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B. )" + 2),' -3y - 0', y,(t) : e-3l, lz(t) = e'

9.tv'-y-t2'. y:3t+t2
10. v"'' + 4y"' * 3)' : l; !t(j) : tl3, _v:(l) : e-' + tl3
11. ztzy" + 3l.y' - y:0, t > 0l -y1(1) : rll2, jt1) : t-1

12. t21," -r-5r,1,'-1-41 :0. r>01 y'1(7)=t-2. y2(/) =l-2 lnl
13, 1," '! = sect. 0 < t < rl2', 1l: (cosl)lncosr + rsinr

14, )" - 2t1'= I; J,- ,'' I e " tls r e''
Jn

In each of Problems l-5 tl.rrough 18, determine the values of r for which the given differential
equation has solutions of the form l : e'' .

15. y'+2y:0 16. 1,"-,y:0
17. 1'" y )'- 6l:0 18. 1,"'- 3y" +2y" =0
In each of Problems 19 and 20, determine the values of r for rvliich the given differential
equation has solutions of the fonn )r : /' for I > 0.

19. t).v" *A,71t'+)1 :Q 20. t2t" -,1ty'+4.r':0
Lt e:rch of Problems 21 through 24, delermine the order of the given partial differential equa-

tion; also state rvhether the equation is Iinear or nonlinear. Partial derivatives are denoted by

subscripts.

21 . tt.r., +lrr) + uzt=0 22. Lt,,+Lt),)+Ltu,+Lttt, f a:0
23, r,,.. 121t,,r,, I ttr,rr,,:0 24. u, * tltr, : I * tt,.

In each of Problen.rs 25 tl.rrouglt 28, verify that cach giver.r function is a solution of the given

I.aIti.rl Jiilelential equat ion,

25. a,. + ur, = Ql r/r(r,J,) : cos-rcosh). &2(-t..t,) - Ini.r2 +Y2)

26, u)tt,.. :11,'. t/l(.r.I) = c "2'sin-r, tL2(x,t) : e "ti" silti"v. i a real constant

27. o2tt,, : tL,,; 11(x,1) : sin ),.r sin ial. u2(x,t) : sin(-t - al), r' a real constant

28. a2tr,, : 11,1 u = (.trf s)1/2g-'2 la"2t, t > 0
29. Follorv tire steps indicated here to derive the equation of motion of a pendulum. Eq. ( 12)

in the text. Assume that the rod is rigid ancl weightless, that the mass is a poir.rt nlass, and

that thele is no friction or drag anywhere in the sYstenl.

(a) Assume that the r.nass is in an arbitlary displaced position, indicated b1' the angle d.

Drarv a lree-body diagram shorving the forces acting on the mass.

(b) Appl,v r.\ewton's law of ntotion in the direction tangential to the circr-rlaI al'c on which

the mass moves. Thel the tensile torce in the rod does not cutet'the equation. Observe

that you need to find the component of the glavitational force in the tangential direc-

tion, Observe also that the linear acceleration, as opposed to the angular acceleration, is

Ld20ldt2. u,here l, is ti.re length of the rod.

(c) Sirnplifv the lesult from part (b) to obtain Eq. (12) in thetext'

3tl. Another wav to derive the pendulunr equatiou (12) is L'rased otr the principle of

conservatlon of energy.

(a) Sho*'that the kir.retic energv I of the pendulum in rnotion is

r : \nrL2(*\'' \ "' /
the potential energy V of the pendulum, relative(b) Show that

V : mBL(7 - cos 6)

to its rest position, is
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6"0
6a
6a-
6,2
€L
oa\

6to

1. ,r" + 31' = t * a

3. ),'+ y = te-t +
5. r' - 2),:3e'
- .,r | ') 

', - 
) rn-!)l, -\ T Lt.t - 
ttr

9. 21,' + 1, :3t
11 v'+r':5sin2t

6L 2, )'' - 2Y = t2e2'

6{L 1, l" * (lrtlY = 3 cos2t'

6L 6'*a, 6. t-v * 2-t' = stn /, a >t)

&2 b, f1 +ri^ *'lr'

t>fl

d? tu tt'-Y=t)!'^''

@"o&Q, 12. 2y +'

: (1 + t2)-2

1>0

ln each of Problems 13 through 20, flnd tlie solution of the gtven value problem.

13. y' - ), :2te2t , I(0) = 1

14. y' -r2y -- te-2' , 1'(i) = t)

15. r1,'12y:t2 -t+1, y(l):l' I>0
16 y'* (21t;Y = (cosl)/r2, l(r) = 0' / > u

l'7.y -2Y:e2', 1'(0):2
18. tr,' -t- 2J, - si,rl, 1'(tl2) = 1, t > 0

19. riy, * 4iy = s-!, l(-i) : 0, / < 0

20, ttl + (/ + l)) = /, .t'(ln2) : 1' / > u

ln each of Problems 2l thr-ough 23:

(a)Dr.arvadirectiorrfielctfot.theg.iver-rdifferentialequatiol.I.Howdosolutionsappearto
behave as / becomes l.;;;,i;; tire behavior depenclon the choice of the rnitial value a?

Letanbethevalueofaf-orrvlrichthetral-rsitiot-tfr.omonetypeOfbehaviortoanotlreroccurs.
Estimate the value of an'

(b)Solvetheinitialvalueproblenranclfincithecriticalvaluerrnexaclly.
(c) Describe the bel.ravior of the solution corresponding to the initial value ae' 1t.

T.
k.
#*
!t
K
.g

&ll
{.1

g

ii,

Y;
s;
t
x,.
{
i;
!t
t1

&e
{L
6a

)l \ -.v-2cosr. Ytf'lt :rtt.

)) 2t - t :.'' i. tlUt = 't
23. 31" - 2Y = s'atl2, -y(0) : a

In each of Pr-oblen.rs 24 through 26:

(a)Drarvadir.ectiorrfielclforthegivendiffer.entialequatiorr.Holvdosolutiotrsappearlo
behave n5 1 + 0.1 Llo", tn" i"t]nuioio.p"ncl on the chorce of the initial valtre rr.J Let d0 t]e ihe

value of a for whicli the transition from one type of behavior to another occtlrsEstin.rate tlte

r aluc of tts.

(b)Solr,etlieinitialvalueproblernar-rclfindthecriticalvaltteaoexactly'
(c) Desclibe the behaviol of the solution corresponding to the initial value cs'

24. ty' + (t + i)i =2te-'. l(1 ) : a' I > 0

25, 1r,' * 2-y = (sin t)/r, y(.-trl2) = u' I < 0

26. (sin1)1" 1(cos t)l = e!' -v(1) = a' U < I < r
27. Consicler the initial value problem

6a
cIl

6io
6e
6a

)'+ j) = 2cosr, l'(0) : -l'

Find the coordir.rates of the flrst local maximum point of the solution for r > 0

6tZ 28 Consicler the initial value probleu.t

.v'-3y:t-It' Y(o)=Yo

Fir-rd the v:rlue of r's for rvhicl-t the solutior-r touches'brrt does not cross' the t-rxis

't

:h.
.:i
ri
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&Q,, ZS Consider the initial value problem

Y'+ i) :3 +Zcos2t' Y(0) :0'

(a)Findthesolutionofthisirritialvalueproblemanddescribeitsbelraviorforlarger.
(b)DetermrnethevalueoftforrvhichtiiesolutionfiIstintelsectstheliney:12.

30. Find the value of yo for which tlie solution of the initial value problem

y' -),= 1 +3sinr, )'(0) =Yo

remains finite as I + eo'

31. Consider the initial value problen.t

Y' - lY - 3t +2d' Y(o) = )o'

Findthevalueof}othatSepalatessolutionsthatglowpositivelvaSl--+cofromthose
that grow negatively. Horv does ,h" ';1";;;,r"tJiJo.r"rponds 

to this critical value of yo

,, [:l':#,tuir;;J,,on, or2y' *ry :2 [Eq. (al) or the textl approach a limit as 
' 
-+ oo'

ilfllt||T.:l,t'J!#j|n1 sorution,Eq. (47), and use L'Hdpital's rure on the nrst term'

33. Shorv that if a and ). are positive .onr-rl*r, and b is any real number' then every soiution

of the equatton
Y' 'l al - be-"

has the ProPerty that 'v 
+ 0 as 

' 
-+ oo'

Hinl: Consrcler the cases c = i and o I )' separately'

IneachofProblems34through3?,constructafirstorderlineardifferentialequationwhose
solutions have the required t)etlauioL.as r l'*' T''"n solve your equation and confirm that

it.,. ,otution' do indeed have the specified propert'v'

34. All solutions have the lirnit 3 as I --' co'

35. All solutio'l' are asymptotic to the line 1' = 3 - r as I *+ co'

36. All solutrons u,. u.ymptotic to the line y = 2t - 5 as, .+ co.

37. All solutions approach the curve y:4 - /2 as I + oo

3E'VariationofParameter,.conside,thefollorvingmetliodofsolvingthegenerallinear
equatiori of lirst order: (i)

),'+p(,)Y = 8(t)'

(a) lt g(r) = 0 for all t' show that the solution is

y = Aexpf / 0,', ''l

;|.T l,;: ill'Jllir,"n.re zero. assume that the sorution or Eq. (i) is ol the rorm

y = A(t)"*o [- | ,r'ot)'

(iD

( iii)
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where A r,l".'t1.:::;iil,i li.:;3jil:;"'..''' 
''-; 

I 3 ri j :;:: : ::=:::: '

show that A(r) must to' ' 
o'ts', = g(/) *'[/ lir) arl

ri,',rr*,':r::,'"l,ijt:ilrHlTlj:i*ffi L*'hth''r#ri::n.

,".:':T':ti::i'#;::*; 
::::::::'j'"' ""0''* 

r8 
'l' 

s'rve 
'lhe 

g*e'di{'leren'lia

:Xl,l:Trr =r,,'^, 1>o ^;i,:ii:=3cos2r' 
1>o

4l'tr't21 =sinf' 
Itu

i,
*
1t

&q

'&
t
:i

q Eq"qttg"q 
,^ used a process ot direct inregration to soive flrst order linear

In Section I ? 
*:^-- 

(1)

;;;*"* or the rorm 
fr = at + b,

where a and b are constant'' Wl *-'ll now show that this process is actuaily applicable

i;*:t:l*T:lili*t$:i*t"nt.tt,:".t',::l;:il1#$:Ti'ffi

#*:"J,n i;l: 
g* :n ii :n: 

t,1: 
: :ffi:T.: ;;l; [1'; i; i'u r'u'. n''.

l:::.i: ii:l::fi:'"pu'p""r""' 
in the sectton

t'fd:;:;"';'in"t order equati"" ''" 
: f (x.y). 

t2'

ft:: :ril.;;ffi * x;a;,1";;'19ft fifi*::i:*
. 

" +,j i; : ;, i,x',.; il :'"^: sT i** 
js u:l t*l I T':i; ; ; i t'' t o''"

M('r'Y) + N('t' 
')*=o 

(3'

rt is aiways.p*:l:l:.:".TJll1i1,T;11?x ilJ,' ; */j';J;.111:'J^',;;"';lJ'iniJl

il?.ffJff:';i,]'il; il (3 ) becomes

MG) +,vulfr = o' (4

;ffi
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the1, by compariug numerators aud denominatols in Eqs. (26) and (27), we obtain

the svstem

dx ldt = G(.r.1), d1' ltlt : fl(x, -v) (28)

At first sight it nray seem unlikely that a problem will be simplihed by replacing a

single equation by a pair of equations, but in fact, the system (28) may weil be more

o-"nubi" to investigation than the single equation (27). Chapter 9 is devoted to

nonlinear systems of the form (28).

l,lote 3: Ii Example 2 it was not diflicult to solve explicitly for -)' as a function

of .r:. However, this situation is exceptional, and often it wiil be better to leave the

solution in implicit form, as in Examples I and 3. Thus, in the problems bclow and

in other sections where nonlinear equations appear, the words "solve the following

differeltial equation" mean to flnd the solutiou explicitly if it is convenietlt to do so.

but otherwise to hnd an equation defining the solution implicitly.

L'1/
PRQBLEMS In eacli of pr.oblems 1 through 8, solve the given clilfcrential ecluatiort

'!S

#
s,
il

$
,i

f
$
'$
p,

$

'*

l. _y'= -r27y

3. l' +.v2 sinr : 0

5. l" : (cosr.r)(cos2 21,;

dv x-e''1 :_-" dx- y+et

2. )" =.r27r,11 +.rr)
I t : t.l.r: - ll 13 -2vr
6, xy' - (L - 1,z)tr:

^ tly x2
'' r1-r - 1 -1,:

In each ol Problerns 9 through 20:

(a) Fincl the solution of the given initial value ploblem in explicit fornt

(h) PIor the graPh ol the solution.

(c) Deterrnine (at ieast approximately) the interval in which the solution is de{ined.

{L 9. -v' - (1 * 2,r)}2. vr{)1 : -llb d& tn )" : (1 -Zx)lv' v(1) = -2

&? tt "rri.r'11,s'rl.1,=61, v(0):1 6! tz dtlde :1210, r(1):2

&2 t, )/ :2x10,+.r2,r'), v(0): -2 8? ,o .v'--vv3(1+'t2) r':' .v(0):1

&, ,t )t :2x:l( t2v), 1t(2) = 0 6Q- tO )" = 'r(r2 + 1)/"11'r, '-((\ : -Il!5
6Q- tt. t' - (3rt - s')/(2y - 5), r(o) : L

d{Z tg J,' : (e ' - r')/(3 + 4}), r(0) : I

6L tg siri 2-r dx * cos 3y dy = l), yttl2l = nl3

6Q. zo, 1':i1 -.v:1t/24): arcsin-rd.r, .v(0): I

Some of the results requested ir.r Problenrs 2l through 28 can be obtained either bv solviug

the given ecluations analytically ol by plotting numerically generated approxirnations to the

s.lutions. T1y to f orrn an opinion nbout the advantages and disadvantages of cach approtlch.

&L zt Solve the initial value problem

v' : (l + 3-,(2)/(3-v2 - 6),), ,v(0) : 1

and determine the interval in which the solution is valid'

Hint; To fincl the interval of definitior.r. iook for points rvhere the integral cutvc htts l,t

vertical tangent.



,*t,*y!kj!"!ti"nt

*L zz

Solve the initial value problem

!-' = 3x2 l(3y2 - q, 1,(1) : o

and determine the intefval in 'uvhich the solution is valicl.
Hint;To find the interval of clefinition, look for points whele the integral curve has a
vertical tangent.

Solve the initial value problem

anci determinc where the solution
Solve thc rnitial value problem

l':12

ancl cleterntine rvhere the solution
Solve the initial value problenr

2.v2 + r12. -y(0) : 1

attains its rnir-rirnum value,

6Q- z+

49

6Q- zz

#), zs

6Q- za,

6Q- zt

)'' : 2 cos 2.t/ (3

and deterntine whele the solution attains
Solve the initial value problem

l':2(1 +.r)(1

and deterurine tvhere the solution attains
Consider the initial value problem

- e^)lQ +21,). y(0) :0

attains its maximum value.

+ 2,v). _v(0) : -t
its maximum value.

+ l'), l(o) : o

its minimum value.

t' = t),(4 _ y)13, y(0) : yo.

(a) Determine horv the behavior of the solution as / increases depends on the initial
value yx.

(b) Suppose thatyll : 0.5. Find the time I at rvhich the scllution first leaches the value 3.98,

#L ZS. Consider the initial value problonr

:i : tv(4 - y)10 + t). .y(0) : ys > 0.

(a) Determine how the solution behaves as / + w-.

(b) If ys :2. fincl the tirne 7 at rvhich the solution first leaches the value 3.99.

(c) Findtherangeof initial valuesforrvhichthesolutionliesintheinterval 3.99 < y < 4.01
by the tinre t = 2.

29. Solve the equation

dy _ay+b
dx cy*d'

rvhere a. b. c, and (1 are constaltts.

Honrogeneous Equations. If the right side of the cquation dy ldx : / (.t, v) can
be expressed as a luucticrn of thc ratio y/.r only, then the equation is said to be
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homogeneous.l Such ecluatiotrs can alrvays be transformed into separable equatlons

by a change of the dependent variable, Problern 30 illustrates how to solve first order

homogeneous equations,

Consider the equation€c to

{L

dY 
-Y-4x.dx r-Y

(a) Show tliat Eq' (i) can be rewritten as

ay:V)1
ix - 7 - (tlx)'

thus Eq. (i) is homogeneous.

(b) Intr.oduceanewdependentvariableusothat u:ylx,ory -xu(.r).Express dyldxin

terms of x. u,and dultLx.

(c) Replace y and d1'ldx in Eq' (ii) by the expressions fi'om part (b)

dulr/.r. bhorv that the resulting differential equation rs

du u-4
u +.r..;.... = --dx l-u

tLu u2-4
dx 1-u

(lJ

(ii)

that involve u and

I u1)

ft,
;l
)$.

$
,{

5ii

$
#:,
#

$i

i;
't
i:i"

{i
ir.
$
'ti

ii,
i;
l:,
s
i.'

i
i:
I

,t.

dy

dx

d.v

dx

€L

Observe that Eq. (iii) is separable'

(d) Solve Eq. (iii), obtarning '- 
implicitly in terms of x'

(e) Fincl the solr.rtion of Eq. (i) by replacing u by y/.t in the solution in part (d)'

(f) Drarv a direction flelcl ancl some integral curves for Eq (i).Recall that the riglit side

oi gq. til actually depends only on the ratio y/x. This means that integral curves have

the same slope at all points on any given straight line through the origin' although the

slope changes from one line to another. Therefore, the direction lield and the integral

curvesaresymmetrlcwrthl.especttotheorigin.Isthissymmetrypropeltvevidentfrom
yor.rr plot?

ThernetlrodoutlinedinProblem30canbeusedforanyhomogeneousequation.T}rat
is,thesubstitutlony-xu(.t)transformsahomogeneousequationintoaseparable
equation. The latter equation can be solved by direct integration, and therr replacing i,,

byt,/-rgivesthesolutrontotheoriginal equation. Ineachof Problems31 through38:

(a) Shorv that the given cquation is homogcneous'

th; Solve the difle rential equatiorl

(c) Drarv a direction fielcl ancl some integral clrlves. Are they sYnimetric rvith respect to

the origin?

j1 q_x2+xy*y2 6a-na
dx

T. 2: !'- 3'' 6L vdx lx-y

2xy
zl.r * 3y

2x+),

tnr**.d "i"r"r.geneous" has clifferent meanings in different mathelnatical contexts The homogeneous

equations considered here traue nothing to do with the honlogeneous equations that rvtll occur in chapter 3

and elservhet e,


