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Abstract

We consider the following Toda system

∆ui +
2∑

j=1

aije
uj = 4πγiδ0 in R2,

∫
R2

euidx < ∞, for i = 1, 2,

where γi > −1, δ0 is Dirac measure at 0, and the coefficients aij is one of the Cartan matrix of rank
2: A2, B2(= C2), G2. In [15] and [1], the authors have gotten the classification and non-degeneracy
results of solutions for Cartan matrix A2 and B2. In this paper, we consider theG2 case, we completely
classify the solutions and obtain the quantization result as well as the non-degeneracy of solutions
for G2 Toda system.

1 Introduction

Let A = (aij) be a Cartan matrix of rank r. The the non-Abelian gauged nonlinear Schrödinger
equations can be reduced to the following Toda system with sources

−∆ui =
r∑

j=1

aije
uj + 4π

Ni∑
j=1

δpij in R2, i = 1, ..., r (1.1)

and the non-Abelian Chern-Simons system becomes

∆ui +
r∑

j=1

aije
uj =

∑
k,l

aike
ukakle

ul + 4π

Ni∑
j=1

δpij in R2, i = 1, ..., r (1.2)

We refer to Chapter 6 of the book [28] for backgrounds. In [15], Lin-Wei-Ye obtained the classification
and non-degeneracy of solutions for SU(n+ 1) Toda system with one single source

−∆ui =
n∑

j=1

aije
uj + 4πγiδ0 in R2, i = 1, ..., n (1.3)

where A = (aij) is the Cartan matrix for SU(n+ 1), given by

A := (aij) =



2 −1 0 . . . 0
−1 2 −1 . . . 0
0 −1 2 0
...

...
...

0 . . . −1 2 −1
0 . . . −1 2


. (1.4)
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However for Cartan matrices of Bn, Cn, Gn as well as exceptional Lie groups F2, E6 − E8, there are
little results so far. In [1], we consider the Cartan matrix of B2, and get the classification and non-
degeneracy results. The purpose of this paper is to give the classification result for Cartan matrix G2,
in this case, we get a complete classification for Cartan matrix of rank 2. We consider the 2-dimensional
(open) Toda system 

△ui +
2∑

j=1

aije
uj = 4πγiδ0 in R2∫

R2

euidx < +∞
(1.5)

for i = 1, 2, where γi > −1, and A = (aij) is given by

A = G2 =

(
2 −1
−3 2

)
. (1.6)

The A2 case has been considered by Lin-Wei-Ye (appendix of [15]). (In fact they considered general
An case. Note that An is the SU(n + 1) matrix.) And the B2 case has been considered in [1]. An
important ingredient of the B2 case is that the B2 Toda system can be embedded into A3 Toda system
under some group action. So we shall concentrate on the case G2. Note that it is the first exceptional
Lie group.

2 Classification for G2 Toda system

We consider  △u+ 2eu − ev = 4πγ1δ0 in R2

△v + 2ev − 3eu = 4πγ2δ0 in R2∫
R2 e

u < +∞,
∫
R2 e

v < +∞
(2.7)

An important observation is that Toda system with G2 can be embedded into Toda system with A6:

△u1 + 2eu1 − eu2 = 4πγ
′

1δ0 in R2

△u2 + 2eu2 − eu1 − eu3 = 4πγ
′

2δ0 in R2

△u3 + 2eu3 − eu2 − eu4 = 4πγ
′

3δ0 in R2

△u4 + 2eu4 − eu3 − eu5 = 4πγ
′

4δ0 in R2

△u5 + 2eu5 − eu4 − eu6 = 4πγ
′

5δ0 in R2

△u6 + 2eu6 − eu5 = 4πγ
′

6δ0 in R2∫
R2 e

ui < +∞, i = 1, ..., 6.

(2.8)

The transformation from (2.8) to (2.7) is the following:{
u1 = u, u2 = v, u3 = u+ log 2, u4 = u+ log 2, u5 = v, u6 = u

γ
′

1 = γ1, γ
′

2 = γ2, γ3 = γ
′

1, γ4 = γ
′

1, γ5 = γ
′

2, γ6 = γ
′

1

(2.9)

In other words, Toda system with G2 corresponds to solutions of Toda system with A6 under the
following group action

u3 = u1 + log 2, u4 = u1 + log 2, u5 = u2, u6 = u1. (2.10)

As a consequence, we just need to take the solutions of Lin-Wei-Ye [15] in A6 case with γ3 = γ1, γ4 =
γ1, γ5 = γ2, γ6 = γ1 and compute the solutions under the group action (2.10). Note that the maximal
dimension of Toda system with A6 is 48.

We define (
w̃1

w̃2

)
= G−1

2

(
u
v

)
. (2.11)

Then the system (2.7) is transformed to ∆w̃1 + e2w̃1−w̃2 = 4πα1δ0,
∆w̃2 + e2w̃2−3w̃1 = 4πα2δ0,∫
R2 e

2w̃1−w̃2 < +∞ ,
∫
R2 e

2w̃2−3w̃1 < +∞.
(2.12)
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where

(
α1

α2

)
= G−1

2

(
γ1
γ2

)
. We introduce the notation (w1, w2, w3, w4, w5, w6)

t = A−1
6 (u1, u2, u3, u4, u5, u6)

t,

and (α′
1, α

′
2, α

′
3, α

′
4, α

′
5, α

′
6)

t = A−1
6 (γ′

1, γ
′
2, γ

′
3, γ

′
4, γ

′
5, γ

′
6)

t. Then (2.8) is transformed to

∆wi + eui = 4πα′
iδ0 in R2, where α′

i =
3∑

j=1

aijγ′
j (2.13)

for i = 1, · · · , 6.
In order to find the solution of (2.12), we only need to find the solution of (2.13) under the action

w1 = w6, w3 = 2w1 + lg 2. And then(
w̃1

w̃2

)
=

(
w1

w2

)
−
(

ln 2
2 ln 2

)
. (2.14)

We have the following classification result:

Theorem 2.1. Let w̃ be a solution of (2.12), and w satisfies (2.14), then w1 can be expressed as

e−w1 = |z|−2α1(λ0 +

6∑
i=1

λi|Pi(z)|2), (2.15)

where

Pi(z) = zµ
′
1+···+µ′

i +

i−1∑
j=0

cijz
µ′
1+···+µ′

j , (2.16)

µ′
i = γ′

i + 1, and cij are complex numbers and λi > 0, satisfy

λ0 =
1

(211−
1
2µ2

1µ2(µ1 + µ2)2(2µ1 + µ2)2(3µ1 + µ2)(3µ1 + 2µ2))2λ4λ5

, (2.17)

λ1 =
1

(27µ1µ2(µ1 + µ2)2(2µ1 + µ2)(3µ1 + 2µ2))2λ5
,

λ2 =
1

(27µ2
1µ2(µ1 + µ2)(2µ1 + µ2)(3µ1 + µ2))2λ4

,

λ3 =
1

(23µ1(µ1 + µ2)(2µ1 + µ2))2
,

λ6 = (23+
1
2µ1µ2(µ1 + µ2))

2λ4λ5,

c10 =
µ2(µ1 + µ2)

(2µ1 + µ2)(3µ1 + µ2)
c65, c20 =

µ1µ2

(2µ1 + µ2)(3µ1 + 2µ2)
(c54c65 − c64),

c21 =
µ1(3µ1 + µ2)

(µ1 + µ2)(3µ1 + 2µ2)
c54,

c30 =
µ1(µ1 + µ2)

2(3µ1 + µ2)(3µ1 + 2µ2)
(c63 − c43c64 − c53c65 + c43c54c65),

c31 = − µ1(2µ1 + µ2)

2µ2(3µ1 + 2µ2)
(c53 − c43c54), c32 =

(µ1 + µ2)(2µ1 + µ2)

2µ2(3µ1 + µ2)
c43,

c40 =
1

(2µ1 + µ2)(3µ1 + 2µ2)
(−c62 + c32c63 + c42c64 − c32c43c64 + c52c65 − c32c53c65 − c42c54c65 + c32c43c54c65),

c41 =
µ1(3µ1 + µ2)

(µ1 + µ2)(3µ1 + 2µ2)
(c52 − c32c53 − c42c54 + c32c43c54),

c42 =
1

2
c32c43,

c50 =
µ2(µ1 + µ2)

(2µ1 + µ2)(3µ1 + µ2)
(c61 − c41c64 − c51c65 + c41c54c65 + c31(−c63 + c53c65 + c43c64 − c43c54c65)

+c21(−c62 + c42c64 + c52c65 − c42c54c65 + c32(c63 − c43c64 − c53c65 + c43c54c65))),
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c51 =
1

2
(c21c52 + c31c53 − c21c32c53 + c41c54 − c21c42c54 − c31c43c54 + c21c32c43c54),

c60 =
µ1(2µ1 + µ2)(µ1 + µ2)c

2
63 + 4µ2(µ1 + µ2)(3µ1 + 2µ2)c61c65 − 4µ2µ1(3µ1 + µ2)c62c64
4(2µ1 + µ2)(3µ1 + µ2)(3µ1 + 2µ2)

,

c63 =
1

2µ2(µ1 + µ2)
(−4µ2(3µ1 + µ2)c52 + (2µ1 + µ2)(µ1 + µ2)c43c53),

c64 = −2µ1 + µ2

2µ2
(c53 − c43c54), c65 =

2µ1 + µ2

2µ2
c43,

where µi = γi + 1 for i = 1, 2 and the solutions depend on 14 parameters λ4, λ5, c43, c52, c53, c54, c61 and
c62. Moreover,

• if µ1, µ2 ∈ N, the solution space is a fourteen dimensional smooth manifold;

• if µ1 ∈ N, µ2 ̸∈ N, and 2µ2 ∈ N, then c52 = c54 = c62 = 0, the solution manifold is eight
dimensional;

• if µ1 ∈ N, µ2 ̸∈ N, and 2µ2 ̸∈ N, then c52 = c54 = c61 = c62 = 0, the solution manifold is six
dimensional;

• if µ1 ̸∈ N, µ2 ∈ N, and 2µ1 ∈ N, then c43 = c61 = c62 = 0, the solution manifold is eight
dimensional;

• if µ1 ̸∈ N, µ2 ∈ N, and 3µ1 ∈ N, then c52 = c53 = c43 = 0, the solution manifold is eight
dimensional;

• if µ1 ̸∈ N, µ2 ∈ N, and 2µ1 ̸∈ N, 3µ1 ̸∈ N, then c43 = c52 = c53 = c62 = c62 = 0, the solution
manifold is four dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 2µ1 ∈ N, µ1 + µ2 ∈ N, then c43 = c54 = c52 = c61 = 0, the solution manifold
is six dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 2µ1 ∈ N, µ1+2µ2 ∈ N, then c43 = c54 = c52 = c62 = 0, the solution manifold
is six dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 2µ1 ∈ N, µ1 + µ2 ̸∈ N, µ1 + 2µ2 ̸∈ N, then c43 = c54 = c52 = c61 = c62 = 0,
the solution manifold is four dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 3µ1 ∈ N, 2µ2 ∈ N, then c43 = c54 = c52 = c62 = c53 = 0, the solution
manifold is four dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 3µ1 ∈ N, 2µ2 ̸∈ N, µ1 + µ2 ∈ N, then c43 = c54 = c61 = c62 = c53 = 0, the
solution manifold is four dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 3µ1 ∈ N, 2µ2 ̸∈ N, µ1 + µ2 ̸∈ N, then c43 = c54 = c61 = c62 = c53 = c52 = 0,
the solution manifold is two dimensional. All the solutions must be radial;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 2µ1 ̸∈ N, 3µ1 ̸∈ N, µ1 + µ2 ∈ N, then c43 = c54 = c53 = c62 = c61 = c52 = 0,
the solution manifold is two dimensional. All the solutions must be radial;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 2µ1 ̸∈ N, 3µ1 ̸∈ N, µ1 + µ2 ̸∈ N, 3µ1 + µ2 ∈ N, then c43 = c54 = c53 = c61 =
c52 = 0, the solution manifold is four dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 2µ1 ̸∈ N, 3µ1 ̸∈ N, µ1 + µ2 ̸∈ N, 3µ1 + µ2 ̸∈ N, 2µ1 + µ2 ∈ N, then
c43 = c54 = c53 = c62 = c61 = 0, the solution manifold is four dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 2µ1 ̸∈ N, 3µ1 ̸∈ N, µ1 + µ2 ̸∈ N, 3µ1 + µ2 ̸∈ N, 2µ1 + µ2 ̸∈ N, 3µ1 + 2µ2 ∈ N,
then c43 = c54 = c53 = c62 = c52 = 0, the solution manifold is four dimensional;

• if µ1 ̸∈ N, µ2 ̸∈ N, and 2µ1 ̸∈ N, 3µ1 ̸∈ N, µ1 + µ2 ̸∈ N, 3µ1 + µ2 ̸∈ N, 2µ1 + µ2 ̸∈ N, 3µ1 + 2µ2 ̸∈ N,
then c43 = c54 = c53 = c62 = c52 = c61 = 0, the solution manifold is two dimensional. All the
solutions are radial.
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Remark 2.2. The maximal dimension of the space of the solutions is 14, which coincides with the
dimension of the Lie algebra associated with G2.

Proof:

By Theorem 1.1 of Lin-Wei-Ye [15] with n = 6, the solution for (2.13) can be expressed as

e−w1 = f = |z|−2α′
1(λ0 +

6∑
i=1

λi|Pi(z)|2), (2.18)

where

Pi(z) = zµ
′
1+···+µ′

i +

i−1∑
j=0

cijz
µ′
1+···+µ′

j , (2.19)

µ′
i = γ′

i + 1, and cij are complex numbers and λi > 0, satisfy

λ0 · · ·λ6 = 2−6(6+1)Π1≤i≤j≤6(

j∑
k=i

µ′
k)

−2. (2.20)

From the formula (5.16) in [15], if we denote by Li =
√
λi, we have

e−wk = 2k(k−1)detk(f) for 2 ≤ k ≤ 6. (2.21)

So from w1 = w6, we can get the following:

L0 =
1

211−
1
2µ2

1µ2(µ1 + µ2)2(2µ1 + µ2)2(3µ1 + µ2)(3µ1 + 2µ2)L4L5

,

L1 =
1

27µ1µ2(µ1 + µ2)2(2µ1 + µ2)(3µ1 + 2µ2)L5
,

L2 =
1

27µ2
1µ2(µ1 + µ2)(2µ1 + µ2)(3µ1 + µ2)L4

,

L3 =
1

23µ1(µ1 + µ2)(2µ1 + µ2)
, L6 = 23+

1
2µ1µ2(µ1 + µ2)L4L5,

c10 =
µ2(µ1 + µ2)

(2µ1 + µ2)(3µ1 + µ2)
c65, c20 =

µ1µ2

(2µ1 + µ2)(3µ1 + 2µ2)
(c54c65 − c64),

c21 =
µ1(3µ1 + µ2)

(µ1 + µ2)(3µ1 + 2µ2)
c54,

c30 =
µ1(µ1 + µ2)

2(3µ1 + µ2)(3µ1 + 2µ2)
(c63 − c43c64 − c53c65 + c43c54c65),

c31 = − µ1(2µ1 + µ2)

2µ2(3µ1 + 2µ2)
(c53 − c43c54), c32 =

(µ1 + µ2)(2µ1 + µ2)

2µ2(3µ1 + µ2)
c43,

c40 =
1

(2µ1 + µ2)(3µ1 + 2µ2)
(−c62 + c32c63 + c42c64 − c32c43c64 + c52c65 − c32c53c65 − c42c54c65 + c32c43c54c65),

c41 =
µ1(3µ1 + µ2)

(µ1 + µ2)(3µ1 + 2µ2)
(c52 − c32c53 − c42c54 + c32c43c54),

c42 =
1

2
c32c43,

c50 =
µ2(µ1 + µ2)

(2µ1 + µ2)(3µ1 + µ2)
(c61 − c41c64 − c51c65 + c41c54c65 + c31(−c63 + c53c65 + c43(c64 − c54c65))

+c21(−c62 + c42c64 + c52c65 − c42c54c65 + c32(c63 − c43c64 − c53c65 + c43c54c65))),

c51 =
1

2
(c21c52 + c31c53 − c21c32c53 + c41c54 − c21c42c54 − c31c43c54 + c21c32c43c54),

c60 =
(µ1(2µ1 + µ2)(µ1 + µ2)c

2
63 + 4µ2(µ1 + µ2)(3µ1 + 2µ2)c61c65 − 4µ2µ1(3µ1 + µ2)c62c64)

4(2µ1 + µ2)(3µ1 + µ2)(3µ1 + 2µ2)
,
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and from w3 = 2w1 + ln 2, one can get

c63 =
1

2µ2(µ1 + µ2)
(−4c52µ2(3µ1 + µ2) + c43c53(2µ1 + µ2)(µ1 + µ2)),

c64 = −2µ1 + µ2

2µ2
(c53 − c43c54), c65 =

2µ1 + µ2

2µ2
c43.

So we can get that the solutions satisfy (2.15) and (2.17) and depend on 14 parameters c43, c52, c53, c54, c61, c62, λ4

and λ5. The other parts of the theorem follow from [15].

From Theorem 2.1,we can get that the solutions of (2.13) depend on 14 parameters λ4, λ5, c43, c52, c53, c54, c61
and c62. By formula (5.16) in [15], we get the radial solution of this system (−w1,0,−w2,0) can be written
as

ρ−1
1,G = r2α

′
1e−w1,0

= λ0 + λ1r
2µ1 + λ2r

2(µ1+µ2) + λ3r
2(2µ1+µ2) + λ4r

2(3µ1+µ2) + λ5r
2(3µ1+2µ2) + λ6r

2(4µ1+2µ2),

ρ−1
2,G = r2α

′
2e−w2,0

= 4
[
λ0µ

2
1λ1 + r4(µ1+µ2)(4r2µ1(λ0λ6(2µ1 + µ2)

2 + λ1λ5(µ1 + µ2)
2) + λ0λ5(3µ1 + 2µ2)

2

+r4µ1(λ1λ6(3µ1 + 2µ2)
2 + µ2

1λ3λ4) + µ2
1λ2(λ3 + 4λ4r

2µ1))

+r2µ2(λ0(λ2(µ1 + µ2)
2 + λ3(2µ1 + µ2)

2r2µ1 + λ4(3µ1 + µ2)
2r4µ1)

+λ1r
2µ1(µ2

2λ2 + λ3(µ1 + µ2)
2r2µ1 + λ4(2µ1 + µ2)

2r4µ1))

+r6(µ1+µ2)(r2µ1(λ2λ6(3µ1 + µ2)
2 + λ3λ5(µ1 + µ2)

2) + λ2λ5(2µ1 + µ2)
2

+r4µ1(λ3λ6(2µ1 + µ2)
2 + µ2

2λ4λ5) + λ4λ6(µ1 + µ2)
2r6µ1) + µ2

1λ5λ6r
12µ1+8µ2

]
,

where the parameters are defined in (2.17), and the radial solution of (2.12) can be expressed as(
e−w̃1,0

e−w̃2,0

)
=

(
2e−w1,0

4e−w2,0

)
.

Corollary 2.3. (Nondegeneracy) Assume γ1, γ2 ∈ N. The set of solutions corresponding to the linearized

operator of (2.12) is exactly fourteen dimensional. More precisely, if ϕ =

(
ϕ1

ϕ2

)
satisfies |ϕ(z)| ≤

C(1 + |z|)α for some 0 ≤ α < 1, and{
∆ϕ1 + e2w̃1,0−w̃2,0(2ϕ1 − ϕ2) = 0

∆ϕ2 + e2w̃2,0−3w̃1,0(2ϕ2 − 3ϕ1) = 0.
(2.22)

Then ϕ belongs to the following linear space K: the span of

{wλ4 , wλ5 , wc43,1 , wc43,2 , wc52,1 , wc52,2 , wc53,1 , wc53,2 , wc54,1 , wc54,2 , wc61,1 , wc61,2 , wc62,1 , wc62,2}, (2.23)

where we denote by wX =

(
∂w1,0

∂X
∂w2,0

∂X

)
, and X ∈ {c43,i, c52,i, c53,i, c54,i, c61,i, c62,i, λ4 and λ5} for i = 1, 2,

and

w1,λ4 = ρ1,G

(
r2(3µ1+µ2) + 27λ5r

4(2µ1+µ2)µ2
1µ

2
2(µ1 + µ2)

2 − r2(µ1+µ2)

214λ2
4µ

4
1µ

2
2(µ1 + µ2)2(2µ1 + µ2)2(3µ1 + µ2)2

− 1

221λ2
4λ5µ4

1µ
2
2(µ1 + µ2)4(2µ1 + µ2)4(3µ1 + µ2)2(3µ1 + 2µ2)2

)
,

w2,λ4 =
4ρ2,G

225µ4
2(µ1 + µ2)8

[
− 1

λ2
4λ

2
5(2µ1 + µ2)6(3µ1 + µ2)2(3µ2

1 + 2µ1µ2)4

+
221µ2

2λ5(µ1 + µ2)
6r6(µ1+µ2)(214µ4

1µ
4
2λ

2
4(µ1 + µ2)

2(3µ1 + µ2)
2r4µ1(256µ2

1λ4(µ1 + µ2)
4r2µ1 + 3)− 1)

µ4
1λ

2
4(3µ1 + µ2)2
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+
3× 214µ2

2(µ1 + µ2)
4r4(µ1+µ2)(214µ4

1µ
2
2λ

2
4(µ1 + µ2)

2(2µ1 + µ2)
2(3µ1 + µ2)

2r4µ1 − 1)

µ4
1λ

2
4(2µ1 + µ2)4(3µ1 + µ2)2

+
2(µ1 + µ2)

2r2µ2(− (µ1+µ2)
2

λ3
4(2µ1+µ2)6(3µ1+µ2)4

− 192µ2
1µ

2
2r

2µ1

λ2
4(2µ1+µ2)4(3µ1+µ2)2

+ 220µ6
1µ

2
2(µ1 + µ2)

2r6µ1)

µ8
1λ5(3µ1 + 2µ2)2

+242µ4
1µ

6
2λ

2
5(µ1 + µ2)

10r12µ1+8µ2

]
,

w1,λ5 = ρ1,G

[
r6µ1+4µ2 + 27λ4r

4(2µ1+µ2)µ2
1µ

2
2(µ1 + µ2)

2 − r2µ1

214λ2
5µ

2
1µ

2
2(µ1 + µ2)4(2µ1 + µ2)2(3µ1 + 2µ2)2

− 1

221λ4λ2
5µ

4
1µ

2
2(µ1 + µ2)4(2µ1 + µ2)4(3µ1 + µ2)2(3µ1 + 2µ2)2

]
,

w2,λ5 = 4ρ2,G

[
3µ2

2λ4r
10µ1+6µ2 + 28µ4

1µ
2
2λ4λ5(µ1 + µ2)

2r12µ1+8µ2 + 27µ2
1µ

2
2λ

2
4(µ1 + µ2)

4r6(2µ1+µ2)

+
3r8µ1+6µ2

27µ2
1(2µ1 + µ2)2

− λ4r
2(3µ1+µ2)

214µ2
1µ

2
2λ

2
5(µ1 + µ2)4(3µ1 + 2µ2)2

− 3r2(2µ1+µ2)

221µ4
1µ

2
2λ

2
5(µ1 + µ2)4(2µ1 + µ2)4(3µ1 + 2µ2)2

− r2µ2

235µ8
1µ

4
2λ

2
4λ

2
5(µ1 + µ2)4(2µ1 + µ2)6(3µ1 + µ2)4(3µ1 + 2µ2)2

− 1

234µ6
1µ

4
2λ4(µ1 + µ2)8(3µ1 + µ2)2

( µ2
1

λ3
5(2µ1 + µ2)6(3µ1 + 2µ2)4

+
3 26µ2

2(µ1 + µ2)
2r2(µ1+µ2)

λ2
5(2µ1 + µ2)4(3µ1 + 2µ2)2

−220µ2
1µ

2
2(µ1 + µ2)

6r6(µ1+µ2)
)]

,

w1,c43,1 = ρ1,G

(
λ4r

5µ1+2µ2 +
λ6(2µ1 + µ2)r

7µ1+4µ2

2µ2
+

λ1(µ1 + µ2)r
µ1

2(3µ1 + µ2)
+

λ3(µ1 + µ2)(2µ1 + µ2)r
3µ1+2µ2

2µ2(3µ1 + µ2)

)
cosµ1θ,

w2,c43,1 =
4ρ2,Gr

µ1+2µ2

2µ2(3µ1 + µ2)

[
(µ1 + µ2)

2(λ0λ3(2µ1 + µ2)
2 + λ1µ

2
2λ2) + r4µ1

(
2r2µ2(λ0λ6(3µ1 + µ2)(3µ1 + 2µ2)(2µ1 + µ2)

2

+µ2(λ1λ5(µ1 + µ2)
2(3µ1 + 2µ2) + 2µ2

1λ2λ4(3µ1 + µ2))) + 3λ1µ2λ4(µ1 + µ2)(2µ1 + µ2)(3µ1 + µ2)
)

+2µ2(2µ1 + µ2)r
2µ1(λ0λ4(3µ1 + µ2)

2 + λ1λ3(µ1 + µ2)
2) + (2µ1 + µ2)r

2(3µ1+µ2)
(
2(µ1 + µ2)(λ1λ6(3µ1 + 2µ2)

2

+µ2
1λ3λ4) + (2µ1 + µ2)r

2µ2(λ2λ6(3µ1 + µ2)
2 + λ3λ5(µ1 + µ2)

2)
)

+2(µ1 + µ2)(3µ1 + µ2)r
4(2µ1+µ2)(λ3λ6(2µ1 + µ2)

2 + µ2
2λ4λ5)

+3µ2λ4λ6(µ1 + µ2)(2µ1 + µ2)(3µ1 + µ2)r
10µ1+4µ2

]
cosµ1θ,

w1,c52,1 =
ρ1,Gr

2µ1+µ2

(µ1 + µ2)(3µ1 + 2µ2)

[
(r2µ1(µ1λ4(3µ1 + µ2) + (3µ1 + 2µ2)r

2µ2(λ5(µ1 + µ2)

−2λ6(3µ1 + µ2)r
2µ1))− µ1λ3(µ1 + µ2))

]
cos(2µ1 + µ2)θ,

w2,c52,1 =
4ρ2,Gr

2µ1+µ2

(µ1 + µ2)(3µ1 + 2µ2)

[
r2µ2

(
− 2(3µ1 + 2µ2)r

2µ1(2λ0λ6(2µ1 + µ2)
2(3µ1 + µ2)− λ1µ2λ5(µ1 + µ2)

2)

+λ0λ5(µ1 + µ2)
2(3µ1 + 2µ2)

2 − 2(µ1 + µ2)(3µ1 + µ2)r
4µ1(λ1λ6(3µ1 + 2µ2)

2 + µ2
1λ3λ4)

+µ2
1λ2(λ3(µ1 + µ2)

2 − 2µ2λ4(3µ1 + µ2)r
2µ1)

)
+ µ2

1(λ0λ4(3µ1 + µ2)
2 + λ1λ3(µ1 + µ2)

2)

+µ1r
4(µ1+µ2)

(
− 2(3µ1 + 2µ2)(λ2λ6(3µ1 + µ2)

2 + λ3λ5(µ1 + µ2)
2)

−2(µ1 + µ2)r
2µ1(λ3λ6(2µ1 + µ2)

2 + µ2
2λ4λ5) + 3λ4λ6(µ1 + µ2)(3µ1 + µ2)(3µ1 + 2µ2)r

4µ1

)
+3µ1λ5λ6(µ1 + µ2)(3µ1 + µ2)(3µ1 + 2µ2)r

8µ1+6µ2

]
cos(2µ1 + µ2)θ,
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w1,c53,1 = ρ1,G

[ µ1λ2r
µ1+µ2

2(3µ1 + 2µ2)
− µ1λ3(2µ1 + µ2)r

3µ1+µ2

2µ2(3µ1 + 2µ2)
+ λ5r

5µ1+3µ2 − λ6(2µ1 + µ2)r
7µ1+3µ2

2µ2

]
cos(µ1 + µ2)θ,

w2,c53,1 =
4ρ2,G

2µ2(3µ1 + 2µ2)

[
r3(µ1+µ2)

(
2r2µ1(µ2(2λ1λ5(µ1 + µ2)

2(3µ1 + 2µ2) + µ2
1λ2λ4(3µ1 + µ2))

−λ0λ6(2µ1 + µ2)
2(3µ1 + µ2)(3µ1 + 2µ2)) + 2µ2(2µ1 + µ2)(λ0λ5(3µ1 + 2µ2)

2 + µ2
1λ2λ3)

−(2µ1 + µ2)
2r4µ1(λ1λ6(3µ1 + 2µ2)

2 + µ2
1λ3λ4)

)
− µ2

1r
µ1+µ2(λ0λ3(2µ1 + µ2)

2 + λ1µ
2
2λ2)

−µ1r
5(µ1+µ2)(2(2µ1 + µ2)r

2µ1(λ2λ6(3µ1 + µ2)
2 + λ3λ5(µ1 + µ2)

2)− 3µ2λ2λ5(2µ1 + µ2)(3µ1 + 2µ2)

+2(3µ1 + 2µ2)r
4µ1(λ3λ6(2µ1 + µ2)

2 + µ2
2λ4λ5)) + 3µ1µ2λ5λ6(2µ1 + µ2)(3µ1 + 2µ2)r

11µ1+7µ2

]
cos(µ1 + µ2)θ,

w1,c54,1 = ρ1,G

[
λ5r

6µ1+3µ2 +
λ2r

2µ1+µ2µ1(3µ1 + µ2)

(µ1 + µ2)(3µ1 + 2µ2)

]
cosµ2θ,

w2,c54,1 =
4ρ2,Gr

µ2

(µ1 + µ2)(3µ1 + 2µ2)

[
λ0(µ1 + µ2)(3µ1 + µ2)(µ

2
1λ2 + λ5(3µ1 + 2µ2)

2r2(2µ1+µ2))

+r2(2µ1+µ2)
(
λ5(µ1 + µ2)

2(3µ1 + 2µ2)r
2µ1(2λ1(2µ1 + µ2) + µ1r

2(µ1+µ2)(λ3 + λ6r
2(2µ1+µ2)))

+µ1λ2(µ1(3µ1 + µ2)(λ3(µ1 + µ2) + 2λ4(2µ1 + µ2)r
2µ1)

+r2(µ1+µ2)(6λ5(µ1 + µ2)(2µ1 + µ2)
2 + λ6(3µ1 + µ2)

2(3µ1 + 2µ2)r
2µ1))

)]
cosµ2θ,

w1,c61,1 = ρ1,G

[
λ6r

5µ1+2µ2 +
λ5r

3µ1+2µ2µ2(µ1 + µ2)

(2µ1 + µ2)(3µ1 + µ2)

]
cos(3µ1 + 2µ2)θ,

w2,c61,1 =
4ρ2,Gr

3µ1+2µ2

(2µ1 + µ2)(3µ1 + µ2)

[
2µ1(λ0λ6(2µ1 + µ2)

2(3µ1 + µ2)− λ1µ2λ5(µ1 + µ2)
2)

−r2µ2

(
µ2λ2(2µ1 + µ2)(λ5(µ1 + µ2)

2 + λ6(3µ1 + µ2)
2r2µ1)

+λ3(µ1 + µ2)(2µ1 + µ2)r
2µ1(µ2λ5(µ1 + µ2) + λ6(2µ1 + µ2)(3µ1 + µ2)r

2µ1)

+λ4(µ1 + µ2)(3µ1 + µ2)r
4µ1(µ2

2λ5 + λ6(2µ1 + µ2)
2r2µ1)

)
−6µ2

1λ5λ6(µ1 + µ2)(2µ1 + µ2)r
6µ1+4µ2

]
cos(3µ1 + 2µ2)θ,

w1,c62,1 = ρ1,G

[
λ6r

5µ1+3µ2 − λ4r
3µ1+µ2µ1µ2

(2µ1 + µ2)(3µ1 + 2µ2)

]
cos(3µ1 + µ2)θ,

w2,c62,1 =
4ρ2,Gr

3µ1+µ2

(2µ1 + µ2)(3µ1 + 2µ2)

[
r2µ2(2(µ1 + µ2)(λ0λ6(2µ1 + µ2)

2(3µ1 + 2µ2) + µ2
1µ2λ2λ4)

+µ2(2µ1 + µ2)r
2µ1(λ1λ6(3µ1 + 2µ2)

2 + µ2
1λ3λ4))

+µ2
1λ1µ2λ4(2µ1 + µ2)− µ1r

4(µ1+µ2)((3µ1 + 2µ2)(λ3λ6(2µ1 + µ2)
2 + µ2

2λ4λ5)

+6λ4λ6(µ1 + µ2)
2(2µ1 + µ2)r

2µ1)− µ1λ5λ6(2µ1 + µ2)
2(3µ1 + 2µ2)r

6(µ1+µ2)
]
cos(3µ1 + µ2)θ,

and by replacing the cos by sin , we get wcjk,2
.

Finally, using Theorem 1.3 of [15], we have the following quantization result:

Corollary 2.4. Suppose (u, v) is the solution of (2.7). Then the following hold:∫
R2

eudx = 8π(2γ1 + γ2 + 3),

∫
R2

evdx = 8π(3γ1 + 2γ2 + 5), (2.24)

and u(z) = −(4 + 2γ1) log |z|+O(1), v(z) = −(4 + 2γ2) log |z|+O(1) as |z| → ∞.
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