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Abstract

By rigorous mathematical method, we construct traveling wave solutions with a stationary or
traveling vortex ring to the Gross-Pitaevskii equation

i =2 Ad+ (V—if)a, aeH'(R),

where the unknown function @ is defined as @ : R3 x R — C, ¢ is a small positive parameter and
V is a smooth potential.
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1. Introduction

In this paper, we consider the existence of traveling wave solutions with vortex rings to the
nonlinear schrodinger type problem

ity = 2 Aa+ (f/ - |m2)a, 0 e H'(R3), (1.1)

where the unknown function @ is defined as i : R® x R — C, A is the Laplace operator in R?, ¢ is a
small positive parameter and V' is a smooth potential. The equation (1.1) called Gross-Pitaevskii
equation[49] is a well-known mathematical model to describe Bose-Einstein condensates.

Vortex flow is one of the fundamental types of fluid and gas motion. The most spectacular form,
called concentrated vortices, is characterized by local circulation of fluid around a core[3]. Among
all vortical structures, vortex rings with closed-loop cores are perhaps the most familiar to our
daily experience such as the well-known smoke rings of cigarettes and the vortex rings observed in
the wakes of aircraft. The simplicity of their generation and observation sparked interest of many
researchers in mechanics and physics for more than a century[53], [2]. Quantized vortices have
gained major interest in the past few years due to the experimental realization of Bose-Einstein
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condensates (cf. [5]). Vortices in Bose-Einstein condensates are quantized, and their size, origin,
and significance are quite different from those in normal fluids since they exemplify superfluid
properties (cf.[20], [6], [7])-

In addition to the simpler two-dimensional point vortices, two types of individual topological
defects in three-dimensional Bose-Einstein condensates have focused attention of the scientific
community in recent years: vortex lines[59, 56, 26] and vortex rings. Quantized vortex rings with
cores have proved to exist when charged particles are accelerated through superfluid helium|[50].
The achievements of quantized vortices in a trapped Bose-Einstein condensate [60], [44], [43] have
suggested the possibility of producing vortex rings in ultracold atoms. The existence and dynamics
of vortex rings in a trapped Bose-Einstein condensates have been studied by several authors [4],
[30], [31], [21], [51], [25], [52], [29]. Vortex ring and their two-dimensional analogy (vortex-antivortex
pair) have played an important role in the study of complex quantized structures such as superfluid
turbulence and so attracted much attention [7], [6], [36], [28]. The reader can refer to the review
papers [22], [24], [7] for more details of quantized vortices in physical works.

In this paper, we concern the construction of vortex rings by rigorous mathematical method.
We are looking for a traveling wave solution to problem (1.1) in form

ﬁ(gvt) = eiuat a(?jla g?a 7,;3 - ’{€2| 10g€|t)a

which also has a vortex ring. Here x and v, are two constants to be determined latter (c.f. (1.10),
(1.15) and (1.19)). Then @ is a solution of the nonlinear elliptic problem

di .
—ie?|logelk 2L = 2 A+ (ug FV(G) - |a|2)a, e H'(RY). (1.2)
073

Here we have assumed that the trapping potential V is of the form V(§i,%s,§s — xe2|logelt).
To prove the existence and describe the profile of a traveling wave solution with vortex ring,
we will use the powerful reduction method in partial differential equation theory, other than the
formal expansion method in physical works. We believe that our study here also provides a
relatively simple and unified approach to more complex vortex structures such as vortex helices
and skyrmions.

For the stationary case, i.e. kK = 0, it becomes the eigenvalue problem
2N+ (ua+f/(g) - |a|2)a=o, i e H(R%), (1.3)

where the unknown function @ is defined as @ : R® — C, £ is a small positive parameter and V
is a smooth potential. The study of the problem (1.3) in homogeneous case, i.e. v, + V=1, on
bounded domain with suitable boundary condition started from [8] by F. Bethuel, H. Brezis, F.
Helein in 1994, see also the book by K. Hoffmann and Q. Tang[27]. Since then, there is a large
pool of literatures on the existence, asymptotic behavior, and dynamical behavior of solutions.
We refer to the books [1] and [54] for references and backgrounds. Regarding to the construction
of solutions, we mention two papers which are relevant to this paper. F. Pacard and T. Riviere
derived a non-variational method to construct solutions with coexisting degrees of +1 and -1 in
[48]. The proof is based on a analysis of the linearized operator around an approximation. M. del
Pino, M. Kowalczyk and M. Musso [19] derived a reduction method for general existence for vortex
solutions under Neumann (or Dirichlet)boundary conditions. The reader can refer to [37]-[39], [40],
[57], [61], [16])-[17], [32]-[35], [58] and the references therein.

On the other hand, when v, + V= 1, there are references on the construction of the traveling
wave(i.e. k # 0) on the whole unbounded domain. In two dimensional plane, F. Bethuel and J.
Saut constructed a traveling wave with two vortices of degree 1 in [12]. In higher dimension, by



minimizing the energy, F. Bethuel, G. Orlandi and D. Smets constructed solutions with a vortex
ring[11]. See [15] for another proof by Mountain Pass Lemma and the extension of results in
[10]. The reader can refer to the review paper [9] by F. Bethuel, P. Gravejat and J. Saut and the
references therein. For a similar existence result of vortex rings for Shrodinger map, F. Lin and J.
Wei [41] gave a new proof by using a reduction method.

In this paper, we will prove the existence of solutions possessing vortex rings for the Gross-
Pitaevskii equation with inhomogeneous trap potential V. Due to the existence of trap potential,
we can show the existence of a stationary vortex ring for problem (1.3) by the reduction method
in [41]. Then we construct a traveling vortex ring for (1.2).

We first consider the stationary case £ = 0, i.e. the problem (1.3). We assume that the real
function V' in (1.3) has the following properties (A1)-(A3).
(A1): V is a symmetric function with the form

Vi1, 9, 93) = V(7. 43) = V (7, —§3)  with 7 = /§7 + 53 .

(A2): There is a point 7o such that the following solvability condition holds

ov d
— — = 0. 1.4
Or 1(#,0) + 70 (14)

Here d is a positive constant defined by (c.f. (6.3))

1 1
d=— ! —d 0 1.5
= [l (s) s> 0, (15)
where w is defined by (2.1). We also assume that 7 is non-degenerate in the sense that
O*V d
— - —= # 0. 1.6
or? l(7,0) 72 7 (1.6)

Remark 1.1. There are some works on the dynamics of vortex line with the action of trapped
potential, base on formal expansion. In fact, A. Svidzinsky and A. Fetter [59] showed that the
vortex velocity has the form ~

Ve~ —(TxyV+EB)A(E) + ...

where T and B are tangent vector and binormal of the vortex line. k is the curvature of the vortex
line. For more details, the reader can refer to [59] and the references therein. Here we want the
stationary vortexr ring is trapped by the potential V, so we impose the condition (1.4) because of
the symmetry. O

We will construct a solution to (1.3) with a vortex ring, characterized by the curve

VRSB =+ f = G5 =0, (17)

where f is a parameter of order O(g) to be determined in the reduction procedure.
(A3): There exists a number Fo. with Fo. — 7. = 10 + O(€) such that the following conditions

1 (V7 Gs) = V(712,0)) =0, V(7 Gs) <0, V(7. ) <0, (L)



hold along the circle /T2 + §3 = T2.. In (1.8), 10 is a universal positive constant independent of
e and the derivatives were taken with respect to the out normal of the circle \/T2 + i3 = 72.. We
also assume that

1+ |:V(f7g3) - V(f1670):| > C1, Zf 72 +g§ € (07 7:25 - 7—1)7

1.9
1+ [V(fﬁﬂg) - V(f1a,0)] < —co, if (/T2 + Y3 € (Fae + T2, +0), )
for some positive constants cy,co, 7 and To.
Remark 1.2. A typical form of V in physical model is the harmonic type, see [59]
V (i1, G2, 53) = =15 — 05 — 73
It is obvious that this special V possess the properties in (A1)-(A3). O
By setting
v. =1 —V(f,0), (1.10)

to problem (1.3) and then defining V (7, 3) = V (7, 43) — V (71¢,0), we shall consider the following
problem

2 A+ (1+ V(f,gjg)—m\?)a:o, e H'(RY). (1.11)
Here the new potential V' possesses the properties:
ov ov aVv d
A< == U, A~ :0; V(r 70 :07 A~ +~7:0’ 1.12
s (7,0) 07 1(0.3,) (1, 0) 0 l70.0) 7o (112)
and also

1+ V(’Fa g3) = 07

along the circle \/72 + 92 = 7.

The main object of this paper is to construct a solution to problem (1.11) with a stationary
vortex ring approaching the circle (7, 0) in the (7, J3) coordinates. The result reads:

Theorem 1.3. For e sufficiently small, there exists an azially symmetric solution to problem
(1.11) in the form u = u(|§'],§3) € C(R3,C) with a stationary vortex ring of degree +1 locating
at the circle (|7'],93) = (ae,0), where a. ~ 7o. More precisely, the solution u posses the following
asymptotic profile

w(2)et, geDy={(p<m)
u(f1, U2, U3) ~ V1+ V(7 3) %, §e D ={l<Fp —m}\ Dy
00 g (020 ) el e Dy = {0 > 7 — i),
where we have denoted

- - - ~ ~ ~ _ _ ~ oV
F=\RABAB - I=\[RAB+B, =] >0,
af (T2570)

and o (91,72, U3) = g (F,U3) is the angle argument of the vector (¥ — 71c, §3) in the (7, 7s) plane.
Here q is the function defined by Lemma 2.4. O




Remark 1.4. Due to the assumption (A3), in the region D1 we use the classical Thomas-Fermi
approximation to describe the wave function. The reader can refer to then monograph [49] for
more discussions. For the asymptotic behavior of u in D3, there are also some formal expansions
in physical works such as [42] and [23]. Here we use q in Lemma 2.4 to describe the profile beyond
the Thomas-Fermi approximation. ]

We now consider the problem (1.2) for the case & # 0. We assume that the real function V in
(1.2) has the following two properties (P2) and (P3), as well as (A1).
(P2): There is a point 7o such that

ov
or

d
+ — 0 and —~
(70,0) o 7 OF 1(#0,0)

<0, (1.13)

where d is a positive constant defined in (1.5). We also assume that 7y is non-degenerate in the
sense that

92V

d

(P0,0) T

Then we set the parameter x by the relation (c.f. (7.35))

v

- — = Kd. 1.1
oF + kd (1.15)

(70,0) o

We assume that the vortex ring is characterized by the curve

ViR + 3 =ro+ =1, G5 =0, (1.16)

where f is a parameter of order O(e) to be determined in the reduction procedure.
(P3): There also exists a number For with foe — 1. = To + O(e) such that the following conditions

L (V7 3s) = V(R12,0)) =0, V/(7.3s) <0, V(7 5) <0, (1.17)

hold along the circle \/72 + §3 = Foc. In the above, 7y is a universal positive constant independent

of € and the derivatives were taken with respect to the outer normal of the circle \/T% + §3 = foc.
We also assume that

1 + |:V(f7g3) - V(f1670):| 2 él7 Zf 7:2 +g§ € (07 7225 - 721)7

(1.18)
Lt [V.8) = V71, 0)] < —a, i (/724 3B € (ac + 72, +0),
for some positive constants ¢1,¢o, 71 and To.
By setting
ve =1 —V(f1,0), (1.19)

to problem (1.2) and then defining V (7, 43) = V (7, 93) — V (12, 0), we shall consider the following
problem

; )
2Aa+ (1 + V(7 §s3) — |a|2)a + i52|log5|/<56—~u =0, aeH(R®). (1.20)
Y3



Here the new potential V possesses the properties:

L
o) | OF

ov ov L4 (1.21)
0y

0, V(.0 =0, — A
’ (71, 0) OF (70,0 0

(0,93) B

and also

along the circle \/72 + 92 = 7.

The main object of the last section is to construct a solution to problem (1.20) with a traveling
vortex ring approaching the circle (79, 0) in the (7, §3) coordinates.

Theorem 1.5. Fore sufficiently small, there exists an azially symmetric solution of problem (1.20)
with the form u = u(|7|,§3) € C°(R3,C) possessing a traveling vortex ring of degree +1 locating
at (|9']|,93) = (ae,0), where a. ~ 7o. The profile of u is the same as the solution in Theorem
1.3. O

Remark 1.6. In both theorems, the solutions we have constructed satisfy
/ (|Va|* + |@]?) < 4o0. (1.22)
R3

Thus the asymptotic behavior of the solutions is quite different from those constructed with constant
trapping potential ([11]). The reason for this is clear: because of the trapping potential, there exists
a vortexless solution satisfying (1.22). Outside the vortex our solutions behaves like this vortexless
solution. A major difficulty (or problem) is the matching of vortex solution with vortezless solution.

O

The remaining part of this paper is devoted to the complete proof of Theorem 1.3 and Theorem
1.5. The organization is as follows: in section 2, we give some preliminary results. Sections 3-6 are
devoted to the proof of Theorem 1.3, with arguments on details, while we sketch the similar proof
for Theorem 1.5 in Section 7.

2. Preliminaries

By (¢, ) designating the usual polar coordinates s1 = £cos g, sy = £sinp, we introduce the
standard vortex block solution

Up(s1, 82) = w(l)e'?, (2.1)

with degree +1 in the whole plane, where w(¢) is the unique solution of the problem

1 1
w” + Zw’ —Ewt (1—|w/*)w =0 for £ e (0,+00), w(0)=0, w(+oo)=1. (2.2)

The properties of the function w are stated in the following lemma.

Lemma 2.1. There hold the following properties:

(1) w(0)=0, w(0)>0, 0<w)<1l, w(l) >0 foralll>0,
(2) w(l) =1— 55 + O(3%) for large £,

(3) w(t) =k — E63+ O(£%) for € close to 0,

(4) Define T = C(ii—lg — %, then T <0 in (0,+00).



Proof. Partial proof of this lemma can be found in [14] and the references therein.

We introduce the bilinear form
B0 = [ 1voP — [ a—wtlof +2 [ [ReCoo)P

defined in the natural space  of all locally-H' functions with

el = [ 170 = [ =ulol + 2 [ Re(@uo)l < +oc.
Let us consider, for a given ¢, its associated 1 defined by the relation
¢ = iUot).
Then we decompose ¥ by the form

U =vo(0)+ Y [un+ VA,

m>1

where we have denoted

%/10 = o1 (£) + 1oz (F),
= wml(f) cos(ma)) + ik o (£) sin(md),
2 L (0) sin(mad) + ih? 5 (£) cos(mdd).

(2.3)

(2.4)

(2.5)

(2.6)

This bilinear form is non-negative, as it follows from various results in [8, 13, 45, 46, 55], see also
[18, 47]. The nondegeneracy of Uy is contained in the following lemma, whose proof can be found

in the appendix of [19].

Lemma 2.2. There exists a constant C > 0 such that if ¢ € H decomposes like in (2.5)-(2.6) with

1o = 0, and satisfies the orthogonality conditions

Re/ '%:0, 1=1,2,
B(0,1/2) 081

then there holds

2
&&@204”@@.

The linear operator Lg corresponding to the bilinear form B can be defined by

L0(6) = (523 + 523+ (1= [wP)o = 2Re(To0) T

The nondegeneracy of Uy can be also stated as following lemma, whose proof can be found in [18].

Lemma 2.3. Suppose that Lo[¢] = 0 with ¢ € H, then

oUy oU,
o=c 1 +230
52

for some real constants c1,cy.

(2.7)



To construct approximate solution in Section 3, we also prepare the following lemma.

Lemma 2.4. There exists a unique solution q to the following problem
" —q(l+¢*)=0 onR, (2.8)
such that the properties hold

q(0) >0 forall ¢ € R, q ) <0 foranyl>0,
q(0) ~ exp (—=0%/?)  as 0 — +o0, qil) ~vV— asl— —oo.

Proof. We first prove the existence by sub-super solution method. To this end, we set
q1(0) = Sexp(—4L — £2/2).
By choosing § such that 11 — 452¢'6 = 0, we obtain

@ — a1 (0+q) = Sexp(—4¢ — (*/2) {62 + 70415 — 6% exp(—8( — (%)

Y

11
5exp(—4€——£2/2)ﬂ4———526H1 —0.
4
We also let g2(¢) = exp (—£/2). Then it is easy to derive that

@5 — q2(0+q3) = exp(—£/2) E —{— exp(—ﬁ)] <0.

Note that ¢; is a subsolution, while g» is a supersolution with the property ¢1 < g». By standard
elliptic theory, there exists a positive solution to (2.8) with the property

q(f) > 0as l — 400, q(f) = o0 asl — —o0.

It is easy to check that ¢/(¢) < 0 as £ — +oo. Moreover, there exists a sequence of {{,},
approaching —oo such that ¢’(¢,) < 0. Now, we claim that ¢’(¢) < 0 for all £ € R. Suppose it is
not the case, i.e. ¢’(¢p) > 0 for some point ¢y. Then there exists an interval (a,b) such that

q(a) =4 () =0, ¢(¢) >0 for £ € (a,b).
We further define the function g = ¢’/q on (a,b). There still holds
g(a) = g(b) =0, g(¢) > 0 for £ € (a,b).
Hence, g attains a local positive maximum at £, € (a,b) with g’(¢,) = 0. By using the inequality
q" - q/(ﬁ + q2) =2¢°¢ +¢>0 on (a,b),

we have g”(¢,) > 0. It is a contradiction with the fact that £, is a local maximum point of g.

Let 1 and g2 be two solutions of (2.8). We claim that §; = 2. In fact, the previous argument
shows that either ¢ > @ or ¢1 < @2. Without loss of generality, we assume that q¢; > ¢2. Let
v = q1 — ¢2. Then there holds

V' —v(l+ @G+ g+ 3) =0.

Now we also consider v = 2. There also hold

W
2—/

v + %fa’ — (@ + @) = 0. (2.9)
1

It is easy to see that #(¢) — 0 as { - —oo. So ¥’ > 0 and & — Cy as £ — +oo. From (2.9), we have

2" > 0. It contradicts with the fact ¢/(¢) — 0 as £ — £oo. The uniqueness is also proved. O



3. Outline of the proof and approximate solutions

By using the symmetry, we will first transfer the problem (1.11) to a two dimensional case in
form (3.3)-(3.4) and then give an outline of the proof for Theorem 1.3. The main object of this
section will focus on the construction a good approximate solution in a suitable form and then
estimate its error.

3.1. The reduction of the problem
Making rescaling § = €3, problem (1.11) takes the form

N+ (14 V(eg) = ul?)u=0. (3.1)
Introduce a new coordinates (r,6,93) € (0,+00) x (0,27] x R as the form
g1 =rcosf, Yo =rsinb, Y3 =7ys.
Then problem (3.1) takes the form
# 9 1 19

+

p— - —_ [ — p— 7 f— 2 =
Slu] = (8r2 + o52 + 2502 r8r>u+ (1 + V(er,eys) — |ul )u 0. (3.2)

In this paper, we want to construct a solution with a vortex ring, which does not depend on
the variable . Hence, we consider a two-dimensional problem, for (z1,z5) € R?

02 9? 1 0

— - - - _ 2 —
Slu] = (aw% toa T (%1)% (1+V(s|m1|,sx2) Jul )u 0, (3.3)
with Neumann boundary condition
0
T 0,22) =0, |u| = 0 as |z — +oo. (3.4)
8.231

Notations: For further convenience, we have used x1,xs to denote r,ys in the above equations,
and also x = (x1,x2), £ = |z| in the sequel. In this rescaled coordinates, we write

rie =Fi-/e =Tole+ [ with f=f/e, 1o =ia/e, (3.5)
where the constants f, 1. and 7o, are defined in (1.7) and (1.8). By setting, &, = (r1.,0) and
- = (—71¢,0), we also introduce the translated variable

s=x—& or s=x—¢&_, (3.6)

in a small neighborhood of the vortices. We will use these notations without any further statement
in the sequel. O

To handle the influence of the potential, we here look for vortex ring solutions vanishing as |z|
approaching +o0o. As we stated in (1.7), we assume that the vortex ring is characterized by the
curve, in the original coordinates § = (1, 92, ¥3)

VBB =rofe+ f=re, G5=0. (37)

In other words, in the two dimensional situation with (x1,x2) coordinates, we will construct a
vortex with degree +1 at (r1.,0) and its anti-pair with degree —1 at (—71.,0).

Finally, we decompose the operator as
Slu] = So[u] + S [ul, (3.8)

with the explicit form
0? 02 1 0

= —_— —_— — = J— 2
Solu] = (aﬁ t ot o 3x1)u’ Silu] = (1+V(E|x1|,sx2) lu| )u (3.9)



Figure 1: Decomposition of Domain: Do = U?leQJ‘, D3 = D31 U D3 2. The components of Dy center at {4 or

e

3.2. Outline of the Proof

To construct a solution to (3.3)-(3.4) and prove the result in Theorem 1.3, the first step is
to construct an approximate solution, denoted by wus in (3.34), possessing a pair of vortices with
degree +1 locating at &y = (r1.,0) and £_ = (—7r1.,0). The heuristic method is to find suitable
approximations in different regions and then patch them together. So we decompose the plane
into different regions Dy, Do, D3 as in (3.13), see Figure 1. Note that the components of Ds center
at & or £_. The first approximation u; to a solution has a profile of a pair of standard vortices
in Dy, which possess the degrees +1 and centers £} and £_, see (3.14). Then in D; we set u; by
Thomas-Fermi approximation in form (3.15) and make a trivial extension to the region Ds.

Now there are two types of singularities caused by the phase term of standard vortices and
the Thomas-Fermi approximation, which will be described in subsection 3.3. In fact, to cancel the
singularity caused by ?118%01 with the standard phase g in (3.14) we here add one more correction
term 7 in (3.21) to the pase component as the work [41]. Moreover, by some type of rescaling,
in D3 we use ¢ in Lemma 2.4 as a bridge when |z| crossing ro. and then reduce the norm of the
approximate solution to zero as |z| tends to co. Finally we get the approximate solution wus in

(3.34), which has the symmetry
U2($1, 372) = U2(331, —962)7 u2($1,$2) = Uz(—$1,$2)- (3-10)

These are done in subsections 3.3 and 3.4. The subsection 3.5 is devoted to estimation of the errors
in suitable weighted norms. The reader can refer to the papers [19] and [41].

To get explicit information of the linearized problem, we then also divide further Dy and Dj
into small parts in (4.8), see Figure 1. In section 4, we then express the error and formulate the
problem in suitable local forms in different regions by the method in [19]. More precisely, for
the perturbation ¢ = 1 + i1y with symmetry (4.5), we take the solution u in form (4.4). The

10



key points that we shall mention are the roles of local forms of the linearized problem for further
deriving of the linear resolution theory in section 5. In D, the linear operators have approximate
forms, (c.f. (4.12))

- 02 0? 0
Li(i1) = (8 tozt oo ! )1/)1 52 ¥ B Y,
2
_ 32 82 a
L) = (g + g h 5 )b = Auslun + 9 B i

The type of the linear operator L; was handled in [41], while L, is a good operator since |uy| stays
uniformly away from 0 in D; by the assumption (A3), see (4.10). In the vortex core regions Dj 1
and Ds o, we use a type of symmetry (3.10) to deal with the kernel of the linear operator related
to the standard vortex. In D31, the lowest approximations of the linear operators are, (c.f. (4.34))

0? 82
8302 Ox2

0? 82 5
8730% + @)1/)2 - (z+3q (Z))T/fz-

L3 (1) = Y1 — (24 qz(z))¢1 )
(522 * 522)

Lot () =

By Lemma 2.4, the facts that Lz1.(¢) = 0 and Lsj.(—¢’) = 0 with —¢’ > 0 and ¢ > 0 on R
will give the application of maximum principle. The linear operators in the region D39 can be
approximated by a good linear operator of the form, (c.f.(4.39))

2

- 52
Laza[v] = (83:1 022

)w + (14 V),
with (1 + V) < —cg < 0 by the assumption (A3). For more details, the reader can refer to proof
of Lemma 5.1.

After deriving the linear resolution theory by Lemmas 5.1 and 5.2, and then solving the non-
linear projected problem (4.41) in section 5, as the standard reductlon method we adjust the
parameter f to get a solution with a vortex ring in Theorem 1.3. It is showed in section 6 that
this is equivalent to solve the following algebraic equation, (c.f. (6.5))

1 d Fo+ f
-+ = = log ot/

_ o + O(e), 3.11
(Fo+f£,0) ga 7o+ f ( ) ( )

of) = —2em l%‘;

where O(¢) is a continuous function of the parameter f. By the solvability condition (1.4) and the
non-degeneracy condition (1.6), we can find a zero of c( f) at some small f with the help of the
simple mean-value theorem.

However, to prove Theorem 1.5 in section 7, we need to solve the equation, (c.f.(7.35))

of) = —27e laa‘;

where O(g) is a continuous function of the parameter f . By simple mean-value theorem and the
solvability condition (1.13) and the non-degeneracy condition (1.14), we can find a zero of ¢(f) at
some small f.

1 d fo+ f
log - + - log 27
(Fo+f,0) € 7o+ f €

1
—dk logg + O(e),
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3.8. First approximate solution

For any given (z1,72) € R2, let ¢ (w1, 72) and ¢, (71, 72) be respectively the angle arguments
of the vectors (x1 — r1e,22) and (x1 4 r1e,x2) in the (z1,z2) plane. We also let

lo(z1,20) = /(@1 — )2+ 23, Ci(21,22) = \/ (21 + 1r1c)? + 23 (3.12)

be the distance functions between the point (z1,z2) and the pair of vortices of degree +1 at the
points 4 and £_. In this subsection, we only consider the case for z; > 0 because of the symmetry
of the problem. We decompose the plane into different regions D;, D and D3 in the following
form, see Figure 1

D, = {(ml,xg) < ? or Uy < ?},

-
D, = {(ml,xg) x| < ree — ?1} \ Do, (3.13)

Here 79 and 7 are given in the assumption (A3). Recalling the definition of the standard vortex
of degree +1 in (2.1), then it can be roughly done as follows:

(1) If (x1,2z2) € Dy, we choose u; by
ul(xl,zg) = UQ(Il,SCQ) = w(Zg)w(Zl)ew", (314)

where the phase term ¢y is defined by ¢o = ¢ — ¢ -
(2) If (x1,22) € D1,, we write

uy(z1,22) = Ur(xg,20) = \/1+V(€|z1\,6x2)ew°. (3.15)

The choice of u; here is well defined due to the assumption (A3). Here we use the standard
Thomas-Fermi approximation, see [49].

(3) As we have stated that we look for solutions vanishing at infinity, so we heuristically define
uy = Ug = 0 for (l’l,IEQ) € D3,.

For further improvement of the approximation, it is crucial to evaluate the error of this approx-
imation, which will be carried out as follows. Obviously, there hold the trivial formulas

/ E / g
vz1,l2w(£2) = IU[( 2) (1'1 — Tle, 1‘2), le,@w(él) _ wé 1) (.131 b xQ)’
: 1
(3.16)
Verapo(a1,22) = —r2  ®2 M7 Me N + e .
R BP0 ()P (G)

As we have stated, we work directly in the half space R2 = {(z1,22) : 1 > 0} in the sequel
because of the symmetry of the problem.

Firstly, we estimate the error near the vortex ring. Note that for ;1 > 0, the error between 1
and w(y) is (¢1)?, which is of order £2, we may ignore w(¢;) in the computations below. Note that

So[Ug] = So[w(ﬁl)]w(ﬁg)ewo + So[w(ﬁg)]w(ﬁl)ewo + 26“00Vw(€2) . Vw(ﬁl)
— UQ’VSDO|2 + iSO[gOo]UQ + 2iew°V(w(€2)w(€1)) -vapo.

12



Then, there holds

So [w(ﬂl)} w(£2)eiipo + 5o [w(ég)] w(€1)6w0 - U2|V<,00|2

= [0+ ) = )] i + e
1, 1 U- x1 —d
R ) - (@)2“’“”] w(i) lxle22
23+ (21 — 112) (21 +710)

(£1)%(62)? ’

U,
w(ly)

U,
w(ls)

w'(€2)

+ [w”(eg) +

— 2U,

and also

2V (ly) - V() = 20, 22 _ZZ)(:“ +71e) g((fj)) Z((f;) = 0.

Note that Vw(f2) - Vg =0 and Vw(¢;) - Vioy = 0. By the formulas in (3.16), we get

2iei¢°V(w(£2)w(£1)) - Vo
= 2ie"°Vw(ly) - Vi + 2ie?°Vuw(ly) - Vi + O(e?)

Tar1e w'(f) o Tare w'(42)

= — 4iU. — 4i + O(e?
20 (02)? w(t) 20002 w(ta) ()
= 0(£?).
Recall that
v
9y |(7,0)
In a small neighborhood of the point (71.,0) = (er,0), by Taylor expansion we also write
V(e|xy|,ex2) as the form
ov
V(elz],ex2) = T (Ermo)(ﬂ?l —71e) + e20(63),

where we have used the assumption (1.12). It is easy to derive that

oV
OF l(ery.,0)

$ilz] = (14 V = [a2) Uz = (1= |w(tz)?) Uz + eUs (€1 —112) + 20(63)Ue.

By using the equation (2.2), the error, near the vortex ring, takes the form

T1 —Tie w’(€2)

S[Us] = Us il w(b) + So[wo] Uz
)% 902 (3.17)
+ Uy [eﬁ g1 T1) +E0B)
= Iy + Fho.
In the above, we have denoted the term Fs; by
. .. 1 Opg . 4o 71e
21 ZSQ[(,DQ] U2 ZUQ 1 8;101 ZU2 (62)2(61)2 s (3 8)

which is a singular term. Whence we need a further correction to improve the approximation.

13



Secondly, we compute the error for U;. There holds

8%1\/1 + V(elri|,em) = g(l +v) 2 %‘;,
(3.19)

36;%\/1 + V(e|lx|,exs) = — %(1 + V)_3/2 %‘;‘2 + ?(1 + V)_1/2 8;;2/

It is easy to check that the error of U is
S[U1] = So[U4].
Note that
Solth] = So[VI+V]e# + 2ie"°VV1+V - Vg — \/H;V‘QWOW%F
+ iSo[SDo]mewo.
Hence the error is
Sh) = - %52 Nvf(l?‘/f ! 352 AVlzlv e 1%1/@‘/'%0 + Ui Vol

1 10V 1 .
55 1;151—5-7‘/ + tU150[¢o]

EF‘lla

+

where we have denoted

~ 2 2
ov 6V)’ AV o0°v. 0V

W = (G o ~ o o

Note that the following term in the above formula

. . 1 8(/)0 . 41‘2 T1e
S Uy =ilh——— = —iUi—+—+—-
iS0[0l Un G 1x1 o7, Uy (02)2(1)2
is not a singular term. The condition %‘; 0.5) = (0 implies that
»Y3

10V

—— =0(e).

X1 37: (E)

Moreover, in the region D;, by the assumption (A3) we have V' > ¢; > 0. Note that the formula
in (3.16) implies that |Vg| is of order O(e) in D;. Whence, the error is small in the sense that

S[U1] = O(£?). (3.20)

On the other hand, if |z| is close to 79, then (1 + V)fl brings singularity. So we need another
correction term to improve the approximation in a neighborhood of the curve |z| = ro..

3.4. Further improvement of approximation

To handle the singular term Fo; = iSg[po] Uz, as the argument in [41], we here introduce a
further correction ¢1(x1,x2) to the phase term in form

01 = s+ P (3.21)

14



By setting the smooth cut-off function

[ 1, s <1/10,
) { 0, |s|>1/5, (3.22)
the singular part ¢ is defined as
i) (62)2
s = lo) 1 . 3.23
ps = g n(et2) log 0)? (3.23)

Note that the function ¢, is continuous but /¢, is not. The singularity of ¢, comes from its
derivatives, which will play an important role in the final reduction procedure.

Remark 3.1. The reader can also refer to formula (16) in [59] for the formal derivation of general
type improvement of the phase term. O

On the other hand, we choose the regular part ¢, by solving the equation

0? 8? 1 0 8? 9?2 1 0
(g " 72 " mraw )7 = (G * 3z * 2y ) (0 + 00) (3:24)

It can be done as follows. For further references, we first compute:

_ 2 2 _ .2 2
3<Ps _ T2 6’17/( £2)1‘ rlal (62) + (562) L2 [xl x5 (7'16) ]

3.25
oo . PRy @ray 0 8P
s T2 (£2)* 1 (£2)?
— 14 —l ——n(elsy) 1
Oxy Ay, e (¢tz) 2 o8 (51)2 - drie n(etz) log (1)?
22172
+ n(ely) ————. 3.26
M) G pny (8:26)
Trivial computation gives that, for (21, 22) € By/10(r1:€1)
# 9 19 4 — T 222 (r,)?
(44§ o )[¢o*-¢A _ xQQE T;) L Falet url 0; )l
ox? = 9z x1 0m (€2)%(41) 21(£2)%(61)

= 0(z17%) = O(e?),

For (z1,z2) € (Bl/g,(rlgé'l))c, the error is also O(¢2). In fact, for (zy,12) € (31/5(7‘1851))6, we
have ¢s = 0 and then

—4332 T1e
(£2)%(61)*
Going back to the original variables (7, §3) and setting @(7, §3) = ¢, (7/e,§3/¢), we see that

ER RTINS

( 0? 02

0
507 50 T 2P0 el =

92 'z Oa
~3/2

Whence, by solving problem (3.24), we can choose ¢, such that there holds

. 1
Y= O(f)
V1+72 493
Moreover the term ¢, is C'-smooth. As a consequence, we have chosen ; in way such that the
singular term @ ”;% (T 15) has been canceled and moreover there holds

0? 9? 1 0 0? 9? 1 90
(aTg o2 T o 5 )1 = (a?g ot 2 )P (3:27)

T 8131 T 6x1
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Now we shall deal with the singularity as « approaching the circle |z| = r9.. By the assumption
(A3), there exists a small positive gy such that for 0 < & < g

0 = —56—‘/

= >0, 3.28
Y (3.28)

(F2¢,0)

where ( = /72 + 3. Then for (7,73) with foot point (p1,p2) on the circle of radius 7o, there
holds

o o ov - -
14+ V(r,g3) = 1+ V(p1,p2) + ~‘ o 6(5—7“28)—1—0(52(6—7“28)2)
0¢ (p1,p2)

= —0.(0 = 1r2e) + O(e(L — 122)?).

(3.29)

Let ¢ be the unique solution given by Lemma 2.4. Now we define ¢(2) = 5;/3q(5;/3z). Then it is
easy to check that

G- — q(6c2+q*) = 0. (3.30)
In other words, if we choose §(x1,z2) = 5;/3(](5;/3 (¢ - 7‘25)> with £ = \/x% + 22, then § satisfies

2 97N, o
(67% + aT;g)q + (1 +V(€Iw1|76x2))q - q° = 0(e). (3.31)

This implies that we can use
Us(w1, m2) = §(w1, 22)e"?, (3.32)
as an approximation near ro..
By defining smooth cut-off functions as follows

~ _ 1) |S| S T3, ~ _ 1a S Z —T4,
a(s) = { 0, [s|>2ms, a(s) = { 0, s5<—2my, (3:33)

where the exponents 73,74 are small enough in such a way that 73,74 < min{7g, 70,71, 72}/10, we
choose the cut-off functions by

n2(ex1,exs) = Ta(elr) + M2(ela),
n3(exy,ex2) = is(e(l — rae)),
m(exy,ex2) = 1—n2 — 1.

We then choose the final approximate solution to (3.3) by, for (z1,x2) € R?,

us (w1, w2) =1+ V(elai],ewa) m e + wlo)w(ly) n2 e + (w1, w2) 3 €'?, (3.34)

where the new phase term ¢ = o + 1. By recalling the definition of Uy, Us, Us in (3.15), (3.14)
and (3.32), we also write the approximation as

ug :Ul?h 6“’01 + U27726i<p1 + U37736i901_ (335)
It is easy to check that us has the symmetry
UQ(J?l,Z‘Q) ZUQ(I1,7$2)7 u2(:z:1,x2) :U,Q(*l'l,xQ). (336)

Moreover, there holds

)
a—Zj(o, 23) = 0. (3.37)
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3.5. Estimates of the error

As we have stated, we work directly in the half space R2 = {(z1,22) : 21 > 0} in the sequel
because of the symmetry of the problem. Recalling the definitions of the operators in (3.9), let us
start to compute the error:

E = S[ug] = S[U1]me™?* + UySo[me?] + 2VU; - V(nlei“’l)
+ S[Us]naet + UySylnee’®t] + 2VU, - V(ngei‘“) (3.38)
+ S[Us]nzet + UsSy[nze'?t] + 2VUs - V(ngei“’l) + N,
where the nonlinear term N is defined by
N = m|U1|2U1e"t + mo|UsPUze™ + n3|Us|?Use™t — |ug|*us. (3.39)

The main components in the above formula can be estimated as follows.

Using the equation (3.27), the singular term Fy; = iSy[po] Uz in S[Us] in is canceled and we
then get

i ip1] _ i ip1 ; i1 2
S[Us]mz €' + UsSo[nae’?'] = Faamp €'t + U Solna] €' + 2iUsViny - Vior — Usmp €9 [ Voo |
Whence, there holds

S[UQ] T2 eigm + UQS()[T]Q@“OI] :FQQ’I]Q ei@1 + 520(|£2|2).
The formulas in (3.25)-(3.26) imply that
; oy A1y e w2f2f —af — (r12)?]
2VU; - 1) = 2pUpe
VU V(772€ ) neUsze (02 UL
2 2 2
IR Y B R
ty  w(la) (£2)(1)
. i To w/(€2) 2£E11‘§
+ 2ingUsge’ Pt —= —
BT () (@)2(0)?
CTie [x% — 3 — (7"15)2] 1 (£2)?
BTN g AR 1 (3.40)
12%2¢ (0143)? 4rqe o8 (1)?
) : T2 w’(ﬂg) 1 (62)2
2ingUge" Pt —— 1 0]
+ 12U2€ £2 ’U)(EQ) 4T15 og <£1)2 + (5)
ior (X1 +11c) (21 —71e)
= 2nyUse"1 1 .
M2U2¢€ ((105)? 0g 71
. : X9 'LU/(EQ) 1
— ingUqe™t —= —1 O(elogts).
inaUse T wta) 1o ogrie + O(elogts)
It is worth to mention that, in the vortex-core region
Dy = {(331,%‘2) < o or fy < E},
€ €
we estimate the error by
- X1 — Tie w’(ﬁg) 8V
]E = U v - ) A<
272¢€ [ x5 w(ég) + 5(1'1 b )(97’ (er1e,0)
o 2(x1 + 1) (11 — 716)
Uy i | (3.41)
+ n2Uze (014s)? 08 T1e
- "(le) 1
— ingUge“"lﬂ w'(bs) —logrie + O(elogts).

EQ w(fg) T1e
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The singularity of the last formula will play an important role in the final reduction step.
We then consider the error in the region

1

Dy = {(1‘1,{172) : ‘.’E| < Toe — B

} \ Ds.
From the relation (3.27), there holds
me“PrS[UL] + UiSo[me™®t] = m e By + Uy Solm] et + 2iU1e™' Vi, - Vu
— Ui ' ’V<P1’2
In this region, | 7 ¢o| = O(e) and | 7 1] = O(g). Whence, by using (3.20), we obtain
me?r S[U1] + Uy So[me®*] = me'# U 0(e?).
Using the formulas (3.25)-(3.26), we obtain

2VU; -V (met) = 2milhe'? %(1+V)_1€

(1/ _ 4.”[:11‘2 T1e
o (62)*(6)?

T2 ’ T1 —Tie (62)2
14 1
g (47"15 e (et2) G B ()

+ n(el2) za(@d = 25 — (ne)?) + O(s))

(£2)2(61)?
+ 2mUp e’ %(1 +V) e % _ 2ne [xl(zz_)zﬁl;(ﬁa)ﬂ ]
% Lﬁi 5’7'(%)% log Eﬁf;z + ?115 n(els) log Eﬁ?;z
+ U(ffz)m + O(e)
= mU1e1O(e?).

Whence we conclude that, in Dy, the error is estimated by
E = me1U,0(e?).
In the region
T1
D3 = {(1131,372) el > e — . }

we finally compute the error of Us

S[Us] = So[Us] + S1[Us],

where

SolUs] = 04" (551/3(5 - Tza)) "0 + 2ie"°V§ - Vo — Qew(’w@o’? + S0 [po] G €*7°.
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We also write S1[Us] of the form

Si[Us] = 6. [5;/3(4 —120) = ¢ (813 (0~ 7"25))] a(31/(0 = ra0) e
+ {(1 +V)—6.(0— 7‘25)}@6"‘”.
The equation of ¢ in Lemma 2.4 implies that there holds
S[Us) = 20094 Tio — 46 [Tpol* + iSolio] d€#0 + [(14+V) = 6a(t = 72c)] e,
= F31 + Fio,

where the term F3; of the form .
F31 = ZSO [QD()] (jewo.

is also not a singular term. Using the equation (3.31) and the similar computations as before, we
now obtain

03 €91 S[Us] + UsSo[nze™®'] = n3e™?' Fzg + 13e™¥0(e?) = 136" 0(?).
In the above, we have use the relation (3.27). Hence, there holds

E = n3e’?0(e?).

For a function h = hy 4 ihy with real functions hq, hs, define a norm of the form

2 2
Bl = D il zoge,<a) + D [ bl gy + 16¥ ol )
= a (3.42)
+ D lhlleos)
j=1
where we have denoted
D=DyUD;\{f <3orly <3}, (3.43)
for ¢; and ¢3 defined in (3.12). As a conclusion, we have the following lemma.
Lemma 3.2. There holds for 1 > 2 and {3 > 2
Cel=o Cel=
Re®)] < G aF T ap
Cel=e Cel=e
Im(E)| < (EWAETRN TEwALE
HE||LP({21<3}U{€2<3}) < Cellogel,
where o € (0,1) is a constant. As a consequence, there also holds
|E|[x < Ce' 7.
O
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4. Local setting-up of the Problem

We look for a solution u = u(z1,22) to problem (3.3)-(3.4) in the form of small perturbation
of ug, with additional symmetry:

u(xy, xe) = a1, —x2). (4.1)

Let x : R — R be a smooth cut-off function defined by

1, s<1,

w={g 15, (12

Recalling (3.33)-(3.35) and setting the components of the approximation us as
vi(z1,29) = MU e™,  va(x1,x) = noaUse™,  w3(xy,m2) = 13Uz e, (4.3)
we want to choose the ansatz of the form
u = [X(UQ + ivatp) + (1 — x) (v1 + Uz)ew} + [Us + i7736w7/1}7 (4.4)

where x(x1,22) = xX(¢2) + X(¢1). The above nonlinear decomposition of the perturbation was first
introduced in [19], see also [41].

To find the perturbation terms, the main object of this section is to write the equation for the
perturbation as a linear one with a right hand side given by a lower order nonlinear term. The
symmetry imposed on u can be transmitted to the symmetry on the perturbation terms

G(@r, —we) = —¢(x1,72),  P(x1,72) = P(—21, ). (4.5)
This type of symmetry will play an important role in our further arguments. Let us observe that
u=|(v1 +v2) +i(v1 + )Y+ (1= x)(v1 +v2) (e —1— zw)} + (vg + ngei‘/’w)
=uy + i(vy +v2)Y + m3e¥P + T
where we have denoted
I'=(1-x)(v+ Ug)(eiw —1—i). (4.6)
A direct computation shows that u is a solution to problem (3.3)-(3.4) if and only if

01+ v2)SolU] + 207 (01 +v2) - VU + i 1+ V = [usf? | (01 + v2)0
+ iSo[’Ul +’l)2]1)/J — QRQ(EQi(’Ul + ’U2)1/J)’LL2 + U36i¢30[w]
e’ [ 14V = [usf? [0 — 2n5Re(ac ) us

+2v [7736“0} VY + 50{7736i<p}¢ = —E+N,

(4.7)

where the error term E is defined as E in (3.38) and N is the nonlinear operator defined by
N = —S[] — (1+V —|u)T
+ [QRe(ﬂgi(vl + vg)d)) + QngRe(ﬂgei“"w)} X (i(vl +vo)tp + ngefep + I‘)

+ [2Re(a21“) + |i(v1 + v2)p + mze Py + Fﬂ X (uz +i(v1 + v2)Y + n3e P + F).
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We shall explicitly write the equation in suitable local forms and then analyze the property of the
corresponding linear operators, which will be done in the following.

Before going further, we first give some notations, see Figure 1. By recalling the notation ¢,
and {5 in (3.12), and also Dy, Dy, D3 in (3.13), we set

D2,1 = { 931,1‘2)‘51<1} =
Dy3 = {(961,532) 0 < *}\DQ 1 D2,4

,IQ €2<1}

171
(71, 22) £2<*}\D22, (4.8)

{ Z1,%9) : x| > 1roe + . }

.
Ds; = {(x1,$2)2T25—§<‘$|<T25+;2}, Ds 5

Here 79, 71, T2, r1 and ro. are given in the assumption (A3).

In the region D; far from the vortex core region, directly from the form of the ansatz u = uge®”
with the approximation as

wn(@1,2) = VITV P90 1 w(ta)u(ey) gy e 0o+o),

we see that the equation takes the simple form

2 10 LT
Li(y) = (Tx%—i_aix%—’— 1 01y )¢+ Y — 2ilug 1y

= B —i(vy)? + ilus|?(1 —e—m + 2),

where Eq = iE/us. We intend next to describe in more accurate form the equation above. Let us
also write

ug = €"?By  with B1 = V1+ Vi + w(le)w(ly)ne
For |z| < roe — 271 /€, there holds,
uy = e’ =14V e'?, (4.9)
and hence, by using the assumption (A3), we have
lug? =1+V > 1. (4.10)
Direct computation also gives that

u
2222'vw B Vh v -2V - vwzﬂﬁ VB2 + 20 ¢ Vi

= (A1,0) - VY1 — (A2, B2) - V2 +i(A1,0) - Jbe + i(Aa, Ba) - 791,

where A; = O(e|loge|), A2 = O(g), By = O(e). For rop — 21 /e < |x| < r9e — T1/€, similar
estimates hold. The equations become

L) =By + N1, Li() = By + Ny (4.11)

In the above, we have denoted the linear operators by

. »? 2 10

Li(y1) = (8 st ozt o )¢1 A VIB1'V¢17

) 62 822 L5 (4.12)
Llwz)z(a—ﬁw—xf 5om) i = 2l + 57 By i,
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The nonlinear operators are

Ny = =2V ¢ s + 2791 - Vi,
N =2v¢ -Vt + |ul?(1—e 22 +2¢) + |V tu|* — | Vil

Consider the linearization of the problem on the vortex-core region Ds ;1 U D3 5. Here we only
argue in the region Dy o = {(ml, x9) : o < 1}. It is more convenient to do this in the translated
variable (s1,$2) = (#1 — 71e, 22) and then denote ¢ = ¢ for brevity of notation. Now the term )
is small, however possibly unbounded near the vortex. Whence, in the sequel, by setting

¢ =ivyp  with ¢ =1 +ithy, (4.13)

we shall require that (;NS is bounded (and smooth) near the vortices. We shall write the equation in
term of a type of the function ¢ for £ < §/e. In the region Ds o, let us write ug, i.e. vg, as the form

vy = BUy  with B = w(fy)e "o Tier, (4.14)

where Uy, ¢, and ¢; are defined in (2.1), (3.12) and (3.21). We define the function

o(s) =0 for |s] < d/e, (4.15)
namely
b= o (4.16)
Hence, in the translated variable, the ansatz becomes in this region
w2 = B + 5(s)0 + (1= 08(s)(e/ P~ 1= ). (417)

We also call Ty 3 = (1 — x)Up (e‘WUO -1- U%) The support of this function is contained in set

|s|] > 1. In this vortex-core region, the problem, written in (s1, s2) coordinates, can be stated as
L2a(¢) = E22 + Napo. (4.18)

Let us consider the linear operator defined in the following way: for ¢ and v linked through formula
(4.15) we set

1 0
Laa(¢) =Lo(¢) + PR .

o
“or

¢ + 2(1 = [B*)Re(Uo) Uy

E
b +2Y0 gy 4 22

+
B U

+1— )7
(r1e+951,0) |5|

@, (4.19)

where ¥ is a small constant. Here we also have defined Lg as
0? H? 5 _
Lo(¢) = (875% + 6753)(;5 + (1 — |w[*)¢ — 2Re(U¢) Up.

Here, by writing the error E in the translated variable s, the error Es 5 is given by

Eyo =E/B. (4.20)
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Observe that, in the region D o, the error Es 5 takes the expression

1 —Tie U)/(eg) €8V (1’1 —r )
l‘lfg U)(fg) or (er1e,0) ©

ot 2(x1 + 1) (21 — T1e)
+ w(ly)e"Po
( 2) (€1£2)2

ly) 1
— qw(l ewgﬂw<2—lo r1e + O(elogts),
(£2) T wihy) o o8 (elog {2)

EQ,Q = ’11}(62)6%03— [

(4.21)

log 11

while the nonlinear term is given by

A(BTa32)
B

— (218PRe(00T22) +18Pl0+ Taal") (U0 + 6+ Taa) + (= 1) 7220,

Noo(d) = — + (1 TV - |U0|2)r2,2 — 2|82 Re(Us0) (¢ + Ia.z)

(4.22)

Taking into account to the explicit form of the function 5 we get

VB = 0(6)7 AB = 0(52)7 |ﬂ| ~1+ 0(62)7 (423)

provided that |s| < §/e. With this in mind, we see that the linear operator is a small perturbation
of LQ.

In the region D 4 far from the vortex core, directly from the form of the ansatz u = (1—x)uze™,
we see that, for /5 > 2, the equation takes the simple form

10
Loa(y) = (6733% 875(}% + ;187%)1/) + 2=yt — 2ilus 1o
= By — i(V)? + ilug|*(1—e 21/’2 +2¢), (4.24)

where Fy 4 = iE/uz. We intend next to describe in more accurate form the equation above. As
before, let us also write

uy = BUy  with 8 = w(ly)e "o Tier, (4.25)

where Up, ¢ and ¢; are defined in (2.1), (3.12) and (3.21). For £ < ¢, there are two real functions
A and B such that

B = eATE (4.26)
furthermore, a direct computation shows that, in this region, there holds
VA= 0(e), AA = 0(e?), VB =0(e?), AB = 0(e"). (4.27)
The equations become
Loa(t1) = Egu + Nag, Lo4(2) = Eaa + Noa. (4.28)

In the above, we have denoted the linear operators by

Lya(ihr) = (iz-i- o +— ! B )1/J1 ( B+w/(€2)i) -V,

317% 6352 w(ég) 62
- 0 0? 1 0 5 w'(ly) s
Ly 4(tp2) = (87:1% + 922 + ?187:1:1)1/}2 = 2Jug|[*e + 2(VB+ w(ta) E) VAU
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where have used s = (x1 — r1c,x2). The nonlinear operators are

Nay = —2(VA+ved) Ve + 27 1 v ¥,
Noy = =2(VA+ved) V1 + luel?(1—e 22 +2¢) + [V u|* — | Vbl

In the region
D3, = { (X1,22) 1 Toe —T1/E < |x| < Toc +T2/E},
the approximation takes the form
uy = w(la)w(l)na e’ + gns .
We write the ansatz as
u=uy + ie"’Y + T3, (4.29)

where I'3 ; is defined as

Ty1 = inp (w(t)w(ta) = 1)t + mu(fy)w(t)e (e =1 - i), (4.30)
The equation becomes
Lya[y] = SolY)] + 207 ¢-v¥ — |V ¢l*v + iSo[e]v
+ (1 V = Juzl?) 9 + 2ie” " Re(azie ) uz
=FE31 + N3,

where E3 1 = ie”*’E. The nonlinear operator is defined by

g 1 0
Naa(w) =ie™*[ ATu+ Zmmlut (14 = fuaf’)T

_jeTi® [2Re(ﬂ21“4) — |ie®®t + Ty)? ] (ug + i€ + Ty)
— 2ie" " Re(uqie’ 1) (ie"ep +Ty).
More precisely, in the region D3 ;, the linear operator Ls ; is defined as
L[] =So[¢)] — (0:(€ —r22) + §%) ¢ + 2ie”"Re(tigie’ ) ug
+ 1+ Vs -ro|e + 209690 + Solelv - | v ol

where we have used the definition of ¢ in (3.31). We shall analyze other terms in the linear operator
L3 1. For ro. — 11/ < |x| < roc + T/, there holds uy = ge'#. It is obvious that

2ie” ““Re(U2ie’ P)us = —2i G s. (4.31)
For roe + Ta/e < || < r9e + 272 /€, there holds
uy = w(lo)w(ly)nz e’ + gnze'.

Whence we decompose the equation in form

L [¢]:(a—2+8—2)w = (0= o) + @)+ 14V 0l =) |0
3,1{¥1] = ax% 8:17% 1 € 2e 1 5 2e 1
1 0 4.32
b = 27 0 s + Solelthy — | el (432
Tr1 0T
=E3,1+1\~73,1,
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( 0? 82

922 6 )¢2—( (0 —1a2e) +3¢%) Y2 + {1+V+55(f—7“25) P2

Lyq[te] =

+ i—% 42V T+ Solelve — |V @ (4.33)

1 0

= FE51 + N3,1~
If roc — 11 /e < || < roc + T2/, by using (3.28), we then have
2 92V
2 92

The other terms with ¢y are also lower order terms. Whence the linear operators .Zzg’l and I/g’l
are small perturbations of the following linear operators

g1 =14V +6.(0—12) = (671"25)2 + O(3(0 —712:)?).

0? 0?
L314 = - - ,
314 [V1] (8331 022 )1/)1 ( c(l—ree)+q )7/11 )
0? 0? '
Lotoalia] = (5,3 + 5,7 )2 = (0= 72) +38°)
In the region Ds 5 the approximation takes the form
uy = G(x1,22)€",
and the ansatz is
u = uy + e,
The equation becomes
Lsa[v)] = Soly] + (1 n V)¢ — Jua|? + 2ie ¥ Re(tigie™ 1) us
— |V ely + iSolely + 2V - VY
=E32 + Naz, (4.35)
where E3 5 = ie”*“E. The nonlinear operator is defined by
N3 o(¥) = —ie " (ug +ie"?P)|Y|* + 2iRe(tzie#1))ib.
More precisely, for other term, we have
—|’U,2|2w + 2i€_ing€(a2i€i@1/))UQ = —Cj2 P — 37;qu Pa.
The equation can be decomposed in the form
~ 02 0? .
Loalin] = (g2 + gz )0+ (1 V) —
1 0 .
t eIV 91 +iSo[elthr — 2V ¢ - Vi
1 0Ty
= E33 + Nap, (4.36)
_ 02 0? .
L3 2[h2] = (83&1 8 2)¢2+(1+V>?/12*q1/)2
1
Rl v ?/12*|V<P| Y2 +iSo[plthe + 2V - Vi
= FE35 + N3pa. (4.37)
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The assumption (A3) implies that, for any sufficiently small e there holds
B30 = 14+V < —cy for |z| > ro. + /e (4.38)

The other terms with oo are lower order terms. From the asymptotic properties of ¢ in Lemma
2.4, 1o and ¢, are also lower order term. Whence the linear operators Lz o and L3 o are small
perturbations of the following linear operator

L[] = ( el 6—22)1/) + (14 V)¢ (4.39)

dx? " 92

Let x be the cut-off function defined in (4.2). By recalling the definition of 5 in (4.14), we
define

o)

wp x(lo = €:1/2) +x(la = £1/)
: |

), we want to solve the projected equation for v satisfying the

A

(4.40)

Q
[

w
BN

In summary, for any given f in (
symmetry (4.5)

L) =N () + € + cA, Re [ oA =0, (4.41)

RQ

where have denoted

L(Y) = Li(¢) in Dy, L()) = Ly ;(¥) in Dy j for j =1,2,3,4,

L(¢) = L31(¥) in D3y, L(p) = L3 2(¢) in D3y,
with the relation
¢ =iugy in Dy. (4.42)

As we have stated, the nonlinear operator N and the error term £ also have suitable local forms
in different regions.

5. The Resolution of the Projected Nonlinear Problem

5.1. The linear resolution theory
The main object is to consider the resolution of the linear part in previous section, which was
stated in Lemma 5.2.

For that purpose, we shall firs get a priori estimates expressed in suitable norms. By recalling
the norm || - ||+« defined in (3.42), for fixed small positive numbers 0 < o < 1, 0 < v < 1, we define

2
1911 = 3= [gllwerieesy + 167811 oo p) + 167 5 G1ll ey

i=1

+ 167l ey + 1677 7 W2l oy | + 1llw2 (D),

where we have use the relation ¢ = iugt and the region D is defined in (3.43). We then consider
the following problem: finding ¢ with the symmetry in (4.5)

L) =h inR* Re [ ¢A =0 with ¢ = iugt. (5.1)
R2
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Lemma 5.1. There exists a constant C, depending on 7,0 only, such that for all € sufficiently
small, and any solution of (5.1), we have the estimate

11 < 1Al -

Proof. We prove the result by contradiction. Suppose that there is a sequence of € = ¢,
functions 9", h,, which satisfy (5.1) with

™l =1, lhnllex = o(1).

Before any further argument, by the symmetry assumption (4.5) for 1) = ¥ + )2, we have

(21, —w2) = =P1(z1,22), Yi(—x1,22) = Y1(21,22),

5.2
Ya(@1, —x2) = tho(z1,22), Yo2(—1,22) = th2(z1,22). 52
We may just need to consider the problem in R2 = {(z1,22) : 21 > 0}. Then we have
e | ¢uA =2Re [ é,A =0, (5.3)
R2 R2

for any ¢, = tusy™. To get good estimate and then derive a contradiction, we will use suitable
forms of the linear operator £ in different regions, which was stated in previous section. Hence we
divide the proof into five parts.

Part 1. In the outer part D;, we use the following barrier function

B(z) = Bi(x) + Bsy(z),

where
Bi(x) = o = &4[? |zo” + o — €12 22", Ba(w) = Cr(1+[a]?) 72,
where o +v7 = —0,0 < 0 < v < 1, and C is a large number depending on o, g,y only. Trivial
computations derive that
1—0/2
ABy < —Cllz— &P+ |z —e )77
1 0B
ABy + — 22 < —COy(1 + |x|2)*1*0/2.
T ox X1

On the other hand,

1 881 < |.132|’7
I 5‘:U1 - I

o= €412 (@1 1) + Jo = &2 —m0)|.

Thus for |z — &4| < ¢y71e, Where ¢, is small, we have

1 0B, 1-0/2
gy S Oeo|le &P e ]
For |z — &4| > ¢orie, where ¢, is small, we have
1 0B,
——— <1 2y=1=0/2,
p e (1+|z[%)
By choosing C large, we have
1 0B —1-0/2
AB+ ——— < —C(lz — &2 —¢_)? .
T an, = Cle— &Pt le &)
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For the details of the above computations, the reader can refer to the proof of Lemma 7.2 in [41].
In D1, we have

2
VB = hy.

0? H?
( By

Oz? * a2 )1/J1

0z 1 21 071
By comparison principle on the set Dy, we obtain
1] < CB(|[h]|sx +0(1)), VY€ Di.
On the other hand, the equation for s is
0? 0? 1 9 2
—t =+ —= — 2|us? — . = ho.
(895% + 922 T 2 8:1:1)1/}2 lua|“ta + A ¥V B2 2

For x € Dy, there holds |us| ~ 1. By standard elliptic estimates we have

[W2llpoee>a) < Cllallroee=ay (L + 1Al (1 + €1 + £2) 7177,
| 7 ¢l < Cllvallpos ei=ry(L+ 19111l (1 + €2+ €2) 727
Part 2. We here only derive the estimates in the vortex-core region Ds o near &y. Since ||h|.. =
o(1),9™ — 9%, which satisfies
Laa(vo) =0, [[¢°]x < 1.

Whence, we get Lo(¢g) = 0. By the nondegeneracy in Lemma 2.3, we have

oUy Uy

¢0_0181+ 2852

Observe that ¢g inherits the symmetries of ¢ and hence ¢g = ¢¢(x1, —x2), while the other symmetry

is not preserved under the translation s = x—&;. Obviously, the term gg;’ does not enjoy the above
symmetry. This implies that ¢g = c1 %TSJO On the other hand, taking a limit of the orthogonality
condition Re [p2 ¢, A =0, we obtain
+
¢0 881 7

and moreover ¢; = 0 and ¢y = 0. Hence, for any fixed R > 0, there holds

l[@1]lLoe<ry + |D2llLoecry + || V @1ll=e<r) + [| V d2llz~@w<r) = O(1).

Part 3. In the outer part Dy 3 U Ds 4, we use the following barrier function
B(z) = Bi(x) + Ba(x),
where
Bi(x) = | =&l ool + |z —€-|%]anl",  Baz) = CL(1+ |2?)~7/%,

where p+7 = —0,0 < 0 < v < 1, and C] is a large number depending on o, 9,y only. Trivial
computations derive that

ABy < —Cllo— &P+l —e 2) 777,
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1
ABy + 1 9By < —CCL(1 4 |z|?)~1to/2,
X1 6$1

On the other hand,
1 0B, < |xa|Y

_ 0—2 _ _ 0—2 —
g S e [ & ) e )|

Thus for |z — &4 | < ¢y71c, Where ¢, is small, we have
9 9 —1-0/2
=2 < Cep[lo— &4+ o — €] .

For |x — 4| > ¢,T1e, where ¢, is small, we have

]. (981 2\ —1—
———<C(1 /2,
2 0z, = €+ al%)
By choosing C large, we have
1 9B —1—0/2
AB+—= < —Clo - &2+ lz— )77
T 81‘1

For the details of the above computations, the reader can refer to the proof of Lemma 7.2 in [41].
In the region Dj 3 U D5 4, we have
0? 0? 1 9 (e
(7+7+ 7)1/11 + (VB+w( Q)E) VY = ha,
w(ls) Lo

or?  0x3 1 014

where have used s = (z1 — 1, 22). By comparison principle on the set Dy 3 U Ds 4, we obtain
[11] < CB(||h||** + 0(1)), Vo € Dy 3U Dy 4.
On the other hand, the equation for v is
( 0? 0? 1 0

"(l3) s
R Y N I (- I O B
oz?  0x3 a1y 8$1)w2 uzl"t2 + (V * w(ls) 62) VY2 2

For « € Dy 35U Dy 4, there holds |us| ~ 1. By standard elliptic estimates we have

[¥2llzoe @50y < Clltallpee emay (1 + IR (1 + €0+ £2) 7177,
| 7 2| < Cllvallpe ei=ry (1 + [l [Pl (1 + €1+ £2) 7277

Part 4. In the region D3 1, we have

2 2
Loalon) = (g + o Yoy = (8l = 1) + @) + [14V 4 6.0~ r20) i

ox? +8:c§
1 0 2
+ — 51 — 2V o VY2 + Solpoltr — |V ol ¥
X (91’1
:hla
L [¢]:(8—2+3—2)w = (B0 72) + 367 s + [TV 0.0 = r2) |0
3,11%2] = 83’3% 8.’1)% 2 e 2e 2 e 2e 2
1 0
——y + 2 @0 - V1 + Solpolte — |V pol*2
I 8331
= hs.
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By defining a new translated variable z = 551/3(671"5)7 the linear operators L31, and L3y, in (4.34)
become

0?2 0?
L314 (Y1) = (871'% + T@)wl* — (24 ¢*(2)) Y1 ,

0? 0?
LSI**('(/Q**) = (TLB% + T@)w%* - (Z + 3612(2))1&2** .

From Lemma 2.4, —¢/(z) > 0 for all z € R, and L3j4«(—q’) = 0. We apply the maximum principle
to —12 /¢’ and then obtain

V2| < CIq|(|1h]]ex + 0(1)), Va € D,

On the other hand, q(z) > 0 for all z € R, and L31.(q) = 0. We apply the maximum principle to
11/q and then obtain

1] < Cq([[ll+x +0(1)), V@ € Dy,

Part 5. In D3 5, we consider the problem

o? 0?
Loalin] = (g7 + ggg)vn + (14 V)or = 4
1 0

———ahy — | 7 o1 + iSo[woltn — 27 o - Ve
I (91'1

= h17

0? 0?
L3,2[¢2] = (@ + @)@@ + (1 + V)l/& - (j(|x1|)1/J2
1 2

1 0

+ ——t — |V ol?2 + iSolpolve + 2 o - VU
T (9$1

= hs.
By using the properties of Z3 5 in (4.38), i.e.
S32=(14V) < —c; in Ds.
we have

2l >0y < Clltallpes emay (1 + [BILNR] e (1 + €1+ €2) 7177,

|V 2| < Clltallnoe emry (1 + [l (1 + €1+ £2) 7277

Combining all the estimates in the above, we obtain that ||¢||. = o(1), which is a contradic-
tion. O

We now consider the following linear projected problem: finding ¢ with the symmetry in (4.5)

LWY] = h +cA, Re | ¢A =0 with ¢ = iug. (5.4)
RQ
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Lemma 5.2. There exists a constant C, depending on 7,0 only, such that for all € sufficiently
small, the following holds: if ||h||.. < 400, there exists a unique solution (Ve y,ce5) = Tz r(h) to
(5.4). Furthermore, there holds

[« < ClIR]] s

Proof. The proof is similar to that of Proposition 4.1 in [19]. Instead of solving (5.4) in R?,
we solve it in a bounded domain first:

LlY] =h+cA, Re[ ¢A =0 with ¢ = iug,
R2
¢=0 ondBy(0), v satisfies the symmetry (4.5).

where M > 10r;.. By the standard proof of a priori estimates, we also obtain the following
estimates for any solution v, of above problem

]+ < ClIR]] s
By working with the Sobole space Hg (B (0)), the existence will follow by Fredholm alternatives.

Now letting M — 400, we obtain a solution with the required properties. O

5.2. Solving the Projected Nonlinear Problem
We then consider the following problem: finding 1 with the symmetry in (4.5)

L] + N[] = E+cA, Re | ¢A =0 with ¢ = iugt. (5.5)

R2

Proposition 5.3. There exists a constant C, depending on 7y, o only, such that for all € sufficiently
small, there exists a unique solution . r,ce s to (5.5), and

1911« < CllAl s

Furthermore, 1 is continuous in the parameter f.

Proof. Using of the operator defined by Lemma 5.2, we can write problem (5.5) as
Y =Ter (=N +€) =G(v).
Using Lemma 3.2, we see that
E]|we < C'7.
Let
veB={[lyll. <C'77 },

then we have, using the explicit form of N (1)) in section 4
[IN(@)]|sx < Ce.
Whence, there holds

1) ller < C(IN ) s +1[E]l- ) < CE1

Similarly, we can also show that, for any 1,7 € B

1G= (%) = G (1)l < 0(1)]8) — 1) -

By contraction mapping theorem, we confirm the result of the Lemma. O
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6. Reduction procedure
To find a real solution to problem (3.3)-(3.4), in this section, we solve the reduced problem by
finding a suitable f such that the constant ¢ in (4.41) is identical zero for any sufficiently small .

In previous section, for any given f in (3.7), we have deduced the existence of ¢ with the
symmetry (4.5) to the projected problem

L) =N@)+E+ch, Re [ ¢A =0, (6.1)
RQ
with the relation
(i) = Z.UQ/(/} in DQ.

Multiplying (6.1) by A and integrating, we obtain

cRe [ AA =Re | AL(®W) — Re [ AN(¢¥) — Re | AE. (6.2)

R2 R2 R2 R2

Hence we can derive the estimate for ¢ by computing the integrals of the right hand side.

We begin with the computation of Re fRZ AE. The term A has its support contained in the
region {(z1,22) : {1 < 79/e or l3 < 1o/e}. It is convenient to compute Re [z, A€ on the variables
(s1, 82). Note that, in the vortex-core region, there holds

Ouy 1 w(ly) 1 —me | . X2 2
il R R AT R

which implies that

w'(fz) T1 —Tie

A= X(Ix—§+|/6)[ el 6 1 (22)2 ]w(@)ew(f + O(e?).

By using of local form of £ in the formula (4.21), we obtain

Re AEdz = 2Re AEdx

R2 R2
2 (Zl - 7“15)2
= -2 lo/e) |w' (¢ ~—— dx
/Rix( /9] e
oV
— %e—_
8317 (712,0) JR

2(z1 +112)(z1 — 112)?

(41)2(42)3
22
_ 2ilogr15 /R2 X(ég/s)w( 2)w' (€2) @ 2) dz + O(e)

+

/2 X(ﬂg/g)w(g2)wl(£2) (x1 — 7"1522371 —7T1e) 4
( Ju'(

— 210gr1€/ x(la/e)w(la)w (L2) dx
R%

By the translation in (3.6), we further derive that
2

Re/RQ]XEda:: 72/ (5|/€){ ] #;)st

8V
= )sz(|s|/e)w<|s|> /() ds

2
~ 2logri. / (sl ) 222 20N
(51 + 2010 +2)7 + 53] Isf?

ds
- 2—1ogm/ x(lst/<)ulshu (s 12 |23 ds + 0(c).
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We compute the first two terms in above formula
2 [ xllsl/e) [w1sh] e ds = 0(e)
— s|/e)|w'(|s])| ———————ds = O(e),
/sz (s1+ 7105

and

oV / y
— 2 5 ‘(Fla,o) /}R2 x(Isl/e)w(|s))w (M)gds
oV

_9:9Y
“or

2
w(]s)w'(|s)) L ds + O(e
oy s (s s + 062
ov
or

= —27e |loge|

+ O(e).

(7’:1670)

On the other hand, the last two terms can be estimated by

2(s1 + 21 +2f)s?

ds
(51 +2r1c +2/)7 + 53] Isf?

~2t0gne [ x(lslfe)uslu(s) |

1 s2
_ 2—1ogr15/ x(isl/e)w(sw!([s) 2 ds
T1e R2 |S|

2 1
_ —T—logrlg/ w(|s)w'(|s))— ds + O(e)
]RZ

le |S|

d
= —2—7Tlogr1€ + O(e),
T1e

where

1

1
d= = /R2 w(|s))w Ong ds > 0. (6.3)

Hence, there holds

1 1
log = —2dm—1 O(e). 6.4
o) 08 2 m,—logrie + O(e) (6.4)

I = Re/ AEdx = —27e 8‘{
R2 87’

Using Proposition 5.3, and the expression in (4.22), we deduce that

Re [ AN(y) = Re/]Rz AN, () = O(e).

R2

On the other hand, integration by parts, we have

Re [ AL(Y) = Re [ »L(A) = O(e).

Combining all estimates together and recalling 7. = 7o + f, we obtain the following equation

- fo+ f

off) = —2em lav

1 d
_ log—- + — = log
(fo+f0) € Fo+f

7 + O(e), (6.5)

where O(¢) is a continuous function of the parameter f. By the solvability condition (1.4) and the
non-degeneracy condition(1.6), we can find a zero of c( f) at some small f with the help of the
simple mean-value theorem.
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7. Traveling wave

The main object of this section to prove Theorem 1.5 by using the same method in previous
sections.

7.1. The formulation of problem
Making rescaling § = e, problem (1.20) takes the form

ou
Y3
Introduce a new coordinates (r,6,93) € (0,4+00) x (0,27] x R as the form

Au + <1+V(5g) - |u|2)u + ie|logelr —2 = 0. (7.1)

1 =rcosf, Yo =rsind, Y3 =7s.
Then problem (7.1) takes the form
0? 0? 102 10

S =g+ 57 * 200 * v oy 0.

. 0
)u + (1 + Vi(er,eys) — |u\2)u + ic|loge|k EL =
Y3

In this paper, we want to construct a solution with a vortex ring, which does not depend on
the variable 6. Hence, we consider a two-dimensional problem, for (zy,29) € R?
0? 0? 1 0
Slu| = (7 +trst+t—5—
[u] dz%  0x3  x1 Om
with Neumann boundary condition
Ju

—(0,22) =0, |u| — 0 as |z| = +o0. (7.3)
8$1

- ou
— 2 ) _—
)u—|— (1 + V(e|z1|,ex2) — |ul )u+25|log€\m 025 0, (7.2)

Notations: As before, we have used x = (x1,22) = (r,§3) and also write £ = |z|. In this rescaled
coordinates, we write

Fle =fofe + f=f1c/e with f=fle, oo = foc/e, (7.4)
where the constants f, f1. and fo. are defined in (1.16) and (1.17). By setting, £+ = (71¢,0) and
& = (—71¢,0), we introduce the translated variable

s=x—& or s=x-—¢&_, (7.5)

in a small neighborhood of the vortices. We will use these notations without any further statement
in the sequel. O

To handle the influence of the potential, we here look for vortex ring solutions vanishing as ||
approaching 4+00. As we stated in (1.16), we assume that the vortex ring is characterized by the
curve, in the original coordinates § = (91, 92, J3)

i+ 03 =71e, §3=0.

In other words, in the two dimensional situation with (x1,x2) coordinates, we will construct a
vortex with degree +1 at (71.,0) and its anti-pair with degree —1 at (—71.,0).

Finally, we decompose the operator as
S[u] = Solu] + Si[u] + Sa[u],
with the explicit form
0? 0? 1 0
)

Y . - — v _ 2
Solu] = (aﬁ + 507 2 7 Silu] = (14 V(elor], ez2) — [ul?)u,

(7.6)
) ou
Safu] = zam|log5|a—$2.
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7.2. The approrimation and its error

As we have done in (3.13) and (4.8), we decompose the plane into different regions Dy, Dy and
D3 in form

Dy = {(Il,Ig) 1l < ? or fy < %0},

Dy = {(wr.a) s ] < 7o - %} \ Dy, (7.7)

and then we set
D271 = {(1’1,1‘2)Z€1<1}, D2,2 = {($1,$2)2£2<1},

i i
Dy3 = {(331,562) 2l < ?0} \ Da1, Dyy = {(3317332) ily < ;0} \ D32, (7.8)

. T1 . To . T2
D3, = {(3017962)17“25—?<\$|<T2s+?}, D32 {(3317902)1\$|>7”25+?}-

where 7y, 71, T2, 1 and 7o, are given in the assumption (P3). Here we still use the same notations
to denote the regions. The reader can refer to Figure 1.
By defining smooth cut-off functions as follows

- 1 s| < 7, - 1, s>y,
() _{ 0. fsl>2m BT 0 s< o (7.9)

where 73,74 < min{?, 7o, 71, 72} /10, we then choose the approximate solution to (7.2)-(7.3) by, for
(331, .112) S RQ,

UQ(JJl, .132) = \/1 + V(&‘|1‘1|, 5332) m 62-@ + w(ég)w(él) 2 6“0 + c}(a:l, xg) 3 ew, (710)

where the new phase term ¢ = o + ¢1 with the functions ¢y and ¢ defined in (3.14) and (3.27).
The cut-off functions are defined by

m(exy,exs) = 1 —mp — 3,
n2(ex1,ex2) = i (elr) + 72(elz2),
773(8331,8l‘g) = ﬁg (6(6 - fgg)).

By recalling the functions Uy, Us, Us in (3.15), (3.14), (3.32), we also write the approximation as
uy =Uim e + Upmpe™t 4 Usnze®t, (7.11)
It is easy to check that uo has the symmetry
U2($1, 3?2) = m7 u2($1,$2) = U2(—$1,$2)- (7-12)

Moreover, there holds

8u2
— =0. 7.13
0x1 1(0,22) ( )

As we have stated, we work directly in the half space R3 = {(z1,22) : @1 > 0} in the sequel
because of the symmetry of the problem. Recalling the definitions of the operators in (7.6), let us
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start to compute the error:
E = S[’LLQ]
= S[UyJme™* 4 Uy So[me] + 2ie™ VU - Vi
+ S[Ug]ngez@l + UQSo[ngeiwl] + 2i6i¢2VU1 -V
+ S[Ug]ng)eigal + U350[ﬁ3€i@1] + 2i€i¢1VU3 V1 + N,

(7.14)

where the nonlinear term N is defined by
N = n1|U1|2U1€i<p1 + 772|U2|2U26i¢1 + 773|U3|2U36iLP1 — |u2|2u2.

The main components in the above formula can be estimated as before.

It is worth to mention that, in the vortex-core region {(xl, x9) i ly <lort < 1}, we estimate
the error by

z1 — T w'(l2) . ov
x1€2 ’(1)(62) or

E = U2772€W1[

(21 — 7‘15)]

(87‘15,0)
oy 201 +7e) (T — 1) . oy T2 W (l2) 1 y
Use*#t 1 — ingUqe*¥t —= 1 7.15
+ m2Uze (165)? 0gT1e — M2Uz€ % w(ls) e 08 Te (7.15)
xo w(ly)  2(2% — 23 — (F1e)?) e

+ K e|loge| naUse™?? [Zg + O(elog¥s).
2

w(ly) (1£2)?

The singularity of the last two terms in the above formula will play an important role in the final
reduction step.

For a function h = hy + ihy with real functions hq, ho, define a norm of the form

2
1ollee = Y Nliuohl Lo, <3y + Y [||f§+ah1|\mo(b) + ||€}+0h2|\mc(b)]

j=1 j=1
2
+ Z 1Rl Le(Ds) -
j=1

where we have denoted D by

D=D,UDy\ {f; <3orly <3} (7.16)
As a conclusion, we have the following lemma.
Lemma 7.1. There holds for {1 > 2 and {5 > 2

Cglfo' 05170
Re(E)| < + ,
e (E AL (AL
C«El—o 061_0
E) <
®l < arom o rar
IE[ e (fe,<3yutea<3y) < Cellogel,

‘Im

where o € (0,1) is a constant. As a consequence, there also holds

IE[]2s < Ce'7.
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7.8. Local setting-up of the problem

We look for a solution u = u(z1,22) to problem (7.2)-(7.3) in the form of small perturbation
of ug, with additional symmetry:

u(zy, x2) = a(x1, —x2). (7.17)

Let ¥ : R — R be a smooth cut-off function defined by

- L s<1,
X(s) :{ 0. s>9 (7.18)

Recalling (7.9)-(7.11) and setting the components of the approximation ug as
vi(z1,22) = MmULe™, va(z1,m2) = n2Uze™",  ws(21,22) = n3Us ™", (7.19)
we want to choose the ansatz of the form

u :[X(Uz +ivat) + (1= x) (v1 + vg)eﬂ + {vg i ei%}, (7.20)

where x(r1,22) = X(f2) + X(f1)-

To find the perturbation terms, the main object of this subsection is to write the equation for
the perturbation as a linear one with a right hand side given by a lower order nonlinear term. The
symmetry imposed on u can be transmitted to the symmetry on the perturbation terms

Y(z1, —72) = —P(21,72), P(¥1,72) = P(—>1,72). (7.21)

Let us observe that
u = [(vl +v2) +i(v1 +v2)Y + (1 — x) (v1 +v2) (e — 1 — zw)} + (’U3 +n3 e“"w)
=y + i(v1 +v2)Y) + Mz ey + T,
where we have denoted
I'=(1-x)(v1 +v2) (" — 1 —it). (7.22)
A direct computation shows that u is a solution to problem (7.2)-(7.3) if and only if
i(v1 +2)So[Y] + 207 (01 +v2) - VY + i(v1 + v2)Sa[Y] + 3 e So[Y)]
+ 13 €' Sa[h] + i[l +V - |uz\2} (v1 +v2)1) — 2Re(@2i(v1 + v2)Y)us
+ iSo[v1 + va]Yp + iSa[vr + 2]y + 27 (13 €?) - VY + So[nse"F]Y (7.23)
+ S |:T]3 6“"]1/1 + nz e (1+ V- |u2|2)l/1
— 213 Re(ﬂgewi/))uQ = —FE + N,
where the error term FE' is defined as E in (7.14) and N is the nonlinear operator defined by
N = =857 = ST — (1+V — |uz?)T
+ {ZRe(agi(vl + v2)) + 23 Re(aze%)] X (i(vl +v2)th + 13 €Y + F)

+ {2Re(ﬁ21") + |i(v1 + v2)9 + n3 e + Fﬂ X (Uz +i(v1 + v2)t + M3 €1 + F)-
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We shall explicitly write the equation in suitable local forms and then analyze the property of the
corresponding linear operators, which will be done in the following.

In the region
D1 = { (1‘1,{132) : ‘l‘| < Toe —721/6} \D27

far from the vortex core region, directly from the form of the ansatz u = use?® with the approxi-
mation as

ug(z1,29) = V1+ Vi eilpoter) 4 w(la)w(ly) na eilpoter)
we see that the equation (7.23) takes the simple form

7Y — 2i|ug|*1hy + ie| log e|/<a W
T2

0t 2 10 L Vs
Ll(w):<87m%+87x§+x18x)w+

= B —i(vy)? + ilusl?(1 —e—% + 21s),

where Fy = iE/us. We intend next to describe in more accurate form the equation above. Let us
also write

uy = € with g = mm + w(le)w(ly) ny
For |z| < 79. — 279/e, there holds,
us = e = V14V e®,
and hence, by using the assumption (P3), we have
lug|?> = 1+ V > é.

Direct computation also gives that

ZVUZZ Y = 5 VALY — 2V ¢ Vs +zB VB Ve + 205 - Vi
= (A1,0) - VY1 — (A2, Ba) - Vo + i(A1,0) - Vb2 + i(Az, Ba) - V1,

where A1 = O(e), A2 = O(e), Bs = O(g). For #1. — 27p/e < |x| < F1c — 70/, similar estimates
hold. The equations become

Li(¢1) = By + Ny, Li(y2) = By + Ny
In the above, we have denoted the linear operators by

. e 2 10 01
Li(¢1) = (6 + - 02 +— 371)”’1 - 5|10g5|f<387 + FV& VY1,

82 2 1 0 O
(6 . +8x2 + T )q/;Q — 2lua[*hs + 8|10g5|n— + *V& Vi

Ly (¢2) 3

The nonlinear operators are

N = =2V ¢ Vo + 2V ¢ - Vo,
N =2v¢ vt + [ua>(1—e 2 +2¢) + |V ¥1]> — |V ]
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Consider the vortex-core region Dy and Dyy. Here we only argue in the region Dos. It is more
convenient to do this in the translated variable (s1,$2) = (21 — 71, 22) and then denote £ = /o
for brevity of notation. Now the term ) is small, however possibly unbounded near the vortex.
Whence, in the sequel, by setting

¢ = vyt with ¢ = 1y + iy, (7.24)

we shall require that ¢ is bounded (and smooth) near the vortices. We shall write the equation in
term of a type of the function ¢ for £ < §/e. In the region Dag, let us write usg, i.e. vq, as the form

vy = BUy  with B = w(fy)e %o Tivr, (7.25)
where Uy is defined in (2.1). We define the function
¢(s) = iUy for |s| < d/e, (7.26)
namely
6= B¢.

Hence, in the translated variable, the ansatz becomes in this region

us = B(s)Uo + B(s)¢ + (1 - X)B(S)Uo(ewuo 1 U%)

We also call 'y 5 = (1 — x)Up (eWUO -1- U%) The support of this function is contained in set
|s|] > 1. In this vortex-core region, the problem, written in (s1, s2) coordinates, can be stated as

Lyo(¢) = Ezz + Nap.

Let us consider the linear operator defined in the following way: for ¢ and v linked through formula
(7.26) we set

1 0 _ . ¢
L =1L — 2(1 — |B8)*)Re(Upo) U 1 —
2,2(¢) o(¢) + P aslfb + 2(1 - |B°)Re(Uog)Up + il 0g€|"fax2
v V3 B>
i 1—|B8|? QM= . d
N or (7‘15-4-193170) + |6| ¢ + ﬁ V¢ X U() (b’
where 19 is a small constant. Here we also have defined Lg as

2 2
£0(6) = (3 + g )&+ (1= [w2)o = 2Re(T0) Vo

Here, by writing the error E in the translated variable s, the error Es 5 is given by
E;r = E/B.
Observe that, in the region Dag, the error Es o takes the expression
Tr, — TV’LS w’(ég) c @
l‘lfg w(fg) or
iSDS— 2((E1 =+ fls)(ml — 7115) 3—2 U)/(gg) ].
(102)? by w(ly) e

ot |2 w'(l) 22} — 23 — (F12)?)F1e
+ e|logelkw(¥ eivo | 22 —
| 2 | ( 2) [ 0 w(@) (£1€2)2

E272 = w(fg)eiwgl

(1 — 7’15)]

(e71¢,0)

+ w(la)e log 7. — iw(fy)e™? logie  (7.27)

+ O(elogls).
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while the nonlinear term is given by

Naa(@) = — S22 (147 - 00 P)Paa — 215PRe(U00) (6 + T2)
~ S, — (2\ﬂ|2Re(Uor2,2) + |ﬂ|2|¢+F272|2>(U0 +¢+Ts0) (7.28)
+ (x — I)EU%’)%

Taking into account to the explicit form of the function 5 we get
VB = O(5>7 AB = 0(52)7 |5| ~1+ 0(52)7

provided that |s| < §/e. With this in mind, we see that the linear operator is a small perturbation
of Lo.

In the region
Dy y = {(171,$2) 1l < 7A'0/€} \ Do,

far from the vortex core, directly from the form of the ansatz u = (1 — X)uze“"7 we see that, for
£ > 2, the equation takes the simple form

3}
S — 2i|ug|®e + ze|logs|taa—w
T2

VU2

L2,4(¢) = (W + ({971‘2 + ;167%)1# + 2
= Eyq — i(V¥)? + iuz?(1 —6_2¢2 + 2405),

where Fy 4 = iE/us. We intend next to describe in more accurate form the equation above. As
before, let us also write

uy = BUy  with B = w(fy)e "o Tivr,
For {5 < 7y /e, there are two real functions A and B such that
B = ¢A+B,
furthermore, a direct computation shows that, in this region, there holds
VA = O(e), AA = O(e?), vB = 0(&%), AB = O(e%).
The equations become
Loa(¥1) = Eag + Nog, Lo 4(12) = Ea4 + Nog.

In the above, we have denoted the linear operators by

~ 2 2 /
Faal)) = (g + gz oo Yo + (7 B+ S0 2) o — el logels 512,

0r? = 0z3 w(l) dxy’
_ B 82 52 1 a
Taatwe) = (57 + 5 * 27 oy ) V2 — 2l

w'(l2) s
w(lz)

where we have used s = (z1 — 71, x2). The nonlinear operators are

1/)1

(V + % ) V2 + 8|10g€|l€

Noy = —2(VA+ved) - s + 2V %1 V o,
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Noy = —2(VA+v9d) - vbr + |ue?(1— e + 2¢) + |V — |7 ¢l

In the region
D3’1 = {(.%'1,.%‘2) DT — 721/5 < |{E| < Tog +7A'2/€},
the approximation takes the form
uy = w(l)w(ly)nz e + G(x1,22) 13 €
We write the ansatz as
U = U2 + iewz/) + F371,

where I's ; is defined as

To = i (w(f)w(t2) = 1) e + mw(uw()e (e =1 - i),
The equation becomes

0
Loalt] = Solt] + 207 @ v — | v @b + iSolelt + i5|logs|na—;i

+ (1 +V - \uz\Q)i/J + 2ie”"Re(tizie’ ) uz
= E371 + N3,17

where E3 1 = ie”*“E. The nonlinear operator is defined by

. 1 0 .
N31(¢) = ie 'W[A 31+ ——=—T31+(1+V - |U2|2)F3,1}
I 8‘%1

— e [QRe(%FsJ) — |ie"*1p + '3y ﬂ (ug + i€ +T31)

,1

_ A A r
— 2ie” "YRe(ugie’?y)(ie"? +T'3 1) + ielloge|k 88 3
€2

More precisely, in the region Ds 1, the linear operator L3 ; is defined as
Lyi[v] = So[v] — (0-(€ — 72c) + G) ¥ + 2ie” ““Re(uzie’ ) us
+ [1 FV 46— r'za)]z/)

. 0 )
+ ZEIlogslfiaTip2 + 279 VY + Solelv — | v ol*.

where we have used the definition of § in (3.31). We shall analyze other terms in the linear operator
L3 1. For 7o, — 71/e < |z| < F9e + T2/, there holds ug = ge'#. It is obvious that

2ie”"“Re(2ie’)us = —2i¢*s.
For 9. — 271 /e < || < T9e — 71/€, there holds
uy = w(la)w(ly)nz e’ + gnze'?

The equations become

Lsa[y1] = (;;l (;122)% — (0e(€ = Foe) + @)1 — 5|10g5|/-s 1/)2
+ 14V + 806 — 720) [ un
+ %iwl — 2V ¢ -2 + Soleltr — | v ol
= F3; + Naj,

41



0? 02
(a?g t 52

+ [1+f/+6( —7“25)}1@

2
€2

Ls1[vo] = )1/J2 — (8:(€ = F2e) + 3G )2 + 5|10g€\"fa

o1 0z, 1/12 + 2V ¢V + Solelve — | V@’ e
= E31 + N3

Now, there hold
1 5.
Zaq = 14V +0.(0— i) = 5{-:21/”(7;25)(5 — i) + O((e - fQE)S).

The other terms with ¢y are also lower order terms. Whence the linear operators I~z3,1 and E371
are small perturbations of the following linear operators

L] = (2 + 2 gu) V1 = (= 720) + @),

8x2
0? (92 .
L1 [92] = (8331 81‘2)1!}2 — (8:(€ — 7o) + 3G%) o

In the region D35 = {(z1,%2) : [x] > Foc + 72/}, the approximation takes the form
uy = Ge'’,
and the ansatz is
u = us + .
The equation becomes
L[] = Solt] + (L4 V)¢ — |ua|®y + 2ie”“Re(uzie’?)us
+iellogelw gt — |7l + iSolilt + 2 v - 7

= E35 + N3,

where E3 5 = ie”*“E. The nonlinear operator is defined by
Nyo(y) = —ie™ " (ug +ie'?9)|¢[> + 2iRe(ugic’? ).
More precisely, for other term, we have
—|ua|® + 2ie"¥Re(taie?h)us = —G*1 — 3i¢*¢o.

The equations are

32
8331

11)2

~ 2 ~.
L3a[1] = ( 8 )7/11 1+ V) — 5|10g€|/<;

1
— g1 + *71,02 — |V elPY1 + iSolplr — 27 - Vi
= Fs3, +N3,2,
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_ 0?2 0? wl
L3 o[1)e] = (—ax% + —ax%)qu + (1 +V) o + 5|10g5|/{
R 1 0 .
— Q¥ + — 5t = [Vl + iSoleld: + 2V - Vi
Tr1 0T
= FE35 + Njp.

The assumption (P3) implies that, for any sufficiently small e there holds
53’2 =1+ V< —¢éo  for ‘.’L‘| > Toe +7A'2/E.

The other terms with ¢y are lower order terms. From the asymptotic properties of ¢ in Lemma
2.4, g9 and G are also lower order term. Whence the linear operators Ls; and Lso are small
perturbations of the following linear operator

02 82
0x? 8

Lo [Y)] = ( )1/) + (1+ V).

Let x be the cut-off function defined in (7.18). By recalling the definition of £ in (7.25), we
define

us X(lz — €41/e) + x(lz — €-|/e)
7 5 . (7.29)
4

), we want to solve the projected equation for ¢ satisfying the

A

In summary, for any given f in (7.
symmetry (7.21)

L) = N@)+E+cA, Re [ oA =0, (7.30)

R2

where have denoted

£(¢) = L1(¢) in Dl, ,C(’lb) = L2ﬁj(w) il’l DQJ fOF j = 1,2,3,47

L)) = Lz1() in D3y, L(¥) = L32(¢¥) in D3,
with the relation
(]5 = ’iUQl/J in DQ. (731)

As we have stated, the nonlinear operator A/ and the error term £ also have suitable local forms
in different regions.

7.4. The resolution of the projected monlinear problem
For fixed small positive numbers 0 < o < 1, 0 <y < 1, we define

2
il = 37 [Iollweoes) + 1681 1eqsy + 164 7 91l )

i=1

1 sl ey + 16247 7 el e 3y | + el w20 (),

where we have used the relation ¢ = iugt and D is defined in (7.16).
We now consider the following linear projected problem: finding ¢ with the symmetry in (7.21)

LY] = h+cA, Re | ¢A =0 with ¢ = iug. (7.32)
R2
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Lemma 7.2. There exists a constant C, depending on 7,0 only, such that for all € sufficiently
small, the following holds: if ||h||.. < o0, there exists a unique solution (¢, f,c. 7) =T 7(h) to
(7.32). Furthermore, there holds

[[9]]« < Cl[A]] -

Proof. The proof is similar as that in Lemma 5.2. L

We then consider the following problem: finding ¢ with the symmetry in (7.21)
L6l + NY] = € + cA, Re / GA = 0 with ¢ = iugth (7.33)
R2

Proposition 7.3. There exists a constant C, depending on 7y, o only, such that for all € sufficiently
small, there exists a unique solution (wg’f,cg,fv) to (7.33), and

1]« < Cl[R]s-

Furthermore, 1 is continuous in the parameter f.

Proof. The proof is similar as that in Proposition 5.3. L

7.5. Reduction procedure

To find a real solution to problem (7.2)-(7.3), in this subsection, we solve the reduced problem
by finding a suitable f such that the constant ¢ in (7.30) is identical zero for any sufficiently small
E.

In previous subsection, for any given f in (7.4), we have deduced the existence of 1) with the
symmetry (7.21) to the projected problem

L) =N@)+E+cA, Re [ oA =0, (7.34)

with the relation
¢ =itugtp in Do.
Multiplying (7.34) by A and integrating, we obtain
cRe/RQ]\A = Re/ﬂp/&ﬁ(zﬁ) — Re RQJXN(w) - Re/ﬂp/ié‘.
Hence we can derive the estimate for ¢ by computing the integrals of the right hand side.

We begin with the computation of Re fR2 AE. The term A has its support contained in the
region {(x1,x2) : {1 < 1/e or f < 1/e}. It is convenient to compute Re [p, AE on the variables
(s1,82). Note that, in the vortex-core region, there holds

) 2
w(ly) Lo o (52)2}1@ + O )z,

which implies that

’LU’(EQ) Xr1 — ’Flg . T2 iap+ 2
w(lz) Ly ! (32)2]w(£2)€ ¢+ 0.

A= x(lz—&1/e) |
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By using of the formula (7.27), we obtain
Re/ AEdx = I + Iy,
R2

where I is defined in (6.4). In the above, we have denoted

2[.’)3% — .’E% — (flE)Z]flg(xl — flg)

(0)2(6a)° d

1
Iy = 2mslogg/ x(l2/e)w(l)w (£2)
RL

+ 2“51()%3:/R2+X<£2/5)w(£2)w/(32)(2622)3 dz 4+ O(e).

As we have done in section 6, we get Iy = 2d 7w ke|loge| + O(g). Hence, there holds

1 1
logg - 2d7rf—logf1€ + 2dmre|loge| + O(e).
le

OT l(e71.,0)

Re/ AEdx = 727r58—v
RZ

Using Proposition 7.3, and the expression in (7.28), we deduce that
Re [ AN(y) = Re/ AN () = O(e).
R2 R2
On the other hand, integration by parts, we have

Re [ AL(Y) = Re [ »L(A) = O(e).
R? R2

Combining all estimates together and recalling e 7. = 71 = 79 + f , we obtain the following
equation

1 d 7o + f
. log— + = log
(Fo+f0) € Fo+ f £

s ov
cof) = 27e l ER

s logé + 00, (7.35)

where O(g) is a continuous function of the parameter f . By simple mean-value theorem and the

solvability condition (1.13) and the non-degeneracy condition (1.14), we can find a zero of ¢(f) at
some small f.
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