Midterm Examination for MATH400-201
Total: 100 points
Answer All Questions. Show All Steps.
Date: Feb. 23rd, 2016
1. (10pts) Solve the following first order PDE:
zug + (y + 2)uy, = (u+1z), u(x,2z) =0,—00 <z < +00
2. (20pts) Find the general solutions to the following first order PDE
u, + (22)uy, = yu
3. (30pts) Consider the traffic flow problem
pr+ (1 =2p)p; =0, 1>0

Solve for p(z,t) with the following initial conditions

(2,0) = 1, when x < 0;
PR ) = 0, when x>0

p(0—,t) =2t >0
4. (20pts) Solve the following second order PDE:
Ut — Sy = 0
u(z,0) = 0,u(z,0) = x
5. (20pts) Solve the following wave equation:
Uy = CPUyy + T, —00 < T < 00,1 > 0

u(z,0) = sinz, uy(z,0) = €°



List of Formulas
(1) First Order Fully Nonlinear PDE

F(x,y,u,uz,uy) =0

d% = Fp,I(O) = 370(5)7
L= Fy,y(0) = yo(§),
P =—F, —pF,, p(0) =po(€)
M= —F, —qF,, q(0) = qo(¢)
G =pF, +qFy, u(0) = uy()

/ ’

F(o, Yo, w0, Po, q0) = 0»“2) = Po%o + QoY
(2) General solutions of first order au, + bu, = c:
r=x,y =E&=Ey)
alU, =c

(3) Consider quasi-linear first order PDE
u + c(w)u, =0, Qu) = / c(u)du
0

Equation for shock curve: = = s(t)
ds  Qut) - Q)
dt ut —u~

Equation for expansion fan: u = U(%)

(4) Change of Variables
3t - bn(?g + 612&7
&C = b213§ + bggaq
Then
§=but+ by
n = blgt + bQQQE
(5) d’ALembert’s formula:
Ut = C2sz + f(xv t)
u(@,0) = ¢(x), w(z,0) = ¥(x)

u(z,t) = ;[¢(x—ct)+¢(x+ct)]+1 /:ﬂtw(s)ds—i—l/ot /HC(t_S)f(y, s)dyds

2¢ Jo—ct 2c z—c(t—s)



