MATH 516-101 Solutions to Homework Five

This set of homework problems is concerned with Moser’s iterations and maximum principles
1. Show that u = log |z| is in H'(By), where B; = B1(0) C R? and that it is a weak solution of
—Au+c(z)u=0

for some ¢(z) € L (B;) but u is not bounded.

Solutions: Direct Computations.
2. Let u be a weak sub-solution of

o Z axj (aljaﬂwu) + Z biaxiu + C({E)u = f
4,7 i

where 0 < (a¥) < Cy < +00,b" € L>. Suppose that ¢(z) € L% (B), f € LY(B;) where ¢ > %. Show that there exists a
generic constant €y > 0 such that if fBl lc|2dx < ¢, then

sup ut < C(|u* | z2s,) + || Lacs)

B2
Hint: following the Moser’s iteration procedure.

Solutions: The proof is similar to what I did in class: we get first
[1p@nPdz < [qDu? oy + [ et
Now the last term can be estimated as
[l < ([1e)E(f @) < & unl? a,

Since
2
il snsns < C [ 1D <€ [ (D1 + 1) + 0 funl?

n—2

we obtain that for €y small
JwnlE - < C [ (Do + oP)u?

The rest of the proof then follows.
3. Let u be a smooth solution of Lu = —3%_, auy,,, = 0 in U and a” are C' and uniformly elliptic. Set v :=
|Du|? + Au?. Show that
Lv <0 in U, if A is large enough

Deduce, by Maximum Principle that

| Dul| ooy < C|Dull o (a0) + Cllull L= (a0)



Solutions: Direct Computations. In fact we write v = u2 + Au? then

Vij = 2ukiukj + 2ukijuk + 2)\U¢’U,j + 2/\uuij

Hence .
Lv < —2«92 lugi|> — 220|Vu|? — 2a" ug;jug
ki
By the equation N .
a”ukij = —azjuij
So
Lv < —202 |ukz|2 — 2)\9|Vu|2 + C’uijuk
ki
<0
for A large.

4. Let u be a harmonic function in a punctured ball
Au =0 in B1(0)\{0}

Show that if u(z) = o(log |z|) when n = 2 and u(z) = o(|z|>~™) if n > 3, then u is bounded.

Solutions: We prove that u is bounded from above first. Let n > 3. Since u(z) = o(|z|*~™), for any € > 0 there exists
d > 0 such that for all |z| < 0,
u(@) < ela*™"

Let v = C' + ¢|z|*™™ where C' = sup,¢yp, u. Consider the domain U = By\B, where 7 < §. Then the function u — v
satisfies
Alu—v)=0in U,u < v on U
By Maximum Principle,

— ) = ) <0
mgx(u v) I%Ia]x(u v) <

Hence
u<v=CHez* ™" Vr<|zl <1

Now letting r — 0 first we obtain
u<v=C+ex* ™" VO<|z| <1

Then we let € — 0.
5. Let u be a smooth function satisfying
Au—u= f(z),|ul <1, in R"

where )
f(2)] < e



Deduce from maximum principle that u actually decays
Ju(z)] < Ce™ 2l
Hint: Comparing v with the following function
Cre 2l 4 el
for |x| large, where C is appropriately chosen.
Solutions: The proof is similar to Problem 4. We note that since w is bounded, we have

. u(x)
ol ci7aley =0

which means that for € > 0 small there exists R, > 0 such that

u(z) < eezl?l, |z > R,

Now we let L .
v=Cre 27l 4 ezl
we have 3 ) 5 )
_A — O(2 4+ —)e—1/2l7] 2\ el/2e]
v+ Cl(4+2| ‘)e +e(4 2|x|)e
3
> ZCle—l/2lﬂv\
for |z| > 1.

Now we let R > R. and U = Bgr\B;. We compute for x € U
3
Lu—v)=-Au—-v)+u—v< —f— 101671/2‘3"' <0

if Cy is large. On the other hand, for x € OU, we have either |z| =1,
W< C<Ce 2 <

it Cy large enough, or |z| = R > R,,
u(z) < ee?/?1?l <y
By Maximum Principle we have
mUaX(u —v) = I%%X(u —v) <0

and hence
u < Cre /2=l 661/2‘”3‘, 1<|z| <R

Now letting R — +o0 first and € — 0, we obtain the desired conclusion.



