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10.1 Two-Point Boundary Value Problems 595

As usual, the eigenfunctions y, (x) are determined only up to an arbitrary multiplica-
tive constant. In the same way as for the problem (18). (19), you can show that the
problem (29) has no eigenvalues or eigenfunctions other than those in Eq. (31).
The problems following this section explore to some extent the effect of differ-
ent boundary conditions on the eigenvalues and eigenfunctions. A more systematic
discussion of two-point boundary and eigenvalue problems appears in Chapter 11.
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PROBLEMS In each of Problems 1 through 13, either solve the given boundary value problem or else show
rremmmemm———— that it has no solution.

Ly +y=0, y0 =0, y(m=1 2.y +2y=0, yO) =1 y@=0
3y +y=0, yO =0, y(L)=0 4.y +y=0, YO =1 yIl)=0
Sy ty=x. y0)=0, vir)=0 6.y +2y=x 3y =0 ym=0
7.¥"+4y =cosx, y(0)=0, y(r)=0 8. y'+dy=sinx, yO =0, ym=0
9.y +dy=cosx, y(0=0, ym=0 10y +3y=cosx. y(O) =0, ym=0
11 X%y =2xy' +2y =0, y(H=-1, y2)=1

12, %y 4+ 3xy +y=x y(1)=0, yle)=0
13 xy" +5xy' + G +ad)y=1nx, y(1)=0, ye)=0

In each of Problems 14 through 20, find the eigenvalues and eigenfunctions of the given
boundary value problem. Assume that all eigenvalues are real.

Wy +hy =0, yO0)=0, ym=0 15y +hy =0, Y{0) =0, ym=0
16. y"+ry =0, y () =0, y(@m=0 17.y"+1y =0, YO =0, yL)=0
18 v 4+iy=0, y(O)=0 (L) =0 19. " =2y =0, vy =0, y(L)=0

200 X3y —xy +ay =0, yDO =0 yL)y=0, L>1
21. The axially symmetric laminar flow of a viscous incompressible fluid through a long
straight tube of circular cross section under a constant axial pressure gradient is known as

Poiseuille! flow. The axial velocity w is a function of the radial variable » only and satisfies
the boundary value problem

1 ; .
w' +—w = —9. w(R) =0, w(r) boundedfor 0 <r < R,
r I

where R is the radius of the tube, G is the pressure gradient, and u is the coefficient of
viscosity of the fluid.

(a) Find the velocity profile w(r).

(b) By integrating w(r) over a cross section, show that the total flow rate Q is given by

Q =aR'G/8pu.

Since O, R, and G can be measured, this result provides a practical way to determine the
Viscosity ji.

(¢) Suppose that R is reduced to 3/4 of its original value. What is the corresponding

reduction in Q7 This result has implications for blood flow through arteries constricted by
plaque.

!Jean Louis Marie Poiseuille (1797-1869) was a French physician who was also trained in mathematics

and physics. He was particularly interested in the flow of blood and published his first paper on the subject
in 1840.
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PROBLEMS In each of Problems 1 through 8. determine whether the given function is periodic. If so, find
mmm——— its fundamental period.

1. sin5x 2. cos2nx 3. sinh2x 4. sinzx/L 5. tanmx 6. x°

7 F) 0, 2n—1<x<2n, 0 41 42
. X) = : =} , y e
A 1, 2n<x<?2n+1; " )
(=", 2n-—1<x<2n,
8 flx) = ) - =0, £1, £2, ...
) {1, 2n<x <2n+1; "

9, Iff(x) = —xfor—L < x < Loandif f(x + 2L) = f{x),find aformula for f (x) in the interval
L < x < 2L;in the interval =3L < x < =2L.
c+1, —-1<x<0,
10, 1f F(x) = X+ <X <
X, 0<x <],
interval 1 < x < 2;in the interval 8 < x < 9.

11 If f(x) =L —xfor 0 <x <2L,and if f(x+2L) = f(x), find a formula for f(x) in the
interval =L < x < 0.

and if f(x+2) = f(x), find a formula for f(x) in the

12. Verify Egs. (6) and (7) in this section by direct integration.

In each of Problems 13 through 18:
(a) Sketch the graph of the given function for three periods.
(b) Find the Fourier series for the given tunction.

3. fy=—x, —L<x<l flx+2L) =fv)
. —L<x<0,
o= - X420 = flx
14, f(x) [03 O<x<L, flx+2L)y=f
15 fw =1 T o = f)
W= 0, O<x<m ¥ =T
x+1, —-1=<x<0, . )
16 f(o) = v SR flx4+2)=f
1-x, D<x<1:
x+L, —-L<x=<0 - -
17. fxy = [L. 0<x<L. fix+2L)y=f()
0, -2=<x<-1
18, fy=4x, —-l<x<l, flx+4) =f

0

, 1 <x <2

In each of Problems 19 through 24:

(a) Sketch the graph of the given function for three periods.
(b) Find the Fourier series for the given function.

(¢) Plot the partial sum s, (x) versus x for m = 3,10, and 20.
(d) Describe how the Fourier series seems to be converging.

) -1, 2<x<0,
o 0 fro=1{"

. 0<x<2 far+d=f®

Q"?, 20, floy=x, —-l=<x<l; flx+2) = f(x)
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PROBLEMS In each of Problems 1 through 6, assume that the given function is periodiz=. =
outside the original interval.

(a) Find the Fourier series for the extended function.
(b) Sketch the graph of the function to which the series converges for three pe™

-1, —-1=<x<(, , —r<x<0.

l.f(x)z{ | 0<x<l 2'f(x):‘x, D<x<m

L +x, L <x<0,

B PR .
S'f(x)—‘L—x, O<x<L 4, fxy=1-x%, l<x<!

0, - <x < -7/2,
) 0, -l1<x<0
5 f)y =L —n/2 £ x <7/2, 6. flxy=13 ,
X7, D<x<1
0. T/l <x <7

In each of Problems 7 through 12, assume that the given function is periodii=
outside the original interval.

(a) Find the Fourier series for the given function.

(b) Let e,(x) = f(x) — 3 (x). Find the least upper bound or the maximum vaiuz
of le,(x)| forn = 10, 20, and 40.

(c) If possible, find the smallest » for which |e, ()| < 0.01 for all x.

—n<x<0,

flx+2m =fx) (see Section 10.2, Prot.s =
0<x<m,

& 7 flo= \g

) x+1, -1=<x<0, . i .
éj@ 8. f(x) = Flx+2)=fx) (seeSecton 102, Pre- o
1 —ux, D<x <1

‘Q 9. fx) =x, —l1=x< 1; flx+2)y=fx (see Section 10.2, Problem -
2 10 f0=10"3 722X gy = Fn (see Section 102, Prezn =
¢ W=, 0 0=x<2 fe = f(x) (see Section10.2,Pre7eam
0 ~1<x<0
) N ’ = ’ X —f N
S 1L fo {xz, O<x<l; fx+2)=fx) (see Problem 6)
& 12 [ =x ¥ —l<x<l Flx+2) = f(x)

Periodic Forcing Terms. In thischapter we are concerned mainly with the use of F -7+
to solve boundary value problems for certain partial differential equations. Hows:
series are also useful in many other situations where periodic phenomena occur. F7-”
through 16 indicate how they can be employed to solve initial value problems w.i

forcing terms.
13. Find the solution of the initial value problem

Y + iy =sinnt,  y(0) =0 y (=0,
where n is a positive integer and o’ # n*. What happens it w? = n??

14. Find the formal solution of the initial value problem

v+ W'y = Zb” sin nt, y(0) =0, y©O) =0

n=1
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PROBLEMS In each of Problems 1 through 6, determine whether the given function is even. 2. - =

Lox* —2x 20572 +1
3. tan2x 4, secx
50 |x¢ 6. e
In each of Problems 7 through 12, a function f is given on an interval oflength _ - ..t
sketch the graphs of the even and odd extensions of f of period 2.
X O<x<2 0 0<x<
7 _n = ; 8 froy = 10 <.
o {1, 2<x<3 TO=0 0 e
9. f(x) =2 —x, 0<x<?2 10 f(x) =x =3 0<y<s
: 0, 0<x<l. . , .
1. f(x) = 12, flx)y =4 — a7, <y <’
1, l<xy<?2

13. Prove that any function can be expressed as the sum of two other functions - -.:

is even and the other odd. That is, for any function f, whose domain contains —
it contains x, show that there are an even function g and an odd functior. + sz
F() = glx) + hx).

Hint: What can you say about f(x) + f(—x)?

14. Find the coefficients in the cosine and sine series described in Example 2.

In each of Problems 15 through 22:
(a) Find the required Fourier series for the given function.
(b) Sketch the graph of the function to which the series converges over three per ...

15, f¢ 1, 0<x<l, osi . iod 4
15 f(x) = Cosine series
fx 0. lexen: cos eries, perio
Compare with Example 1 and Problem 5 of Section 10.3,
16 fix X, 0<x<l, , i0d 4
= 1 l<x<n sine series, perio
17 flx) = 1. O<y<m cosine series, period 27
18. fix) =1, O<x<m sine series, period 2
0, 0<x<m,
19, fx) =41, T< X <2m, sine series, period 6
2, 2m < x < 3m;

20. f(x) = x, O<x<l1; series of period 1
21, f(x) = L — x, O<xy<L; cosine series, period 2L
Compare with Example 1 of Section 10.2.

22. fivy=L —x, 0<x <[, sine series, period 2.,

In each of Problems 23 through 26:

(a) Find the required Fourier series for the given function.

(b) Sketch the graph of the function to which the series converges for three periods.
(c) Plot one or more partial sums of the series.




630 Chapter 10. Partial Differential Equations and &g{w

FIGURE 10.5.5 Plot of temperature u versus x and ¢ for
the heat conduction problem of Example 1.

-

5.9

PROBLEMS In each of Problems 1 through 6, determine whether the method of separatior. =
can be used to replace the given partial differential equation by a pair of ordinar =

equations. 1f so, find the equations.

1. xttye + 1, =0 2.ty +xu, =0

3.ty A+ Uy 1 =0 4, [pXugly — 0wy = 0

S, Uy + (X YUy = 0 6. Ugy + Uy + XU = 0

7. Find the solution of the heat conduction problem
100u = Uy, D<x<1, >0
w(0,0) =0, wl,) =0, >0

1(x,0) = sin27x — sin Smx, 0<x=1l

8. Find the solution of the heat conduction problem
Uye = 4y, O<x<2, t>0;
1(0,t) =0, u@,0 =0, >0

u(x,0) = 2sin(wx/2) — sinx + 4sin2nx, D<x=<2

of heat in a rod 40 cm in length whose ends are mainiz
oblems 9 through 12, find an expression for the temper
ion in the rod is the given function. Suppose that o =

Consider the conduction
for all t > 0. In each of Pr
if the initial temperature distribut

9. u(x,0) =59, 0<x <40

0 < x <20,

. X,
10, 0@ =3,5_,  20<x<40
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10.6 Other Heat Conduction Problems

reduces to
u du 0<t<1 0
— =, <tE<l, >0
0E? ot ’
21, Consider the equation

Al — by + cu =0,

where a, b, and ¢ are constants.

(a) Let u(x,t) = e"wix, 1), where § is constant, and find the corresgniz
differential equation for w.

(b) If b # 0, show that § can be chosen so that the partial differential equz 4
part (a) has no term in w. Thus, by a change of dependent variable, it is pos: .-
Eq. (i) to the heat conduction equation.

22. The heat conduction equation in two space dimensions is
2
(U + Uyy) = U,
Assuming that u(x,v,1) = X ()Y (y)T(t), find ordinary differential equ::
satisfied by X (x), Y(y),and T().

23. The heat conduction equation in two space dimensions may be expressed := = "Tor 43
coordinates as

Ol:[ll,,., + (1/")147 + (1/7‘2)lt5hj = U

Assuming that u(r,6,1) = R(n® @ T(), find ordinary differential equen. = =&
satisfied by R(r), © (), and T (¢).

In Section 10.5 we considered the problem consisting of the heat conducti: -~ -
ozzux_\. = U, O<x<L, t>0,
the boundary conditions
u(0,t) =0, u(l,ty=0, >0,
and the initial condition
u(x,0) = f(x), O<x<L,
We found the solution to be

[o¢]
: 220272 . ATX
u(x, ) = che mret/L i -

n=1

where the coefficients ¢,, are the same as in the series

> . hnx
fo) = ; usin ==




