STABLE SPIKE CLUSTERS ON A COMPACT TWO-DIMENSIONAL RIEMANNIAN
MANIFOLD

WEIWEI AO, JUNCHENG WEI, AND MATTHIAS WINTER

ABSTRACT. We consider the Gierer-Meinhardt system with small inhibitor diffusivity and very small
activator diffusivity on a compact two-dimensional Riemannian manifold without boundary. We
study steady state solutions which are far from spatial homogeneity. We construct two different spike
clusters, each consisting of 2 spikes which both approach the same nondegenerate local maximum
point of the Gaussian curvature. We show that one of these spike clusters is stable, the other one is
unstable.

1. INTRODUCTION

1.1. The problem. Since the pioneering work of Turing in 1952 [42], many different reaction-
diffusion system in biological modelling have been proposed and the occurrence of pattern for-
mation has been investigated by studying what is now called Turing instability. One of the most
popular models in biological pattern formation is the Gierer-Meinhardt system [16], see also [29].
In this paper, we consider the following Gierer-Meinhardt system on a compact two-dimensional
Riemannian manifold (M, g) without boundary:

{ FAA—A+ g =0 (1.1)
DA¢H — H + A< = 0.
Throughout the paper, we assume that
0<e<<1,0<D<<1
We prove the existence and study the stability of a cluster of 2 spikes near a non-degenerate local

maximum point p® of the Gaussian curvature of the manifold M.

1.2. The geometric setting. Before stating the results, we first introduce the geometric setting
of the problem. Let T, M be the tangent place to M at p, and given an orthonormal basis
{e1(p),e2(p)} of T, M, we can obtain via the exponential map exp, : TyM — M, a natural

correspondence Ep(x) = xie1(p) + x2e2(p) — g = exp,(x1e1(p) + x2¢2(p)). Since M is a com-
pact manifold, one knows that there exists a constant ¢>0 such that
Xp = E;l oexp;1 : Bg(p,ig) — B(0,ig)

is a diffeomorphism for every p € M. The values of this natural chart X, are called normal
coordinates about p.
We now define function spaces. Set

L2(M,) = {u measurable function defined on M, / uz(q)dvgE < oo} ,

where dvg, denotes the Riemannian measure with respect to the metric g.. We further set
H1 (Mg) == {u € LZ(Mg), Vggu < LZ(ME)}
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We will construct cluster solutions near a non-degenerate local maximum point of the Gaussian
curvature function K(p). In the rest of the paper, we assume that there is a local maximum of K(p)
is at p° = 0, i.e. we have

VK(0) = 0, V2K(0) = < fn Kzz )

where Kj1, Ky < 0. ’
Let the local normal coordinates around p be x = (x1, x2). Then we set x = 1 for |x| < %g and
X

x = 0 for |x| > %g, and introduce x, = x(%).

€
1.3. The main results. Let w be the unique solution of the problem
Aw —w+w? =0, w>0inR? w(0) = ma>§w(y), w(y) — 0as |y| — co. (1.2)
yER

In this paper, we shall prove results on the existence and stability of a spike cluster of (1.1)
located around p° = 0 with 2 spikes. Our first result is on the existence:

Theorem 1.1. Let p° be a non-degenerate local maximum point of the Gaussian curvature K(p) of M.
Assume that

1
0<e<<vD<<1],0<VDlog——= <<1, (1.3)
sZDlog@
and X
22
== £ 1. 1.4
Kot # (1.4)

Then the Gierer-Meinhardt system (1.1) has at least two different 2-spike cluster solutions (A;, H;) for
i = 1,2, which both concentrate near p°. In particular, each of these solutions satisfies

DE. D¢
A~ e_f (w(Z +a) + (% —a)), H(Zq) ~ g—g

1 -
where eq; — 0as e — 0 and ¢ ~ log@forz =12

Remark 1.2. The limit \/LB — 0 means that the diffusivity of the activator u is asymptotically smaller
than the diffusivity of the inhibitor v. If this is not assumed, then the pattern will no longer have a spike

profile. The second limit /D log ﬁ — 0 is the condition which guarantees that the spikes form a
e2Dlog ¥

cluster,i.e eq; — 0as e — 0.

Remark 1.3. As one will see from the proof, we will construct an approximate solution which concentrates

on a regular k-polygon shrinking to the point O for general k > 2. But when solving the reduced problem

we can only handle the case k = 2. The condition (1.4) is imposed to make sure that the reduced problem is

solvable.

Next we study the stability of the 2-spike cluster constructed in Theorem 1.1. Our second result
on the stability is the following;:

Theorem 1.4. Let p° be a non-degenerate local maximum point of the Gaussian curvature K(p). Assume
(1.3), (1.4) and let (A;, H;) for i = 1,2 be the solutions constructed in Theorem 1.1. Then one of the
solutions is stable and the other one is unstable.

Using the transformation

x=¢ey, u=—=A v=—=H,
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equation (1.1) becomes

Agu —u—+ ”72 =0

in M, (1.5)

Agv—0?v+u* =0
where 0 = \/Lﬁ. In the rest of this paper, we will work with (1.5).
1.4. Related work and motivation. We now comment on some related work. Generally speak-
ing, the Gierer-Meinhardt system is difficult to solve since it does neither have a variational
structure nor a priori estimates. One way to study it is to examine the so-called shadow sys-
tem. Namely, we let D — 4-co first. It is known (see [23, 31, 38]) that the study of the shadow
system amounts to the study of the following single equation for p = 2:

EAu—u+uP =0, u>0 inQ,
=0 ondQ.

Equation (1.6) has a variational structure and has been studied by numerous authors. It is
known that equation (1.6) has both boundary spike solutions and interior spike solutions. For
existence of boundary spike solutions, see [18, 32, 33, 34, 49, 50] and the references therein. For
existence of interior spike solutions, see [19, 36] and the references therein. For stability of spike
solutions see [35, 47, 48].

Next we review some results for bumps, spikes and related patterns in the Gierer-Meinhardt
system. Ground states on the real line are studied in [9, 11, 12, 61] and for the whole R? in [10].
Spikes for an interval are studied in [20, 21, 27, 40, 46] and for bounded two-dimensional domains
in [25, 26, 34, 51, 52, 53, 54, 55]. Hopf bifurcation of spikes is investigated in [7, 44, 45]. For
dynamics we refer to [5, 6, 13, 22, 39]. Steady states with spherical layers have been constructed
in [27, 37]. Stripes have been studied in [24]. Nonlocal eigenvalue problems related to the one in
this paper have been studied in [47, 48, 56].

The existence of spikes for single semilinear elliptic PDEs on manifolds has been investigated
in [4, 8, 30]. Existence and stability of a single spike solution for the Gierer-Meinhardt system on
a Riemannian manifold has been shown in [41].

In [55] the existence and stability of N—peaked steady states for the Gierer-Meinhardt system
with precursor inhomogeneity has been explored. The spikes in the patterns can vary in am-
plitude. In particular, the results imply that a precursor inhomogeneity can induce instability.
Single-spike solutions for the Gierer-Meinhardt system with precursor including spike dynamics
have been studied in [43].

For more background, modelling, analysis and computation on the Gierer-Meinhardt system,
we refer to [58] and the references therein.

Previous results on stable spike clusters include a stable spike cluster for a consumer chain
model [57]. For the Gierer-Meinhardt system spike clusters have been established in the follow-
ing situations: stable interior spike clusters for the one-dimensional Gierer-Meinhardt system
with precursor inhomogeneity [59], stable interior spike clusters for the two-dimensional Gierer-
Meinhardt system with precursor inhomogeneity [60] and stable boundary spike clusters for the
two-dimensional Gierer-Meinhardt system [2]. In the last paper the boundary curvature plays the
role of the precursor in the previous papers. In the current paper we will see that the Gaussian
curvature takes over that role for the Gierer-Meinhardt system on a compact two-dimensional
Riemannian manifold without boundary. We would like to summarize this role as follows: the
spikes in the cluster are mutually repelling and also each spike is attracted to a local maximum
point of the Gaussian curvature (or to a local minimum of the precursor gradient or local max-
imum of the boundary curvature, respectively). This balance between attracting and repelling
interactions can lead to a stable spike cluster.

(1.6)
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This paper is organized as follows. In Section 2, we give some preliminaries and describe the
construction of the approximate cluster solution. In Section 3, we use the Liapunov-Schmidt
method to reduce the existence problem to finite dimensions. In Section 4 we solve this reduced
problem. In Sections 5-6, we study the stability of the spike cluster steady states. In Section 5 we
consider large eigenvalues. In Section 6 we study small eigenvalues. In Section 7 we discuss the
results of the paper. In the appendix we give some identities needed in the main part of the paper
and we calculate the eigenvalues of the reduced matrix in main order for a general number of
spikes.

1.5. Acknowledgements. W. Ao was supported by NSFC (No. 11801421 and No. 11631011). J.
Wei is partially supported by NSERC of Canada. M. Winter thanks the Department of Math-
ematics at Wuhan University and the Institut fiir Analysis, Dynamik und Modellierung at the
Universitdt Stuttgart for their kind hospitality.

2. PRELIMINARIES AND CONSTRUCTION OF THE APPROXIMATE SOLUTION

2.1. Expansion of the Laplacian. Let the local normal coordinates around point p be x. For a
function u in the rescaled coordinates y = %, one has the following expansion of the Laplace-
Beltrami operator (see appendix A of [41] and also [1]):

Ngu(y) = Dyu(y)
F[SK(PIE + £ (VK(p) - 1)€ + 55 (VK (p)y')e'] (Qlul — 2Plu)

+ 2K (p)ly P (3QIu] — 4P[u)

45
+1€3R1 [u] + iz»:4R2 [u] +O(e) (2.1)
6 10
where
9%u 9%u 9%u
u = yp—s —2 + 1P —,
ou ou
Plu] = y1ot 4y,
[ ] Y1 ayl yzayz
2 .2
_ Hamy oK you oK) ou
Rl[u] - 2 [aX1( )ayl axz(p)ayz]
_ [B_K( )% 4 B_K( )a_”]
N2 oy T ax oy
) 2 2
_ B ow PK 0K
Rz[ll] - [ 2 ayl ylyzayz][yl ax% (p) yzax ax (p)]
2 .2 2 2
_Ya—yiou Juyr 9K oK
gy, Vg, g (P Tyig e (el
92K 92K
Note that VK(p) = (aaTKl/ g—é)(p), and V2K(p) = < a’é&%"l a’é&?écz ) (p) are not rescaled.
0x10xy  0Xxp0xo
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2.2. The Green’s function. Now we introduce a Green’s function G, which is needed for our
analysis. Let G, be the Green’s function given by

Ag.Ge(p,g) — *Gulp,q) + 65 = 0in M. 2.2)
For properties of this Green’s function please see [3]. From (2.2), one has
1
/ Godvg,(p) = o2
Setting G,(p, q) = ‘ + Ge(p,q), then G, satisfies
AgEGg Go — \M | + 64 = 0in M, 23)
dvgE =0.

Let G, be defined by
AGy — 0°Gy + 8o = 0in R,
By the expansion of the Laplace Beltrami operator, one has
Golg,7r) = Gy,2) +€Ga(y,2) + O(e) (24)
where y = X,(q), z = X,(r) and Gy(y, z) is even function in |y — z|.
For G, (y,z) := Gi(cy,0z), one has

Lemma 2.1. If |y — z| << 1,
~ 1 1 ~
Gy, 2) = 5~ logm + Hi(y,2)

where Hy is the regular part of the Green’s function and ¥ yHi (y,z)|y—z = 0.
Ifly—z| >>1,

Gi(y,z) = cly—z 2 W F(1+0(1)), [VyGiy,2)] = Gi(y,2)(1 +0(1))
for some constant ¢ > 0.

2.3. The construction of the approximate solutions. In this subsection, we describe the approx-
imate solution we will use. Given k > 2, define

q? = (Rcost,RsinBj) forj=1,---,k

where 6; = a + 27”( j — 1) in geodesic normal coordinates. Here « is the parameter for the angle
representing the degeneracy due to rotations. The constant R for the radius will be determined
later in the leading order of the reduced problem. Since our manifold is not rotationally symmetric
« will be derived below in a higher order of the reduced problem.

Next we introduce suitable coordinates in a neighbourhood of q° = (4, -+ ,4?). Let fi, g €
R,i=1,---,k wedefine y .

qi = 4 + fifli + §ifi (2.5)
where
f; = (—sin®;,cos6;), #; = (cos B;,sin6;).

So f;, & measure the displacements in the normal and tangential directions, respectively. Denote

Q= {gi, i =1k olfil +olgl < C}. (2.6)
Now we introduce w; to be the unique radially symmetric solution of the equation

Ayw; — wj — :1)) (eq;)e*rwi(r) + w?(r) = 0in R (2.7)
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where K(g) is the Gaussian curvature at g € M.
Existence and uniqueness of w; can be derived using the implicit function theorem and the

non-degeneracy of the positive solution w to the equation Aw — w + w? = 0. Moreover, one has
|w; — w| g2 (rey = O(€) if |eq;| is bounded. The readers are referred to [41] for more details.
Then we set our approximate solution to be

k
U=) Zeqwily—qi)xe(y—qi) (2.8)
i=1

where x =1 for |x| < %g and xy = 0 for |x| > %g and xe = x(%), the height g 4. is to be determined
in the following subsection.

2.4. Calculating the height of the peaks. In this subsection, we formally calculate the height of
the peaks. It turns out that the height of the peaks does not depend on the spike location in
leading order but only in higher order.

For a function u € H2(M,), let T[u] be the unique solution to the equation

A, T[u] — o*T[u] + u = 0.
Then from the equation satisfied by v, one can choose the approximate solution as
u=Uv=T(U?*=V. (2.9)
Next we calculate the height of the peaks
Ceqp = V(g;)
= /M Go (qj,9)U*(9)dvg. ()

= Gy /M Go (4, y)wj(y — 4;)*Xe jvg,
+Z§éqi/ Ga(qj,y)wi(y - qi)ZXs,idvgg
i#] Me
+ Z O(ngie—ZR sin %)
i
G Llog L [ wkd +0().¢,)
&4;‘27.( gO’ R2 ]y - &4

one has

1 1 1 ’ 1
gs;q]‘ = Elog; (/IRZ w]-dy+ O <logc7)) . (2.10)

(11 o\ 7!
Cs—(Elog(;/]szdy> :

Then one has Gq; = G¢(1+ O(lolga))'

Denote
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3. EXISTENCE: REDUCTION TO FINITE DIMENSION

3.1. Error of the approximate solution. Let us start to prove Theorem 1.1. The first step is choos-
ing a good approximate solution which was done in the last section. The second step is to use
the Liapunov-Schmidt reduction to reduce the problem to a finite dimension problem which we
do in this section. First we need to calculate the error of the approximate solution (U, V) given in
(2.9).

uZ
SIUYV) = BgU—U+—7

uZ k
= V_Zé(eq, 1y %)st
i=1

+ @ [GVK(eni) - (v — 1) (Qlwi] — 2Pla]) + R
1;1 1

+1¢ 5500~ 9) VK (en) v — )/ Qo] — 2Pl

=l - giPOQkw] — 4Plwi) + Rl + OE).

Next we calculate for j = 1,--- ,k, and y = g; + z with |ez| < %g,

V(gj+z) = Vigj)

- /M [Go(qj + 2, p) — Gol(gj, p)]U?(p)doy,

_|_

= &, [ 1Go(ay 2 p) ~ Goly plly — gl

+Z‘§€6]1/ q]+Z P) U(q]',p)]wl(y_ql)ZXleng+O(€ge—2RSin%)
1#]

= Gogl /ME(Ga(qﬁz,P)—Ga(qup))w](y 9j)* X;dvg]

+y 2, / Vi,Go (45, q1) - zwi(y — q1)°x7 dog,

7]
+) . Seay / 2V, Go(qj, a0z wi(y — q1)°x7 dvg,
7]
+O(@RR Do 2ReinE 4 2R Zo- Relz|? +820° Y " Golgj, 1) |2°)
7
1
= & {/ log |y|y| | ]Z(y)dy—I—quF(q) -z/]R2 wjzdy-l— EzV%P(q)zt /11{2 wjzdy]
+O@[0 2 + E[22IR, e )
where L
ZH qi,qi) + Y_ Gi(0gi,09;), R 2Rasin% (3.1)

i#]



8 W. AQ, J.C. WEL, AND M. WINTER

Using this estimate and the expansion (2.1), we have the following estimate for the error:

S1(U,V)(z)

_ —c?wf(z)[/z gﬂ' |w?<y)dy+vqu(q)-2/Rz *dy + =2V F(q) f/IRZ 2dy|
* é Gec’ [%WzK(O)z*(Q[w] ~2P[w]) + Rifu]
i >k:5€€4[ziozvzf<(€%>zt<@[w]—2P[w]>+j5K2(sqi)|zl2(3Q[w]—4 Pla]) + - Rafu]

_1
+0(&([0[2 + &2 [z12)R; 2e R) + &)

where
2.2
3] — 2%, 9 o9 o
Rl[u] - 2 (axlv‘K(O) q]azl aXQVK(O) q]azz)
0 ou 0 ou
+Z1ZZ(8—x2VK(0) 'qja—zl - a—leK(O) : %‘E)-

It is easy to see from the above estimate that for y = q; + z, and lez| < %g,

Lemma 3.1.
S1(U,V)(z) = S+ Siz
where S11 is an even function in z given by

S11 = CwA()R(2) + G Ra (2) (2
and R1(z) = O(log(1 + |z])), Ra(z) = O(|z|?), while

Sz = ) [VyFla) 2 [ wldy+ 52VEF(QE [ vl
+2¢se 247K (0)(Qlw] — 2P[w]) + ¢Ryw]

+
+o(¢s<[a3|z|3+e2|z|21 o 2R + &),

Furthermore, S;(U, V) = O(Cge_g)for |z| > g

3.2. Linear Theory. In this section,we study the linearized operator L q : H*(M;) x H*(M;) —
L*(M,) x L?>(M,) defined by
u
Lg,q:DS]_<V>.

To denote the dependence on ¢ and q we will also use the notation S; = S 4.
First define
ow;
Zij(y) = 5 (v = q)xe(y — i)
Yi

where the coordinates are the geodesic normal coordinates.
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Set
Keq=1{Ziji=1,---,k j=1,2} C H(M,),
Ceq=1{Ziji=1,-,kj=1,2} CL*(M,).
We define our approximate kernels and cokernels as
Keq = Keq x {0} C H*(M,) x HX (M),
Ceq = Ceq % {0} C L?*(M,) x L2(M,).

Then we let KL and C; L denote the orthogonal complement with respect to the scalar product

L?(M,) in HZ(M ) and Lz(/\/l ), respectively.
Define

Keq = Kig X {0} € H*(M,) x H*(M,),
Cog := Cog X {0} C L*(M,) x L*(M,).

Let 71 q denote the projection in L*(M,) onto Céq. We are going to show that the equation

Teq 0 Seq ( J :[i ) —0 (32)

has a unique solution ¥ = ( ;’; ) € ICSLIq.

Set
Leq = Teq0 Leq: Kig = Ciy- (3.3)

The following proposition shows the invertibility of L¢q. The proofs are quite standard now
and so we omit the details here. We refer to [2] for detalils.

Proposition 3.2. Let L q be defined in (3.3). Then there exists a positive constant 5o such that for \/LB <
do, there is a constant C > 0 such that

1£eaZlli2am) = ClIEl 200, (34)
forany q € Qg, X € ICEL,q. Moreover, the map L. q is surjective.

3.3. Solving the nonlinear problem module the cokernel. From the above proposition, we know
that L q is invertible (denote the inverse by £ 011). Then we can rewrite the equation (3.2) as

E = —(Lodomeq)(Seq ( J ) )~ (£ed 0 o) Neg(E) == Meq(Z)

u u / u
() mamsa((819) sal(¥) (82

We are going to show that M, q(X) is a contraction mapping on
By ={%X € H*(Me) x HZ(M8)|||Z||H2(M€) <n}.
We have by Lemma 3.1 and Proposition 3.2 that
u
IMea Dl vy < €170 o Noa@llizcan +17sa e ( 1 ) lizcaes)
< C(e(n)y +cep)

where
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where C > Oisindependentof,c(y) — 0asy — O0and c,p — Oas max{%, vDlog m} —
0. Moreover, we have

Mg (Z) = Meq(Z) 2 aay < CODIIE = 2 laany
We choose 77 such that Cc(iy) ¥ and Cc.p < 37. Such a choice of 7 is possible if we have taken
max{—= NoL vDlog 5 f} small enough. Then M;q is a contraction mapping in B ;. By the

contraction mapping prm(:lple there exists a solution to (3.2). Thus we have
Proposition 3.3. There exists 6y > 0 such that for max{—= 75 VD log ZD1og 10 } €(0,60), and q € Q,,

we can find a unique solution (¢, p) € K¢y satisfying

u+¢
&q<v+¢)eaq

and

1
(@ ) 2 < C(F% + E£*R + &R, 2o Rv),

For our purpose, we need more refined estimates on ¢. Recall that S; can be decomposed as
S11 + S12, where Sy1 in leading order is an even function in z while Sy, in leading order is an odd
function in z. So we can decompose ¢ = ¢ q as in the following lemma.

Lemma 3.4. Let ¢ = ¢ = ¢, q be defined in Proposition 3.3. Then for y = p; + z, |oz| < &9, we have
¢ =¢1+ ¢
where ¢y is radially symmetric in z and

_1
I¢2llizan,) < Coe(E0Ry 2e R +¢'R).

Proof. Let S[u] = Sq(u, T(u?)), we first solve

k
S[U + (P1] — S[U] + Z Sll(y — q]) € Cg,q,
j=1

for ¢1 € K;y. Then we solve

k
SUA+¢1+¢2] —S[U+P1]+ Y S12(y — q;) € Ceq
j=1

for ¢, € Kéq. Using the same proof as in Lemma 3.3, both the above two equations a have
. . e 1 .. . .
unique solution for max{ 75V Dlog ZDlog 70 @} small enough. This implies the uniqueness of

= ¢1 + ¢o. Moreover, it is easy to see from the estimate of Sy, that
p=pr1+¢ y
~3 R, | A
1S12[l 1201 = G (CSURU fem N tg R)

and S11 € Cs%q since Sq7 is an even function. Then we conclude that ¢;, ¢» have the required

properties.
U
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4. THE REDUCED PROBLEM

11

4.1. Deriving the reduced problem. By Proposition 3.3, for each q € Qq, there exists (u,v) =

(U + ¢,V + 1) such that

Sg_,q ( z ) E Cg,q.

Now, to solve the equation exactly, we have to further choose q such that

Seq ( z ) € Coly-

Lemma 4.1. Under the assumption of Proposition 3.3, the following expansion holds:

4
1€ vE)K(O)
C2Ge0 OX;

/M SiU+¢,V+9)Z; dog, = —62550[

+O(Es)

I=i+1,i—1

where ¢y, ¢y are given in (4.1) and (4.2), O(E¢) = O [53841{ + 820 Y2 Golqi q]')} .

Proof. We compute

/M S1(U + Pe,q, V + Pe,q) Zi jdvg,
(U + ¢eq)?
V+1eq

U+ ¢eq)?
= //\/l [Ags(u + ¢eq) — (U + ¢eq) + #} Zj jdvg,

€

+/ . [(Lllfiflfs;q)z - (u+fglq)2}zi,idvgs

_ /ME [Agg(u + ¢eq) — (U+¢eq) + } Zijdvg,

= L+ .

We decompose

(CE,L]iwi + 478,q)2

L = /Ms[Agg(Ce,qiwiJr(Ps,q)— (Ceqwi + deq) + V(a) i dvg,
;Wi + Pe, 2 —1 _2JRsin®
- [ s sl 42) - ()20, + 0GR e o)

= I+ ho.
Note that ¢ q = ¢1 + ¢ which implies that

/M [AgPea — deq + 20ideql Zi dog,

€

= /M (¢1 + ¢2)y, [Ag,w; — w; + wi)dog,

— O((@sR; 2geRe e4R) ezgg),

- ¥ Gilolai—ah(

qi — 4
Iqi—qjl)]}
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and

$iq
——Z;idv,.
/Ms gsrq:‘ s
e gﬁ/qi

_1
=0 (Cﬁ (CSRU 2geRe 4 e4R)>
since ¢ is an even function. From the expression for Ry and using Lemma B.2 in [41], one has

/M Geqi[Dg.wi — w; + w?]Zi,jdvgs

i,jdvg,

= Coae® [ |5 [0:VKO QL] —2Plw]) + Rafu] 57 dy + O(Eee)

0 J
= (-G | @ RNz §<?> i+ 0(2ee”)

oK(0
= _Clgs,qiezlv# “qi T+ 0(6855)
Xj
where
1= E/ (w')?r3dr > 0. (4.1)
4 Jo
Combining the above estimates, one has

9K(0)

q
ax]- !

+0 (C? ((ng;%ae_R” + 84R> ) :

4
1 = _Clgs,qigv

Next for I15, one has

e,q; Wi + Pe, 2
Ly = - / (C,qI;U(qi)gzb 2 [V(qi +2) = V(q:)]Z; jdvg,
= —[/M w?(V(q,--i—Z) —V(qi))zi,jdvgs
2¢pw;
[ g:—j(V(qi-l-Z)—V(qi))Zi,jdvgs
2
+/M gq‘(V(qi-i-Z)—V(qi))zi,jdvgs}

ow ~1
= & 2 200 2 7 »—Re 22 4
= —Ceq,9,F(q) /]sz dy/]sz ayjy]dy+o<§e (CsRa oe "+ Ceeto” + ¢ R))

_1
= CZgiqz‘aﬂh,,‘F(q) + 0O (CS (geRa 2geRe 1 €4R>);
where

ow
- _ 2 2 )
c = /]Rz wdy /]RZ w ayjy]dy > 0. (4.2)
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In conclusion, one has

0K (0
I} = —Ceg, [c1£4v (0)

ax]'

- 0i = ¢28eq 0y, F(@)| + O(Eo).
For I, recall that ¢ q satisfies

Agglpg,q - Uzlpg,q + ZU(PS,q + (Pglq = 0-
We can make the following decomposition
Do Yeq1 — 0 Peq1 +2Udeq1 + Pogr =0
and

Age,q2 — ‘72¢s,q,2 + 2U¢pe g, + 4’§,q,2 + 2¢¢,q,1¢e,92 = 0.
Then one can see that 1, q 1 is radially symmetric with respect to z, and

Ieqallimiany = O (& (&R, oo ke +e'R)).

Moreover, from the Green’s representation formula,

Vea(ai )~ Vea(g) = [ [Golai+ ) — Golai )] 2Upuq + ¢Eq)dvg. ()

= O(Cg)v%F(q)|Z| + Re(z)

where R, (z) is even function in z. This implies

U+ ¢eg)?  (UA+¢eg)?
12:/5[(V+i;) - ‘;Pq) |2
U+ Peq)
N _/ ( ng 2 Ye,qZijdvg, + O(Ee)
10ws
= — [ 25 (g — Yeq(a:)dy + O(Ee)
]R238y]
— O(E,).

Thus one has
0K (0)

4
/ME 51 (U + (P, V+ l[J)Zi,degE = _gs |:C1€ \V4 ax]

Recall the definition of F(q) from (3.1):

k
F(q) := )_ Hi(ogi,09:) + Y Gi(og;, 0q;)
i iZ]

and V,H(y,z)|y—- = 0.
Using the asymptotic behaviour of
Gi(x,y) = clx —y| "2 (1 + (1)),
one has

/ 51 (U + ¢, V+ l/J)Zi,]'dUge

4
c1e® 0K(0) = qi — 4
= —¢ 620' \V4 g — E G'(olg; — + O(E,).
26e |:C2€£0, ax] q T ( |‘11 ql|)<|ql _ql|)]:| ( 8)

i — ngsfﬂiiafh‘,jl:(q) + O(Ee).

13

(4.3)
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Define
e (qu ST, ,qu'ﬁk,qu'?lf"' ,qu-tk)t
and N .
Qi =o0g; = Q? + o fiti; + o it
In the following, we denote
q - U(fl/' © sz/glz e ng)t - (fll vt /fk/gll' t ng)t'
and

4.2. Thereduced problem for generalk = 3,4, .... Nextwe analyze [ M, S1(U+¢,V+ 1/)) dvge.
We have the following:
Lemma4.2. [, Si(U+¢,V+ 1/)) dvgg = 0 is equivalent to the following system for the perturbation
q:

d 1 C
<dM1 + sz + p]

where d = 2Rg sin T, and d is defined in (4.5),

_ (&
*=(&)
and &; are k-dimensional vectors of the form

1 - . 2
&= ([mRz +|q|2]1>  &=0 ([g +@+%Jl>

Further, C; = 4sin? 7 KzzKinKﬂ Cy = —2sin %KZZK;HKH are two constants and the matrices My, My, M3

and the vector by are given as follows
M, = ( (A4 +4I) sin® Z Apsin Z cos F ) M, — < Ajcos? F+4sin® I —A;sin F cos )

M3> q = Cbo +0O(€)

—Apsinfcos T —Aj cos? T Ajsin T cos 7 —Aq sin® 7
([ B1 By (B 0 \=
M3_<Bz 33)'1’0_( 0 Bz)l
where
-2 1 0 --- 0 1
1 21 --- 0 O
A= I
1 o o0 --- 1 =2
o 10 --- 0 -1
-1 01 --- 0 0
Az — . . . 7
1 00 --- =1 O

= diag{sin2 0, ,sin’ O},
B, = diag{sin 0 cos by, - - - ,sin O cos by},
= diag{cos2 0y, ,cos’ O}
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Proof. Wlog, assume that

2 (K1 O
o= ()

where K1, Ky < 0.
By direct calculation, one has

VAK(0) - Qi = VZK(0) - (QF + fifhi + giti)
= K (QY+ fifl; + git:)
+ (K2 — K11) [(Ro + fi) (sin? ;i; + sin 6; cos 6;F;) + Qi(sin 6; cos 0;7i; + cos? 91-?,-)}

= Ky1Ro7;
+Ro (K2 — Kq7) (Si].’l2 0;1; + sin 6; cos 91'?1')

+7i; | K f; + (Koz — Kir) (sin? 6, f; + sin6; cos 0,g,)|

+t; [Kllg,- + (Kpp — Kq1)(sin 6; cos 6; f; + cos? Gigi] . (4.4)

Next using the facts that

. 27T, 2714 7 L2, 27T
nMjy1 = COS P —; + sin — k +1 = —SIn Tn,- -+ cos Tti,
. 27T, sin 27‘( 7 T, 27T
n;_1 = COS ?n k ti_1 = sin — p n; 4+ cos Tti’
and for |a| >> |b|
a+b a b a-ba 14
= ot = T+ 0 ),
ja+0b| la|  la| [af* |a] a|
one has
Qit1— Qi
|Qi+1 — Qi

1+1 Q + f1+1n1+1 + g1+1t1+1 fifii — giti

T, T
= —sin %ni + cos %ti

1 . 27T 21T 27 27T
+W[ni(fi+l COST 8i+1 sm— ﬁ)+t(ﬁ+1 sin —— i + 8i+1 COST gi)}

k
_ 721{0 Sin & [ (fl—|—1 CcOos ? git+1 51N T — fz) sSin ? + (fj+1 sin ? + &gi+1COS T — 81) Ccos I]

g
X (—nlsm p + £ COS%)"_O(Rz)

and
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Qi1—Q;
1Qi—1 — Qi
QY - Q) fiaftia + gi—1fii1 — fifli — git;
QY — QY+ fiftig + gi1tia — fil; — giti|

. T,
= —sin —#; — CoS —1;

k k

m[ﬂi(ﬁ—1COs?+gi_181n7—fi) fi(—fi 1sm7+gl 1COS — —gl)}
= aRgan i1 €08 G+ giasinGE = fiysin o+ (< fioasin G 4 giocos -~ gi) cos
x(nismf—i—ticos?)—i—O(Rz)

Moreover, we define

d=d+0(1). (4.5)

We expand

Gi(|Qi—|—1_Qi|) (|Qz—|—1 Q?|)+G~ (|Qz—|—1 z|)
27 .27 LTt 27 27 T
X [— (fit1 COS —— — gi-15iN —~ — fi)sin — p + (fiy18in — 81008 == — Qi) cos ?]
and

G1(1Qi-1 — Qi) = G1(1Q — QD) + G/ (|Qi1 — Qi)
27 . 27T LTt . 21T 27 T
X [— (fi_1c057 —i—g,-_lsmT —fi)sm? —(—fi1 sin —~ —i—gi_lcos? —gi)cosf}.

Combining all the above expansions, one has

7U 7T _,
[ <fi+1 + fic1 +2fi + (gi+1 — gi—1) cot f) sin? Eﬂz

7T -
+( (fir1 — fi- )wn +8iv1+8i-1 2&)w§%ﬂ}

/\&IQ»

+7 [(fﬂ—l + fi-1 = 2fi — (gi+1 — gi—1) tan %) cos %ﬁi
+<(fi+1 — fi-1 )COt —(gir1+8gi1+ Zgl)) sin’ %E] }

+o< @) )

2~ lal | lal
—t Al
i + = i+ R
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Now let us define R such that

_2sin %Gg (2Ro sin E) +

k

which is possible since G| < 0 and Ky; < 0.
Then

ou

is reduced to the following linear system for the perturbation § = (f1, - - -

<Lf 1 C

-Mi+-M, + —1M3>q = Cbgy + O((‘:)

d d d

where

and &; are k-dimensional vectors of the form

51:o<

|Cl| ~12
L+ 2+ q]
R}

i>,52:o<

C1€4K11

Rop=0
cple0? 0

=0

rfk/gll' ce ng)t

(4.6)

lq] | g
Ry + R3 + Ry

i).

Further, we have C; = 4 sin® 7sz22K71K11 Cy = —2sin ”KzzKinKll,

.2
M, = ( (Aq +4I)sin” ¢

—Apsinfcos T —Ajcos” T
By B
M3 - ( B; BZ ) ’ bO
where

-2 1 0
1 21

A= .
1 0 0
0 10
-1 0 1

Ay = oo
1 00

= diag{sin 6y, - - -

B, = diag{sin6; cos by, - - -
= diag{cos? 6y, - - -

Ay sin T cos & A cos?
k 2 nk , My =

T +4sin® FI —A;sin Fcos )/

s T T s 27T
Apsin £ cos ¢ —Aqsin® £

(B 0=
_<0 Bz)l

0 1
0 O
1 -2
0 -1
0 O
-1 0
,sin” 6},
,sin 6 cos 6, },
,cos? Ok}

O

Remark 4.3. Since for general k > 2, the linear system (4.6) is not easy to solve, we now compute

q for k =

2. In this case, only two spikes interact with each other, and one has |sin6;| =

|sin92|,

| cos 01| = | cos 6|. This will simplify our computations a lot.
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4.3. The reduced problem for k = 2. The reduced problem for k = 2 is given by the following
result:

Lemma 4.4. Whenk =2, [, S1(U+ ¢,V + )Y dvge = 0 is equivalent to the following system for
the perturbation §:

lal | (52 t
d 1 1 &+ & +lal] (1,1
Mq = M+ —M,+—M3)|q = by + O 0 <12 (4.7)
(d Ry Ry ) [%+%+ ‘g(‘)](lll)t
where
_( B1Ao O Bl BsA
My = ( 0 0) M= ga, pr )
0 0 0 O =
My_<0'%&AQ»bO__&<01%)1'
11 1 O
Aoz(l 1)'A1:(0 —1)
and

151 =K1 + (Kzz — Kll) Sil’l2 01, ﬁz = Ky1 + (Kzz — Kll) COS2 01, ,53 = (Kzz — Kll) sin 07 cos 0.

Proof. The proof is similar to Lemma 4.2.
First we get

~ G@(1-2 +fz))<—n1 - &+ 8200

al*-

+0 (Gt [l + 1457 )

where d = 2Ry.
Combining with (4.4), we have

/ S1(U + ¢,V + ¢)Vwdog,

€

cqet

CZé(eO'Z 0
X ((Kll + (Kzz — K11) sin? Ql)ﬁl + (Kzz — K11) sin 01 cos 91?1)
1 ) . -
+R—0 (K11 f1 + (Ko — Kq1) (sin? 61 f1 + sin 01 cos 0191) )7y
1 . .
+R—0 (K11g1 + (Kzz — Kll) (Sll’l 01 cos 91f1 + COS2 Olgl))ﬁ)

ety (1 -G+ ) (7t g+ h)
=12
+0 (Gi(d) |af*7; + %E + % ) +O(E).
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Here by carefully checking the error estimates and using the facts that for k = 2, if |§| << 1,
— ]. —
Q1 —Q = (1+0(1))ii +O (E) f,

1Q1 — Q2
~ el oG H(d) L\

and
1. . -
Q1 V2K (0)z(Q[w] — 2P[w]) + cRi[w] = O(Ro)iiy + O(1)hy,
one can have a more accurate estimate for the error term E, i.e.
( ) o |G R+ G Ei Gsolaia)| (L1
£ 7|82 R + 820 T Goli,07) | (1,1
We have a similar expansion for the projection on Z,. Define R as
C1€

202
Considering the leading order matrix Mj, the kernel in leading order is spanned by the vectors

«(1,-1,0,0)", (0,0,1,0)", 7(0,0,0,1)".

Since the righthand side in leading order is by = —B3(0,0,1, —1)! we get the solvability condition
B3 = 0. Therefore we have to choose 6; = 0 or 7. By Taylor expansion,

L (Ku + (Ko — Kyp) sin 91> = G (2Ry).

1, 13 1, 1, ¢ log(log SZD)
where
_ C1/31
ch2
since 1 < 0.

So the reduced system becomes

d 1
Mg = (dM1+ROM2+R M3>qbo+O(

M1:<'31A0 0) M :<£1[{1 ﬁg§1>,
%§1A0>'boz_ﬁ3<8 121)i’
e ()

B1 = Ki1 + (Kx — Kq1) sin 0y,
B2 = Kq1 + (K — K1) cos? 0y,
B3 = (Ko — Kq1) sin 6 cos 6;.

given in (4.7), where

N

and
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This finishes the proof.

Remark 4.5. From the definition of Ro, one can check that

8R0 1
~N — Y Dl _ .
elqi| ~ —=~ VDlog 2Dlog /D

€

So under assumption (1.3), one can easily see that €|q1| — 0 as e — 0.

Finally, for k = 2 we solve the reduced problem and complete the proof Theorem 1.1.

Proof of Theorem 1.1. First since B3 = 0, we have to choose 6; = 0 or 7. In this case, the reduced
system becomes

A o+ aP)(1,1)

If B> — B1 # 0, the matrix is invertible, and one can check that ||M_1 || < CRy.
Our idea is to first improve the top line of the right hand side of (4.9) to O( ég) from O(g,).

This is done in the following way. Since when 6; = 0 or 7, this approximate solutlon has some
symmetry around each spike in main order, by carefully checking the calculation in Section 3 and

4, one can decompose E; in Lemma 4.1 as [61¢; + &2 kT O( )]Cge4R for some &1, &, which is
tedious but standard. So one can decompose f; = fO + f1 + f, Where f9, f! are chosen to match
the O(&,) and O(l%) term on the right hand side of the reduced problem . First f° is chosen such
that G (2Rg + 2f°) = G} (2R¢)(1 + 61¢¢), which implies that |f°| = O(¢.). Then we choose f1
such that G](2Rg +2f° + 2f1) — G} (2Rg + 2f°) = G (2R0)§2 = and 1 =0(g e =). In this way we
can get the reduced problem for {f;, g;} (we still denote its solut1on by q) as follows

|C1| 2 t
Mq:<(Ao+ DBy 0 ))qzo([ o+ +q]<1,1>).

0 r; (B2l = 3B1Ao [+ 19+ 180 (g, 1y
Since ||[M~!|| < CRy, one can find a solution § to by contraction mapping such that
g| < C¢e.
In conclusion, we find a solution such that max;(|f;| + [gi]|) = O(&).
It is easy to check that when 6; = 0, then 8, — B1 = Ky — Ky1; while when 6; = 7, B2 — B1 =

K11 — Kp. So if Ilg—ﬁ # 1, one can solve the equation and get two solutions which correspond to

61 = 0and 6; = 7, respectively.
O

5. STABILITY STUDY I: STUDY OF THE LARGE EIGENVALUES

We consider the stability of the steady-state (u,, v¢) constructed in Theorem 1.1.
In this section, we ﬁrst study the large eigenvalues which satisfy A — Ag # 0 in the limit as

max{%, \/_log 2Dlog 7D b=
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Linearizing the system around the equilibrium states (u,,v,) obtained in Theorem 1.1, we ob-
tain the following eigenvalue problem:

{ Ags(P - 4) + 2”54) 21/) = )L(P’ (51)
A p — 029 + 2uep = TAC?Y,
for (¢, ) € H>(M,) x H?>(M,).

In this section, since we study the large eigenvalues, we may assume that [A¢] > ¢ > 0
for max{ \/_,\/_ log 5 f} small enough. If Re(A;) < —c < 0, then A; is a stable large

e1genva1ue, we are done Therefore, we may assume that Re(A;) > —c and for a subsequence
max{—= Nk vDlo 08 f} — 0, A¢ = Ag # 0. We shall derive the limiting eigenvalue problem

which is given by a coupled system of NLEPs.
The second equation of (5.1) is equivalent to

Agp — (1 + TA) P + 2uep = 0 on M.. (5.2)
We introduce the following notation:

oy =014 TA,,

where in v/1 4 TA,, we take the principal part of the square root.
Let us assume that

1Pl 2 (p1) = 1
We cut off ¢ = ¢, as follows:

Pej = Pexe(z—a;), =1,k (5.3)

where the cutoff function . has been defined in (2.8).
From (5.1) and the exponential decay of w, it follows that

k
pe =Y ¢ej(1+0(1)) in H*(M,). (5.4)
=1

Then by a standard procedure (see [15], Section 7.12), we extend ¢ ; to a function defined on
R? such that

el r2r2) < Cllgejll p2my, 7 =1k
Since |[¢el| 201, = 1, ||gb8 Jjlm2r2) < C. By taking a subsequence we may assume that ¢, ; —

¢j as max{——= ok \/_log f} — 0in H'(IR?) for some ¢; € H'(R?) forj =1,-- k.
By (5.1), we have

wela) = [ Golapy2ugi(v)dy

= /M Go, ( q], deq,w] Y- q1)4)€l+o(§€))

1 1
—5log - [ 28 juwid(1 +o(1))d

Substituting the above equation into the first equation of (5.1) and using the expansion of g ;, in
.. € 1 . . .
the limit max{ 5V Dlog W} — O we arrive at the following nonlocal eigenvalue problem
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(NLEP):
2 f]R2 ZU(P] dx 2 .
15 ohg fu:z wzdxw =Ao@pj, j=1,--- ,k (5.5)
+

By Theorem 3.5 in [58], (5.5) has only stable eigenvalues if T is small enough.
In conclusion, we have shown that the large eigenvalues of the solutions given in Theorem 1.1
are all stable if T is small enough.

Agl)] — (P] + ZZU(P] —

6. STABILITY STUDY II: STUDY OF THE SMALL EIGENVALUES

Now we study the eigenvalue problem (5 1) with respect to small eigenvalues. Namely, we
assume that Ay — 0 as max{—%= NGL VD1 og f} — 0.

Our main result in the section says that 1f /\ —> 0, then

Ae ~ e*Rop(M)
where 0p(M) is an eigenvalue of M defined in (4.9). So the stability of the solutions depends on
the eigenvalues of M. It turns out that it is related to the ratio K22

6.1. Eigenfunctions and error estimates. Let (u., v;) be the equilibrium state constructed for
equation (1.5), and define

us,j - ge,qjus(y)/ ] — 1/ te Ikl
where ;4. is defined in (2.8) and calculated in (2.10). It is easy to see that

k
e = Y uej(1+0(1)) in HA(M,).
j=1
Now let us set Ag = 0in (5.5), we have

2 f]R2 we;dy -

A(P]' — ¢+ 2w4>]- — 2w f]Rz wzdy =0,

(6.1)

which is equivalent to

Ir2 wedy )
LO((P] — ZWW> = 0,] = ].,' s ,k,
where Ly = A — 1 4 2w. We have
f]R2 ¢jay

ow
—i=12%,i=1,--,k
4)] f]szzdywespan{ayill s }I] s ’

This implies that [, w¢;dy = 0, and we can decompose ¢. as

ZZ ‘:S 3%

j=1li=1

where
o, e

ay,

(,DSJ_Kgq—span{ j—l,---,k,i=1,2}.

The decomposition of ¢, implies that

kK 2
=) Y it e

j=1i=1
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where 9. ; ; is the unique solution of

Agsl/JS,]l UAIIJS,]Z + 255 Uge te) =0,
ay;

and
Mg — a%tpé +28; ey = 0.
Supposing ||¢c[ ;2 u,) = 1, then we have af; = O(1). Substituting the decomposition of ¢ and

P into (5.1), using the fact that

Ag U j— Ugj+ o = h.o.t,

we have
k 2 9. k 2 g¢. ou )
Ug Oy Ve jira OMej
Z 'Za;:,iv_;( 3 - lpe,j,i) + Z Z C_[A i a—y_Aggus,j]
j=1li=1 € € j=1i=1 1 (6 2)
2ue | 3 L 1 aus,]'
+ Ags(:be (PE + —(PE 21’/)8 - A(PE + hOt - A 2 g a ‘
Vg j=1i=1 ¢ 9Yi
We set
kK 2 2 9 kK 2 g¢. oul. : )
u U i 3
I, = gt e (Y T A =2 — —Ag g ]
];; g g i) ];; e %oy oy 5
= In+1p,
2u
L = Mg — ¢+ — 5 — M
€ e
First we shall derive the estimate for ¢;-. Since ¢~ | Ke,q, we have
192 |2 < ClIZal -
By the expansion of Ag, in (2.1), one knows that
) k 2
|Z12|| < Ce Z Z |5 ;1. (6.3)
j=1i=1
For 713, using the equation satisfied by ¢ ; ;, we get
~ 1 augl]'
Veji@) = [ o228 50z + ho
Me Yoz — o2 (6.4)
= @’8/ GUA(y,z)iq]dz +h.o.t.,
M, 9z;
and using the equation satisfied by v, we have
Do [ e
Wi Jme i
¢ (6.5)

oG
_ 2 7 _
= ¢ m ayl ; z —q;)?)dz + h.o.t.
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Combining (6.4) and (6.5), one has

1 dvg k ~ Jw ( _q])
o W) o) = & gayl ?_: (2= @)*)dz - /MEGM%Z)iaZI dz -+ 6.6
_ WPz — g — 1 ow?(z—qj)
- &l / e R v
ow?(z —q)
/ (y - q;) — a(y,Z)iaZ, dz (6.8)
2/ (z—ql)dz—f—hot] (6.9)
17
Using the fact that (% + 2)log |y —z| = 0 for y # z, we have
1 v, oF;(y) )
£ 50E ) = oily) = B ([ widz+0(0))

where

Fi(y) = Ho(y,q;) + ) Go(y,q¢)-
(i

9Fi(qj;) __ 19F(q)
dy; 2 307;‘,1‘ /

From this estimate, using the fact that we have

ko2 2
]11/[ 805
I _]21121 z ol ayl — Gete )il
2

2 _ate
([ widz)(1 +O0tely =) %5

€

kK 2 . al: q)
:22“7158 :

j=1li=1

O(éa )ZDM

aqll j=1i
o(e)
g

Combining (6.3) and (6.10), one has || Z;[[;2(p4,) < Ce?. So

(6.10)

e 120 < CE2 ZZlam (6.11)

j=1i=1

Using the equation satisfied by ¢;-,

kK 2
1 2 any < CE2 YN Jas |- (6.12)

j=1i=1
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6.2. Derivation of the finite-dimensional eigenvalue problem. Multiplying (6.2) by éagysf and

integrating over My, one has

Ol i Ju
rhs=A J Pem 4
]21121 z . 0 oy Y
ow \ 2
AZZa]Z(SJm&,p / (5om) dy o) (6.13)
j=1i=1

= Aat, /]RZ<§y1> dy +o(1).

For the Lh.s, we get

ou
et ="y
/ME 26e Yy Y

2
= / ge_l[Aqbe (Ps +%¢e Aqbe 1/),3]
- —A/ c: g Sy

2
EM ~— a eEm
—/ S S gy +o(e)
= N1+t Js+Ju+Js+o(eh). (6.14)

Using the equation for ¢, one has

e (qm) = / G, (1,2) (28 uey ) (2)dz = O(l|¢: [l 2) = O(e?),
Me

P +9) =9 @) = [ (ol 2) = G g )28 e ()
Me (6.15)
=2 / VinGoy (Gm,2) - yGe ety dz

2 £4Rg

=0(e—=—lyD) = o(e[yl).



26 W. AQ, J.C. WEL, AND M. WINTER

Similarly, using the equation satisfied by v, one has

00, F(q)
a—W(q ) (gs aqmé )
§H%+w—§%w»—o(

6.16
2 821:( ) | | ( )
aquaqu

So using the definition of ¢, one has J; = 0. Using (6.16),

4
2+J3=0 <€2€ 5‘7) =o(e*),

while using (6.15), one has
Ja+]J5 =o(e).

Combining all the above estimates, one has

/M Toe 125 gy — o). (6.17)

Next recall the estimate for 1 3;8 (y) — e,i in (6.9), we have

ou k2 oF;(y) u2 ow;(y — qm)
_19Uem e ] € J +h w2
—_— . . -y . . d
//\/le legs ay/ dy Z ; a]ﬂgs <//\/ls Ug ay/ dy © t) /]RZ Y

j=li=1 Iy;
k2
. q) ( ow ) < ) )
= VY g ([ gy ) ([ wharo)
k 2 82
= —Czjzllzlaflﬁsa Fa( a) (0;¢+0(1))
(6.18)

where ¢ is defined in (4.2).
For 71,, we get

: e Jw 9w (y — ) (6.19)
=L % / ™ Bgez -y =) = 5-Bgw0(y — qj)]Tdyém,jfsi,g +o(1).
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Consider the expansion of Ag, around each point g, i.e. replacing 0 by ¢g; in (2.1), we have

SO — B 5 = 1K<eqj>e:2[%<@[w1—2P[w]>—<Q[aiw1—zp[aiw1>]
+5(VK(eg;) -1)¢ [ 5-(Qlw] — 2Plu]) — Qo] — 2Pow])|
%%(vrqsq]) ) (Qlw] —2Pw)
0

o (y VK ey e |5y, (Ql) —2P[w]) — (QParw] — 2P )]
+3030 K636 (Qfw] - 2Pw)
+35K2e)lyPet [57-(3Qfw] — 4Plu]) — (3Q[yw] — 4P

+425K2(8‘7i)yi€4(3Q[w] — 4P[w])

1470
+68 [, Ralel = R
+ L4 12 Rofw] - Ryfosu]] + o(eh)
10 ay 2w 219 .
Using Lemma 8.1, one has
0 ow. dw 10°K
Jolgyp e — Ao g5y = 3 ey [ (ot
et 92K 2
= T3 O [Py +o(1) (620)
497
= —(q¢ 52 (0)(1+0(1))
1
Combining (6.18) and (6.20),
ou k2 02F(q) 92K
—19Uem o € [_ 4% ) .
/ME nE 5 dy—];;a],l[ oty g + ¢ 52 051+ o) (621)
So one has
9F(q) 49K
Lh.s = Z Zaﬂ czgsa e 5 +c1€ 8—2(0)(5i,g(5]',m +0(1)]. (6.22)

j=1li=
Combining the Lh.s and r.h.s,
’F(q ) 10°K 4 Jw
]21 12 a]l CZ@sa a 1/ + (1€ ox 2 (0)5]',77151',/5] + 0(8 ) = Aa;,é(/]Rz (ay1> dy + 0(1)) (6-23)

Finally, for k = 2 we solve the finite-dimensional eigenvalue problem and complete the proof
of Theorem 1.4.
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Proof of Theorem 1.4. Equation (6.23) shows that the small eigenvalues A of (5.1) are given by

9°F 9’K
Aéi’g + C184—(0)(5]"m(5i,g> ) ~ C1£4R0'0(M) (6.24)
aqj,iaqm,f i

Ag ~ (To( — C2Ce
¢ ¢ jn=1, ki =12

where M is given in (4.7). From the expression of M, we know that if 6; = 0, the eigenvalues are
givenby Ay ~ R, Ay ~ (¥ 4+ )Kip, Az ~ B2, Ay ~ £ (Kyp — Ky); while when 6, = %, the

eigenvalues are given by Aq ~ %, Ay ~ (%‘j + RLO)KZZ, A3 ~ %, Ay ~ RLO(KH — Kp). So since
K11 # Kpy, it follows that one of the solutions is stable and the other one is unstable.
O

7. DISCUSSION

In this section we discuss the main results given in Theorems 1.1 and 1.2. We consider specific
two-dimensional Riemannian manifolds without boundary. In particular let us choose the surface
of a three-dimensional ellipsoid.

First we study the surface of a tri-axial ellipsoid with semi-axes a; < a; < a3. There are two
maximum points of the Gaussian curvature near each of which two different two-spike cluster so-
lutions exist. The orientation of the stable cluster is towards the smaller principal curvature and
the orientation of the unstable cluster is towards the larger principal curvature. There are also two
saddle points of the Gaussian curvature for which a single two-spike cluster exists whose spikes
are orientated in the direction in which the saddle point is a local maximum of the Gaussian cur-
vature. These spike clusters are unstable. Finally, there are two minimum points of the Gaussian
curvature near which no two-spike cluster exists.

Second we consider an American football for which the semi-axes are a; = a; < a3. This
surface has two maximum points of the Gaussian curvature. Near each of them multiple two-
spike clusters exist. Since the manifold is invariant under rotation around the maximum points
any orientation is possible. All of these two-spike clusters are stable. This result is not proved in
the current paper but it will follow by adapting our analysis to the case of rotationally symmetric
manifolds (which is simpler than the more general non-rotationally symmetric setting considered
here), then the finite-dimensional problems for existence and stability can be handled as in [60].
Further, for the American football case there is also a minimum point of the Gaussian curvature
near which no spike cluster exists.

The degenerate case of a point for which the two principal curvatures are the same but the
manifold is not rotationally symmetric is more difficult to handle. Further expansions are required
which will determine the existence and stability of two-spike cluster solutions near this point.

Spike clusters of more than two spikes have not been considered in this paper since higher-
order expansions of the contributions from the local geometry of the manifold are required to
determine the orientation of the cluster. We are currently investigating this problem.

8. APPENDIX

In this appendix, we will give some useful identities and we will compute the eigenvalues of
the matrix M.

8.1. Some identities. By direct calculation (following Appendix B of [41]), one has the following
lemma:
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Lemma 8.1. If w is a radial function, then the following identities hold:
| Qb — 2Pl ey = — [ (' Py =~ [ (!
R2 J 9y, R2 l 0 ’
| (3Qtw] — aplawlyigiy = — [ @'(r)a2d
]RZ w w yla—yl y_ ]RZ yl y’

0 ow
g ol = Ry = 0,

Y
2
ol Rl = Raforwl) 0y = ~3 55 e [ w0y
- (Qlw] ~2Plu]) — Qo] —2Pfyw]) = 0

8.2. Eigenvalues of the matrix M. Next we will compute the eigenvalues of the matrix M =
My + = (M2 + C1M3) given in Lemma 4.2. By direct calculation, the eigenvalues of A; are given

by

A= —2+ =14 D01 — _ggin (

and the eigenvalues of A; by

=1 _ g(k=1)(I=1) _ o; sinM

A =
2] = €& X

forl =1,--- ,k. Denote the diagonal matrices of A; and A, by
Dy = diag(A1,1,- - ,A1x) and Dy = diag(An1,- -+, Ao g), respectively.

Using the matrix Py of eigenvectors for a k X k circulant matrix, we have

p- (M1+ ;(M2+C1M3)) P— (g_l (1)’{ ) <M1+ :Z(M2+C1M3)) (

SE
T o
N——

[ (D1+4I) sin’ T+ (D1 cos? -|—4$in2 #1+CBy) Daysin 7 cos 7(1 — %) +1CyB,
o —Dysin cos 21— %) + %Cle —D1(cos? Z T+ 1A sin? Z)+ 1CyBs

Since the matrix M; + = (M2 + C1M3) is symmetric and its entries are all real numbers, its
eigenvalues are also real and satisfy the equations

A? + A+ =0,

where

27 1 7T 1 1
by = Ayjcos— (1—= —4sin2—<1+—A)——Ac
D= Ay k( d) *(1+3) - 36

B y(I-1)mr 2m L7 4/ L,(I-1)m 2m »t C
= 4<sm ? COS?—FSIH © —1—2 sin ? COST sin 1
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and

1 2
cq = /\%,l (1 — EA) sin? % cos? %

22 (o2 T+ a2 T (sin? T4 Leos? ©
M <cos k+dAsm k) (sm k+dcos k)

1 1
—4Aq (1 + E) sin? % (cos2 % + Esin2 %)

4 I—1 4 I—1)m -1
—i—ECl sin? % cos? % + ﬁcl {— sin? % + sin? A <1 + sin %)}
16 L, (I-1)m ) 7T o=l 4. ., L(I-1m
= Fsm — sin? T <1+c0s %> — sin — —|—EClsm ?cos —
—;76 sin’ 7(1 _kl) sin’ % cos 277-( + ;ZC { sin’ 7(1 _kl)ﬂ + sin? X (1 + sin? 7(1 _kl)ﬂ)} .
For k > 3, we get b; < —% < 0. Denote the solutions by
b 4 b 4
A= _El (1 — — b_?> and Ap; = _El (1 +4/1— b—?) , respectively.
Fork =3,5,6,7,... we have
1
A1 =0, A21:4<1+—A>Sil’lzz>0
’ 7 d k
and forl =2,...,k, i = 1,2 it follows that
c
|Api| > d_é
for some ¢4 > 0.
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