ON ANISOTROPIC CURVATURE FLOW EQUATIONS

HIROSHI MATANO AND JUNCHENG WEI

ABSTRACT. We study the anisotropic flow V' = bk? where b > 0.
We prove that if % < o < 1, only type I blow up occurs and
if0<o< % Type II blow up occurs. We also establish a prior
estimates and existence of stationary solutions of self-similar curves

and the existence of “ Abresch-Langer” type curves.

1. INTRODUCTION

In this paper, we consider the following generalized anisotropic cur-

vature flow equations

(1.1) V = b(0)k°

where V' be the inward velocity of embedded closed curves I'y of R? in

the direction of its unit inward normal vector
n(0) = (cos 0, sin ),

k is the inward curvature of I';;, 0 < o < 1 and b(f) is a positive
2m-periodic functions.

Problem has two significant interpretations. When b = 1,0 = 1,
equation (1.1) is the well-known curve shortening problem and has
been studied extensively, see [11], [12], [14]. Equation (1.1) can be seen

as the generalization of the curve shortening problem to Minkowski
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geometry. It can also be regarded as a simplified model of the motion
of the interface of a metal crystal as it melts , see [3], [11].

Note that when o = %, problem (1.1) arises in the image processing,
see [17]. It also arises in affine geometry, see [2].

The case when ¢ = 1,0 # 1 has been studied by Gage [11] and
Gage and Y. Li [13]. The first author and Taniyama in [16] considered
the isotropic case b = 1,0 < o < 1. In this paper, we consider the
anisotropic case, namely, 0 < ¢ < 1,b # 1. To introduce our results,
we first give some definitions.

If k> 0, then (1.1) is equivalent to the following
(1.2) v = Ub(H)’%vH%(vgg +v)
with v = bk7.

It is well-known that starting from a convex curve, solutions of (1.1)
will shrink to a point in a finite time 7" < co. To study the asymptotic

behavior of the curves as t — T, we introduce the following rescaled

function
o 1
u(ev T) = (T - t)mv(67 t)a T = log(T—t)
We have that u satisfies
1oq41 I 1 1
(1.3) uTzab_;uH}f(uee-i—U— l_l_ab;u ;)
Let a = l—ll—ab%' Then a stationary solution of (1.3) is the following
(1.4) uge +u — — = 0,0 € R/(2nZ)
uOl
with a = %

We call the following equation as (1.4)
Ugg +u— — = 0,0 € R)(2knZ)
ua

We give the following definition.
Definition: Equation (1.1) has a type I blow up if solution of (1.3)
remains bounded as 7 — oo and has a type II blow up if solutions of

(1.3) becomes bounded as 7 — 0.
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One of the main results of this paper is the following classification

of singularities theorem.

Theorem 1.1. Let b > 0 be a smooth 27 periodic function. If% <
o < 1, then only Type I blow up occurs. More precisely, every convex
curve which evolves by equation (1.1) evolves to a point in finite time
and the renormalized curve has a convergent sequence which converges
to the shape of a self-similar solution.

If0<o< %, then there exists Type II blow up.
Remark: For % < o0 <1, Theorem 1.1 can be reinterpreted as follows

Corollary 1.1. Every positive, smooth function b(0) defined on the
circle can be written as

1

(15) 06 = b (hay + ) =

where h is the support function of a convex set, % <o <1landk=

(heg + h)~! is the curvature of its boundary.

The case o = % is more complicated. Note that when b = 1, only
Type I blow up occurs by results of [16]. But for general b, it is unclear.
The following interesting result shows the difference between isotropic

and anisotropic flows.

Theorem 1.2. Let 0 = 5,a(f) = 1}”1)5. If a'sin(20 — 6y) doesnot

change sign for some 0y, then only Type II blow up occurs.

Examples of a satisfying conditions in Theorem 1.2 are a(f) = 1 +
€ cos? 120 —0))(0<e< 1, ke Z,k>1).

Note that for 0 = 1 Theorem 1.1 gives a new proof of results in [13].

The proof of Theorem 1.1 relies on some monotonicity arguments
and a detailed study of equation (1.4) as well as equation (1.4)y.

We first prove a prior estimates for solutions of (1.4);. Let av = %
and a(f) = ;L-bo.
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Theorem 1.3. Assume that a > 0 is a continuous function and 1 <
a # 3. Then for any k € N, there exist 0 < my < M}, < co depending

on a(x) only such that for any solution of (1.4)y, we have
my < u(z) < My

Theorem 1.3 covers the results of [6] for & < 2 and k = 1. However,
our result is more general and the proof is much simpler.
From Theorem 1.3, we have the following result which is an extension

of Corollary 1.1.

Corollary 1.2. Let % <o<lando # % Then every positive, smooth

function b(0) defined on the circle can be written as

(1.6) b(0) = h (e + h) = %

where h is the support function of a conver set, and k = (hgg + h)™! is

the curvature of its boundary.

The next two theorems address the question of the existence of large
solutions (or so-called subharmonic solutions in the literature) of (1.4)y
which is used to prove Theorem 1.1. Abresch and Langer in [4] first

studied this kind of solutions for the isotropic case: ¢ =1,b = 1.

Theorem 1.4. Assume that o < 3 and a > 0 is smooth. Then there
exists a sequence of solutions uy of (1.4),, with minimal period 2wjm
such that uy, has exactly py, local maximum points, yi, ..., Yp, . Moreover,

2wy, >pk,2p% — 1w, — oo, u(y;) = 00,i =1,....,px as k — 0.

Theorem 1.5. Assume that o > 3 and a > 0 is smooth. Then there
exists a sequence of solutions uy of (1.4),, with minimal period 2wy
such that uy, has exactly py, local mazimum points, yi, ..., yp, . Moreover,

2wy, <pk,2p% — T, wy — 00, u(y;) — 00,1 =1,....,p as k — 0.

Remarks: 1. For the existence of subharmonic solutions, there are
many results, see [7], [10], etc. Problem (1.4) is not included in all the
previous results on subharmonic solutions since our nonlinearity has a

linear growth at infinity.
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2. When o = %, partial results on the existence of self similar solu-
tions to (1.1) has been obtained in [5].

This paper is organized as follows: In Section 2, we prove Theorems
1.1 and 1.2 by some monotonicity arguments and the use of Theorem
1.3, 1.4 and 1.5. In Section 3, we discuss the intial value problem asso-
ciated with (1.4) and obtain some basic estimates. We prove Theorem
1.3 in Section 4 and Theorems 1.4 and 1.5 in Section 5.

Throughout this paper, the constant C,c, ¢y, ¢, co, ete. will denote
various constants which depend on b only. B = O(A) means |B| < CA
and B = o(A) means |B|/|A|] — 0. A ~ B means there exist two
generic constants C7 > 0, Cy > 0 such that C1A < B < (CZA.
Acknowledgement: We would like to thank Professor K.S. Chou for
stimulating discussions. The research of the second author is supported
by an Earmarked Grant from RGC of Hong Kong.

2. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1. We shall follow the main lines
in [16].

Let v(0) be a convex curve and 7(t) be the solution of (1.1). Since
7v(t) shrinks to a point in time 7. We assume that v(t) — zp ast — 7.

We rescale 7 as follows:

1

A(r) = (T = )75 (() = 20), 7 = log(—)

Let k(7) be the curvature of 3(7).
We begin with the following Proposition.

Proposition 2.1. The following two statements are equivalent
(a) (7)) remains bounded as T — 0.

(b) k(7) remains bounded as T — 0.

To prove Proposition 2.1, we introduce some notations first. We first

introduce the so-called generalized “ Catenary” or “ Grim Reaper”.
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Notation: A curve satisfying

T
3)
with vertex at P will be denoted by vy, p- Let Dj; g p denote the

k= M= (0)cos(0 — 0,))7,0 € (6o — g 0y +

region occupied by Vi g0 p-

For ¢ = 1,b = 1, it is called Grim Reaper. For o = %,b = 1, this
is Catenoid. For any o € (0,1], D}, p is contained in the sector with
angle ay; and vertex () where ) lies on the line § = 6, and |PQ| = 1.
Note that a; — 0 as M — co.

We now state some technical lemmas.

Lemma 2.2. Any line passing through the origin intersects 5(7) for

T > T for some 19 > 0.
Proof: The proof is easy since a line is solution to (1.1). See [16]. O

Lemma 2.3. If 4(7) remains bounded as T — oo, then there exists
0 > 0 such that
B;(0) € D(7)

where D(7) is the region occupied by 7(7).

Proof: Suppose that there exists 71 < 7 < ... < 7, = oo such that
dist(0,%(1,)) — 0 as k — oo. Then since (1) C Bg(0) for R large
and since 7(7) is convex, then there exists a modified catenary Dy, o p
such that

(i) € Dirgy.p
for some M > ¢ > 0 and |P| is very small.

Consider the solution of the following problem

1 1

141 1
vy = b vt (vgg + v —

b%vfg)

1+o
v(0,0) = Mcos(6 — 6y)

Then v = e~ 5" Mcos(f — 6,).

The equation for the peak point is

P/(T) =v(by,7) = Me T4o"
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The distance that P(7) travels from 0 to oo is

< 1
/ P (r)dr = +UM
0

o

Since M > ¢ > 0 and P is very small, then after finite time 0 will
be outside 4(7) by comparison principle. A contradiction to Lemma
2.2. L]

We are now in a position to prove Proposition 2.1.

Proof of Proposition 2.1:
Suppose that 4(7) is not bounded. Let

p(T) = max |y|
y€F(T)

Let z(7) be a point on 4 such that

|z(7) = p(7)

Then p(7) satisfies the following equation

/ 1

p(7) = () = b (7)

Now suppose 12;(7') remains bounded, then there exists M > 0 such that

k(t) < M, for all 7 > 0

Therefore p' (1) > 77 P(T)—cM? for some constant ¢ > 0 and e~ (p(1)—
c(1+ o)M?) is increasing. Since lim,_,,p(7) = oo, there exists 79 > 0
such that p(79) — ¢(1 4+ 0)M? > 1, then

p(r) > c(1+ 0)M7 + eT7e
This means that

limy_, (T — t)l%o max |z — xo| > e The
ey (t)

A contradiction to Lemma 2.2! Hence (b) implies (a).
Next suppose that k(7) is unbounded while 4(7) is bounded. In this

case, we need a few technical lemmas.
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Lemma 2.4. Let 71, v be two closed convex curves in R?. Suppose v;
is parametrized by k = ¢;(0) where k is the curvature . Suppose that
g1(0) < g2(0) and v, is tangential to o at some point (i.e. with the

same inner normal direction). Then

D(v2) C D(mn)

where D(7;) denotes the region occupied by ;.
Proof: Geometrically, this is clear. For the proof, see [16]. O

Lemma 2.5. Let k(6,t) be the positive solution solution of
(2.1) ke = k*((bk7)gg + DK7)
Let 0*(t) be such that

k(@ (t)a t) = kmaaz(t) = 02[105712);] ]{7(9, t)
Then there exists M > 0 such that

k(0,t) > kmax(t)(ﬁcos(e — 0" (t))7,0 € [6°(t) — g 0" (t) + g]

whenever Kpaz(t) > M.

Proof: There exists M > 0 such that the graph of the function
My (b~Lcos(0—6,))7 intersects the graph of k(0,0) at precisely 2 points
in the interval [0y — 7,00 + 7] for any M; > M and any 6. Con-
sider the equation on the interval [0y — 7,0 + §]. Since the func-
tion w(f,t) = k(6,t) — My(b""cos(6 — 6))s doesnot change sign at
the end point 6y £ 7, then number of zeroes of w(6,t) doesnot in-
crease as time passes (hence at most 2). Now choose any t; such that
kmaz(t1) > M and take 0y = 0*(t1), M1 = kpae(t1). Then w has
a degenerate 0 at § = 6*(t;). Therefore w does not have a zero in
[0%(t1) — 5,0%(t1)) U (0% (t1), 0% (t1) + 5. Since w > 0 at the end points,
0*(t1) £ 7, the lemma is proved. O

Lemma 2.6. Let k(0,t) be the positive solution solution of

(2.2) ke = k*((bk7)go + b7)
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Let 0*(t) be a local maximum of k(6,t) with k(6*,t) > M, then

k(6,1) > k(&*,t)(ﬁcos(& — ()7, 0 € [0"(6) = 5,6°(1) + 3]

Proof: The proof is similar to that of Lemma 2.5. U

We then have the following corollaries

Corollary 2.1. k.. (t) = maxg k(0,t) is strictly monotone increasing
for t sufficiently close to T.

Proof: Fix t; as in Lemma 2.5. Applying the strong Maximum Prin-
ciple to w on the interval [0*(¢) — 7,0"(t) + §]. Then since w > 0 at

0 = 0*(t) £ 5 and since w > 0 for t = t;. Therefore w > 0 for ¢ > #;.
Hence knaw(t) > kmaaz(t1),t > t1. O
Note: The same result was found in [1] for o = 1,b = 1 with a different

proof.

Corollary 2.2. Let P(t) be a point of v(t) be such that k attains
kmaz(t) at P(t). If kmax(t) > M, then

Y(t) C Dy,... 006 ).P1)

Proof: By Lemma 2.5, k(6,t) < kuax(t)(b1(8)cos(8 — 6%(t)))= for
0 € [6"(t) — 5,0"(t) — 3]. Therefore (¢) is contained in Dy ) 5= )
for 0 € [0*(t) — 5,0%(t) — 5]. The remaining part is also contained in

D* since 7 is convex. 0

Corollary 2.3. Let P(t) be a point of v(t) be such that k attains a
local mazimum kiocaimar(t) at P(t). If Kiocaimaxz(t) > M, then

,y(t) C Dzlocalmaz(t)ve*(t)’P(t)

Proof: the proof is the same as that in Corollary 2.2 by using Lemma
2.6 and Lemma 2.4. U
Proof of Proposition 2.1 (finished): Suppose that k(7) is not
bounded while 4(7) remains bounded, i.e. ¥(7) C Bg(0),7 > 0.
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Let 71 < 7y < ... < T < ... be such that ke, (1;) = 00(j — 00). Let

6*(7;) be as in Lemma 2.5 and let P(7) be a point on (7) corresponding
to 0 = 6*(7). By Corollary 2.2,

Y(73) C D)8 00005
As j — 00, kmae(7;) — 00. This is impossible by Lemma 2.3 since
there is a fixed radius ball inside (7). O

Next we consider the lower bound for %(7') We have

Lemma 2.7. mq-%oo];?max(e,T) < oo implies h_mT%oo];‘mm(@,T) > 0.

Remark: For 0 = 1,b = 1, Angenent [1] uses traveling waves to obtain
a similar statement.
Proof: Let M; > 0 be such that

Umaz (T) S M2

For each 0y € R/(2rZ) and small m > 0, let ug ,.(¢) be the solution
of

Upg +u* —a(u”)™* =0
u*(60) = m, (u") () = 0

Then there exist ay, s > 0 such that (uzmm)/(ﬁ) < 0for 6 € (6p—aq,b)
and (uj, ) (8) > 0 for € (6p, 6y + a2) as m — 0, we have a1, ap — §
by Lemmas 3.1 and 3.2 in Section 3 uniformly with respect to 6.
Furthermore, there exists 0 > 0 such that ug . (fo—au), up, ., (6o+az) >
M, for any 6y € R/(2nZ) and m < 6. Moreover, we can choose
sufficiently small so that the graph of uj ,, intersects u(f,0) at precisely
two points for any 6y and m < 9.

Now suppose that u,;,(7) < § and let 6, (7) be such that u(0,(7),7) =
Umin (7). Then by an argument similar to the proof of Lemma 2.5, we
see that

u(@, T) < UG*(T),umm(T)(e)

for 0 € [0.(1) — a1, 0.(T) + agl.
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Then
/9*(7)-1-042 cos(@ — 9*>d6 - /‘9*(T)+a2 a(0)008(9 — 9*)d(9 o
0.(r) k(0,7) ~ Jo.(7) (ur)>

by simple computations.

This is a contradiction since we assume that k is bounded (hence 4
is bounded by Proposition 2.1 and hence the diameter of 4 is bounded
). O

From Lemma 2.7 and the Liapunov functional method (see [15]), we

have

Proposition 2.8. Type I blow up implies that u(0,T) converges to an

equilibrium solution (namely, a self similar solution ).

We next analyze Type II blow up.

By Lemma 2.2, 0 € (1) for 7 > 79. Let p(7) = maxg dist(0,75(7)).
Assume that there exists 7 < 7 < ... < 7, — oo such that p(7,) — 0.
Let y(7) be a point on (1) where |y(7x)| = p(7x). Let eg, €} be the

unit vector such that

y(7i), ep, - ex = 0
Then we have
Lemma 2.9. Suppose max ey -3(7;) — 00. Then min ey -(73,) — —o0.

Proof: We prove Lemma 2.9 by a comparison argument similar to that
of Lemma 2.3. We use a modified catenary. Recall that a modified

catenary is a solution of the following problem
k= M(b~(@)cos (6 — 6,))7

We prove by contradiction. Suppose that miney - 3(7%) is bounded

from below. Then there exists a modified catenary D}, » such that

(1) C Disgyp

Consider the solution of the following problem

1 1 1
b?v*?)

_1
v, = ob ool

+%(U99 +v—

1+o
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v(0,0) = Mcos(0 — 6y)

Then v = e~ 5" Mcos(f — 6p).
The equation for the peak point is

/

P (1) =v(0y, 1) = Me a7
The distance that P(7) travels from 0 to oo is

< 1
/ P (r)dr = +JM
0

o

Let M be very large, then after finite time 0 will be outside 4(7) by

comparison principle. A contradiction to Lemma 2.2. 0

Lemma 2.10. Suppose that p(11) < p(72) < ... = 00. Then max |e;5 ()| —
0 as k — oo.

Remark: If o = 1 then the area of D(7) is constant. Because of this
and the convexity of 4(7), Lemma 2.10 is obvious in this case.
Proof: We need to prove that max |e;y(m)| — 0 as k — oc.

In fact, let Q(7) be the point such that p(7) = maxyes(- |y| is at-
tained. Let 0*(7) be the angle corresponding to Q(7). We can take

such a subsequence such that

1+0o

b(0" () k7 (07 (1), 75) > TP(TJ)

We first claim that there exists a point P; not far from Q(7;), where
the curvature k(f,7;) atains a local maximum. In fact let 6; be the
point closest to #*(7;) such that k(6, 7;) attains a local maximum at 6,
and that k(8;,7;) > k(6*(7;),7;) (if such local maxima accumulates at
Q(7;), then the conlusion is obvious ).

Then

(Y cos(0—0%(1)) s U sin(0 = 0°(15))
1P —Q(7y)| = (/6*(7]_) 0.7 d6)” + (/9*(73.) k(0,7)) )

<o(1)

since (6, 7) is unbounded over [0*(7;), 6;].
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Next let My = k(#;,7;). Then M5 — oo and
. 7 1
M; = k(6;,7;) = Cp= (7))

For a generalized catenery, let y € Dj@’e*’ p be a point on the line
0 = 0y. We denote £ = |yP| and n be the width at y (i.e., the length of
the segment which is the intersection of the line perpendicular to yP
and D}y p). Let us now compute § and 7.

Set k* = M (b="(8)cos(f — 65))7. Then

0 _: . 6 _
sin(0 eo)de,n _ 2/ cos(6 Ho)de
0o

A=) 0
Hence
£~ _/ sin(0 — 90
00 (cos(0 — b))
_ 1-1/0
M* T U((cos(@ 6o)) 1)
and

_/ cos(6 — 90
7 Mz 90 (cos(0 —6y))

Let 6 =0y + 5 — 0. Thena55—>0,vvehave

C 6%_721f0-<§
nNM;‘ log— lfa—%
le0'>§
C 1
~———ifo<1
¢ M: s —1

Ifo> %, then n — 0 if M* — oo. Lemma 2.10 follows.

If0<%,then
1 1 1 1

M* 1 1777 M*—
on ~§

Since P; and Q(7;) are close, we have

E~—

§~pj
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Note that

M; > C(pj)°
Hence

53,11 ~ Mip; > Cop

C > 57 tp e

Hence
0~ 085 ~ 8p; < (C6%) T — 0

since 6 — 0.

Therefore max [(7;) - €| < 2n; — 0 by the convexity of ¥(7;).

The case 0 = % is similar.

Lemma 2.10 is thus proved. 0
Finally we prove Theorem 1.1. We need the following standard

proposition.

Proposition 2.11. If v1(t) and v, (t) are two solutions of (1.1) then

the number of intersection points is nonincreasing.

Proof of Theorem 1.1. Let % < 0 < 1. By Theorem 1.4, there exists
a family of solutions of (1.4) such that the corresponding curves (we
denoted by 7, ) have the following properties;

1. the winding numbers of v = wy,

2. the number of peaks (maximum points) py < 2wy, — 1.

3. the diameter of v, — oo

4. distance from 0 to v — 0.

Let v(0) be a convex curve. Then by Theorem 1.4, the number
of intersection points between ¥(0) and i is 2pp < 2(2wy, — 1) for k
sufficiently large.

Now suppose Type Il occurs for this initial data. Let k£ be large and
fixed. By Lemma 2.9 and Lemma 2.10, 4(7) tends to a two-fold line
(at least for a sequence 17 < T < ... < 7; = 00). For each line L
that passes through the origin and j large, the number of intersection

points between 7, and L is 2wy. Therefore the number of intersection
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points between 7 and §(7;) is great than or equal to 2 x 2w, = 4wy,
for j large. This contradicts to Proposition 2.11, since 2p; < 4dwy.

Hence only type I occurs. By Proposition 2.1, we have that k(7)
is bounded. By Proposition 2.8, a subsequence of 4(7) converges to a
self-similar shape solution of (1.2).

This proves Theorem 1.1 for % <o < 1.

We next consider the case 0 < 0 < % Then by Theorem 1.3, the
set S of stationary solutions of (1.4) is compact. By Theorem 1.5,
there exists a family of solutions of (1.4),, such that the corresponding
curves (we denoted by v, ) have the following properties;

1. the winding numbers of v, = wy,

2. the number of peaks (maximum points) p, > 2wy, + 1.

3. the diameter of v, — oo

4. distance from 0 to v, — 0.

Therefore for large enough k, the number of intersection points be-
tween 7y, and any solution I' € S is 2p, > 2(2wy + 1).

Now fix k sufficiently large and take an initial data (0) such that
the number of intersection points between 4(0) and -, is 4wy, ( this is
the case if 4(0) is close to a long thin ellipse). If Type I occurs for this
initial data, then J(7) — I'* € S. Hence the number of intersection
points between I'* and 7y is 2px > 2(2wy + 1). Therefore the number
of intersection points between 4(7) and 7 is 2py, for 7 large. A contra-
diction to Proposition 2.11. So Type I blow up doesnot occur. U
Proof of Theorem 1.3. For o = %, if Type I occurs, then the rescaled
curve will approach the shape of a self similar solution. Namely, prob-
lem (1.4) has a solution u. Note that u satisfies also the following
equation

2 2

()" +4(5

5 5 )/ —au?

Mutiplying both sides by sin(20 — 6,), we have

2m
/ a (0)u"2sin(20 — 0,)d = 0
0
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By our hypothesis on a, this is impossible | Hence Type I does not

occur and only Type II occurs in this case. 0

3. PRELIMINARY ESTIMATES

In the rest of sections, we shall study equations (1.4) and (1.4); and
prove Theorems 1.3 to 1.5.

In the present section, we obtain some basic estimates that we will
need later. We always assume that a > 0 is smooth and 1 < a # 3.

We now consider the following initial value problem

" _ M
(3.1) u tu=-g /
u(z) > 0,u(xg) = M,u (x9) = 5,M >0

It is easy to see that the global solution exists and is unique. We denote
the global solution as u(z, M, ;o). If § =0, we denote u(x, M, 0; zy)
as u(x, M;zo). The purpose of this section is to understand the as-
ymptotic behaviour of u(z, M;xy) as M — oo.

Let x5, be the first positive zero of u (x, M; x) (it is easy to see that
xpr exists). A key estimate is the asymptotic behaviour of z,, — x¢ as
M — oo.

We first have

Lemma 3.1. z); — 9 — § and 15 — cos (v —xq) for x € [, 20 + 5]

as M — oo.

Proof: We assume that 1 < a # 3. The case a = 1 can be treated
similarly.

Let m = u(xy). Then m — 0 as M — oo. In fact, we have

O 1 C !
—;Su +u§—j,u <0
u u

for x € [xg, zpr].
Set

2
folu) =u* + Ca — 1u1_a
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Then (u')? + fe,(u) is increasing over [xg, ;] while (u')? + fo, (u) is

decreasing over [xg, x)s]. Hence

f02<m) > fCQ(M)

fei(m) < fo, (M)

We have M? ~ m!'=® as M — co. Hence m — 0.
Let fo,(u(zn))) = fo,(M) and zg < zpr < xpr. Then

M?u(zp)* ' ~ 1

Hence u(zp) ~ m.
Over [zar, 2], by equation (3.1), u” ~ m~®. Hence u (z) ~ m~*(z—

zpr) for « € [zp, xp]. Therefore

u(zayr) — u(zyy) = /ZM u,(:v)d:v ~m ™ (xy — za)?

Hence
Ty — 2y = O(moth)

On the other hand, we have

(’LL/)2 > fCl(M) - fCl(u)

Hence
</M du N
EM — To > =
u(znr) \/fcl(M) _fC'1<u) 2
So
T
xM—a:oza:M—zM—l—zM—xo—>§
as M — oo.

Finally % — cos (v — x¢) is an easy consequence of the above argu-
ments. U

Let —yys be the first negative zero of u(x, M, xy). Then similarly we
have yy — 3.

In the following, it will be more convenient to assume that y,, =

0,29 = ypr- We omit the index M and x in u.
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Lemma 3.2. For any solution of (3.1), we have

(3.2) W(5)= /0 : “f;f) sin (2)dz — u(0)
For o> 2 and a € C*, we have
(3.3) ] / o
2u<g)u’(g> =(3—a) /0 ’ “(52“ sin (22)dx + /0 2 Zﬁ? sin (2z)dx

Proof: (3.2) follows by multiplying equation (3.1) by sin x and inte-
grating over (0, %).
For (3.3), we note that u satisfies

u? u? au’ a
4 Oy gLy —3- )™
(3.4 )y = -y
Multiplying (3.4) by sin (2r) and integrating over (0, 7), we have (3.3).
O
Next we set
m = u(0)
M = Jrari for 1 <a<?2
exr = M?log (M) for o = 2
1
€M = ——(ags for2<a#3

We first consider the asymptotic behaviour of y,, for 1 < a < 2.

Lemma 3.3. For1 < a < 2, we have

0 3 a(x)
3.5 = — —7rd 1
(35) =5+ ([ aSsdeto)en

Proof: By equation (3.1), we have
r T ’ r, T

O_U(E):u(yM)_u<§)

Hence




ANISOTROPIC CURVATURE FLOWS 19

By (3.2),
LT % a(x) B 1 (2 a(x) B
(2) _/0 u® sin (z)dv B MO‘/O szna*1($)d$(1+0(1)) "
_ [ alw) o
- (/O st ()M
since M~ ~ m®@=D/2 and a(a —1)/2 < 1 for a < 2. O

We next consider the case when 2 < o # 3.

Lemma 3.4. For 2 < a # 3, we have

(3.6) g“ 1 @_1/m W5 (14 0(1)

ue— 2a

where m = u(0) and vy is the unique solution of

"

vy = 5%, v5(0) = 1,1,(0) = 0.

Proof: Let § > 0 be a small fixed number. Let x; be a point where
u(z) < a(0)/u®(x) for z < z1 and u(z;)** = da(0). Then
(1= 8)a(0)/u*(x) <u" < (1 +6)a(0)/u"(x)

for z € [0, z4].
We have

(w)? , (1=d)a(0 )1 5 (1= 0)a(0) (w)?, (1+0)a(0) _ (1+3)a(0)

2 (a—1)u~ (a—=1)me-1" 2 (a—1u*! = (a—1)me!
ey 2(1=0)a(0), 1 1 oy 2(1+6)a(0), 1 1

(U ) = a—1 (mozfl ue—1 )’ (U, ) — a—1 (mafl uafl)
Set y = \/%m—a—la(mx, u(z) = mu(y). Then we have v satisfies

vo(y) < v(y)

for y € [0, v1] where y; = 1/2(1 — 0)/(ac — 1)m—>"1a(0)z;.
Note that vy(y) ~ y as |y| — oc.

Hence

xla() e Y1 1
= ——dx < /(o —1)/2(1 = §)y/ma+1/a(0) = dy

v (y)
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1

= /(@ - 1)/2(1 - 0)a(0)ym™="* /Oyl =

v (y)

dy

where y; = 1/2(1 — §)/(a — 1)m~=>"1a(0)z;.
Note that v(y,) = ”(xl) — 00. We have y; — co. Hence

/Ozl (Z_(.CE) S \/(O./ — 1)/2(1 — 5>a’(0>m3_Ta /Ooo j(yy)

u*~t(x) Vo
Similarly
oa(x) — O < dy
| 5 = Ve DRI s [
Note that

a—1

u(@1) du
X Z/
m \/M(mm — i)

Z OmaT_l

Similarly we have z; < Cm = . Hence r1~m T~ ML
On the other hand, for fixed 9§, we have for a > 2,

s

2 d 1 ! 1 a
/ fL’ S / T deC(;/MNC(;mTl

) uoc—l Moz—l s l(l’)

N

Since 3 — a < a — 1, we have m(@~1/2 = o(mB-)/2),

Let 6 — 0, we have

ga a—1 [ dy e
=4/ ‘(1 1
uo‘l 2a(0 / (1+0(1))

For a = 2, we have

Lemma 3.5. For a = 2, we have

(3.7) /O Bale) y e log(M)
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Proof: We use the same notation as in Lemma 3.4.

/:1 o > /(a—=1)/2(1 + 6)a(0)ym =" /0” jy

ue1(x)

where yo = /2(1 + 8)/(ac — 1)m=2"1a(0)z;.

Note that
Ty ~ maT_l
Thus
Y2 dy
> C'log(1/m)
/0 vg (y)
and

/I1 alz) > COM *log(M)

Similarly we have

/xl alw) ~ CM log(M)

ue1(x)

Similar to the proof of Lemma 3.4, we have

/m _alz) < CM 'log(M)

ue1(x)

Hence

/’5 alz) ~ CM log(M)

ue1(x)

Lemma 3.6. For2 < a # 3 and a(z) > 0 € C', we have
(3.8)

i =5+ (3= a)/la - (e - D/2a() 2 [

o
o Yy

For oo = 2 we have

™

(3-9) Ymr — E ~ EM

Proof: Similar to Lemma 3.3, we have

21

“—en + o(enr)
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We use [.o0.t. to denote the lower order terms. By Lemma 3.2 we have

,(7r> 33—« /72r au sin 2x
u(=)= _

2acos2x ;
= l.o.t.
a—lM ue—1

a—lM/ uO‘1

Denote m = u(0). Then by equation (3.1), we have

+l.o.t.

ua

2 2 ue
M? UM gy m?
2 /0 w2
M? 1 /yM a m?  a(0)m'~®
S =+ —~7
2 a—1 uo—1 2 a—1
Hence
2a(0
a2 = 290 a4 o)

a—1
So by Lemma 3.4, we have

:——I—(S a a 1 M2 \/ a—l /Qa / —dym3 a/2(1+0(1))

2

3o 1 oo d [e]

=2+ G-a)/la-Dvia- D/EO) " [ S o)
o Yo

The case for a = 2 can be proved in a similar way.

The Lemma is proved. 0

Corollary 3.1. If a(x) > 0 is smooth, then there ezists co > 0 such
that

T
Ym > 5 + Co€nmr

for a < 3 and
T

Ym < B — Co€M

for a > 3.

In particular for a(z) = constant = a, we have
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Corollary 3.2. Let u,,(z) be the unique solution of

/

u”+u:%,u(0):(),u(0):m

u

Let y,, be the psotive zero of u, (x). Then for m sufficiently small and

M? = 24m!=* we have

T
Ym > 5 + coem

for a < 3 and
Ym < 5 — Co€m

fora >3

Next we estimate the difference between the local maximums. Let
Y, 2y be the two consecutive local maximum points. Let u(yy) =

M, y(zy) = M, Let ty be the local maximum point in between

Ym s ZM -
Then we have

/ ’

M} Moqu M2 ™ oqu

2 ) w2 )
Yy z

M M

Note that
/tM G/U,/ B a(tM>U1_a(tM> B a(yM)Mllfa N 1 /tM a
Y M

ue 1—a 1—a a—1 yo—l

M

Similarly we have

/tM au' a(za)u'"(zm)  alta)u' = (ty) N 1 /tM a
z ZM u

B a—1

/

MF 11—« 11—« a—1

By Lemmas 3.3, 3.4 and 3.5, we have

/

M g )
| s =m0t
Ym

ua—l

Hence we have proved
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Lemma 3.7. For 1 < a # 3, we have
My = Mi(14 O(err,))
Namely we have for M > M,
Mi(1 = cien,) < My < Mi(1 4 cren,)
4. PROOFS OF THEOREM 1.3 AND COROLLARY 1.2

Theorem 1.3 can be proved based on Lemma 3.2 and the following

Lemma.

Lemma 4.1. If a(x) > 0 is continuous, then for M sufficiently large

we have
T
Ym > B
for a < 3 and
T
U < B

for a > 3, where yy; is defined as in Section 3.

Proof: We just need to consider the case for a > 2. For 1 < a < 2,

we have Lemma 3.3. Similar to the proof of Lemma 3.3, we have by
(3.2) for a =2,

;T
— 0
u(2)>

for M sufficiently large. Hence yy; > 5 for M sufficiently large.
For 2 < v # 3, we have by (3.2)

/

u (g) = /02 CL(x)sin (x)dx — u(0)

ua
Let 0 > 0 be a small fixed number. Let x; be a point where a(0)(1 —
d) <a(x) < (1+0)a(0) for z < xy. Then
(1= 8)a(0)/u(z) <u’ +u < (1+6)a(0)/u*(x)

for z € [0, z1].
Note that
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and over [0, z,] we have

U §u§ufm

m
where u} is the unique solution of

u +u=(1-208a(0)/u*,u(0)=0,u0)=m
and u2, is the unique solution of

w4 u=(1+8a0)/u*,u (0) =0,u(0) =m

Then we have

2
2 a(z) — (1 = 6)a(0) 2 (1—10)a(0) | B
< /0 () sin (z)+ < /0 al) sin (x) —m
Note that

F (- 8)a(0) ey(®
| S sin @) = m = () (5)

and for 2 < a < 3, we have

for a > 3, we have

Hence
)T
—) >0
W(5)
for 2 < a < 3 and
;T
—-) <0
W(5)
for a > 3.
The Lemma is thus proved. 0

Proof of Theorem 1.3:

Let k£ > 1 be a fixed integer. Let u be a 2k period solution of (1.4)y.
It is easy to see that we just need to proved that ming<,<orr u(z) >
¢ > 0. Suppose on the contrary that we have a sequence of solutions u;

such that ming<,<ogr 4j(x) — 0. Then by Lemma 3.1, we have that u;
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has exactly L+1 local minimum points, say 0 < 27 < 29 < ... < xp_1 <
xp, = 2km such that u;(z;) — 0,7 = 1,..., L. Moreover z;41 —x; = 7
as j — 00.

Therefore L = k for j large. But by Corollary 3.3, z;11 — x; > 7 for
a < 3and z;4 —2; < for a < 3. Hence

2k =S (xi—x,1) > 2Lm for a < 3and 2kr = 37 | (z;—x;,) <
2L7 for a > 3. A contradiction ! O
Proof of Corollary 1.2: We first note that for a < 8 and « # 3, the

solution to the following equation
1

(4.1) UQg—l-u——:O,QER/(Q?TZ)
uOl

is unique and in fact is equal to 1. The proof of the above fact can be
done by using a first integral method (a proof of it can be seen in [16]
). Moreover the solution ug = 1 is nondegenerate and has a nonzero

degree. In fact let v be the solution of the linearized equation

(4.2) Voo + U +

v = Av,0 € R/(217)
Ug

Then

l4a—-A=n*A=14+a—-n°
for some n € Z,n # 0. Hence A # 0 and there are only one or two
positive eigenvalues with multiplicity 2.

By using Theorem 1.3 and a degree method, we can proceed as in

Section 5 of [6] and obtain the existence of a solution to (1.4). O

5. PROOF OF THEOREMS 1.4 AND 1.5

In this section, we apply Ding’s version of the Poincare-Birkhoff The-

orem to prove Theorems 1.4 and 1.5. We first state Ding’s result.

Lemma 5.1. ([8]) Let A denote an anular region whose inner boundary
C1 and outer boundary Coy of A are simple curves. Denote by D; the
open region bounded by C;,i = 1,2. Let W : A — W(A) C R*\{0}be
an area-preserving homeomorphism. Suppose that

(1) The inner boundary curve Cy is star-shaped about the origin.
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(2) W has a lifting W to the polar coordinates plane, that is W
satisfies P o W =W o P, where P(p,0) = (pcos 0, psin ) such that if
W(p,0) = (R(p,0),0(p,0)) Then O(p —0) — 6 > 0(< 0) on P~HC})
and O(p,0) — 0 > 0(> 0) on P71(Cy). The functions R and © are
continuous and 2m-periodic in 6.

(3) W can be extended as an area-preserving homeomorphism W :
Dy — R? so that 0 € W(Dy).

Then W has at least two fized points such that their images under P
are two different fixed points of W'.

To apply the above theorem, we first set up some notations. Let
r(a,B) = a* +a'* + B

If a function y € C'[0,T], where T is to be defined later, has only
simple zeros (namely if y(zo) = 0,y (20) # 0), we define its rotation

number ¥(y) as

’ t , t
¥(y) = km + lim tan™' YO ot YO
t—=0+ y(t)  t-7- y(t)

where k is the number of zeros of y(¢) in (0,7"). Geometrically ¢ (y) rep-
resents the total angle the vector from the origin to the point (y(t), (t))
in R? describes as t goes from 0 to T', positive angles measures clock-
wise.

Let us go back to equation (3.1). Let yi,ya, ..., Yk, ... be the local

maximum points of u(z, M;0). Set
My = u(yr), e = €M,
By Lemma 3.7 of Section 3, we have

(51) Mk(l — clek) S Mk+1 S Mk(l — clek)
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Let ¢y be defined in Corollary 3.5 and ¢; be defined in Lemma 3.6.

We now define the following constants.

3c

](w)for 1<a<?2
€1
2_) for a=2

e

T a+1

k(M) =< I(
I( Z2a) for 2 <o #3

€1

where I(a) means the largest integer less than or equal to a.

37 /ey for 1<a<?

Cy = ﬁfor o=
-4
3 for 2<a#3
2
ci2o-1 for 1<a<?2
c3 =14 3¢ for a =2

2%y for 2 < a #3

We begin with the following lemma.

Lemma 5.2. For M = My, > M, for k < k(M), we have

1 3
(52) §M < M(l — C3k’€1) < Mk < M(l + Cngl) < §M
Moreover
k(M)
(5.3) Z €)= C2

k=1

Proof: We prove (5.2) only when 1 < a < 2. The other cases are

simlar. We prove it by induction. In fact suppose
M1 —2%(k—1)e;) < My < M(1+2%(k—1)eq)
Then by (5.1)
M1 < Mi(1 4 creg) < M + 2% (k — 1)Mey + ¢; Mey,
< M+ 2%kMe; + ey Me, — 2% Meg

S M + 2a61k3M61
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since for a0 < 2
aMe, =M < (M —2% M)~
<e2°M™“

Simlarly we have the other inequality.

We now have

KM) k(M)
de= > (M4 20kM )
k=1 k=1

2 270{713a+1/(2a+1cl) = ¢y

U
The next lemma is the key estimate.
Lemma 5.3. Let M > 2Nt M, and
M" = Myai-vyi1, ki = k(M) i=2,..,N
Then
kn
Z €r > Neco
k=1
Proof: In fact it easy to see that
. 1 .
M > 5MH >2 VM > M, i=2,...,N
By Lemma 5.2, we have
kit1
Z €, = Co
k’Zki-i-].
kn N kit
S A=Y @z
k=1 i=1 k=k;+1
O

Let M = M, and y; be the local maximum points of u(x, M, 0;0).
Note that y; = 0.Then we have



30 HIROSHI MATANO AND JUNCHENG WEI

Corollary 5.1. For M > 2V M, we have

kN

Z(yk—H —yr) > knm 4+ Neges
k=1

for1<a <3 and

kn

Z(yk-i-l —yx) < knm — Ncoes
=1

for a > 3.

We are now in a position to prove Theorem 1.4.
Proof of Theorem 1.4: Let N be such that Ncgee > 647, Let ky be
defined as in Lemma 5.3. Set

T =2knm
Consider the operator
W:(—1,00) x R— (—1,00) X R
defined by
W(a, B) = (uw(T, 1+ a,B) — 1,u/ (T, 1+ a, B)

Standard arguments show that W is an area-preserving homeomor-
phism. Observe also that u(z,1 4 «, ) is a T—periodic solution of
(1.4)x, if and only if (o, f) is a fixed point of W.

Let rg > 4V My. For r((1+a),8) = (1+a)?+ (1 +a) 2+ 5% =g,
we have that maxo<, < u(x,1 + a, ) ~ r9. Then we have for a < 3

4k
dknm + ZZL(ZJI«H — Yk)
4knm

dknT + co Z]]:Zl €

kn

1
S 4]€N7T — ZCO ;Ek

77(1 + 0676) S 4kN7T

S 4]€N7T

<A4kym — 167
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Let ng = ky — 4. Then we have proved that
77(]' + «, 6) S 4’)’1,()7'['

for r(14 «, B) = rg.
Since as r — o0, (1 + «, ) — 4ky, there exists 1 > ro such that

sup (n(1 + a, B)|r(1 +a, B) = r5) < 2nor
(5.4) <4(ky — D <inf (n(1 +a, B)|r(1 +a,B) =ri)

Let us now define the curves C; and Cy in R? by
C1 = {(a, B) € (=1,00) x R|r(1 +a, B) =13}

Cy ={(a,p) € (—1,00) x Rlr(1 +a, B) =7}

Then C4,Cy are closed simple curves and, in particular, Cy is star-
shaped around the origin. Thus define A to be the annular region
between these two curves. It is standard that the restriction of W to
A can be lifted to the plar coordinate plane through the usual covering
map P(p,0) = (pcos 8, psin 0) to a map W satisfying the periodicity

condition

W(p,0+ 2m) = W(p,0) + (0, 2m)

Then if we write W(p,0) = (R(p,0),0(p,0)), we have an integrer 7
such that

O(p,0) — 0 =2nt —n(l+«, )
for all (p,0) € P~'(A) where (a, 3) = P(p,0).

Now for each integer n such that ng < n < ky — 1 define

Then W, is still a lifting of W via the covering map P. By (5.4), it
is clear that W, satisfies conditon (2) of Lemma 5.1. The only thing
left is to verify that 0 € W (D). But this is equivalent to saying that
if (o, 8) is such that (T, o, ) = 1,4 (T, a, ) = 0 then r(a, f) < r2.

This is obvious if we choose 7 sufficiently large.
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It follows from Lemma 5.1 that W, possessses two fixed points yield-
ing two distinct fixed points (), 81) and (a2, 52) of W.

Thus u(z, a;+1, 8}) is a 2kym—periodic solutions of (1.4), . Observ-
ing that n(1+al, 3!) = 4nt we have u(z, al + 1, 3!) has exactly P, =
2n maximum points (note for r large two zeros of u(x, 1+al, 8)—1 cor-
respond to one local maximum point) and 2(ky —1) > 2n > 2(ky —4).
Moreover 73 < r(1+ «, ) < ri.

Therfore for each M we have w(M), p(M ) such that w(M) — oo, 2(w(M)—
1) > p(M) > 2(w(M) —4) and a solution uy; with pys local maximum
points, Y1, ..., Yp,, - Moreover u;(y;) > c¢M for some ¢ > 0,7 =1, ..., pu.

Let M — oo, we obtain a sequence of solutions satisfying Theoren
1.4

Theorem 1.5 can proved by similar methods. We omit the details.

O
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