AT THU STAGE WE WAVE THE FoLOwWNG THEQRFM:

TEoAEM  tET Flz) 8F towtmiyou o A DOMAW D TyE  FOLLOWNG

STAT K MENT  #AF  EQUIVALENT:

() ]t(Zj HAy AN ANTI- QLR (vaTIVE /7\(\[2) W 0

gip b 01 Ay ool W D THIN ]c HZszfo. & 5
G eaty moependence  holds cre | fde } Fiz)dz ZC:CZ
¢, G ;

RUMARKS  «)) Tl THEOREM 15 RATHEY WIELTY (N THAT  How (AN
WE POubLy CHECH  wETHTR ]C Flzpdz=0 Fok Every curve C
iF WE  CANNOT  CALCULATE FAINY  THE ANT-DFRIVATINE

(2) 17y only WEFUL IF WE CAN SOMERow “SPoT”or “ouRsy”
THE Rz ). wb woytd PREFER A THEOREM REFERRING
To A JPECiFic TROPERTY oF Tz ) TwAT 13 FAIN CHECKED

(re. 1MPRACHCAL Yo LJE  FOR ]C 2500;[21} dz)_

PAOOF OF THIOREM

[il) <> Uii) 15 TRNVIAL
Glo—> Gii) 4 TRIAL () =—> (1) 1y ALY TRNIAL.
Tl oMU TRICKY LJOF o To PROVE THAT IF (i) Holoy TARN (i) MUST HOLD,

PROOF THAT (ii) — ()  SuftosE TAAT i) HOLDS  Tufy DFFWE

Z
Floe | FIATd§ warer wE wave TARRY NS PATH Flo 2, 1o Z
24

Taw, By PATH- WOEPRNORN CE % (2] o wEU-DEFINED. WE CALCULATR
2+AT
Floe hz)-F(2) > ] Figydy

WHERE W TAKE . STRMGATLINE FRoM Z70 Az |
7
T F G(tyrzethz owmy ostel = d5/g3 Bz Mo
| N ~ !
Flzdz)-Fiz)= | Frathz)hz dt = Flzodz) -Flz) | } FiZ+thz)dt

0 2y 0 ’F gt = Tiz)
Now TAKE Az —0  AND £ (7)) Jﬂ (z) .




@)

SurPoask THAT Fez) w MAHT!C} WITH A (ONTINYUOUS DERIVATINE W/

THEORRM (cadcuy's wifeRAL THEO REwM)

INDE - AND O A SMPLE CLOiED CumvE C THEN,

(#) / Fizydzso ¢

¢

PROOF  WE  FiReT Muysr RECALL  GARFENS THEOREM IN THE PLANE. LET

PQ, P« Py QyQy BE cONTNWOUS w A OQOMAW D THAT C(ONT AWJ

A SIMPLE  CLOUED  cuRvE  C ORENTED (OUNTERC LOCKWUE, THEN (RERNy

THEOREM 1§

) }C(Pdm Qdy)=// (QK-P},JJXJY C@
Al D

wal RE Qs Tur REGioN  umf €. T WL OUTLIAE
o NLXT PAGE  TAE OERIWATION OF T4y FROM DrvERGENCE THEOREM

10 PROVE (X)  wE  LET Fruviv  aw  dz: dasidy,
THEN j fizrdz- / [”*}\//(dx*}df) ’/fUdX"de)

C C C

¢ I/C(vdmudy)_(/j

now swek T : s .
14 ANAL‘!T[C E— UK VY/ UY Vx ((R} QUM 10N
f uoooNTwdoy > Uy ly Wy, Vy  ConT (nwou)

UgiNe  GREEN, TakoREM ov  EAaCH TLAM N 1y wh OET

/ f{z)dz:-—/ [ vy + vy ] dxdy +;/ [uy-vy Jdx dy =0 BYCR,
c n n

Ty / Fizydz = 0
C



GREFNY TuFOREM DERIATION

WE  (ONipER A 3-D REGION OV withy BASE D W X, PLANE
THAT 1S EXT ENDED  FROM  Z: 0 Yo Z:=| TawviA(y,
Ler C Bouwd D wirH counfenclo chwie openfatioy

LET F  BE THE VECTOR FiRLD
i 4 A

- A
/l | 7 Fe F 1y Fod #0 K with w0 Z compotent,
g A AswudE Tt FL R Frx, F, F ARE  comrmuous W D

2y

TARN  7#E  DIVERGENCE  THEOREM GIVES

A A
fj| v F Jy U Fonds WHERF AS SURFACE AREA OF
y S Mo D UNT oUTWALD MorMa Yo S
NoTicE Tapr S condury oF THE SOES 0F TuE Vou cav” a0 THE
ToP Avp  BorroM  of  THE  CAN. Now THE FLuk oN THE T0P SyRfAcr (2:1]
M0 BOTIOM JURFACE 1:0 1r ZERO sk F o, ;\( 0 e fj)\f{\ oz 1

-

TuJ ”J V. F dx dy dz = ]I(j/ (F Pyt Fz),)dxdy

// fxf[:zY)OleY
y D D
9]

A
!(% f.DdS)dZ:S{)F '
C | C ) ;\( )
THY G WE H(fofFZY)dX dy - )ji) Eohds 2
) c )
A A A
LET T TANGINT 19 () K v 4 70 D, do

A A A

R A A
DTk o Tdsedrowan dreqdgdy)=idis g ody

-—

il U] (R Fay ) dedy = § e [Tk ] ds “ﬁm ) Tds: /”"f)’df

h) ¢
MERE wE WIED  THE NECTOR o FATTY  ae [ b c] [axb)oc. wr mm CA LeuLATE
ATE i TURA AL A
Fa Fi 0 D

GREZNFJOMH fo* FZ\! glxdy ‘i F JY Fz dK}



RENARKS (3)  wE  AJSumED @
al T(z) u AAUTIC b DL A o C [ AvAlyhiedy «,F/Emh)
) Fiz) u conmdous w L e—wodd life do Remove thy (onditay
¢) C v Jample c]O}ed CURVE € CaN we have Fijure @?
are jt’uered curvey !
A MORE PRECHE VERSION OF CAUCHYY THEOREM BY F. GOURIAT
REMONED  CoNDIT(oN i), FOR MATHEMATICALLY NCLINED READERS SRE

CSEcTioN 2.3 ofF  TaF BOOK  "BAUC (OMPLEX ANAL?JU” BY J. MARJSDEN
. THE  REMOVAL OF (ONP{T{ON (i) |4 MENTIONED  BUT NOT PROVED N
ouR  BOOK BY JAFF AND JNIDER.

A REGION D 15 CALLED SiMPLY- LONNECTEDP F D 1 (ONNFCTED
AN FE YERY €touFD Cupyk N D CONTANS ONLY POIN) N D,
Rouoary speaking, smply
(onNected  domatyy  qRe

cosNected  domamy  wifh
smply  connected wol s mply comeced v hotes .

CABCHY- GOLR AT THEOREM  LET  T(z] BF ANAILYTIC on A JIMPLY

(ONNECTRED DoMAW D Ao ey C BE A SIMPLE (LOJED CURVE

N Do THEN L T(z)dzs 0
C

REMARKS (1) WE cAv APPLY THU THEOREM 70 FouRf 8

TNPE - (00P) ) BY oMb ERING FacH LOQP
SEPARATELY,
(1) AN ALJO GENERALITE AJ JHOWN IN THE

NEKT  DEFORMATION OF (ONTOUR APPROACH.



WE Now STATE A FFw (ONJEQUENCE, OF CAUCHY- GOURJ AT THEOREM L8

THEOREM {PATH INOFPFNORNCE)  suplosk Py Amynic e A siMp Ly

COMVECTED REGoN D 7Tufw For ANy Two cuvE (M (,

WiTH  JAME  OMENTATION  JONNe  THE JAME  Pony  Z, A Z,

VR fdz: | Fd -
WE  HAVE /c, - }cl z @Zz

e path mdependence.

phoof  we male 4 Cloed curve C omeed Loum{@{lc{ctl{wua

WO Uje CQUch~couqu heorenm

} Fiz dz=} Hz;dz+/ fizpdz =0

I (¢, -, SiNte ’[

apalyhic .
THUS !c Fizidz- - J Frzydz= } Fizydz
! - Ci

THEOREM (ANH«DERNATNE) Juprosk f{z} MoOANALYTIC v A S1MPLY

CONNE CTRD  poMAIN D THEN F[Z) Hly AN ANTI- DERIVAT IVE N{z)
Z

WHERS Rz jz Fra) ds K §-plave .

PROOF S CE {[9} i AvAuyTic  who HAVE  Tyar fHE INRGRAL  From
-2 To 4z 45 D FPENDENT OF PATW  AND  HEWCT 1y wEi DEF D

WE WANT 1o s 0w THAT  F(7): Frz) Wi ChicdurR
,\ 2+ bz Z 2z
Raodz)- Sz |77 Fids -] berdps | R
Z 747 & g |
wow whiTivg  F(z) - } fizy d4 we GET By Ao A0 susmpam (2

~ +[]Z
Muibz)-F(z) . }2 Fis z)jd {z) (1 A7 — 0 THEN

dz+0 AZ




OF FoaMAaTION REJULT T

CONJIDT R THE  DOMAI D Al THOWN | THAT ypr 4 ”HOLE”.

SUPPOSE TaAT F(z) 15 awauyric

BETwERN  Co M) C, w0 1y ANA LYY (¢
o C Ap (p.
THEN j Fz) dz:'j Flzydz

C

. Co
WITy  BOTH ContOuRy HA/IEWTED COUNTER (L0 CHWISE

DERIVAT (O N Wb CONIDER  THE (0 NTOUR Al Thown., WE InrRopidcr A Pary

PN 70 ~Co Am A PATY [l Fnom - (4
BAcu o  C.
WE LET r’-.-CrF\,T(%o)TP)L

INsp £ 17 Hbﬂded Rej;od)/ f[Z) IS ANALYTIC

AND  BY CAUCH s NTE GRAL THE OREM [P 1[(2)(}2:0

(NOTE: §TRicTiY erﬂkt:«j LY a erpfe tu e, out ong ca take [ Qrbffrqn/
C,We Tlp n{- )

THEN ) fiz) dz - } HzJJ%/ Fe) dz + / HZ/JZ?L} fzpdr =0
p

C i, n, ~(o

!

BiT J fapdes- |, Flerdz loame corve frowensed w dFhpent
. ' dIRR(JIONJ}_

i JC Ferde = -] flzydzs j Flz)dz @
"o (o

Lo UN}@&G{GL“WUQ (9 UN}ClC/G (,[4 wije



6D

pEFORMATION REJHLT T

SupPosE THAT  wE  HAVE A DOMAN  wiTH N HoLEs AV JHOWN
surtork Tumr t(z) oy MAtTic W ThE
SHADED  RECAQN  mypE Awp ov (  BuT

OUTIE  C,,., Cy. SuPPost I o aayric

U
4
couerclo ckwiie  obentaf o

THE  OERNATION oF  THl 0y 10 wIE CAuUcHYd THEOREM ON  THE  (ONTOUA

Al f4owy C

THEN " i
[+ 2] f v} flz) dz:0
( C & J[zjr }Fj -) J';} ./CJ. )
Bur }ﬂ‘ > “J[L §0
J J“N W
| iz dzs - 2 / flz1dz - z / fzidr
C G Jg

REMARK (i) 7yPrcAuLy  Wow THY wpt BF  UsED g THAT
WE Wil PUT i woktEd Swednamry” of iz
INJOR A SMaLL DK,

NE iF F[z): - — Ao (o Szlzg
(z-1)(z-1)

THEN  WE DAAW ‘ I21:3

o @ wHEAD () ConTAN 23
Ao Cy tomhy 7:2.



To ILLUJTRATE THE UsE OF THE DFFORMAT toN RFsuiT wk

CoNJOE R HERE A J/MPLE  FXAMPLE. [MARY MORE EXAMPLE) ARE oy FAED LATER)

. z dz [
Fy AMPLE CALCUILATE A s } :
Ex AMPLE | A ! - (z-1) c

C .
!
waERE C 1y THE  FleulRE b PATH Ay sHowN, U

SOLUTON  NoTICE T HAT fe e U NOT  ANAUITIC AT Z=i AnD AT 7+
(z-1){z-1)
WE o FIMT UsE PARTIAL FRACTION  OECIMPwIN
z A, b ziMz)eB(z)

(z-1)(z-1) z-r 7+ 727 — A:_] b ) -]
l"[ ’l y)

Z=1 =  Be Lo 11

-1 1

Ty I ](ﬁmﬂﬁjdz:}.ﬁ.h{p}_@wz
c £t FAY ¢ € Z-| o

Z-1 ) : |
D
© ofFmE  C, 70 BL CLOCKWE LOOP  ARoumd Z=

TUEN } -%-d?t 0 JINLE VZ“‘ o ANALITIC fNJ/dQ C’ ’

¢ < '
BY  PaTy OF FolmamioN REsUlr T, WL GET ) A dZ'-'/ Az
¢, 7 G5 7
WHERT (15 iy CLOCUWIER contoup  lz-if: 8 @C
BuT ] Adz’z—?ﬁi{ﬂr). | |
§ Z-i ‘
Er\!crq } B dz: o } Az -T5i A
H : C, z-1 / C. Z'-f (2
e NOw O F FNE C, 70 BF CounTELcLocwy B Loof ANOUND Z=1T f @
!
7 HEN J A dzio swar I, 0 Ahlyhe wode G u

€, 2

R g
Mo By PATH O EFORMATION } Lz }C Loz Wb Cog (aunterclock

¢, 2 & wije
THUS } Fizg dz = J f[udz&} Fzjdz - gk Do B |
¢ ¢ # . Q;;,‘(B~A)‘= Toi(i)--17 .



722
THEOREM [ CAtcHy ~INTEORAL FORMULA)

LET C BE A JMPLE Cloykp CONTOUR ORIEWTED (QUNTRRCLOCU WIS T

f Flz) 1y maeTic NJDF MD oN C . THEN 1F Z, 1y ANY POINT NIk c/

WwE  HAVE
{{ZOJ: L j -—-———-.F[Z} dZ
2ui c Z2-7s

bhoof  NoTicE Twar  f(z)
Z-1s

I MAITIC INGDE AN oN (0 EXCRPT AT

Ly
Tgus By CAULHY- GOUMAT WE (AN DF FORM Ad
re| fw g |tz
¢ Z-0s Cr 2700
withe  Cpedz ] tzemlEr )

b dz s | (Bufim) ) 4z

Now WE WRITE j fiz) dz - J
cr

2 ir 2-7s Cr Z-7s
THIS iy THAT I - Qﬁ; 'FlZ’o) + } iﬁ_z)-ﬂ?ol dz.
Cr Z2<7a

sneE I a0 In T(Zo) arn o EPEND EMT OF T, WE
F40 10 Of7 AN

Tomifiz s o | REfEds
. F40 or Z-7a

guT j} oY JZI{ MA X } Fiz)- fl?o)l Dw [ = MAX [T -t 2:‘:“ (f)
(r Z-1a Cr YERe: Cr

Now OFFNE  Mpe MAL }F[Z)-lt(zo)l. SINCE
(r

1A flz) = F(2e) & F=0, do THAT Mr—0 4 40,
dvee, Uy mPLEy fr-Tao) dz| — 0 A [0 TRy (+)

cr Z- 1o
Vifio T AT I+ |

CAN TAUE Tu bk LmMIT

F DONTINYOUY AT Z4 1T FOLLOW

Z2-7o

dz: tnifin) — Floo)= - / Ttz Jq
lai 1, 27,



-1
r~a
LS XY

PR

2 2
EYAMPLE | EVALUATE I=/ Z[_Jz WHLRE G s FLupsE X v 4y led
c

ONIENTED  COUNTERCLOCK WISE,

SoiUl 1N WE DEFoRM T0 CONTOUR Ay suowN  SINCT ,/Z AN AT RACIPY AT z:0.
THIN (/ t j )[’/Z)dzz O BY CAUMY-GOURJSAT
WHERE (g 1e CHRCLE [z1=§ OMNENTED CLOCHWIJE

iz - } Ly = 2u By PROVow NoTF).
Z

TH ]C..lz_.o]z=~[ J,

i
(,52

NOW wcé ORINTTD  (QUNTERCLOcU wiJE

f A1 odz jzﬁ__,_l_m_iée;*dtﬁ?rr. Ty L= 25,

it
i3 4 o §¢
EXAMPLE 2 CAtcurpars I } _{_2’; wUERE  C 1y PATH Suown BElow,
¢zl
C NoTicE: z:-1, 1 ARE pPowny wygab flz): o

————

z%|
| I NoT ANAUYT(C, BAT oy Z=-1 13 wenpt

WE CAY OEFORAM (A JHOWN :

wu;{} ¢ J )m;—-dzw) BY CAUGHY -
¢ gl 2 GOUASAT,
BT R R
20 2y Uz
WE  CONCLUB T THAT [ L dz =0 sk Fozie-o o Avaric
¢ Lzl I rA)
INJIpE  AND  ON T HY —l—olzzj il dZ'
C f }C Zl_l C Z[ZH}
~— L dz= O . BY cAUCHY-
NOW BY PATH OF Fo R MAT(ON 7 ¢t 4 .
e T )Cs Het) GOURI AT
HEACE, } ‘—*—(—1—‘ dz - +[ U ‘-'-'_L} 1 dz =l (250 ) oWtr -Gy
¢ 1 CSZ[Z*“ Z—Ca el Z b0 U NT ER Gl ¢ K wist
TR R (AN O SRS 5
¢z 2



2 :
/c %AZ+/C3?JZ 0.

EXAMPLE 3 cArcit T: | 32-2 dz wiH ¢ A5 snowN,
¢ Z{Z-1)
rup wrisrAN 3T 2 AT
. zlz-1)
[0 : EXCEPT AT Z:0 AND 73 .
Wf WE  PARYM RRACT (DN : é__z____?. - f,_ + ,,,Bm
7{z-1) 7 7-
HEN CE 37-1% Mz)+ Bz 770 — Ae?
oz — Bl
- 2 CJZ' ¥ J L dz.
T W) I ]C . c oy
For  I,= j ldz Wi olFORM A FoLowy éﬁcg
. I
THEN BY  CALCHY- GOURIAT

I+ Zdz e- jca-&d%/ 2 dz= 20287),

¢ ? 7

'CS 4
counforeloclw g

A

fon I, } Lo wi 0EFoRM A
. -]
§0 }—L— J'Z*rl ——LCJZ‘-O
¢ Z“‘ C& Z“I
THY 4od7 - ]
jc Z- c§ -
THERIFORE,

¢ ZI1Z-1)

T

BY caCHY- Go URJAT,

L dz- j by Dy
Z-1

{

counrin ¢Jo cUw e

T { 3z-2 3-22 I‘+I2= 4ui+ Laj~ b,



Faambir 4 cALCUIATE 1',/
c

oRIEN TED
AN
NOTICE 7 HAT "K(zﬁ I ANALYTIC KRCRPT AT Z=:-j 3, -3
(9-7°}{2+7)
ONUW Z=-1 15 miE  C. o wl CAN WE PARTIAL RFRACIQNS B UT NJTEAD
HIE  cAldcyy INTFoRAaL FORMY (A
1[[2'0):-2-1*._ _fii_’ d7 wyly cow){enc}ocl&wuﬁ
AN AR 2 TINNG Zo Ao T Anal fi
wide ovd v
AR s L | 1w dz
Tii 1o 24
LT f(z)e 7fq.51 THEN Tni Fie0) e ] tz), "!7"] e ..dz
¢ i ¢ (12" )Tn)
- Z/q. X -
THUj J - qu Zz} dz’ﬁ ?H { ( mz?)j s Zﬁ; (-1L-—) E ﬁ/
¢ Ty 122 1y 94 5
Jo I - 71/5
EX AMPLE (fTC THE uwmiT CGRo(E JZEEh QMIRWIED (QUATER CLOocuwisT,
4 A
CALCYLATE J e dz FoR ANY CONTANT Q_  AND FROM TS PAOVE
‘ C
THAT }’ o 1014 cod fsw @) dq =T, $_
o
a7
PROOF  BY  cABCHY- wIEGRAL FOAMULA  JuNCE Frz)=¢° 4 ANALITIC
WinE Ao oN  C wh o 0BT AN,
Q 7 . .
-F(O): s j e? dz i THUJ J __e_q_‘ dz: Qﬁ; SINCE \F{ﬂ)“‘.
Liij Z-0 ¢ Z

COUNTRR CLOCKWIS T,

7 dz gOTAE Disy ylso €23

(q-Zz)[Zf})

D

wiukpr




F: zid)  dg
Ir grisd) - e ¢ orq
( wz J e(j(cw i$mg) ,e"? d({ = :/ 0 fCOJ((lS!NQ)
o 0 Fisn(aime)] d(e
Ui
eawldz Lo;[aim(ﬂ)dtﬁi] 9~/ QMOJC@

Q

o azie) )
. . ez | e dz | J1
wow w7 oz el = Jz/dwuew jc /0 q

THUS,

e ' 4

THY 15 - I( jo'

v [ iy ) dg

TAKE TMA O INAR pAry; OF BoTy JJDEJ}

I
("// ]’ GQLOJQ
0

y[asa) d({

T

o PV Lo (auwa)dg = O
K

HowlvER, SHCE  INEGRAND  IN (#] U EVEN N (sz THEN

T Lo -
/ o™ QLO;(MWQ)&\Q“H
J
Iy n
FXAMPLE b cALcHuTE I‘[ cos” @ dg  WiTq D A PourwE INTEGER,
0
j .
WE  WRiTE Longv.%l'lﬂjz ) witd z e o dzeie ‘Qd(e - ‘d_zdtp

1z

WP NvEeT I 70 A LWE nIeRAL OVRR UNT CRCLE ORINTED  COUNTRRCLOCHWSF

WE  WRiTE oo, ) Ny 0
"iqdg s | Ly, Py dz e } (207, )" d2
: (o 7 g g<
T [0 ) 4 ‘? . l 7 ];Z }220 c Z »
N .
NOow  THE BmomAL THEOREM g (mb)m: 7 aznkbyf [ 23} AND
' K0
WE APPLY 1T wiTy Q=7 be f/z WE CALCULATE,
, 0 i - 7n 2n-1x-1
P2 e 7 ke Z Zm K=o C

WE NOW DEFORM YO A CIRCULAR D OF RADWS S CEMEMD AT Tuf oRIGIN

O/ MORE JIMPLY MOTicE M RECALL THAT / zmofz-; O IF mF-l
C

Il 0 M=-]



TS, THE ONLY TEEM N TUE JUM TO (ONTRIBUTE 10 WHEN K,

e "o s Ir (1)
2 T 1 ZD Zﬂ'j '~___’i_ .
I"IO () ¢ dq }221} ( n) 220 (ng)'l
!
WE  REcALl Ky _Ha
| | J ) Jalhd)e )
THU T« Ip  Inl)(in-2).. | «.jjﬂfzn{ZD'Z)IZn-f!)--2_][(204)[20-3}..i]
2 (). 3en Jit23n) 2 Dl n]f -2 0]
o %% [onin-a)an-4). 210 (204 (20-3)-- 1]
(2.4 ()] [2-4- 0]
THU S L ( [-3... 12n-u}
[(2-4- 10 )
1 -
FOR mTANCE J " o) Sl des I -3.5.7. 9
° 2.4.4.%5-10 /-

(oNSEQUENCLE)Y OF THE CAucuY INTEGRAL FORMUILA

KEY POt | ar T 05 ANALNTIC WiTHIN AND ON A JIMPLE (loskp WONTOyR (
J

THEA Foa ANy PowT  Z NuoE C (ORIENTRD {ouwr[ﬂuocxwuf) Wl HAVE

¢

Fiz)- _L“/ F ) 19 @ §~plave
mi ¢ §-1

) (n
AND  THAT FI/F,--‘,F PUARE ALL MNALYTIC AT Z. W 0T AR WORD J
/

———y

IF ‘t” ANALYTIC AT PomNT 7z Tufn i1y DERWAT INE) ofF ALl ORoE Ry

ARE  Alio ANALYTiC AT PO 2. MOMOVER/

][[n}(zjz .ﬂ:?.} 'F(ﬁ) ds
i A (47 )™



PROOF Wi FluT Juow Tam Flizy Exuirg FoR ANy Z W C} Anp 128

Flizys L / ﬂil_l f}f (Le. we cow dffereatrale undea !Mleﬂrq]
2”’! C ((7'2) “SN )

o PROVE Ty, wE NOTE  THAT JINCE Z 15 IwRE C/TJH'rJ FoR 7+ A7

ToMiT Auo BE M C roRk Az Imaw EnOUGH,

wb  cAtciar ek \E f(mﬂz)-{fz) . L ) [ [ - MLM] f_f_ﬁ__f 055 (¥
e oy bl sz loge
Ty T - __,L..__) Fio) d5  osTAMID BY comBmng (X,
751 ¢ 1§-2-07)(8-2)

NOW  ADD  AND  JUBTRACT

T- J..J o o}zr_!_}[(iw-—l-m —J-—-IJ flﬂ)dﬁ

i e (5-2) 1w, b zdz)lz) )
:.L}J«[l~‘]7t(’1}d7
lai | (4l bz 41
J'--‘-Jfﬁ]dz:.._lmdzj -—_ﬂi/—_a’g (+)
Jui 1 (s} Iy 5 [9‘?-15?)[5-2)2

o LET [hz[=0 ao ofEmr Mz MAX [Eo L we war v0 Jnow
¢

THAT ]RHJI oF (+) TENDy To QO N Az | — 0,

Now SM¢E 2 s mimE C o, TRiw THERE o A PONTNE  CONITAT d

—

iy tuar 15-z1y dro for At 6 v towem Coter lhzld)

Talv BY b INFauAury I
¢
Z

ooz hz] s | lszt- 1azt ] -+ d)
Fob  §  oN cowrour (. TUERT o RE,

] ¢ | b § o
(5-2-f2 Is-z* ) d°




Wl THW EyTIMATE

Ly | Ll ] ¢ mm}/_rﬂﬂmm_laz/ i)
il Gzdzls) ¢

119 (g uax [T —L—;
6247 (-2 Gon C (ié )d

bt }'[

THY (A4) BTCoMEy,

winl Ls fer:jﬂw (C).

FNALLY N (4)

7. ,) ¥“’45{5 Izl wax 1F5]) 2 L =0 & bzao.
Tni ¢ l4-z1

swet J— Tk bz 0, wr owave

Mgy iy
S /c (47 4

wilicu  JUdTIFiEs DIFFERENTIATING  UNORR  Tub @Wrfipp JIGN,

FURTAER  oqf FEREmTATIoN k(o Tudt T2 pxun ror awy g

Mo g0 |
]cmi(”: _i__ﬂo/ Fis) (j{
In; [§-7 )™

SINGE Z v ARBoRAMY  wsE () THEN By e

Motacy POt gk C For ANY DY O,

NOTE + Tqu 1y vERY O(FFERENT FROM  CALCULUy, J.e. LET f(x):)(?’w[’/x)

row orhy v s T T bxwn 8o (0 vor wor a1 o



KEY PomT 2 LEr O BE A J/MPLE CLOJED cONTOUR  Awd  LET iy

BE ANANTIC DE Awo on C. TWEN oF Z us i () ¢ plave

F0 () N / t4 dy . wy
2 C [5*2}0,1{

TAAm  Cpr0 BETAE DISK [§-71= R, Awo Assdmig THAT

sl ¢ M ov Cp, Wi EinMATE FroM o () THAT

ELUTIIE nL M [273R) = no M (F) CAUC HY'S

In ?“' pn INE QUALITY.

TG EJTOMATE  LEADS Y0 AN IMPORTANT  REJULT  KNownN A Lo UV ILLEY

THEQREM -

LOYVILLEY THEOREM  Lgr F[4) BE AN EWTRE FUNCIION  THAT

Ij BoywdED [ 1e. HtHHFM) ForR ALl () N T4E [OMPLEX PLANE,
TYEN “5) IS (ONJTANT FOR ALl 6

PROOF Pick ANY  POINT z N (OMPLEX PLANE  AND D EFINE

Cp: l4-z1= R THEN  FROmMi wimn DL wE o HAVE

[file M
R

SINCE R cAv 8F  MADE  ARBITRARILY LARGE  WHILE Hiz) u a Fxeo
NUMBER 17 FOLLOW  Tuar t/(z)= 0. sWek z s ARB ITRARY

1T Fotltow  Typr f’lz)=o For AL 7 Ao ONJSEQURNTLY

1t{2): C C = CONITANT VZ_



ks ) fisy o ewar o TREFleM Vg — Fuoonmr

PROOF (L ET j“’" ew’}. THEN 3!4) I FNTRE SmcE T,
sow i1 frusiy. — 3: eueiv AND Ij(SH: eu‘
gt ug (Ul M o §-plove —» ljlsllseM.

THis jl‘.l wo ENTWRE  Bouwokp FuNCT jow. LIOJVILLEY TAEQREM

VIELY  Taar j“l y A ONTINT S f(ﬁ/:[ommwr,

poaF T B om0 M E LM ¥ — F oy o,
e-zFH}

i

70 PROVE THIS JTAR W(TH 3[3% AND  ForLow (I},

AEY PO 3 LEr Tiz ) BF ANALYIIC NIDE AN oN A JIMPLE

clojEp onNTOuR C THAT 15 A CIIRC[E | CounTRRCLOCKWUE) ©of RAowy

R CENTERED AT Z,. THEN
15 )
(%) ]E(Zo): ?"L“f {(ZQTRQIQ}C’({’ = gyerage of the value
v of T ov the circl.

(%) U CALLED THE MEAN- VALUE PROPFRTY,

1

PROOF {[Zo)‘ _‘_i__“] F(Z) CJZ,T _l_} IE[ZN?U LJE (;}(f
| Tiri C 7" 7a Ji o Cle-To d(?

Now  LET Z-Z,: Re'® dz/dq)-'- iRed z(q) 74+ Re' ¥

1n . .
i) Fizo) - “L"} iz Bert) iRe' I
I, Rei g

1w .
Fz,) - -—L/ f(z, 10 ¢) dg
Iy 1,



137
PRoPoyiTioN (MAX-MopuLbs PANGPLE - LO(AL VERJION} O

i FOBE ANAWYTIC N A DOMAW D Avd AJUNE TUM iz

ab 4 toci MaxwM ATz, w0 D, e [Fiz)le [zl For oz
W JoME NE(CHBOURROOD OF Zo. THEN  Y(z) 18 A CONITANT W JoME

NELCHBORHDOD OF Z,

R0 OF LET 2o o D, AN JUPPLIE  THM iF(Z/fé’/lE(Za)l W JoME

DSk [Z2-Zs0¢ Ty v D. WE  WANT TO JUOw TUAT H{z}}= Hf?o)l oN
[2-7.] < My SurposE INVTRAD TRAT  THERE 1 A POINT Z, W 17-2, 1< Ty
wigne [ F(z )< Fiza)l, swer T o CONTINYOUS, AND  WE (AN WRITE

Zozor P win rer, TR THEN 4 M £50 M >0 sue
ThAT [ Flzame™®) )« I Fm)l- & wibn lq-qlce.

FQUNALENTLY,

]F(zawe”@”‘j’/( [Pz l~§  whe [¢l<g‘

WE NOW OB TAIN A CONTRADICTION Wi MEAN- vALYE  PROPERTY

IRTENTE fl___-/i Fizire W"w) 19|
't . ¢ .
¢ - /} [Fi v ele ’ﬁ})/dﬁﬁ + 2—}:/5 Iffzofre‘“p"wldyf
[ by
i
< ELI_(]-F(ZO)J [71‘-{) " [H[Z’g)l~8]?£+ ]F{ZG)I(F*E})

!F[Zo]l { H(Zo)l" _%SS_ ——=> (ONTRADICTION N (f £J§>O.

Ji
T THRNE WMo PowT o I7ezyler, witw | Fiz < Tz

FoLLOwW  THAT [ fiz)]: [Tizo)] kot s 7 W 1Z-7,1¢ T,



TH  TFl w4 onTanT w1z 26l < T, M0 do Fiz) us @

ONSTANT N [Z-70 ¢ To, —> 772, CANKOT  BE A JimcT LOCAL MAX Of IFiz) |

IN TR DIIK.

THFOREM | MAX- Moou s PRwCiPcR) GLOBAL VERJION

kT Fzg 8F ANALYTIC INGOF AND ON A JuMPLE  CLOJED  CURVE
TWEN  Tur  MAX  oF | Fim] cawmot OccuR AT AN INTER (O R Pouvr/

Avd  NJTEAD  MuwT  OCCUR  ON CJ UNLESS f(Z) i (ONJTANT,

PRoOF  LET D ODfnorE THE OPEN NTENOR OF  C JuPpOsE  THAT

e it

[Fizjle Mo FoR A 7 w D

AND  THAT  THEIC i A POINT 7o IN D guew  THaT
}H?o)I’Mo.
S Dow ook THEE 0 domE DN [Z-7, [« Po loniamed N D
Vs

AD  BY THE LOCAL MAXIMUM  PRINCIPLE [PROPOJTioN P.T327) 1T Foriowy

THAT [ T(z)]= My, Foh AL Z wn [z-2k Po
{18 IN J})ar{ed R€3 oN |,

Now  AumbE TaAT TRl o woT upgwr rca Ly
CONTANT.  THEWN THERD & 4 PomT ? w D Fol wylcH

P FC2)1# Mo S Mo u MAX-VALUE, Wi MUT HAVE THE

simetr  WEQuALTy T Fizale M,
A
SINCGE DA (OMNEUTRD JET, WE (AV JOW Z o 7, WTH

foN&  CURVE, OR BROKRN LINE, 1YiNG ENTIRELY v D [Jee Fig ure anVe)

By THE  conTmury of  Lfezyf THERE MWT BT PO oM Ty (peyE |

NEAR 7 AT waew | Fiz)] ¢ Mo, EvENTUACY wE MuyT ARLIVE AT

"~
A POINT  Z Fod WHICH }H?JI’MQ.



OoNT  Sucd  POINT wWOULD OCCuR AT nT RamECTON  OF ]2-2,:,]:/?0

wiTH  CurvE L )

~ ~
Now  (ONJIO TR THE  CORCLE [DOTTED ONE iy F;(,Uﬂﬁ) ’Z-Z’:}D

(Ve W E Do By THE locAr MAXIMUM  PRINCPCE Sk )F(‘z‘)/ffqa/

W MWT ANE [ Frzg ] My POk ALz Jz-T e
HOWEVERN  THRERE ARG PO w1y  ONHDE ]Z-EI(;) wHicy Al LIE ON
comE L For Wmcn [ Tiz)f¢ My HEACE, wl HANE A (ONTAADICT/ON
AND do THERE (AN BE MO PO For wuiey | Fizgl < Mo
e, I hel o mer oseoA cownant EvBywang oW D ore.
[fizgl= Mo W D = Tiz): Gumwr w D,
ow o Tz ouoa NON CONJTANT  FUNCriON |, 1T FOLLOW  THAT

tf Max oM of [ flzyl CAMNOT  occun AT AN INTELIOR AOWT.

THY TAE MAXMuM of  [fiz)] Mt occup on  TuF gounoAMY C.

THE ORI M LET ¢ 8F A JIMPLE  CLosRp  CURVE . LET gé[xJH
BF A HARMOMC FuNcTioN  NHDE  C AnD  BOuUNBLD oN (| TYHEN

by Arrams s MAXIMON VALUE oN C.

PRoOF LEr o= dviv WHEN Y 1 HARNMOMIC (ONJ WoATE.

rubd Flz) u ANALYIC AN HENGE G0 g 3[ZJ:€ﬂz;

By MAXiMuM ~-MOD LUy PlINCIPLE Ijl'- e¢ ATThAing 1T MAaXIMUM

VALUE  oN (. SNCE €7 A MONOTONE  INCETAS we  FUNCIIO A

NS T FoLows T HAT 55(&7) ATTAN 17 MAXKIMUM VALUE o (.



Fiz) u Matiric Md NONZER O iNE ANo ON )

C. dvow 74 [F1 #y WO JTNCT LOCAL
Mé [T 1 occom on C.

REMARK (i) JuPPOSE  THAT
CLOJED  JIMPLE  CONIO 0h

MINMA ik O, AND WEN(I
RF g lz) I'/F(Z)' o Tlz)40 fon My Z mde C

PROOT

THEN glz) Iy ANAW!C mide C o o (.

oy B M-M TioldfM  fg(z) = Lo aTTAN 1T MAKIMEM

IFiz))

VALWE ol C —> Ryl arrame o Miwmur VALE o ()

w 12141,

2
EXAMPLE ] END MAX Ao M of et ]
1
S o e 7lel

1
f[z)= ez YoOANAYTIC, TUL  MAK AND MIN OF Ie

SINcE
] 1 * ? 1
f 7 [: ]eREIZ)H/M(Z// BRHZ): eco;?d’

ON i?{‘f wrl PUT b
S
MIN

wifs ze e 4 Ty lezz/= e,(o’zq oz I=1.
MAA @uu
x :’_!)

:
wax leP s e (whew qeoi: 1o Z
Mid
MiN {ezlj A Y (@*»?T/bs:r/lj Jo. 7= t1)

EXAMPLE ) Ewo M A0 MAX oF [zt o lzl<t.

LET {(z}: ZBQZ. JINCE f(0]=0 TyE MIN- MOD UL PRIN(PAL

sepiy Ao MW [ Fzgl s el 0,

00Es NOT
[z]¢1
BUT, BY MAK- MoD UL PRWGPLE, SWCE Tlz) u AawyTiC O
AL
o L Fzg] s o LRy L oman T Lage ©Y4) <
izf¢] 7]z AN 0¢q¢ 2



13
Rx AMPLE 3 Syreosk  THAT TEIZJ i ANALYTIC IxspE Ano oN C @

mo e T -f[< 1 Rk ML Z o . PROVE ThAT fiz)

way NO o zEROES wE C (e W pont Z mude C whete Tiz1:0)

fROQ ¥ LET j{z): ﬂz)-{‘ 3[2‘} 1) Ma]y}:c ingide o o (.

THEN B AJJUMPTCON lj[Z;lH oN (.

BY  WaK- MogULw PANCIPLE, [gizyl<l Fob MLz ide C,
aNeE Flz): o FoR JoME  Zo mwide  C mpuy  thet Ij!zm:f)
e ooy lglz)[<l fok L2 mide ¢ lead Yo a rovrasviciion,

THUJ, Fiz)ro wh wo poow wide €.

b

3
ExAMPLE 4 pROvE THM THE POLIMOMIAL - plz): 34,_2 *..4}..2 f 1z 450
b

HA) No  ROOTS 2 fNJHJP, lz1¢1.
s L2 3¢ ko lzlel BY

; gie | plz) -l s L+ L
5oL WE CALC f Ty
A Wk uminy.

.

Ty THE Ploof  OF  EXAMPLE 3 — NO RO TO PlZ):0 mw z|¢l,

FXAMPLD 5 er Flz) B awbuymie ow 1< lz e Ao
[fiz)l¢3 o lzlsl 4w [ Fizple iz o Iz 152, leovE

mi b leslzlt orow e [zlen
PROOT DEFINK 3[2): ?[2//322_ TUy L AALY e W < |z )¢

o TAE 0wtk on Rzl ow Tzt Ao [Z(:3 rrovD TaaT g(z) <]
ov lzl= 1 o o lzl=2. Tyw, 8y MAX- MopuLUS PRIN(IPLE

lglz)l 1 o 1elzler —  f)le3izl?
o ¢ {zI[€7,



I3
EXAMPLE b O
3 -
ewp MAxmuM  OF U RE(ZT) ov Taf gaudre [o,1]x Lo, 1]/

A HAMNoMc Fuwarod (REAL PART oF ANAWTIC FUNLTION)

SINCE U
TyE  THE  MAxmuM oF U occub O TAR BoundARY of Tuﬁ!JduﬁRE.
Y
3 T
WE  CALCHIATE E RE((Xr}x/}SJ'-‘ X v3X)/7.
l R
o Lf Xiyro — 0 | 0 B/"! X
MAX

s 8 MAK A X = Uy
achyeved

| = 1“3\{1 Max AT Y:()_,MMAKH here.

oy B¢ y: 0

oy R: Xzl =
oN T y=l — U X3~3)(1 X?(X-.U MAXx A1 X+ 0 = Umyr O
T HU) Uixy) ¢ e [o1Tx [0, 1]

FuUNDAMENTAL TYFOREM OF ALGCEBRA
(OMPLEX Axd Sylbur N> wTH 4,¢ 0.

Plz)s Gov 0zt t Q7"

LET Qo,... Un 8F
DEFING  THE PO LYNOMIM
TYEN, THERE 1 A PO Zo Sdcy THAT  P(Ze): 0,

PRoo F [ BY LroUVILLE THEOREM  AAD LONTMD{CT(QM)_WE MockEs  BY CONTRADICTION .

Suppos p[z}#o FOR ANY Z., THEW OF FnE F{Z):I/P(Z)' F{z)

AN ENTAE  FUNGON, AND WE CAN Fin0 Av R> 0 so THAT

| Fiz)): —= <« & R AL 7 W [z12R. (rorsoME €>0 )
Pzl gyl R®
T4 f(z) y Boumo kD FOM AL Z. BY LOUVILLEDY THE oM | HZ)

o onEquintyy Lz, MuT 8F A (owTaer. BUT Plz) W

porwoMiAL. T (oNTRADICT) AUMPTIN  Plz)#Q FoR

A NONCONIT ANT
N Z



