we drop the K in the subscript.

From the conditions on the potential V, it is obvious that infz2 V' > 0. On the
other hand, from the equation satisfied by ¢,
ou
(~AF g+ (V- pW g =nte I,
we find that

V(x) = pWFH(x) 2V (x) -

1 p-1
C((1_|_|x_Q ‘ Zs+2+Z|Q Q1|Zs+2)

ZV(")C((1+|x1Q1)25+2+(§)25+2)p 23V

for any x € () \ B(Q1), which leads to

1
f V(x) — pWp1 > —infV(x) > 0.
el gy (V) T PVTI@) 2 5 V)

Accordingly, from LemmaP.5|and (4.13), it holds that

K
191l < €19l 5 gy + Ills + |c|H]; Z||,) < Clollsior mg +o0),

from which we may assume that, up to a subsequence,

l¢llz(8,)(0y) =7 > 0 (4.16)
Let us set ¢(x) = ¢(x + Q1). Then, ¢ satisfies

(AP¢+V(x+Qi)p— puwl g =g, (4.17)
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where

§=g(x+Q1)+ (C1 Zy(x+ Q1) +ZC] X+Q1))

j=2
K p-1 114
+ p{(w(x) + 2 w(x+ Q1 — Qj)) —wP }cp. (4.18)
j=2
For any point x in an arbitrary compact set of R?, we have that
8(x +Qu)I < [Igll+o(x + Q1) < Cligll = o(1).
It is easy to see that V(x + Q1) — 1,
¢ = o(llgll) +O(llglls) — 0
and
X C
; <
Zl(x+Q1)+];Z](x+Ql)‘— (1+|x+ Q1)) 25+2 Z|X+Q1 Q|25+2

<C+ <C.
E |Ql Q |25+2
For the last term in (4.18),as 1 < p < 2 it holds that
K p_l 1] =
(v + Lo+ -0))"  —w@r g
j=2

K K

_ -1

SC(J;YU(X-FQl—Q] )p <] 2|x+Q1 j|25+2)p
K (25+2)( 1)

SC(};W) ()"

while for p > 2 we have that

(w0 + Lot =) -]l
L

K K p—1
< CwPfZZw(x+Q1 -Qj) +C(Zw(x+Q1 —Q]'))
j=2

j=2

p—1
S-Z’|X+Q1—Q'|ZS+2+C<Z’|9C+Ql j|25+2>

p—1
“Lio-or<(Lia—gr)

o5 e() ()

Hence, § — 0 uniformly on any compact set of R?> as K — oo. Meanwhile, by

considering

(87§ +¢=(1-V(x+Qu)d+pu’'d+g
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and applying Lemma[2.3] we obtain that

#(x) ~ ()|
NPT

IN

Cl(1 = V)ll= + 0P~ bl + [1gllz=)

Cligll +118ll=) < C,

where B = min{1,2s}. Hence, up to a subsequence, we may assume that ¢ — ¢
uniformly on any compact set. It is easy to see that ¢ satisfies

(=D + o — pwP~ g = 0in R?,
¢o € H*,  [r2 Vg =0,

where x = (x!,x?). Furthermore, by using the fact that 1 > 1 we have that

2 < b2 = < 2 <C,
/BR(O) P = /BR(O) (Pk /BR(Ql) ¢k < llgul /BR(Ql)p n

which means that ¢y € L?(IR?). Then, the non-degeneracy result in [27] together
with the orthogonality condition implies that ¢y = 0, which contradicts (4.16).
Hence, have we proved (4.11). Once we obtain (.11), we can follow the same
steps as in [18] to obtain a solution (4.10). Then, the lemma will be proved. O

IN

Before we give the complete proof of Proposition[4.1} we will estimate the error.

Lemma 4.2. Given (Q1,Qz,- -+, Qk) € Ak, for any fixed y € (1,2 + 2s) there exists a
constant C (independent of K) such that

|E|l« < CR™™. (4.19)
Proof. By the definition of E, we have that
K K K
p
E:Z(V(x)—l)wj—{(ij) —wa}:E1+E2.
j=1 j=1 j=1
We simply assume that x € ); in the following proof, because the other parts can
be treated similarly. We first consider E;. If |x| > ‘Qz—l‘, then
1 1

and in this region we have that

L C /& 1 1 K
\p 1};(1—V(x))w‘ F(;m) ];wf
c /& 1 -1 K 1
SF(;W) ]; (1+[x— Q%7
C /& 1 -1 K 1
<pl(Larr—om) Larr-o
C
<

Meanwhile, for x| < &, we have that

R R )
x= Qi 2 Qi — [x] = 5 and [x = Q| = 5 forj =2, K
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Hence,
Iy 1y Iy 1
Y 1=V (x))w;| <Cp~ w; < Cp~
‘P ]; ]‘ P ]; j p ]; (1+x— Q)72
1 1

<Cp! .
SO L Ao TR g

<i 1 ) 3 1 1

Srh-Ql/ H 0+ - g REE
C

— R25+2 u’

For E;, we observe that

’(iwj)p—]iwﬂ < C(wf_ljéwj—i—]éwf—k (}éwj)’g).

j=1

In the case that u < (25 +2)(p — 1), it holds that

- 1 K 1
WY w < cp!
p 1 Jg jsLp (1_'_|x_Ql|)(2+25)(p71) ]; (1_|_|x_Qj|)25+2
(L4 |x = Q¥ i 1
(1+ |x — Qq])@+2)(p-1) = (14 |x — Q;l)>+2
1 K\ 2542
<C < - .
- ; (1+1Q— Q=2 = (%)
Otherwise, if 4 > (24 2s)(p — 1) then
oW W < cp ! ! f 1
ST A - a0 S (1t - Q)
< Cpfl i 1
B (1+ Ix — Qi 5 (14 |x — Q)22 w21
K 1 Ky (2s+2)p—p
< —= .
s¢ ; 1Qj — Qq|@s+2)p—p — C(R)
It is easy to deduce that
1 1

p—l pr < Cp—l Z
j=

(L+ Jx — Q)@= (T4 x = Qi

K 1 K\ (2s+2)p—p
<C), Q- Q1|Cs+2)p—1 = (E)

21
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and
K K
1 1 p
-1
() = (y t)
=2 = QP (1 - Qi)
K .
1 p Ky (2s+2)p—p
SC(Z 2s+2—ﬁ) SC(ﬁ) '
=2 1Qj — Qul P
Thus, we obtain the desired result by combining the above estimates. O

Now, we are in the position to give the proof of Proposition 4.1}
Proof of Proposition We write the problem as a fixed point problem:
¢ = T(E+ N(¢)) =: Ag, for p € H*.
Let
§={pcH”|¢l. <0},

where § > 0 is a small number to be determined later.
Let ¢ € §. Then for 1 < p <2 we have that

IN@)[l+ < Clig?ll« < CligllElleP~ Il o (rey < CliglIE,
or if p > 2 we have that
IN(@) [l < Cllg*WP~2[|, + Cllg” |l
< CllpllloW? 2| Loy + ClIPIIE 0P | o (2
< CliglI2.
By Proposition.2land Lemma 4.2} we have that

IA@)l+ < CUIE]l« + IN(@)II-) < CIEl« +C(ll + 12 Ipll- < 6.

Then, we can choose C(6 + 67 *1) < % and K sufficiently large such that
ClIE||. < CR™™ < %5.

On the other hand, for any ¢; € H%, i = 1,2, we have that
IN(¢1) = N(¢2)| = IN'($)(¢1 — ¢2)],

where ¢ lies between ¢; and ¢».
For 1 < p < 2,itholds that N'(t) < CtP—1 < C(|¢1|P~ + |$2|P~1), which tells
us that

IN(#1) = N(g2)ll+ < Cllgr = @all (o1 1}y + 192117 ()
< Cllgr = gallllon I + o212 ol e
<Cligr = ol (lgn]lF" + lig2ll 27
< Copr = gl < ~ 91 — .
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Provided that ¢ is small enough. For p > 2, N'(t) < C(WP~2|t| + [¢|P~1), from
which we can deduce that

IN(¢1) = N(@2)]+
< Cligr = ol [1oW? 2oy (gl + lg2lle) + (lenllE ™+ le2llE Dol o |
< Cllgr — gall«(Igrll« + ligall« + g llZ™" + [l
<C+Ngr = galls < 2lp1 — gall.

Provided that ¢ is small enough. Thus, we obtain that A is a contraction mapping,
and the problem (4.4) admits a unique solution ¢. Clearly, Lemma [4.2|implies that

o[l < CRT™.

Now, we will consider the differentiability of ¢(x;«,q) as function of («,q).
Consider the map
T :RxR* x 8 x R — 98 x R

of class C! given by:

((_A)S + 1)715(11 +¢) — C((—A)S + 1)*1%%
T(a,9,¢,¢) = fRz: $Zq,dx
Sz $Zg,dx

where B = H?*(R?) N B,. Equation is equivalent to 7 («,q,¢,¢c) = 0. By
the above argument, we know that given « € R and q satisfying (3.9), there ex-
ists a unique local solution (¢(a, q),c(a, q)). In the following, we write (¢, c) =
(p(a, q), c(a, q)) for simplicity. We claim that the linear operator

9T, q,9,¢) ;9B x R 5 9B x R¥
Agie)  lwage)

is invertible for large K. Then, the C'— regularity of («,q) + (¢, c) follows from
the implicit function theorem. Indeed, we have that

(=8 +1)7'8' (U +¢)[g] - E((-ay +1) "%
M [(P 5] _ f]RZ (pZQldx
d (4)/ C) (a,q.9,¢) ’ .

Jre 9Z o, dx
Next, we study the dependence of ¢ on («, q). Assume that we have two solu-
tions corresponding to two sets of parameters. Let one of these be denoted by

L¢] + E+ N(¢) = cVqU,
corresponding to the parameters « and q, and the other by

Lig]+E+ N(§) = eVal,
corresponding to the parameters & and §. Observe that ¢ is L2— orthogonal to
VqU, while ¢ is L>— orthogonal to ﬁqu. To compare ¢ and ¢, we first choose a
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vector @ such that
(i)w == 407 + (I)un

satisfies the same orthogonality condition as ¢. Moreover, by the equation for ¢,
the function (f)w satisfies the equation

Ligo) + (L= L)[§] = @ L[VaU] + E + K(@) + &(VqU — Vqll) = ¢ VqUl.
By taking the difference with the equation satisfied by ¢, we obtain that
Ligo = 9] =(L— L)§] + @ LIVqU] + (E — £) + (N(9) — N($)
—&¢(VqU — VqU) + (¢ —¢) - VqU.
Forj=1,2,---,K, we have that

1Qj = Qif < C(RI —a| + 1§ — qll).
Assuming that (R|& — | + ||§ — q|e) < 3, we then have that
1L~ L)[@)]l+ < CR™®(R|& —af + 1§ — qlleo),

|60 - L[VqU][[+ < CRT™[|@]es,

IE—El. < CRT™(R

& —af +

q-qllw),

o

&k —af+19q—qllo)
+CR V0o — .,

IN(¢) — N(¢)||. < CR™min{p-LUm(R

and

&(Vql — Val)|s <CR™™(R

& —o|+

q = qlle)-
Hence, by Lemma 3.1 we have that
G =PIl + & = clloo < CR™MMPLUO(R|E — af +1|§ — ql|eo)

+CR™®||@]leo + CR™ W7 V%|g — ..

On the other hand, from the definition of cf)w we have that

o

|@ ]l < Cllg-(R
< CR™™(R

& —af+ 14— qll)
& —af+ 19— qll)-

Hence,

o

b —af + 94— qll«)
Therefore, we have completed the proof of Proposition 4.1} [J

1 = ¢l + 14— glle < CR™™REPTIUT(R
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5. A FURTHER REDUCTION PROCESS

The main purpose of this section is to achieve Step 2.A. We will define

B=B—7(Rq+q"),V7eR (5.1)
The equation then becomes

ou ou

,B'Eﬁ-'y%. (5.2)

L(¢) +E+ N(¢) =

Note that ¢ does not depend on 7, but  depends on the parameters &, q, and 1.
We write § = B(w, q,7).

In this section, we will solve = 0 for each « € R by adjusting q and 7. By
multiplying by ?Tg and integrating over R?, we obtain that

/ Jou ou

ou .
/]RZ(L(fP) +E+N(¢))de =MB+ [, T 3q

Because the matrix M is invertible, solving B = 0 is equivalent to solving

ou ou ou
/]RZ(L(QD)+E+N(4>))de:'y/R d

> 9a aq "
In the following subsection, we will compute the projections of the error and the
terms involving ¢.

(5.3)

5.1. Projections. We first compute [ E%—gdx. We begin with the following lem-
ma.

Lemma 5.1. The following expansion holds:

— Qk
¥(
|Q ‘ +];{ |Q] Qk|)|Q] |

+ R (e, q) + R Ik (a, q),

/IR2 EZg,dx = T|Q¢| !

where T = ¢ [n w?(x)dx; T and T, as given in and are numbers depending
on p,m, and s only; and 11y (a, q), i = 1,2, are smooth vector valued functions that are
uniformly bounded as K — oo.

Proof. By the definition of the error E, we know that

/ EZdex—Z/ Vwkdx—/2 [(iw) i }Vwkdx

j=1
75—5

We first estimate Iy:

L = Z/ — Nw;Vuwdx

= 2( (x) = Dw Vwidx + 2/ w;Vwydx
R j#k

= I + Ip.
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= [ (V) - Doq Tugae s [ (V(8) - g T
Jx|<3

|x[>%
a g —m—
:/\xM v Vg + O(R 45-3) 4 O(R™™7)
=2
a

= ————w(y)Vw(y)dy + O(R"*3) + O(R™™°
y+Qel=% |y + Qil™ Wy Vwiydy + Ol )l )

- IQI?I’I;” [ @)+ O(R™7%) £ O(R ™) + O(R "),

where in the last equality we use the following identities:

/IR2 w(y)Vw(y)dy =0, /Rz yiykw(y)Vw(y)dy =0, Vjk=1,2,
and
S I o
[T D) Vady =~ [ vty vieR:

For the term [;5, we have that

Ip = Z/ )—1) wQ Vwg, dx
j#k
:2/ (V) —Dwg Vkad”Z/ V(x) = Dwg, Vwg,dx
];ék ‘x‘gz ]#k X‘>2

=L Jyears r G % QTR

o 1 4
+O(R " U)E Qk|25+2 +O(KR * 3)

7 1Qi -

o 1 Qj — 1
(&™) L;(|Qj_Qk|2s+3<|Qij|) +];(|Qij|zs+4]

o 1 —45-3
+O(R™™ U)%W—FO(KR s=3)
]

= O(R™2"71) 4 O(R™2""1) 4 O(R™*72752) + O(R2"77),

Q= Qk Q=@ _ 5gin I7<T in the last step. Thus, we

where we have used [N + Qe i—Ql

have that

_ @ Qk / 2 -7
B = 5 73 o @A+ ORT™),

where

71:m1n{m+3,m+a,2m+1,2m+s 1’ 4s+2+2+2} (5.4)
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Next, we consider I.

K p K )
L = - (2wQ].) - Zij Vwg,dx
j=1 j=1

-1
= e pprk (];{ij)Vkadx

k p
PPl _ p
+/]R2 ((]ng]) W, — Wy, (};ch],) ];(wQ]) Vwg, dx
= Ip1 + .

By the definition of the interaction function ¥, we have that

Iy =—) Y(Qj— Q) Q; — &

j#k ‘Q] - Qk| ' (5'5)

For the term I, we divide our discussion into two cases. If 1 < p < 2, we write

K p _
/ (( Zij Q- Pprkl (];(WQJ) . prQ]> Vwg,dx

-
]RZ
P _
— 0, (( ZWQ]) —prk - ngkl(#zkng) — Zwé} Vwg,dx

j=1 i7k

N———

* /]RZ\Qk (( XK: wQJ’)p N wgk o pwézl ( Z ij) - Z pr]> Vwg,dx. (5.6)

j=1 7k j#k

For the first term on the right hand side of (5.6), we have that

: K p »
'/Qk (( Iy wQ].) —wp, — pwR (#kaQ].) —#kaij> Vkadx‘

J

< C/Ok (];{ij>p|Vka| + (};ng>|Vka|dx

1

P 1
=cl(x Qi - Qk|<25+2>> "L |Qj — Qul¥E+Y)

] < CRP™,
j7k j7k
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where we have used that (1 + x)” <1+ px + Cx? for small x, and C is a constant
that depends on p only. Similarly,

/]Rz\ﬂk<('2 Qf) wgkpwgl(szsz’éj) Vwg,dx
<) pr_ (ZwQ)WkaMerZ/ Zw Wka‘dx

0k e 0k O j£
+ Z/ <prk wQé|vak’ +pr ( 2 ij) |vak|> dx
7k ALk

1 1 1
< < —pm
= Cg;{ (Rm Q) — Q|2 H3-2(p—1)(s+1)+ \Ql Qk\Zp(erl)) < CRTP

(5.7)
Therefore, we have for 1 < p < 2 that
I, < CRP™, (5.8)

If p > 2, then
K p _

o) <(Zwa) —w’ék—pw”le(Zij) _.prQf> Vo
=1 j#k j#k

<C w (ZwQ/) |Vwg,| + (];(wQ/)prQk]dx

1

1
<C +
- <];( |Qj — Qg #st4 ;;% Q) — Qk|2p(s+l))

< CR™2m,

and similarly to we have that

K

P -1
/]R2/Qk <<]¥4 wQJ‘) N prk - Pprk (Z:ng) - E pr/_> Vwg, dx
<Z/ Cw EWQ)|VZUQk|dX+Z/ ZWQ|Vka|dx

l#k £k 7 AL

+2/ (pw wa|vak|+pw (lgkaj>|vak|> dx
J#L,

ik
< CR™™,
In summary, we have that
I =R7%,
where
Ty = min {2m, pm} . (5.9)

By combining the above estimates, we complete the proof of Lemma 0
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Now, we can analyze fRz E %—gdx. Before we start, we define
_ 2Rsin [Z¥'(2Rsin IF)
! ¥(2RsinT)

By considering to the asymptotic behavior of ¥ with its derivative, it is not difficult
to see that d; = — (25 +3) +o(1).

(5.10)

Lemma 5.2. The following expansion holds:
/2 Egl;dx =Tq+ R 111 (a,q) + R™2I(a, q) + R‘m_ﬁ%ﬂg(w, q),
R
where
(e, q) = (Iy, I, -+, i), i = 1,2,
and 113(«, q) are uniformly bounded vector valued functions, with I13(«, q) given in the
following proof of Lemma(5.2] Here, T is a 2K x 2K matrix defined by

A B
T = ( c D ) (5.11)

and A, B,C, D are all K x K circulant matrices given as follows:
The matrix A:

.A = Circ {Al,Az," . ,AK}, (5.12)
where L0

=Y F[(1-dj)sin* L —1] — (m+1)TR"" 2,
2
j#1
29
a]-:F]-(cosE d; sin’ )for]—2 JK,
and
Y(2R
F = <ism> forie2, K.
2R sin 2

The matrix B:

B = Circ{B1,By, - ,Bx}, (5.13)
where

Z Fisin®;(1 —d;),
]#1

and

1. . .
B, = —EPjsm@-(l +d;), forj=2,--- K.

The matrix C:

C = Circ{Cy1,Cy,---,Ck}, (5.14)
where
C = —fZF sin0;(1 —d;),
J#l
and

1. . .
Ci= EFjsmej(l +d;), forj=2,--- K.
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The matrix D:
D = Circ {Dl,Dz,-" ,DK}, (515)
where
9 2
ZF [(1—d;) cos? 2 —1]+TR™™%,
j#1

0,
Dj:F]«(—sm +dj cos® )for]—Z K.

Proof. First, we recall a useful expansion that will be used several times in the
following proof:

i+b 4@ b sd-b\d |b|2

an - m - (e Oap) i <<
By considering (5.16) and performing a simple computation, we can obtain that

|Q§7§1+2 = Rimill’lk + R™M—2 (gktk — (m + l)fknk) + O(Rimig'), (5.17)
Q-0 Q- 1
= + n;+ ny — g1t
o=l ~ =l g gy VTt fim i)
Q?—Ql fjnj-i-gjfj—ﬁ”l —&1h Q?_Q(l) 0 |q|<%o
“lo—a oo JioaClig g
] 1 j 1 j 1 1
and
QO

F(1Q — Qi) =¥(1Q) - Q) +¥'(1Q] -~ QD) 150 — o7 ‘Qo ‘ (fim+ gty = fim = gih)

9%
0l )

Therefore, we have that

Q-

QY — QY finj +gjti — fim — g1t
Y (100 — 00y 0 i1+ 8jt
Y100 - @l gy + 419 - et S

QM=) Fni+giti— fin — gty Q) — Q)

(100 — OO j S T &t j
19 - e (jor=op @il
QY —QY) - (finj +gjti — fim — git1) Q) — QY
e - ey Q=

lal%
+o( ) e
(]; ‘Q? _ Q(l)‘szrS)
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By noting that nj = cosOjny +sin bty and tj = —sin6;ny + cosO;t;, we can further
write that
Q1
ZT ‘Q] Q1| | |
i QJ
0; 0; 1 ) 5 0
=— 2‘{’ (2R sin 2)sm 2711 + ZF{[Efl(dj—l)smGj—ﬁ—gl((l —dj) cos 5 )
1#1 j#1
28 0Y 2
+ f](l—l—d ) sin6; + g;(d; cos > — sin E)}h + [fl(( dj) sin > —-1)

. 0; L0 1 .
+ §g1(dj —1)sin6, —l—fj(coszzj — djsin® E]) - Eg]'(l +d;) stJ}nl}

(]2 |Q§) Q(l)|25+5) ( )

By combining the above estimates with Lemma [5.1|and using the balance relation

0; 0;
Y ¥(2Rsin Z)sin 2 —~TR™"" ! =0, (5.19)
2 2
j#1
we get that
: 29
/ EZQ]dx—ZF{[ —1)sin6; + g1 ((1 — d;) cos E—l)
j#1
(14 d:)sin 6: (d. 2 9j .29 t
+§f]( +d;) sin6; + g;(d; cos 5 —sin E)} 1

9
[fl(( )ssz—l) Zgl( )sm9
0; e .
—I—fj(cos2E] — djsin® E]) — Eg]-(l +dj)s1n9]} nl}
+ FR_m_Z(glfl - (m + 1)f1?l1)
+ R 111 (a, q) + R 211 (a, q) + R_m_Z%FIZH::,(ZX,q),

where I[13(«, q) is a smooth vector valued function that defines the remainder term
appearing in (5.17) and (5.18) and is uniformly bounded as R — co. g

Next, we compute the projections involving ¢.

Lemma 5.3. For sufficiently large K, the following expansions hold:

ou
/]Rz W]de = TS1_14(0‘1 q),

and

au .
Jo N (@) G = R OTIs(w,q)

where T1y(a, q),115(a, q) are uniformly bounded smooth vector valued functions and
T3, T4 are defined in the following proof.
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Proof. From the proof of Proposition[4.2} we have that
‘ /}Rz L[q;]Zdex‘ — ‘ /Rz L(sz)qu] < Cllg|ls [R™P-D 4 R 4 R-271] = O(R™®),
where 73 = 19 + min {m(p — 1),m,2s + 1} . By direct computation, we obtain that
. min{p,2} _ —min{p2}19) _ —T4
o N@)Zgax = 9T [ p|Zg,|dx = O(R )= O(R™™).
]

5.2. The invertibility of T. In this subsection, we study the linear problem T'q =
b and obtain the following result, the proof of which is deferred to the Appendix.

Lemma 5.4. There exists Ry > 0 such that for R > R and every b € R?K, there exists
a unique vector q € R?X and a unique constant v € R such that

Tq=b+7q1, q9 L qo, (5.20)

where qq is defined by below. Moreover, there exists a positive constant C > 0 that
is independent of R such that

Iqllo < CR™ 3755 b (5.21)

5.3. Reduction to one dimension. Now, we state the main result of the section.

Proposition 5.1. Under the assumption of Theorem there exists Rg > 0 such that
forall R > Rg and every o € R, there exists a unique (q,7y) = (q(a),y(«)) such that

B =0. As a result, ¢p(x,a, q(«)) and () satisfy the following equation:

Lig] + E+N(¢) = 15,
{ f]R2 (PZdex =0, Vk :81, .-+, K. (5.22)

Moreover, the function ¢(x,a, q(a)) is of class C! in a, and we have that

1§l < CR™®, [[qlleo + R [9aqleo < CR™B—M =3+ 5%), (5.23)
3m
T5 = {Tl,Tz, T3, Tq, M+ 75 +2} . (5.24)

To prove Proposition it suffices to solve f = 0 for each a. From the results in
previous subsections, we can rewrite the equation as follows:

Lemma 5.5. For every a € R, the equation p = 0 is equivalent to

Tq+®(a,q) = 7qu (5.25)
where T is the 2K x 2K matrix defined in , ® denotes the remainder term, and

[ oeuau, .
ql_/Rzaadx_M(Rqurq ). (5.26)

Using Lemma 5.2]and Lemma5.3] we obtain the following estimate on ®(«, q).
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Lemma 5.6. The following expansion holds:
®(x,q) =R 1Ty (,q) + R 2TIy(a, q) + R~ 2%21T5(w, q)
+ R 5114(a, q) + R™™I1I5(a, q)
where I1;(«, q) are smooth vector valued functions that are uniformly bounded as K — oo.

Now, we are going to solve (5.25) and complete the proof of Proposition[5.1}
Proof of Proposition[5.1} By Lemmal5.4} equation (5.25) is equivalent to

q="T,'[®(xq)] = F(q).

By Lemma the estimate (5.23), and the estimate (1.10) in Assumption 2, we
know that

®(,q) = R 351 1TI(a, q),

where g = 5 —m — % — 5oz and I1(«, q) is a smooth vector valued function that
is uniformly bounded as K — oo. Then, by Lemma 5.4} for ||q||c < 1 we have that

[F(q)[lc <CRT
and
_ _ _ 1 _
[F(q) = F(@llo < CR™[lq = qllo < 5 /g — ql[co-
On the other hand,

m

3_
(T = Ty )blles < CR™ 27227 |[b|s]lq — oo,

which shows that F is a contraction map. By the Banach fixed point theorem, we
obtain the existence of a solution ¢ to (5.22).

To show the differentiability of q(«), consider the map
T(x,q) =q— F(a,q): RxR* - R,
Because %—JqT = O(R™"), we have that %—Z\“,q(“) =1- aa—ﬁ is invertible. Thus, we
obtain the differentiability of q(«).

Next, we study the dependence of q on a. Assume that we have two solutions
corresponding to two sets of parameters. Let one of these be denoted by

q="T'[®(x,q)],
corresponding to «, and the other denoted by
q="Tg'[*&q)],
corresponding to &. Assume that R|a — a| < % Then, by direct computation and
Lemmal[5.4, we have that
18 = qllec < CRTT(R[& — a]).

Hence, we have proved the Proposition.
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6. PROOF OF THEOREM 1.1} VARIATIONAL REDUCTION

In this section, we complete the proof of Theorem To solve y(x) = 0, we
will apply variational reduction. To do this, we first introduce some notation. Let
a € R, and let ¢ = ¢(«, q(a)) be the function given by Proposition Then, we
define the following energy functional:

Fla)=J(U+¢):R—> R, 6.1)

where U = U(x,a,q(a)).
Both U and ¢ are 277 periodic in . Hence, by Proposition[5.1]the reduced energy
functional F(«) has the following property.

Lemma 6.1. The function F(w) is of class C', and satisfies F(a + 271) = F(«) for every
x € R

Lemma 6.2. Let F(a) = J(U + ¢). Then, y(a) = 0 if and only if F'(a) = 0.

Proof. Assume that i is the unique s-harmonic extension of u = U + ¢. Then, the
well-known computation by Caffarelli and Silvestre [13] shows that

_1 712,125 1 2 1 p+1
F(vc)—z./]Ri|Vu|y dxdy+§/]RzV(x)u i) o 1 dx.
By Proposition[5.T} for large K and every « € R, u = U + ¢ satisfies the equation

ou

(=A)u+V(x)u—uf = 'y(oc)a. (6.2)

Thus, we obtain that
F'(«) :/IRS va.V(a“a)yHdeder/]Rz V(x)ﬁaaﬁ—/IRZ ! dqu
+
- / (=AY u+ V(x)u — uP|dudx
R

ou
=) [, 55 Oall +3up)dx

au ou AU ap I
— L - —_— — —_— — — .
=1 [, (Rao+q") S (5 5q Pt 5 ot 2

—KR*(1+0(1)(w) [ (52 ) ax.

axy

q)dx

Hence, we find that F/(«) = 0 if and only if y(a) = 0. Thus, we have proved the
Lemma. g

Proof of Theorem By Lemma F(a) is 27t periodic and of class C!. Hence, it
has at least two critical points (maximum and minimum points) in [0, 27t]. There-
fore, Theorem [1.1] follows from Lemma O
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7. APPENDIX: CIRCULANT MATRICES AND THE PROOF OF LEMMA [5.4]

In this section, we introduce circulant matrices, which play an important role in
this paper. For further details regarding circulant matrices, we refer the reader to
[32].

A circulant matrix M of dimension K x K has the form

X0 X1 Tt XK—2  XK-1
XK-1 X0 X1 Tt XK-2
.o x _ x x ..
M= TR T (7.1)
X1
xl ... o .. xK—l xo

or equivalently if Mj, i,j=1,---,Kare the entries of the matrix M, then
Mij = My ji_jj41-

In particular, in order to determine a circulant matrix it is sufficient to know the
components of the first row. We denote the circulant matrix mentioned above by

M = Cir{(xo,x1, -+, xk-1) }- (7.2)
The eigenvalues of a circulant matrix X are given by the explicit formula

K-1 27y
A=Y xexl, j=0,--- K-1, (7.3)
1=0

with corresponding normalized eigenvectors defined by

1 00 T - 2(K-1)7i ; T

Ej - = (1,€2K],€4K],"' ,e K ]) . (7.4)
Observe that any circulant matrix X can be diagonalized:
M = PD P!
where Dy is the diagonal matrix
DM = dlag (170/ ", /77K71)

and P is the K x K matrix defined by

P=|Eo|Ex| | Exal. (75)
Next, we analyze the matrix T. We have the following result.

Lemma 7.1. There exists Ky > 0 such that for all K > Ky and every b € R?K, there
exists a unique q € R?X and a unique v € R such that

Tq=b+7vq0 q-L qo. (7.6)
Moreover, there exists a positive constant C, which is independent of K, such that
gl < CR™ 3 %5 ||| (7.7)

Furthermore, the number of zero (resp. negative, positive) eigenvalues of T is given by 1
(resp. K —1, K).
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Proof. Recall that T is given by (5.11):
(A B
=(¢ 2)
and the entries A, B,C, D are given by (5.12)-(5.15). Thus, for { =0,--- ,K — 1 we
have that the /-th eigenvalues of the matrices A, B,C, D are given by the following:

9.
A=Y F [(1 —dj) sin? 7 — 1] — (m+1)TR™2

j#1
+ 2 F]-(cos2 & —d; sin? &)e%@*l) (7.8)
i# . 2
A = L Fisin0;(1— d;) + F;sin6;(1 + d;)e % (1) 7.9
B,g__z'#zl[]gn ]( — ])—I— jsin ]( + ])6 }/ (7.9)
]
1 . ; G-
Aey = -5 ; {F]- sin0;(1 —d;) — Fsin0;(1 +d;)e § }, (7.10)
]

and

9.
Apy =Y F|(1-dj)cos? - —1] + TR

i 2
2 9]‘ . 2 91‘ 2bmi(j_1)
+ 2 F; (dj cos” o —sin E)e K . (7.11)
iF
Now, define
P 0
P_<0 P), (7.12)
where P is defined in (7.5). A simple algebraic manipulation gives that
T = PGP, (7.13)
where
_( Da Ds
G = ( o o > (7.14)

and Dy denotes the diagonal matrix of the K x K circulant matrix X.

Because the matrix T is real and symmetric, all of its eigenvalues are real and
satisfy the following equations:

A= (Aap+Ape ) A+ (Aaidpe = Asidc) =0 (7.15)

for{=0,--- ,K—1.
Denote the solutions of (7.15) by A; ; and A, 4, with A; ; < A 4. Then,

A A A(A g pAp o — A oA
Ay = Ml tApg (1 [ HAadny 57 cr) , (7.16)
2 (Aae+Apye)

and

Ape+Apy 4(ApADye — ABeAce
Agy = "ALT DL 5 . <1+\/1— (J?}LAZI+)\D6’)2 1) . (7.17)
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In order to analyze the eigenvalues, we need to compute the terms A 4 s + Ap ¢
and AA,E/\D,Z — AB,Z/\C,E-

When ¢ = 0, we note that Ay = A¢g = Apo = 0. As a consequence, Ajg =0,
and

9.
Npo=Apg0=—2 Z d]F] sin? E] — (m + 1)FR_m_2
j#1
= Ly g9 (oRsin D) sin 1)TR™~2
_E]; i ( smz)smz—(m—&— )

9.
= & L (25 +3)¥(2Rsin J)sin ) (140(1)) — (m+ IR "2
RiA 2 2
(252 mt oD)IR 20,
where we have used (5.10).

For ¢ > 1, we use the idea introduced in [40]]. First, we introduce the following
functions. For any integer i, we define

cos(Ix)

and Q;(x) = i sin(lx) (7.18)

i
1 ! I=1

agk

Pi(x) =

1

When 7 is even, up to a normalization constant, P, and Q, are related to the
Fourier series of the Bernoulli polynomial B, (x), and when 7 is odd P, and Q, are
related to the Fourier series of the Euler polynomial E,(x). Let

gx) =Y 1=cos(ix) oy < . (7.19)

Using P;(x), we can write g(x) as

8(x) = Pas4(0) — Pasia(x).

We observe that

and
8(0) =g'(0) =0, g"(0) > 0.
With these functions in hand, and using the balancing condition (5.19), we set
A

F=——"—F7—(1 1
J |Qj*Q1|23+4( +ol®)
A 1
= 2s+2 R2s+4 (1 — oS 9].)5+2 (1 +0(1))
fr

(1 —cos6;)s+2’



38 WEIWEI AO, JUNCHENG WEI, AND WEN YANG

Then, we have the following:

Aap= ZF[ 1—d)sm292] 1} —(m+1) ) F;(1—cosb;)

A i
0, 5
+2F(cos —fd sin? Z)COS(EG)
j#1
1—d;
= Zl—"j(l—cosé)j)[ 5 —1} Y Fi(1—cos(46)))
j#1 j#1
1+d;
-y + ]F (1 — cosb;) cos(¢6;)
7
B 1 1—d; 1 — cos(0;)
_fR(]; (1_C059j)s+1[ 2 _m_l}_];(l—msej)sﬂ
1+d;  cos(40;)
- ]; (1 —cos 9j)5+1)
_ 1—4d K \2s+2 1 K \2s+4 27/
*fR{[ 2 _m_l}(ﬁn) 3 (0)_(\@n) 8(x)
14d, K \2542 , 2700
-5 () o),
i _ifr g sinfsin(®)
Agp = ];F (1+d;)sinb;sin(£0;) = 5 /‘7&21 (1—C0$9]‘)S+2(1+d])

- lfR(lgdm(én)zs%g’(z?)(l +o(1)),

sin 6; sin(¢6;)
] ]
( —cost)5+2( +4dj)

i
Ace =5 ZP (1+d;)sin0;sin(£0;) = fR; 7
]

27 2

ifR(1+d)/ K \2+3 27l
= 45 (ﬁn) V2g (5) (1 +0(1)),
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and
0
ADPEP[ Coszzj—l]—i—ZF (1 — cos6;)
j#1 j#1
+ Z F; (d‘ cos? ﬁ — sin? &> cos(£6))
T\ )
i 2 2
1+4+d;
=) LF(1—cos;) — Y d;F;(1 — cos(£6)))
4 2
j#1 j#1
—Z ]F (1 — cosb;) cos(£6;)
j#1
1+4d; 1 1 — cos(¢0;)
_fR<]; 2 (1—cosfj)s+1 2 ](1—c056)5+2
3 1+d;  cos(¢0;) )
o2 (1 — cos6;)st1
B 1+d K \2s+2 " K \2st4 274
{5 () FO-a5) s

- () AR a ).

When £ = 0(1), we can employ a Taylor expansion on g, ¢/, and g” to obtain that

Aae=((=d=m=1) =) ()" g O f(1+0(),
Ay = =i+ d)fe(G-) " SO+ 0(1),

) o),

Aee =il +d)€fR(E

and
K

\/571>23+28”(0)(1 +o(1)).

Apy=— dngR(

Then, we obtain that

Aas+Apy = frg"(0) (\/I;T)zs+2 [(25 +2)2 42542 m} (1+0(1)) (7.20)

and
ApeAD — ABire
K
2 /! 2
= — O —_—
fr(g"(0)) ( Jan

We note that A 4 yAp ¢ — AgsAcy < 0.

)4s+4£2 [(2s+3) (2 +m=1)+1|(1+0(1).  (721)
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Now, assume that % > ¢ for some positive constant c. In this case, because
g(x) > 01if x > 0, in the expressions of A4 ¢ to Ap ¢, the leading order terms in

A ABisAci, A, are given by the terms containing g(zKﬂ) Thus, we have that
K \2s+4 27/
A Ape=(2s+2 — —)(1 1
art Ay =25+ 2)fr( =) 8(Fo) A +o()

K\ 2s+4
=0(x)
and
K \4s48 , 2710 \2
AaiApe — ApeAcy = — (25 + 3>f1%(ﬁ> (8(%)) (1+0(1))

K 4s+8
=o(z) <0
By combining the above results, for £ > 1 we obtain that

€2K25+2
and
€2K2s+2
Nyy>C BT 2 CR™™2, (7.23)

From the above analysis, we know that the number of zero (resp. negative,
positive) eigenvalues of T is 1 (resp. K — 1, K). The eigenvector corresponding to
the zero eigenvalue is

qQ=(0,---,0,1,---,1). (7.24)
Moreover, for the solution (q, ) to (7.6), we have the following estimate:

lqll2 < CR™2|b]|,.
Because
lqlleo < llqll2 < CR"*?|[b|l2 < CR"*VK]|[b|w,
we have that
lalle < CR™ 37553 |[b] .
]

Proof of Lemma To prove Lemma it suffices to verify the a priori estimate
(5.21). Let
_ b-qo
qi-do
By Lemma 7.1} we have that

lqllee < CR™ 3775 (|[b|es + |11).
Because
q1- 90 = M(Rqo+q") - qo = coKR(1 +0(1)),
and
b qo| < CK||b|lc,
we have that
7] < CR7Y[|b|oo.
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Thus, we can obtain that

qlles < CR™ 3~ %57 |[b]|o.
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