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7.5 The Schrvarz'Christoffel Ttuntlt^uttol

(c) Show that if the Mobius transfotmations T1 ancl T2 are associated as lll part

(b) with the eielnents

'' 
: (;i fi) and ,,=(T ff)

of/l,thenthecompositionTloTzisassociatedwiththeproductrnatrixSl52

23. Let z be fixec1 rvith Re z Z 0' and let

(K) ?., /,rr\ - (k = i, 2, , ..,n - I)
To(tu):;ao+b, +;r 

rA\w'- z+bp+t*w

beasequenceofMtjbirrstransformationssuchthateachrrlist.ealandpositiveatrd
each bl 1s pul'e rmaginary or zero' Prove' by induction' that the composition

( : Sf u) :: Io o f1 o " oTu-) o I"-1(ut )

mapsthehalf-planeReu>0ontoa|egioncol]tailredir-rthedisk|(_}t.|.

24. Let p(2.) : -." 1 cyzn | + czz"-2+ "' + c,' be a polynornial.of degree n ? 0

rvith conplex coe.fficients t'L: pk * iqt'k -"1'2" " ' 
tr' set QQ) ": 

ptz"-' +

iq2z,,,_2 + pzz'-i ]l)"*,r,;:o +' . . piou. wcill's criterio, that rf QQ)lP(z') can

be rvritten in the folrr.t

QQ) _
P (z)

tt-ht*
' 4n-l

z.-rbz* '+;Tb,,
z*aoiht* a2

where each a1 is real and positive and each bl is pure imaginary or zero' then all the

zeros of P(z) have negativereal parts' IHINi:Write 0(z)/P(z) : To o 11 o "'o

7,,- L 
(0), whele the t-ra-nsformations T1 are defined as in Prob 23']

25.ProvethatP(z):23+322+62+6hasallitszer.osinthelefthalf.planebyapplying
theresultofProb.24'[HINT:Useordinarylongclivisioritoobtaintherepresentatton
for QQ)lPk),)

7.5 The Schwarz-Christoffel Tfansformation

Wehaveseenthatafunction./(z)iscorrformalatevel.ypointatwhichitisartall'ticand
irs derivarrve rs nonzero. It is instructlu. to u,Jyr" *i-t* hayqe's3t certain isolated

points where tne," tonJitlon'' u'" not met' For concreteness' let x1 be a fixed polnt on

the real axis ancl let / (z) be a funcrion *}ror" .ilriun tive f 'Q) is giveu by (z - 'xr)"

for some rear c satisfying - r < d. < 1 tT" ;: ;;;.ir., ,"":n"tl :iot 
the argument of

i - r1 to lie betwee n -n 12 anc) 3n f 2'int'oiuing ^ 
Ol:i1 cLrt vertlcally clowtrward

fro* t,; see Fig. 1 31(a)'l We at'e going to use the equatlon

f'k):Q-xt)" 
(l)
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n.t - Zo3l2Jvj - 3-

z----r
ir =o

Figure 7.33 Nlapprng of x-axrs by .l (z)

f
.-/---.r

Figure 7.34 MaPPing lbr Eq (2)

fol some complex collstant A (l 0)' then

ary.f' (i.) : arg A * a arg (z - ;rr)'

and the rnapping can be visualizecl by rotating Fig' 7 32(b) by an amount arg A; see

Fig. 7.34. In particular, the augie macle Uy the image of the interval (xt, oo) is now

urt A, brt the angle of the turn at / (-t r ) is unchanged

The next generalization is lo consicler a mapping given by a fuuction / rvith a

derivative of the form

.f '(il : A (z -.tt)"' (z - x)q '" (z' -;r')*" ; (3)

her.e A (# 0) is a complex constant. eachrr; lies between - I and + l, and the (real) 'ti

satisfy

),3t2
-l

ri <12

(As before we take the argument of each

cloes this rnapping / do to the l'eal axis?

Froni the equaliott

arg f' Q) : argA + cYl arg (z -,tr)

( jfrr.

to be betrveen -tt l2 and 3:z /2') What

,;
t:d
tsa

* a2 arg (z - :rz) * 1 cY,,3l'$ (Z - ,tr')
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andthepfevioLlsdiscussiottweseethattheimagesof theintervals(-oc,r1),('r1'12)'
. . . , (;u, oo) are each portions of straight lines, making angles measured counterclock-

wise tiom the horizontal in accordance with the followitig prescription:

Inten,al Angle o.f intoge

(-oo,rt) algA* a1n *a27T * "'*ctrir
(.tt,.rz) argA * a2r l " t crrtn

::
(.r,,-t,Jn) at{A-rann
(r:, , oo) arg A.

Hence as z tl'averses the real axis from left to right I (z) generates a polygotlal path

rvhose tangent at the point f (x) makes a right tttrn through the cmgle cY?z; see

Fig.7.35.

/--\
.{3

f(-r,.) \ -d T

Figure 7'35 MaPPing fbr Eq. (3)

Now if rhe function /(z) satisfies Eq. (3) it is, a priorr, differentiable and hence

alaiytlc on the compiex plane with the exception of the (downward) branch cuts fronl

the points r; , So for any z in the upper half-plane we can set

8(z) :: I f 'rql nq,
Jf

line segment frotn 0 to

B. ln particular, we can

- .rz)"2' ' '(( - r,,)""

(4)

l, and conclude then
write

where I
that .l (r)

is, for definitelless, the straight
: g(i) + B tor some constant

Il
.f @: A | (( --r1)"r ((

JA

dq+n. /5)

Fr-rnctiorrs of the form (5) are knor,,'r.r as Scltvvarz-Chri.strtfrbL trcutsforntution.i.' We

have seen that sucl-r transformations map the reai axis onto a polygonal path. Now one

ofthemostilrrDortat-rtproblemsinconformalmappingapplicationsistheconstruction

1H.r,.r",o,.rn Amandus Schs,arz (1812-1921), Elwin Bruno Chlistoffcl (1829-1900)

,f(rr)

r(cr<0)
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7,5 The Schwarz-Christoffel Ttansformation

Figure 7.36 Positrvely orientecl polygon (02, 02, 0a, A5 are negative).

oI a one-to-one analytic function canying the upper half-plane to the interio t of a gitten
polygon. We thus turn to the task of tailoring a Schwarz-Chnstoffei transfbrmatiol to
accomplish this.

To be specific, let the polygon p have vertices at the consecutive pornts u)1, w2,
' ' ' ' 7/Jn taken in counterclockv,lse order, giving P a positive orientation, as in Fig. 7.36.
In traversing the polygon we make a right turn at vertex u; through the angle Bi. ttius
each angle lies between -n and n ancl a negatlve value of 0; rndrcates a left tur1. The
nel rotation for a counterclockwise tour lnust be 2t radians to the left:

0yiA2 +-... + 0n: -2tr. (6)

To map the.r-axis onto p with a Schwar.z-christoffel rransfonnauon u - g(z)
we begin by picking real points rt ,12, .,.,xn_t as the preimages of the vertices
ul,w2,,..,1r)n_1, and presume that both r : -oo and I = oo are the preimages
of uL,,; see Fig. 7.37. From the ciiscussion of Eq. (5) it follows that the function

- x)qtln G - x)1zln ... (( - xr_)0,, tln 4q e)

maps the real axis onto some polygon pi. Although p' may not be the desired polygon
P, it does have the proper right-turn angles cr.;tT :0i at the corners g (.rt) for i :
l'2. '.. ' rt - l: attd sirtce the initial arrcl final segments interscct at q{-ocr. the rigSt
tunr at this final vertex must match the angle 0,, (because both are given by -2; -0t - 02 - ".- 0,,-t).

Now because P/ has the same angles as p, by adjusting the lengths of the srdes of
P'we can nrake it geontetricalll,sintilar to p. Andit seems quite plausible that we
couldaccomplishthisbyadjustingthepoints xt,x2,...,jrrr_1;afterall,theydeter_
mine where the corners of P/ lie. Then, with the use of a rotation, a magnification, and
a translation-in other worcls, a linear transforrnation-we could make these similar.
polygons coincide.

srr) ,: 
fo' c

wl

w-)-A-l

\ b/
AT\

X L/-so
. l-e^

rlt
w2



Confbrmal N{aPPing

(- 6)

Fisure 7.37 MapPing lor Eq. (7).

Sunrtnat.lztng,wealeledtospeculatethatwithanappropriatechoiceofthecon.
stallti we can collstl-tlct lr l'unction

:
Ag(.2)

r7Al
JO

+B

G - ,io,l" (( - ,)oiln l(-x,,-11u"-lr l(*B.

that is. a Schwarz-Christoffel transformation, which maps the real axis onto the pet itne-

ter of a given polygon P, with the cou'espotrdences

f r., \ - rrr, f l r.) - t,'"
/ \rl, - @1, t t^tt - 

w1\

Moreover. if our speculations are valid, we can Llse conformality and connectiv-

ity arguments to show that./ maps the upper half-plane to the interior of P' as was

,.qu.it.O; for observe that if y it u segment as indicated in Fig' 7 38' confot'n-ral-

ity r.equtres that its image, y', have a tallgellt that initially points inward as shorvu'

and connectivity compleies the al'gutneut (.assuming one-to-oneness) The whole stor)'

about Schwarz-chr.tstoffel transformations is given in Theorem 7, rvhose pt'oof can be

found in the refereuces.

TheoremT.LerPbeapositrr,elyorientedpolygorrhavingconsecutl\eCornefs
at ru1, w2,..., ru,, with corresponding right-turn angies 0i ('i -- 1'2" " 'tt1'

Then there exists a function of the form (8) that is a one-to-one confot'mal tnap

from the upper half-plane onto the inte|ior of P. Furthermote, the conespon-

dences (9) hold,

B(+ co) = 8(- €)



7,5 The Schwarz-Christoffel Transformation

(+-)

Figure 7.38 The upper half-plane is rnapped to the intcrior of P.

Before we illustrate the technique, we must make two remarks. First, recall that
in constructing the rnap we have three "degrees of freedom" at our disposai (from the

Riernann mapping theorem). Thus we can specify three points on the real axis to be

tl-re preimages of three of the r.o'1 . However, formula (9) already designates oo as the
preirnage of u,',, so we are fi'ee to choose on1y, say, 11 and.r2, and the other rr are then

determined.
Second, to get a closed-fonn expression for the mapprng we must be able to com-

plrte the integral in Eq. (8). A glancc through a standard table of integrals shows that
this is liopeless for n > 4 and not always possible even fot'smaller n. Numerical in-
tegration. however, is always f'easible. In Appendix I, L. N. Trefethen and T. Driscoll
discuss horv to implement these computations, and provide reference to their readily
accessible software package.

Example 1

Derive a Schwarz-Christoffel transfonlation mapping the upper half-plane onto the

triangle in Fig. 7.39.

Solution. The right turns are through angles At : 0z: -3n14,02 : *t12,
Hence, choosing-r1 : -1 and;r2 : I we have

.f (2.') : A

The integlation must be perfomed nurnerically. To evaluate the constants we compute

113:

.ic
;j

!'.

f7

J^,, 
* I t-3/"r( - lt--3'a rt( - B

f:. . -l/i

J,, 
(r' - r) l( - B.

tv1 w5\r \',/
',,/iu
w2

I (xr):./(-l; : o l, 
'(,'- t)-t'* ,t( * B : An i B,
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1?x

it

t'I

z-plane

Figure 7'39

rr.,-p1ane

Mapping onto a triangle.

where

Consequently,

1-). . -3,4tt'.: I (<t- l) - 
.tc ry 1.85(l -.-i,

Jo \ /

arrd 
t], ^ r-3/4

,f (rz): .ftlt:a | (.'-t) -' aE*B:-An+n'
JO

Setting these equal to r.u1 and ri,2, respectively. we find

An*B:1,
-An+B:i'

1_; 1r;:-'=-- 8----- Iznz
Example 2
Detennine a Schrvarz-Chrrstoffel transfomation that maps the upper haif-plane onto

the serni-infinite strip I Re u | < 1, Im u' > 0 (Fig. 7,40).

Solution. We return to the analysis surrounding Eq. (3) for mapplng the real

axis onto a polygonal path, To have the upper half-plane map onto the interior of the

strip we choose the orientation indicated by the anows in Fig. '7.40. Left turns of z/2
radians at rui and u2 can be accommodated by a mapping rvhose derivative is of the

form
f ' (z') = A (.2 - ,)-I12 (z - x2;-I') .

Choosing,rl : -l and -r2 : 1 agatn, we compute

fk):afr're+
.lt

'tD--7---= -T D
\/ I - q'

t)-rt2(.q - r)-rtz d( + B : 
+ Ir'

A_r
=-Sln'Z+b.

I
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Figure 7.40 Semi-inflnitc stflp fol Exampie 2.

Setting.l(-1) - u)t: -l and./(l): u2:1, rvehave

-iAsin-li-lr-B:-1.
-lAsin-l(1)+B:l'

which implies that -B : 0 and A : 2i lr . Hence

f (i: ? 
'in-rz' Iif

Example 3
lvlap the uppel half-plane onto the clomain consistirtg of the fourth cluadrant plr'rs the

stlrp 0 < r < 1, ('This is a crude model of the contiuental shelf )

Solution. The boundary of this clornain consists of the line u : I, the tlegative ir-

axis, and the negative u-axis. We shall regarcl this as the limiting form of the polygonal

iii

il
:i

'dl

Figure 7.,11 Dou'rain ior Examplc 3
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pathindicatedinFig.T'4l,againchoosingtheor.ientatio"'"'h'.].:l:.specifieddomain
lies to the left. A iefi turn of? raclians is called for at the corller "near u : -oc" '.ld
a Light turn of :r/2 radians occurs at ur : 0' Selecting {1 : -l and xz : i as the

respective preimages of these points rve write' in accordance with Eq' (3)'

f '(z) : A(e * l)-1 (z - DI12.

Using integral tables' rvith sotne labor we anlve at

1 
- 

E. Jt-z-tr21 D

t'tz): '+i {rvl -:+ r '1ro$ffi;nl- "'
t

The seiection of branches is quite involved in thrs case, So we shall leave it to the

industt'ious reader (Prob. 6) to verify that with the chotce

3x
log l : Log i( j 1 i arg (, -a" arg( S 1'

'E - 'lt"gq112' 
logq asabove'

V5

we find that

satisfies the required conditions

Re / (r) -->

Re I (.r) -->

Re /(.t) -->

/(1) : o

Re I (r) ->

-n I "tl::-"D./{;t:'-r 1-:T:log-7 
^*tjT .{ Vl---:-v-

*co, In /('t) + t as x ->

-oo, Im/(x)+1 as x-+

-oo, Iml'(x) -+ 0 as r -->

-oo,
(-l)-,
(- 1)+,

0, Im /(r) -> -oo as x -> +ca' I

EXERCISES 7.5

1. Use the technlc}les rn this section to fincl a couformal map of the r'rppel half-plane

Ontothewl-roleplalreslitalongtherregativerealaxisrrptotheporrrt-1.[HINT:
co.sicler the slit a, tt.re titniting fotto of the rvedge inciicated in Fig' 7 42'l

2. Use the Schwarz-chr.istoltel folmtlla to derive the rnapping * : 'fi'of the upper

half-plane onto the first quadrant'

3. Map tl.re upper hall'-plane onto the semi-infinite strip a > 0' 0 < r' < l' indicateci

in Fig 7.43

4. Show that the transfort.nattou

[i. d(
w= I* Jo 0-t')'t'

n.raps the uppel half-p1ane onto the interiol of an equilateral triangle'


